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data collected continues to increase, the extraction of
meaningful data is often hindered by the so-called ‘curse
of dimensionality’. Too alleviate its effects, methods
exploiting any natural sparse or hierarchical structures
in data have been developed. Research in sparse grids,
particularly when coupled with a hierarchical scheme using Smolyak’s algorithm, laid the foundation for accurate
computation of high dimensional problems while significantly reducing the computational complexity from
O(N d ) to O(N logd−1 N ), where d is the underlying
dimensionality of the problem and N is the number of
grid points in each coordinate direction [3], [19].
For linear regression problems, the importance of
sparsity has emerged in recent advances in compressed
sensing. Given a sensing matrix X ∈ Rm×p with m  p
and a collection of under sampled linear measurements
y = Xc, using compressed sensing techniques one may
approximate the sparse vector c via the optimization
problem

Abstract—Generalized Fourier series with orthogonal
polynomial bases have useful applications in several fields,
including differential equations, pattern recognition, and
image and signal processing. However, computing the
generalized Fourier series can be a challenging problem,
even for relatively well behaved functions. In this paper, a
method for approximating a sparse collection of Fourierlike coefficients is presented that uses a collocation technique combined with an optimization problem inspired by
recent results in compressed sensing research. The discussion includes approximation error rates and numerical
examples to illustrate the effectiveness of the method. One
example displays the accuracy of the generalized Fourier
series approximation for several test functions, while the
other is an application of the generalized Fourier series
approximation to rotation-invariant pattern recognition in
images.

I. I NTRODUCTION
This paper discusses an efficient method to approximate the sparse generalized Fourier series of a given
function in terms of orthogonal polynomials in several
dimensions. That is, given a function f : Rd → R
satisfying certain properties, we seek to compute the
Fourier-like coefficients {ĉn : n ∈ W } such that
X
f≈
ĉn πn ,
(1)

c̃ = argmin kck1 satisfying Xc = y.

Under certain sparsity and coherence conditions, the
recovery will be exact [2], [4], [5], [7].
On the other hand, sparse generalized Fourier series
approximations with orthogonal polynomial bases typically use spectral or pseudospectral approximations on
sparse grids [6], [9], [11], [15], [16]. These methods
determine the sparse collection of multi-indices a priori,
which may lead to unintentional deletion of significant
terms in the approximation. To compute the coefficients in the aforementioned works, detailed hierarchical
quadrature methods have been developed to perform
the numerical integration required for the desired accuracy while keeping the computational complexity low.
Although effective, these methods can be difficult to
implement.
In comparison, the method proposed in this paper has
a straightforward implementation. In addition, a major
strength of the proposed method is that the sparse index

n∈W

where {πn } is a collection of orthogonal polynomials
and W is is a sparse collection of multi-indices.
To compute the sparse collection of Fourier-like coefficients, we propose using a collocation method in
an optimization scheme motivated by recent results in
the field of compressed sensing. This method seeks a
sparse collection of coefficients such that the finite sum
appearing in (1) nearly interpolates f at carefully chosen
nodes.
The notion of sparsity has been increasingly emphasized in recent literature. As the amount of useful
Approved for public release by USAF 88th ABW on 29 Sep 2014.
Case Number: 88ABW – 2014 – 4587.
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set does not need to be selected in advance. Instead, the
optimization scheme will select the best sparse selection
of multi-indices to approximate the function.
The following notation will be used throughout this
work. Vectors will be denoted by boldface letters. Let
R denote the real numbers, N the natural numbers and
N0 = N∪{0}. Let Rd denote the usual d-dimensional Euclidean space with obvious analogues Nd and Nd0 . Let nj
denote the j th entry of the vector n. Let C(Ω) equal the
space of all continuous real-valued functions defined on
a domain Ω. The space of ω -weighted square-Lebesgue
integrable functions over Rd is denoted by L2ω (Rd ) with
the associated
R weighted inner product h·, ·iω defined
byhf, giω = Rd f g dω for all f, g ∈ L2ω (Rd ). The ω weighted inner product naturally induces the weighted
norm k · kω .
The rest of this paper is organized as follows. In
Section 2, the proposed method for approximating the
sparse generalized Fourier series of a function is presented, along with an analysis of the approximation
error. The advantages of the proposed method are stated
and compared to the difficulties exhibited by existing
methods. Section 3 includes numerical experiments in
which the proposed method is implemented. The first
set of experiments approximates the sparse generalized
Fourier series of several bivariate test functions. The second set of experiments applies the sparse approximated
Fourier-like coefficients to compute the rotation-invariant
Gaussian-Hermite moments, and uses these moments
to perform classification of unknown rotated images.
The paper concludes with a summary and directions of
possible future work.

A. Full and sparse grid orthogonal polynomial representations
Let Ω ⊆ Rd . Let ω : Ω → R be a continuous weight
function. That is, suppose ω ≥ 0 on Ω and ω satisfies
Z
dω = 1.
Ω

Associated with each weight function is a collection of
orthogonal polynomials. A set {πn : n ∈ Nd0 } satisfying
both of the following conditions is the collection of ω orthogonal polynomials:
1) Each πn is a multivariate
polynomial.
Z
2) hπn , πm iω :=

πn πm dω = 0 if n 6= m.
Ω

Some common collections of univariate orthogonal polynomials and their associated weight functions are given
in Table I [1].
Name
Chebyshev (First Kind)
Chebyshev (Second Kind)
Legendre
Laguerre
Hermite

ω
√
1/ 1 − x2
√
1 − x2
1
e−x
2
e−x

Ω
[−1, 1]
[−1, 1]
[−1, 1]
[0, ∞)
R

TABLE I: Some common univariate orthogonal polynomials, their associated weight functions ω , and their
domains Ω.
Let {πn : n ∈ Nd0 } be a collection of multivariate
orthogonal polynomials relative to the weight ω . Suppose
the orthogonal polynomials have been normalized so that
kπn k = 1 for each n. Since the orthogonal polynomials
relative to the weight ω form a complete orthogonal basis
of L2ω (Rd ), any function f ∈ L2ω (Rd ) can be expressed
as
X
f=
cn πn ,
(2)

II. S PARSE G ENERALIZED F OURIER S ERIES WITH
O RTHOGONAL P OLYNOMIAL BASES

n∈Nd0

where the equality is understood to mean convergence in
norm and the Fourier-like coefficients are given exactly
by
cn = hf, πn iω .
(3)

The proposed method approximates a given function
by a sparse generalized Fourier series with an orthogonal polynomial basis. After selecting a set of multiindices and evaluating the orthogonal polynomials at predetermined nodes, the sparse collection of coefficients is
computed using a collocation method with a convex optimization problem. This section explores the multi-index
and node selection, thoroughly explains the collocation
model used to approximate the Fourier-like coefficients
and discusses the approximation errors. We begin with
preliminary facts about orthogonal polynomials and generalized Fourier series.

The expression in Equation (2) is called the exact generalized Fourier series of f .
The computation of Equation (2) presents several difficulties. Not only does the full-grid generalized Fourier
series involve infinitely many terms, but the Fourierlike coefficients can be difficult or impossible to compute exactly even for seemingly innocuous functions
f . Moreover, it is challenging to implement numerical

2

integration techniques achieving the desired accuracy
due to the highly oscillatory behavior of the integrands.
Therefore methods to estimate the generalized Fourier
series (2) must tackle both the series truncation and
coefficient computation issues while ensuring that the
approximation error for one does not overwhelm the
other.
To tackle the series truncation difficulty, we explore
three sets of multi-indices. Fix a positive integer N and
consider the sets of candidate full-grid multi-indices
n
o
YNd = n ∈ Nd0 : n ≤ N ,

B. Fourier-like coefficients
To tackle the coefficient computation difficulty, an
optimization problem with a collocation method will
be employed. To this end, Let Λ ⊂ Rd be a finite
collection of nodes with |Λ| = m, enumerated so
that Λ = {x1 , x2 , . . . , xm }. Choose N , let W ∈
d } and say |W | = p. Enumerate W so
{YNd , TNd , SN
that W = {n1 , n2 , . . . , np }. Define the j th -row k th column entry of the collocation matrix X ∈ Rm×p by
Xj,k = πk (xj ), and let the j th entry of the vector f ∈ Rm
be given by fj = f (xj ).
The collocation method seeks a sparse collection of
coefficients {c̃n : n ∈ W } that satisfies
X
f (xj ) =
c̃n πn (xj ) ∀xj ∈ Λ.
(5)

n
o
TNd = n ∈ Nd0 : knk1 = N ,

n∈W

and the sparse-grid hyperbolic cross-shaped multiindices


d


Y
d
SN
= n ∈ Nd0 :
(nj + 1) ≤ N + 1 .



More succinctly, Equation (5) can be expressed as
f = Xc̃.
Although the Jacobi-like collocation matrix X is
full rank, it is not necessarily square. Indeed, we are
interested in the case m  p. One could relax the
equality in (5) and seek c̃ that minimizes kf − Xc̃k2 .
This is exactly a least squares optimization problem with
solution c̃ = X † f , where X † is the pseudoinverse of X .
However, the least squares solution does not promote
sparsity. Unless one knew a priori the exact sparse set
W to use, it is unlikely using least squares would result
in a sparse representation of f .
Instead, we propose approximating the collocation coefficients using the Dantzig selector, which is a solution
to the optimization problem
(
minimizekck1
,
(6)
subject to D−1 X > (Xc − f ) ∞ ≤ δ

j=1

d | = O(N logd−1 N ). It
Clearly |YNd | = O(N d ) and |SN
d
d
can be shown that SN ⊂ YN [3]. These pre-determined
multi-indices are commonly used in spectral and pseudospectral methods [9], [11], [15], [16].
Define the full and sparse-grid truncated generalized
Fourier series as
X
fW :=
cn πn
(4)
n∈W
d }.
for W ∈ {YNd , TNd , SN
The error rates for the truncated orthogonal polynomial representations of a function (4) depend on the order
of the approximating polynomials as well as the behavior
of the function itself.
Theorem 2.1: For any s > 0 and f ∈ L2ω (Rd ),

where D is the m × m diagonal matrix normalizing the
columns of X and the scalar δ > 0 is small. Let ĉ be a
solution of the optimization problem (6). Then a sparse
generalized Fourier-series approximation to the function
f is given by
X
fˆ =
ĉn πn .
(7)

kf − fW kω ≤ N −s kf kκs ,


d
where W ∈ YNd , TNd , SN
and k · kκs is the Korobov
norm of order s induced by the inner product
hf, giκs =

X
n∈Nd0

hf, πn iω hg, πn iω

d
Y

n∈W

Several methods exist to quickly and accurately solve
the optimization problem (6), including an alternating
direction method [10] and an iterative method based
upon proximity operators [12].
Before performing the error analysis of the approximation (7), some notation must first be presented. For a
domain Ω ⊆ Rd , let C(Ω) denote the class of all realvalued continuous functions on Ω, and let

(1 + nj )2s .

j=1

The proof of Theorem 2.1 regarding the accuracy of
the full and sparse-grid truncated generalized Fourier
series appears in [9], [11] for Hermite polynomial bases.
The proof can easily be generalized to bases of other
orthogonal polynomial classes.

C m (Ω) = {f : f (α) ∈ C, ∀|α| ≤ m}.

3

For any positive integer m, define a seminorm
| · |Xm (Ω) on C m (Ω) as
n
o
|f |Xm (Ω) = max |f (α) (x)| : x ∈ Ω, |α| ≤ m .

The Hermite polynomials are used as the orthogonal
basis in the sparse representations. Consider the collection of orthogonal univariate Hermite polynomials with
2
2
associated weight function ω(x, y) = e−(x +y ) . The first
few univariate Hermite polynomials prior to normalization are π0 (x) = 1, π1 (x) = 2x, π2 (x) = 4x2 − 2, and
satisfy the three term recurrence

For any function f : Rd → R, let the supnorm of f
restricted to the domain Ω be given by kf k∞,Ω .
The error in the sparse orthogonal polynomial interpolation of a function f greatly depends on the highest
order of the polynomials used in the summation as well
as the smoothness and behaviour of f itself.
Theorem
2.2:
If
the
nodes
Λ
=
{x : πM +1 (xj ) = 0} ⊆ Rd are a rectangular grid
of the zeros of the M + 1th orthgonal univariate
polynomial and if f ∈ L2ω (Rd ) ∩ C m (Rd ), then for
any simply connected domain Ω ⊆ Rd there exists a
constant c > 0 such that
X

f−

for n ∈ N. Since ω is separable, the multivariate Hermite
polynomials are products of the univariate ones:
πn (x) = πn1 (x1 )πn2 (x2 ) · · · πnd (xd ).

The polynomials are then normalized as
q
√
πn ← πn / n!2n π.
To find the solution to the optimization problem (6),
we use the proximity operator based iterative method
recently proposed in [12]. The proximity operator based
method is straightforward and uses only two soft thresholding operations at each iteration, requiring O(4mp)
multiplications in each iteration for a m × p collocation
matrix X .
All experiments are performed in MATLAB 2014a on
a PC with an Intel Core i7-3630QM 2.40 GHz processor
and 16GB RAM running Windows 7 Enterprise with
machine precision 2.2204e − 16.
Experiment 1.
In this experiment, the sparse generalized Fourier series approximation several given functions are computed.
Suppose d = 2 and consider the functions

≤ c2−mM |f |XM
m
(Ω) .

c̃n πn

n∈YNd

πn+1 (x) = 2xπn (x) − 2nπn−1 (x)

∞,Ω

The proof of Theorem 2.2 appears in [11] for multivariate Hermite orthogonal polynomials. The generalization
to other classes of orthogonal polynomials is straightforward.
Finally, since the polynomials {πn } are orthonormal
relative to ω , the error in P
approximating fˆ by the in˜
terpolated polynomial f = n∈W c̃n πn is characterized
by the difference in their coefficients:
fˆ − f˜

2

2
ω

=

X
n∈W

= kĉn − c̃n k2ω ,

(ĉn − c̃n )πn
ω

f1 (x, y) = x2 y 2

which is guaranteed to be small provided c̃ has a small `1
norm. Indeed, the constrant in (6) forces the coefficient
error to be small between the recovered polynomial and
the interpolated polynomial.

f2 (x, y) = x4 y 4
f3 (x, y) = xey/2 .

It is easy to check that fj ∈ L2ω (R2 ) for each j .
To create the collocation matrix X for use in the
scheme (6), we use the full-grid rectangular, triangular
and a sparse-grid hyperbolic cross shaped set of cand , along with nodes
didate multi-indices, YNd , TNd and SN
formed by a rectangular collection the zeros of the M degree univariate Hermite polynomials. The parameter N
determines the highest degree hermite polynomial used
in the approximation, and the parameter M determines
the number of nodes used as collocation points.
Figure 1 displays the sparse generalized Fourier Hermite approximations of the functions f2 , f3 with the
coefficients computed as in (6), and Table II gives
the error in computing the coefficients as in (6) of

III. N UMERICAL E XAMPLES
In the following experiments, the sparse generalized
Fourier series approximation is computed for various test
functions using the collocation approach presented in
Section 2. In Experiment 1, various node and multi-index
selection methods are used for several test functions.
The accuracy of the approximation for each test function
is presented. To illustrate the utility of the proposed
method, the collocation method presented above is used
to quickly generate the Gausian-Hermite moments of
several images in a training set in Experiment 2, which
are then used for classification of rotated images in a
testing set.
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Fig. 1: The exact function (left), the approximated generalized Fourier series (center) and the pointwise approximation error (right) for the functions f2 (top row) and f3 (bottom row) in Example 1. The approximations for f2
2 and M = 10.
use Y52 as the collection of multi-indices and M = 5. The approximations for f3 use Y10
N

2
TN
2
TN
2
SN

fˆ3

YN2

2
SN

fˆ1

YN2

W

M
N-1
N
N+1
N-1
N
N-1
N-1
N
N+1

2
3.1250e-01
1.8750e-01
2.3097e-16
3.0619e-01
1.7678e-01
3.0619e-01
3.0619e-01
1.7678e-01
3.0619e-01

3
1.8750e-01
2.3097e-16
6.9389e-17
1.7678e-01
3.0619e-01
1.0607e+00
1.7678e-01
3.0619e-01
1.0607e+00

4
1.5830e+00
6.9389e-17
1.6303e-16
1.7922e-01
6.9389e-17
1.2432e-16
3.0619e-01
1.0607e+00
2.3117e+00

5
6.9389e-17
1.6303e-16
2.3967e-16
6.9389e-17
1.2432e-16
1.6997e-16
1.0607e+00
2.3117e+00
4.0620e+00

6
1.3597e-16
2.3967e-16
1.2178e-16
7.9722e-17
6.2450e-17
9.3095e-17
2.3117e+00
4.0620e+00
6.3122e+00

7
2.3967e-16
1.2178e-16
2.0015e-16
6.2450e-17
9.3095e-17
4.6548e-16
4.0620e+00
6.3122e+00
9.0623e+00

8
8.7694e-16
2.0015e-16
1.2478e-15
3.0938e-16
6.7987e-17
7.8505e-17
1.1938e-16
1.6464e-15
2.5542e-15

9
2.0015e-16
1.2478e-15
5.4918e-16
6.7987e-17
7.8505e-17
5.1962e-15
1.6464e-15
2.5542e-15
6.4896e-15

N-1
N
N+1
N-1
N
N+1
N-1
N
N+1

7.2220e-01
9.5017e-02
1.0174e-02
7.1773e-01
5.0888e-02
1.4089e-01
6.4201e-01
1.1713e-02
1.4085e-01

7.3931e-01
1.6675e-02
1.2818e-03
6.6775e-01
1.0174e-02
4.8298e-02
6.6292e-01
1.4089e-01
3.2214e-01

8.2504e-02
2.1038e-03
1.9914e-04
1.6675e-02
1.2818e-03
1.5351e-02
1.4089e-01
3.2214e-01
5.3508e-01

1.3435e-02
2.5979e-04
2.0421e-04
2.1038e-03
1.9914e-04
3.8721e-03
4.8298e-02
1.0762e-01
1.7750e-01

1.6915e-03
2.0466e-04
2.0642e-04
2.5979e-04
2.0421e-04
9.1676e-04
1.0762e-01
1.7750e-01
2.6136e-01

2.6417e-04
2.0642e-04
2.0650e-04
2.0466e-04
2.0642e-04
3.1805e-04
4.4839e-02
9.2400e-02
1.6179e-01

2.0687e-04
2.0650e-04
2.0651e-04
2.0642e-04
2.0650e-04
2.1067e-04
9.2400e-02
1.6179e-01
2.5687e-01

2.0651e-04
2.0651e-04
2.0627e-04
2.0650e-04
2.0651e-04
2.0025e-04
2.5983e-02
4.6104e-02
6.7726e-02

TABLE II: The `2 vector norm error kc − ĉk2 for the generalized sparse Fourier series expansions fˆ1 and fˆ3 from
Experiment 1 for various combinations of N and M .
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the test function f1 for each multi-index scheme with
M ∈ {N − 1, N, N + 1} for N = 2, 3, . . . , 9. In
particular, the exact Fourier Hermite series expansion
of f1 has exactly 4 nonzero coefficients located at the
multi-indices I1 = {(0, 0), (0, 2), (2, 0), (2, 2)}. As seen
in Table II, the locations and values of the nonzero
coefficients were approximated well provided I1 ⊂ W ,
and not well when I1 6⊂ W . Similarly, the exact Fourier
Hermite series expansion of f2 has exactly 9 nonzero
coefficients located at I2 = {(n1 , n2 ) : nj = 0, 2, 4}. On
the other hand, the exact Fourier Hermite series expansion of f3 contains infinitely many nonzero coefficients.
However, as in the Taylor expansion of the exponential
function, the coefficients decay quickly and an accurate
approximation can be obtain by using only a few terms,
as seen in Figure 1.
From Table II one can see the drawbacks of using the
d . The parameter
predetermined sparse multi-index set SN
N must be much larger to achieve accuracy on par
with the full-grid rectangular and triangular index set
implementations, even for a function as simple as f1 .
Experiment 2. In this experiment, the sparse FourierHermite series approximation is used to perform pattern
recognition of unknown images with possible rotation.
The Fourier-like coefficients are used to compute the
rotation invariant Gaussian-Hermite moments of orders
2,3, and 4, which are then used to classify the unknown
images.
Consider a collection of images in the training set
Tr = {I1 , I2 , . . . , IK }, where each M × M image has
been transformed to a M 2 × 1 vector. For each vector Ii
in the training set, the Fourier-like coefficient vector ci
is computed as in Equation (6) where the collocation
matrix X is slightly changed. Instead of using the
Hermite polynomials, each entry in X is an evaluation
of a Hermite function Xj,k = πk (xj ) exp(−kxj k22 /2).
Throughout this example, the triangular multi-index set
T2N is used. Although the pixels in each image naturally
form an equally spaced collection of nodes, for computational convenience the nodes are mapped to ZM ×ZM ,
where Zm are the zeros of the M th Hermite univariate
polynomial.
From the Fourier-like coefficients approximated using
the optimization and collocation method as in (6), one
can approximate the Gaussian-Hermite moments of an
image.
Theorem 3.1: Suppose f ∈ L2ω (R2 ) and let ĉ be a
solution to (6) using the orthogonal hermite function
basis. Then the elements of ĉ approximate the geometric

Gaussian-Hermite moments defined by
ZZ
2
2
mn :=
f (x, y)πn (x, y)e−(x +y )/2 dxdy.
R2

Proof: Using an orthonormal hermite function basis
in (6) yields the approximation
X
2
2
fˆ(x, y) =
ĉn πn (x, y)e−(x +y )/2
n∈W

similar to (7). Substituting the above result into the
formula for the geometric Gaussian-Hermite moments
yields
ZZ
2
2
mn ≈
fˆ(x, y)πn (x, y)e−(x +y )/2 dxdy
2
Z ZR X
2
2
=
ĉt πt (x, y)πn (x, y)e−(x +y ) dxdy
Rd

=

X

t

ĉt hπt , πn iω ,

t∈W

which reduces to just the element ĉn since the hermite
polynomials are orthonormal relative to the weight ω .
2
Although Theorem 3.1 is written in the continuous
case, the discrete case follows by a straightforward
substitution of summations for integrations. Using the
Hermite functions instead of the Hermite polynomials is
important and guarantees that the Fourier-like coefficient
vector is a close approximation to the corresponding
Gaussian-Hermite moment for each index in R2N . From
a small collection of these approximated GaussianHermite moments, one can determine the rotation invariant Gaussian-Hermite moments φj of orders 2, 3,
and 4. A list of the formulas for these rotation invariant
moments is given in the Appendix.
For this experiment, seven images form the training
set. These images are 8-bit grayscale 50 × 50 images
of simplified Chinese characters, which were studied
in [17]. The training set is displayed in the top row of
Figure 2. Note that Images 1-3 are visually similar, as
are Images 4-5 and Images 6-7. The testing set Ts is
formed by rotating the images in the training set by
0◦ , 45◦ , 90◦ , 135◦ , . . . , 315◦ followed by vectorization.
For any vector x in the training or testing set, let Φx ∈
R11 be the vector of the rotation invariant GaussianHermite moments of orders 2 thru 4 corresponding to
the vector x.
To perform classification of the rotated images, say
x ∈ Ts is classified as a rotation of image y ∈ Tr iff
kΦx − Φy k1 ≤ kΦx − Φz k1
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∀z ∈ Tr.

This method of using the rotation invariant GaussianHermite moments of orders 2,3 and 4 as the feature
vector yielded 100% correct classification rate of all 56
images in the testing set. Values of kΦx − Φy k1 taking
x over all 7 images rotated 90◦ and y over all elements
in the training set are shown in Table III. It is clear
from the table that although many of the images are
visually similar, the rotation invariant Gaussian-Hermite
moments are similar only for rotations of the same
images. Of course, if the Gaussian-Hermite moments are
approximated well, then this method is expected to yield
100% classification accuracy. The novelty comes from
computing the method used to compute the GaussianHermite moments. Employing the solution of (6) is an
elegant way to compute the moments without using
quadrature schemes or hierarchical methods [8], [14].

[7] D. D ONOHO AND X. H UO, Uncertainty principlesand ideal
atomic decomposition. IEEE Transactions on Information Theory 47, 7 (2001) 2845–2862.
[8] K. H OSNY, Fast computation of accurate Gaussian-Hermite
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Processing 22 (2012) 476–485.
[9] Y. J IANG AND Y. X U, Fast discrete algorithms for sparse
Fourier expansions of high dimensional functions. Journal of
Complexity 26 (2010) 51–81.
[10] Z. L U , T. K. P ONG AND Y. Z HANG, An alternating direction
method for finding Dantzig selectors. Computational Statistics
and Data Analysis Volume 56, Issue 12 (2012) 4037–4046.
[11] A. P RATER, Discrete sparse Fourier-Hermite approximations
in high dimensions. Ph.D. thesis, Syracuse University, 2012.
[12] A. P RATER , L. S HEN, Separation of undersampled composite
signals using the Dantzig selector with overcomplete dictionaries. IET Signal Processing, 2014. In Press.
[13] H. R AUHUT, Random sampling of sparse trigonometric polynomials. Appl. Comput. Harmon. Anal. 22 (2007) 16–42.
[14] J. S HEN, Orthogonal Gaussian-Hermite moments for image
characterization. Proc. SPIE 3208, Intelligent Robots and Computer Visition XVI: Algorithms, Techniques, Active Vision, and
Materials Handling, 224 (1997).
[15] J. S HEN AND L. WANG, Some recent advances on spectral
methods for unbounded domains. Communications in Computational Physics 5, No 2–4 (2009) 195–241.
[16] J. S HEN AND L. WANG, Sparse spectral approximations of
high-dimensional problems based on hyperbolic cross. SIAM
J. Numer. Anal. 48 No. 3 (2010) 1087–1109.
[17] B. YANG AND M. DAI, Image analysis by Gaussian-Hermite
moments. Signal Processing, 91 (2011) 2290-2303.
[18] B. YANG , G. L I , H. Z HANG AND M. DAI, Rotation and
translation invariants of Gaussian-Hermite moments. Pattern
Recognition Letters, 32 (2011) 1283–1298.
[19] C. Z ENGER, Sparse grids. Parallel Algorithms for Partial Differential Equations, W. Hackbusch (ed.), Notes on Numerical
Fluid Mechanics. 31, Vieweg, (1991).

IV. S UMMARY
In this paper, a method for computing a sparse generalized Fourier series with orthogonal polynomial bases
of multivariate functions was presented. The method first
uses a truncated set of multi-indices, then approximates
the coefficients using the solution of an optimization
problem involving a collocation model. Several examples
were presented to illustrate the accuracy and utility of
the proposed method. In the first set of experiments, the
sparse generalized Fourier series approximation of several test functions were computed, and the approximation
errors were presented. In the second set of experiments,
the coefficients in the sparse generalized Fourier series
were computed and used as rotation invariant feature
vectors to perform pattern recognition on unknown rotated images.
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Fig. 2: The images forming the training set and testing set from Example 2. The top row contains the seven images in
the training set and the remaining images form the testing set of images rotated counterclockwise 0◦ , 45◦ , 90◦ , 135◦ ,
etc.

k\j
1
2
3
4
5
6
7

1
6.9480e-09
4.9948
4.5607
7.4822
10.5866
6.2996
8.6762

2
4.9948
2.1222e-09
2.9397
8.0141
11.3291
7.4386
7.0308

3
4.5607
2.9397
3.4982e-09
6.7547
10.4790
6.5229
7.5554

4
7.4822
8.0141
6.7547
9.8842e-10
6.7450
4.0142
5.3556

5
10.5865
11.3291
10.4790
6.7450
9.2692e-10
6.1498
6.7113

6
6.2996
7.4386
6.5229
4.0142
6.1498
3.9752e-09
3.5455

7
8.6762
7.0308
7.5554
5.3556
6.7113
3.5455
1.9313e-09

TABLE III: Values of kΦx − ΦIk k1 , where x is the element Ij ∈ Tr with a 90◦ rotation.
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A PPENDIX
Below are the complete and independent set of rotation invariants of Gaussian-Hermite moments of orders
2, 3 and 4 [18].
φ1 =m20 + m02
φ2 =(m30 + m12 )2 + (m03 + m21 )2
φ3 =(m20 − m02 )[(m30 + m12 )2 − (m03 + m21 )2 ]
+ 4m11 (m30 + m12 )(m03 + m21 )
φ4 =m11 [(m30 + m12 )2 − (m03 + m21 )2 ]
− (m20 − m02 )(m30 + m12 )(m03 + m21 )
φ5 =(m30 − 3m12 )(m30 + m12 )×
× [(m30 + m12 )2 − 3(m03 + m21 )2 ]
+ (m03 − 3m21 )(m03 + m21 )×
× [(m03 + m21 )2 − 3(m30 + m12 )2 ]
φ6 =(m30 − 3m12 )(m03 + m21 )×
× [(m03 + m21 )2 − 3(m30 + m12 )2 ]
− (3m21 − m03 )(m30 + m12 )×
× [(m30 + m12 )2 − 3(m03 + m221 ]
φ7 =m40 + 2m22 + m04
φ8 =(m40 − m04 )[(m30 + m12 )2 − (m21 + m03 )2 ]
+ 4(m31 + m13 )(m30 + m12 )(m21 + m03 )
φ9 =(m31 + m13 )[(m30 + m12 )2 − (m21 + m03 )2 ]
φ10 =(m40 − 6m22 + m04 )[(m30 + m12 )4
− 6(m30 + m12 )2 (m21 + m203 + (m21 + m03 )4 ]
+ 16(m31 − m13 )(m30 + m12 )(m21 + m03 )×
× [(m30 + m12 )2 − (m21 + m03 )2 ]
φ11 =(m40 − 6m22 + m04 )(m30 + m12 )(m21 + m03 )×
× [(m21 + m03 )2 − (m30 + m12 )2 ]
− (m31 − m13 )[(m30 + m12 )4
− 6(m30 + m12 )2 (m21 + m03 )2 + (m21 + m03 )4 ].
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