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joint reaction relationships are combined with the generalized Newton-Euler equations in order

to obtain a system of loosely coupled equations which have sparse matrix structure. Using

matrix partitioning and recursive projection techniques based on optimal block factorization an

order n solution for the system equations is obtained. The formulation developed in this

research project allows for decoupling the joint and elastic acceleration equations without the

need for finding the inverse or the LU factorization of large nonlinear matrices. The proposed

new formulation is implemented on the digital computer in a fairly general way and the

efficiency of the new algorithm is compared with other existing techniques. The techniques and

computer programs developed in this research project are applied to the dynamic analysis and

design of technological and industrial systems such as robotic manipulators and mechanism

systems.
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ABSTRACT

In this investigation, generalized Newton-Euler equations are developed for deformable

bodies that undergo large translational and rotational displacements. The configuration of the

deformable body is identified using coupled sets of reference and elastic variables. The

nonlinear generalized Newton-Euler equations are formulated in terms of a set of time invariant

scalars and matrices that depend on the spatial coordinates as well as the assumed displacement

field. These time-invariant quantities appear in the nonlinear terms that represent the dynamic

coupling between the rigid body modes and the elastic deformation. A set of recursive kinematic

equations, in which the absolute accelerations are expressed in terms of the joint and elastic

accelerations are developed for several joint types. The recursive kinematic equations and the

joint reaction relationships are combined with the generalized Newton-Euler equations in order

to obtain a system of loosely coupled equations which have sparse matrix structure. Using

matrix partitioning and recursive projection techniques based on optimal block factorization an

order n solution for the system equations is obtained. The formulation developed in this

research project allows for decoupling the joint and elastic acceleration equations without the

need for finding the inverse or the LU factorization of large nonlinear matrices. The proposed

new formulation is implemented on the digital computer in a fairly general way and the

efficiency of the new algorithm is compared with other existing techniques. The techniques and

computer programs developed in this research project are applied to the dynamic analysis and

design of technological and industrial systems such as robotic manipulators and mechanism

systems.
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1. INTRODUCTION

Two approaches are commonly used in the study of the mechanics of multibody systems

consisting of interconnected rigid bodies [1,2]. The first approach is based on Lagrange's

equation where scalar quantities such as kinetic energy, potential energy and virtual work are

used. Important concepts such as virtual displacements, generalized coordinates and generalized

forces must be introduced in the Lagrangian dynamics. The second approach is based on

Newtonian Mechanics wherein the motion of the rigid body in space is described by six scalar

equations. The first three equations called Newton's equations describe the translation of the

body and the remaining three equations which are called Euler's equations [3] describe the

rotation of the body. In deriving Newton-Euler equations it is assumed that the origin of the

rigid body reference is rigidly attached to the body center of mass. This assumption leads to

the set of Newton-Euler equations in which the translation and rotation of the rigid body are

dynamically decoupled. In the Newton-Euler aporoach, important concepts such as the angular

velocity and angular acceleration must be introduced. The angular velocity and the angular

accelerations can be defined in terms of the generalized rotational coordinates [41, and therefore

Newton-Euler equations can be obtained using Lagrange's equation in a straightforward manner.

Newton-Euler equations have been used in developing recursive dynam-.ic formulations for open

loop multibody systems consisting of interconnected rigid bodies [5]. The success of using this

approach in multi-rigid body dynamics is mainly due to the fact that Newton-Euler equations are

defined in a simple closed form.

Most existing recursive methods developed for the dynamic analysis of flexible multibody

systems lead to a system of strongly coupled equations. Decoupling the joint and elastic
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acceleration equations requires finding the inverse or the LU factorization of nonlinear matrices

whose dimension depends on the number of elastic coordinates of the system. The difficulties

which are encountered in decoupling the joint and elastic accelerations are mainly due to the

sequence of the inertia projection used in most existing recursive methods.

Another problem of particular interest is the dynamic analysis of closed loop kinematic

chains. Closed loops are handled by making cuts at selected secondary joints in order to form

spanning tree structures. A set of algebraic constraint equations that describe the secondary

joints can be formulated and augmented to the equations of motion of the open loop system in

order to form the dynamic equations of the closed loop kinematic chains.

2. STATEMENT OF THE PROBLEM

Several basic problems of multibody system design have been solved during the last few

years. Most of the investigations were concerned with the dynamic behavior of multibody

systems containing rigid links and accordingly the effect of elastic deformation on the dynamic

behavior of multibody systems has not been fully investigated. Quite often, it is desirable to

build light weight mechanical and structural systems which operate at very high speeds. The

choice of the kinematic and dynamic parameters for the mechanical systems is greatly influenced

by the flexibility of the system components.

It is the objective of this research project to develop, in a closed form, nonlinear

generalized Newton-Euler equations for the dynamic analysis and control of mechanical systems

that contain a set of interconnected deformable bodies each of which may undergo large relative

translational and rotational displacements. A set of time invariant quantities that depend on the
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assumed displacement field and are required to evaluate the terms that represent the nonlinear

inertia coupling between the reference coordinates and the elastic deformation are identified for

each deformable body. The identification of these invariants is crucial in our development since

they provide a systematic approach to study the dynamics of deformable bodies and define the

exact information required from a preprocessor structural dynamic program.

In this investigation, the kinematic relationships in which the absolute coordinates are

expressed in terms of the joint relative coordinates are developed for several joint types. These

equations with the generalized Newton-Euler equations can be used to obtain the system

equations of motion in factored matrix form, which results in large systems of loosely coupled

equations amenable to sparse matrix manipulation. Matrix partitioning and recursive projection

techniques are then applied to symbolically lay out order n solution. The techniques proposed

in this research can be applied to arbitrary open and closed loop kinematic systems to generate

the necessary uncoupled equations.

A computational algorithm in which an appropriate link between finite element computer

codes and dynamic analysis codes that employ matrix partitioning and recursive projection

techniques is developed. In so doing, the dynamic analysis of open- and closed-loop deformable

mechanical systems in terms of a coupled set of absolute, joint and elastic coordinates can be

automated and carried out to the stage of numerical calculations in a fairly general way. The

new computational algorithms is implemented on the digital computer and the efficiency of this

algorithm is compared with other existing algorithms.
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3. BRIEF OUTLINE OF RESEARCH FINDINGS

The objective of this research project was the development of computational methodology

for the nonlinear dynamic analysis of articulated flexible mechanical systems. Most existing

methods for flexible multibody dynamics lead to a set of acceleration equations in which the

coefficient matrix is dense and highly nonlinear. Decoupling the relative joint and elastic

accelerations in these methods require the inversion or the LU factorization of nonlinear matrices

whose dimension depends on the number of elastic degrees of freedom of the system.

Therefore, speaking of the order of an algorithm becomes meaningless since the number of

elastic coordinates may vary from one body to another. A recursive projection method for the

dynamic analysis of nonlinear articulated mechanical systems that consist of interconnected

deformable bodies is developed. The absolute velocities and accelerations of the leaf or child

bodies in the system are expressed in terms of the absolute velocities and accelerations of the

parent bodies and the time derivatives of the relative joint coordinates. The dynamic differential

equations of motion are developed for each body using the generalized Newton-Euler equations.

The relationships between the actual joint reactions and the generalized forces combined with

the kinematic relationships and the generalized Newton-Euler equations are used to develop a

system of loosely coupled equations which has a sparse matrix structure. Optimal matrix

permutation, partitioning, and projection methods are used to decouple the joint and elastic

acceleration equations while maintaining the inertia coupling between the rigid body motion and

the elastic deformation. Recursive projection methods are then applied in order to project the

inertia of the leaf bodies onto their parent bodies. This leads to an optimal symbolic

factorization which recursively yields the absolute and joint accelerations as well as the joint
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reaction forces. This procedure ioes not requ. -e the use of Newton-Raphson algorithms in the

numerical solution of the constrained dynamic equations of open-loop chains since the joint

accelerations are readily available from the solution of the resulting redced system of equations.

Furthermore, the method requires only the inversion or decomposition of relatively small

matrices and the numerical integration of a minimum number of coordinates.

In the analysis of closed kinematic chains, cuts are made at selected secondary joints in

order to form spanning tree structures. Compatibility conditions and reaction force relationships

at the secondary joints are adjoined to the equations of the open-loop systems in order to form

the closed loop dynamic equations. Utilizing the sparse matrix structure of these equations and

the fact that the joint reaction forces associated wit' elastic degrees of freedom do not

represent independent variables, a procedure for decoupling the joint and elastic acceleration

equations of closed loop mechanical systems was developed. Based on the amalgamated

formulation developed in this research project, a computer program for the dynamic analysis of

open and closed loop flexible mechanical systems was developed. In this computer program,

the independent joint accelerations are integrated numerically using a direct numerical integration

method that has a variable order and variable step size. The use of the numerical procedure

developed in this research project was demonstrated using open loop and closed loop multibody

mechanical systems.

During this research project several problems related to the dynamic formulations of

flexible mechanical systems were examined. The research effort was focused on developing

efficient methodologies for the computer aided dynamic analysis of open and closed loop flexible

mechanical systems. The details of the analysis performed, the formulation developed, and the
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applications considered in this research project are presented in the papers listed in section 4.

The tasks accomplished in this research project can be summarized as follows.

1. A spatial finite element formulation based on the generalized Newton-Euler
equations was developed. This formulation accounts for all the terms that
represent the nonlinear inertia coupling between the rigid body motion and the
elastic deformation.

2. The recursive kinematic equations for mechanical systems that consist of
interconnected deformable bodies were developed. The recursive equations were
developed for the cylindrical, revolute, prismatic, and rigid joints.

3. The Newton-Euler equations, the recursive kinematic equations, and the joint
reaction force equations are used to obtain a sparse system of loosely coupled
equations. The solution of this system of equations defines the absolute, elastic,
and joint accelerations as well as the joint reaction forces.

4. A procedure for decoupling the joint and elastic accelerations was developed.
This procedure for eliminating the elastic accelerations leads to a system of
equations whose dimension is independent of the number of the elastic coordinates
of the system. This step for eliminating the elastic accelerations represent the
first projection step.

5. An order n recursive projection algorithm was developed, where n is the number
of bodies in the system. The order of the algorithm developed in this research
project does not depend on the number of the elastic degrees of freedom of the
system.

6. A recursive projection method was also developed for the analysis of closed loop
kinematic chains. Closed loops are handled by making cuts at selected secondary
joints.

7. The use of the methods developed in this research project were demonstrated
using open and closed loop kinematic chains (Space crane, four bar mechanism).

8. The efficiency of the computer algorithms developed in this research project was
compared with other existing methods. Significant saving in CPU time can be
achieved as the result of decoupling the joint and elastic accelerations.
Furthermore, the use of Newton-Raphson algorithms in the analysis of open loop
kinematic chains is not required.

9. The effect of the coupling between the rigid body and elastic displacements was
examined. The significant effect of the rigid body displacement on the wave
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motion s demonstrated.

10. Several composite plate elements that can be used in the dynamics of spatial
mechanical systems were developed. The use of four and eight noded composite
plate elements in the analysis of spatial mechanisms was demonstrated.

11. Several graduate students received their Ph.D. and M.S. degrees during the last
three years. The work of these students was closely related to the subject of the
proposed research.

12. The results obtained in this research project were documented in several referred
journal and conference publications.
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