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Summary

Research development and results on rarefied hypersonic flow under AFOSR support (con-
tract 91-0104) covering the period 12/01/90-01/15/93 is reported.

The theroretical development and supporting particle-simulation (DSMC) and other com-
putational studies carried out during the past two years have strengthened the principle
for correlating a flow far from translational equilibrium with the Navier-Stokes (NS) solu-
tions and expand the scope of its application, demonstrating its applicability in the cor-
relation/prediction of velocity and enthalpy profiles as well as distribution functions for a
monatomic gas.

Analyses of the shock-transition zone of an oblique, curved bow wave have been made via
a quasi-1-D model consistent with the thin shock-layer concept in two parallel approaches:
(a) a combined Mott-Smith and Grad moment method, which may be referred to as a multi-
mode method; (b) quasi-l-D DSMC model.

In support of this effort, CFD codes have been developed from parabolized Navier-Stokes
(PNS) equations, from a time-accurate, predictor-corrector NS method, and more recently,
from a time-accurate thin-layer NS equations. Apart from furnishing NS data for the correla-
tion studies uncovering a number of unique features, the computational study demonstrates



that the correlation principle applies also to slender/thin obstacles which were not consid-
ered in the original theory, and that a strip method is applicable to flows about a wide class
of flat lifting surface. The latter leads to a new approach for generating -'bridging function"
of interest to hypersonic vehicle design study.

Adding credence to the present approach based on Grad's 13-moment equations are two
studies made to demonstrate its relative merit over that based on Burnett equations.

1 Introduction

The Direct Simulation Monte Carlo (DSMC) and other particle simulation calculations have
been widely adopted in most rarefied gasdvnamic studies to date (e.g. Refs. 1, 2). These
simulation techniques can produce solutioffffns in the transition range even in flow regimes near
translational equilibrium, but are far more costly tb-r the Navier-Stokes (NS) solves (er g
Ref. 3). Among the limitations which handicap the use of particle simulation methods as
an aerothermodynamic prediction tool is that the cell size must be an order comparable to
the mean-free path, requiring unmanageable computer resources for its application near the
continuum end of the transition regime.

Under NASA-DOD (NAGW-1061) and AFOSR (88-0146, 91-0104) joint support, a de-
velopment extending the continuum model has been undertaken to address an important
class of rarefied hypersonic flows in which, unlike in the Chapman-Enskog [4,5,6] and Bur-
nett theory [7], the departure from local translational equilibrium is not required to be
strictly small. The gas-kinetic basis of this development is Grad's [8] 13-moment equations,
simplified under the shock-layer formalism familiar in the hypersonic flow theory [10]-[121.
As the goal set forth in our earlier program, the major objective is to provide insight and a
framework to facilitate physical understanding of the highly nonequilibirum hypersonic flow.
The following section will review principal results obtained and report recent developments
under the support of AFOSR Math. Information Sci. Program during the past two years.
The new and remaining issues are noted/discussed in Section 3.

2 Review of Research Development and Results

The earlier works serving as background of the current research were presented in the cited
references [91-[11] and were summarized and explained in the proposal for a program "To
Extend the Thirteen-Moment Theory and Its Application to Problems in Rarefied Hypersonic
Flow" submitted to Dr. A. Nachman of the AFOSR in early 1990. Results from the present
program generated during the last two years have been presented in an AIAA paper [12],
an invited paper in the 9th International CFD Symposium [13], an invited paper in the
IUTAM Aerothermochemistry and Hypersonic Flow Symposium [14]. and a paper accepted
for publication in AIAA J. [15]; also one manuscript submitted to AIAA J. [16] and another
to the J. Fluid Mechanics [171. These and related aspects of rarefied hypersonic flow research
are reviewed in an article by the P1 in Annual Review of Fluid Mech. [19]; also in a white
paper on nonequilibrium hypersonic flow research, documented as a report USCAE 151 [20].
Results also have been documented in two reports (see Refs. [16, 17]) and in a publication
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under the Pitman Research Notes Math. Series [61]. An invited paper on the subject
is scheduled to be presented at the International Workshop on Advances in Modeling of
Aerodvi .,mic Flows, to be held at Nliedzyzdrje. Poland. July 12-14. 1993 [18]. A Ph.D.
thesis [21] and a J. Fluid Mlech. manuscript [221 are due to be completed in August 1993.

The following will report the work under this program and discuss the research results.

2.1 The Kinetic-Theory Based Shock-Layer Approximation

Grad's thirteen (13)-moment equations fail to yield solution structure to a plane shock for
Mach number higher than 1.65, as is well known [23,24]. The present study concerns, how-
ever, their applications and extension to the flow behind/downstream of the shock structure,
particularly the relatively thin region between a strong shock and a solid body surface, called
the "shock layer".

Translational Nonequilibrium in Fully Viscous Shock Layer

The rarefied hypersonic problems of interest occur in a domain where the rarefaction degree
(or the flight altitude) is high enough that the shock-layer must be considered fully viscous,
yet low enough that a shock structure distinct from the shock layer can still be identified.
The fully viscous condition necessarily implies a significant departure from translational
equilibrium, as noted in Ref. [10,11].

Reducing Grad's Equations: A Correlation Principle

Grad's 13-moment equations may then be simplified under the shock-layer formalism in
this case, i.e., assuming the negligibility of the streamwise molecular transports and a small
e - (-I - 1 )/2y,7 where " is the specific-heat ratio. We shall return to the question on adequacy
6f this assumption for a monatonic gas later. An important consequence of this simplification
is reduction of the constitutive relations (of the principal deviatorial stress and heat-flux
components) to a form amendable to further reduction to a thin-layer NS system (via von
Mises or Dorodnitsyn variables). It renders possible the correlation of a shock-layer flow far
from translational equilibrium with that based on the NS equations. This development and
the correlation principle have been elucidated and demonstrated with extensive comparison
of the NS and particle-simulation calculations in Refs. [101-[15] for a nonaligned flat plate,
where more comprehensive presentation of the theory and its requirements have been given.
More recent calculations extended to include a lower attack-angle range, to be included in
Refs. [21,22], show that more effective flow-field correlation can be found at plate attack
angles a = 200 and 300 where the nonequilibrium parameter P22/p differs more markedly
from unity.

Shock-Structure Bypass

Another key to this 13-moment based theory is the availability of the boundary condition
at the shock-layer's outer edge, which allows solution to the shock-laver problem without
the need of a full knowledge of the shock structure. These outer boundary conditions take

4
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the form of corrections to the Rankine-Hugoniot (shock) relation, very much like wall-slip
and temperature-jump corrections at a solid surface. They have been therefore referred to
as shock-slip effects. As long as the shock thickness is small on a global length scale, the
corrections/effects in question are independent of the gas-kinetic detail of the shock structure
(10-121.

Wall Slip and Strong Wall Cooling

For small slip corrections Grad's wall model in his 13-moment theory yields essentially the
same velocity slip and temperature jump in the classical theory which amount to a relative
order

O7CT / TO

under the present formalism. Thus, apart from raising the density level in favor of the thin
shock-layer approximation, strong wall cooling (Tm/To < 1) of relevance to hypersonic flight
makes the wall-slip effect unimportant. It also simplifies the application of the correlation
principle through the elimination of the wall slip as an important parameter in the correlation
(101-[121.

The Proper Type and Number of Boundary Conditions

As shown by Grad [8], by considering the number of characteristics of his (unsteady) 13-
moment equations which can reach a solid boundary, the type and number of boundary
conditions on the solid boundary are found to be the same as the wall-slip conditions of the
NS system. The conclusion is made more evident in the present framework by virtue of the
correlation principle. Unlike the Burnett equations, the issue on the sufficiency of the NS
type boundary conditions to the solutions' unique determination remains open. This issue
with the Burnett equations will be addressed further later.

Errors of t.Me Shock-Layer Formalism and in the 13-Aloment Equations

Underlying this gas-kinetic based shock-layer theory is ýhe greatly simplified constitutive
relations which are subject to errors from the thin-layer approximation and the formalism
treating e =_ (-y - 1)/2-' as a small quantity. It is essential to assess the remainders in the
principal stress and heat-flux components which are used in the (leading-order) theory. In
Figs. 2a,b,c, the profiles of the tangential stress P12, the normal component of the heat flux
q2, and the ratio of pressure tensor component P22  P+P22 to the thermodynamic pressure p
in a fully viscous shock layer (FVSL) on the windward side of a flat plate at 40' attack angle
were computed from the theory for a Maxwell gas. The results are shown in Figs. 2ab,c as
functions of a normalized stream function m (in solid curves), while their remainders in the
13-moment equations are computed and shown also in each figure (in dash curve). Here. the
remainders are seen to be indeed numerically small, and the error in the reduced constituttive
relations may thus be considered unimportant.

u == • : : | r5



Errors are introduced in moment equations themselves from the approximation to the
velocity-distribution function f required for the system closure. These errors can be traced
to the collision integral and from terms involving the higher moments. For a Maxwell gas,
the collisional terms in the moment equations is exact (has no error), irrespective of the
form of "f". For a non Maxwell gas, however, these errors are very limited in magnitude,
according to a detailed examination based on Grad's early analysis [8] reported by H. T.
Yang [17]. The source of errors in the constitutive relations therefore occur mainly through
approximating the "f" in the higher moments for closure. An example of the distribution
function of the 13-moment theory at various locations inside a fully viscous shock layer
has been illustrated in Ref. 12 (Sec. 4 and Fig. 13 therein). The f-distributions are well
behaved, except in the immediate vicinity of the wall, where a small velocity domain with
negative "f" can be found in the more rarefied flow region upstream. This inadequacy of
the assumed form of "f" is not unexpected for the case of a strong wall cooling with high
local heat flux q2 and low wall temperature T,•, and determine the departure from the local
Maxwellian through q2 /pRT [12] which may be referred to as the "cold-wall anomaly". But
its effects on the heat flux and skin friction are small, as good agreement of the theory with
DSMC calculations and experiments have indicated. In this regard, the deailed comparisons
with particle simulation methods in surface properties made in Refs. [10]-[15] are therefore

important.

Detailed Comparison with DSMC Calculations

A more detailed comparison of Grad's distribution function using coefficients determined
from the FVSL solution with that sampled from the (2-D) DSMC calculations can provide
much insight to the nature of the rarefied hypersonic flow and lead to an improvement of the
theoretical model. Figures 3(a)-3(f), 4(a)-(f) present results of such a comparison, where
the "parallel distributions" fhj and the "perpendicular distributions" f±, defined here as

A =Jfd?7d( , f,±=J fd~d(, (1)

from the two sets of calculations are shown and compared at three (lower, middle and upper)
levels of the shock layer for two values of

P- UJ X L T .o) sec , (2)

Y~O (Yu.To)
corresponding to two different distances from the apex. For the present purpose, ± may
be taken as a rescaled, local Reynolds number, the reciprocal of which indicate the order of
jpj/pj, hence the degree of translational nonequilibrium. The results at the station t = 1 are
shown in Figs. 3, where the parallel and perpendicular distribution are presented in (a)-(c)
and in (d)-(f), respectively. Except for the spike-like feature in the DSMC data noticeable
at the upper level (outer edge), and the higher value near the peak at the level next to
the wall, the distributions assumed by the 13-moment model (in open circles) and obtained
from DSMC calculations (in solid curves) are generally in accord. The spike is identified
with the remainder of a more pronounced feature present in the high Mach-number shock
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familiar from experiment and DSNIC analyses [26], which signifies the persistence of the
upstream influence. The discrepancy near the wall may be related to the cold-wall anomaly
mentioned, although negaIiv.,e values in ]J and fl, are not found. These features cannot affect
significantly the maero ,opic properties and diminish at the more downstream stations, as
shown in Figs. 4(,i)-IJ) for x = 2.5. The foregoing comparison add&credence to Grad's 13- /
moment theory behind the shock, which is central to the present development; it also reveals
the persistent nature of the upstream state which must be dealt with in future improvement
of ýhe moment (transfer-equation) method. We shall return to this spiky feature in the
shock structure problem later, which represents an all important issue in the modeling of
the shock-transition zone.

Three-Dimensional Extension: Strip Method

The 13-moment based FVSL theory and its correlation principle has been extended to 3-
D in a form rather similar to the classical 3-D boundary layer theory [12]-[14]. Implicit
is that the transverse tangential (spanwise) length scale cannot be too small compared to
the streamwise length scale. For a flat-bottom lifting surface, or a flat plate at incidence.
of arbitrary planform, a quasi-2-D theory allowing the shock slips is found to be applicable
along each (projected) streamwise strip [121-[14]. This strip method was tested against a 3-D
PNS calculation for flat-plate delta wings and proved to be adequate (see §2.3 on supporting
equations and code developments below). Its application would lead one to anticipate a
significant dependence of the aerodynamic properties on the planform geometry. owing to
the fact that local skin friction will depend on the distance from the leading edge along the
strip in question. It turns out that the lift-to-drag ratio, L/D, in this case, has a strong
preferential dependence on the span-averaged chord (SAC) and is surprisingly insensitive to
the planform variation [121-[141. To test this SAC rule, the strip method was applied to ten
(10) dissimilar planforms and sizes for flat plates at 200 and 40' attack angles. With the
SAC replacing the distance x on a 2-D plate, the LID of these lifting surfaces (omitting the
contribution on the suction side) are correlated in Fig. 5 as a function of the rescaled Reynolds
number t of Eq. (2), which fits well with the 2-D results from DSMC and FVSL calculations.
The study therefore furnishes a single "bridging function" spanning the transition range for
a wide class of flat lifting surfaces (for each attack angle), which is given simply here by the
correlated 2-D data curve. To establish a firmer base, data from genuine 3-D calculations
by DSMC and NS methods should be included in the correlation study.

2.2 Quasi 1-D Shock Structure

The outer-boundary conditions involving shock slips in the foregoing development allow one
to bypass the shock-structure problem. Implicit is the quasi-l-D assumption which follows
from the thin-laver approximation and has been used earlier by the PI [27,281 in analyzinr
the (oblique) NS shock structure (and its matching with the downstream shock-laver flow).
It is therefore of interest to seek a quasi- 1-I) shock-st ructure based on the particle-simulation
method and on other gas-kinetic models such as one based on an improved version of the
mornent method.
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DSI!C Study

The quasi-l-D shock-structure problem of interest differs from the classical plane shock
problem mainly in the presence of the nonvanishing heat-flux and deviatorial stress (pressure-
tensor) components at the downstream control surface identified with the FVSL's outer edge.
Unlike the standard DSMC procedure in which the shock structure is allowed to drift freely
through the calculation domain, the downstream control boundary is fixed with the last
downstream cell. The viability of the procedure using a fixed downstream boundary was
tested in a numerical DSMC experiment. Here an arbitrary downstream boundary is chosen
at a station interior of a stationary plane shock. Velocity of the particles which cross the
boundary are stored in a file so that a downstream distribution function can be used to
replace the equilibrium Maxwellian distribution function at the far downstream. In any
case, the sampled distribution function is applied to the downstream control surface and
the same stationary DSMC solution (upstream of the control surface) is recovered with this
arrangement, which is rather insensitive to the initial data used.

The second issue concerning the quasi-l-D shock structure is the fulfillment of the mass,
momentum and energy conservation laws. In the specification of the downstream boundary
conditions for the quasi-1-D shock, half of the velocity space of the 13-moment distribution
is used for the purpose of particle velocity sampling. Expressible entirely in terms of local
flow state, namely kij,qi and etc., the 13-moment distribution function is seen to be quite
independent of the upstreamn high speed particles. Indeed, the velocity distribution functions
obtained from the 2-D DSMC calculations at locations behind the shock are noticeably
different from that of 13-moment. There is no assurance that the conservation laws are
adequately satisfied. The flux imbalance is believed to be the main cause for failing to reach
a steady state, and ways to implement the flux conservation at the downstream control
surface is being considered.

It is interesting to note the persistent influence of the upstream state reflected by the
pronounced spiky, bimodal-like distribution appeared in fii, was brought out in Ref. [26]
and discussed also in Ref [12] for a plane normal shock. An important feature brought
out by our DSMC calculations in the course of the present study is the surprisingly early
decay of this spiky bimodal-like feature towards the downstream end where most macroscopic
properties, such as density, velocity, and temperature, have not quite reach their respective
downstream/terminal values. This appears to be consistent with the lesser prominence of
the bimodal-like features in the shock layer at t = 1 (Fig. 3) and its total disappearance in
the shock layer at i: = 2.5 (Fig. 4).

Analyses with Higher Moments/Multi-Modal Approach

Analyses of shock structure using equations higher than the 13-moment levels was initiated
early in the program. The work was motivated by the pronounced spiky feature brought
out in Ref. [26], reminiscent of the Mott-Smith's bimodai dsitribution [29], which is not
describable by solution to the 13-moment equations in Grad's original form. It is essential
to point out that the additional moments are introduced here not as a straightforward
improvement of Grad's liermite-polynomial expansion of the distribution function "f". lit.

S



rather, Grad's form of f is to be used as terms filling the gap between the humps of the
Mott-Smith type bimodal distribution. The following higF.Qhts the essence and issues of this
development which may be called a multi-modal approach and will be extended subsequently
to complement and improve the 13-moment based fully viscous shock layer (FVSL) theory.

Need of Higher Moments and Other Distinct Modes As an improvement of the 13-
mument equations, the thirteen moments in Grad's original system will be kept. The
moments represent the macroscopic quantities of engineering interest: density p, velocity
components ui, pressure tensor Pij, and heat flux qj (or S2 = 2 qj, i,j = 1,2,3). One or
two more moments higher than the thirteenth will therefore be added to accommodate the
persistent influence of the upstream and downstream states in the Mott-Smith sense. We
assume for the distribution function the form

ICI ,2 -- C"2
e- + a e C + ae- kCk(1 + Amncmcn + Bmcm + Cmcmc2) (3)

where ci - - ui is the thermal/peculiar velocity component, A3 - (2RT,)- 1 with T, being
the temperature associated with the ith thermal velocity component

2JT, = !JJ /c~ fdcdc2dc3 , (4)

(2RT)- 1 with T being the (translational) temperature

2T= IJJ C'fdc, dC2dc3; (5)

the single-prime and double-prime superscripts signifies the upstream and downstream states,
respectively; and c2 

= ckck; repeated indices is understood as summation. Except for replac-
ing 3c2 in e-c 2 by tAkCe, the last group of terms is comparable to Grad's original form. For
clarity, we note the relations/definitions

Sfffc fic-, s, = -: I If fc ýjc,c _ 6
P,,CiC JJc c.1 d, Sljk -=IIJ iJCkcc fdC (6)

Si - Sikk, dc =- dcldc2dc3

The fifteen coefficients a, a', a", A,,, etc. can be expressed in terms of the thirteen macro-
scopic properties mentioned as well as two parameters controlling the relative importance of
the Mott-Smith terms

0 [1301/ C(-[1"J 0, 1 /2 a" (7)
(3[ (~PiT)J

Among the fifteen PDEs needed, thirteen have been obtained in Grad's [81, taken from the
zeroth, ýi-, •,- and Ukýk-moments of the Boltzmann equation. Before deciding on the
additional equations, an appropriate choice for the new higher moments must be considered.
Consider the complete set of the ten (10) third-order moments

9



Sill- S12 - S 1 3 3

S2 11 S- 222 - S233  and S123 (27)

S 3 1 1 S- 3 2 2 - S 3 3 3

of which the sum of each row in the 3 x 3 array has already been ultilized in defining the
heat flux, i.e. S =_ Sbikk in Eq. (6). One of the new moment can be taken as the sum along
the diagonal Ek Skkk, i.e.,

Sill + 2$22 + S333, or ZJJfckfdc (28)

and the remaining moment could have been obtained from the other diagonal S311 + S 222 +

S133. However, the last choice would lead to a redundancy, at least for the important 1-D
problem of shock structure. This is because in the latter case, all elements Sijk vanish except
those on the first row, and S311 + S 22 2 + S133 = S133, but S1 33 has already been determined
by S 133 = S122 = 1(Sl - Sill) in this case. Any other combination of third-order moments,
including S 12 3 cannot yield an independent new moment for 1-D applications. Thus the
present study shows that in order to determine a' and a" in Eq. (3) a fourth-order moment,
which is beyond that of Grad's twenty moments [81, becomes necessary. Equations needed

for the fourth-order moment have been worked out in detail by Ikenberry & Truesdell [30]
corrected/updated by Perminov & Frilander [31]. The simplest moment of this order/level

is evidently

P 41 J c 4 fdC (29)

This PDE system cannot be closed without expressing certain higher-order terms (such as
some of Stjk and Q1 1 kl) in terms of the lower moments, as is understood.

A 14-Moment System A complete system of fifteen moments which includes Zk Skkk

and P41, was studied. There is a peculiar upstream behavior common to solutions of the
moment equations involving Mott-Smith type distributions, such as that of Eq. (3), of which
the analytical difficulty is compounded by the fourth-order moments. The following describes
an alternative analysis using a total of fourteen moments, which avoids the fourth-order
moments but retains the distinct bi-modal character. This is accomplished by assuming
an algebraic relation between a' and a", which satisfies the requirement that a" vanishes
where a' tends to the upstream equilibrium value, and a' vanishes where /if a" takes on a
downstream equilibrium value. This also implies that the Grad-type distribution in Eq. (3)
is now simply relegated a role to filling the valley between the humps of the Mott-Smith
mode. Not much loss in generality results from this assumed relationship of a' and a", since
the Grad-type distribution is capable to reproduce completely the equilibrium distributions
upstream and downstream and to provide effectively the necessary corrections to a" which is
itself rather smooth. The desired behaviors can be conveniently achieved through imposing
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a relation between the two parameters arising from normalization of the PDEs and algebraic
relations among the moments:

+' (p"!9 (30)q' 1 +0'1 + -•-) + 0", (1 + fl'4=1 0 1+• +0 0" 21+.) (0

where a' is independent of 0' and vanishes when Oi --* 3', ui -+ u'; o," is same as o' with all
primes in the superscripts replaced by double primes. Now, we can take

- + (" = 1 (31)

or more generally

S= (1 - (p")P(p") (32)

where P(y") is a polynomial with P(0) = 1. Equation (31) is preferred for its simplcity.
It follows that if 'o' --+ 1 upstream, then p", o", a" as well a will vanish there. Similarly
if p" -+ 1 downstream, then p', 0', a' as well as a will vanish. With the relation (31), we
need only one more moment to accommodate p' or p", which is the diagonal sum Ek Sqkkk
of Eq. (28). The governing PDE needed may be obtained from the k ýi-moment of the
Boltzmann equation, which can be found among Grad's twenty (20)-moment equations. The
14-moment system with Eq. (31) should remain applicable even if there exists no downstream
equilibrium state; in this case, p' needs not vanish on a boundary.

1-D Shock Structure For the 1-D shock-structure, the 14-moment equations with (2.1.31)
or (2.1.32) can be reduced to a system of three ordinary differential equations (ODE). In
normalized form, they are

d-[3(1 + pl)iu - 20± + -Sm] = -(P - A), (33)d(r

d [(1 + 5PI)f + 3(1 + p,)i•2 - 30 + 2fi_,,,, + tiS + Qllkk] -•S - 2t2(P -p), (34)
d4 - 1- 1- 1

d[2( + -t )jj2 _5 ii3 + 4-iS,, 1 + IQ 1 ,1 1] 1--111 + -s - fi(P - p) (35)
d73 3 3 2 6

where Pi = 3/5M2 and

U 3 3S/p~u?, p P/P-U2
U1

P- Pi/piu•, Q - Q /pu,,Qlkk = QllkkIP

x IA p t, 1p, q pluiAj J ý
91J 10

The unknowns in the above ODEs can be considered as ii, S and 0', with gill and
(P - i) eliminated by their known algebraic relations to ii, 5, yp' and 2". The four-order
moments QI Ikk in Eq. (34) and Qm in Eq. (35) are evaluated with the assumed/approximate
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distribution f of Eq. (3) in terms of a, a', a", Am, etc., which are in turn expressed in terms
of ii, 5, S1il, 90', y" etc. In this manner, these three ODEs could be regarded as the first
three equations of the system for U, S, / and /'. The additional ODE is now unnecessary

on account of Eq. (31) or (32). In passing, in Grad's system which consists of only Eqs. (33)
and (34), an approximation relation of S311 to a and S was used for closure, which is treated
exactly here.

The upstream boundary conditions are provided by, ri --+ -oc

i -- 1 S9---O0 ýo'- 1 (and o" -0). (36)

Critical is the answer to the question whether Eqs. (33)-(35) admit a solution which can
approach the upstream limit Eq. (36) smoothly. It is in answering this question in the phase
plane that Grad found the failing of his 13-moment equations at M1 beyond 1.65. For the
present system with more than two unknown variables, the question may still be answered
by seeking directly a perturbation solution in r/.

An interesting property of Eqs. (33)-(35), as the first three equations governing the four
unknowns (ii, 5, (p' and (p"), should be brought out before going on to solve them for the three
unknowns (ii, S and (p'). Namely, in expanding the three ODEs about the upstream state,
neither (p' nor do'/dlj appear in the linearized equations. These equations may therefore be
decoupled from the (unwritten) fourth equation and yield the departure solution behavior for
ft, S and ýp". Similarly expanding these three equations about the downstream state, neither
V nor do"/dId can be found in the linearized equations. Hence the additional equation from
the fourth-order moment would (assume) the burden of providing departure solutions for ý;'
upstream and for p" downstream. The analysis also shows that if a" or ý0" were identically

zero in the outset, these three equations would lead to a redundancy in the determination
of ii and S.

For the 14-moment based system with Eqs. (33)-(35) at hand, we simply seek solution
to the linearized homogeneous system for q -oo(~~' u) )e(\

90" C

or

(fL - 1,5, ,,)T = (1, B', C', )TeA'(n-,"') (37)

The eigensolution determines A' and the perturbation amplitude except for an arbitrary
constant equivalent to a shift in q7. The solution behavior of these three ODEs on the
downstream side (7 --+ co) satisfying

S-+ft 2  , 0 ("-- l

is similarly determined as

( L - u2 , S ) = (1, B", C"i)Tre\"(,7,) (3S)
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The acceptable solutions must have positive real values for A' and negative real values
for A". The values for A' and A" were computed for the entire range of Ml > 1 by S. Shao
in collaboration with the P1. The results are presented in Figs. 6a, b where the acceptable
solutions are shown in solid curves. Thus, unlikde Grad's 13-moment based system, the
boundary conditions at both ends qr --- c can be satisfied for all .1 1. The single solid
curve in Fig. 5 suggests an upstream behavior comparable to a saddle point and, with (37)
and (31) or (32) a (unique) solution may accordingly be determined by a shooting method
marching from upstream.1

2.3 Computational Studies: PNS and Other Thin-Layer Approximations

Encouraged by the comparison between DSMC calculations and the 13-moment based shock-
layer theory, NS and PNS code development are carried out to substantiate the correlation
principle and extend the theory. Sizable errors in uncorrected shock-layer solutions due to
poor approximation of the outer edge location is one major reason for carrying out shock-
capturing NS and PNS calculations (which also furnish the proper -shock slips"). The
computation programs developed for the PNS equations provide a more versatile framework
for testing the adequacy of the shock-layer and thin-layer approximations, and for compar-
ing/examining the Burnett and other models of translational nonequilibrium.

Thin Layer vs. Shock Layer: PNS Equations vs. PNS Calculations

In the following, the notion "shock-layer approximation" is to be distinguished from the
"thin-layer approximation" in that the assumption of the presence of a strong shock with a
high compression ratio is not used in the latter. In developing the PNS equations and its
higher-order form for the present study, the thin-layer approximation was used, which there-
fore allows application also to a shear/mixing layer. We shall also distinguish PNS equations
from PNS calculations in that the latter refers to computations applying a space-marching
procedure to the parabolized (thin-layer) NS equations, whereas the former means strictly the
parabolized NS equations themselves. This distinction is worthwhile, since the PNS calcu-
lations cannot describe upstream influence and streamwise flow separation, whereas, solving
it as a time-dependent or iterative problem, the system of PNS equations can recover these
missing virtues of the NS equations. The many successful thin-layer codes (e.g. Ref. [33], also
refer to review in Ref. [20]) may in fact be considered iterative solution procedures applied
to PNS equations, which may or may not include time-dependent terms.

Parabolized PDEs of NS and Continuum Extension

Several versions of parabolized NS, 13-moment and Burnett equations are derived, using
thin-layer approximations. Marching procedures solving the reduced intial boundary-value
problems adopt the Vigneron algorithm [34] in the subsonic layer to surpress departure

'This work has not been continued since Dr. Sally Shao fell ill late last year. Computation study of the
full systems Eqs. (33)-(35) will be resumed with additional help shortly. A research note on the 14-moment
analysis has been documented in the proceeding paper [61].
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solutions, which calls for the use of a relatively low Vigneron parameter = 0.2-0.3 in the 3-
D case. In the 3-D version used in the strip-theory validation below, the sp inwise convective
and diffusive terms are treated explicitly, and the remaining difference equations are solved
implicitly in a fully coupled manner, using the Crank-Nicholson type procedure. Shock-
capture PNS solvers have been programed for both Cartesian and Dorodnitsyn variables.
The solver in the latter variable set can be used to correlate/predict shock-layer flows in
translational nonequilibrium via the reduced constitutive relations of the 13-moment theory
of Sec. 4.1; it also avoids the difficulty with the shock structure in a formulation in which the
13-moment equations are explicitly solved. (Of course, the PNS solution in other variable sets
may still be correlated meaningfully with DSMC and other nonequilibrium calculations when
expressed in the Dorodnitsyn or von Mises variables.) The thin-layer equations and their
transformation to the computation domain have also been developed to facilitate immediate
computational studies for 3-D curved surface and for an unsteady extension. Stimulated
by the concurrent time-accurate computational study to be discussed in Sec. 4.4, a code
development is underway to adapt an iterative procedure used in our earlier work [35] to
restore the upstream-influence capability to the PNS equations, which has proved effective
in solving the triple-deck viscous interaction problem. These algorithmic developments have
been carried out principally by Dr. C. J. Lee and are to be detailed in works to be submitted
for publication later.

Improved Correlation with DSMC

As anticipated from earlier studies, the shock-capturing capability of the PNS calculations
can substantially enhance the solution accuracy over the FVSL solutions and may improve
the agreement with the DSMC calculations through the correlation principle. The case of
a flat plate at 40' attack angle in a flow of Moo = 26.8 in the range of jý = 10-1 through

10 [cf. Eq. [2.2] for definition of ±] has been used as a generic example comparable to the
Space Shuttle descent environment in the studies of Refs. [10]-[15]. Figure 7 presents five
data sets of surface distribution of heat-transfer rate from the PNS calculations, correlated
and compared with two sets of DSMC calculations (in plus and cross symbols) in terms of
the hypersonic rarefaction parameter t. Also included is the FVSL calculation from Ref.
[9]. Note that the PNS calculation assumes -t = 1.40 and Pr = 0.72, while the DSMC
calculations from Refs. [36,37] allowed vibrational nonequilibrium, which is not believed to
be important in these speed and rarefaction ranges. The agreement is good, except foi
the DSMC data set for the 100 km altitude (in crosses). The results of comparison in the
skin-friction distributions (not shown) are similar, with the DSMC data set for the 100 km
case being again an exception. This is to be more carefully examined in future analyses
especially with regards to the upper far boundary location. This form of correlation also
succeeds in demonstrating the power of reference-temperature method underlying the use of
the parameter/variable ±, which allows the correlation of gas flows with arbitrary force law
with that of a Maxwell gas.
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3-D PNS Applied to Plane Delta Wings: Strip-Method Validation

For a flat surface at incidence, the theory admits a version of the strip method as a 3-D
solution to the FVSL problem. As a test of the 3-D formulation, we compare two sets of 3-D
PNS calculations for flat wings with 2-D PNS results in accordance with the strip method.
Delta-shape planforms with two different semi-apex angles (450 and 300) were considered.
The plate representing the windward flat surface is set at 40' attack angle in a uniform flow
with M.. = 26.8 and a free-stream Reynolds number Re = 3440 at the trailing edge in the
symmetry plane, where _t : 3, for a speed 7.5 km/sec and an altitude 100 km. A model of
calorically perfect gas with - = 1.4 and Pr = 0.72 again suffice.

The surface distributions of 3-D PNS data on skin-friction and heat-transfer coefficients
on a number of span stations are presented in Figs. 8a, b for the 450 delta planform and in
Figs. 9a,b for the narrower 30' delta surface. The Cf and CH are correlated as functions
of the distance from the leading edge x' = x - XLE, in accordance with the strip theory.
Excepting data along the centerline (in thin solid curve), the skin-friction data in Fig. 8a
correlate themselves very well; the correlation improves with distance from the center line
and approaches closely the 2-D solution (in dash-dot curve). The corresponding results for
the heat-transfer coefficient in Fig. 8b are similar and the noticeable discrepancy with the
2-D data may well result from the lack of adequate treatment of the leading edge region
for the 2-D analysis made earlier. For the narrower delta planform examined in Figs. 9a,b,
the discrepancy from the strip theory (the dash-dot 2-D curve) along the center line and
the neighboring span stations is noticeable; good agreement among the more outboard span
stations are still found, and Cf and CH data from all span station (z j 0) seem to correlate
surprisingly well over a region 0.05 < x < 0.15 near the leading edge. The converged data
in Figs. 9a,b appear to agree better with the 2-D distribution, hence the strip theory, than
in Fig. 8a,b.

In passing, we note that several 3-D DSMC calculations appear recently, which provide
good examples for testing their correlation with the NS solutions. One of these examples is a
narrow delta wing of triangular cross section considered by Celenligil & Moss [38], for which
the 3-D FVSL theory of Refs. [12]-[15] may find difficulty with the ridge in the symmetry
plane but is ideal for the 3-D PNS calculations, which remains to be carried out. Another
problem of fundamental interest involving the third spatial dimension is the search for the
spanwise 3-D structure of the viscous shock layer over a curved compression surface/ramp.
corresponding to the G6rtler vortices in the classical boundary-layer theory. Our formulation
and code development for the PNS for curved surfaces noted earlier provides the point of
departure for this investigation. We shall return to this subject later in Sec. 3.

Other Thin-Layer Hypersonic Viscous Flow Studies

The thin-layer approximation permits application to viscous hypersonic flow other than the
thin shock layer in the foregoing discussion. The examples of the hypersonic shear laver
and the aligned flat plate considered below and in the next subsection (§2.4) represent
rarefied hypersonic flows, for which (high quality) detailed DSMC calculations has yet to
be made and the usefulness of the correlation principle of §2.1 has yet to be established. It
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is essential to point out that even though a strong bow shock is not required in the thin-
layer approximation, .Le assumption of a sufficiently small c - 1)/ 2-Y is still needed
if the greatly simplified 13-moment based constitutive relations (underlying the correlation
principle) is to be kept. Its adequacy remains to be examined.

Hypersonic Shear Layer The highly expanded flow on the lee side of an obstacle should
be an important consideration in aerothermodynamic design and in determining the up-
stream influence of the trailing edge on the compression side (cf. §3.4). A unique feature of
this lee-side flow is a shear layer which separates the uniform hypersonic stream and a highly
rarefied region bounded by the body surface on the lee. In the example, we consider for sim-
plicity an inclined plate of zero thickness with the same surface and freestream conditions
as in examples previously considered.

Ideally, a coordinate system may be chosen with the origin at the leading edge and the
x-axis aligned with the free stream, with which the thin-layer equations should describe the
shear-layer structure well. Shown (as solid curves) in Figs. 10a, b are the density profiles
from the PNS calculations, obtained however with the marching x-axis directed along the
plate at 200 attack angle. The results nevertheless agree reasonably well with the converged
(time-accurate) NS solutions (in filled circles), confirming the adequacy of the thin-layer
approximation as well as the relative insensitivity in the choice of the coordinate orientation.
The latter may perhaps be explained by the higher accuracy level of the "PNS" equations
used here, which is in fact a second-order thin-layer approximation to the NS equation.
A more severe test is the corresponding comparison made for the 400 attack angle shown
in Figs. 11a, b, for which only the profiles at the more upstream station show noticeable
differences between the higher-order PNS and NS calculations. Whereas the kinetic-theory
base of the low-density region on the lee side is yet to be ascertained, its influence on shear-
layer structure represents an interesting issue. The magnitude of stress ratio Ipijp/P inside
the shear layer in these examples turns out to be reasonably bounded, therefore a treatment
through the thin-layer 13-moment theory is possible, how should the low-density region be
treated and matched with the shear layer in this case remains to be studied.

The Aligned Flat Plate For a flat plate at zero incidence, the strong self-induced pres-
sure in a low-density hypersonic flow is well known. The thin shock layer theory is not appli-
cable in this case. Figures 12a,b,c show comparison of the (second-order) PNS calculations
(solid curves) and the DSMC calculations [39] (filled circles) in skin friction, heat-transfer
rate and the surface (thermodynamic) pressure. Also included are computations based on the
(stabilized) Burnett equations [40] (in open circles). A (monatomic) hard-sphere gas flowing
over a cold plate of 150 mean-free paths (mfp) at Mach number 12.9 and Reynolds number
3189 was considered. The Knudsen number in this example is therefore Kn = 0.00404.
very low. Noticeable differences among these three solutions thus occur only over the upper
5% chord, except in Fig. 12c where the departure occurs upstream of 40% chord. As one
moves upstream in Figs. 12a,b, the PNS calculations depart from the DSMC data trend at
the same location as the Burnett solution does, surprisingly, they remain in agreement well
into their zone of breakdown. It is of interest to point out that, according to the principle
elucidated in Refs. [10]-[12], the NS-based pressure p is to be correlated with the wall normal
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stress P 12 = p + P12 in the DSMC calculation, therefore Fig. 12c does not offer the correct

comparison. Correction would bring the comparison into better agreement, according to the

study made for a shock layer [10]-[121. Zhong et al. compared their Burnett results with

DSMC data for blunt obstacles in Ref. [40] where similar conclusions can also be drawn.
Thus the Burnett equations do not appear to reduce much of the disagreement between the

DSMC and the NS based calculations. The small difference between the Burnett and PNS
data in this case may in fact be seen as a result of applying a special solution procedure

in Ref. [401 in order to avoid an indeterminacy related to the need of additional boundary
conditions [cf. Refs. 19,17].

The Burnett-Solution Indeterminacy A thin-layer or parabolized version of the Burnett
equations can be used to investigate whether boundary conditions in addition to those for

the NS equations are needed for a unique determination of their solution. Under the thin-

layer approximation, a major difference between the Burnett and NS equations appears
in the normal stress component P22 where derivatives in y higher than 9/1y appears as
0 2p/ay2 and 0 2T/Iy 2, suggesting the need of additional boundary conditions; it amounts
to a degree of freedom in describing the Burnett solution if no addition boundary condition
were assigned. This anticipation is supported by the nonuniqueness in the solution of a

constitutive relation for the P22 illustrated below, in which only the 09T/8y 2 term of the

Burnett system is retained.

The degree of freedom chosen for the following study is the wall shear, i.e., the skin
friction coefficient. Figs. 13a shows three examples of the skin-friction distribution to be

tested, which are assigned the PNS value upstream of an arbitrarily chosen point, and a
constant value downstream of this point. The PNS calculation shown as a solid curve is

identical to that in Fig. 12a; Fig. 13b compares the resultant PNS pressure profile (solid
curve) with the three sets of model Burnett calculations using the assigned wall-stress values

of Fig. 13a, at two stations x = 60, 150 mfp. They are seen to be distinctly different from
the PNS result (solid curve). A Knudsen-layer like structure is evident and is the result of

the extremely low value of Kn (0.0040) adopted from the comparison study in the preceding

figures, which could degrade the solution accuracy. A grid refinement study shows however
that little is changed in these solutions.

The issue raised in this study led to a more critical examination of the Burnett equations

for the steady, Couette-flow problem, which can be reduced to an ODE system. Their
difference from the NS equations in this case appears only in the normal momentum equation
with the appearance of d2p/dy2 and d2T/dy2 . Examination reveals that in addition to the

five (boundary) conditions for the NS system, two more boundary conditions are needed
to fully determine all the constants of integration. These two degrees of freedom may be

conveniently taken to be the two pressure walls.
In a recent study, Lee [16] obtained accurate Burnett solutions in four cases with 'n =

0.01, 0.10 and 1.0; the results for Kn = 0.10 with wall slips are shown in Figs. 14a, b. c
along with the NS solution (in solid curve). Lee assumes flow symmetry in y and there is
therefore only one degree of freedom left. The normalized pressure P is unity everywhere if)
the NS solution; for the four Burnett solutions, one (...) is computed with the normalized
wall pressure Pb = 1, one (- -) with Pb = 0.90, and one ( . ) with Pb = 1.10. For the
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remaining Burnett solution (- - -), the Pb is not assigned but an extrapolation procedure
similar to that in Ref. [34] is used next to the wall (using the NS pressure P -1 as an initial
guess). The well converged iterative solutions in Figs. 14a,b,c, reveal that Burnett solutions
with Pb :-- 1 are distinctly different from the others, and that the Barnett solutions using
Pb = 1.0 and by extrapolation method agree and are indistinguishable from the NS profile in
velocity (Fig. 14a) and temperature (Fig. 14-b). This study confirm unambiguously the lack
of uniqueness in the solution to the Burnett equations without additional boundary condi-
tions. The study also indicates that iterative solution by extrapolation without enforcing the
additional boundary condition will converge to the Burnett solution with assigned values of
Pb, provided the initial (trial) data satisfies P = Pb at the wall.

2.4 Time-Accurate NS Calculations

The inadequacy of PNS calculations in providing upstream influence is remedied by the
(time-dependent or iterative) NS calculations, or their thin-layer versions. Time-accurate
compressible NS solvers were used along with PNS codes to lend support to the FVSL
analysis and to validate the correlation principle of §2.1. Both explicit and implicite versions
of MacCormack's [42,43] predictor-corrector methods have been programmed by Y. Bao and
validated earlier with existing computational and experimental data for the compression-
ramp problem [43,441 and with DSMC calculations for a flat plate at incidence [12,15]. It
was through these time-accurate NS calculations that we recognized the need for correcting
the tangential velocity profile in the FVSL analysis and can now explain more satisfactorily
the noticeable discrepancy in skin friction and surface-heating rate between the DSMC and
PNS or FVSL calculations. The explicit version in rudimentary form has been used for most
studies in the present program, which can be considered robust, but proves to be costly in
problems involving regions of extremely low density which calls for an excessively small time
steps (see below). MacCormack's implicit predictor-corrector procedure may be stable as
long as the quotient such as vAt/(Ay)2 remains bounded. which is in fact as restrictive as a
conditionally stable explicit method. Y. Bao's work will tne documented along with a more
recent study by C. J. Lee using an unsteady procedure based on a thin-layer formulation.
in a report [45]. The following describes the few key features in the computation procedure
used, some representative results and the highlight of the more recent works which reveal a
number of unfamiliar aerodynamic properties in a global viscous interaction and their unique
evolution processes.

A n Explicit Predictor- Corrector Procedu re

The predictor-corrector procedure of MacCormack is applied to the NS equations in finite
volume form for a calorically perfect gas. An important method improvement for hypersonic
applications here is the implementation of a wall boundary condition concerning the normal
momentum flux, which was satisfied formally to a second-order accuracy but proves to be
inadequate for the very high wall density under a strong wall cooling. Data. smoothiriQ
commonly needed in these procedures has been found unnecessary in the Mach-Revnolds
number domain considered. For the study of a flat plate at incidence with flap, to which most



of or:- current efforts \wre focused, the tyVp e of sitmpie grid system illustrate'd in Fig. 15 will
Su 'ice (while more general grid for airfoil study at low Mach numbers has beuen inmplemenred
Iby lHao et al. [461). For application to problem with a moving flap, the time-dependen,- is
a,'.ountel for in the Jacobian of the grid transformation, which become necessary since, lie
d(cviatorij1L-stress and heat-flux terms were computed in a transformed computation domi.in.

A cent. difference algorithmn for computing flux gradients across grid lines (in the corn-
puication ci main) was universally used in Bao's program, which is applied also at the grid
lir',s thro, ,lh the flap's hinge and at some distance downstream of the trailing edgefe-l'-..

iT. t15). The latter are, in fact, the zonal boundary separating zones of dissimilar grids.
"h'e treatment could have been improved through matching the extrapolated gradient val-

Us from the two neighboring volume/elements. A careful analysis shows however that the
I -uncation error at the zonal boundary resulting from the simplistic (universal) treatment is
F•.rprisinly small, being comparable to

8

where 0 is the local deflection .ngle of the grid. The errors amount tt, a half pel nt for
0, = 200, and to 4% for 01 = 40'. We considered therefore the algorithm to be adeq iate.

We nott in passing that tirn:!-split versions of the explicit predictor-corrector pri cedure
i implemeited in Refs. [37,38] iay reduce substantially the computer-resource requirement.
F, rther speed-up is possible wi h the explicit scheme (cf. discussion in Section 3).

Aligned vs. Nonaligned Flat Plites

Apart from providing NS data for comparison with the DSMC solution and assessment of
the FVSL and PNS calculations, considerable insight on the upstream influence of the flows
of interest was gained from the full NS solutions. In particular, the upstream influence of a
trailing-edge or corner is much stronger on an inclined plate at large angle, say Ct = ,0"-.15°
than ,n an aligned flat plate o- a plai'te at glancing incidence. This is because a good part
of the flow behind the shock is in the low supersonic or trans( nic regime for a plate at
large incidence. This explains why a flap/aileron deflection can strongly alter the windward
pressire level while little pressure change can be found on an aligned flat plate upstream
of a ramp/ corner; we shall return to these trailing-edge/flap/corner effects with concrete.
examples later. In our earlier correlation study for the 40* inclined plates, we noticod a small
but distinct feature in the skin-friction and in surface heat-4meer distributions iý! the case
of a monatomic gas (- = 5/3). Namely, the skin-friction value tends to flatten out instead
of decreasing in a monotone intoner towards the trailing edge. Whereas, Ih.s feature is not
so pronounced for a diatomic jas (-I = 7/5). The difference may again be evplained by ith
difference in the averaged Mach number in the shock layer. In fact, if not for the wall-coo0linp
effect in the viscous shock layei in these examples, the shock would have deached from thc
apex for a monatomic gas. Figures 16a, b show for a flat plate at a = 40", M = 2.. .6
Re, = 169 the skin-friction and surface-heating coefficients as functions of the distance
from the lea ling edge. NS data obtained, from Rao's program (in open squares) are seen io
depart from PNS calculations (in solid curve) and flatten out toward the trailing edge over
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an extensive range (x > 3 m). This trend of the NS data appear to be borne out by the
DSMC calculations.

Another difference in flow behavior between the windward flow and the flow on the leeside
is in their evolution time (after an impulsive start). The steady-state windward flow field
is built up slowly, with a characteristic time many folds the flow-transit or convective time
L/U., owing to the slow upwind propagation velocity

Lila - lull

whereas, the leeside flow can build tip quickly, with a charcteristic time

L/(a + i) - L/U.,

(see below).

Hypersonic Shear-Layer Evolution

An interesting extension of the thin-layer study is one addressing a hypersonic free shear-
layer; the flow on the expansion side of a wedge or inclined plate is one such example. The
existence of a distinct shear-layer structure may be demonstrated by the NS solution which
evolved in an impulsively started flow. Several sets of unsteady NS calculations have been
obtained for the flow on top (and bottom) of flat plates at incidence. Figure 17a shows the
density contours above the 40' inclined plane at a time corresponding to Ut/c ; 0.81 after
the impulsive start to reach M, = 26.8 and Re = 3340. This flow-field pattern, together with
results at other times, reveal a progressive development and merging of two major regional
patterns on the lee side: one represents a Rayleigh-like wave propagation in the direction
normal to the plate over the region where the signals from the leading edge have not yet
been felt, and the other represents the growth and extension of a shear layer which spearates
the free stream from a Stoke-flow like, low-density region. The shear-layer structure reaches
a steady state readily while lengthens steadily and eventually covers the entire region above
the top of the plate; the time required to establish a shear-layer structure at a distance x from
the leading edge is comparable to x/U,,. Figure 17b shows the computed density profiles
for the station x/c = 0.19 at three successive times Ut/c = 0.623, 0.71 and 0.81. They are
indistinguishable from one another, indicating unambiguously the rapid build up of a steady-
state structure for the shear-layer layer on a time scale of x/U.. This example assumes a
cold wall and wall slips with unit-order accomodation coefficients; limited differences are
found in solution obtained for a non-slip wall.

Flap Deflection and Effectiveness

Flap effectiveness in hypersonic viscous flow has never been critically studied theoretically
and experimentally but is an important recent issue affecting the NASP aerodynamic design.
Several different groups at NASA Ames and Langley Research Centers and at Alvin Calspan
have investigated the various reasons, including nonequilibrium gas dynamics effects, for the
failure of earlier analysis in predicting the proper trim angle during thc shuttle descent.
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Gas Model and Geometry As in the nonaligned flat plate studies discussed earlier, the
computational study below stipulating a very fast translation-rotation energy transfer in
the flow regime under study, therefore a calorically perfect gas with -y = 7/5, Pr = 0.72
is again assumed. A viscosity-temperature law y oc T- with wu = 3/4 is chosen which is
believed not far from that used to calibrate the variable-hard-sphere collision model in the
DSMC calculations of Refs. [36-38]. The flaps hinge (line) is set at 71% chord (xo = .71).
During the period T- of an unsteady flap movement beginning at t = to the instantaneous
flap deflection angle Oint (in radian) is assumed to be given by a uniform angular velocity (in
radian per sec)

it= t' (t - t) (39)

where t' and t* are in physical unit. The (new, oblique) coordinates aligned with the flap
(x', y') are related to the original, plate-aligned (x, y) coordinated

x' = x0 + (x - xo) cos(Lt'), y' = (x - Xo) sin(wt'). (40)

The period T* is then determined by the maximum deflection angle 0, T' = O/W*. Bao took

L

Hence the flap-activation period in the following examples is

T- = OL/Uoo (41)

which is generally a small fraction of the flow transit time. This mode of flap motion thus
simulates an impulsive-start motion while avoiding unbounded flow quantities, from which
much of the transit flow response can be studied. It is essential to point out that the time
interval characterizing flow response below is considerably longer than OLIU indicated above,
being comparable to 102 sec. (One half second is believed to be the limit of response time
for manual control).

Boundary Conditions As for the examples with zero flap deflection, the origin x = y = 0
is set at the leading edge, the uniform flow conditions are prescribed over the upper, lower
and the upstream boundaries y = 1.6, -1.6 and x = -1.13, respectively, and the zero
gradient is applied to each flux variables at the downstream boundary x = 2.14. A (x.y)
mesh of (126 x 85) grid points were employed in most calculations, using a normalized time
step At = 2.5 x 10-' in the most demanding case. Impermeable, slip wall conditions are
assumed on the plate and flap surface.

The cases analyzed fall in two groups. In the first group, the basic geometry with an
undeflected flap is an aligned flat plate, i.e. a = 0; its flap deflection 0 was chosen originally
so that a comparison with available DSMC calculations for a compression ramp [421 can
be meaningfully made, even though the lack of similarity on the leeside may erode the
comparison regarding the upstream influence at large deflection (see Fig. 18).

The second group focus on a more meaningful aerodynamic study in which flap effective-
ness on a nonaligned plate at a = 400 were investigated.
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Flap on Aligned Plate (c, = 0) Moss et al.'s DSMC study [47] on aligned flat plates with

ramps of several deflection angles (cf. Fig. 18b) under free-stream conditions corresponding
to four combinations of .A11_ and Re,. The aligned flat plates with flaps considered here use
the same Aio, Re, and the hinge location xo. Solution for a finite plate at a = 0, with the
flap undeflected (0 = 0), is first obtained by an impulsive start at t = 0 to reach a uniform
free stream condition at -4i,, = 22.8, Re = 5790. The steady state is closely approached after
t • 0.06 in this case. (Recall t is normalized by L/a,.) The flap is then set into motion
at t ; 0.08 at a uniform angular velocity in the manner of Eq. (39) until the flap angle
reaches 9 = 15", and the flap position is frozen thereafter. A steady pressure built up on
the compression side of the flap occur during the flap movement, which is followed by rapid
pressure drop after the flap stops. A long transient (0.10 < t < 0.19) then follows during
which the normal-force coefficient rises steadily towards the steady-state value CN = 0.024;
the flap is activated again at t • 0.19 in the same manner as before, increasing 9 from 150
to 35'. A flow development rather similar to the previous activation cycle takes place at
a higher pressure level with the final and normal-force coefficient to reach CN ; 0.070 at
t z-_ 0.29. The normal-force response to these two consecutive flap movements which exhibit
the three distinct transients during each activation cycle is shown in Fig. 19.

It is important to ascertain the solution accuracy with respect to the time step At. We
therefore repeated the calculation of t = 0.19-0.29 with a time step one half of that used
earlier; the evolution history obtained is indistinguishable graphically from that of Fig. 19.
The result obtained may therefore be considered time accurate. The surface distributions
of skin friction, heating rate, and pressure coefficients on the compression side inferred for
the steady states from the calculations at t a 0.19 and t • 0.29 are shown in Figs. 20a.b,c
and Figs. 21a,b,c, respectively. Note that the upstream influence of the flap and the trailing
edge is not very extensive for 0 = 15', especially for the surface-heating rate CH in Fig.
21a. Even at the larger flap angle 9 = 350, the region upstream of the mid chord of the

aligned plate is not at all changed by the deflection. This observation is borne out by the
DSMC calculations for the ramp problem [42] of which the corresponding Cf and CH data
(belonging to case I of Ref. 29) are included in Fig. 20 as an open circle. The comparison
suggests that the difference between the flap and ramp configurations (Fig. 19a vs. Fig. 19b)
is not large enough to be manifested noticeably in Cf but it appears to change the CH level
over the flap.

The abrupt increase of the local CH level as well as other uncertainties in DSMC solution
for this case is exceptional among examples of viscous interaction and require scrutiny.
Further comparison between the DSMC and NS data is therefore not made until the DSMC
calculations are repeated (using our own code). It is interesting to note that the flow is not
yet separated even at a flap angle 0 = 350 for this aligned plate and that the Cf behavior
around the hinge is of the type familiar from the triple-deck theory [431. Figures 22a,b show
another set of steady-state results on the aligned plate (a = 0) for 0 = 350 for AIo = 24.3.
at a higher Reynolds number Re, = 12, 750 (corresponding to the Case-2 ramp problem
in Ref. [471). A reverse-flow region does appear over 0.67 < x < 0.80 in this case (cf. Fig.
22a), but is considerably shorter than that in the corresponding ramp problem by DS.I(-"
calculation [47]. This is not surprising since the ramp problem has a base pressure higher
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than that at the flap's trailing edge, hence a higher adverse pressure gradient.

Flaps on Flat Plates at Incidence Flap effectiveness on an aligned plate and on a non-
aligned one are very different, especially for plates at high attack angles. The following
present examples of nonaligned plates at attack angle a = 400. '.1 = 26.8 and Re, = 3339
corresponding to a plate of length L = 10 m at speed UO = 7.5 km and altitude 100 km. The
wall conditions, the specific-heat ratio, the Prandtl number, and the viscosity-temperature
relation are the same as stated earlier. For this study, time-accurate NS solution with
flap activation and the aerodynamic response are studied in three consecutive stages: (i)
0 = 0 --+ 50, (ii) 0 = 50 --+ 10', (iii) 0 = 100 , 200. The computation is continued for
each stage until a steady state is satisfactorily r ched -. fore the commencement of the next
stage. The flow and aerodynamic response iij :ge (i) and (ii) are similar to those seen
earlier. Figure 23 :'iows the normal-force development of the consecutive stages. Except for
the higher pressure level, the response behavior for the first two stages is similar to that seen
earlier from Fig. 19 for the aligned plate (although noticeable upstream influence in pressure
is found to be far reaching). The last stage (0 = 100 -- 20') turns out to be much longer in
the transient, giving rise to unusually high response in normal force and several uncommon
dynamical features. The surface distribution of the (steady-state) pressure coefficients (on
the compression side) for flap deflected at 50 and 10', at the end of the first and second
stages, are shown in Fig. 24a and compared to the compression side distribution on the flat
plate (0 = 0). Here, the weak but noticeable upstream influence on Cp is clearly evident
over almost the whole chord upstream of the hinge line even for a deflection as small as 5'.
The corresponding skin-friction coefficients are shown in Fig. 24b where the triple-deck type
behavior about the hinge line is again seen. Flow separation apparently will not occur until
a deflection reaches an angle considerably larger than 0 = 100.

A negatively deflected flap 0 = -50 has also been analyzed for a = 400, for which the
upstream effect on surface pressure is found to be far less than in Fig. 24a. The change
in normal force and skin friction in this case is such that the decreases in drag and lift
(contributed by the windward side) at 0 = -5' is less than the increase at 0 = 50, as shown
in Fig 25. An up flap (0 = -50) is seen to improve the L/D slightly even though much more
can be gained with a down flap (0 > 0). At an attack angle not as high as 40', the flap is
less effective. Calculated results for a case identical to those of Fig. 24a, except for a lower
attack angle a - 200, confirm that the fractional pressure increase over the flap is less than
that in Fig. 24a for a = 40' with much weaker upstream influence.

As may be seen from Figure 23, the normal-force coefficient has a noticeable change in
the manner of growth after t • 0.239. In fact the corresponding change in surface pressure
distribution is far more drastic as detailed in Figs. 26a,b for the two successive periods
t = 0.239 - 0.3469 and t = 0.3498 - 0.4183, where the windward Cp-distribution for 0 = 0
is also shown in small filled squares. Though not shown, significant pressure build up on
the windward side of the flap ceases prior to t = 0.239 and large upstream movement of the
pressure maximum away from the flap area begins thereafter (cf. Fig. 26a); the sharp peak
next to the leading edge is to remain unaffected up to t = 0.350. In the following period
(cf. Fig. 26b), the nonuniform pressure ahead of the hinge line levels itself out, while the
pressure on the flap reduces slightly and uniformly; the sharp peak near the leading edge

23



C,

t8l. e391163..14

Il, l * .- ',-<" __ -

'.52

(a)

C,

t=:0.34975- 0.41830
at increment 0.005 in t

2.5

3.5.

u. m• , i.e 1.3
(b)

Fig. 26

23(a)



now grows with time.
Interestingly, over the period t _ 0.24 -0.42, the mean value of Cp, i.e. QN. changes little

from a high 1.7, while the center of pressure shifts from 80% chord to the mid chord. We
have yet to complete the calculations for the approach to a steady state, but the final CN

cannot be too far below the present value for reason to make apparent shortly. This value
of 1.7 resulting from a 200 flap deflection is far higher than CN = 0.51 estimated according
to the Newtonian theory. The increase over the value for an undeflected flap is 62% for
0 = 20' according to the present calculation, compared to only 24% increase according to
the Newtonian theory.

Flow separation does occur during this transient and first appears at a t not far from
t = 0.239. Figures 27a-e show that the local skin-friction coefficient vanishes shortly before
t = 0.239 (cf. Fig. 27b) and the reverse flow region spread subsequently over 10% chord
length around the hinge line (x = 0.71) at t = 0.314 (Fig. 27c). The shallow bubble turns
into slow-flow region of positive shear shortly after (Figs. 27d,e). The disappearance of the
reverse-flow region may be explained by the movement of the pressure maximum from behind
the hinge line to a forward position, thereby altering an unfavorable to a favorable pressure
gradient.

More revealing is the pattern and change in the velocity-vector field during this period
shown in Figs. 28a-f. Two distinct parts of the bow shock can be identified in Fig. 28a
(t = 0.238) where the part with a higher slope is seen to begin at the x-station shortly
downstream of the hinge line (the surface normal drawn from this location would intersect
the mid point of the flap). Right behind this shock is a region of exceptionally low velocity.
It must be pointed out that this and subsequent pictures represent the continuation of an
earlier flow-field development where the stronger, real portion of the bow shock resulting from
the flap deflection has not moved as far away from the flap as in this and the subsequent
figures. The head of this low speed region surges forward while real part of the bow shock
propagates farther away from the flap (cf. Figs. 28a,b,c). Subsequently, the front part of the
bow shock join up with the stronger shock and the entire field is engulfed by the enlarged
slow-speed region. The evolution pattern shown here is in accord with the surface pressure
development (Figs. 26a,b) examined earlier. An interesting property of Figs. 28a-f is in the
extreme insensitivity in the flow field in the lee throughout the entire period of change on
the windward side, which may provide an opportunity for computer code improvement with
zonal strategy.

The flow features and behavior observed above are more explicitly brought out by the
detailed profiles of velocity, Mach number and other flow variables. Figure 29 gives the profile
of the u-component as a function of y on the windward side at the 75% chord station at
t = 0.239. The minimum velocity in the low-speed region is seen to be a very small fraction
of the freestream value and occurs immediately behind the shock indeed. (The u and y of
Fig. 29 are those in the original cartesian coordinates aligned with the flat plate therefore
is not the tangential velocity profile in a strict sense.) The profile at this station and time
indicates also t~ie existence of a high-speed region/layer with a half of the freestream u-value
at its peak, which appears to be a necessity at this stage in order to accommodate the mass
and momentum fluxes in the shock layer upstream. This profile also implies the existence of
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a shear layer separating the high- and low-speed flows, which may be back traced upstream
to the intersection/merging of the two parts of the bow shock. There is a high degree of
similarity between the flow patterns related to Figs. 28,29 and an inviscid phenomena of
interaction of bow shock and oblique shock-the Edney problem familiar in the supersonic
shock and cowl-lip interference problem.l19,-44]

Flap Effectiveness at High a as a Viscous Transonic Phenomena The admissibility of
the low-speed flow right behind the shock which underlies most features and processes dis-
cussed above may have been anticipated from the gas dynamics of an oblique shock. even
though viscosity is an important ingredient of the solution. The shock angle 3 on the
stronger, real part of the shock (over the flap) in the present case must exceed 600 by at least
5-10', as indicated by the patterns shown in Figs. 28a-f. Now for a y = 1.40 and MA = 26.8,
the (inviscid) oblique shock relation indicates a Mach number range 0.9 _< .A42 _ 1.1 behind
this shock, which also includes the angle at -shock detachment" [49,501. Large amplitude
waves will make the local Mach number even lower. Therefore, the low-speed region may
be identified with a property of nonlinear transonic flow, and furnishes a channel for (slow)
upstream propagation of (nonlinear) disturbances. This mechanism of upstream influence is
unavailable in the aligned-flat case or at low attack angle.

Figure 30a shows another u-profile at a later instant t = 0.337 at the station x = 0.78
which has two maxima and two minima, and the velocity level becomes higher than in the
preceding figure; nevertheless the corresponding Mach number profile in Fig. 30b shows that
the entire region between the shock and the flap is subsonic. A more thorough examination
of the corresponding Mach number profiles is presented in Fig. 31 for the instant t = 0.383
at eight x-stations over the plate. The entire viscous shock layer downstream of the quarter
chord becomes transonic and high subsonic in this case. In view of the transonic and subsonic
character of the phenomena, an inviscid analysis of the flap effectiveness at a high incidence
close to the shock-detachment angle may shed valuable insight into the upstream-influence
mechanism for the viscous flow study. To further explore and ascertain the foregoing features
of flow behavior, a new time-dependent NS program based on a thin-layer version are being
developed and applied to examples of lower Mach and Reynolds number.

3 New and Unresolved Issues

In the foregoing review, important unresolved and new problems are identified. The out-
standing one among these are discussed below.

3.1 Gas-Kinetic Based Extension of the Continuum Model

Comparison study of the 13-moment based thin-layer flow model with particle simulation
calculations has yet to carried out much more extensively and in detail to test the "cor-
relation principle" in important cases of rarefied hypersonic flows other than flows on the
windward sides of nonaligned flat plates. Improvement in ways of implementing the DSNIC
calculations, e.g. via parallelism and zonal strategy, may help to increase the productivity
of this comparison study.
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Gas-kinetic based improved constitutive relations should be derived to be compatible
with the corresponding shock-structure analysis (cf. §3.4) and to account for the persistent
influence of the upstream state unaccounted for in the present 13-moment based analysis.
The.study of rotational/vibrational nonequilibrium (cf. §3.5) requires an extension of the
thin-layer moment equations to a gas mixture.

3.2 Use and Implementation of PNS Equations; Gortler Vortices and Upstream
Influence

Apart from its application to a number of 3-D examples with which the principle for cor-
relation with nonequilibrium DSMC calculations can be examined, the 3-D version of the
PNS calculation procedure developed for a curvilinear coordinate systems can be used to
study the G5rtler vortices on a curved compressive ramp, which has become an important
underlying issue in hypersonic boundary layer instability and not treated in the context of
viscous shock layer.

A fruitful development which can significantly expand the scope of our current PNS work
is to use our parabolized equations in an iterative procedure, in a manner similar to several
existing "thin-layer NS" code for solving elliptic problems. An objective in development the
iterative procedure here is to reach a steady-state solution cost-effectively for those problems
with significant upstream influence. Our iterative version is expected to be more superior
than the standard thin-layer code in that initial data can be provided by the marching
PNS calculations, apart from the use of a more effective procedure in "delta form" with
Newton linearization. The latter procedure has been used successfully in our earlier work on
a triple-deck theory of hypersonic viscous interaction (351.

A procedure based on the time-dependent version of the PNS equations will also be
considered which will enlarge the parameter domain for the solution convergence/stability
and to provide an alternative to the costly predictor-corrector procedure (cf. §3.3) in time-
accurate calculations.

3.3 Flap/Aileron Effectiveness: Time-Accurate NS and DSMC Calculations

Our time-accurate NS calculations for flap effectiveness in rarefied hypersonic flows over
aligned and nonaligned flat plates have uncovered several unsuspected dynamical features
and their evolution processcs, which are potentially significant to the hypersonic aerody-
namics at very high altitude. The flap/aileron appears be far more effective at high attack
angle than commonly realized, and its effectiveness is attributed to the nonlinear transonic
flow behavior behind the interacting strong shocks and is believed not tied strictly to the
predominant viscous character of the flow. The time-accurate computation discussed at
the end of §2.4 has not yet completed to answer the question of whether a steady state
can be reached before the shock (structure) detaches from the apex. If such a detachment
does occur, the transient period to reach steady state would be even longer, making the
time-accurate calculation even more important for aerodynamic control application.

More extensive time-accurate NS calculation and method of improving its computation
efficiency are essential in reaching concrete and useful conclusions in this study. The 2.
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D time-accurate calculations of the flap in §2.4 used 1.3 x 10-5 sec/grid point/time step
on CRAY-YMP 8/864; it needs 10 CPU hours to reach a steady state (after an impulsive
start). Improvements of Bao's explicit prediction-corrector program are needed in a number
of places, with regards to the outer boundary location and conditions, treatment of differ-
encing across the grid's zonal boundaries, the opportunity for effective implementation of
zonal and time-splitting strategies. How to obtain/sample meaningful time-dependent data
from DSMC calculation represents a new aspect for particle-simulation technique. [Some
preliminary study of an unsteady Couette-type problem using DSMC has been initiated at
the University by another research group].

Since the underlying flow process and novel features observed here is transonic, nonlinear
and vortical in character, the study of flap activation at high attack angle should include
examples at higher Reynolds number as well as lower Mach number, than shown above.

3.4 Quasi-1-D Shock Structure

The DSMC study of the quasi-l-D oblique shock structure (with a nonuniform downstream)
and a corresponding study by the 14/13-moment or multi-modal approach detailed in §2.2
have made substantial progress and need further work to achieve an adequate flow field
analysis, which includes the shock structure, and to provide a basis for improving the gas-
kinetic based shock-layer theory.

As noted in §2.2, the 14-moment analysis has succeeded in establishing the upstream and
downstream solution behavior which Grad previously failed with his 13-moment system.
Numerical solution for the complete shock structure is obviously an immediate task.

In the DSMC study, the difficulty with the flux balances and the downstream boundary
condition mentioned in §2.2 has very recently been resolved and the final realization of the
quasi-1-D shock structure remains to be carried out.

3.5 Thermo-Chemical Nonequilibrium in Rarefied Hypersonic Flow

In terms of macroscopic variables, departure from translational equilibrium in a shock layer•
can affect the nonequilibrium thermo-chemistry in three ways. One is through the thermo-
dynamic pressure or the density change due to translational nonequilibrium, and the second
is through the translational temperature change. The third comes from a change in the rate
constant and in the nature of the temperature dependence of the rate, which must depend,
in principle, on the kinetics of the inelastic collision. Current treatment of such a problem in
the DSMC frame work relies on the Borgnakke- Larsen ad hoc energy-transfer model of the
inelastic collision [51] are no more reliable than the experimentally determined rates inferred
in the continuum domain [19,20]. For a known/assumed excitation rate, the 13-moment
based shock-layer theory developed in the present program allows one to treat the thermo-
chemical nonequilibrium in a reduced NS system (in Doronitsym or von Mises variable) with
the rate altered by a factor of (P22/p) where P22 may be identified with the pressure in
the NS calculations, and p carries the influence of the translational nonequilibrium [11-13].
Solutions to this transformed thermal nonequilibrium NS problems can be used to calibrate
new rates proposed for thermal nonequilibrium in rarefied hypersonic flow.
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Simple relaxation type rate equations for the rotational and vibrational relaxation of
diatomic gas similar to those used and cited in Refs. [52,201 should be considered in the
reduced NS problem. An interesting study is provided by the flow around the shoulder of a
blunt body, or on the expansion side of a plate or wing surface, where translational temper-
ature freezing will have a significant influence on the freezing in rotational and vibrational
energies (as well as chemistry).

Combustion involving detonation and deflagration waves in premixed fuel is an important
aspect of hypersonic propulsion research. Definitive 2-D computational study has appeared
recently only for the inviscid (Euler) problem [19,53]. The viscous and molecular transport
processes are decisive factors in predicting ignition delay and deflagration front structure.
Under the shock layer formalism, analytic or semi-analytic solution of the problem can be
carried out as in the P1's earlier shock layer analysis [541. The solution structure can be made
more explicit by consideration of an Arhenius rate with a high activation energy [55,56].

3.6 Hypersonic Boundary Layer Instability: Power-Law Shock and Gi5rtler In-
stability

Recent development in hypersonic flow research [19] has brought out a number of generic
instability problems, among which are the unstable inviscid instability at the boundary layer
outer edge on slender bodies and on an aligned plate (even in the strong-interaction regime).
Another instability is expected on a (curved) compression ramp in the form of a secondary
instability associated the G6rtler vorticity on the curved surface (cf. §2.3), which is believed
to provide a mechanism of nonlinear instability preceding turbulence transition [19,57,58].

The instability analysis can be carried with basic technique not far from those in Refs.
[59,60] and provide needed theoretical support to our time-accurate numerical analysis (§4.4).

4 Conclusion

Under AFOSR support (contract 1-0104), the depth and scope of a theory based on a thin-
layer version of Grad's 13-moment equations, which allows correlation and prediction of flows
in a hypersonic shock layer far from translational equilibrium with results of Navier-Stokes
analyses, has been further developed to include detail studies of the distribution function,
the numerical accuracy/adequacy, role of the transition similarity parameter P22/p, and
the applicability of the principle to studies comparing DSMC and more general NS based
calculations.

Several versions of the thin-layer and time-dependent NS codes are programmed/implemented
for the purpose of the comparison study, which promises an applicability range of the theory
wider than anticipated. As examples of 3-D applications, the calculations from the PNS
program establishes a concrete example of the numerical accuracy of the strip method (a
property of the theory,) and leads to ways of generating a universal "bridging function" for
flat-bottom lifting surface of a very wide planform class. The extensive computing effort has
been spent on the time-accurate calculations of the flow-field evolutions upstream of a sharp
trailing edge and of a deflected flap for a nonaligned flat plate. Several unique features are
found to result from the extensive transonic flow region occurring in the viscous layer and the
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extremely low temperature in some locality, which calls for an excessively small time step.
The long computation time needed to carry out such a calculation represents an obstacle
to be overcome for future application of NS codes in the AI, = 20-25 and Kn = 10-1-10
ranges.

A glaring issue with the 13-moment based study has been its inability to provide a solution
to the shock structure; this prevents a successful calculations for the entire flow field using
shock-capturing technique and development of the shock-layer analysis to the next order.
This is due to the failure of the distribution function stipulated, which fail to describe the
persistent influence of the upstream-flow state in a hypersonic flow, as made evident by
DSMC calculations and data inferred from experiment, as well as familiar Mott-Smith bi-
modal analysis. The quasi-l-D shock structure analyses based on DSMC method and on
a multimodal model have not yet proven fruitful, although the study with the multi-modal
(moment) approach does succeed in resolving a major obstacle confounding Grad's original
shock-structure analysis.

While much encouragement has been received in comparing the present theory (assuming
= 7/5, Pr = 0.72) with DSMC calculations for model air. Similarly good agreement

cannot be expected for a higher Mach number (Mo > 27) or for a lower altitude (< 80 km),
owing to the inadequacy of the assumption of a fast rotation-translation energy transfer and
frozen vibrational excitation and frozen air chemistry/ionization; introduction of appropriate
assumptions modeling these nonequilibrium features for engineering applications remains to
be implemented.
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