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ABSTRACT

The purpose of this study is to develop empirical
relationships that model the complex refractive index of
water and ice from visual to long wavelengths.

Prior

applications employing modeled complex indices of refraction
for water and ice are presented.
Complex index of refraction data is compiled from
researchers who have taken measurements of reflectance and
absorption in various spectral regions, and derived the real
and imaginary parts, n and k, from these quantities.

The

spectral domain under investigation is divided into six subregions.

These regions are:

visible, near infrared, middle

infrared, far infrared, microwave/radiowave, and longwave.
The corresponding wavelength increments are:

0.4

micrometers to 0.7 micrometers, 0.7 micrometers to 4
micrometers, 4 micrometers to 50 micrometers, 50 micrometers
to 1 millimeter, 1 millimeter to 100 meters and greater than
100 meters.

The data are modeled as a function of

wavelength and temperature.

The temperature range modeled

is representative of the troposphere.

Water is investigated

between 30 degrees Celsius and -10 degrees Celsius.

xiv

Ice is

investigated between 0 degrees Celsius and -80 degrees
Celsius.

Model results from each wavelength interval are

discussed individually to outline significant features.
Possible needs for future research are presented.

xv

CHAPTER 1
INTRODUCTION

Prologue

Modeling the complex indices of refraction for water
and ice is necessary for several areas of Meteorology,
especially remote sensing. This study is an extension of Ray
[1972],

where the complex indices of refraction of water and

ice were modeled through empirical formulae.

The present

investigation will extend from the visible spectrum to
wavelengths greater than one kilometer, using data that has
become available after Ray's study.

Some sources of

refractive index data used in this study compiled values
also used by Ray.
Figures l.la, l.lb, 2.1a and 2.2b show the coverage of
data used by Ray

[1972]

and for the present study.

As shown

by the figures, more measurements are available,
particularly for ice.

The increased accuracy and amount of

refractive index data will improve the empirical model of
the refractive indices for ice.
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The form of the complex index of refraction used in
this study is given by the equation
m

n(X)

=

ik (),

1.1

where the real part, n, determines the phase velocity, and
the imaginary part, k, determines attenuation.

References

to the "real part" and the "imaginary part" in this study
will refer to n and k, respectively, unless specified
otherwise.

Some of the data used are complex dielectric

constants.

The conversion of these data to the complex

index of refraction expressions is discussed later in this
chapter.
Prior Applications
The results from Ray's paper have been applied to many
research problems.

The primary application is that of

modeling radiation transfer.

Many models of electromagnetic

energy propagating in media impregnated with water or ice
have used the results from Ray's work.

A few specific

applications of modeled equations for the complex indices of
water and ice are presented below.
Liu and Curry [1992] developed an algorithm to retrieve
precipitation from Special Sensor Microwave/Imager (SSM/I)
satellite data.

These satellites operate in the microwave

region of the electromagnetic spectrum at frequencies of
19.35, 22.235, 37 and 85.5 GHz.

4

To determine precipitation

from the data, the microwave radiative transfer equation was
solved using emission and scattering coefficients for water
and ice particles.

Ray's empirical equations were used to

solve for these quantities at the given frequencies.
Shimabukuro et al. [1984] derived extremely high
frequency (EHF) attenuation from emission temperatures in
light rain using the radiometric formula.

For the range of

frequencies considered in this study, water and ice are
absorptive.

The authors used the attenuation expression:

LWC I

m2

_1)

dB km -1 .

1.2

In this expression, the quantity of interest is complex
index of refraction, m, which is calculated using the
formulae from Ray's study.
Jameson [1990] evaluated several microwave parameters
to rainfall rate in order to identify an accurate
Some of the parameters investigated

measurement of rain.

were polarization, phase change rates, backscatter and
attenuation rates.

The relation of these parameters to drop

size enables an estimate of rainfall rate.

The purpose of

this research is to determine the best real-time method of
estimating rain rates.

Jameson computed complex indices of

refraction values using the relations from Ray in the
compilation of backscatter calculations.

5

Jameson [1992]

investigated the effects of temperature
The calculated attenuation is

dependence on attenuation.

The types of

used to improve radar reflectivity estimates.

radar being evaluated are those using dual polarization
operating at frequencies between 10 and 3 GHz.

Jameson uses

Ray's empirical formulae to obtain values for water at
different temperatures.

From his evaluation, Jameson found

temperature dependence should be included in radiometric
modeling involving electromagnetic propagation at
frequencies below 10 GHz.
Adler et al.

[1991] uses a coupled cloud physics-

radiative transfer model to replace the more simplified
layered structures used by other authors studying rainfall
estimates from space observation platforms.

The benefit is

a more realistic model to produce radiative transfer model
values closer to the actual ones.

The same microwave

radiative transfer model used by Liu and Curry [1992]
also used by these authors.

is

The formulae presented by Ray

are used to compute the real and complex parts of the
indices of refraction needed to solve this form of the
radiative transfer equation.
As can be seen from these applications, this work is
very useful in radiative transfer models and attenuation
correction calculations.

Rain rate estimation and

correction calculations also have a need for this work.
6

Overview of the Data
The data used for this study are from 17 authors in 25
Each study covered small to intermediate portions

studies.

of the E-M spectrum.

Some are region specific, i.e. visible

or infrared; however, some author's refractive index data
span many regions, such as Zolaratev and Demin [1977], who
investigate a broadband region from ultraviolet to
microwave.

Having many data sets from many authors posed

another problem, that of the data having been measured for a
wide range of temperatures.

To simplify the choice of data,

only those data sets measured at temperatures of
meteorological significance were chosen.
ranges accepted were -30'C to +30'C.
accepted were -700C to 0°C.

Water temperature

Ice temperature ranges

Though these criteria were used

to exclude extreme temperatures, not all temperatures in
these ranges were represented with the data collected.
Many investigators made optical constant measurements
on different phases of ice.

The one phase prevalent to

meteorology is the phase Ih, where h denotes a hexagonal
lattice structure.

This is the only naturally occurring

phase of ice with the atmospheric conditions present on
Earth.

Other phases can be reached by applying intense

pressure which may be reached deep within ice packs.

To

present an example of how much pressure is needed to change

7

phases, it would take a pressure of approximately 2 kilobars
at -400C to go from phase Ih to phase II.

This is

equivalent to slightly less than 2000 times standard surface
pressure.
Some data sets were measured under pressures in excess
of 100 bars.

Again, only meteorological significant

pressures are considered in this study.

All data used will

be under standard surface atmospheric pressure of 1 bar or,
1 atm.

To illustrate the effects of pressure, Srinivasan

and Kay [1974] made high pressure measurements of the
dielectric constant for water.

The dielectric constant at

500 bars declined 8.8 percent from the value at 1 bar.
Pressure within the troposphere does not vary this highly,
and should not be a factor to be considered.
Data from both phases of water will be discussed.
Parameters of measurement, method of measurement, and
uncertainty estimation will be covered.

A complete chart of

data used are in Table 1.1 for water and Table 1.2 for ice.
Water
Hale and Querry [1973] compiled Lambert absorption
coefficients, reflectance and

k values from several

investigators made in a wide spectral region.

They took

their analysis into from the x-ray to the far infrared
regions corresponding to wavelengths of 200 nm to 200 pm.

8

The imaginary values, k(k), were determined and a
subtractive Kramers-Kronig analysis was made to find n(k),

Table 1.1.
Author(s)

List of data sources for water.
Wavelengths

Temperature

Uncertainty

Hale and Querry

200 nm

-

200 jim

250 C

Varies

Boguth

250 nm

-

700 nm

230C

< 5%

Kopelevich

250 nm

-

600 nm

20oC

Varies

Kou, et al.

0.65 jim - 2.5 gm

220c, -80c

< 10%

Palmer and Williams

0.36 gm

27°C

2%

Zolaratev and Demin

0.1 A - 1 m

250C

3-5%

Downing and Williams

2 pm

-

1 mm

270C

4%

Pinkley, et al.

2 gm

-

25 pm

1OC, 160C

< 1%

Robertson, et al.

12.5

n

-

200 gm

unknown

< 5%

Afsar and Hasted

45.5

m

-

2 mm

40C,

< 5%

Afsar and Hasted

22.2

in

-

1.7 mm

19'C

< 5%

Sheppard

7.46 cm - .645 m

4oC

< 5%

Grant and Sheppard

7.46 cm - .645 m

4oC

< 5%

Sheppard and Grant

10 cm

250C

< 3%

-

-

2.6 gm

3 m

9

300C

List of data sources for ice.

Table 1.2.

Wavelengths

Author(s)
Kou, et al.

0.65 pm

Schaaf and Williams

2

Grenfall and

0.4

m

-

1.45 pm

-

33.3 p

m

-

1.4 gm

Temperature

Uncertainty

-25°C

< 10%

-70C

< 4%

-40C

< 20%

-7 0 C, Varies

Varies

-5oc

< 2%

Varies

< 2%

Perovich
Warren

44 nm - 8.6 m

Johari

3 m

Johari and Charette

5 m, 8.6m

600 m

-

given by
2
n(Xo) =1+

2 XOo

.
k()d
2
0xx~

Ir

1.3

The integrand is taken from long to small wavelengths, X,
for each wavelength of interest, Xo.

The P signifies the

Cauchy principle value needed to integrate around the pole
when k0 is equal to X.

A form of the Cauchy principle value

is given by
limnf-a -fX(Q)
_,M
a-40Ofo

Q

)

+

0h
0:+ X(Q ) dl-!
M

I±. 4

a-40 ,to+a Q - (0

The temperature chosen was approximately 25°C.

Since values

were compiled from many authors, the uncertainty of these
values is variable.

Hale and Querry do not list the

10

individual uncertainties of each author or do not give
uncertainties of their calculated values of n.
Boguth [1973] measured values of n from the uv region
to the visible corresponding to wavelengths of 254 nm to
The measurements were carried out using a

707 nm.

spectrometer and four different spectral lamps as sources.
The uncertainty of the measurements is ±0.0015%.

These

measurements were taken at a temperature of 23°C.
Kopelevich [1976] investigated from the UV region to
the visible.

Kopelevich, like Hale and Querry [1973],

compiled existing Lambert absorption coefficients and k
measurements from other authors.

Kopelevich criticized the

ceresin lining of the measurement cell associated with the
data used by Hale and Querry [1973]

in the visible region.

The data compiled by Kopelevich used a silver lining.
According to Kopelevich, this lining gives more reliable
results.

These criticisms will be taken into consideration

when the data are fit.

The temperature at which these

values were taken was 20'C.

Kopelevich, like Hale and

Querry, did not report any statistical uncertainties of the
data used.
The measurements of absorption coefficients made by Kou
et al.

[1993] ranged from the edge of the visible region

into the near infrared.

From the absorption coefficients, k
11

was calculated and tabulated.

Their measurements were for

supercooled water, -80C, and water at room temperature,
22°C.

They also took measurements for ice at -250C.

The

measurements were obtained using a Bomem DA3.02 FourierTransform infrared spectrometer.

The authors estimate

uncertainties less than 10%.
Palmer and Williams

[19741 made measurements in the

visible and near infrared bands at wavenumbers 3800 to
27800 cm', corresponding to wavelengths of 2.6 pm to
roughly 0.36 pm.

The Lambert absorption coefficient, c(v),

and reflectance, R, was obtained from a double-pass prism
monochromator.

From the Lambert absorption coefficient, the

imaginary part of the complex index of refraction was
obtained from the equation
k(v)Aa(V)
47r

1.5

The real part was obtained by using the Fresnel expression
for normal-incidence spectral reflectance
(n-1)2 +k 2
R=(n+1)2 +k2

1.6

The authors use the approximation that k is very small and
can, therefore, be neglected.

This approximation is valid

because the largest magnitude of k2 is of order 10-5 as
compared to the corresponding value of
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(n-1)2 , of order

102.

The approximation resulted in the equation
1.7

U

These measurements were made at 27°C with uncertainties less
than 2%.
Zolaratev and Demin [1977] made reflectance
measurements through the near and middle infrared regions,
corresponding to wavelengths of 2 pm to 50 pim.

With the use

of k values from other authors, this interval was extended
from 0.1 A to 1 m.

From these measurements and supplemental

data, the Fresnel and Kramers-Kronig relations was used to
calculate n and k, as was done by Palmer and Williams
[1974]. Data for n and k tabulated by Zolaratev and Demin
are given for wavelengths of 2 pm to 5 cm, which corresponds
to the near infrared to the microwave/radiowave portions of
the spectrum.

The method used to obtain reflectance

measurements of the near and middle infrared data involved a
double-beam infrared spectrophotometer.

Zolaratev and Demin

declare uncertainties in the measurements and in the
calculations between 3-5%.

The measurements were made at

200C.
Nearly the entire infrared broadband was investigated
by Downing and Williams [1975].
wavelengths from 2 pm to 1000 pm.
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Their study covers
This work consists of a

compilation of Lambert absorption coefficient measurements
obtained by other authors.

From these values, the Kramers-

Kronig relation
n(v) = 1+ (27

) -'

(V

Vf2

V

dv'

was used to calculate the real part, n.

1.8

.

The values of k

were calculated directly from the absorption coefficients.
Downing and Williams declare uncertainties of ±1% and ±4%
for n and k, respectively.

These measurements were taken at

270 C.
The influence of temperature on water in the near to
middle infrared bands, corresponding to wavelengths of 2 pim
to 25 pm, is studied by Pinkely et al.

[1976].

Absorption,

reflectance and k data were compiled at four different
temperature measurements, 10C, 160 C, 39°C, and 50'C.

The

values for n were calculated using the Fresnel and KramersKronig relations, as was done by Palmer and Williams [1974].
Only the first two temperatures are utilized in this study.
The n and k values tabulated by Pinkley et al. have
uncertainties of ±1% and ±3%, respectively.
Afsar and Hasted [1976, 1978] conducted two separate
measurements of the Lambert absorption coefficients using a
reflection-dispersive-Fourier-transform-spectrometric
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The 1976

technique, within roughly the same broadband.

study was made at wavelengths of 22.2 pm to 1.7 mm.

The

uncertainties of n and k are ±0.5% and ±5%, respectively.
The temperature for this experiment was 190C.

In the 1978

study, measurements of a were made between 45.5 pm to 2 mm.
Afsar and Hasted made these measurements at three different
temperatures:

40C, 30'C and 570C.

Only the first two

temperatures were used in the current study.

The

uncertainties n and k were the same as those reported in the
1976 study.
Ice
Absorption measurements of ice were made by Kou et al.
[1993]

in the near infrared region.

The methodology of

retrieving these measurements, as well as statistical
information were discussed in the water section of this
chapter.

Measurements were made at -250 C.

A reflectometer and spectrometer were used to make
measurements of reflectance in the near to middle infrared
by Schaaf and Williams

[1973].

The wavelengths

corresponding to their experiment were 2 pm to 33.3 pm.

The

authors used expressions relating n and k to reflectance, R:
n=

1-R
1+R-2 F-os0

1.9
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k

-2-Rsin1.
I+R-2 Ro--seo.

where 0 was calculated using the Kramers-Kronig phase
integral
*(V )(2 V./7c)P f1
0

2

RV11

V.0 V

Measurements were made at -7°C.

The uncertainties of n and

k are ±2% and ±4%, respectively.
Warren [1984] compiled optical constant data from
several authors.

The optical constant data, absorption

coefficient, permittivity, reflectance and k, were used to
make a tabulation of k.

From the k data, n was calculated

using the Kramers-Kronig 6quation.
was 44 nm to 8.6 m.
vary.

The spectral interval

The temperatures of Warren's study

From 44 rnm to 167 pm, the temperature is -70 C.

Four

different temperatures were presented in the interval of
167 pm to 8.6 m.
and -60°C.

These temperatures are -10C, -50C, -200 C

Ice exhibits the greatest temperature dependence

within this region.

This temperature dependence will be

discussed in further detail in Chapter 3.
vary in Warren's study.

The uncertainties

Statistical information was given

by Warren for some of the data used.
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The absorption coefficients, ci,were measured by
Grenfell and Perovich [1981]
infrared regions.

in the visible and near

The wavelengths corresponding to this

interval are .4 pm to 1.4 pm.

A collimated beam of light

was projected through a block of bubble-free ice, and
intensity measurements were made by a scanning photometer,
from which the absorption coefficient was calculated.

The

maximum uncertainty was ±20% in the range of 0.4 ptm to
0.42 pm.

The remainder of the interval has uncertainties

approximately

±10%.

These uncertainties are very

acceptable in this region for the complex part.

This is

because k is on the order of 10_' at 0.4 pm and increases to
10

5

at the end of the interval of 1.4 pm.

The absorption

coefficients measured range from nearly 10-3 to 10+2.

Six

orders of magnitude show high variability in this small
spectral region.

The measurements were taken at -40 C.

Longwave measurements were made by Johari [1976] for
wavelengths of 3 m to 600 m.

A Hewlett-Packard model 4271A

LCR meter was used to obtain electromagnetic properties such
as permittivity, 6', and dissipation factor, tan8.

The loss

factor, e", may have been measured or calculated using
S=-Er1

1.12
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The real and imaginary parts of the index of refraction were
calculated using the relations
-"= 2nk

1.13

= n2 -k 2 .

1.14

The permittivity and loss factor measurements had
uncertainties of ± 0.3% and ± 2%, respectively.

Since both

6" and E" were used to calculate n, and k, ± 2.02% should be

used as a combination of the two uncertainties.
uncertainty is valid for both n and k.
to calculate n and k from el and e"

This

The equations used

are as follows:

1.16
2

n=

k=

(( 6 ' 2+ Ef"2)2

11

-6')

These measurements were made at -50C.
Johari and Charette [1975] made measurements of
relative permittivity, 6" and dielectric loss, tan6, of ice
at two wavelengths, 5 m and 8.6 m.

Temperature was varied

between -1.0°C to -25.0°C for both wavelengths.

The

methodology used was the same as that in the previously
discussed work.

As such, the uncertainty is also the same.
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CHAPTER 2
METHODOLOGY

Introduction
The purpose of this study is to create empirical
formulae that model the real and complex refractive indices
of ice and liquid water over a wide frequency range.
Many curve fitting methods were considered.

Because of

the complexity of the curves to be fit, a high order
polynomial may seem like the best solution; however, with
the many maxima and minima, a high order polynomial will
extend and exaggerate the observed maximum and minimum
values.
The spectral domain under investigation is divided into
six sub-regions.

These regions are:

visible, near

infrared, middle infrared, far infrared,
microwave/radiowave, and longwave.
wavelength increments are:

The corresponding

0.4 micrometers to 0.7

micrometers, 0.7 micrometers to 4 micrometers, 4 micrometers
to 50 micrometers, 50 micrometers to 1 millimeter, 1
millimeter to 100 meters and greater than 100 meters. These
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spectral bands will be further segmented using knots and
cubic splines fit to these sections.

The resulting cubic

equations can easily be programmed into any application or
model requiring the complex index of refraction for water or
ice in the needed spectral regions.
The mathematical relationship between n and k is
described by the Kramers-Kronig relations.

These relations

ensure the behavior between n and k is maintained.

In

addition, the Kramers-Kronig relations present a tool for
calculating n from k or visa versa.

To derive one optical

constant from another using the Kramers-Kronig relation, one
quantity must be measured in a broadband spectrum.

Since

the scope of this study is to produce empirical formulae
modeling n and k, the utilization of the Kramers-Kronig
relation is not feasible. Much of the data used has been
calculated using the Kramers-Kronig relation, satisfying the
spectral dependence.
Cubic Splines Method
Cubic splines present a technique where the
coefficients can be "forced" to pass through several points.
The spline program used reduces a region into evenly spaced
breakpoints.

The data between these breakpoints are used to

derive the coefficients of a third-order polynomial.

Having

a low order polynomial fit reduces the fluctuations found in
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high order polynomial interpolation schemes.

Each

breakpoint can be thought of as a knot connecting each cubic
segment.

The breakpoints of each segment have been adjusted
Since all of the spectral

to give the smallest residual.

regions have different behaviors, the number of breakpoints
The fewer breakpoints used will produce fewer

will differ.

cubic polynomials and visa versa.

If needed, more

breakpoints will be added to reduce the residuals.
The cubic spline fitting method implemented in this
study comes from Lawson and Hanson [1974].

The data

interval is broken up into evenly space breakpoints or knots
so that

bi <

... < b.

b2 <

,2.1

where bi and bn are the endpoints of the data segment and
The distance between each

b2...
b,-, are the internal knots.
breakpoint is defined as
h

= bk+1

-

(k = 1 ....,n-1).

bK

2.2

The family of independent splines in the interval
[b1 ,bn] can be denoted as S, where f is an individual cubic
equation on each interval [bk,bk+l].

The function, f, takes

on the form

f(x)c= Y" q(x).

2.3

iI

The limit, j, constitutes n+2 independent functions within
the vector space, S.

If the set of data, (xi,yJ), is
21

contained within the breakpoint interval,

[bl,b],

the

solution of individual equations making up S becomes a
matrix problem of the form
Ac=y ,

2.4

where the elements of matrix A
a#=qj(xi)

i = l,...,m

j

aij,

2.5

=

so that A is an m by n+2 matrix.
matrix A,

are

Each individual piece of

represents a function,

qj(xj).

Since the

function is a third order polynomial of the form
a, + alx + a 2 x 2

a 3 x3 ,

2.6

and the ordinate data is organized such that
x 1 _<x

2

< ...

_<xm,

2.7

the band width, or number of non-zero terms in a matrix row
of A, will be four.
Lawson and Hanson define two cubic polynomials
p,(t) = 0.25t 3

2.8

and
P 2 (t) =1-0.75(l+t)(1-t

2 ),

2.9

where
t

-bk
h

2.10

Within each breakpoint interval, four functions, qij, have
non-zero values:
22

qk Wx = A (1- t)

2.11

qk+ (x) = p 2 (1- t)

2.12

(x)

(t)

2.13

qk+ (X) = p (t).

2.14

qk

2

= p

2

The breakpoints in the algorithm are coded using the
formula
Xm(i--1)

bi =xI +

I

(i

NBP-1I

=

1....NBP)

,

2.15

where NBP is the number of breakpoints to be used.

Notice

that the minimum number of breakpoints is 2, which
corresponds to the endpoints of the data set.
The root-mean square is calculated to determine the
error between the data set and the fitted curves, using

Sri

RMS!1

I

2.16

where ri represents the residuals between the data and the
fit, and m is the data set length.
The coefficients of the polynomial given by equation
2.6 are found by adding equations 2.11 through 2.14.
coefficients were found to be

1
ao

1
1

-[-+ 2

+

2.17

C3
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The

3

3

3
6
3
a =-C--C2 +-C321
414

4

2

3
1
a3 =-IC +3C
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3
-3C
2

1
+-C
3

2.20

4,

where C1 through C4 are from the coefficient matrix computed
by the FORTRAN algorithm.

The coefficients presented in

Chapter 3 are the empirical coefficients that represent the
behavior of the data.
Some additions were made to the program from Lawson and
Hanson.

A high resolution computation was coded to give a

smoother representation of the fitting.

The program had to

be altered to accommodate loading data from ASCII files.
Debye Regions
Water and ice (Ih) both have regions of significant
temperature dependence.

From Debye [1929],

to use the complex permittivity.

it is customary

From Debye's theory, the

dielectric constants can be expressed by the following
relations:

(6 0 --

66_+

2.21

so06

2.22
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where so is the static dielectric constant,

F_

is the high

frequency dielectric constant, X, is the relaxation
wavelength, or wavelength corresponding to the relaxation
time, T, and X is the incident radiation wavelength.

This

theory was later expanded upon by Cole and Cole [1941]

to

include a spread parameter, x, whose value can vary from 0
to 1

1+2 F

1

1+

si +

1-,)sin IT

+

2.23

_

Cos(
(So0&K,-~
"1a
sin4w21a

URj

++7

2.24

The spread parameter is a measure of how the semicircular
plot of s' versus &" varies from the theoretical Debye
equations.

The equation for the loss, s", was modified to

include a frequency independent conductivity, a:

ax

2.25

CY0

where (0 = 18.8496 x 1010 and a = 1.25664 x 109 .

It is

important to note that when a and k are equal to 0, the
Cole-Cole relations with the conductivity modification
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reduce to the Debye equations.
The parameters, &,

[1972]

&0, X,,

and a, were fit by Ray

from optical constant data as a function of

temperature for liquid water. These parameters are:
s =5.27137+0.0216474T-0.00131198T
=

2.26

78.54[1.0-4.579 x 10-T-25.0)
- 8 (T- 25.0) 3]
2+ 1.19 X 10-5(T-25.0) 2.8 x 10

1
Xs =3 .3 8 6 x10

4(2513.98)

-4

~~T

273

)

2.28

16.8129
=.069265

1

2.29

T+273

where T is temperature in degrees Celsius.Since there have
been no significant new measurements in the band 0.1 to 20
cm, his results will be used in the region.

Data obtained

at wavelengths longer than 20 cm show significant
discrepancies in the imaginary part, k.

After 20 cm, the

wavelength dependent term, equation 2.25, begins to dominate
the Cole-Cole equation for s".

The Cole-Cole equations will

be used in their original format for fitting n and k for the
remainder of the microwave/radiowave and the longwave
regions for water.

Other changes to the parameters will be

discussed in the microwave/radiowave section for water of
Chapter 3.
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Worz-Cole Equations
The research conducted by Wbrz and Cole [19691
concentrated on ice Ih for temperatures of 0 'C to -80 'C.
The E-M spectral wavelength interval associated with this
study ranges from 1.5 kilometers to nearly dc.

The

equations used by Wbrz and Cole are the Debye relaxation
equations given by 2.21 and 2.22 with the frequencyindependent conductivity term
8'
=~o

+(&0
-j
1+ (0),C)2

2

+

1+((t)')

2

+

.3
3

2.31

,
(0)

where o is 27c frequency and T is the relaxation time given
by
ic= Aexpi.

2.32

A = 5.3 x 10- 6 seconds
k = Boltzman's constant = 8.62 x 10 -5 eV/K
E = activation energy = .57024 eV
T = temperature in Kelvin

The conductance, c0, is calculated by

(
0= 1.26exp k)

"-.54)
mho cm -1 .

2.33

The relation for the static and high-frequency dielectric
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constants is given by
20715
2.34

- T-38

where T is in Kelvin and s

=

3.1.

The Wbrz-Cole equations agree more closely with
measured data for wavelengths greater than 1.5 km than do
the Cole-Cole equations, perhaps due to the availability of
more data.

For n, the Wbrz-Cole relations provide a good

fit into the microwave regions.
Weighting
Some spectral intervals are comprised of two data sets.
Normally for weighting, the data sets are weighted using the
uncertainty or error variance, or
1
W = 2".2.35
where w is the weight.

This weighting scheme takes on the

assumption that the error follows a Gaussian distribution.
Without knowledge of the statistics, this assumption cannot
be made with the data sets used, and due to the disparity in
measurements of similar parameters, this assumption will not
be made.
In some regions, two data sets are used for fitting.
Two weightings will be used for the data sets.

If

uncertainties are the same, an even weighting of 0.5 will be
given to each set.

If the uncertainties are different, an
28

average ratio of the total uncertainty contribution will be
used.

From the data sets being combined, this average is

0.7 for the data set with the lower uncertainty, and 0.3 for
the data set with the higher uncertainty.
Summary
Tables 2.1 and 2.2 summarize the fitting for liquid
water and ice, respectively.
Table 2.1.

Methodology for water.
Real Part, n

Interval

400 nm

Method

Cubic Splines

-

1 mm

1 mm

-

20 cm

Cole-Cole with

> 20 cm

Cole-Cole

conductivity

Imaginary Part, k
Interval

400 nm

Method

Cubic Splines

-

1 mm

1 mm -20

cm

Cole-Cole with

> 20 cm
Cole-Cole

conductivity

Table 2.2

Methodology for ice.
Real Part, n

Interval

400 nm - 1 mm

> 1mm

Method

Cubic Splines

Wbrz-Cole

Imaginary Part, k
Interval

400 nm

Method

Cubic Splines

-

1.5 km
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> 1.5 km

Wbrz-Cole

CHAPTER 3
RESULTS

Introduction
The methodology outlined in Chapter 2 was applied to
the data sets.

Weighting was used when more than one data

set was available for a spectral region.

To ensure

continuity between spectral regions, all attempts were made
to have at least one data set span the bordering regions.
This promoted a smoother connection between spectral
intervals.

Each interval is described as to the methodology

of the fitting, data sets used, significant features, and
physics of the observed features or structure.
the fit along with the data used is also shown.

A figure of
If spline

fitting is used, a table of coefficients is included.
Coefficient Equation
The cubic splines used in this study follow the format
of

C +3.1
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from the interval

[bj,bji],

where bj and bj+1 are

breakpoints, X is the desired wavelength, h is the
breakpoint width, and C1 through C4 are the coefficients.
To recreate the plots in this chapter, X, in pm, is
indexed through the interval of bj to bj+,.

The variable, X,

is the only parameter that varies; all of the other
parameters remain static throughout the interval [bj,bj+l].
Each segment that is fit with cubic splines will
include all variables in equation 3.1, as well as the rootmean square value for each segment.

The RMS value is an

indicator as to how good the splines fit the data.
Generally, the fits have an RMS value less than one percent
of the data values.
Water
Visible
The visible region spans the region of 0.4 pm to 0.7
pm.

This region was fit using cubic splines.
The measured values of n from Boguth [1973] were used

for fitting the real part of the refractive index.

Hale and

Querry [1973] also presents data within the visible.
However, a comparison of uncertainties leads to the sole
selection.

Boguth's measurements were taken out to 5

-3
significant figures with an uncertainty of 1.5 x 10
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Hale and Querry's data in this region has a

percent.

minimum of 0.5 percent uncertainty or a difference in two
orders of magnitude.

Hale and Querry's data were put on the

graph with uncertainty bars in Figure 3.1 for a comparison.
The coefficients resulting from the fitting are given in
Table 3.1.

Table 3.1.
bj

bj l

Coefficient data of water in the visible for n.
el
1

C2

C3

0.36524 0.70652 1.34655 -3.8597E-02

h

C4

3.6407E-02 -1.4719E-02

RMS

9.02E-5

0.34128

Fitting the imaginary part of the refractive index in
this region posed a difficult task.
values gave two different plots.

Two compilations of k

As can be seen in Figure

3.2, the values of k given by Kopelevich [1976] are
different from that of Hale and Querry in some cases by an
order of magnitude.

Kopelevich attributes these

discrepancies to the methodology employed in measuring the
data compiled by Hale and Querry, as was discussed in
Chapter 1.

The uncertainty estimates were not given by

either of the authors.

From investigators that included the

data uncertainty, the absorption region measurements usually
have a 10 percent uncertainty.

However, some uncertainties

are as much as ±20 percent or as low as ±4 percent.
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Figure 3.1. Real part of the complex index of refraction for water in
Fitted Curve; 0 Boguth [1973] at 23 0 C; E Hale
the visible region.
0
and Querry [1973] at 25 C, uncertainty of ±0.7%.
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Imaginary part of the complex index of refraction for water

in the visible region.

-

Fitted Curve; * Hale and Querry [1973]

at

250C, uncertainty of ±4%; 0 Kopelevich [1976] at 200C, uncertainty of
±4%; 0 Kou et al.

[1993]

at 220 C, uncertainty of ±2%.
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uncertainties were not listed, the lowest value of ±4
percent was used, so as not to underestimate the
An uncertainty of ±4 percent was used with

uncertainty.

The region of 0.4 pm to 0.6 pm was fit with

both data sets.

each data set, and it is up to the user which methodology is
more sound.

The data for wavelengths longer than 0.6 pim

poses a different problem.

Kopelevich's tabulated values of

k ends at 0.6 pm, Hale and Querry's k values continue on
through the spectrum, and the data from Kou et al. [1992]
begin at 0.65 pm.

Kou's k values begin with an uncertainty

of 9 percent that falls to just over 5 percent in this small
region.

Kou et al. used a modern spectrometer at high

resolution, leading to the possibility of under estimations
of the uncertainties given to Kopelevich and Hale and
Querry's data.

An attempt was made to bias this segment to

Kou's data due to the improved reliability and high spectral
resolution, as well as add continuity proceeding into the
near infrared.

Kou's data were weighted to 0.7 with the
The coefficients for all

remainder to Hale and Querry.

three segments are in Tables 3.2a, b and c.
Near Infrared
The real part of the refractive index in the near
infrared region was fit with four data sets:
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Downing and

Table 3.2a. Coefficient data of water in the visible for k
by Hale and Querry [1973] up to 0.6 m
bj

C,

bj~i

C3

C2

0.40
0.45
0.50

0.45
0.50
0.55

1.8608E-09
1.0371E-09
9.9387E-10

-1.5986E-09
-3.5621E-10
4.2261E-10

0.55

0.60

1.9365E-09

1.3638E-09

Table 3.2b.
bj
0.40
0.45
0.50
0.55

0.45
0.50
0.55
0.60

Table 3.2c.

0.05
0.05
0.05

3.2232E-10

0.05

7.2764E-09

-2.1995E-10
-1.2826E-10
7.6798E-10
9.8009E-10

C4

-2.3842E-10
5.0660E-10
-7.3464E-10
8.1615E-09

4.0347E-10
-3.1178E-10
1.2080E-09
-9.9590E-10

h

RmS

0.05
0.05
0.05
0.05

5.4E-11

-J

Coefficient data of water in the visible for k
from 0.6 pm to 0.7 gm

C1
bj±l
0.60
0.701 1.0631E-08

[1973]

1.0823E-09 -3.0745E-10
1.6000E-10 1.5294E-10
6.1882E-10 -9.8836E-11

C3

C2

1.9323E-10
1.3834E-10
2.0490E-10
1.4463E-09

bj

Williams

RMS

3.19E-11

Coefficient data of water in the visible for k
by Kopelevich [1976] up to 0.6 pm
C1

bj+l

h

C4

[1975],

C2

I

C4

C3

1.3485E-081 2.3055E-09

Palmer and Williams

and Zolaratev and Demin [1977].

8.4117E-09

RMS

h

0.10 1.09E-091

[19741, Hale and Querry
Not all of these

data sets spanned the near infrared region, for example,
Palmer and Williams' data extend from 0.358 pm to 2.63

tm.

This is just prior to the absorption band associated with
vibrational stretching fundamentals, vi and v3 , around 2.94
pm.

There are slight temperature variations within the

bands associated with these fundamentals.

The temperature

of 270C lies centrally to those compared by Pinkley et al.
[1977].

The temperature variation is not as significant as

in other regions in the electromagnetic spectrum.
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Pinkley

et al. also noted a slight shift in resonant frequencies in
the vi and v3 bands as temperature varies.

From 1C to 501C,

v, and v3 shift from 3380 cm 1 to 3400 cm-1 (2.96 pm to 2.94
pm.)

All fundamentals are discussed in more detail in

Appendix A.
Four segments were needed to model the behavior in the
near infrared region.

To obtain the best fit, four

breakpoints in each segment were used.
RMS of less than 1 percent.

This resulted in an

For the first segment, the data

from Palmer and Williams, and Hale and Querry were used.
This spanned wavelengths from 0.7 pm

to 2.2 pm.

A weight

of 0.7 was given to Palmer and Williams as the uncertainty
associated with their values were 1 percent versus 2 percent
in Hale and Querry.

The next segment ranged from 2.2 pm to

2.762 pm, and the data from Hale and Querry, and Downing and
Williams were used.

A weight of 0.7 was also given to

Downing and Williams due to the 1 percent uncertainty in
their data.

The final two segments reaching to 4 pm were

fit with data from Downing and Williams, and Zolaratev and
Demin.

Again, Downing and Williams received a weighting of

0.7 due to the uncertainty of 3 percent in Zolaratev and
Demin's data.

The near infrared plot for n is given in

Figure 3.3 and the coefficients in Table 3.3.
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3.3. Real part of the complex index of refraction for water in
the near infrared region. - Fitted Curve; * Downing and Williams
Figure

[1975] at 27°C, uncertainty of ±1%; [] Palmer and Williams [1974] at
27°C, uncertainty of ±1%; 0 Hale and Querry [1973] at 25°C, uncertainty
of ±2%; + Zolaratev and Demin [1977] at 25°C, uncertainty of ±3%.
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Table 3.3.
bj+l

bj

Coefficient data of water in the near infrared
for n.
C1

C2

C3

h

C4

RMS

0.70000 1.20000 1.3320900 -1.0216E-02 7.5652E-03 -4.0020E-03
1.20000 1.70000 1.3254400 -7.0915E-03 -4.4408E-03 1.1937E-03

0.500000
0.500000

1.70000

2.20000 1.3151000 -1.2392E-02 -8.5962E-04 -5.5889E-03

0.500000

2.20000
2.38493
2.56987
2.76200
2.89953
3.03707
3.17500
3.45647
3.72823

2.38493
2.56987
2.76200
2.89953
3.03707
3.17500
3.45647
3.72823
4.00000

0.184933 3.55E-03
0.1849331
0.184933
0.137533 8.31 E-03
0.137533
0.137533
0.271767
1.29E-3
0.271767
0.271767

1.2944900
1.2760400
1.2462000
1.1353900
1.2416800
1.4253400
1.4869000
1.4075100
1.3708400

-1.6593E-02
-1.8504E-02
-5.4262E-02
-4.5099E-02
1.9443E-01
1.3723E-01
-8.9269E-02
-5.8337E-02
-2.5567E-02

-3.6562E-03
1.7453E-03
-3.7503E-02
2.1464E-01
2.4888E-02
-8.2085E-02
-1.2811 E-03
3.2214E-02
5.5611 E-04

1.8005E-03
-1.3083E-02
-1.9138E-02
-6.3250E-02
-3.5658E-02
6.3402E-03
1.1165E-02
-1.0553E-02
3.6075E-03

6.16E-04

The imaginary part proved to be more difficult due to

the complexity of the absorption bands.

The interval

between 0.7 pm to 2.222 pm needed 8 segments encompassing 29
splines.
peaks.

This was needed to preserve the minor absorption
The data from Kou et al.

[19921 were weighted 0.7.

Hale and Querry [1973] was also used in this region
receiving the remainder of the weight.

The remainder of the

band was fit using Downing and Williams

[1975],

and Hale and

Querry with equal weighting due to the same uncertainties.
Pinkley et al.

[1976] have shown a greater temperature

dependence in the vi, v3 fundamentals.

The 22 percent

difference discussed was from 10C to 500 C.

For

meteorological applications, a more meaningful comparison is
between IOC and 27 0 C, which results in a 12.5 percent
difference.

The paucity of data spanning the temperature
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range precludes deriving a temperature dependence
coefficient.

This temperature variation should be

considered if higher precision is needed.
The largest peak, around 2.94 pm, is associated with
the stretching fundamentals.

The minor absorption bands

centered at 1.9 pm and 1.5 pm are associated with
combinational bands as proposed by Pinkley et al.

The

wavelengths in their study for these fundamentals, however,
do not match those as shown in Figure 3.4.

The coefficients

for the fit can be found in Table 3.4.
Middle Infrared
The middle infrared encompassed the spectral interval
from 4 pm to 50 pm.

The real and imaginary parts were both

fit with data from Downing and Williams [19751
and Demin [1977].

and Zolaratev

For the real part, emphasis was placed on

Downing and William's data due to the lesser uncertainty
warranting a weight of 0.7.

Five segments containing a

total of 17 splines were needed to produce the fit given in
Figure 3.5.

The coefficients are provided in Table 3.5.

The data used to fit the imaginary part were equally
weighted due to the assumption that they all were
characterized by the same uncertainty.

The additional

complexity of the curve required additional splines to
model.

Six segments with 24 splines were needed to model
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Figure 3.4. Imaginary part of the complex index of refraction for water
in the near infrared region. - Fitted Curve; * Hale and Querry [1973]
at 250 C, uncertainty of ±4%; L Kou et al. [1993] at 220C, uncertainty of
±2%; 0 Downing and Williams [1975] at 270 C, uncertainty of ±4%.
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Table 3.4.

Coefficient data of water in the near infrared
for k.

bj

bj+l

C1

C2

C3

C4

h

RMS

0.70000 0.75158

3.5184E-08

1.3664E-08

0.75158
0.80316
0.85474

0.80316
0.85474
0.90632

1.7678E-07
1.4153E-07
2.9761E-07

6.9068E-08 -2.7299E-07 1.6867E-07 5.158E-02
2.9103E-08 2.3302E-07 -1.0605E-07 5.158E-02
1.7700E-07 -8.5126E-08 1.0688E-07 5.158E-02

3.2839E-07 -2.0046E-07 5.158E-02 5.6E-08

0.90632
0.95790
1.01063
1.06337
1.11610
1.15777
1.19943
1.24110
1.28277
1.32443
1.36610
1.40850

0.95790
1.01063
1.06337
1.11610
1.15777
1.19943
1.24110
1.28277
1.32443
1.36610
1.40850
1.46238

4.9636E-07
3,2400E-06
2.8000E-06
1.2000E-06
2.0800E-06
1.01OOE-05
1.1800E-05
1.1500E-05
1.1500E-05
2.0900E-05
4.3400E-05
2.51 OOE-04

1.46238
1.51626

1.51626
1.57014

3.7000E-04 -7.3200E-05
2.1500E-04 -1.5400E-04

1.57014

1.62402

1.2300E-04 -5.4400E-05

1.41 OOE-05 3.1800E-06 5.390E-02

1.62402

1.67790

8.5700E-05 -1.6600E-05

2.3600E-05 -1.6000E-05 5.390E-02

1.67790

1.73590

7.8400E-05 -4.6700E-06

1.5600E-05 3.5000E-06 5.800E-02 3.5E-06

1.73590

1.79390

9.2800E-05

3.6900E-05

2.6100E-05 -2.5900E-05 5.800E-02

1.79390
1.85190
1.88680
1.95388
2.02096
2.08804
2,15512
2.22220
2.50000
2.55435
2,60870
2.66305
2.71740
2.81450
2.91160
3.00870
3.10580
3.20290
3.30000

1.85190
1.88680
1.95388
2.02096
2.08804
2.15512
2.22220
2.50000
2.55435
2.60870
2.66305
2.71740
2.81450
2.91160
3.00870
3.10580
3.20290
3.30000
3.53333

1.3000E-04
1.6400E-04
6.7400E-04
1.8900E-03
9.8900E-04
5.6900E-04
3.7600E-04
3.51 OOE-04
1.8500E-03
2.1300E-03
2.9600E-03
7.1000E-03
1.9300E-02
1.3881E-01
2.7078E-01
2.6034E-01
1.7561E-01
8.6300E-02
3.7300E-02

1.1500E-05
1.3300E-04
5.1200E-03
-8.6700E-04
-7.0900E-04
-2.5500E-04
-1.0900E-04
1.6700E-04
1.1700E-03
2.3100E-04
1.21OOE-03
9.8400E-03
1.2777E-01
1.3843E-01
7.2900E-02
-6.5300E-02
-9.7100E-02
-6.8400E-02
-5.4700E-02

-5.15OOE-05
-1.0200E-04
-5.7400E-03
-2.5400E-04
4.1300E-04
4.0400E-05
1.0600E-04
6.9100E-04
-1.7500E-03
8.1000E-04
1.7200E-04
8.4500E-03
-3.5500E-02
4.6200E-02
-1.1174E-01
-2.6400E-02
-5.3600E-03
3.4100E-02
3.2900E-02

3.53333 3.76667
3.76667 4.00000

7.9300E-03
3.3900E-03

-1.1700E-02
-1.0100E-04

9.9800E-03 -2.7700E-03 2.333E-01
1.6700E-03 -3.0800E-04 2.333E-01

3.2738E-07
3.1200E-06
-2.2200E-06
-3.6500E-07
-2.0200E-06
7.9700E-06
-7.5000E-07
-7.6700E-07
2.8500E-06
1.7600E-05
1.1300E-05
3.3800E-04

2.3550E-07
-5.3500E-06
1.3200E-08
1.8400E-06
2.01OOE-05
-1.0100E-05
1.3400E-06
-1.3600E-06
4.9700E-06
9.7600E-06
1.3100E-04
-2.4500E-04

2.1925E-06
1.7900E-06
6.0900E-07
-5.51 OOE-07
-1.OOOOE-05
3.8000E-06
-9.0200E-07
2.11OOE-06
1.6000E-06
-5.6600E-06
6.6800E-05
2.6300E-05

5.158E-02
5.270E-02
5.270E-02
5.270E-02
4.170E-02
4.170E-02
4.170E-02
4.170E-02
4.170E-02
4.170E-02
4.240E-02
5.390E-02

3.8E-08

3.6E-07

1.3E-05
2.9E-06

-1.6600E-04 8.3800E-05 5.390E-02
8.5400E-05 -2.3700E-05 5.390E-02
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7.3600E-05
5.3600E-04
1.8300E-03
2.2200E-04
-1.2400E-04
2.1900E-05
-2.3000E-05
7.01OOE-04
8.5500E-04
-2.1300E-04
2.7600E-03
-4.6200E-03
2.7200E-02
-5.2600E-02
2.8400E-02
7.0300E-03
1.3200E-02
-1.5300E-02
-7.6500E-03

5.800E-02
3.490E-02
6.710E-02
6.710E-02
6.710E-02
6.710E-02
6.710E-02
2.778E-01
5.440E-02
5.440E-02
5.440E-02
5.440E-02
9.710E-02
9.710E-02
9.71 OE-02
9.710E-02
9.710E-02
9.710E-02
2.333E-01

1.1E-06
2.4E-05

1.8E-05
6.6E-04

3.5E-03

3.1 E-04
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Figure 3.5. Real part of the complex index of refraction for water in
the middle infrared region. - Fitted Curve; 9 Downing and Williams
[1975] at 270C, uncertainty of ±1%; 0 Zolaratev and Demin [1977] at
250C, uncertainty of ±3%; 0 Hale and Querry [1973] at 250C, uncertainty
of ±2%.
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Coefficient data of water in the middle infrared
for n.

Table 3.5.
b

bj~l
4.00000 4.27389
4.27389 4.54777
4.54777 4.82166
4.821661 5.09554
5.09554 5.36943
5.36943 5.64331
5.64331 5.91720
5.91720 6.25000
6.25000 7.73627
7.73627 9.22255
9.22255 10.70880
10.70880 12.19510
12.19510 14.79670
14.79670 17.39840
17.39840 20.00000

CI
1.34863
1.33556
1.32842
1.32558
1.31942
1.30381
1.27790
1.24162
1.35221
1.29665
1.24820
1.17191
1.12392
1.26925
1.40252

C4

C2

C3

-1.0840E-02
-1.1485E-02
-3.8440E-03
-3.0948E-03
-1.0770E-02
-1.91 48E-02
-3.71 90E-02
-3.9052E-02
-1.2664E-01
-2.9800E-02
-6.610OOE-02
-8.OOOOE-02
5.0900E-02
1.6984E-01
1.0553E-01

-6.0220E-03
5.3772E-03
2.2635E-03
-1.5143E-03
-6.1613E-03
-2.21 60E-603
-1.5826E-02
5.0951 E-01
1.1642E-01
-1.9600E-02
-1.6700E-02
2.8300E-03
1.6426E-01
-4.5400E-02
-1.8900E-02

3.7997E-03
-1 .0379E-03
-1 .2593E-03
-1.5490E-03
1.3152E-03
-4.5366E-03
1 .4098E-02
-3.5809E-01
-4.5300E-02
9.7500E-04
6.5000E-03
3.1300E-02
-6.9900E-02
8.810OOE-03
-6.9000E-03
1.482911 2.61 92E-01I -3.1 349E-01 1 .0400E-01
35 000000.500000
[2000000
.35
-5.2400E-021 -8.4400E-041 9.4300E-02
3.00000 50.00

this region.

h
RMS
0.27389 2.37E-03
0.27389
0.27389
0.273891
0.27389
0.27389
0.27389
0.33280 4.74E-03
1.4862712.81 E-03
1.486271
1.48627
1.48627
2.60163 1 .26E-02
2.60163
2.60163
15.00000 8.72E-03
15.00000
___

The fit is given in Figure 3.6 and the

associated coefficients for the splines in Table 3.6.
The absorption band around 6.1 p~m is associated with
the V2 , or bending, fundamental.

Further into the middle

infrared region, a broad absorption band peaks in the region
of 17 p m.

This is

associated with the VL,

mode as given by Franks

or librational,

[1972].

The temperature dependence associated with these
fundamentals is very weak.

Pinkley et al.

[1977] has shown

that the libration mode shifts very little from 10C to
270C.

The shift is from 590 cm' to 570 cm"

17.54 pm.)
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Figure 3.6. Imaginary part of the complex index of refraction for water
in the middle infrared region. - Fitted Curve; * Zolaratev and Demin
[1977] at 250C, uncertainty of ±4%; D Downing and Williams [1975] at
270 C, uncertainty of ±4%; 0 Hale and Querry [1973] at 250 C, uncertainty
of ±4%.
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The continuum, also, is apparent in the 8.5 ptm to
12.5 pmn range.

In this region, there is a marked decrease

in n, as well as k.

Table 3.6.

Coefficient data of water in the middle infrared

_____
____

b
j
4.00000 4.23307
4.23307 4.46613
4.46613 4.69920
4.699201 4.93227
4.93227 5.16533
5.16533 5.39840
5.39840 5.63147
5.63147 5.86453
5.86453 6.09760
6.09760 6.41467
6.41467 6.73173
6.73173 7.04880
7.04880 7.36587
7.36587 7.68293
7.68293 8.00000
8.00000 8.90195
8.90195 9.80390
9.80390 11.23110
11.23110 12.65820
12.65820 16.25040
16.25040 19.84260
19.84260 23.43480
23.43480 27.02700

_

k._

_____for

C1

4.5664E-03
7.3563E-03
1.1738E-02

1 .5720E-02
1 .3456E-02
1.0481 E-02
1.01 32E-02
1.5886E-02
4.9182E-02
1 .3348E-01
4.3500E-02
3.5800E-02
3.3700E-02
3.4000E-02
3.4000E-02
3.510OOE-02
3.9600E-02
4.8700E-02
1.2155E-01
2.81 97E-01
4.3156E-01
4.1708E-01
3.8409E-01

_

C2

C3

2.6395E-03
3.4199E-03
5.1948E-03
8.9305E-04
-3.61 18E-03
-2.1651 E-03
2.2984E-03
9.1858E-03
7.8110OE-02
-1.6039E-01
-3.3500E-02
1.41 OOE-03
-1.7900E-03
4.6900E-04
9.3000E-04
1.5700E-03
6.1200E-03
4.1700E-02
1.2397E-01
3.3051 E-01
2.7700E-02
-3.610OOE-02
-2.5700E-02

-3.2914E-04
1.1095E-03
6.6547E-04
-4.9673E-03
4.6243E-04
9.8432E-04
3.4792E-03
3.4082E-03
6.5517E-02
8.4500E-02
4.2400E-02
-7.4700E-03
4.2600E-03
-2.OOOOE-03
2.4600E-03
4.0500E-03
4.9300E-04
1.1300E-02
7.10OOOE-02
-2.3999E-01
-6.2800E-02
-1.0400E-03
1.1400E-02

2702700 38.-513501 3.61 96E-01 I-3.5900E-02, 3.8700E-021
38. 1050.000001 3.901 7E-01 11. 1 776E-01 11.1 5OOF-01l

_

_

_

_

_

h
4.7954E-04 0.23307
-1.4801 E-04 0.23307
-1.8776E-03 0.23307
1 .8099E-03 0.23307
1 .7396E-04 0.23307
8.31 62E-04 0.23307
-2.3671 E-05 0.23307
2.0703E-02 0.23307
-5.9307E-02 0.23307
-1 .4000E-02 0.31707
-1.6600E-02 0.31707
3.91 OOE-03 0.31707
-2.0900E-03 0.31707
1.4900E-03 0.31707
-2.6500E-03 0.31707
-1.1900E-03 0.90195
3.4300E-03 0.90195
1.9900E-02 1.42715
-3.8400E-02 1.42715
5.91 OOE-02 3.59220
2.0600E-02 3.59220
4.15OOE-03 3.59220
-5.6500E-03 3.59220
2.5400E-02,11.48650
-8.1 200E-02 11.48650

_

_

_

RMS

C4

9.35E-04
___
___
___
___
___
___
___

2.42E-03
___
___
___
___
___

2.43E-04
___

4.75E-03
___

1.47E-02
___

___

1.47E-02
___

Far Infrared

The far infrared region encompasses those wavelengths
between 50 pLm to 1000 pm.
for modeling.

This region posed difficulties

The data are sparse from 200 ptm to the end of
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the spectral interval. The far infrared region also contains
the onset of the broad temperature dependent hindered
translation bands.
The fitting in this region used data from Downing and
Williams [1975],

and Afsar and Hasted [1978].

The data were

close in measurement temperature, 270C and 300 C,
respectively.

The data for the real part of the refractive

index are close in agreement, however, the data for the
imaginary part differ by more than 15 percent at 250 pm.
Afsar and Hasted's data was compared to data compiled by
Zolaratev and Demin [1977] at 25 °C.

This comparison shows

a deviation as low as 2 percent at 250 pm, but one as high
as 27 percent at 1000 pm.

The temperature dependence is

well known, but judging by the variations in measurements,
it is not well described quantitatively.

These large

discrepancies of the data do not prove beneficial for
possible improvements in the Cole-Cole parameters, or any
other derivation of temperature dependent relations.

The

fit is illustrated in Figures 3.7 and 3.8 for n and k,
respectively.

The coefficients are contained in Tables 3.7

and 3.8.
In the far infrared region, two fundamentals are
apparent.

The rotation or libration fundamental peaks at
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Real part of the complex index of refraction for water in

the far infrared region. - Fitted Curve; • Hale and Querry [1973] at
250 C, uncertainty of ±2%; L Downing and Williams [1975] at 270 C,
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±3%.

48

1.2

1.0
70
Cz
(D

0

cu0.8
.

E

0.6

0.

.. ......
0

200

. ..... ..
600
400
Wavelength (micrometers)

800

1000

Figure 3.8. Imaginary part of the complex index of refraction for water
in the far infrared region. - Fitted Curve; e Hale and Querry [1973]
at 250 C, uncertainty of ±4%; 0 Downing and Williams [1975] at 270 C,
uncertainty of ±4%; 0 Afsar and Hasted [1978] at 300 C, uncertainty of
±2%.

49

around 58.8 pm.

Much of the remainder of the spectrum is

dominated by hindered translational modes, or as Franks
[1972] describes, as hydrogen bond bending and stretching.

Table 3.7.
bj

Coefficient data of water in the far infrared
for n.

bj+l

50
75
75 100
100 250
250 375
375
500
500 1000

C1

C2

1.59438
1.89639
1.99508
2.09830
2.16859
2.22916

Table 3.8.

C3

4.5292E-01
1.7248E-01
8.5500E-02
8.5400E-02
5.4100E-02
3.5405E-01

C4

-1.7228E-01
-1.0817E-01
8.3100E-02
-1.4000E-02
-1.7300E-02
3.9400E-02

2.1370E-02
3.1825E-02
-6.5100E-02
-1.1200E-03
3.0200E-02
-2.4200E-02

h

25
25
150
125
1251
500

RMS

1 .65E-02
5.48E-03
6.09E-03
4.40E-03

Coefficient data of water in the far infrared
for k.

bj

bjC

50.0000
66.6667
66.6667
83.3333
83.3333 100.0000
100.0000 200.0000
200.0000 1000.0000

c,

C3

c2

C4

0.546968 0.2299390 -0.3173530 0.1173440
0.576899 -0.0527335 0.0346798 -0.0175368
0.541308 -0.0359845 -0.0179307 0.0146772
0.502060 -0.2153310 0.2824840 -0.1020000
0.466786 0.7485750 0.2241440 -0.3173450

h

RMS

16.6667 2.68E-02
16.6667
16.66671
100.0000 7.55E-03
800.0000 3.90E-02

Mi crowave/Radi owave

The microwave/radiowave region is defined as the
wavelengths between imm and 100 meters.

Ray [1972] heavily

investigated portions of this region using the Cole-Cole
equations, 2.23 and 2.24, with the term given in equation
2.25.

The Cole-Cole equations begin to depart from measured

data at wavelengths less than 3 mm.
noted this in their measurements.
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Afsar and Hasted [1978]

The temperature dependent

parameters deviate from measured values at the onset of the
far infrared.

There have been no new broadband measurements

in the region of 1 mm to 10 cm with varied temperatures to
warrant a recalibration of the parameters proposed by Ray.
This region is highly temperature dependent, so equations
describing the physical processes are necessary.

For this,

Ray's parameters with the Cole-Cole equations were used to
fit down to 1 mm.

Because of the use of the Cole-Cole

equations and the deviation the data have shown, it will be
expected not to have a smooth transition between the far
infrared into the microwave regions.

A trade off must be

made to have equations that produce temperature-dependent
values.

If updated measurements are made in this region for

a span of temperatures, the parameters could, perhaps, be
A

adjusted in order to provide a more accurate fit.

slightly more accurate equation of the static dielectric
equation was used from Malmberg and Maryott [1956],

claiming

a 0.1 percent uncertainty.
=

87.740-0.4008t+9.398 x

t'- 1.410x 10-t 3 .

3.2

The variable t in equation 3.2 is temperature in degrees
Celsius.

Data from Schwan et al. [19761, Grant and Sheppard

[19741, and Sheppard [1973] showed a large deviation between
the Cole-Cole equations using the conductivity term.

The

data exhibits a downward trend, while the equations produce
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an increasing value with increasing wavelength.

After

approximately 20 cm, the wavelength-dependent conductivity
term begins to dominate the expression.

The result is an

unrealistic increase in both n and k, with increasing
wavelengths.

Removing the conductivity term for wavelengths

longer than 20 cm produces a downward trend for the
remainder of this spectral region.
The plots in Figure 3.9 show the n and k curves plotted
using the Cole-Cole equations.

The wavelength dependent

term was used during the peak in the hindered translation
mode around 1 cm.

For wavelengths greater than 20 cm, this

term was removed to produce the correct longwave behavior
for water

These plots were made for a temperature of 27

0

C.

The data from Schwan et al. show good agreement as their
measurements were made at 25

0C.

Both of the other data

sets were made at 4 °C and were included to show the
magnitude of temperature dependence in this region.
Longwave
The longwave region corresponds to wavelengths greater
than 100 meters.

The real and imaginary parts were fit with

the Cole-Cole equations, 2.23 and 2.24, using the parameters
proposed by Ray [19721 and the static dielectric constant
proposed by Malmberg and Maryott [1956].

The plots in

Figure 3.10 show a flat line n as it has reached the steady
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Figure 3.9. Complex indices of refraction for water in the microwave/
radiowave region. - Calculated n (top) and k (bottom); e Schwan et al.
[1976] at 25 0C, uncertainty of ±1% for n and ±3% for k; E Sheppard
[1973] at 40 C, uncertainty of ±1% for n and ±3% for k; 0?Grant and
Sheppard [19741 at 40C, uncertainty of ±1% for n and ±3% for k.
53

102

101

10
10

E
10-2

0 103
_0

a)

-

o- 10~

E
0

0

10o5

10-6

10o7

101

10i0

10

Wavelength (micrometers)
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state value of approximately 8.8.

The value of k

monotonically declines to essentially zero.

The real part

meets the value measured by Malmberg and Maryott at a
wavelength of 100 km.

Authors such as Malmberg and Maryott

have shown temperature dependence of the permittivity in the
longwave region.
Summary
The fitted curve to the real and imaginary parts of the
refractive index are presented in Figure 3.11 for water over
the entire spectrum discussed.

The temperature for this

plot is 250 C.
Ice
Visible
For the visible region, the data from Warren [1984]
were used.

Only one spline was needed for both the real and

imaginary parts.

The plots for the n and k curves are given

in Figures 3.12 and 3.13, respectively.

The coefficients

are in Tables 3.9 and 3.10, respectively.

The uncertainties

in Warren's data were taken to be ±0.1 percent for the real
and ±10 percent for the imaginary.

Table 3.9.
Ibj+l
0.35
0.7

bj

Coefficient data of ice in the visible for n.
Ci
C2
C3
1.32467 -0.0413302 0.0394627
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C4

Ih

-0.0160722
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Figure 3.11. Complex indices of refraction for water over entire
spectrum in this study.
-Fitted n (top) and k (bottom) at 250C.
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Figure 3.12. Real part of the complex index of refraction for ice in
the visible region. - Fitted Curve; * Warren [1984] at -70C,
uncertainty of ±0.1%.
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Table 3.10.
bj+I

bj

Coefficient data of ice in the visible for k.
C1

h

C4

C3

C2

RMS

0.350 0.5251 3.84987E-091 -5.28685E-091 2.25940E-091 1.38411E-09 I0.175 3.53E-101
0.525

0.700 2.20653E-09

3.38428E-09

6.41173E-09

1.63665E-08

0.175

Near Infrared

The first segment fit for the real part in the near
infrared uses Warren's data.

The remaining three segments

were fit with Warren, as well as Schaaf and Williams [1973].
Both data sets were equally weighted due to the same
uncertainty.

From these four segments, a total of seven

splines were used.

The coefficients are given in Table

3.11.

As can be seen in Figure 3.14, the near infrared region
contains a significant fundamental for ice.

Table 3.11.
bj
0.70000
1.98000
2.44750
2.91500
3.00833

bj+l

From Hobbs

Coefficient data of ice in the near infrared
for n.
C,

C2

C3

C4

h

RMS

1.98000
2.44750
2.91500
3.00833

1.306890
1.275250
1.234880
0.946601

-0.0262032
-0.0261000
-0.0674000
0.2862440

0.017956
-0.001490
-0.039800
-0.480584

-0.0240796
-0.0128000
-0.1845630
0.2914220

1.2800 1.52E-04
0.4675 3.56E-03
0.4675
0.0933 1.05E-02

3.10167

3.10167
3.19500

1.043680
1.440470

0.1993420
0.3980040

0.393682
-0.195020

-0.1962340
0.0082700

0.0933
0.0933

3.19500

4.00000

1.663530

-0.7989280

0.764544

-0.2668760

0.8050 3.69E-03

[1974],

a wavenumber or 3300 cm 1 , or 3.03 !im, corresponds

to the O-H stretching fundamental, or vj.
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Real part of the complex index of refraction for ice in

the near infrared region. - Fitted Curve; 9 Warren [1984] at -70 C,
uncertainty of ±2%; 0 Schaaf and Williams [1973] at -70 C, uncertainty of

±2%.
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An additional feature to note is the drop of n below
1.0 within the dispersion region. To many, this would be a
blatant violation of relativity, as electromagnetic energy
is apparently traveling faster than the speed of light.
This is not the case.

By definition, the real part

determines phase velocity
up -

C

n

*3.3

Invoking an n less than 1.0 would mean a violation of the
theory of relativity.
objects or signals.

This is only true for material
Phase is neither of these.

The speed

at which a signal travels through a medium is not measured
by how fast the peak to peak phase propagates, but rather
how fast the signal reaches a receptor in a known distance.
Bohren and Huffman [1983] present two case examples as
to why n deviates from 1.0. The one of interest is when n is
less than 1.0.
Given a slab of oscillators, in this study these will
be the H 20 molecules, and an incident wave propagating
though the slab at steady state, the reaction of the
oscillators to the incident wave produces scattering.

The

direction of interest will be the scattered wave along the
incident wave.

This scattered wave combines with the

incident wave.

From the Lorentz model, the incident wave

and oscillator can have a relative phase difference of 00 to
61

180 °.

Bohren and Huffman have shown that the scattered wave

will be 900 out of phase to the relative phase at the
resonant frequency.

At the resonant frequency, the combined

scattered and incident wave, or transmitted wave, are in
phase producing the maximum amplitude.

Above the resonant

frequency, the scattered wave begins to lead the incident
wave producing a transmitted wave with a phase ahead of the
incident wave.

This phase lead gives the impression that

the signal has accelerated faster than the speed of light
within the slab, while, in reality, no laws of physics have
been violated.
The imaginary part in the near infrared is just as
complex as that in water.

This region required 11 segments

with a total of 33 splines.

The coefficients for these

splines are given in Table 3.12.

The use of this many

splines preserved every absorption band.

Warren's data were

used throughout this region.

Kou et al.

[19931 provided

data from 1.45 pLm to 2.5 pm.

Within this region, Kou et

al.'s data received the majority of the weighting due to the
low uncertainty of 1 to 2 percent.
of 0.7.

This weighting comprised

Beyond 2.5 pm, Schaaf and Williams

Warren's data were combined equally.
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[1973] and

Table 3.12.
_____
____

b
0.70000
0.77750
0.85500
0.932501
1.01000
1.15000
1.29000
1.34000
1.39000
1.44150

Coefficient data of ice in the near infrared
_

jl
0.77750
0.85500
0.93250
1.01000
1.15000
1.29000
1.34000
1 .39000
1.44150
1.49300
1.60525
1.71750
1.82975
1.94200
2.09600
2.25000
2.32400
2.39800
2.47200
2.54600
2.62000
2.77650
2.93300
2.97740
3.02180
3.06620
3.11060
3.15500
3.22750
3.30000
3.53333
3.76667,

CI

2.8637E-08
9.0535E-08
2.2289E-07
5.4624E-07
1.81 OOE-06
2.4400E-06
1.3200E-05
1 .3500E-05
1.5500E-05
1.6400E-04
5.7300E-04
1.60525
2.8000E-04
1.71750
1.6900E-04
1.82975
1.0700E-04
1.94200
1.0500E-03
2.09600
8.7600E-04
2.25000
2.0900E-04
2.32400
3.9800E-04
2.39800
6.3400E-04
2.47200
7.6400E-04
2.54600
9.0300E-04
2.62000
1.11 OOE-03
2.77650
1.7900E-02
2.93300
2.7716E-01
2.97740
3.71 75F-01
3.02180
4.9357E-01
3.06620
6.231 4E-01
3.11060
5.5362E-01
3.15500
4.3970E-01
3.22750
2.0794E-01
3.30000
1.0200E-01
3.53333
1.2700E-02
37674.000001 6.6500E-03

-1.49300

k.

_____for

C2

_

C3

3.2534E-08
8.5822E-08
2.0693E-07
4.5355E-07
6.5300F-06
8.7200E-06
-7.0300E-07
1 .0900E-06
-6.5600F-06
3.3900E-04
-2.1 400E-04
-2.3100E-04
-7.4400E-05
9.3200E-06
3.510OOE-03
-1 .5600E-03
-2.1600E-05
2.8400E-04
1.6000E-04
1.7600E-04
-5.4500E-05
1.7400E-02
5.0800E-02
8.7000E-02
1.0200E-01
1.5391 E-01
3.6400F-02
-1.1952E-01
-2.5022E-01
-1.6899E-01
-2.1696E-01
-1.7600E-02,
4.5200E-041

_

_

_

C4

3.4804E-08 -5.4400E-09
1.8484E-08 2.8047E-08
1.0263E-07 1.3790E-08
1 .4400E-07 8.6964E-07
-1.9900E-05 1 .4000E-05
2.21 OQE-OS -2.OOOOE-05
1.0600E-06 -1.1300E-07
7.2600E-07 2.0600E-06
1.2100E-04 3.4400F-05
2.2400F-04 -1.61 OOE-04
-2.21 OOE-04 1.4200E-04
2.0400E-04 -8.3400E-05
-4.6500E-05 5.8900E-05
1.3000E-04 8.3500F-04
-5.9800E-03 2.3000E-03
9.0800E-04 6.8700E-07
3.2500E-04 -1.1500E-04
-1.9500E-05 -2.8500E-05
-1.0500E-04 7.51 OQE-OS
1.21 OOE-04 -1.5700E-04
-3.510OOE-04 8.5400E-04
-3.5300E-02 3.4600ff-02
6.8600E-02 1.4248E-01
7.6600E-03 -8.8700E-05
7.3900E-03 1.2400E-02
4.4400E-02 -6.8800E-02
-1.6191 E-0l 5.6000E-02
5.9500E-03 -1.3500E-03
-2.5900E-02 4.4300E-02
1.0710E-01 -4.4500E-02
1.8272E-01 -5.5400E-02
1.6600E-021-5.0600E-03
1.4500E-031 1.4800E-03,

_

_

_

_

_

_

h
RMS
0.077500 2.71 E-08
0.077500
0.077500
0.0775001____
0.1400001 3.1 8E-07
0.140000
0.050000 9.67E-08'
0.050000
0.051500 2.94E-05
0.051500
0.112250 2.4SF-OS
0.112250
0.112250
0.112250
0.154000 3.09E-05
0.154000,____
0.074000 4.22E-05
0.074000
0.074000
0.074000
0.074000
0.156500 2.94E-03
0.156500
0.044400 2.77E-03
0.044400
0.044400,
0.0444001
0.0444001
0.072500 3.39E-03
0.072500
0.233333 5.91 E-04
0.233333
0.233333
____

____

____

____
____
____

____
____

____
____

____

____

____

____

_____

Looking at Figure 3.15, three significant bands appear
in this region.

The strongest absorption band is the 0-H

stretching fundamental previously discussed.

The other two

bands are combinational modes made possible by the
disordered lattice of ice.

Johari [1981] describes these
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modes as combinations and overtones of hindered translation,
VT,

rotation,

VR,

or the v 2 fundamental associated with

bending.
Middle Infrared
The middle infrared region for the real and imaginary
parts of the refractive index was fit with Warren, and
Schaaf and Williams' data with equal weighting, again due to
The real part consisted of 8

their same uncertainty.

segments with 26 splines, and the imaginary part had 10
segments with 30 splines.

As can be seen from the number of

splines, both parts have complex shapes in this region.
Tables 3.13 and 3.14 contain the coefficients for n and k,
respectively.
From Figures 3.16 and 3.17, five major features can be
identified.

From Figure 3.17, four absorption bands exist

in the middle infrared.

At 2200 cm'

(4.55 pm) there is a

combination band consisting of the v2 and VL fundamentals.
Further into the middle infrared band, a v2 fundamental
The next band is at 12.2 pm.

This

absorption region corresponds to the VL fundamental.

The

peaks around 6.14 pm.

last absorption band at around 49 pm, is due to hindered
translation.

The continuum region of 8.5 to 12.5 pm is as
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Figure 3.16. Real part of the complex index of refraction for ice in
the middle infrared region. - Fitted Curve; * Warren [1984] at -70C,
uncertainty of ±2%; E Schaaf and Williams [1973] at -70C, uncertainty of
±2%.
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Figure 3.17. Imaginary part of the complex index of refraction for ice
in the middle infrared region. - Fitted Curve; * Warren [1984] at
-70 C, uncertainty of ±4%; 0 Schaaf and Williams [1973] at -70 C,
uncertainty of ±4%.
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prominent a feature for ice as it is for water.
difference exists, however.

The v2 fundamental peaks at

12.2 pm and extends close to 10 jim.
essence, abates for ice.

A major

The continuum, in

Schaaf and Williams presented a

table containing a compilation of fundamental data of
different temperatures.

As the temperature gets

colder, the VL fundamental encroaches further into the
continuum.

Table 3.13.

Coefficient data of ice in the middle infrared
for n.

4.00000

4.20267 1.36106 -0.016146 0.002456 -0.000908

h
0.202667

4.20267
4.40533

4.40533
4.60800

1.34646 -0.013955 -0.000266 0.005173
1.33741 0.001032 0.015254 -0.006304

0.202667
0.202667

4.60800

5.02133 1.34747 -0.009420 -0.017900 0.007150

0.413333

5.02133
5.43467

5.43467 1.32728 -0.023800 0.003540 -0.002930
5.84800 1.30408 -0.025500 -0.005260 0.010500

0.413333
0.413333

5.84800

6.25750 1.28438

0.020000 0.037800 -0.024700

0.409500

6.25750

6.66700 1.31752

0.021500 -0.036300

0.013000

0.409500

6.66700

7.17700 1.31615

0.008240 -0.006310 0.000487

0.510000

7.17700
7.68700

7.68700
8.19700

8.19700

9.09800 1.30564 -0.042700 0.001650 0.000742

0.901000

1.26529 -0.037200 0.003870 -0.032300
1.19963 -0.126433 -0.093100 0.105271

0.901000
0.901000

10.90000 12.55000 1.08067 0.177349 0.272327 -0.134574

1.650000

0.318282 -0.131394 -0.004850
0.040900 -0.145938 0.070000

1.650000
1.650000

15.85000 17.50000 1.54280 -0.041000 0.064000 -0.036100

1.650000

17.50000 19.15000
19.15000 20.80000

1.52973 -0.021200 -0.044200 0.033600
1.49792 -0.008860 0.056500 -0.054000

1.650000
1.650000

20.80000 32.69000

1.48981 -0.253114 0.074900 -0.035400 11.890000

32.69000 44.58000

1.27625 -0.209394 -0.031200

0.244759 11.890000

44.58000 45.94250

1.28179 0.094800 -0.088000 0.073000

45.94250 47.30500
47.30500 48.66750

1.36157
1.54836

48.66750 50.03000

1.61835 0.017400 -0.021400 0.015800

bj

bj+l

9.09800 9.99900
9.99900 10.90000
12.55000 14.20000
14.20000 15.85000

C1

C2

C3

C4

1.31856 -0.002930 -0.004850 0.003750
1.31453 -0.001370 0.006410 -0.013300

1.39577
1.57781

0.137783 0.131025 -0.082000
0.153797 -0.115012 0.031200
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RMS

6.65E-04

6.06E-04

5.43-E04
3.72E-04

0.510000
0.510000!

1.362500
1.3625001
1.3625001

1.362500

3.49E-03

2.54E-03

5.17E-03
1.16E-03

Table 3.14.

Coefficient data of ice in the middle infrared
for k.

b

bj i

C1

C2

C3

C4

h

4.00000 4.32550 0.009994
4.32550 4.65100 0.018575
4.65100 5.18400 0.020700
5.18400 5.71700 0.013200
5.71700 6.25000 0.036100
6.25000 6.51033 0.066900
6.51033 6.77067 0.055600
6.77067 7.03100 0.058100
7.03100 7.29133 0.055400
7.29133 7.55167 0.053400
7.55167 7.81200 0.051600
7.81200 8.47500 0.050000
8.47500 9.45000 0.039900
9.45000 10.42500 0.048700
10.42500 11.40000 0.090900
11.40000 13.26750 0.341636

0.003234
0.020459
-0.030400
0.006260
0.051700
-0.007820
-0.005160
0.002030
-0.003500
-0.002110
0.000609
-0.010200
-0.021000
-0.000022
0.173955
0.375274

-0.001186
0.018411
0.032000
0.004680
0.040800
-0.013200
0.015900
-0.008710
0.003180
-0.001780
0.004500
-0.034600
0.068200
-0.047200
0.221168
-0.493724

0.006532
-0.036744
-0.009110
0.012000
-0.062500
0.009720
-0.008200
0.003960
-0.001650
0.002100
-0.006740
0.033800
-0.038500
0.089500
-0.138669
0.139438

0.32550
0.32550
0.53300
0.53300
0.53300
0.26033
0.26033
0.26033
0.26033
0.26033
0.26033
0.66300
0.97500
0.97500
0.97500
1.86750

13.26750 15.13500 0.362624
15.13500 17.00250 0.166048

-0.193859
-0.126603

-0.075400 0.072700
0.142664 -0.067500

1.86750
1.86750

17.00250
18.87000
20.91330
22.95670
25.00000
37.00000
39.75000
42.50000
45.25000
48.00000
49.01500

-0.043800
0.051300
-0.045600
-0.000785
0.105864
0.128098
0.107386
0.141791
0.194379
-0.164523
-0.0158001

-0.059800
-0.144245
0.047400
-0.002610
-0.160120
-0.033100
0.012400
0.022000
0.030600
0.152982
-0.004290

18.87000
20.91330
22.95670
25.00000
37.00000
39.75000
42.50000
45.25000
48.00000
49.01500
50.03000

0.114613
0.071600
0.042500
0.027700
0.028600
0.222941
0.333095
0.456085
0.622739
0.624998
0.561033

RMS

5.49E-04
1.18E-03

5.45E-04

6.51E-05
5.40E-03

2.10E-03

0.061300 1.86750
0.063900 2.04333 6.27E-04
-0.016700 2.04333
0.005940 2.04333
0.250438 12.00000 3.01E-03
0.015200 2.75000 8.07E-03
0.003200 2.75000
0.002860 2.750001
-0.225490 2.75000
-0.052400 1.01500 1.40E-04
0.002290 1.01500

Far Infrared

Warren's data set was used to fit both the real and
imaginary parts.

A problem that exists in this region

extends into the longwave spectrum.
dependent on temperature.

Past 200 gm, k becomes

To a lesser extent, n does also.

Physical equations do not accurately model ice in this
region.

This may also be in part due to the low amount, and
69

segmented nature, of data in this region.

Warren presents

data from temperatures of -1, -5, -20 and

-600 C.

relationships are apparent between these sets.

No

Since the

dependence begins at a different wavelength for each
temperature, the problem becomes even more complicated.
However, as temperature decreases, so does k, and, to a
lesser extent, so does n.
The odd behavior in this region appears to be related
Warren used optical constant

to the disparity of the data.

data from five different authors.

From these five authors,

five different methodologies were used to produce five
different results.

A consistent experiment to measure the

optical properties in this region should be done so that
this region could be better modeled.
The -200C temperature data were used for the fits in
Figures 3.18 and 3.19, as this temperature is the closest
average of the range presented.

A temperature dependent

coefficient was attempted, but was inconsistent with other
measurements, and will not be presented to prevent the
misconception of an accurate temperature-dependent model.
The largest deviation between -1C and -60'C for the real
data is 0.6 percent.

This value is smaller than many

measurement uncertainties, therefore -20'C is a good
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Real part of the complex index of refraction for ice in
the far infrared region. - Fitted Curve; e Warren [1984] at -70 C,
uncertainty of ±1%.
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baseline to fit.

The coefficients for the fits of n and k

are contained in Tables 3.15 and 3.16, respectively.

Table 3.15.

Coefficient data of ice in the far infrared for
n.

bj

50.0300
51.6917

53.3533
55.0150

56.6767
58.3383
60.0000

66.6667
73.3333
80.0000
112.8250
145.6500

178.4750
211.3000
356.2500
501.2000

C,
1.62960
1.66772
1.71710
1.76591
1.73858
60.0000 1.62764
66.6667 1.58159
73.3333 1.80666
80.0000 1.89261
112.8250 1.90317
145.6500 1.82172
178.4750 1.82086
211.3000 1.83252
356.2500 1.82259
501.2000 1.78803
1000.0000 1.78320
bj+ 1
51.6917
53.3533
55.0150
56.6767
58.3383

C2

C3

0.030373
0.043854
0.056715
0.023870
-0.087762
-0.087635
0.145771
0.189072
0.031000
-0.203132
-0.013700
0.011100
0.001890
-0.068800
-0.011000
-0.006840

0.009752
0.003728
0.009134
-0.041979
-0.069653
0.069781
0.194599
-0.151297
-0.006770
0.175626
0.013800
0.011000
-0.020100
0.044900
0.012900
0.009820

C4

h
1.66167
1.66167
1.66167
1.66167
1.66167
1.66167
6.66667

-0.002008
0.001802
-0.017038
-0.009225
0.046478
-0.024633
-0.115299
6.66667
0.048200
6.66667
-0.013500
-0.053900 32.82500
-0.000938 32.82500
-0.010400 32.82500
0.007910 32.82500
-0.010700 144.95000
-0.006780 144.95000
-0.004780 498.80000

RMS
3.01E-03

4.54E-03

8.71 E-04

3.19E-04
1.41E-07

Microwave/Radiowave
Warren's data were used for the fit of k only as shown
in Figure 3.20.

The imaginary part is highly temperature

dependent in this region.

As was stated in the previous

section, no physical equations exist to model this region.
Warren's -200 C data were used to fit k.

The real part was

computed using the Wbrz-Cole equations, 2.26 and 2.27.
Though these equations are valid only in the longwave, good
approximations can be made in the microwave/radiowave
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Figure 3.20. Complex indices of refraction for ice in the microwave/
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[1976] at -50C, uncertainty of ±0.3% for n and ±2% for k; 0 Warren
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region, as well.

[1976] data were plotted to show

Johari's

the temperature dependence in this region.

His values were

The coefficients for k are given in

measured at -5°C.

Tables 3.16 and 3.17.

Table 3.16.
bj

Coefficient data of ice in the far infrared and
into the microwave for k.

bj+l

50.0300
53.7450
53.7450
57.4600
57.4600
60.3450
63.2300
60.3450
63.2300
66.1150
69.0000
66.1150
69.0000 101.6667
101.6667 134.3330
134.3330 167.0000
167.0000 316.2000
316.2000 562.3000
562.3000 2500.0000

Table 3.17.

CI

C2

C3

0.543650
0.483696
0.286554
0.419840
0.487667
0.480818
0.424095
0.136079
0.110414
0.082900
0.014700
0.009740

-0.077605
-0.136185
-0.008900
0.148488
0.018300
-0.038700
-0.768335
-0.036600
-0.026400
-0.212885
-0.008000
-0.0206001

0.111533
-0.170112
0.269159
-0.111775
-0.018400
-0.038500
0.709198
0.022600
-0.012400
0.236667
0.004510
0.030800

C4

h

RMS

-0.093882
3.7150
3.7150
0.106584
-0.126978
2.8850
0.031100
2.8850
2.8850
-0.006700
0.015100
2.8850
-0.228879
32.6667
32.6667
-0.011700
0.011400
32.6667
-0.092400 149.2000
-0.001420 246.1000
-0.016600 1937.7000

4.57E-03
7.91 E-03

5.59E-03

6.11E-04
3.61E-05
5.31 E-05

Coefficient data of ice in the microwave and
into the longwave for k.

bj

2.500E+03
1.725E+04
3.200E+04
1.933E+05
3.547E+05
5.160E+05
6.773E+05
8.387E+05
1.OOOE+06
5.500E+06
1.OOOE+07

bj+l

1.725E+04
3.200E+04
1.933E+05
3.547E+05
5.160E+05
6.773E+05
8.387E+05
1.OOOE+06
5.500E+06
1.OOOE+07
1.500E+09

C

3.337E-03
8.682E-04
5.410E-04
1.450E-04
1.1 40E-04
1.510E-04
1.900E-04
2.420E-04
2.920E-04
1.100E-03
1.980E-03

C2

C3

C4

h

RMS

7.874E-03 -2.791 E-03 1.475E+04 7.01 E-05

-7.553E-03

-1.766E-04 -4.982E-04 3.969E-04 1.475E+04
-1.160E-03
-3.020E-05
8.260E-07
4.590E-05
4.470E-05
4.720E-05
1.830E-03
7.790E-04
1.762E-01

1.170E-03
-3.500E-05
6.600E-05
-2.100E-05
1.980E-05
-1.730E-05
-2.030E-03
9.800E-04
-8.340E-07
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-4.010E-04 1.613E+05 1.1OE-05
3.370E-05 1.613E+05
-2.900E-05 1.613E+05
1.360E-05 1.613E+05
-1.240E-05 1.613E+05
2.OOOE-05 1.613E+05
1.OOOE-03 4.500E+06
0.0
-8.790E-04 4.500E+06
7.450E-08 1.500E+09 2.48E-07

Longwave
Figure 3.21 shows the plot for n and k for ice in the
longwave region.

Much of this region is plotted using the

Wbrz-Cole equations.

The onset of the k data had to be fit

with an extrapolation of Warren's data to the valid region
of the Wbrz-Cole equations, which is a wavelength of 1.5 km
or 1.5 x 10' pm.

The coefficients associated with this fit

are found in Table 3.17.
temperature of -20'C.

These plots are valid for a

Two additional plots were made at

50C to compare with the data measured by Johari [1976].
There are discrepancies between the data and equations.
These are probably due to parameterization uncertainties of
,r,a0, and so from the Wbrz-Cole equations.
The broad absorption band is due to orientation
polarization.

Johari [1981]

states that this region moves

to longer wavelengths as temperature decreases.

The Wbrz-

Cole equations produce this temperature transition.
Summary
A broadband picture for the refractive indices of ice
for the spectrum discussed is presented in Figure 3.22.
valid temperature is -200C
Uncertainty Incorporation
The models presented in this study are not without
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uncertainties.

Each segment was visually inspected to

ensure the behavior of each segment followed that of the
data.

Inspection of the RMS values of each segment provided

shows the uncertainty of the fit is generally under 1
percent.

A few segments, in particular, the far infrared k

values for water, have higher values of the RMS.

As was

discussed, this was due to a high degree of variability in
the data.

Excluding this section, a conservative

uncertainty associated with the fitting is ±1 percent.

The

majority of the RMS values do show uncertainties well under
this value and can be used if fitting is done on a smaller
scale.

If the k values for the far infrared region of water

are used, an uncertainty of no less than ±5 percent should
be used for the model.

The variability of the measurements

precludes a more accurate model.

Tables 3.18 and 3.19

provide the uncertainties for the combination of fit and
data for water and ice, respectively.

This should be the

uncertainty incorporated when using fits for a particular
region.

Table 3.18.
Optical
Constant

Visible

n
k

Model uncertainties for water.
Middle
Infrared
±3.04%

Far
Infrared
±3.61%

Microwave
Radiowave
±5.0%

Longwave

±0.0018%

Near
Infrared
±2.06%

±4.47%

±4.12%

±4.12%

±6.40%

±5.0%

±5.0%
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±5.0%

Table 3.19.
Optical
Constant

k

Model uncertainties for ice.

____

Middle
Infrared
±2.24%

Far
Infrared
±1.12%

Microwave
Radiowave
±5.0%

Longwave

+0.10%
±

Near
Infrared
±2.24%

±10.05%

±4.47%

±4.47%

±4.12%

±4.12%

±5.0%

Visible

80

±5.0%

CHAPTER 4
CONCLUSIONS/FUTURE WORK

Methodology

For the technique used in this study, many
interpolation schemes exist.

The power of today's computers

would allow a more accurate, complex interpolation scheme to
be feasible in the sense of computational time; however, a
low-order scheme with high accuracy fits was deemed as
sufficient and realistic for incorporation into other work.
If equations existed to accurately explain the behavior
of an E-M spectra, they were used in lieu of a fit, but not
at the cost of accuracy.

Though a powerful tool, the

Kramers-Kronig relation could not be used to give an
empirical formula describing the behavior of n and k as a
function of wavelength.

The equation requires an entire set

of n or k data to compute the other and therefore, does not
make sense to employ in this application.

The Kramers-

Kronig relation is primarily used to ensure proper behavior
between n and k.

This relation will not give a correct

answer from its solution as it is dependent on a measured
set of data.

Incorrect measurements of k will result in
81

incorrect calculations of n.

The use of this equation for a

study such as this would be to ensure the behavior of the
fitted curves in the dispersion regions is correct by
comparing the calculation of the new data, n or k, with the
data from the sources listed in Tables 1.1 or 1.2.

I could

also be used to see how uncertainty in the fitted curves of
the absorption band propagates to the real part.

The

methodology used in this study is not and will not be the
only one.

Breakthroughs in spectral physics and

computational methods could lead to even simpler behavioral
models of the complex indices of refraction.
Data
Data measurements seem to have a high correlation to
the advent of technology.

For the infrared measurements,

the dates correspond to the development of satellite
technology.

The problem that exists with past data sets and

even those used in this study, is the high variability in
temperature and spectral interval.

The methods of data

acquisition differ highly due to improvements in technology
as well as the different means needed for long wavelengths
versus the short wavelengths.

An additional problem is the

various sampling resolutions found in the data, many of
which are low due to the technology constraints.
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To ensure continuity, measurements should be taken for
water and ice through much of the E-M spectrum using at
least four atmospheric temperature constraints for both
media in one experiment.

This would validate or contradict

physical equations such as Cole-Cole and Wbrz-Cole, and
provide a larger data base to create empirical formulae in
the regions not described by such equations.
Authors compiling data should include not only
tabulated data, but the criteria involved with measurement
of the data.

Uncertainty, temperature and pressure are all

important to a study such as this.

Some data in the

compilations such as "private communications" cannot be
obtained.

It should be the responsibility of the author to

ensure all parameters of the data collection are elaborated
in their studies.
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APPENDIX A
DESCRIPTION OF FUNDAMENTALS

Vibrational
The vibrational fundamentals, vi and v3 , corresponds to
the movement of the hydrogen molecules along the oxygenhydrogen axis.

Two kinds of movement are possible:

symmetrical, vi, and asymmetrical, v3 . Figure A.1 depicts
these motions.

The restoring force is dictated by the

molecular distance between the H and 0 molecules.

This

distance ranges from 0.958 angstroms for liquid water to
1.011 angstroms in the ice lattice.

These fundamentals are

also referred to as translational fundamentals, or 0-H
stretching fundamental.

0

0

Figure A.1. Symmetrical stretching, vi, (left) and
asymmetrical stretching, v3 , (right).
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Bending
The bending fundamental, v2 , corresponds to movement
perpendicular to the O-H axis.
description of this motion.

Figure A.2 is a pictorial

The restoring force is dictated

by the angle between the two O-H axes, or 105'.

0

Figure A.2.

Bending fundamental, v2.

Rotational
The rotational, or librational fundamental is denoted
by the symbol, VL.

This fundamental is a rotation of the

H20 about the symmetrical axis as shown in Figure A.3.
Since the molecule is not being deformed, there is no
molecular restoration force.

The cessation of librational

spin is dictated by a relaxation time, or the amount of time
needed for the molecule to return to a non-excited state.
In essence, magnetism plays an important role for returning
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the molecule to a lower state of excitation.

Franks [1972]

describes these mechanisms in detail.

0

Figure A.3.

Rotational, or Librational, fundamental, VL.

Hindered Translational
The hindered translational,

VT,

fundamental is

associated with stretching of the hydrogen bond. Hasted
[1973]

describes this mode as a rigid, internal oscillation

of the water molecule.
Figure A.4.

This fundamental is depicted in

The restoration force is the distance

maintained by the hydrogen bond.

This distance varies in

liquid water with angle of the bend in the hydrogen bond
coupling.

This distance variation is from 0.46 angstroms to

0.74 angstroms.

Since ice is in a lattice form, the

distance is maintained at 0.738 angstroms.
Orientation
The primary mechanism for the orientation fundamental
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is lattice defects.

Though prominent in ice, this

fundamental also occurs in liquid water when hydrogen bonds
become broken.

During orientation, an H20 molecule rotates

through 1200 about one of the hydrogen bonds.

When this

happens, two hydrogen atoms are left between two oxygen
atoms (0-H H-0),

as well as no hydrogen atoms between a pair

of oxygen atoms (0--- 0).

These two defects are called D and

L defects, respectively, or Bjerrun defects.

Reorientation

of the water molecule occurs at these defects.

H
0 ..............

Figure A.4.

Hindered translational fundamental,
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VT.
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