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Abstract

The problem of the susceptance of a circular obstacle in
a circular waveguide with an incident TB0 1 mode is solved by
a variational method. Theoretical expressions are obtained
which are in good agreement with experimental results.
Curves of normalized suseeptance as a function of relative
aperture, guide wavelength, and tree-space wavelength are
included.

I
Introduction

Recent interest in the practical transmission of milli-
meter waves has created a demand for a practical low-loss

transmission line. The dominant circular-electric mode is

ideally suited for this application. During the past few
years several researchers have investigated the anomolous

attenuation character of this mode and have considered its
practical application.1 46  The problem of exciting a rela-
tively pure T01 mode with sufficiently high available power
has been solved satisfactorily by Southworth and his cowork-

ers at the Bell Telephone Laboratories.7'8  Theoretical and

experimental investigations of attenuation in circular



T11'9-2-

waveguide indicate that the T101 ode can propagate with neg-

ligible additional attenuation due to mode conversion caused
by slight random variations in the diameter of standard tub-

ing. 9, 0  The theoretical problem of a curved circular wave-
guide has been considered in great detail. 1 1 91 2 The compli-

cation arises from the fact that the T 0 1 mode is not the
dominant mode in the circular waveguide. In particular the

UO1 mode has the same phase velocity as the T il mode,-and

therefore any major disturbance such as a curvature of the

waveguide axis will convert the energy of the TEO mode to

the m mode as well as to other propagating modes. Only

uniform circular waveguides are considered here because to

date this is the only practical method of transmission of

the TZ0 1 mode.

This paper is concerned with the determination of the
susceptance of a symmetrical obstacle to an incident domi-

nant circular-electric wave. The obstacle shown in Fig. 1

is assumed to possess infinite conductivity and negligible

thickness. The obstacle is planar and has circular symmetry.

It is assumed that the exciting mode is the dominant circular-

electric mode; hence the symmetry of the obstacle limits the
higher attenuating modes excited by the obstacle discontinu-

ity to the higher circular-olectrcnodes. The energy stored

in the higher modes is entirely magnetic. The circular

obstacle can accordingly be represented as a shunt inductance

on the analogous transmission line.

The general procedure for the determination of the normal-

ized susceptance- of a thin obstacle by a variational principle

has been described in several references.13 "18 The accuracy

of the obtained theoretical results depends on the nature of

the assumed trial field. It has been found that the laborious

calculations required to evaluate the normalized susceptance

usually limit the trial function to a series of two terms.

In this report the problem of the circular obstacle is
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considered from two aspects, one involving a lower-bound vari-
ational formulation and the other an upper-bound variational

formulation.

An expression which is a lower bound to the true value of
the obstacle susceptance is expressed in torus of the tangen-

tial magnetic field (or current) on the obstacle. The chosen
trial function consists of two terms: the first is the unper-

turbed current distribution on an aperture-loss obstacle; the

second is a correction term. This lower-bound expression

yields susceptances which are accurate for extremely small

apertures.

The normalized susceptance of the circular obstacle which

serves as an upper bound to the true value of the susceptance

is a function of the tangential electric field in the obstacle

aperture. Two different trial functions are used in the upper-

bound formulation. The first assumed trial function is a series

of two terms consisting of the electric field in the aperture

as the radius of the aperture approaches that of the waveguide,

and a correction term. Theoretical values for the susceptance

obtained by this approach yield accurate results for obstacles

with large apertures. The second trial function consists of a

two-term trial function for the aperture electric field and is

chosen to satisfy the boundary conditions at the obstacle dis-

continuity in the proper fashion.

Theoretical results obtained from the lower- and upper-
bound expressions are in excellent agreement with the experi-

mental results.

II

-aa tal

The electromagnetic nature of the obstacle problem is

simplified by representing the discontinuity as a lumped
constant equivalent parameter in a TI 0 1 transmission line.
This is accomplished by expressing the field components in
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terms of mode voltages and mode currents. Owing to the sym-

metrical excitation and the symetry of the obstacle, the modes
of interest are the circular-electric modes. For harmonic tim

dependence (exp(3wt)) the field components of the circular-electric

modes expressed as a function of mode voltages and currents ares

Ir = 0

J (Pnria)Be " ... n(a) = en(r) Vn(a)
in a no(Pn)

Ez=O I

9 .0

Mil r/~P a) ()
r a - az) n() hn(r) I(z)iWa :o(Pn )

a 0

H -,,qp n Jo(pn r/a) Vn(S)

ka2 1/F (p n)

n(r) = -hn(r)

A tabulation of the necessary quantities is given below.

r a obstacle aperture radius

a a radius of the circular waveguide

5 a - a relative aperture or aperture radius toa Sbide radius ratio

k a w- 8 a free-space wave number

Pn a nth root of J1(x) a 0

3n -'i-(.a-B)2 wave number of guide

= intrinsic adnittance of free space

, * intrinsic Impedance of free space



Substitution of the field components of equation (1) into
Maxwell's field equations results in two simultaneous equa-

tions which are identical in form to the conventional trans-

mission-line equations.

dyn(s)
dz -jk ,Xn(z) -J~nZcnln(z) (2a)

d " V(z) - -J~nycnVn(z) (2b)

Using the transmission-line analog, it is possible to de-

fine a characteristic admittance and a characteristic impedance

for each circular-electric transmission line. For propagating

modes the characteristic admittance Yen and the characteristic

impedance Zen are real quantities and related by

Yen a 7L - (3)
cn

while for nonpropagating modes Ycn and Zcn are imaginary.

Therefore

Y -I - ,,k 4

cn Zcn

The thin circular obstacle can be represented as an equi-

valent shunt susceptance B on the 7O1 transmission line. The

T3O1 field exciting the obstacle is arbitrary, making it pos-
sible to separate the exciting field into even and odd compo-

nents. The even case requires the tangential magnetic field

to vanish In the aperture while the tangential electric field

is at its maximum value. Odd excitation requires the tangen-

tial electric field to vanish in the aperture and the tangen-

tial magnetic field to be maxism. Considering only even

excitation and applying9 the bisection theorem immediately

leads to

where
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Yin is the admittance looking into the bisected structure (see
Fig. 2).

The obatacle susoeptance can now be determined by solving
Iaxwell's field equations in the region to the left of the

obstacle with the following boundary conditions

1d 0 r-a W <s <0

1 - 0 r<r <a s- 0 (6)
0

H -6 O<r < r z a 0

The problem can be formulated in terms of the tangential elec-
tric field in the aperture or the tangential magnetic field on
the surface of the obstacle.

The uniform field structure in the $-direction permits the
transverse electric field to be expressed as a sum of mode
voltages of the circular-electric type. A similar represen-
tation in terms of the mode currents can be obtained for the
transverse magnetic field. From equation (1) these quantities
are given by

it - IO(rz) - n n(r)Vn(z) (7a)
n-l

at " Kr(r'z) - hn(r)In(z) (7b)

From orthogonality conditions the mode voltage amplitudes
and mode current amplitudes can be expressed in the form of
integrals over the circular guide cross section, resulting in

Vn(S) J f 1(rz)en(r)df' (8a)

In(S) H(r's)hn(r)dOO (8b)
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Applying the boundary condition that the transverse m#.
netic field mAst vanish on the aperture of the obstacle yields
the relationship

l1hl(r) - - Inh n) W z 0 (9)
n-2 < ro

The left side of the above equation represents the propagating
mode (dominant circular-electric mode) while the sumation
consists of higher-mode terms excited by the discontinuity
of the obstacle. These higher nonpropagating modes are
assumed to be completely attenuated before reaching the near-
est discontinuity. This is equivalent to terminating each
nonpropagating mode in its reactive characteristic admittance.
Making use of the transmission-line equation relating V. and
in' equation (9) can be written as

Ilhl(r) Y - c~h ( r ) -

1 77 cnnha
n-2 (10)

z Ycnhn(r) f E(r')h,(r1)da'
n-2 aperture

Interchanging the order of summation and integration yields

Ilhl(r) - f G(r,r')Id(r')d', (11)
aperture

where the function G(r,r') is defined as

G(r,r') a n Ycnhn(r)hn(r,) (12)
n-2

The above equation is an integral equation with the aper-
ture electric field as the unknown quantity. If it is possible
to determine Ij(r') from the solution of the integral equation
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the desired siseeptance can be obtained from equation (5) and
equation (8n). It then follows that the suseeptance of the
obstacle is

. l (13)

aperture

Because of the inherent difficulty involved in obtaining

a solution for the integral equation, an approximate expres-

sion for the obstacle susceptance will be obtained by the
application of a variational principle.

Multiplying equation (10) by the unknown aperture field
Zi(r),integrating over the aperture, and dividing by V, yields
the variational expression for the obstacle susceptance

Tom zJ(r)hn(r)

2 2 erture (142 f 9,(r)hl(r)d 72 (

Eaperture

It can be readily shown that this expression for the obstacle

susceptance is stationary with respect to small variations of
16 (r) about the correct aperture electric field. If the chosen

trial function is correct to the first order, the resultant
susceptance will be correct to the second order. If the
chosen trial field is the actual aperture electric field,
then the calculated susceptance is a minimm. This expression
is particularly convenient because the results are independent
of the amplitude of the trial function.

The susceptance determined by the above method is an
upper bound to the correct susceptance. A lower bound can be

derived from a sililar formulation involving an assumed cur-
rent distribution on the obstacle. The lower-bound susceptance
obtained in this manner is
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Z H. r r).(r)e] 2 (15)tc otacle

IT

Lower-Bound Expression for the Obstacle Suscebtance

The assumed obstacle current (the tangential component of the
magnetic field) is chosen to be the obstacle current as the

aperture tends to zero and a correction term. The trial field
chosen, consisting of the first two terms of a set of orthogonal

functions, is

r(r) j (p 1r) + AJ(p 2 r ), ro  a (16)

where A is - constant to -e evaluated later.

It would be possible to obtain a very accurate solution by
assuming as a trial function the sum of a large number of
orthogonal functions with undetermined coefficients. The

calcu it-d results obtainod by determining the unknown coef-
ficients so as to make B stationary would yield an accurate
value for the susceptance of the obstacle. Practically, how-

ever, the calculations become extremely tedious for trial

functions consisting of more than two terms. For the practical
evaluation of the obstacle susceptance, the analysis of the

lower- and upper-bound expressions is specialized to trial
functions containing only two terms.

The assumed field Hr(r) is inserted in equation (15) and
the variational expression for the obstacle susceptance is
written in the following convenient form

ii
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[f i(Pn )) f jPp1I-) + A J102 2 X~) rrJ

The integrals in the previous equation can be evaluated
by using these standard forus for the Bessel functions:20a a

rr

jllpn Z)alp I)d Jlp r6 +n l d

0 - ~z [PJo, pu) ) -(kPn J(p )3o(Pn ) (19)

Equation (17) can be simplified by letting
a26{GI+ A 02J a A

and or (20

a2j (P Z A72}if[ 1 P 1]2rr+ fJ( 1r) 1 p )

f 1a

PErformiqn the requred integrations results in



01 
n 2 (22)

02 j~{o(P2 8)J 2 (P2 S) 1(P2 5)) af~ p ~
(23)

n 2 
n

2 " [P o(P2)jl(P)4 l( P21 ).o(Pl)I1 (25)

Substitution of the above expressions into the equation 
for

the obstacle susoeptance yields

CD[,A -(1k'2  + A$ -2 (26)

2 A-(ka I Jo(pn)

where
1"AI -A (27)

is a constant to be evaluated.

A further simplification is achieved by defining

a Levy,] a611m3 (28)

47~k) 1(* 3

0 6t

I
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The normalized susceptance for the circular obstacle can

be simply expressed as

- (1'112  (31)
g s + 2A'8 1  

2

The condition for the susceptance to be stationary with

respect to the arbitrary coefficient A' is that the derivatiwe

of B with respect to A' must be zero. Performing the differ-

entiation and setting the result equal to zero, one obtains
88

A, - (32)

Inserting the value for A' into equation (31) gives

1 First (33)
ci g (8S) 2  order

s° "(o s2" 2s1)

for the two-term trial function. The susceptance using a one-
term trial function (A' - 0) is given by

i" L Zero (34)

0 oorder

It can readily be shown that

(1 - 50)2
(o0 +8a2 - 281 )

in the denominator of equation (33) in a positive quantity;
therefore the susceptance determined by insertion of the two-
term trial function is larger than the susceptance determined
from the first term.

Referring to the trial function of equation (16), the
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coefficient A is evaluated to give the minlumm sUSOeptaRn
for the chosen trial function, yielding

III

Unier-Bound ltnression for the Obstaele, Sunse taIne

Two different trial functions are used in the upper-bound
variational formulation for the normalised susceptance of the
circular obstacle.

The first trial function consists of the unperturbed aper-
ture electric field and a correction term. This assumed field
which will give accurate values for the susceptance of obsta-

cles with large apertures (i.e., small perturbation of the
incident field) is

4) - (1  r ) + C J L) 0< rS r o
(36)

The above function satisfies the boundary condition that the
electric field must vanish at the axis and at r - roe

Insertion of the trial function into the upper-bound
expression for the obstacle susceptance allows the variation-
al form for the suscoptance to be expressed as

0 40 l(Pn a) {J 1  -)4GJ1 (P2 .r,)Jr]2
c l Zgf T . P -) + C d
yuI ~ ~ ~ 14 aJ r-)J1 P 0 J( 2 f7)1 }ru(37)

0 0

The integrations are carried out by Lommel's Integral Forum-
lae (as in equations 18 and 19). The relative suseeptance can

i I
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be simply expressd as

Se 2 1  + C'2T2

where

A,( , n2w- ; -a-
0

a0, 1,2 (39)

and the following quantities are defined:

C 1(P 2)
C'- (PI (40)

(41)

n PI (42)

The coefficient C' which yields the mininum susceptance for

the chosen trial function is given by

C' a - (43)

Substituting the above quantity into equation (38) gives

T (T" TO ? 2
0-,o- in.2.w First order (44)

for the assumed two-term trial function.

The inductive suseoptance determined by using the unper-

turbed field go(r) a :(P X'-) as a trial function is given by

0 )

* =. *To Zero order (45)
cig



It can frtherore be shown that (T1 -o)2/(TT2-2T2 1) is

always a positive quantity indicatn that the first-ordr
susceptance of equation (44) is less than the sero.orde
susoeptance of equation (4).

The trial function of equation (36) with C evaluated to
give the minimum susoeptanoce for the choice of trial tune-
tion then becomes

Id :1 J(PIr) + ry[k 2] Jo(P2 ) : (P (46)

where cr 5 .-r 0 "

To this point trial functions have been considered that

are expected to give accurate values for the susceptance of

obstacles with very small or very large apertures. The final

trial function to be inserted in the upper-bound expression

of equation (14) is an approximation to the aperture electric

field determined from the quasi-static solution. The parti-

cular function selected is chosen so that the integrals in

the variational expression can be readily evaluated.

The trial function which mets these requirements and

satisfies the boundary conditions is

3 r IAr- + D r2_ 2 47
Inserting this function into the variational form for

the relative susceptance results in

2(p ) ? [2o ),.CI+Dr1 r 2
= -A -(a r 2 --- V

nu2 fl a

lP a) { r%,, r 1 ~2 d ] (48)

The integrals to be evaluated are of the form
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Iar V."pTj 77 'v:wd (49)

These Integrals can be evaluated by making the substitution
r inrosn; it then follows that

I W r 0f :i(Pn 5sia) sin% 02 9(0
0

This integral is evaluated from Soninees first integral
formula 21 v yielding

(,& 0) /2
I " r j f .5 sinO)sin% cos 20 dO

0

3 0

S( 1 / 2 ) (Pn) (51)

where f(x) is the ga.ma-function of x.

Performing the integrations in equation (48) the expression
for the normalized susceptance becomes

Uo + 2D'U1+ D'2U2

(1 + D')2  ,

where D' is an arbitrary constant defined by

D' D r2 J92ip1S3  and (
2 J5/2(015 )

UK [:9,,2(p1 B)] IP[. 5/2(Pn8

6), K T o :;2(p"s) p3 d () -X

K - O, 1, 2 (54)

Proceeding as in the previous two cases, the arbitrary
coefficient is determined by differentiating equation (52) with
respect to D' and by setting the resultant expression equal to
zero. The constant is therefore evaluated to be



ul -17o

12M

It Is now possible to express the first-order ausooptanoe
as

(Ul- Uo)
2

U° o U2" 2(56)

and the sero-order susceptance as

Su0  (57)

The trial function of equation (47) with the coefficient D
adjusted to yield a minimum susceptance for this choice of trial

function, becomes

IT

Theoretical and Ir&eriUental Results

The inductive suseeptance of the circular obstacle was
calculated forvaunes of 5 between .5 and 1. Smaller values of
6 are of little interest because little energy is transmitted

through small apertures. Calculations of the lower-bound

expression for the susceptance (equation (3) as the trial

function) and the upper-bound expression for the susceptance
(equations (46) and (58) used as trial functions) were carried
out for +- .7?5. The sero-order and first-order susoeptances

and also che experimental results are plotted on Figs. 3, A,
and 5. Table I consists of the experimental and theoretioal

data used to construct these curves. It is observed that the
first-order susoeptance determined by the lower-bound varia-

tional formulation and the first-order susceptance derived
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from the assued aperture electric field of equation (46) in
the upper-bound fornlation are in excellent agreement with
the experimental results. The difference between the zero-
and the first-order suseeptances is a eonvenient measure of

the closeness of the assumed field to the correct field.

It is of particular interest to observe the manner in

which a particular trial function varies with the size of

the obstacle aperture. In Figs. 6, 7, and 8 the trial func-

tions are plotted as a function of radial position with 5 as a

parameter. Of course it is impossible to find an exact cor-

relation between the assumed fields and the correct obstacle

susceptance because the a aperture field and obstacle

current are not known.

The first-order susceptance determined by inserting

ER(r) of equation (46) in the upper-bound variational expres-
sion for the obstacle susceptance is plotted in Fig. 9 for

values of I equal to .70, .75, .90, 1.0. These theoretical

values are compared with the experimental values and are in

excellent agreement for values of 6 greater than .55. The

curves of Fig. 9 can be used to obtain the susceptance of a

circular obstacle providing the obstacle structure meets

the requirements set forth by the theory.

V

-xierimental D.scussion

The susceptance of the circular obstacle was measured by
the resonance-curve method. An excellent description of the

experimental technique used for the precise measurement of
waveguide disoontinuities is given by Huxley.2

The circular waveguide,in which the susceptance of the

circular obstacle was measured, consists of brass tubing with
5.750-in. i.d. and .125-in. wall. At a frequency of 3000 10/2

the waveguide is capable of supporting six propagatin modes
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The generator of the 'IS transmission line* consists of

a shielded loop of 3/16 in. diameter, constructed from 1/32 in.

o.d. coaxial line. e eneitator is mounted on the face of
one of the two oncontatwng short-circuiting plungers. The
loop i s oriented to couple atam enery to the dominant

circular-electric nodo.

The detector consists of four identical shielded loops
similar to the excitation loop, and uniformly spaced about

the circumference of the waveguide. The plane of the detect-

ing loops is oriented in the transverse plans and adjusted so

that the currents excited on the loops are eodirectional.

Individual detector loop outputs of equal phase and ampli-

tude are connected together and to the radio-frequency

receiver.

Owing to the discriminating properties of the detector

and the damping effect of the lossy material behind each non-

contacting short-circuiting plunger, the TI0 1 mode was observed

to be approximately 60 db above extraneous modes over a free-

space-wavelength range from 7.30 to 11.90 cm.

The circular obstacles were fabricated from brass flat

stock of .016-in. thickness. The obstacle thickness t in

terms of guide wavelength is given in Table II below.

cmgeIL tXg

calculated measured

.70 10.441 21.262 .00191

.75 9.737 16.700 •00243

.90 8.150 11.110 .00366

1.00 7.321 9.245 .00"0

It is estimated that the susceptances were measured

with an order of accuracy of .1 per cent.
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VI

Lower-bound and upper-bound expressions have been obtained
for the susceptance of a circular obstacle excited by the 2201

mode in circular waveguide. The assumed fields used in the
variational formulations are plotted to give a qualitative

description of the actual fields that exist on the obstacle.

The discrepancy between experimental and theoretical results

i probably due to:

1. Approximate nature of the theoretical values to
the true values of susceptance.

2. The finitb thickness of the obstacle.

3. Finite conductivity of the obstacle.

4. Ellipticity of the circular vaveguide.

5. Presence of lower-order propagating modes.

6. Difficulty in keeping the thin obstacle planar.

7. Slight asymmetry of the obstacle aperture with
respect to the guide axis.

8. Typical errors involved in the measurement of
admittance by the resonance-curve method.
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