
ADftM9 514 SENICLRSSICAL THEORY OF INJECTED LMSRS WITH ARDITRARY 1/4
STFOLE MD UNSTRLE RESONAITORS(U) RIR FORCE INST OF
TECH IIRIS4T-PRTTERSON RF3 OH SCHOOL OF ENS!.

WICLASSIFIED S M RUWDI DEC 97 RFIT/DS/PH/?S-2 F/S 913 MI.

mhEEmhhhhhhEEI
Eomhhhhomhhhmhu
EEmhhhmhmhEEEI
smmhhmhmhohhh



q--.

,4

i |i 1$12.2

i .3

illhII,= ,

:t
-- "°

-.-
"

N.M6



\ 2'*

r

K,

C.,~ ~

-s-.x, ~ 7 7

K / V -

\ I

Al ,V?'

~ r ' ~ / >1

/

'I~I1/.*\~\*~-.\IA1 \\* IT I

1 1 ~ ~<

ISA I

:1vvr

- * 

*'*,'

III 

I~*

~



AFIT/DS/PH/87-3

SEMICLASSICAL THEORY OF INJECTED LASERS
WITH

ARBITRARY STABLE AND UNSTABLE RESONATORS

DISSERTATION

Steven M. Rinaldi
Captain, USAF

A AFIT/DS/PH/87-3

DTIC
*Approved for public release; distribution unlimited ELECTE

* MAR 02 188J

c4c H



AFIT/DS/PH/87-3

SEMICLASSICAL THEORY OF INJECTED LASERS

WITH ARBITRARY STABLE AND UNSTABLE RESONATORS

DISSERTATION

Presented to the Faculty of the School of Engineering

of the Air Force Institute of Technology

Air University

In Partial Fulfillment of the

Requirements for the Degree of

Doctor of Philosophy

Steven M. Rinaldi, B.S., M.S.

Captain, USAF

December, 1987

, Approved for public release; distribution unlimited

° .

. .. - * *. o o o . o - . - . A o.



SI-IMIC.A.SSICAI IiIEoI(Y M" IN.iICA'TEID LASEUS

\I'Il A IM IT ItARY STABIL E A NI) UNST'ABILE It *S( N ATOM S

Caiptinu, U!SAF

%~ %



Preface

Coupled laser devices are currently the subject of an intense research effort. Among the various

coupling techniques, injection locking offers a relatively simple method of locking one or more lasers

to a common source. This theoretical analysis evolved from perceived deficiencies in the previously

developed models of injected lasers, in which the locking ranges of lasers with large outcouplings

are incorrectly estimated. It is my hope that many of the shortcomings of the previous models have

been eliminated in this project.

A large number of symbols are used throughout the derivations. A glossary of symbols and

notation is included at the end of this dissertation.

As with any major undertaking, this project could not have been completed without the help,

encouragement, and understanding of many people. My sincere appreciation goes to my advisor,

Dr John Erkkila, for his insight and guidance throughout the past six years. The computer work

would not have been possible without the help of several individuals. Specifically, I wish to thank

Capt (Dr) Mark Rogers for providing funding for and assistance with the Air Force Weapons Labora-

tory Cray I computer; Capt Paul Sydney for obtaining and installing TFX on the ARVAX computer;

and Mr Brian Kennedy, Capt Paul Sydney, and Lt Darryl Sanchez for answering innumerable ques-

tions about the ARVAX computer. Capt (Dr) John Glessner graciously provided the experimental

excimer laser data analyzed in Chapter VII. Many enlighting technical discussions were held during

the past three years with Dr Tom Ferguson. I wish to thank my wife Ginger and son Anthony for

their understanding, love, and patience, especially during the particularly trying times. Finally, I

offer my deepest thanks to the Lord, who patiently taught me the meaning of Matt. 7: 7-11 during

the course of my studies. AToesion For
- NTIS GRA&'I
-" DTIC TAB ['Steven M. Rinaldi El
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Abstract

A semiclassical analysis of injected lasers with stable and unstable resonators and arbitrary

outcoupling fractions was performed. Homogeneously broadened lasers with Fabry-Perot and with

positive branch, confocal unstable resonators were modeled. Both time-dependent and steady-state

analyses of free-running and injected lasers were performed.

Because of deficiencies in the standing wave semiclassical and the simple saturable gain models, a

new semiclassical theory of homogeneously broadened lasers was developed. The theory is predicated

upon the following assumptions: the atoms are two-level, a single longitudinal mode exists in the

cavity, the transverse mode structure can be adequately modeled by the geometric optics mode,

and the laser electric fields can be described by a pair of counterpropagating planar, cylindrical,

or spherical traveling waves with different amplitudes. A general semiclassical theory was first

developed, and then specialized to the Fabry-Perot and positive branch, confocal unstable resonator

cases. Both the Maxwell-Bloch and rate equation approximation forms of the theory were derived.

The gei,.eral theory is sufficiently broad to allow the modeling of the geometric optics mode of any

standing wave resonator configuration. The theory was shown to reduce to the simple saturable gain

and standing wave semiclassical models in the appropriate limits.

The analyses of the injected lasers were performed with the new semiclassical theory. Both

time-dependent and steady-state analyses were performed. The parameter space explored allowed

the outcoupling fractions to be varied and the injected signl frequencies to be detuned from the

free-running laser frequencies. Observables of interest included the threshold injected intensities,

the locking ranges, and the injected laser system gains. Comparisons to three alternate models of

injected lasers were performed. In the appropriate limits, the present model was shown to reduce

to the other models.
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SEMICLASSICAL THEORY OF INJECTED LASERS

WITH ARBITRARY STABLE AND UNSTABLE RESONATORS

I. Introduction

Coupling of laser devices has been performed over the past three decades in order to control var-

ious parameters of the output beam. A variety of schemes, each with advantages and disadvantages,

have been used to couple lasers. These techniques include optically coupled resonators (1-19), mas-

ter oscillator/power amplifiers or MOPAs (20-22), electronically coupled lasers (23-27), nonlinearly

coupled lasers (28, 29), nonlinearly coupled MOPAs (30-32), and common mirror or shared optical

element coupling (33, 34). A seventh technique, with which this research project is concerned, is

injection locking.

The injection locking technique utilizes a low power master oscillator to control a higher power

slave oscillator. The beam from the master oscillator is directly injected into the slave oscillator. This

is illustrated in Figure 1.1. If the frequency of the injected field is relatively close to the free-running

frequency of the slave oscillator and the injected intensity is above a minimum value, then the spatial

and spectral properties of the slave laser beam will be the same as those of the master oscillator

beam. Most importantly, the field emitted from the slave laser will have the same frequency as and

a fixed phase relationship with the field from the master oscillator. This phenomenon i known as

'locking". The range of frequencies over which the injected signal may vary from the free-running

frequency of the slave oscillator while maintaining locking is known as the "locking range". The

minimum or "threshold" value of injected intensity for which locking occurs is a function of the

detuning of the injected field from the free-running field of the slave oscillator. As high power lasers

often have poor spectral and spatial characteristics, a well-controlled beam from a low power master

oscillator can cause a significant improvement in the output from the slave laser. For this reason,

injection locking is a useful tool for providing high power, high quality laser radiation.

-- ~ ~ ~ ~ .*-e*~I, - -48.%
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Figure 1.2. Various methods of injection locking. The dotted lines indicate partially transmissive

mirrors. IIN is the injected field; I,,.t is the output field from the slave laser. Adapted

from (38).
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parameters are the phase and frequency of the electric field of the slave laser. Subject to the locking

range and threshold intensity constraints mentioned above, the phase and frequency of the slave

field can be locked to those of the injected field. This provides an alternate method of tuning the

frequency of the high power slave, as opposed to intracavity gratings or etalons. Spectral narrowing

of the slave field is a third important effect of injection locking. Often, the output spectra of high

power lasers are broad. The fields from dye and excimer lasers tend to be composed of many

longitudinal modes and have considerable linewidth, for example. Injection locking has been used to

significantly reduce the linewidth of the slave laser and force it to operate on only a few longitudinal

modes. Additionally, by narrowing the spectrum, the power in the oscillating modes may increase

significantly, as the gain is used by a narrower portion of the spectrum. Injection locking can be

used to control the spatial properties of the output beams. The transverse modes and electric field

polarizations of the slave laser output can be fixed by the injected fields, as well as the degree of

output beam divergence. The master oscillator can thus control many of the temporal, spectral, and

spatial properties of the slave laser.

This research effort is a theoretical analysis of injected lasers. Many theoretical studies have

been performed in the past, but all suffer from one or more limitations. This project has been aimed

at loosening some of the constraints of the previous works. The effort is composed of two parts. The

first consists of developing a semiclassical theory of a laser with a general resonator and an arbitrary

outcoupling. Most semiclassical theories assume small outcouplings from the laser; hence the fields

are modeled as planar standing waves with amplitudes that do not vary spatially. This constraint is

loosened by allowing the fields in the laser to be traveling waves with arbitrarily varying amplitudes.

The resultant theory may be applied to free-running as well as injected lasers. In the second part of

the research, the new semiclassical theory is applied to the injection locking problem. The injected

field is modeled as a boundary condition. The effects of the injected field on the slave laser field

are then explored. Of primary interest are the locking ranges and threshold injected intensities

as functions of the outcoupling of the slave laser and the detuning of the injected signal from the

4
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free-running slave laser fields. The assumptions and limitations of the research are discussed more

fully later in this chapter.

Backiround

Injection locking of lasers is merely a specific case of the general locking phenomenon. Locking

has been observed in a host of disciplines, including mechanics, electrical engineering, economics,

and sociology (106). Perhaps the earliest recorded observation of locking was made by Christiaan

Huygens, when he wrote in 1665:

Being obliged to stay in my room for several days and also occupied in making observa-
tions on my two newly made clocks, I have noticed a remarkable effect which no one could
have ever thought of. It is that these two clocks hanging next to one another separated
by one or two feet keep an agree-ent so exact that the pendulums invariably oscillate
together without variation. After admiring this for a while, I finally figured out that it
occurs through a kind of sympathy: mixing up the swings of the pendulums, I have found
that within a half hour they always return to consonance and remain so constantly after-
wards as long as I let them go. I then separated them, hanging one at the end of the room
and the other fifteen feet away, and noticed that in a day there was five seconds difference
between them. Consequently, their earlier agreement must in my opinion have been caused
by an imperceptible agitation of the air produced by the motion of the pendulums. The
clocks are always shut in their boxes, each weighing a total of less than 100 pounds. When
in consonance, the pendulums do not oscillate parallel to one another, but instead they
approach and separate in opposite directions.

Huygens later deduced that the coupling was not caused by vibrations in the air, but rather by

vibrations transmitted through the wall (106:52).

The coupling of two triode oscillators was discussed by Balth Van der Pol in 1920 (107). He

analyzed a double tank circuit, and noted that cross coupling and cross saturation effects tokk place

between the oscillating modes. He also examined a triode oscillator with a nonresonant siinusoidal

forcing function. Under certain conditions, the signal from the oscillator would lock in frequency to

the forcing function. He termed this "automatic synchronization". Robert Adler extended thii work

in 1946 with an analysis of tuned electronic oscillator circuits (108). lie observed Ihat the oscillator

would lock to an impressed signal if the amplitude of the signal was above some threshold value, lie

was able to derive an expression for the threshold amplitude of the impressed signal. The threshold

5



depended upon the circuit design and component values. Additionally, he related the electronic

locking phenomenon to a simple mechanical analogy.

Since the advent of the laser in 1960, many theoretical and experimental studies of injection

locking have taken place. The earliest experimental study of injection locking was performed by

Stover and Steier in 1966 (71). They coupled two HeNe lasers together, and observed that the locking

thresholds and ranges qualitatively fit Adler's theory. Since that time, other experimental studies

have been performed, using lasers with frequencies ranging from the far infrared to the ultraviolet.

The experiments have verified that injection of radiation into the slave oscillator can force phase

and frequency locking, single longitudinal mode selection, and spectral narrowing. Injection locked

lasers are now commercially available, with improved output characteristics over the corresponding

free-running lasers.

The theoretical studies have generally utilized one of two different analytic methods. The first

employs the rate equations of the various atomic levels. Injection is modeled as a boundary condition.

This technique may be extended to the steady-state, using the simple saturable gain model. The

second method makes use of the semiclassical theory. The injected field is modeled as an additional

source term in the wave equation.

The rate equation approach uses the gain medium rate equations to model the interaction

between the electric fields and the medium, and incorporates the injected field via a boundary

condition (87, 88, 90, 92, 95, 99). The analysis of a laser medium using the rate equations is wAell-

developed (109-125). An energy level diagram of a typical lasing species is depicted in Figure 1.3.

From this diagram, the rate equations may be written as:

dN2  R 1 +I 2  ( 2 ~ 1  li ~ (d- R, ( + + ) N2 - N, - N1 ) fl() (1 1)

dN, 9R N1  ) N29'' .V "v()

dt /
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Figure 1.3. Energy level diagram of a typical lasing atom.

. where N, is the population density of the ith level, 0 is the photon flux density, R, is the pumping

rate to the ith level, B(v) is the stimulated emission coefficient as a function of frequency L,, g,

is the degeneracy of the %th level, t., is the spontaneous decay rate, t,,r is the decay rate due to

nonradiative processes, t,j are the decay rates from level i to level j, and t, is the photon lifetime.

These equations can be expanded to include the effects of spatially dependent fields, amplified

spontaneous emission, multiple longitudinal modes, additional atomic levels, etc.

Injection is incorporated into the rate equations via the boundary conditions at one of the

mirrors. This is depicted in Figure 1.4, where the injection takes place at mirror B. The boundary

conditions at mirror B can be expressed as:

RL ~ R Inwithout injection
L Rn -+ (1 R - A)IIN with injection
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Figure 1.4. Fields at the injection mirror. (a) Without injection, (b) with injection.

where IR and IL are the intensities of the rightward and leftward traveling waves, Ip, is the intensity

of the injected field, R is the intensity reflection coefficient of the mirror, and A is the absorption

coefficient of the mirror.

A steady-state version of the rate equation approach is very simply developed, following the

methods of Rigrod (121-123), Chernin (112), and Moore and McCarthy (119). At steady-state, the

rate equations yield the following intensity equations along the optical axis z of the resonator:

- = (GO - 01) IR (1.3a)

dz

d =- (Go - ao) IL (1.3b)dz

Go= go +  
(1.3c)

where go is je small signal gain, o, is the nonsaturable loss of the medium, L is the length of the

medium, z is the axial position in the resonator, and 1,,, is the saturation intensity. go and I.,,t

are obtained from the rate equations at steady-state. Eq (1.3) is the differential form of Beer's law,
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and is alternately known as the simple saturable gain or go-hoat model. The injected signal is again

incorporated as a boundary condition. The equations can be solved by the methods of Moore and

McCarthy.

There are several inherent problems with using the gain medium rate equations to model the

injection process. The equations are based upon the intensities of the fields inside the laser. As

such, no phase or frequency information is contained in the equations. Medium pushing and pulling

effects are not modeled, so the actual oscillation frequency cannot be determined. Beating between

the injected signal and the normal laser modes in the absence of locking will not appear in this

formalism. Variations in the frequency of the output beam from the slave laser during the onset of

locking will not be seen. Spatial hole burning effects due to the interference of the two traveling

waves are not accounted for in the model. Despite these problems, the model can show the temporal

changes in the mode intensities and competition for the gain by the various modes in the presence

of an injected field. Temporally resolved spectra and some transient phenomena during the onset of

locking can also be calculated with this method.

A more sophisticated treatment of the the injection locking problem uses the semiclassical

theory (82, 83, 91, 100, 101). This theory models the lasing species quantum-mechanically and the

electric fields classically. Generally, the fields in the laser are expanded as a series of plane, standing

waves. The theory correctly accounts for frequency, phase, and spatial hole burning effects. In this

sense, it more accurately models the operation of the laser. The injected signal is incorporated

as an additional source term in the wave equation. This forces the injected field to be distributed

throughout the laser, thus affecting all parts of the gain medium. In this manner, injection is modeled

as a distributed process rather than as a boundary condition. Two of the prominent semiclassical

theories of injection locking were developed by Spencer and Lamb (101) and Chow (82, 83). As these

theories are discussed in detail in later chapters, the semiclassical equations will not be presented

here.

-. 9



The previous semiclassical theories of injection locking suffer from several main drawbacks.

First, the injected field is distributed throughout the gain medium. This is only an approximation

to the more accurate picture in which the injected field is incorporated in one of the mirror boundary

conditions. Second, the use of uniform amplitude standing wave fields forces the outcouplings to be

very small. As is shown in a later chapter, the standing wave theories break down for outcouplings

of 10% or more. Nonetheless, these theories have been applied to lasers with very large outcouplings.

Finally, the fields are modeled as plane waves. This precludes accurately applying the semiclassical

model to arbitrary stable or unstable resonators, in which the fields are generally spherical or

cylindrical waves.

Research Scope

The discussion above underscores the problems with the previous theoretical analyses of injected

lasers. The purpose of the present research is to attempt to correct some of the deficiencies of the

other works. This is accomplished by relaxing some of the constraints imposed in the other works.

The extent, limitations, and some of the important assumptions of the current work are discussed

in this section.

The first half of this project is the development of a semiclassical laser theory applicable to

lasers with arbitrary outcoupling fractions. This is accomplished by decomposing the fields inside

the laser into counterpropagating traveling waves, instead of the usual standing waves. Furthermore,

the amplitudes and phases of the waves are allowed to vary slowly in time and space. From previous

theoretical works (121-123), it is known that the amplitudes of the fields inside a general laser will

vary spatially along the optic axis. The spatial variation of the waves is thus the key to modeling

arbitrary outcouplings. Unlike the usual semiclassical theories, the traveling waves are allowed to

be planar, cylindrical, or spherical. Consequently, unstable resonators as well as general stable

resonators can be modeled with this theory, instead of just plane-parallel mirror cavities (Fabry-

Perot interferometers). The theory is compared to the simple saturable gain model, the theory of

Agrawal and Lax (142, 143), the Lamb semiclassical theory (134, 135), the theory of Spencer and

10
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Lamb (101), Chow's model of the injected laser (82, 83), and Ferguson's injected laser model (87,

88). In the appropriate limits, the new theory is shown to reduce to all of these models.

Several simplifying assumptions are placed on the semiclassical model. First, the lasing atoms

or molecules are assumed to be stationary. This forces the predominate broadening mechanism

to be homogeneous. Second, the lasing species are modeled as two-level atoms. This is a typical

assumption of the semiclassical theories. Third, only a single longitudinal mode is allowed to exist

under the gain curve. This assumption is not unrealistic in homogeneously broadened lasers. If

sufficient gain exists between the spatial holes burned in the medium by one mode; other longitudinal

modes may oscillate. However, the usual situation is that only a single mode is above threshold, so

the laser operates on only that mode. Fourth, the amplitudes and phases of the electric fields and the

induced medium polarizations vary slowly in both space and time. The slow spatial variations can

be justified by examining the works of Rigrod (121-123), Moore and McCarthy (119), and Agrawal

and Lax (142, 143). The temporal variations are typically assumed to be slow in semiclassical

theory. Finally, the modes are assumed to be the geometrical modes of the resonator. No transverse

diffractive structure or higher order transverse modes are modeled. Again, the usual semiclassical

approach ignores such transverse field variations.

The semiclassical equations of motion are derived via two methods. The first approach devel-

ops the Maxwell-Bloch equations for the medium polarizations, population inversion density, and

electric field amplitudes and phases. Unfortunately, this set of equations is too complex to be solved

numerically. Consequently, the equations of motion of the electric field are derived in the rate equa-

tion approximation (REA). Although also complicated, this set of spatially and temporally varying

equations can be solved on a computer. The REA equations are easily solved numerically at steady-

state. All of the numerical calculations performed as part of this research utilize the laser equations

in the rate equation approximation.

The study of injected lasers comprises the second half of this research. As a wide variety of la.er

resonators exist, only two simple types of cavities are chosen for study: the Fabry-Perot plane-parallel

11
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resonator, and the positive branch, confocal unstable resonator (PBCUR). The injected signal is

incorporated as a boundary condition in both cases. The injected signal is assumed to have a fixed

amplitude, phase, and frequency. This assumption does not affect the semiclassical theory discussed

above; it affects only the numerical calculations through the boundary conditions. Although there

are important cases in which the injected signal has a time-varying amplitude (such as in the locking

of pulsed devices), these cases are not examined in this study. Finally, the parameter space examined

allows for variable outcoupling from the slave laser and variable detunings of the injected signal from

the free-running slave laser field. The locking ranges, threshold injected intensities, internal slave p

laser field intensities, and output powers are examined as functions of the slave laser outcoupling

and injected field detuning.

Organization

The semiclassical theory of a laser with a general resonator is developed in detail in Chapter II.

The theory is specialized to a laser with a Fabry-Perot resonator in Chapter III. Both the Maxwell-

Bloch equations and the equations of motion in the REA are presented. The steady-state equations

are developed, and the boundary conditions are given. Comparisons of the Fabry-Perot laser theory

to alternate models of lasers with stable resonators are made in Chapter IV. The semiclassical theory

of the PBCUR laser is developed in Chapter V. The Maxwell-Bloch equations and the equations of

motion in the REA are presented, along with the steady-state theory and the appropriate boundary

conditions. The PBCUR laser theory is compared to other models in Chapter VI. The numerical

studies of the Fabry-Perot laser are discussed in Chapter VII. Included are studies of free-running

and injected lasers, and comparisons of these results to the works of others. Chapter VIII examines

the results of the numerical studies of the PBCUR laser. Again, both free-running and injected

lasers are examined, and the results are compared to those in the literature where possible. The

research is summarized in Chapter IX. Design criteria and recommendations for future studies are

also presented in this chapter.

12
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II. Semiclassical Theory of a Laser with a General Resonator

The semiclassical theory of the laser has existed for well over twenty years, since Lamb produced

his pioneering work in 1964 (134). Since that time, the theory has been extended to include high

intensity lasers, multimode lasers, traveling wave ring lasers, and laser amplifiers. Both homogeneous

and inhomogeneous broadening mechanisms have been incorporated into the theory. However, with

the exception of the amplifier theories, the models all assume that the outcoupling losses of the lasers

are low, and thus do not allow the electric fields to vary spatially. The amplifier theories utilize plane,

traveling waves that vary spatially. The amplifier models are single pass, so the internal fields are

unidirectional. Unfortunately, none of these theories can be adequately applied to the case of a

%. laser with a general stable or unstable resonator and high outcoupling losses. For these reasons, a

modified version of the semiclassical theory was required for this research.

The semiclassical equations of motion of the complex electric fields inside a generalized, loaded

laser resonator are derived in this chapter. From this case, the specific Fabry-Perot and positive

branch, confocal unstable resonator (PBCUR) equation sets can be obtained. These cases are

discussed more fully in Chapters III and V.

This chapter is designed to be tutorial in nature. For this reason, some of the material presented

exists elsewhere in the literature (106, 126-141). This material is included for completeness, however.

This chapter is composed of eight sections. The first section discusses the philosophy of the

semiclassical model of the laser. Next, the "general laser resonator" and other key definitions are

presented. The population density matrix equations of motion are derived in the third section.

The derivation of the Bloch equations follows. In the fifth section, the equations of motion of the

electric fields are developed. The results of the fourth and fifth sections can be combined to yield

the complete set of Maxwell-Bloch laser equations. This set of equations is normalized in the sixth

section. The laser equations are next derived in the rate equation approximation. The important

formulae are summarized in the final section.
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Figure 2.1. The self-consistent approach of the semiclassical theory. Adapted from (135:78).

The Semiclassical Laser Model

The semiclassical theory of the laser is a self-consistent model in which the electric fields are

treated classically and the active lasing species are modeled quantum-mechanically. This is illus-

trated in Figure 2.1. The lasing species may be atoms or molecules; however, the species will simply

be referred to as "atoms." The electric field ]E(i,t) is first applied to a single atom, inducing a

polarization (15,) in the atom. A laser is composed of many such atoms, each of which interacts

with the applied electric field. A statistical summation of the individual polarizations is performed,

yielding an overall polarization P(F, t) of the gain medium. This polarization is a driving term in

Maxwell's equations, producing a reaction field E'(i, t). When the reaction field is exactly the same

as the initially applied field, the model becomes self-consistent. The fields and induced polarizations

are then known.

For most laser devices, a semiclassical treatment is adequate. One might argue that the electric

fields should be quantized as well as the atoms in order to properly treat the problem. In most lasers,

however, the electric fields are quite intense, with very large photon numbers. By the correspondence

principle of quantum mechanics, the quantized electric fields are more than adequately modeled by

classical fields. Unless the laser is operating very close to threshold, the photon numbers are usually

large enough to justify the use of classical fields.

14
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The semiclassical theory can be applied to all laser problems that do not inherently depend

upon the quantized nature of the electric fields. The temporal behavior and steady-state vales

of the laser electric fields, output powers, extraction efficiencies, and chaotic behavior are several

examples of problems that have been successfully treated with the semiclassical theory. Problems

dealing with photon statistics, threshold behavior, quantum fluctuations, noise, and spontaneous

emission depend upon the quantized nature of the electric fields, and must be treated with a fully

quantized (quantum-electrodynamic or QED) theory.

The General Laser Schematic

The general laser is pictured schematically in Figure 2.2. The resonator consists of two opposite

mirrors of arbitrary radii of curvature with optic axis z. The mirrors have complex transmission

and reflection coefficients given by:

Mirror A: rA = rAe A ( b)[tA = tA e 
47

A

." f r B = rB c ' O RJ

Mirror B: (2. lc, d)
-,, = tB

e i 4 T
B

As the resonator is of arbitrary design, outcoupling can be accomplished via mirror transmission

and/or diffractive field spilling about either mirror. An active laser medium lies between the mirrors.

The longitudinal extent of the medium is unimportant in the following derivations. The medium

extends sufficiently in the transverse directions so that the resonator modes are not apertured by

the gain cell boundaries.

The fields inside the resonator are depicted in Figure 2.3. The fields are generally two counter-

propagating spherical or cylindrical traveling waves. As special cases, one or both of the waves may

be planar, yielding the PBCUR and Fabry-Perot resonator cases, respectively. The fields emanate

from focal points Fn and FL on the z axis. The rightward and leftward traveling waves are given

15
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Figure 2.2. The general laser device.

by, respectively:

ER (Z't) = 4ER(z, t) exp{-i[vit - kpR +OR (Z,t0]}+ .4-C-c (2.2a)

EL (Z,t) = -EL zt)exp{-i[/it - kPL + OL(Z,t) I I+c-c.} (2.2h)

( cylindrical wave(.3

1,spherical wave

PR A$ z + IR (2.4a)

PL ;. L + IL - Z (2.41))

Here, PR.L are the radial distances from the focii Fn.L, ERL(Z, t) are the field amplitudes, k is

the wavenumber, and qOR,L are the phases of the electric fields. IZ is a reference frequency; when

the laser has an injected signal, v,- is the frequency of the injected field. Notice that VI 4 of
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Figure 2.3. The general resonator fields. Adapted from (158:279).

and v, + qSL are the instantaneous frequencies of ER(Z, t) and EL(Z, t), respectively. ER, EL,

OR, and OL are real and assumed to vary slowly in time and space. a is a parameter describing the

cylindrical/spherical nature of the waves. c.c. denotes the complex conjugate term. Finally, Eq (2 4)

confines the ensuing derivations to the paraxial region.

The total electric field E(z, t) is given by the sum of the left and right traveling waves:

E(z, t) = Eft (Z, ) EL (Z, 0 (2.5)

In a like manner, the total polarization P(z, t) is defined as the sum of two traveling wave parts:

P(z, t) = PR(z, t) + PL(Z, t)

= 1{PR(z ' t)exp{-i[vi t - kz+ 01?(zt)]}

+ PL(z,t) exp { -i[/it + kz + 0L(z, t)] } -c c.
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=iP,'dZ~t)exp{-i[vt4+ 6R(Z~t)]}

+ PL,(z,t)exp {-i[Vlt + OL(z,t)]} + c.c. (2.6)

PR, PL, PR, and PL are generally complex quantities. PRL are slowly varying in both space

and time, whereas PRL vary slowly in time only. Nothing is explicitly stated in Eq (2.6) about a

spherical/cylindrical/planar nature of the polarization waves.

The Density Matrix Eguations of Motion

The density matrix equations of motion are derived in this section, Although this materiAl can

be found elsewhere, it is included here for completeness.

The derivation commences with a general two-level atom, depicted in Figure 2.4. The eigenstates

are )a) and Ib), with energies Ea = hwa and Eb = hWb, respectively. When the system transitions

from 1a) to 1b), a photon of energy hw = Ea - Eb may be emitted. w is the linecenter frequency of

the atomic transition, and h is Planck's constant.

The atomic Hamiltonian is given by:

h
2

Hatom -r V 2 + Vat,,(V) (2.7)
2m

A complete, orthonormal set of stationary states b(F), with energies E., is assumed to exist. With

a phenomenologically introduced radiative damping term (106:82), the eigenstates are given by:

'a(, t) = e-/2e-t"/,.(f) (2.8)

-y. is the mean lifetime of the state, as:

.1 2 = e - "- '  bk.2 (2.9)
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Figure 2.4. The two-level atomic system.

A small perturbing Hamiltonian V is applied to the atom, so that the total Hamiltonian H is

given by:

H = H.ton, + V (2.10)

The perturbation of interest is an electric field, so the electric dipole interactions will be important.

V is of the form:

V -ei:-6E(F, t) (2.11)

where i is the unit vector in the direction of the electric field, and e is the electron charge. The

wavelengths of the electric fields of interest are much greater than the atomic system size, so the

electric field can be regarded as spatially constant over the atomic volume. This is known as the

'dipole approximation."
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The perturbation will cause a mixing of atomic states, so that:

41 iF, t) = a (t)¢,l' + 6, ( F,() (2.12)

where a(t) and b(t) are time-dependent coefficients. Following time-dependent perturbation theory,

the equations of motion of a(t) and b(t) are:

% Iha = ahw. + a(aIVIa) + b(aIVjb) (2.13a)

i* = bhwb + a(bIVIa) + b(bIVIb) (2.13b)

Assuming that the atom has no static dipole moment, the integrations become:

(alVLa) = 0 (2,1. 1a)

(aIVjb) = -eE(alIr Fib)

= -yE (2.14 b)

(bLVla) =-eE(bli 4Ia)

= -2.14,)

-I (LVIb) = 0 (2. 14d)

where p is the dipole moment matrix element. Suppressing the h terms and using Eq (2.14) in

Eq (2.13) yields:

,+.= am,1 - -E (2.lSa)

pa
ib = Wb - XE (2 15)

The effects of the damping terms remain to be included. With the decay introduc'e. Eq (2 IS)

becomes:

pb 'It= au, - -E - t-a (- 1a,)
h 2

ibut b- yaE - %t(b 12 , b

A 2

A,'
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The dipole moment of the atom is given by:

e (x) = e f (aO. + bi,)* x (ab, +t bitb,,) dx

at "vvr

= p~ (a6b -+ Va) (2.17)

The bilinear functions ab and ba are thus two quantities of importance. Further, aa and I are

the occupation probabilities of the upper and lower atomic states. This suggests using the density

matrix formalism to determine the coefficients a and b, instead of solving Eq (2.16) directly. Tht.

density matrix p for a single atom is defined as:

P - a b b 'b = p ,,, P I, "

By further defining a "Hamiltonian matrix" fA and a "loss matrix" r ,

(,, V/h) 
(2.19a)

r -- a 0) (2.19b)

Eq (2.16) can be recast as:

i d = lip - pA - p r+P" (2.20)

Eq (2.20) is the equation of motion of the density matrix of a single atom, with a phenotnenologically

introduced radiative damping term. However, the collection of atoms that forms the gain iuiedium

is of primary importance. Furthermore, the macroscopic polarization of the medium remains to be

calculated. A statistical summation of the microscopic atomic polarizations is required.

The derivation requires several additional approximations. First, the atoms are assumed to be

stationary. This causes the primary broadening mechanism to be honogeneous. The lamiltonian

matrix fl is assurned to be independent of time. Finally, some individual atom of interest is allowed

to exist in a known eigenstate at an initial time t,,, represented by:

PA a ) -- 0 (2 2 a
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A or

p (b) =( 01 (2.21ib)

The system is in the state p(a) when the perturbation V is applied at t = to. The general solution

for t > to is denoted as p(a, to,~ t), and it must satisfy Eq (2.20) with the initial condition:

p(a, to, to) = p(a) (2.22)

In order to determine the macroscopic average of some property F, the expectation value of thle

corresponding operator must be calculated:

((F)) = tr Fp(a, to,, t)

= tr F p(a, tot, t) (2.23)

where the summation runs over all atoms in the medium. To this end, an average or "population"

density matrix is introduced:

,o(a, t) p(a, to., t) (2.24)

Letting A,(to) dt be defined as the average number of atoms excited to state 1a) during the time

interval to 5 t < to -+ dt, with )A,(t) independent of space (spatially uniform pumping), Eq (2.24)

can be written as:

eo(a, t) =f dto A.(to)p(a, tj), t) (2.25)

- __

Differentiating with respect to t and assuming that A., is constant in time yields:

I o e(a, t) = I { )p(a, t, t) - A,,p(a, -oo, t) -+ dt0 A., at j,(a, to, t)

= iA,,p(a)-.$i fdto A. a-p(a,to,t) (2.26)

-00
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Using Eq (2.20) in Eq (2.26), the equation of motion of o(a, t) becomes:

t d(a, t) = iAp(a) + FLi(a, t) - e(a, t)fl -

Wt 2

Finally, defining:

.( 0b) (2.27)

p(t) Lo (a, t) (2.28)

and summing over states 1a) and 1b), the equation of motion for the population density matrix

becomes:

i dO(t) = FlO(±) - O(t)fl - - (r() + e(t)r) + IA (2.29)

Eq (2.29) can be broken into several physically meaningful pieces. The first two terms of the

right-hand side form the equation of motion of L in the Schr~dinger picture without the decay or

pumping terms:

d
'z- -= 1l1, e0

The third and fourth terms on the right-hand side of Eq (2.29) can be written as an anticommutator

bracket. This bracket physically represents the exponential decay of the populations of states ja).

Finally, the last term in the equation contains the linear pumping terms to states 1a).

The Bloch Equations

The Bloch equations for the gain medium are derived in this section. Since the polarization

wave is composed of rightward and leftward traveling wave parts, five Bloch equations are obtained

instead of three, as in a standing wave laser. The five equations describe the temporal behaviors of

the real and imaginary parts of the two polarization waves and the population inversion density.

4.2
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The equations of motion of the population density matrix elements can be obtained from

Eq (2.29):

Qab = -(iw + -I) eh + -V (GO. - ebb) (2.30a)
h

e,, = Aa - I,& gaa - ( Veh. + C.c. (2.30b)

Qbb = Ab - 'Ybebb + ( VOb + . (2.30C)

where

I= ph+ -- + b (2.31)

"Iph is a collisional dephasing time constant (106:84-89). Although the atoms are assumed to be

stationary, "Yvh is added to the average of the decay constants of the states 1a). This phenomenolog-

ically accounts for collisions that occur between "real" atoms. The addition of the term broadens

the atomic line somewhat. Additionally, V can be expanded as:

'. ~V = 
f  r itV . -- _ i-k- n C- i-(v

' t / - k z +
On

a

2 IpR

+ ELeik(L+IL )e-i(vit+kz+0L + Cc. (2.32)

where Eqs (2.2), (2.5), and (2.11) have been used.

The macroscopic polarization is given by (see Eq (2.23)):

P(z, t) = .(Qohb + Ol) (2.33)

Substituting Eq (2.6) in Eq (2.33) yields:

Vab li(L't+4-) + P L 
' l ' +  (2.34)

Previously, ER, EL, OR, OL, PR, and PL were assumed to vary slowly in space. The spatial

variations are so slow that locally (over a few wavelengths of the radiation), these six quantities can

be taken as constants. For the field amplitudes, this approximation can be justified by considering
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4,

.L,

the results of (121-123, 142, 143). Over the length of a typical resonator, the intensities of the

electric fields vary by a factor of about 10. For resonator lengths on the order of a few meters and

optical frequency radiation, approximately 10' wavelengths are required to fill the cavity. Clearly,

over a few wavelengths, ER and EL can be taken as constants. Similar arguments can be extended

for PR, PL, OR, and 4OL.

With the assumption of local constancy, Eqs (2.6), (2.33), and (2.34) can be combined as:
zo-t-A/2

PR (z, t) -- 2pjei(vIt+ ) f e)e-ikz dz

zo+A/2
2 f ZP + - k z (2 .35)

ZO

where zo is an arbitrary position on the optic axis in the gain medium, and A is the wavelength of

the optical radiation. Similarly:

zo-4-).2

P2(Zf = + Pt esk dz (2.35b)
- o + '

Notice that Eq (2.35) is similar to a Fourier transform. The z variations on the left-hand sides of

the equations are quite slow; in the local region [z, ZQ + A/21 there is essentially no z variation. The

integrations over z effectively remove the rapidly varying parts of P' and PL.

Using Eqs (2.32) and (2.34), Eq (2.30a) can be expressed as:

P" + PL' + "

ER e'-e-' + ELe' kL~ e
- '

where

,, ,( .... - ,.,.) (2.37)
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and the rotating wave approximation has been used. w is proportional to the population inversion

density.

Eq (2.36) must now be separated into two equations, one describing the time evolution Of PR

and the other describing PL. The following identity from calculus will be required:

dJf (z, a) dx (9 J -(x,a) dx+ f(q, a) L! - f(,a (2.38)

The equation of motion of P1 , is developed first. Multiplying both sides of Eq (2.36) by c-k' dz,

integrating from zo to z() + A/2, and using Eqs (2.35) and (2.38), the equation for PR? is obtained:

PR -[(Aw- - l) +W-]PR

- 0/ {.~~ERetR + ~!ELei(LLLet(LR2z wdz (2.39)

with

AW =-W - VIq (2.40)

Similarly, by multiplying Eq (2.36) by eikz dz, integrating from zo to z() + A/2, and using Eqs (2.35)

and (2.38), the equation for PL is derived:

PL= [i(AwI - 'IL) + -Y] Pj.

zo-tA/2

VIA f k~fl iO L.OPEkz) k(L+ 1)1
* -~ J {4Etek e4Ln2z + LJ~ewdz (2.41)
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Since PR and PL are complex quantities, they can be written as:

PR = UR (Z, 0 1 -- VR (Z t) (2.4 2a)

PL = U L(Z, 0) -VL (Z, t) (2.4 2b)

where UI?.L and VRL are the real and imaginary parts, respectively, Of PR.L. uR.,L and V.L vary

slowly in time and space, and are real quantities. Substituting Eq (2.42) into Eqs (2.39) and (2.41)
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and separating the real and imaginary parts, the first four Bloch equations are obtained:

Xo +,/2¢

tiR =-tUR - (Aw - OR)VR + - a En sin(kIR)
f I PR

*0

- ELsin[ - n +2kz- k(L-IL)] }wdz (2.43a)

1 21

+ -EL COS[OPL R +2kz -k(L + L)] wdz (2.4 3b)

.1**.

UL = -- (tAW - "L)VL + - / {-ER sin(L - O + 2kz + ki)

1

+ -EL smn[k(L-IL)] wdz (2.43c)

PLI

Zo+A/2

VL. = -",., - yR,, i~.},.

121

+ -1EL cos[k(L +L)] wdz (2.43d)

PL.

* Eq (2.43) describes the time behavior of the two polarization waves. The equat ion is dependenit

upon w, which does not vary slowly in space. The fifth Bloch equation describes the time evolutionl

of w. From Eq (2.37), tb is given by:

= -(A - "Yteaa Ab + bE) o2 e ( -I. C.C+ 24z (.44)

A "zero field inversion density" w,, is defined as:

p.o

* _A (2.45)
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w',/y is the steady-state value of the population inversion density if the applied electric field E is

zero. By further defining

I (- I + -- - (2.46a)

7 a + lb (2.46b)

2

one can write:

- -a aa b + Ib e lbb) -W 0) (2.47)

Using Eqs (2.30), (2.32), and (2.47) in Eq (2.44), the final Bloch is obtained:

1ij, +±,~D 10 -4, -kp 1wb ( - weq) + nI R EReik~ + E ~ '
h PN R PL

+ PL' [ERet...RkR + ELekL (2.48)

PR L PL P

Eqs (2.43) and (2.48) comprise the Bloch equation set. Although rather complex, the equations can
S

be understood if examined individually. The equations for uR and VR are essentially equivalent to

the UL and VL equations. The first two terms on the right-hand side of these equations describe the

coupling of the real and imaginary parts of the polarizations. The integrals contain the electric field
I

terms that drive the polarizations. In the usual Bloch equations (see, for example, Section 7.5 of

(106)), the integrations do not exist. They arise in Eq (2.43) as a result of the Fourier decompositions

performed on Eq (2.36). The first term on the right-hand side of the w equation is a decay term.
I

In the absence of the applied electric field E, the inversion density decays to its steady-state value

W = Weq. The coupling of E to the inversion density is contained in the final term of the Eq (2.48).

Notice that this term depends upon PR whereas Eqs (2.43) are the equations of motion of P.L.

In order to solve the Bloch equations, an inverse transform pair related to Eq (2.35) is required.
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The Electric Field Equations

The electric field equations of motion are obtained in this section. The derivations follow the

standard approach used in semiclassical theory. The derivations culminate in four equations: an

amplitude and phase equation for both ER and EL.

The starting point for the derivation is Maxwell's equations (inks units):

V = 0 (2.49a)

V. f = 0 (2.49b)

V x Et = -a (2.49c)at

V X--- (2.49d)

fD = E( + P (2.49e)

tB = .of, (2.49f)

j = Acr (2.49g)

Combining the equations and rearranging the terms yields the wave equation:

V x V x E + por E + o0 - E -- P (2.50)

Several simplifying approximations are in order. First, E and fi are assumed to be linearly

polarized in the i and P directions, respectively. This could be accomplished by placing Brewster

windows at the ends of the gain medium, for example. Then,

Vx V x =V x V x E

= V(V EI) - V2 Ei

11 V(V .D -V P-i) -V 2Ei
co

,. -V2E: (2.51)
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The transverse field variations will be ignored. This can be justified over small distances (local

areas), especially in low Fresnel number PBCURs or low order transverse modes of stable resonators.

Confining the work to the paraxial region, Eq (2.4) can be expanded to:

PR $ IR + Z pL ; L + IL -Z

J a a
-PR =o PL = 0

a 0a (2.52)

a a
-PR = 1 YPL =-1

Consequently,

a 2

Dropping the vector nature of the problem, Eq (2.50) can be written in scalar form as:

a2  a a2  a2
z--E + uoa E + poo -E -Ao 0-- P (2.54)

The damping term f9aE is retained to account for the various loss mechanisms in the medium:

diffraction, scattering, absorption, etc. Unlike the standing wave theories, the damping term does not

include the losses due to geometrical outcoupling or mirror transmission. These losses are accounted

for in the boundary conditions of the problem. Since the fields are very highly monochromatic, the

right-hand side of Eq (2.54) can be replaced with:

-oa 2
_P A Lov2P (2.55)

where v, is the actual laser frequency.
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Utilizing Eqs (2.2), (2.5), (2.6), and (2.55) in Eq (2.54), and neglecting the small derivative

terms on the order of:

aF
at

3F
<< kFaz

a2 F 8F
at2 at

a2 F kaF

aZ2  az

aF
at

F E {ER,EL,OR,¢L,P,P)}

the wave equation becomes:

{ aEz a~z i E1-2iaER

-2if)c 'E + 0
2 ER - 2flcER - ER - 2iL --

a9Z az E0  at

-(VI + R)' }a-s I eIR et + {2iflcc +OE

cL aEL EL - 2i1 aEL _ (L +___EL- - v-CL)EL}
- 2flcEL at

x-e(L+L)e-iL e -kk = -P -
C + P'L -  } (2.56)

PL fo

where

r c (2.57a)

c2  1 (2.57b)
/.LOE()
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fl is the frequency of the barecavity mode. Over any interval Izo, zo + A/21, ERL and 0R.L, their

partial derivatives with respect to space and time, and p-' vary so slowly that they can be ap-

proximated as constants. Multiplying Eq (2.56) by e- ik' dz and integrating from zo to zo + A/2

gives:

-2ifc-9~ aER + w a aE2

-2inc ~ ~ __ _ER+WE fR iO ER - 2v1, a-t -iL/E9RE
az az Co

I)~2  .
Co P~ f [PR + dz1

ZOJ

=2 -- -"I" PR PRC(2.58)

CO

Separating the real and imaginary parts of Eq (2.58) yields the first two electric field equations of

motion:

aER aER E P+ L--- + c = 2-o + P" [UR sin(k/R) + VR cos(k1R)] (2.59a)at az 24EO 2cR

+  C = n VI p  [UR cos(k/R) - vR sin(klR)] (2.59b)
at az 2 co ER[ucsk)-nnkI1

where

f l -- Sze ( 2 .6 0 a )

LIJ L/J

fl + V + 4R r 2v (2.60b)

In a similar manner, by multiplying Eq (2.56) by eI " ' dz, integrating from zo to zo + A/2, and

separating the real and imaginary parts of the resultant equation, the expressions for EL and eL

are obtained:

aEL _aEL__a i *1rkL±L)E L-EL + PL UL sin[k(L + IL)] + VI cos[k(L+ (2(),at az 2-o 2oO

C 0 - P- -- { Uj cos[k(L + IL)] - Vy. sin[k(L + IL)] } (2.61b)
at az 2c) EL

Eqs (2.59) and (2.61) are the final field equations of motion. As with the Bloch equations, the

two Erz expressions are analogous to the EL expressions. The first term on the right-hand side of
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each amplitude equation yields an exponential decay due to nonsaturable losses, such as medium

absorption, scattering, diffraction effects, etc. The polarization drives the field amplitudes through

the second term; hence, the second term is the atomic medium gain. The difference fl - VI in the

phase equations is simply a frequency offset term. Notice that in the absence of a gain medium, the

actual lasing frequency v = vI + 4 is simply the barecavity mode frequency fl. (At steady-state,

R = 4L = The polarization terms in the phase equations shift the actual laser frequency V

from fl toward the linecenter frequency w. The shift is due to the large change in the index of

refraction of the medium near the linecenter. This frequency translation is commonly referred to as

gain medium pushing and pulling. Finally, Eqs (2.43), (2.48), (2.59), and (2.61) form the complete

Maxwell-Bloch equation set for a gain medium subjected to two counterpropagating electric fields.

The Equation Normalizations

The Maxwell-Bloch equations derived in the previous two sections are normalized below. There

are four steps to the normalization process: a time normalization, a field normalization, a polar-

ization normalization, and a series of miscellaneous normalizations. The four steps are described

individually; the final equation set is then presented. The normalized variables are denoted with a

"hat" accent (i.e., PR is the normalized version of ER).

The first normalization deals with time. Let:

- t (2.62z,)

di= dt (2.62b)

The time variable t is thus normalized by the inverse of the atomic linewidth. The following addi-

tional definitions are required:

A - -- (2.62c)

(2.62d)
-Y

S--(2.62e)
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2 ( (2 . 02 f )
-7

r ,YT (2.62g)

f = "r (2.621,)

All frequencies are normalized by the linewidth, and all time constants are normalized by the inverse

of the linewidth. Note that r,,,, is not normalized; it is the lifetime of a photon in the cavity in the

absence of outcoupling.

The second normalization pertains to the electric field amplitudes. First, PPR.L are diviled by

the cavity length L:

PRL=PRL
PL L (2.63a)

PR.L are dimensionless distances. Next, ER,L are normalized:

E II - ER.L)
RLhL 

(2. 63 b)

Then,

-R,L A ER.L (2. 63)

PR,L R,L

The polarization variables are normalized by defining:

A= F 
(2. C.1 )

where

F {UR,VR,UL,VL,W,We,, PR, PL} (2.641,)
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Finally, a series of miscellaneous normalizations are performed. The spatial variable z ill the

electric field equations is normalized by the cavity length L:

z
- (2.6 5a)

L

di dz(2. C) b
L

C (2.65c)

Sis the normalized speed of light. If a new angular variable 9 is defined as:

69- 2kz (2. 65d)

a change cf variables can be performed on the integrals in the B~lochi equations:

1 A
dz =-~ d6 - dO(2.(~v

z = z.3 =: 9 = 2kz - go(2.61,f)

Z = Z() A/ 2 =-> 2 k z,+2r = go+ 2 iT (2.65g)

Finally, two additional angular variables C.R.L are defined:

R OR (2.65h

5k(L +- IL) (2 65i)

are merely fixed angular coordinates.

Using Eqs (2.62) through (2.65) in the Maxwell-Bloch equations results in:

(P,,+2

14' sin (h. OR CL 4 9 d261I

k, 4 2.

Ul I?4 R CO {. po
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O + } t (2.6Gb)

0o+2w

4ak a 27r PR

!:: + 1 Lz sin +z+ tb dO (2.66c)

,OL(90 PR CO (O OR + + 6R
o

1 'Ics L} d

+ COS flEL O(2.Cd)

* PL

__, Im UL L IR A.

a k at / J PPP

+  o2 + AR (ER sin LC + OR COS (2.CCf)

a +  a --- (iR COS ER -R sin r).

ai, agR T2

-ai +' a . - + P( {fRsinER +VROL°SEIL) (2.6(4,)

a90L a43R C'p -~ a (~CosR 2
R - LSin EnL)(.()a -ai E

OdL _OaL = iC-

Eq (2.66) is the Maxwell-Bloch equation set, in normalized form. Notice that although t17, L,

R.L, and tL vary spatially, there are no i derivatives in the first five equations, For t 11: t, and t,:.

this occurs because the equations of motion are defined over small, isolated regions of spare, in

which fiRL and VR.L are assumed spatially constant. The equation for t6, is likewise defined over

a small spatial region. However, due to the /. L terms, t6 will have a rapid 1 dependence of the

form e" ' . This dependency is eliminated in the integrations in the first four equations. This i
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dependence is a manifestation of the spatial holes that are burned in the inversion density. The first

five equations are thus consistent with each other, insofar as the i variations are concerned. The

field equations, in contrast, are defined over the whole of the gain medium. Therefore, the partial

derivatives with respect to 1 are incorporated into their equations of motion. These four equations

are consistent with the Bloch equations in light of the following argument. At any given local region

or "point" in space, the field amplitudes and phases are essentially constant in . The fields drive

the atoms and create a locally constant polarization, which in turn drives the field equations. At an

adjacent point in space, the same effect takes place. In moving to the adjacent point, though, the

electric fields vary due to the a- terms in their equations of motion. This spatial change produces

corresponding variations of the polarization and population inversion density terms in the "point"

Bloch equations. Over the whole of the laser, there will be spatial variations in flnL, vI.L, and t ,

although these variations are not explicitly described by the Bloch equations. The Maxwell-Bloch

equations are interesting, in that they consist of both "point" and "longitudinally varying" equations.

The Rate Equation Approximation

Eq (2.66) is an extremely complex set of nonlinearly coupled integro-differential equations. A

numerical solution of the equations is impractical, if not virtually impossible. However, by using

the "rate equation approximation" (106: Chapter 8), the equations can be reduced to a set of four

coupled, nonlinear, partial differential equations. Although also complicated, the reduced equation

set can be solved numerically. Additionally, the steady-state version of the reduced equation set can

be solved very simply on a computer.

The rate equation approximation is based upon two main assumptions. First, the electric field

amplitudes and phases vary only slightly in time 1/"y. This fits well with the previous aSSuIptioll of

slowly varying amplitudes and phases of ERL. Second, the population inversion density ,,, -,

equilibrates so rapidly that the changing electric fields alwcys expurie re a steady-state inversion

density. That is, O,,,, - el,, is continuously at steady-state for ea h itn tataneous value of Ej,, 1 The

second assumption is also known as the "adiabatic approximation,"
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The derivation commences with the equation of motion for ea:

= -(iw + +10", -+-KoVe,. - 0O,,) (2.30a)

Formally integrating Eq (2.30a) yields:
t

_ f = f t' (P- -

-0_

- ELk(L L )et-Lv'+kz+* } (..
'

-- flt' (2.67)

ER and EL may have slightly different frequencies, as OR and eL are temporally varying. Expanditw

OR.L to first order gives:

OR= R' + 4'jit (2.6 8a)

OL = OL + OLt (2.6,8b)

Since ORL are slowly varying in time, 4 R.L can be approximated as constants. Then,

vit - kz + OR = vRt - kz -- (2.69a)

vit + kz + OL = VLt + kz + (2.69b)

where

VR = VJ + 0? (2.7 0a)

VL -- v + 95. (2.70b)

Rewriting the frequencies in this manner is crucial. If the derivation were to proceed without the

two frequencies explicitly separated, the final equation set would be incorrect. The set could not

be reduced to the Lamb model (Chapter IV) in the limit of perfectly reflective planar mirrors.

Continuing, Eq (2.67) can now be rewritten as:

' f dt'( ... - j,){ ERekn t ( ' ' - z ¢ n-

= - {
+ IELEZ 0 (2.71)

PL J
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The terms containing ER,L, O'RL, and Paa - Ob can be factored outside the integral, provided they

vary slowly in time 1/'y (the rate equation approximation). Then,

i,1 ki ~-k+')
eoab=-(60's - 01,b Ea E Re tVe- z

aa

LPR

_1i~k{L+tL e(i~tLt4 kz+4

PL

t

x J tf 7 i~L+i£']j (2.72)
-00

Since:

tf 1 (2.73)J dt' e -[i(w -y](-t') = 1(W - V) + (7

-00

Eq (2.72) reduces to

Cab el" eiki R ERe-i(vlt-kz+q¢l)

- ieh- ( L ) Rk E~i~Ik+

+ eik(L+IL) ELC-i't+kz+4L) 2.74)

PL+

where Eqs (2.69) and (2.70) have again been used.

Eq (2.74) contains the expression e,. - et. The second assumption of the rate equation

approximation states that. ,,,, - Lj, is continuously at steady-state for each instantaneous value

of ER.L. The steady-state expression for L, ,, - ot,t, in terms of the electric fields is thus needed.

Starting with the equations of motion for e,,,, and Lot,,,

e ..= ,A,, - "t, .. - -,v ,,, c c) (2 30b)

;,,= b ,e,.+ ( ,,,+ C.C.) (2.30c)
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and using Eqs (2.32) and (2.74) and the rotating wave approximation, two "rate" equations are

obtained: 0

... = A. - -j ...- ... - L'111) (2.75a)

o,,= , - "yiei~i, + R( ,, - eL,,,) (2.751)

where

2 #JyE2 p2R - - ,ELPR PL cosO+ (AW-OR) ERELP7 PL' sin,

IL- -R+ (+ - L)

RS

'ItE2 '<_2 a ±'IERELP-j"c -" (AU) dOL' ERELPR~aP ain/3

+ 7~~~2 + (AW- L(.7)

P = Lt - OR + 2kz + kIR - k(L + IL)

= eL - OR + k (PR - PL) (2.76b)

Assuming that o,,,, and Lot, are at their steady-state values, Eq (2.75) becomes:

0 ..- _tt (A /"/,) -(A,/',) (2.77)LO'S's eld, 1 + (R/R,) (.7

where

R , ', (2.78)

Eq (2.77) corresponds directly to Eq (8.37) of (106). The expression for R is consideral~ly mre

complex in this derivation, however. R contains the terms that describe the spatial hole burning S

(interference) effects of the counterpropagating electric fields.

Using Eq (2.77) in Eq (2.74), the off-diagonal component of the density matrix can now be

written as:

, kI n ERe-'(vhtkz+¢nI

A - R OR)

esk(L +[L) ELe-l('L
t 

-+ kz- t't) } W.q
+ + L)+1(2.79)

1Z 1 iT 7R/R?
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Using as many of the normalizations as possible, and collecting the sin ,3 and cos terms in thle

denominator of Eq (2.77), Eq (2.79) can be written as:

tweq I s~kin _PRe t(vjt-kz+Rj)

21+ a 1 +__IOR)

+ C k(L+IL) EtLe("t+kz+0L 1 (2.80)
AL 1 + 2(A(;)-- L) J A+Bcoso+Csinof

where

A E -I { f, 1+ t)2' } (2.8 1a)

B Z ~ - )2+ + (A-P)1(2.8 1 b)

Ra ~lkL +(A(D- R 1 +(AZ-, L 2.1

R +i (ACD - O)2 + (AZ' -L P)2

OR a 9R.L (2.8 1d)
at

Eq (2.80) yields the steady-state value Of Cab, for given fields ER and EL in the medium. Even

though the electric fields can vary (slowly) in time, Eq (2.80) describes the steady-state value of the

matrix element, per the adiabatic approximation discussed earlier.

o,,I, can be decomposed into PR and PL via Eq (2.35), rewritten slightly as:

+;k - /2

PR (z't) =2pei(Vht+R) ( f Lojje dz (2.35 b)
zo

Eq (2.35a) is examined first. The integral on the right-hn sieo1h euto 1a be expIncc

with Eq (2.80) to give:

Z') z+A/2 ikZ''+A2 eii P 'e %Lj- z 4

f 2Ma~ d r __ ff Oeknfyes(~-k 'n)
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9

+ eik(L+IL) PL -ivtt+kz+L) } 1 k (R/R)dz

iWeq e
i

tki
t 

PRe
-

vi(V
'

t+nt) /2 dz
R 1+i(A( -OR) 1 + (RIR)

I Z()

zo +A/2

eik(L+tL) 'tLe- t(U t +  f cos(2kz) dz

++ , I(A - OL) f 1 + (R/R,)
Z'

azo +./2 '1

ieik(L+iL) kLe- i(v't+ 0L) f sin(2kz) dz 2
a 1 + i (AZ - L) 1 + (R/R,) (2.82)

0,. The first integral in Eq (2.82) can be written as:

zo+X/2 Z0+A/2J dz dz (.3
1 + (R/R,) f A+BcosP+Csin(.

Z'j ZO

Eq (2.83) has an exact solution (159: Eq (2.558.4)). However, the form of the solution depends on

whether A2 
- B2 

- C2 is greater than, equal to, or less than 0. After some algebra, this discriminant

becomes:

A 2 - (B 2 + C 2 ) =I + 2f, {1( -R + )2 L 2}
1 + ( - +) 1 + (A - OL)

+ + ( O R)2 1 + (A- ',-¢ )2

I R L (OL - )OR) (2.84)

APRxk"a [1 + (A _- 0)
2] [1 + (Az-

The first three terms on the right-hand side of Eq (2.84) are positive, while the last term is negative.

(OL - R) should be very small; at steady-state, this term is identically zero. If the fourth term is

assumed to be small compared to the previous three terms, then

A 2  - ii C 2) > 0 (2.85)
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Eq (2.558.4) of (159) can now be applied to Eq (2.83):

/o A 1_ (2.86)
f 1 + (R/R.) -2 vIA 2 -B 2 - C2

,O

The second integral in Eq (2.82) is evaluated next. Using Eq (2.76) and performing a change

of variables, the integral can be written as:

Z°+/2cos(2kz)dz- 1 +(/R, cos,8 cos/ 1l +sin Psin/Bi (2.87)
= (/R, -____(2.87)_

f 1+ RI,) 2 kfl, A + B cosfP + Csin/3
%'0

, .

where

f6o -L - OR + 2kzo + kl - k(L + IL) (2.88a)

01 -L - OR + kR - k(L + IL) (2.88b)

Eq (2.558.2) of (159) can be used to integrate Eq (2.87), subject to the constraint of Eq (2.85):

Zo+ .X/2 c s2 z z Ar B c s# i 1 1A89

1 + (R/R,,) 2 L B! V A 2a - B2 - C 2

Finally, the third integral in Eq (2.82) is evaluated in an identical manner, yielding:

zo+$A/2J sin(2kz) dz A CcosP -Bsin 1  A

= .- I--C (2.890)

1- + (R/R,) 2 B 2 + C 2  V/A2- B2-C2

zo

Eqs (2.35a), (2.82), (2.86), (2.89), and (2.90) can now be combined, yielding an expression for

PR:

P (zt)z= -itbqeI { ~+ i( - R) rA 2 - B2 - C2

- A - (2Xa
+ LL 1 V A J- C2 12 J [ -Cl (2.91),1 +t(AZ- L} vFA2 - n CUj [wS4CJ
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Using the same procedures, the corresponding expression for PL can be derived:

PL(Z' t) = -itbgeikfL+LL) 1 -PL 1{ 1+iA6 -sL) fA- 2  -C 2

PRPRa A B + iC }2
+ 1+i(AU- OR) [1 A2 - C -  2 B2+C2

Eqs (2.91) and (2.92) describe the complex polarizations PR,L at some axial location z and time t.

These expressions are functions of the electric fields and the radial coordinates ARL. This suggests

substituting the two equations into the expressions for the electric fields, thus obtaining a self-

consistent set of field equations. For convenience, Eq (2.58) is repeated, along with the analogous

expression for EL:

-2i'caE + 
R2ER - OR ir -2

- a - ER -2 (  I + I R )ER

=-tpe-sk'nP (2.58a)

CO

and:

2i-lc aL +fI 2 ELz + 20fCEL- - EL - 2ivIa E L (VI+L)ELaz az Co at

= -PLe- L PL (2.58b)
4O

Substituting Eqs (2.91) and (2.92) into Eq (2.58), separating the real and imaginary parts, and

applying the normalizations, the final equations of motion in the rate equation approximation are

derived:

aA7R aPR tR & AR1

at ai f2 1+(AD _-0') 2 VA 2 -_B2 -C 2

+ &L A lB- C(A--L) (2.93a)

I~ ~ +(''O) A2 - B 2  C 2 J[B 2 +C 2 J

a8pR a4)R - ~ I~
at a -uW (AD _ O _,CA2C-
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+ + C[j2.93b)+I + (A ---1 v A 2 -_B 2 C C 2  B2+C2(29b

at +BAYL- L _

+ PR--P- " 1 A B . C(,, - 6,,)] (2.93c)
1 + (Aq - ,/

2 
v8A

2 - B2 - C2 B + C2

aL 1 +(Al L B
2 1 2 C 2

+ + (A - )2I A2 B2 C2 R2 + C2 (2.93d)

Several observations should be made. First, the equations have the same form as Eqs (2.59)

and (2.61). However, the polarization terms AR,L and O RL have been replaced by the corresponding

functions of ItR.L and OR,L.. The equations are thus functions only of the electric fields, and not

of the polarizations. Second, Eq (2.93) is a set of coupled, nonlinear partial differential equations.

Note that time derivatives of both OR and OL exist on the right-hand sides of all four equations.

Unfortunately, these derivatives cannot be separated out and collected on the left-hand sides of

Eqs (2.93b) and (2.93d). (This was the source of some of the stability problems of the time-dependent

computer code for the Fabry-Perot laser.) Third, the equations reduce to a simple set of coupled,

nonlinear ordinary differential equations at steady-state. These equations are easily solvedl Oil a

computer, using a Runge-Kutta or similar numerical method. Finally, a bigl, degree of symmetry

exists between Eqs (2.93a) and (2.93c) and between Fqs (2.93b) and (2.93d), as one would expect.

This symmetry is similar to that existing between the intensity equations of the simple saturable

gain (go-lP(t- model.

Equation Summary

The main equation sets derived in this chapter are repeated htere for reference. All quantities

are in the normalized units.
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The Bloch Equations

0o+2 w

= -R - (AC - OR)OR + f 4n sin

oT
1 21r

-
4

L OSf(L __R "- 0--L) tbdO (2.66a)

(a(" - RL- aR - OR) + P CO S

0o

+ Psin COS OR+ 0-, dO (2.66b)
L +

Oo+2w
aaL - + f {kSi(O + + )

+ LsELSnL t^ dO (2.66c)

PL

00+27r
aV 

1- f r C

}+ k O -tb d9 (2.66d)

t Z' - Weq + m{ [ R eE+ -O T'L( L 0~/2)

[~~ 0 11~-(/)

+ j RC -('L-0+t+0/2) + } (2-0/2)

The Fed(Maxwell) Equations

akR a~J _t -k-R inin Ro~ (2.66f)

a a = f2 - (fir cos - -R sin ^n) (2.66g)
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atLa Pa£La L +. + (,IL in L +, COS L (2.6611)
a La
al 2

190L
P L- L Sin L) (2.66i)

The Field Equations (in the Rate Equation Approximation)

atPR aER _ a, 1
at a - W 1(Anl-@ ) 2 

+A - B -C 2

a+ ( L )L 1+ A - BB- R -
+ A [B -_____ (2.93a)

1+ {A-&--f A2 - B 2 - C2 B2 + C2ad0R aOR . ( al " {Z "., 1

+ ________ [1- A 1[B+(A- L)c} 2 93b)
1 +(Ac2--- )2  A2B - C 2 -B2+C 2 9

a VL EL tLf tPL 1 .. 0

0€ .o~. f _,:,+ t^ , L )2 ("  V-¢

a a + (A---l- 2  2  B 2 C 2

(PR - [ A ][B- n (+7- )
+ R 1- o (2.93)

+ (ORP )21 B(A - 'L) 2 C +BC 2 + C

%

+± ~ ~ ) A2 ____-2_

1i- (i L-I-+ (29"

+47RkRL {22 A (A- )} (2"93)
C3~~~AL~~I _P -- 2,x.W~I 8

A "' +1(A ), + -+ (2. 'L a . )

47l?2

B f ER k + 1(2.81 b



III. Semiclassical Theory of the Fabra-Perot Laser

The semiclassical theory of a Fabry-Perot laser with arbitrary outcoupling is presented in this

chapter. As a detailed derivation of the semiclassical theory of a general laser is presented in

Chapter II, only the main results of a parallel derivation for the Fabry-Perot laser are presented

here. The laser device and several main definitions are presented in the first section of this chapter.

The Bloch equations are presented in the second section. The field equations are given next, followed

by the equations of motion in the REA. The free-running laser at steady-state is discussed in the

fifth section. The equations of motion for the laser and the appropriate boundary conditions are

given. The injected laser at steady-state is discussed in a similar manner in the next section. The

chapter is summarized in the final section.

The Fabry-Perot Laser

The Fabry-Perot laser consists of an active laser medium placed between two plane-parallel

mirrors. The mirrors form the cavity, with an optic axis z. The cavity is essentialy a Fabry-

Perot interferometer. The Fabry-Perot cavity lies on the boundary between the stable and unstable

resonators on a stability diagram (144). The resonator is therefore neither stable nor unstable. Light

rays will walk out of the cavity, unless they are parallel to the optic axis. However, the rays will

not walk out at an increasing rate, as in an unstable resonator, nor will they be refocused toward

the optic axis, as in a stable resonator. Outcoupling from the laser occurs primarily via mirror

transmission. Nonetheless, some diffractive spilling about the edges of the mirrors may occur. For

the purposes of this work, the diffractive spilling will be ignored. This can be easily justified: for large

enough mirrors, the amount of diffractive leakage is very small. The laser is illustrated schematically

in Figure 3.1.

The mirrors forming the cavity have complex reflection and transmission coefficients given by:

SrA = rAc ' n  )
Mirror A: tA tAe

' 
A (3. 1a, b)
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Mirror A Mirror B

~-EL ER so

Gain Medium

z =0.0 z=L

Figure 3.1. The Fabry-Perot laser.

Mirror B: r = ir B e i RB (3.1c, d)
ItO = tlne'TEj

Although outcoupling can occur through both mirrors, in most practical cases one of the mirrors is

perfectly reflective. Outcoupling then occurs only at one end of the laser. The gain medium extends

far enough in the transverse directions so that it is not a limiting aperture for the laser fields. The

longitudinal extent of the medium is unimportant in the derivation of the semiclassical equations.

The electric fields inside the resonator are assumed to be plane, traveling waves. This is the

geometric optics mode for a Fabry-Perot interferometer. The total electric field is given by:

E(z,t) = ER(z,t) -+ E L(z,t) (3.2)

where the individual traveling waves are modeled by:

ER(z,t) I ER(z,t)exp{- i[vit kz * 4n(z, )} + c.c. (3.3a)
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EL(z, t) = 2 EL(zt)exp{-i[Lt + kzI- ¢L(Z t)]} +c.c (3.3b)

ER,L are the amplitudes of the rightward and leftward traveling waves, v1 is the frequency of

the waves, k is the wavenumber, and OR.L are the phases of the waves. In the absence of an

injected signal, vi is simply a reference frequency; otherwise, it is the frequency of the injected

wave. v1 + OR and VI + OL are the instantaneous frequencies of the traveling waves. Note that only

a single longitudinal mode is allowed to exist in the model. ER,L and OR.L are real and assumed

to vary slowly in both time and space. "c.c." denotes the complex conjugate term.

The total polarization P(z, t) of the medium is defined in a similar manner:

P(z, t) = PR(Z, t) + PL(Z, t)

= 1-PR(z ' t)exp{-i[vlt - kz + OR(z,t)] }

+ PL(z,t)exp{-i[vqt + kz + OL(z,t)]} + c.c.}

R {P4  zt) exp{-i[Vlt +O n(zt)]}

+ Pj(z,t)exp{-i [vit + OL(z,t)]} + c.c.} (3.4)

The polarization wave amplitudes, PR,L and PR.L, are generally complex quantities. All four

amplitudes vary slowly in time, whereas only PR.L vary slowly in space. PR.L have rapidly varying

z dependencies on the order of e 1"", in addition to slowly varying envelopes in z.

The Bloch Equations

The Bloch equations for the FaY i-Perot laser can be obtained in an identical manner as those

for the general laser (Chapter II). Since there are no p?,L terms in the amplitudes of the electric

fields, the Fabry-Perot derivation is slightly simpler than the general laser derivation. One subtle

so
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difference in the two derivations lies in the normalization of the electric fields. Here, the fields are

normalized as:

kt L ER.,L (3.5)
-yh

Obviously, no normalizations of the radial coordinates PRL are necessary.

In normalized form, the Bloch equations for the Fabry-Perot laser are:

uov R -X w - _ -5- OR PL Lin(OL - O'R + &),tD(0 (3.6a)
___ - a~ V? -27r f

0.

0+2ir

8 VR _ AR + - [/R + ELcCOS(L. - O? + 0)] tdO (3.61)

aUL -_l -. IA+ - V/ + I tnRsin(¢L -R ¢n- + )t dO (3.6c)
ai - L W a] 2r I

01
0+2ff

-L - ) L- + J [L' cos( L -O + 0) +t'L ] d6 (3.6d)

0
o

alb (iV - 1b,) + ImP M kii-e0/2 + Le((PL -'iz+('/2)]

+ PL' [A'Re- (OL -O'R+0/2) + tLe 0/2] (3.6e)

These equations are similar in form to the Bloch equations of the general laser (Eq (2.66)), with

only two main differences. The first difference is the absence of the - terms. These terms do

not appear as they are not part of the mathematical representation of the plane waves. The second

important difference is the simpler integrands in the first four equations. The cylindrical/spherical

nature of the waves in the general laser adds the phase terms e'0 . to the electric fields. This

additional phase term creates the mixing of the fields in the integrands of Eq (2.66). Since the plane

waves in the Fabry-Perot laser do not have these phase terms, there is no mixing in the integrands

of the In.L equations. Additionally, these phase terms do not appear in the tZ equation for the

Fabry-Perot laser.
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The Electric Field (Maxwell) Equations

The derivation of the field equations for the Fabry-Perot laser parallels the derivation given in

Chapter II. The main difference is again due to the PR.L terms. In the general laser case, partial

derivatives of these terms arise. They can generally be discarded in comparison to other larger terms

in the equations. In the Fabry-Perot case, no such terms arise as the fields are modeled as plane

waves.

In normalized form, the equations of motion of the electric fields in the Fabry-Perot laser are:

aL' atr tR
-- + - -+VR (3.7a)

at as / ER (3.7b)

aL , _aEL PL
=s - - ;- + VL (3.7c)

a'L , L - LU (3.7d)

Eq (3.7) is considerably simpler than the corresponding equation for the general laser. The field

amplitudes are driven by the quadrature component of the polarization wave, while the phases

are driven by the in-phase term. This is in contrast to the general laser case, in which both the

amplitudes and phases of the electric fields are driven by the in-phase and quadrature components

of the polarization wave. The mixing of the driving terms UaR.L and 'RL in Eq (2.66) is caused by

the phase factors eicR.L of the cylindrical/spherical waves.

Eqs (3.6) and (3.7) form the Maxwell-Bloch equations for the Fabry-Perot laser. As in the

general laser case, the set of equations is composed of both "point" and "longitudinally varying"

equations. Nonetheless, the equation set is self-consistent. In order to solve the equations numeri-

cally, expressions relating /5., to PRL are required in Eq (3.6e).

'2
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The Equations of Motion in the REA

The Maxwell-Bloch equation set is quite complex. Solving the equations numerically would

be prohibitive, both in terms of the numerical methods required and the computer costs. If the

REA can be justified for the particular laser of interest, the equations of motion become much more

manageable. For many practical applications, the REA equation set can be used with excellent

results.

As with the Maxwell-Bloch equations, the derivation of the equations of motion in the REA

follows that given in Chapter II almost exactly. The final set of normalized equations is:

aPR aPR tR kRf
a-- a 1+ (AZ- ) 2 'A 2 -B 2 -C 2

[ P A B_-_____-_(.8a
1+( -tL) [&  -, A2_B2- C2 B2+C j (3.a)

(90R 3PJ? kR L(AID- 9R) 1-~ +0-~ = f)- , + W"

- ER1 + (A,; - b) 2  A 2 - B2 -C 2

+ - + .b)

at a + ( - A)2  A- -B 2 -C2  B

z 0- = _ 7 +--
oit -a- EL I + (A-- v2  -B 2 --

PJR A____ !?~-@? - OR)

+ ( )2 1 - 4(A- J (3.8c)

A_1___{_ / (3,9a)

I~~ (,+. (AC OR) 2 _C2 B -C

Ar + _ _ _ _(

L (3.9,4

B-rkL.{ ' jK } (j:j.: ,)

-PI

53

-p

I- " . . . . . . . . . . . . .• . .



C -
T

jtRPL { A
1 - L)} (3.9c)

+ -)2 + (A--' -

Eqs (3.8) and (3.9) will be referred to as the traveling wave laser (TWL) model. This model is

a considerable simplification over the full Maxwell-Bloch equation set. As with the general laser

equations in the REA, Eq (3.8) has time derivatives of 'RL on the right-hand sides of all four

equations. This created considerable stability problems when the equations were solved on the

computer. However, under the appropriate boundary and initial conditions, numerically stable

solutions of the equations can be calculated. This is discussed in Appendix B.

The Free-Running Laser at Steady-State

The TWL equations can be used to calculate the laser fields in a free-running laser (i.e., a laser

without an injected signal). Often, only the steady-state values of the fields and frequencies are

required. The TWL equations reduce to a simple form in this limit. The reduced equations and the

appropriate boundary conditions are derived in this section.

The frequencies of the barecavity modes are given by Eq (2.57a), rewritten somewhat as:

_= (3.10)
2"IL

where n is some large integer. The spacing between the barecavity modes is given in normalized

units by c/2-IL. In a loaded cavity, the actual lasing frequency C, is "pulled" closer to linecenter.

This occurs because of the large index of refraction changes in a medium near an atomic resonance.

The laser frequency C, will only equal 10 when the barecavity mode lies exactly at linecenter (2 = .

Figure 3.2 shows the relative locations of 1, ii, w, and the reference frequency ijt.

Several frequency differences are required in the ensuing derivations:

A, - i(3.1la)

At"_= - ;,(3.llb)

Ai - C1  (3.1 1a)
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At
At
Am

0 v v1

Figure 3.2. The atomic lineshape curve. Typical positions of the important frequencies are indi-

cated.

These differences are positive if , , and P, lie to the ]eft flow frequency side) of the atomic line

center, and negative if the frequencies lie on the right or high frequency side of &.

At steady-state, the laser frequency i is constant throughout the resonator. As a result:

P/ = L (3.12)

and:

tV V DI + PR (3.13a)

CI + PL (3.13b)

C', + (3.13c)

Notice that the time derivatives of ¢IIL do not go to zero at steady-st ate. They are merely constants,

as C, is fixed. Consequently, 4'.L can vary linearly in time. The field amplitudes do not vary in

time at steady-state, so that:

0- - (3,14)

at at
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The TWL equations at steady-state can now be obtained. First, Eq (3.9) simplifies to:

A = 1 + (3.15a)'i.. + At

B 2f R1 LI (3.15b)
1 + A t'2

C 0 (3.15c)

With a little algebra, Eqs (3.8a,c) can be written as:

ai (1 +2 ( At^2)VA2 -B 2  (- A 1
- +TZweB [ 1  (3.16a)

a.L --L + 1 ( A \.16b
49i 2 (1 + At)A2 B2 + 2fEL VA- B2

Eqs (3.8b,d) can be recast as:

CfI - , + )

____ __ 1 A+ LI [(1±+ , 2- 2 ±2?+I A2/-B 2
11J

+ + _ I 2 f A-

Ai-Ash+ + (3.16d)

___~ ~~ ~~ 2 Wp- B2 L' __ __ ___a~L ~~!'~'+ E.. (1 + Ai't 2 -r B IL(- A-- Bj} (31d

If the lasing frequency ', and thus AF, is known a priori, Eqs (3.16a,b) can be used immediately to

calculate the electric fields inside the laser. However, if £' is unknown, all four equations are required

in a calculation. Notice that the medium can cause the phases of the fields to vary spatially. These

variations produce small frequency shifts in the output beam.

The boundary conditions can be obtained by considering Figure 3.3. Eqs (3.1) and (3.3) can

be combined at mirror A to yield:

U- E,?(0)e-' [""-4 ""'"('f] _- rC EL (O)e- [vf + k L (0)1
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rA, tA rB, tB

E, (0,0) E,.(1,) 'I

Eout

ER(0,0 E 1

01

Figure 3.3. The boundary conditions for the free-running laser.

or, after simplifying and normalizing:

1P The time dependencies Of P R,L and 01?,L are not explicitly indicated, as the laser is at steady-state.

After separating the amplitudes and phases, the boundary condition at mirror A is given by:

PI?() = rA kL(0) (3.17a)

OR(0) = € (0) -ORA (3.171))

In a typical laser, one of the mirrors is perfectly reflective so that energy is extracted from only one

end of the resonator. This convention was adopted for this research. Mirror A is assurned to be

perfectly reflective (rA = 1,which results in the following boundary condit ion:

R -l(0) L (0) I(3.18b)
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The boundary condition at mirror B is found in a similar manner. After some simple algebra:

AL(1) = rBR(1) (3.19a)

4OL(l) = O(1) - 2kL - ORB (3.19b)

If the reference frequency Cj is equal to the actual lasing frequency rl, then 2kL is equal to 2rnr,

where m is some integer. Then, in a round trip, the total change in phase due to OR.L will exactly

equal the phase added in by the mirrors. If ORA + ORB = 27r, then the additional phase due to

OR will exactly cancel that added in by eL across the whole of the resonator. On the other hand,

if i j is not equal to C,, then 2kL will not be an integral multiple of 21r. The total phase change in

a round trip will not be an integral multiple of 27r, indicating that the reference frequency P, is not

the actual lasing frequency.

The phase equations and the boundary conditions thus describe a phase "error", due to op-

eration away from the actual laser frequency C,. If the phase error at I is calculated, then r, can

be determined. A numerical algorithm for calculating r, is described in Appendix B, based on the

above discussion.

Mirror B is assumed to be partially transmissive, so the outcoupling occurs through this mirror.

The radiated field is given by:

tBe O B A7R(1)e[( (3.20)

The relationship between the transmission and reflection coefficients is discussed more fully in Ap-

pendix A.

The Injected Laser at Steady-State

The TWL equations reduce to a very simple form in the injected laser case. This set of equal ions

is quite similar to the free-running laser equations. The injected field is incorporated as one of the

boundary conditions. Before deriving the equations of motion and the boundary conditions, the

underlying physical processes involved in injection locking must be discussed.

58

P"

-1 '.A -- A A



IM

~~rBER(1,0 ,

e- Re

Figure 3.4. The phasor relationship at mirror B with an injected field.

For the purposes of this research project, the injected Fabry-Perot laser is assumed to have one

perfectly reflective mirror (mirror A) and one partially transmissive mirror (mirror B). Injection is

accomplished through the partially transmissive mirror, as is the outcoupling. The general schematic

of the laser is given in Figure 1.2a.

Injection locking can be very easily understood if the electric fields are thought of as phasors.

In the free-running case, a phasor (kL) is launched from mirror B in the -- direction. After a round

trip, the resultant phasor must be exactly the same as the initially launched field. This round trip

condition fixes the frequency C of the free-running laser. The situation is somewhat different in the

injected case. The laser is forced to operate at the nonresonant frequency zj of the injected signal.

Consequently, tiie initially launched phasor will not return upon itself in a round trip. lowever, if

the vector sum of the field after the round trip plus the injected field exactly equals the initial phasor,
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the round trip condition is once again satisfied. This is illustrated in Figure 3.4. The injected field

required to lock the laser is the field that "closes" the vector triangle. In this manner, the laser can

operate at a nonresonant frequency, yet still satisfy the round trip condition.

The injected field just inside mirror B is given by:

( 1 = t) , e-(v i+kL+¢,I (3.21).p

The phase of one of the three electric fields is arbitrary and can be set to any desired value. For

simplicity, OJ is selected and set equal to zero. If IE1 N denotes the injected field external to the slave
I

laser, then clearly:

fEIN - te-'B'+ (3.22)

Notice that the amplitude of the injected field does not vary spatially or temporally.

Since C,1 is the frequency of the fields inside the laser, the time derivatives of EtR.L and op.L

are identically zero at steady-state. This creates a significant reduction in complexity in the TWL "

equations. First, Eq (3.9) reduces to:

A = 1 + + (3.23a)

B = 1 k A (3.23b)
1+ A(&2

C = 0 (3.23c)

Then, Eq (3.8) becomes:

-- PR -" - + tb~e, [ 2  2"E +/ A 3.4a

+2 (1 + A 2) A 2 -- 2 E- 1 ,f (3 24a)

a& L 1(+ P L + ( A )]}24h)- - = 7 + Wtb 2"EL VA 3o9i T2 I ( + A,; 2)\/A 2-B2 + fE -- A2- __B.4' ,

+~n ! _ )] (3.4c

a~h ~ + PR[l,2) L2 2TI A B)} (3.24d) ba

ail , I +e~ a 2)VA2 62 + 2f, E ___2UB2
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rB, tB

Mirror B

Figure 3.5. The boundary condition at mirror B.

Eqs (3.23) and (3.24) are quite similar in form to Eqs (3.15) and (3.16). The main difference lies in

the frequency terms. Notice that Ci -. C'I = A - A%

Since mirror A is totally reflective, its boundary condition is given by Eq (3.18):

k?0)= PL (0) (3.18a)

OR()= 'L (0) Ir (3.18b)

- Referring to Figure 3.5, the boundary condition at mirror B can be written as:

ERC'R (Le &tk+f() + E C'.fj.,t+kL) ELLe.L~t~kL+0L(L)1

or, after canceling some of the exponential terms and normalizing:

rD + k = kL(3.25)

Eq (3.25) cannot be separated into a pair of amplitude and phase equations. It must be solved as a

vector equation.
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The 2kL term must be accounted for in the boundary condition. Generally, the injected signal C'1

will not coincide with P. 2kL will be of the form:

2kL = 2mr +ti3, m = 0, 1,2.... (3.26)

where 0 is some fractional termi in the range (.-ir, 7r]. As the frequency of the laser changes from

one longitudinal mode to the next, 2kL changes by 27r. Referring to Figure 3.2, thle phase offset t

is approximately:

27r (c/2-IL)

so that:

0;z2 7r 3 (C'i- (3.27a)

where f3 = 2-yL/c is the normalized round trip time inside the cavity (inverse of thle barecavity lon-

gitudinal mode spacing). Notice that Eq (3.27a) is only an appruximiation, as the actual longitudinal

mode spacing will not equal c/2-1L if the mode pushing and pulling effects are tak~en illio account.

Using the loaded cavity longitudinal mode separation expression, Eq (7.5c), the phase offset canl be

written exactly as:

2 7r f,(A~ A,;) [1 + III -A -lrD (3.27b)

The boundary condition at mirror B can now be written in its finial form:

rD~R1)e+ [k1~t--Rl = tLOl~ (3.28)

An overall "system" gaiun can be defined by examining Figure 3.5. This gainl is tlet total field

radiated fromu the laser divided by the injected field:

-1 tD k1?(1) + rIbIEN(I)

ke"n-+ rf, 3.9

62

P . ,



The intensity gain is a somewhat more useful quantity; it is given by:

G, gig,

= -i (- rB)2  + r + 2 rn(1 - r2)kE ncos(n -t9 -O pr, j - 2 TP) (3.30)

If the injected intensity is much smaller than the outcoupled radiation from the slave laser. G; will

indicate the relative power required for locking. Experimentally measured systein gain of IIp to 10"

have been reported in the literature (40).

A second gain G2 can be defined as:

G2 L(I(31

G2 is the ratio of the intensity of the phasor launched from mirror B and the internal injected

intensity required for locking. It is indicative of the relative sizes of the internal laser intensities and

the required injected intensities. G2 is always greater than or equal to unity.

Summary

The semiclassical equations for the Fabry-Perot laser were described in this chapter. Hothi tlie

Maxwell-Bloch set and the TWL equations were given. The derivations of these sets parallel tie

detailed derivations given in Chapter II. The TWL equations were reduced in two special cases: tlie

free-running laser at steady-state and the injection locked laser at steady-state. The appr,,priat,

boundary conditions for each case were given. A system gain G, and an internal intensity vain G.

were defined.
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IV. Comparisons of the TWL Model to Other Theories

Many models have been developed to describe the operation of a laser. Among the theories

published in the literature are the simple saturable gain model and the semiclassical model, described

briefly in the first chapter. Both formalisms have been used to model free-running and injected lasers.

The semiclassical theory of the Fabry-Perot laser developed in the previous chapter is compared

to six different models in this chapter. In the appropriate limits, the theory is shown to reduce to

the other models. The lasing thresholds, free-running frequencies, and system gains of the various

models are given, where appropriate. The first three sections compare the TWL theory to three

different free-running laser models: the simple saturable gain model, the model of Agrawal and

Lax (142, 143), and Lamb's semiclassical theory (134, 135). The TWL theory is then compared to

the free-running and injected laser theories of Spencer and Lamb (101), the injected laser model of

Chow (82, 83), and Ferguson's model of the injected laser (87, 88). The final section summarizes

the chapter.

The Simple Saturable Gain %odel

The simple saturable gain model, also referred to as the g,, model, was introduced in

Chapter I. A slightly expanded form of the theory can be written as (123):

ip - (C:,- L)In (4.1a)

9,, Ld -'L

where

I inhoinogeneous broadening
, (4.1d)

homogeneous broadening
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As only homogeneous broadening is of interest, f will be set equal to unity in the following. The

intensity terms in the denominator of Eq (4.1c) account for the saturation of the gain in the pres-

ence of an electric field. The L terms on the right-hand sides of Eq (4.1) are due to the length

norm.alizations.

At very low pumping levels, IRPL << 1. The first term in the denominator of Eq (4.1c) is the

dominant term. The simple saturable gain model reduces to:

d I,
d = (gL - % ,L)IR~ (4.2 a)

dIL
(g,,L - a,,L)IL (4. b)di.

The gain is exponential in this case. This limit can be applied to the region near the lasing threshold.

In the opposite extreme of hard pumping, the intensity terms dominate the denominator. The gain

is linear in this limit.

Despite its widespread use to calculate internal laser fields, output powers, and extraction

efficiencies, the simple saturable gain model suffers from a serious deficiency: spatial hole burning

is not accounted for. Spatial hole burning is an effect due to the interference of the leftward and

rightward traveling waves in the gain medium. It is most easily understood in the context of a

standing wave laser.

In the general laser device, there are two counterpropagating electric fields. If the outcoupling

is very low (tile standing wave laser limit), the two waves interfere with each other and form a

standing wave inside the cavity. Over a half wavelength of the radiation, the standing wave changes

from a nill to a peak value to second null. In the peak intensity regions, the fields saturate the gain

and depress the popiulation irvers ion density. In the region about the nulls in tile standing wave

pattern, the inversion density is riot depressed and the gain remains at its unsaturated value go. A

series of "spatial holes" are thus "burned" into the population inversion density. This is illustrated

in F igure 4.1. These holes, when spatially averaged, cause the overall gain of the device to be lower

than tle siall signal gain j,. The simple saturable gain model does not include the interference

%5
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Figure 4.1. Spatial hole burning. The upper plot illustrates the standing wave electric field. the
lower plot is the population inversion density.

effects of the traveling waves on the gain medium. The spatial holes are not burned ilt, the inversiin

density, and the gain remains fixed at the small signal value q,,. As a result, (lit- sinple satiralhl,

gain model overestimates the gain and predicts higher field levels inside the laser than thv that

actually exist.

The TW L theory of ('hapter III correctly accounts for spatial loll hurning I tilie dv'ii iti-ii

of the general laser theory (Chapter II), the interference of the two traveling waves can h'e c car]k

seen in Eq (2.76 ) The explicit i dependencies are averaged out in t itl integrations o4 ! q (2 F ,

t;c
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However, the overall effect of lowering the gain due to the interference of the traveling waves is

properly incorporated into the semiclassical theory.

Near the lasing threshold, the intensities of the traveling waves are very small. The peak field

amplitude of the interference pattern created by the waves is correspondingly small. 'Th, lowering of

the gain due to spatial hole burning is minimized in this operating region. The TWL moel should

therefore reduce to the simple saturable gain theory in near threshold operatin. This byp,,thesis

can be tested by simplifying Eqs (3.8) and (3.9) under the assumption that EP.L are very 'mall.

Examining the TW L equation for Pr (Eq (3.8a)), the medium gain is given by tlt' term:

gain term )B,,., 2  
-

btI, (A,_-t,.- ) 2[ vA -B - t-cW][ ; L l '

The argument of the square roots can be expanded as (cf. Eq (2.84)):

4 2 L _2 _  I

~~' f-2 2. = ~F2 "
(:7-> < It,; (A: - -.L

Call lo,. newhe ted lit Eq (4,A.). The equati,on tOwn redluces to:

.4 1
2 2 (,2 1 - ,K- -

+ (/2% __;,) £9, ( __. _.

- __--- (4.5)

wherells re s,, sil the Inomial series expansion, the sqle are root term can be written as:

A 2  112 (.
2

l 1 3.,

272i (A n ' t"

6 7
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Using Eq (4.6) in (4.3) and again neglecting the terms of greater than second order in the electric

fields, the gain term can be expressed as:

gain term WE (4.7)
1+ ( -

This expression for the gain can be combined with Eq (3.8a) to yield the near threshold equation

for ER:

oi+ 0¢- = -- +  EkR (4.8)
i ai 2 + (A'7'- (.

Finally, taking Eq (4.8) to the steady-state, and multiplying both sides by ER, the intensity equation

for the rightward traveling wave is obtained:

3 +I (4.9a)

where IR = E '.

In a similar manner, the equation for IL can be obtained from Eq (3.8c):

l - 1+2 IL (4.9b)

where IL = E.

Eq (4.9) has exactly the same form as Eq (4.2), if the following identifications are made:

igo L = b3 ^2 (4.10a)lii~ + tou
a2o(L (4. 1b)

Consequently, the TWL theory reduces to the simple saturable gain model in the limit of operation

very close to the lasing threshold.

68



.I It

In order to complete the comparison between the two models, an expression for I.,,t must be

derived. This expression can be obtained by considering the limiting case in which EL -- 0 (the

single pass amplifier). Considering Eq (3.9) of the TWL theory:

A 1± + LR (4.11a)L - + 4-14-( b2- R) I

B - 0 (4. l1b)

Cl -6 -0 -0 (4.1 1c)

Using Eq (4.11) in (3.8a), taking the resultant expression to steady-state and converting it the

corresponding intensity equation yields:

aIR T f3 , t7Veq ( IR- - IR + 1 + 1+ - IR
12 + t 1 + At I?go L

L IR (4.12)

A similar relationship can be obtained from Eq (4. la), if IL , 0:

ID

dIpJ go L __ I
d 1 - IR (4.13)

Comparing Eqs (4.12) and (4.13) shows that:

+A
- 1+, At (4.14)

1+,t increases as the frequency , of the laser moves away from linecenter. This makes sense physically,

in light of the following argument. As the frequency r, moves off linecenter, the stimulated emission

cross section of the atom decreases, making it less probable that a given atom will undergo a
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stimulated transition. The intensity required to saturate the medium should therefore increase as C,

moves away from cD. Additionally, Eq (2.134) of (145) shows that:

I'at oc (4.15)

where o,, is the stimulated emission cross section. Consequently, I,,, will increase as Cl departs from

linecenter.

Since the TWL theory reduces to the simple saturable gain model near threshold, both models

will exhibit the same threshold laser gain. An expression that describes the threshold inversion

density required for the laser to operate can easily be derived. Eq (6.1-8) of (146) defines the

threshold gain as:

goLth aoL, - In rArB (4.16)

where L. is the length of the gain medium (unnormalized units). Using Eqs (4.10) and letting rA 1

yields the threshold inversion density:

(1. -[ - In r] (4.17a)

where:

L9 (4.17b)

Since t, is proportional to the zero field inversion density, tbeq Ith is proportional to the threshold

inversion required for lasing. A second useful quantity is the value of rU for which the laser is at

threshold for a fixed pump rate (t5,,). This quantity can be found by inverting Eq (4.17a):

rB =exp L 2+(4.17c7
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The Agrawal-Lax TheorU

A limitation of the simple saturable gain model is that spatial hole burning is not modeled.

Agrawal and Lax (142, 143) recognized this problem, and derived a steady-state theory of the laser

that does incorporate the interference effects of the two traveling waves. In their theory, the electric

field inside the laser is assumed to be composed of an infinite series of plane, traveling waves:

E = E 'nkz (4.18)
n ..dd

Substituting this expression for the field and a quantum-mechanically derived gain expression into

the Helmholtz equation yields an infinite set of coupled equations describing the spatial evolution

of the coefficients E,,. By neglecting the transverse tield variations, selecting only the lowest order

pair of traveling waves, and converting the field amplitude expressions into intensity expressions, a

final pair of equations is obtained:

dI 9 L 1 a- ] -(4. 19a)

di " a2 -b 2  21

d I' 93 L I( a - a 2 b 2  ', (4.19b)
di ~a- -- 22 IL )

where:

a = I + A + R' + IL' (4.20a)

b= 2 I (4.20b)

gj A n 2 
V __ (4.20c)

n is the atomic density and ki = k 2
c

2
/1'

2 is the linear dielectric constant. The nonsaturable medium

losses are ignored in Eqs (4.19), but can be easily introduced.
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The Agrawal-Lax equation set is identically the same as the TWL equation set at steady-state.

This is easily demonstrated. Starting with Eq (3.16a) and ignoring the losses of the medium yields:

aPR We 1 + __ A__
-

___ + A
±z (1 A 2 -B2 +A 27 -B2 I

r A(I - AP) - V(1- At)2(A2 -B)}[FZ (4.21)(I + tb, R

4)(1±+A2)2(A2 B2) 2 E(

With the definitions:

Ir - (4.22a)

IL = 1 kL2 (4.22b)

and Eq (3.15), the following identifications can be made:

a = A(1 + AE2) (4.23a)

b = B(1 + At2) (4.23b)

The definitions in Chapter II can be used to demonstrate that:

",6

"tg3L (4.24)

Finally, converting Eq (4.21) into its intensity form and using Eqs (4.22) and (4.23), an expression

for IR is obtained:

aI' g3 L {1 a - a22 b2 (4.25)

This is exactly the same expression as Eq (4.19a). In an identical manner, Eq (3.16b) can be shown

to be equivalent to Eq (4.19b).

The intensity form of the TWL equation set at steady-state is thus the same as the Agrawal-Lax

d' equations. The Agrawal-Lax set cannot be used to determine the lasing frequency v, unlike the TWL

equations in steady-state. It is interesting to note that once the gain g3 is obtained from quantum

mechanics, the Agrawal-Lax derivation is somewhat similar to the TWL equation set derivation.
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Agrawal and Lax point out that the interference effects are contained in the term b (B) in the

TWL equation set). By setting B to zero, the effects of the spatial hole burning disappear, and the

TWL equation set reduces to the simple saturable gain equations. In this limit, Eq (3.16a) becomes:

.... PR +6t PI + I- 1-

+{ + t,/IAP') kEn
1 r2 + " [ (IR +
~I-{1-+a

Converting this equation to the intensity form and using Eqs (4.10) and (4.14) finally gives:

aIR o+ I -aoL} In (4.26)

Eq (4.26) is exactly the simple saturable gain model expression for IR. The expression for IL can

be reduced in an identical manner; it also yields the simple saturable gain model expression. As

a result, it is clear that the term B contains the interference information about the two traveling

waves in the laser.

Since the Agrawal-Lax theory and the steady-state TWL theory are the same, both models will

have the same threshold population inversion densities and threshold reflectivities. The expressions

for the thresholds are given in Eq (4.17).

The Semiclassical Theory of the Standing Wave Laser

The semiclassical theory of the standing wave laser was first published by Lamb (135). The

theory is quite similar to the traveling wave theory of this research. The derivations of Chapter II

follow loosely the methods used by Lamb.

Several major differences exist between the TWL theory of Chapter III and Lamb theory,

however. Lamb theory assumes that the outcoupling from the resonator is so small that the electric

fields can be adequately expanded as a summation of plane, standing waves:

E(z, t) -1~ E.(t)et'1"'+O'(lt)l sin(k~z) + c.c. (4.27)2427
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If only a single mode is oscillating, Eq (4.27) can be written as:

E(z, t) = E.(t~e-4['t+ 0 (01 sin(k,,z) + c.c. (4.28)
2

Since the outcoupling is very low, the amplitudes E,(t) do not vary spatially. The leftward and right-

ward traveling waves that comprise the standing wave are assumed to be identical. The phases 0,(t)

of the standing waves do not vary spatially. Finally, boundary conditions such as those in the TWL

theory are not required. The outcoupling losses are simply added to the medium loss term 1/F2.

Under the REA, the Lamb equations of motion for a single longitudinal mode electric field can

be written as (106):

- In +L1L- 1 + - (4.29a)

di' f- L9 -;, + -- 1- 01+

d+ 2t Eq( 2 - --n) 1/+) 2 (4.29b)

Ai f- k, + 1(A,;)- ~ j

Eq (4.29) is in normalized form. Note that Cj is used as the reference frequency, instead of C,,,. Since

only one longitudinal mode is present, the usual subscript n on n is omitted. Also, the losses due to

outcoupling are explicitly shown in Eq (4.29a), instead of being lumped into a loss constant 1/f,.

The outcoupling is assumed to only occur through mirror B. The gain medium does not necessarily

fill the entire cavity, as is seen by the L factor in the field amplitude loss term.

When the outcoupling approaches zero, the TWL theory reduces to Lamb's standing wave

theory. This is easily demonstrated. In the limit of no outcoupling, the left and right traveling

waves are identical, except for the propagation direction. Consequently:

kR = kL = (4.30a)
2

OR -- L =. (4.30b)
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The spatial derivatives of the amplitudes and jl-tases of the traveling waves go to zero. Under these

constraints, Eq (3.9) becomes:

A = I + - 1+ A(4.31a)

B = I 1 + - )(4.31b)
2= 1 + On2

C = 0 (4.31c)

Using Eqs (4.30) and (4.31) in Eq (3.8a) and dropping the spatial derivative gives:

IA. at, . ± r ./2 1 + 1 AO- 2 2 +  B2

' E+(A - bn)2 A 2 -B 2  f k v B,/j

or, after some simple algebra:

aA. .2t~eq r __________ ~-1/2'
+ r 1  1 ~~ n)2 (4.3 2a)aE f 2 fk +,-- 1 + (AID - On )2

In an identical manner, Eq (3.8b) transforms into:

a, _ = -_ + 2NV"e (Ac - 0) A./2 1

Z_ +

oi k. + (A': -On) za B2

A )]f, E--- v/- 2 - B 2

1.1/2

Eq (4.32) is exactly the same as Eq (4.29) in the limit rB -- 1. The same procedures can be applied

to Eq (3.8c,d) with the same results. Clearly, the TWL theory reduces to the standing wave theory

as the outcoupling approaches zero.

Si, The steady-state lasing frequency P can be obtained from Eq (4.29). With the time derivative

of set equal to zero, Eq (4.29a) can be rearranged as:

+ 1 1 rB

+ (AI - 'Zq 2 f3 Ll
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This equation can be substituted into Eq (4.29b) to give the (constant) steady-state value of '

1 1 r2 
(4.33)1+ I- - -~In

r2 f3 L1

Since t = r + , Eq (4.33) can be used to obtain the free-running laser frequency at steady-state:

i + Oj (1-1 -in r
r2 f3 LI

1 + (4.34a)
1 + I - -_ In rB3

r2 f3 L9

The frequency offset term Ai is a somewhat more useful quantity:

Ai = (1.34 b)1 +7 I n r D
1+ rT-

Note that only the loses of the laser, the linecenter frequency .Z, and the barecavity frequency 0

appear in the formulae for D and AF. The larger the outcoupling loss, the closer C will be pulled

toward linecenter. Eq (4.34) is equivalent to Eq (8.58) of (106), which was obtained with the third-

order Lamb theory.

The lasing threshold can be found by considering Eq (4.29a) at steady-state. A few rearrange-

ments of the terms yields:

2 =D2 rnk
D 1- [1+ 1+(A- ) J (4.35)

where
1 1

D,- In r (4.36a)

D2 = 2tWq (4.36b)
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If the laser is operating very close to threshold, then

1 + ( A - - ) 2 < 1

Using a binomial series expansion on the square root term in Eq (4.35), discarding the terms of

order k3 or greater, and performing some simple algebra results in:

k2 4[1 + (A, On ¢)2] DO[I -+ (A --0")'] (.7

n2l~~S ') 3f,~T -~ (4.37)

At the threshold, E --- 0, so that:

D [1 + (A(Z - 0)2]

^Wq

or,

Wbeqth (1 + A) 2 3L n r  (4.38)

This is exactly the same threshold condition as was found for the simple saturable gain model and

the TWL model. The standing wave model thus has the same threshold value of rB as the other

two models:

=B exp [ft(4 we,) (4.17c)11h fephg 2 1 +A t2

The Spencer-Lamb Theory

The Spencer-Lamb theory (101) is a modified version of the semiclassical theory of the standing

wave laser. The physics of the interaction between the gain medium and the electric fields is identical

to that of the Lamb theory. However, the theory makes use of a different mirror model. The mirror

affects both the phase and frequency equations. The injection of an external signal is modeled by

considering the boundary conditions for the electromagnetic fields at the transmissive mirror. The
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a injected signal appears as an additional source term in the wave equation, and hence as a source

term in the field amplitude and phase equations.

Mirror A is assumed to be perfectly reflective, whereas mirror B is modeled as an infinitesimally

thin slab of dielectric material. Mirror B, or the "dielectric bump," has a permittivity given by:

EDB(Z) = co[1 + Ab(z - L)] (4.39)

where 6(z) is the Dirac delta function. By matching the boundary conditions for electric and

magnetic fields across the dielectric bump, the reflection and transmission coefficients can be ob-

tained (147):

rD = r7e7 _ ___

2 - =t1 (4.40a)

2
t - (4.40b)

where q7 = kA is a measure of the height of the dielectric bump. The amplitudes and phases of

the coefficients are given in terms of r7 as:

'7 (4.41a)

RD - r + arctan( (4.41b)

2
tf) - - - (4.41c)

V4 + 12~

OT/ arctan (2) (4.4 Id)

Additionally, t7 can be expressed in terms of rD as:

r7 2rD (4.41e)

The dielectric bump has some interesting and aphysical properties that are dealt with extensively

in Appendix A. These properties directly affect the lasing frequency and lasing threshold.
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The Spencer-Lamb model without an injected signal can be written in the normalized system

as:

d - ± 
+  (: " + 11- 1+121-1 + (4.42a)

dt 7 3 \?72+ 1 +1 E [(+A,:, ~L)
d¢, kt+ -+ t-- -1

d i 7 2 + 1E ,2, + (, CL - , )

Eq (4.42) is very similar in form to Eq (4.29). The dielectric bump introduces a different

loss term in the field amplitude equation, compared to the loss of a conventional mirror. It also

adds a phase term to the 0,, equation. This extra phase term shifts the barecavity mode n to a

different value. The interactions between the electric field and the medium remain the same as in

the Lamb model. The gain medium is assumed to extend completely between the mirrors in this

model (Lg 1.0).

In the limit of rD - 1, the Spencer-Lamb model becomes identical to the Lamb model. As rD

approaches unity, q becomes infinite. The dielectric bump loss term in Eq (4.42a) and the additional

phase term in Eq (4.42b) both approach zero when ?7 approaches infinity. Thus, the Spencer-Lamb

model reduces to the Lamb model when no outcoupling is allowed. In this limit, the TWL theory

also reduces to the Lamb theory. Consequently, all three models converge when the outcoupling

becomes negligible.

The free-running frequency z of the Spencer-Lamb model can be derived in the same manner

as Eq (4.34). Following the same steps, the expression for 0,, is found to be:

T3 r (4.43)

The free-running frequency is then given by:

9 

( 4 .4 4 a )
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Ai = r (4.44b)

r2 + 3  7 +1

As with the Lamb model, i depends only on the (shifted) bare cavity mode frequency, the linecenter

frequency, and the losses of the laser.

The lasing threshold conditions can be found by the same procedure that was used to derive

Eq (4.38). The threshold population inversion density is given by:

tb11=(1i+ i2) (4.4 5a)
[, +]

Inverting this expression and using Eq (4.41e) yields the threshold reflectivity:

rDh= {3- ( 1 (4.45b)

Since rD tIh is a function of A[ and Ait is a function of rD, an iterative technique using Eqs (4.44b)

and (4.45b) is required in order to determine the threshold reflectivity.

The dielectric bump introduces an interesting effect on the lasing threshold. Due to the math-

ematical form of the losses of the dielectric bump, there exists a critical value of t~e above which

the laser will always oscillate, regardless of the magnitude of the reflection coefficient. This behavior

is in contrast to that of the Lamb, simple saturable gain, Agrawal-Lax, and TWL models, where

there always exists some threshold reflectivity below which the laser will not operate. This effect is

discussed more thoroughly in Appendix A.

The Spencer-Lamb model of the injected laser uses an injected signal of the form:

EIN EtN -  (4.46)
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The amplitude and frequency of the signal are constant in time. The model of the laser with an

injected signal is given in the normalized units by:

1 2 1 +, ,
di- r2 7 3 17 2 (A+ -+,)

4T!IN
+ -- cos(bDB - ) (4.47a)73

+ (- sin(O - , (4.47b)

where:

T -(4.48a)

4TF 1 N

+ODDb - arctan - (4.48b)
r ?

Although the injected signal is modeled as a boundary condition at the dielectric bump, it enters

the amplitude and phase equations as a source term. In this respect, the injected field is distributed

throughout the medium. This is in contrast to the TWL model, in which the injected field is

incorporated strictly as a boundary condition. The significance of the source terms will be more

apparent in the following section on the Chow model.

A significant problem with the Spencer-Lamb injected laser model is that the 2kL term in

Eq (3.26) is not properly accounted for. The very nature of the standing wave model 3ictates tIt

2kL must exactly equal an integral multiple of 21r, and can subsequently be ignored1. The ft 1, tI.,-T,

phase term t9 in the boundary condition could be made up for in the phas.s of the mr r- ..

this is not the case in the Spencer-Lanb model. (The dielectric buinip h11t k' I.

the reflection coefficient. This phase is totally unrelatted t,, th. t,11 . .

perfectly reflective with rA I in the Stpen .r-l.., , ,
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phase term that must be accounted for. The nonexistence of the 2kL term in the Spencer-Lamb

theory is a major shortfall of the model.

A system gain, analogous to that given in Eq (3.30), is defined by Spencer and Lamb. In the

normalized units, this gain is given by:

G4 = 1 -+ 1(4.49)[N + + [N2 + (4.49)

where:

NJ= 1 + 2(

N ; = (4.50a)

2 f( 17+

I + (4.50b)

fdA t = q {11 [ + (4.50c)

The internal field gain 0 2 is given by:

G'2 (4.51)

This quantity corresponds to the gain defined in Eq (3.31).
A

The Chow Theory

The next laser model to be compared to the TWL theory is that developed by Chow (82, 83).

The model is essentially the standing wave theory of Lamb, with the injected field incorporated as

a pair of source terms in the amplitude and phase equations. The source terms are developed in a

simple manner, and are merely added to the Lamb equations.

Since the Chow model reduces to the Lamb model in the limit of no injected field, the threshold

population inversion density and threshold reflectivity are given by Eqs (4.38) and (4.17c). The

steady-state lasing frequency D is given by Eq (4.34).
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The injected signal source terms can be obtained by considering Figure 4.2. As discussed in

Chapter III, under injected conditions, the phasor k, launched into the laser from mirror B will

generally not return upon itself in a round trip. Assuming that the mirror reflectivities are given

by:

rA = -1 (4.52a)

rB = -rB (4.52b)

where rB is very close to unity, and that the injected frequency is very close to the free-running

frequency, then the angle i in Figure 4.2 will be very small. The additional source terms for the

amplitude and phase equations can be given as:

A(4.53a)

dit f

e (4.53b)

These source terms represent the additional amplitude and phase that must be added to P 2 in order

to satisfy the round trip condition, divided by the round trip time.

The Chow model directly includes these source terms in the Lamb equations. With the gain

medium filling the entire cavity (L. = 1.0) and the injected field given by Eq (4.46), the model can

be written in normalized form as:

dA' ~ ~ 1 1n __ Pf ___L__

di f2 fn 1 1 '3 fWe 1t + A'

+ 2tBtIN cos On (4.54a)
f3

+ 1

2tBA'IN

+ 2t"''N sin On (4.54b)
f3 kn

The internal field gain G 2 for the Chow model is defined in Eq (4.51).
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AE,

E2  
tBEIN

Figure 4.2. The round trip condition in the Chow model. P, is the initially launched field, E2 is
the field after a round trip, and tBnAIN is the injected field inside the laser. Adapted
from (82).

Comparing the injection source terms in Eqs (4.47) and (4.54) reveals a similarity between the

Chow and Spencer-Lamb models. The injection process in the Spencer-Lamb model thus can be

visualized as in Figure 4.2. Both models should be fairly accurate when the reflectivity of mirror B is

very high and when the injected signal is detuned only slightly from the free-running laser frequency.

Since both models are based on Lamb theory, the traveling wave theory of the Fabry-Perot laser

with an injected signal will converge to these models in the limits rB - 1 and C'J - riD.

As the Chow equations are based upon a standing wave model of the internal laser fields,

the 2kL term in Eq (3.25) is forced to be zero. This creates the same serious problems with the

Chow theory as with the Spencer-Lamb theory. As the 2kL term is not accounted for in the phases

of the mirrors, the Chow and Spencer-Lamb theories break down very rapidly as P, departs from z .

84

* ' ' '4 ' . 'D, -4 _4, ' * ' * [ " " €" z, "' . " ' ' " " " "% , °•" . -
°

• .- " . .%° - "



.U. ~,~V~V1.~', q~i1 V! I~U,.AFI~ .~1 .J', X WJ' , TW X M2: J9l. Uli ,rW, 'CVK. V M-M'1- - -r ' I ' -_-W. W.. . , -w ,.W

The Ferguson Model

The final model to be compared to the TWL model with an injected signal is that developed by

Ferguson (87, 88). The model utilizes the simple saturable gain theory to describe the gain medium.

Injection is incorporated as a boundary condition, as in the TWL model.

The laser model employed by Ferguson is given by Eq (4.1), with e set equal to unity. Conse-

quently, without an injected signal, the model yields the same threshold inversion density tE.f and

reflectivity rB as obtained by the TWL model.

The injected signal is incorporated as a boundary condition, in much the same manner as it is in

the TWL model. The general phasor relationship existing at mirror B that is depicted in Figure 3.4

applies to the Ferguson model. If the injected signal frequency P1 is not equal to the free-running

laser frequency P, then the angle between EL and ER is given by 2kL. In fact, the expression for

given in Eq (3.27) is used for the angle between the two phasors.

The boundary conditions are easily obtained. Since the simple saturable gain model is an

intensity model and does not include phase information, a boundary condition for the field phases is

not required at mirror A. Under the assumption that ORA = 7r, the boundary condition at mirror A

in the Ferguson model is:

IR r 2 L (4.55a)

A slightly different situation exists at mirror B. Although the simple saturable gain model uti-

lizes intensities, the phasor relationship described above exists at the mirror. In terms of the field

amplitudes, the boundary condition is given by: 0

rBAkRe i + P1C
- '  

= (4.55b)

Note that in this case, E! has a nonzero phase term, as the reference phasor in Eq (4.55b) is taken

to be 1L. Additionally, ORD is assumed to be 7r. Since 'ORA + ORB = 2 r, the reflection coefficient

phase terms can be ignored in the boundary conditions. Once tl is calculated from the boundary

conditions, the injected intensity is immediately given by:

h = (4.56)
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Although the Ferguson model is conceptually similar to the TWL model, it suffers from several

shortcomings. First, spatial hole burning is not incorporated in the model. This will cause the

calculated intensities inside the laser to be too high, and lead to erroneous values of the injected

intensity. Second, the phases OR.L of the laser fields are not accounted for. The boundary condition

at mirror B is thus only an approximation to the more accurate condition given in Eq (3.28). The

boundary condition should be fairly accurate for small detunings of i' from D, though, as the

additional phase due to OR will be approximately cancelled by that due to 4 L. Finally, although

g0 L is a function of the detuning of t1' from the atomic linecenter frequency c as seen in Eq (4.10a),

it is held fixed for all values of £x in the Ferguson model. This will cause some inaccuracies in the

calculated laser intensities and the injected intensity.

Summary

The TWL theory of the Fabry-Perot laser has been compared to six theories in this chapter.

The key points of the comparisons are outlined below.

1. The simple saturable gain model.

(a) The simple saturable gain model does not include the effects of spatial hole burning, whereas

the TWL theory does.

(b) The TWL theory reduces to the simple saturable gain model in the limit of near threshold

" operation.

(c) Both models exhibit the same threshold population inversion densities and threshold re-

flectivities.

2. The Agrawal-Lax model.

(a) The Agrawal-Lax model incorporates the effects of spatial hole burning.

(b) The TWL model reduces to the Agrawal-Lax model in steady-state.

(c) Both models have the same threshold population inversion densities and threshold reflec-

tivities.
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3. The Lamb model.

(a) The TWL model reduces to the Lamb model in the limit of extremely low outcoupling.

(b) The TWL model and the Lamb model have the same threshold inversion densities and

threshold reflectivities.

(c) A simple formula for the lasing frequency of the standing wave laser was derived. Com-

parisons to the TWL theory are not possible at this stage, as no analytic formula can be

obtained for the frequency of the traveling wave laser.

4. The Spencer-Lamb model.

(a) Without an injected signal, the TWL theory reduces to the Spencer-Lamb model in the

limit of extremely low outcoupling.

(b) The two laser models have different thresholds.

(c) A formula for the lasing frequency D for the Spencer-Lamb model without an injected signal

was derived. Again, no comparisons to the TWL theory can be made at this time.

(d) With an injected signal, the TWL model reduces to the Spencer-Lamb model when the

outcoupling approaches zero and when the injected frequency approaches the free-running

frequency.

(e) The Spencer-Lamb model does not account for the 2kL term in the boundary conditions,

whereas the TWL model does.

5. The Chow model.

(a) Without an injected signal, the TWL model reduces to the Chow model in the limit of very

high reflectivities.

(b) The two models have the same threshold population inversion densities and threshold

reflectivities without an injected signal.

(c) Since the Chow model without an injected signal is identical to the Lamb model, the free-

running frequency D of the laser is given by the same formula derived for the Lamb model.

No comparisons to the TWL theory can be made at this time.
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(d) With an injected signal, the TWL laser reduces to the Chow model as rU -- I and r11 - C.

(e) The Chow model does not account for the 2kL term in the boundary conditions, whereas

the TWL model does.

6. The Ferguson model.

(a) Without an injected signal, the TWL model reduces to the Ferguson model in the limit of

near threshold operation.

(b) The TWL model and the Ferguson model have the same threshold population inversion

densities and threshold reflectivities in the absence of an injected signal.

(c) The Ferguson model and the TWL model account for the injected signal in identical man-

ners, i.e., through the boundary conditions.

(d) The Ferguson model does not include the effects of spatial holeburning, whereas the TWL

model does.

(e) The Ferguson model does not account for the phase terms S
6
R,L, whereas the TWL model

does.

(f) The Ferguson model incorporates the phase term 2kL in the same manner as the TWL

model.

(g) The Ferguson model does not allow goL to vary as a function of the detuning of P from cD,

whereas the TWL model does.

Each of the six models discussed in this chapter suffers from various limitations. For this reason,

the traveling wave laser model was developed. In the applicable limits, the TWL model reduces to

the six theories presented above. It extends the regions of validity of the other models, and corrects

many of their deficiencies. The TWL model can be used for any outcoupling tn and/or tA and

over a broad range of detunings of Cq from P. As a result, the TWL model provides significantly

improved representations of free-running and injected lasers.
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V. Semiclassical Theory of the PBCUR Laser

The semiclassical theory developed in Chapter III does an excellent job of modeling the Fabry-

Perot laser. However, the TWL model cannot be applied to a laser with a positive branch, confocal

unstable resonator (PBCUR). This is due to the fact that one of the counterpropagating fields in

the PBCUR laser is a spherical or cylindrical wave and the other field is a plane wave. The TWL

model is predicated upon the assumption that both fields are planar. As a result, the TWL model

must be modified before it can be applied to the PBCUR laser.

The semiclassical theory of the PBCUR laser with an arbitrary magnification (cavity loss) is

presented in this chapter. Since the derivation of the model follows that presented in Chapter II

almost exactly, only the main results are presented. The laser device is described in the first section,

along with several key definitions. Next, the Bloch equations for the medium interactions with

the electric fields are given. In the third section, the electric field equations are presented. As

the Maxwell-Bloch equations are quite complex, the equations of motion in the REA are given in

the fourth section. The equation set for the free-running laser at steady-state and the appropriate

boundary conditions are presented next. In the sixth section, the equations and boundary conditions

for the injected laser are derived. The chapter is summarized in the final section.

The PBCUR Laser

The laser with a PBCUR is shown schematically in Figure 5.1. The device consists of an active

medium placed between the two curved mirrors. The mirrors form the unstable resonator, with an

optic axis z. Since the resonator is confocal, the focii of both mirrors lie at the same point on the

optic axis. The unstable nature of the resonator forces geometric rays to walk out of the resonator,

rather than being continually refocused toward the optic axis as in a stable resonator. A given ray

that is initially parallel to and displaced a distance x from the optic axis will again be parallel to

the axis after a round trip through the cavity. However, the ray will be displaced a distance MX

from the axis after the round trip, where M is the geometric magnification of the resonator. In
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Figure 5.1. The PBCUR laser.

this manner, a ray will eventually walk out of the resonator after enough round trips. Conversely,

if the propagation direction of the ray is reversed, the ray will walk down toward the optic axis

on consecutive round trips. A bundle of such rays will never completely collapse to the optic axis;

diffractive spreading will eventually overwhelm the geometric demagnification on each round trip.

The rays will then begin to walk out of the resonator (148-152). The region in which diffractive

spreading counteracts the geometric demagnification is known as the "Fresnel core", or alternately,

the 'diffractive core*. It is in this region that the resonator mode is formed, and the interaction

physics of the injection locking process take place. Finally, there is no internal focus of the laser

fields1
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Figure 5.2. The fields in the PBCUR laser.

The fields in the laser are shown in greater detail in Figure 5.2. ER is an expanding wave with

focus FR at z = -IR, and EL is a plane wave with focus FL at z = oo. EfZ is either a cylindrical wave

or a spherical wave, depending upon whether the resonator has strip or two-dimensional mirrors,

respectively. The portion of EL that geometrically spreads beyond the edges of mirror A forms the

outcoupled beam. As EL is a plane wave, the outcoupled field is collimated. Both ERf and EL exist

in the central conical region e of the gain medium. However, in the outer regions f, only EL exists.

This region acts as a single pass amplifier for EL. The cone of rays emanating from FR and grazing

the edges of mirror A form the boundary between the amplifier and central regions. This cone is

designated g in the figure. The geometric mode of the laser is assumed to have a constant intensity

in the transverse directions inside region e.
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The resonator mirrors have complex reflection and transmission coefficients, given by:

Mirror A: {rA = rACiORA (5.la, b)
ItA  tAC ITA

Mirror B: rB = re i a 5.c,d)
ftt= to Ti B

Since outcoupling is performed geometrically around mirror A, the two mirrors are usually made

perfectly reflective. This assumption will be used in this research. Mirror B and the gain medium

are assumed to extend far enough in the transverse directions so as not to be limiting apertures for

the mode. The longitudinal extent of the gain medium is unimportant in the derivation of the laser

equations of motion.

Considering Figure 5.2, the magnification of the resonator can be expressed as:

IR+L L
M I -- (5.2)

The minimum magnification possible is M = 1. In this limit, the PBCUR becomes the Fabry-Perot

interferometer or plane-parallel resonator modeled in Chapter III.

The total electric field E(z, t) inside the central core region of the laser is given by:

E(z, t) = ER (z, t) + EL (z, t) (5.3)

where t!-e individual traveling waves are expressed as:

ER 1 (Zt) - E(zt)exp {-i[vt - kpR + OR(z,t)] } + c.c. (5.4a)ER~~t)=2 PR

EL (Zt) {EL(zt)exp {-4zqt + kz + OL(z,t)]} + c.c.} (5.4b)

1, cylindrical wave

I,1, spherical wave

PR k z + I? (5.6)
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In these equations, PR is the radial distance from the focus FR, ER,L(z,t) are the amplitudes of

the electric fields, k is the wavenumber, and RL (z, t) are the electric field phases. V1 + ,R.L are

the instantaneous frequencies of the two traveling waves. In particular, vt is a reference frequency;

when the laser has an injected field, vi is the frequency of the injected wave. The amplitudes ER.L

and phases ORL of the electric fields are real and assumed to vary slowly in both space and time.

a is a parameter that describes the cylindrical/spherical nature of ER. Finally, the derivations are

confined to the paraxial region, as noted in Eq (5.6).

The total polarization of the medium can be defined in a similar manner:

P(z,t) = PR(z,t) + PL(z,t)

= 1IPR(zt)exp{-i[vt - kz + R(Z,t)]}
2(

+ PL(z,t) exp{-i[vit + kz +O L(z,t)]} c.c.}

= 1JPRI( z ' t)exp1 - i [L
2

It+CR(z,t)1J

+ P,(z, t) exp{-i [vlt + OL(z, t)] } + c.c.} (5.7)

The total polarization is the sum of two traveling wave parts. In general, the amplitudes PR,.L

and PR.L are complex quantities that vary slowly in time. PR,L vary slowly in space, whereas

PR.L have a rapidly varying spatial factor on the order of e and a slowly varying envelope

term. Nothing is explicitly stated in Eq (5.7) about a cylindrical/spherical/planar nature of the

polarization waves.

The Bloch Equations

The Bloch equations can be derived in a manner that closely parallels the derivation in Chap-

ter II. Only minor differences exist. First, there is no PL term, as EL is a plane wave. Second, the
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normalization of EL is the same as that required in Chapter III:

P L EL (5.8)
'YA

In normalized form, the Bloch equations for the PBCUR laser are:

-- =- a R - ( R- R

Oo+27

i + kRf Sin 'COSR- PLCSn(O"- OR + 0) tZ dO (5.9a)

+x f ~(.a
Oo

a --' - A R -aT OR
0o +21r

+ P¢R + + 0 tbdO (5.9b)

Oo

aUL _ A CO - aL
-UL at]

Oo +27r

1 ~1

+ f COsin(OL--OR+ + + R)wd do (5.9c)

eo

ah t - +O ImL P -;
ai )tLP

0o

a ~ + W Ie +I R [A Re~ 0/2+1R) + &LCi(0~L 4,k+0/2)]

+ P" t~e i(i-j+/ + ALCiO/21 (5.9e)

Notice that the equations for the PBCUR laser are a "blending" of the corresponding equations

for the Fabry-Perot laser (Chapter III) and the general laser (Chapter II). A comparison of Eq (5.9)

to the corresponding set for the Fabry-Perot laser yields three minor differences. These differences
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are all due to the spherical or cylindrical nature of kR. First, the mixing of the electric field terms in

the integrals is different. The mixing is due to the R phase term in the expression for ER. Second,

the phase term R appears in the expression for 6Z. The final difference is the appearance of A in

conjunction with PR. These differences are all minor; functionally, Eq (5.9) is identical to Eqs (3.6)

and (2.66).

The Electric Field (Maxwell) Equations

The derivation of the electric field equations for the PBCUR laser is virtually identical to the

derivation given in Chapter II. The only difference lies in the fact that EL is a plane wave in the

PBCUR laser. Hence, no AL term exists that must be dealt with.

In normalized form, the electric field equations of motion are:

aR atR PR
- "  a+ 2 +-R (R sin R + OR COS R) (5. 10a)

aPR a, 1L +-O- (

at ai f

atL a0L UL

+tL (5. 1Oc)

at az ELaL aL 1 - (5.lOd)

As with the Bloch equations, the field equations appear to be a mixture of the corresponding

equations from the Fabry-Perot and the general laser equation sets. The additional phase term R

forces the mixing of the in-phase and quadrature components of the polarization in the PR and OR

equations, as in the general laser case. PR is also modified by A", as expected. Note particularly

that Eq (5.10a) is dimensionally correct, since P, premultiplies the polarization terms. Finally,

the &L and dt equations are identical to those in the Fabry-Perot laser case.

Eqs (5.9) and (5.10) form the Maxwell-Bloch equation set for the PBCUR laser. As with the

Fabry-Perot and general laser cases, this model is a self-consistent set of "point" and "longitudinally
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varying" equations. In order to solve the set, an expression relating P', to PR.L similar to the

inverse of Eq (2.35) is required in Eq (5.9e).

The Equations of Motion in the REA

Once again, the Maxwell-Bloch equations are too complex to solve. An analytic solution of

the equations is virtually out of the question; a numerical solution would be prohibitive in terms

of computer costs. Under the REA, however, the equations simplify to a very manageable set. If

the REA can be justified, the following set of equations can be used relatively easily with excellent

results.

The derivation of the equations of motion in the REA follow the approach presented in Chap-

ter II. The final set of equations in normalized form is:

aER aA'R _ R + A'RPR 1

++L P  ,9/at -a

a- ai f = 2 I+ (A; O)' VA 2-  B- C 2

+ L------ r1- A ] [B - C(A(.) -- L) (5.11a)
+ (AZ-7 L)2  1 A 2 -B 2 - 2 JLB2 + C2

19OR -9R A I.+zR ARP Ow'R) 1

at atR I+ (AlZ'-OR) v' B 2 -_C2

d.{

+(A&- [2 1- 1 [B(Aa- OL) +c C~ (5.11b)

% + [A -Oi fA2-B2 C2 J B2]JC

aEL aA'L PL +
at -9 a r2 I+ e 1+(Al-'L) 2 IA 2 -B 2 -C 2

+ 'tRR - A IB + C 2I (5.ll c)
1+(ACDIOR )2  7A - 2- C2J L i ) C

.90L +4L 6e, & (AW9 -L) 1
ati ai VA B

+________2_[ A 1rB(A,;,- R) C] 5.1ld
1 +(AID OER) 11 fA2-B2 C2]1B2 +C2J(5ld
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A + R PR_-L ) (5.12a)
I+ +2

1+-cZ' ) 1(A - L)

B( --IARL 1 1 (5.12b)

C-f 'EtRL (Ac-R) (Ac- L) (5.12c)
R 1+ (AZ O R) 1 + (A~I - OL)

Notice that the equation for tR is dimensionally correct, as the term AR premultiplies the gain term.

Eqs (5.11) and (5.12) will be referred to as the traveling wave unstable resonator laser (TWURL)

model. This model, like the TWL model, is a considerable simplification over the Maxwell-Bloch

equations. The model suffers from a problem that also affects the TWL and general laser models:

time derivatives of both OR and 'PL exist on the right-hand sides of Eq (5.8). These derivative

terms cannot be factored out and collected on the left-hand sides of the ORL equations only. This

potentially could lead to stability problems similar to those experienced in the time-dependent

numerical solutions of the TWL model. (The numerical methods discussed in Appendix B could be

used to obtain time-dependent solutions of the TWURL equations. However, no attempt was made

to do this, as the primary data of interest were steady-state values.)

The Free-Running Laser at Steady-State

The TWURL equations describe the interaction of the counterpropagating electric fields with

the atomic medium. As such, they can be employed to model the free-running laser. The steady-

state version of the equations form a particularly simple subset of the TWURL model. The reduced

equations and the appropriate boundary conditions are derived in this section.

The frequencies of the barecavity modes are given by the same expression as for the TWL

model, Eq (3.10):

=nc (. 13 a)
2-yL
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where n is some large integer. The barecavity intermode frequency separation is given by:

an = C (5.13b)

2-7L

Notice that both of these equations are given in the normalized units. The actual lasing frequency '0

will be pulled closer to linecenter, due to the large index of refraction changes near the atomic

linecenter.

The following frequency differences, defined in Chapter 1II, will be required in the ensuing

derivations and are repeated for convenience:

Ah = e - 0 (5.14a)

A - - (5.14b)

A -D - C' (5.14c)

At steady-state, the lasing frequency C, is constant throughout the laser. Since:

I / + Oft = C'1 + OL

the time derivatives of the phases must be constant and equal at steady-state. That is:

OR =- = (5.15)

A nonzero but constant value of S simply indicates that the reference frequency £'j was not chosen

to equal C,. It does not imply that the laser is not at steady-state. The field amplitudes are constant

at steady-state, so that:

ake at,a - -at- 0 (5.16)

The TWURL equations in the core region e of Figure 5.2 can now be simply derived. First,

Eq (5.12) reduces to:

As 1 + (+---- i-+ k
I + 

-2.

B = (1kR+A' (5.17b)

C = 0 (5. 17c)
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Using Eq (5.17), the field amplitude equations simplify to:

a -R _ f ARF APR -PJ R a_-_A
" + aqpa(- + AI (5.18a)

8: 0p T2 2~l fVA B ?ER\ VA - B2j

8d 0L 1 EL ~e L 1A
AP_ +. _L_1_( A (5.18b)

ai 2 (1 + At2)VA2 -B2 +_____B_

Eqs (5.1lb,d) can be rewritten as:

{ a ( +

+C 1

+ R R-"- (1 + At)/ -:- A2 1 / B2)

+ - +R+ 1- A (5.18c)
LkRjA~a (1~~i2)/2B + At2A B2 V2f,,R A2 - B

'#+ _ fkFAL A'
a: At - in L (1i+ At2) A 2 -B 2 + 2-~k 2~B~ (S. 18d)

Eq (5.18) is equivalent to Eq (3.16); the forms of the two equation sets are virtually identical. The

medium creates small shifts in OIR,L, which in turn show up in the frequency pulling and pushing

effects. As with the TWL equations, if the actual lasing frequency C is known a priori, then

Eqs (5.18a) and (5.18b) can be solved directly with the boundary conditions to yield the steady-

state field amplitudes. The phase equations are not required in this case. If z is unknown, then

all four equations must be used in the manner described in Appendix B in order to calculate the

free-running frequency and field amplitudes.

The equations of motion for &'L and OL are required for the amplifier regions f in the gain

medium (Figure 5.2). This set is obtained by setting ER equal to 0 in Eqs (5.11) and (5.12).

Eq (5.12) reduces to:

Af = 1 +(5.19a)
1 + Atj2

Bf = 0 (5.19b)

c 1 = 0 (5.19c)
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Substituting Eqs (5.15), (5.16), and (5.19) in Eq (5.11) gives the equations for EL in the amplifier

regions:

o _L 1 _&ie+ ] (5.20a)

_ WeqAi- 1A Ar 1 + + Lait (5.20b)0 i Af I1 + A t^ ) ]

The specific numerical algorithm through which Eq (5.20) can be applied to the amplifier region is

given in Appendix B.

The boundary conditions can be derived in a manner similar to that used in Chapter III.

Matching the fields at mirror A yields:

_1 Eti(e-[v"-kP+0t(0)] = rAeRA E0-'[v,(+kz+ °(0)]

After simplifying and normalizing the expression and separating it into the real and imaginary parts,

the boundary condition at mirror A becomes:

PR(0) = PrtAPL(0)

OR(0) = 4L(0) - PRA + kR

An additional simplification can be effected. Using Eq (5.2), can be written as:

(IR)

=(MI IY (5.21)

Substituting Eq (5.21) into the boundary condition expression yields:

PR()=rAtfL(0)(52a
- (M - 1)(

R(0) = PL(O) - O'RA + kiLR (5.22b)
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In a similar manner, the boundary condition at mirror B can be obtained. Matching the fields

across the mirror gives:

are'€a ER(L)e - '  EL(Le -

PR

After simplifying and using an expression analogous to Eq (5.21), the boundary condition can be

written as:

L(1) = - rBAL'R(1) (5.23a)

OL(1) + kIR = CR(1) - ORB - 2kL (5.23b)

Notice that the kiR term is added to O/L in Eqs (5.22b) and (5.23b). Since the absolute phase of the

fields is unnecessary, the kIR term can be absorbed into OL and ignored in the above equations. It

therefore is unnecessary to know the exact value of IR in a calculation.

As mentioned at the beginning of this chapter, the mirrors are usually perfectly reflective, as

the outcoupling is performed via geometric extraction of EL. This was assumed to be the case in

all the numerical work performed in this research. The reflection coefficients for this case are:

rA -- ei  (5.24a)

rB = e (5.24b)

Using Eq (5.24) in Eqs (5.22) and (5.23) yields the final set of boundary conditions:

t'R(0) = L(0) (5.25a)S()=(M - 1

OR(o) = OL(O) - (5.25b)

tL(l) = - M R(1) (5.25c)

OL(1) = €R(1) - r - 2kL (5.25d)

At steady-state, 2kL is equal to 2rnr, where m is some integer. The 2kL term can therefore be

dropped from Eq (5.25d).
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The output power, under the assumption of perfectly reflective mirrors, can be found by inte-

grating the output intensity across the output aperture. This aperture is located in the plane of

mirror A, i.e., at i = 0. The particular expression for the output intensity will depend upon whether

the resonator mirrors are strip or two-dimensional. The intensity in the output aperture is defined

as:

IP-(XYt0 (XY,2 = oi) (5.26)

where x and y are the transverse coordinates. Then, for strip mirrors, the output power Po, is

given by:

Po., = J Ip dx dy
ap

Md

= 2Ay J I,,p dx (5.27a)

d

where x is the transverse coordinate, 2d is the width of mirror A in the z direction, and Ay is the

depth of the mirror in the y or strip direction. If the mirrors are square and mirror A has sides of

length 2d, then the output power is given by:

Md

Pt = 8 f x L,, dx (5.27b)

d

Finally, if the mirrors are round and mirror A has a diameter of 2d, the output power is given by:

Md

27r J xL,p dx (5.27c)

d

where z is a radial coordinate perpendicular to the optic axis. Note that three implicit assumptions

are used in Eq (5.27): the gain medium is uniformly pumped, the resonator mirrors are each sym-

metric about the optic axis, and the magnification is uniform and constant in all radial directions

from the optic axis. Under these assumptions, l,,, is symmetric about the optic axis. If any of these
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assumptions is not true, I,,, will in general not be symmetric about the optic axis. The integrations

in Eq (5.27) must then be performed over the whole of the output aperture.

The extraction efficiency ?7L of the laser is defined as the output power divided by the total

available power in the gain medium:

--L (5.28)

where f7, is the volume of the gain medium. Using the above expressions for P0, t, the efficiency can

be written as:

Md

T" I,- dx Strip mirrors
goL Md 1 +A i-g d

Md

?7L = 21 [xI(,, dx Square mirrors (5.29)
go M 2 d2 (1 + Ai 2) jX

MdMd

2 p dx Circular mirrors

go M2 d 2 (1 + Ai 2 ) P
d

The Injected Laser at Steady-State

As in the TWL model, the TWURL equations reduce to a simple form when the PBCUR laser

has an injected signal. The physics of the injection locking process is conceptually the same as in the

Fabry-Perot laser, with only a few minor differences. Before developing the injected laser equations,

the locking process will be examined in more detail.

The underlying concepts of injection locking can again be understood if the electric fields are

thought of as phasors. As discussed in Chapter III, some phasor EL is initially launched from

mirror B, undergoes a reflection at mirror A, returns to mirror B, and undergoes a second reflection.

If the vector sum of the phasor that has completed the round trip and the injected phasor is

exactly equal to the initially launched phasor, then a steady-state injection locked condition has

been reached. This is depicted in Figure 3.4.
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A few subtle differences exist between the injection locked Fabry-Perot laser and the injection

locked PBCUR laser. The first difference involves the manner in which the injected signals enter

the slave laser. In the Fabry-Perot laser, injection is performed through the partially transmissive

mirror B. In the PBCUR laser, both mirrors are perfectly reflective. For the purposes of this

research, injection is performed by directing the beam from the master oscillator into the output

aperture of the slave laser, as depicted in Figure 5.3. The injected signal walks down toward the

optic axis, until diffractive spreading causes the beam to fill the Fresnel core. The locking physics

occurs in the Fresnel core. This differs from the Fabry-Perot laser, where locking occurs over the

whole of the outcoupling aperture. In the PBCUR, the injected signal is mathematically modeled

as an electromagnetic field source located at mirror B. This field is vectorally added to rn in(1, t).

The injected field thus enters into the boundary condition at mirror B. The injected signal could

be added vectorally to the circulating fields at any given plane in the resonator. However, mirror B

was chosen for simplicity and so that the injected field could be modeled as a plane wave.

The second difference in the injection processes is Chat the injected signal in the PBCUR may

undergo an increase in intensity as it walks down to the optic axis (153). This increase is due to two

factors. First, the beam footprint is geometrically demagnified as it walks down to the Fresnel core.

Second, the injected signal is amplified by the gain medium with each pass through the resonator.

As a result, the injected signal in the Fresnel core can potentially be more intense than the injected

beam external to the slave laser. In the Fabry-Perot case, however, the injected intensity I inside

the laser is less than the injected intensity external to the laser, due to the transmission coefficient

of mirror B. The amplification during the walkdown is ignored in the present research for several

reasons. The amount of amplification of the injected beam is highly dependent upon the physical

layout and parameters of the laser. In order to keep the research scope broad, only "generic"

resonators rather than specific devices were used. Finally, as the injected signal is modeled as a field

source in the Fresnel core, the degree of amplification due to the walkdown is not required.
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Master Oscillator

IIN

,out

lout

Slave Oscillator

I

S

Figure 5.3. The injection technique used in the PBCUR laser. IIN is the injected signal from the
master oscillator; /,jut is the beam radiated from the slave laser.

The injected signal at mirror B is given by:

(I, =) (5.30)

The amplitude and phase of the injected signal are constant in both space and time. Since the

phase of one of the three electric fields is arbitrary, it can be set to any desired reference value. For

convenience, 01 is chosen and set equal to zero.
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In the injection locked laser, the oscillation frequency is by definition equal to t.1. Therefore,

the time derivatives of OPR and OL are equal to zero. The time derivatives of the electric field

amplitudes PR,L are also equal to zero. With this in mind, Eq (5.12) reduces to:

A = I + A 2  + k (5.31a)

B= +ACZJ2)3 (5.31b)(I + A(.2)A

C = 0 (5.31c)

Combining Eqs (5.31) and (5.11), the electric field equations of motion are obtained:

... ._ -1- + ,PoI (5.32a)

= - + 6, R (I + A)r - + A; 1 - (53a

' 2 [- 1 + A -B 2  + 2 R VA2 -B 2 J.2

a&. P~L + tL 1(,A1A
(5.32b)

+4?JA =J1 + IPR + I A

-~--P R R L(1 + A2,2)VA2 -B2 2f~ -2B2}]

IRA= (5.32c)

kR tk ?R [(1 + A(. 2 ) VA2 - B2 +2P vA 2 -B 2 } (52c

+7 + A (5.32d)

I

-~~~ ~~ -2-r+ L 1(I + Ac.i 2)VA-2 -B 2 +2fAL -,/A 2 -B2)j (53d

Eqs (5.3 1) and (5.32) are identical to Eqs (5.17) and (5.18), except that the At terms have been

replaced by AcD.

The equations for &' and 'PL in the amplifier region of the gain medium are similarly obtained.

First, Eq (5.12) reduces to:

Af =I+ L(5.33a)
1 + A

Bf = 0 (5.33b)

C, = 0 16(5.33c)]
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Then, the equations for P7L and 4
'L can be written as:

a & =- 1 t~q~
_ki_ + il±cZ)JL (5.34a)

A 1(1 + AZ2)] (5.34b)

The boundary conditions are readily derived. At mirror A, the boundary conditions are identical

to those for the free-running laser:

kR() A L7(0) (5.35a)
E() (M - ip~

O'R(0) = OL(O) - O'RA + kIR (5.35b)

At mirror B, the vector boundary condition is:

r, (M ~ 1) LR(1), [40R)0J1-1Rk] + = A(1)etiOL(I) (5.36)

As in the free-running laser case, the phase term kMR can be absorbed into /fR, and thus

eliminated from the boundary conditions. The mirrors are also perfectly reflective, so that:

rA = rB = e C

Finally, the 2kL term can be accounted for in exactly the same manner as in the injection locked

Fabry-Perot laser, namely:

2kL=2mrr+ 6, m 0, 1, 2....

where:

2ir? (Ai - AZ) 1+ - agIn

Incorporating these facts into Eqs (5.35) and (5.36) yields the final set of boundary conditions:

PR (0) =- L 0 (5.37a)
(M - 1)"

OR()= 0 L (0) - r (5.37b)
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M- I PR(J)e- [O(l)-ir-°] +1), = ,L(1),-SOLO) (5.37c)

Finally, an internal field gain G 2 , identical to that given in Eq (3.31), can be defined:

G (5.38)

G 2 is indicative of the ratio of the intensities of the circulating fields to the intensity of the injected

field.

Summary

The Maxwell-Bloch and TWURL equation sets for the PBCUR laser were presented in this

chapter. The equations were seen to be very similar to the corresponding equations for the Fabry-

Perot laser. The steady-state equations of motion in the REA were derived for the free-running

laser. The injection locked laser was described physically, and the equations of motion governing its

behavior were given. The appropriate boundary conditions for both the free-running and injection

locked lasers were derived.
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VI. Comparisons of the TWURL Model to other Theories

Several theories have been developed that describe the operation of the PBCUR laser. However,

these models all suffer from one or more deficiencies. For this reason, the TWURL model of the

previous chapter was developed.

In this chapter, the TWURL model is compared to two free-running laser theories that have

been published in the literature. In the appropriate limits, the TWURL model is shown to reduce to

the other models. The TWURL model is first compared to a modified version of the go-I,,t model.

Similar threshold behavior of the two models is demonstrated. A comparison of the TWURL model

and the Agrawal-Lax model of the PBCUR laser is presented in the second section. As in the

Fabry-Perot laser case, the Agrawal-Lax model is shown to be the steady-state version version of

the TWURL model. A summary of the comparisons is given in the final section.

The Simple Saturable Gain Model

The simple saturable gain model developed by Rigrod (121-123) can be readily extended to

model the PBCUR laser (154). The general form of the model is:

dA7R 1 O)~
-2 (Go - aoL)k (6.la)

dAtL 1
d -l(G 0 - oL)AL (6.1b)

d 2

Go goL (6. lc)
[i +IR+II

where:

1 inhomogeneons broadening
= (6.1d)

homogeneous broadening

and:

IR A (6.1e)
PR

IL t (6. If)
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Since the TWURL model employs homogeneous broadening, e will be set equal to I in the following

discussion.

The simple saturable gain model has two serious shortcomings. First, the model does not

account for spatial hole burning. This causes the gain used in the model to be artificially higher

than the actual value. As a result, the intensities calculated by the model are too high. Second,

phase and frequency effects are not taken into account. Frequency pulling and pushing effects and

the lasing frequency i cannot be calculated with the simple saturable gain model. Although injection

locking could be modeled in a manner similar to Ferguson's method, the results would suffer due

to the lack of spatial hole burning, phase, and frequency information. Both of these deficiencies are

corrected in the TWURL model.

Both the simple saturable gain model and the TWURL model reduce to the same form at

the lasing threshold. As in the Fabry-Perot laser, this is due to the negligible effects of spatial

hole burning in this regime. In the TWURL model, the peaks of the interference pattern of the

traveling waves are quite small. As a result, the population inversion is affected negligibly by the

the interference of the traveling waves. The gain becomes approximately equal to, but slightly less

than, goL. The equivalence of the two models at the threshold can be shown by letting the field

intensities be arbitrarily small. The simple saturable gain model reduces to:

dP~n 1

"z - 2(goL -aL)PR (6.2a)

dEL 1d 2 - (o L- a L) (6.2b)

Following the same procedures used in Chapter IV for the TWL model, Eqs (5.18a,b) become:

a Pf3 + 3tq (6.3a)
__ 2f2 2(1 +Ati2) )

tL _ 3 + 3 )tL (6.3b)
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Eq (6.3) is identical to Eq (6.2), if the following identifications are made:

goL= -3weq (6.4a)
I +t~it

coL = f- (6.4b)

Notice that the definitions of guL and aoL are the same as those given in Eq (4.10) for the Fabry-

Perot laser.

The value for I,,, must be derived in order to complete the comparison of the two models. I't

can be obtained by considering the single pass amplifier case, i.e., the limiting case in which klR - 0

or kL -- 0. The later case has already been derived for the amplifier region of the gain medium in

the PBCUR laser. The equations of motion for fEL are given in Eq (6.20). The amplitude equation

can be rewritten slightly as:

a& L + Di I+ W r0 = - - - - L +

_-OL & (6.5)

Similarly, the amplifier expression for A'L can be obtained for the simple saturable gain model by

letting ER -- 0 in Eq (6.1b):

(6.6)
di 2 1+ }

Comparing the two equations yields the expression for I,,,:

(6.7)

Notice that this equation is identical to Eq (4.14). The fact that goL, aoL, and I.,, are the same for

both the TWL and TWURL models is not unexpected. These parameters are characteristics of the
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gain medium only, and have nothing to do with the nature of the electromagnetic fields propagating

inside the laser.

Since the TWURL model reduces to the simple saturable gain model near threshold, both

models have the same values of threshold gain and resonator magnification. The threshold gain for

the simple saturable gain model is given by (154):

go = coL9 - In (rA - (6.7)

Using the values for g,,L and aOL and letting rA,.3 = 1, the expression for the threshold population

inversion density is obtained:

,q= (1 + AP ) + nM (6.8a)
ilh= I 2 f734

Inverting Eq (6.8a) yields the maximum value of M" for which the laser will operating with a ixed

pumping rate (eq):

a exp f3 1 + 1 (6.8b)

Note that the value of M' in Eq (6.8b) is just the inverse of the threshold reflectivity given in

Eq (4.17b).

The Agrawal-Lax Model

In addition to the Fabry-Perot laser equations, Agrawal and Lax also present a set of expressions

for the intensities inside a general unstable resonator (142, 143). The particular resonators modeled

have two-dimensional mirrors, such that ER is a spherical wave (a = 1). Specifically examining the

PBCUR case, their equations are:

dIR 2(M - 1) , 93 L ( - -fa' - itdi- + +(M - I) /r Va 1 -- 2 21' (6.9a)
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dIL _ 9 3 L (1 - -/v'2 -\ 2) 1,9b

z V- ,2 - b 2  2 .IL

where a, b, and g3 are defined in Eq (4.20). As in their Fabry-Perot laser equations, this set models

the effects of spatial hole burning. 6 is the interference term between the two traveling waves; if

b = 0, Eq (6.9) reduces to the simple saturable gain model of the previous section.

The Agrawal-Lax model is identical to the TWURL model at steady-state. The model can be

used to calculate the intensities of the fields in a free-running laser for a given lasing frequency i5. The

main deficiency of the model is that phase and frequency effects are not addressed. The model does

not have a pair of phase expressions analogous to Eqs (5.18c,d). Consequently, frequency pulling

and pushing effects and the lasing frequency C/ cannot be determined with this model. For the same

reason, injection locking cannot be adequately addressed with the Agrawal-Lax equations. The

angle between the phasors in the boundary condition for mirror B can not be accurately determined,

except for very small detunings of the injected signal from the free-running frequency. As a result,

the injected signals calculated by the model would only be accurate in a very narrow range of

detunings about the free-running frequency.

The equivalence of Eqs (6.9) and (5.18a,b) can be demonstrated with a little effort. Eq (5.18a)

can be rewritten as:

OER +~ ++++A -i2 - I+A-2( )-B)P

Notice that c = 1 in the above equation. By defining:

R h (6.1la)

- k2 (6.11b)

a = A(l + At) (6.1lc)

b -3(1 + AP) (6.11d)
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and using Eq (4.24), Eq (6.10) can be cast as:

2f9kEat, 93 L (a -VaTW-bP

_ -3i a 2 -b 2 \ 21' R (6.12)

Next, expanding the left-hand side of Eq (6.9a) yields:

(iR 2 (M-1) a + 2(M-1)
ai + I +(M-1)i 'R (9 2~ +(

2 f, Rn 2I 2(M - 1) I'

PR I~ + (M I)i' t

However, since:

M R+ L L
M= -~± l +

IR  IR

Eq (6.13) can be reduced to:

__' + 2(M - 1) I, 2fIR ak 21 2I

+2 I +(M - 1)p IR R 3 - Z?
2 3i PR O,

2f1kR tR (6.14)

Finally, substitting Eq (6.14) into (6.12) yields:

-_ + -1) R - / - (6.15)

al i+(M - i)i 2ab 2Ift

Eq (6.15) is identical to Eq (6.9a). In a similar manner, Eq (5. 18b) can be transformed into Eq (6.9b).

Clearly, then, the Agrawal-Lax equations are equivalent to the TWURL field amplitude equations

at steady-state.

A consequence of the equivalence is that both models have the same threshold population

inversion densities and resonator magnifications. The threshold expressions are given in Eq (6.8).
".4
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Summary

The TWURL model was compared to two free-running laser models in this chapter. A list of

the key points from the comparisons is given below.

1. The simple saturable gain model.

(a) The simple saturable gain model does not include the effects of spatial hole burning, whereas

the TWURL model does.

(b) The TWURL model reduces to the simple saturable gain model in the limit of threshold

operation.

(c) Both models have the same values of threshold population inversion density and resonator

magnification.

(d) The simple saturable gain model does not include the phase and frequency information

(equations), unlike the TWURL model.

2. The Agrawal-Lax model. 0

(a) The Agrawal-Lax model accounts for the effects of spatial hole burning, as does the TWURL

model.

(b) The Agrawal-Lax model is identical to the steady-state field amplitude equations of the

TWURL model.

(c) The Agrawal-Lax model is a steady-state model, whereas the TWURL model can be used

for time-dependent calculations.

(d) The Agrawal-Lax and (TWURL) models both have the same values of threshold population

inversion density and resonator magnification.

(e) The Agrawal-Lax model does not include the phase and frequency information (equations)

that are included in the TWURL model.

The TWURL model was developed to correct the deficiencies in the existing PBCUR models.

The TWURL model extends the range of possible calculations, including time-dependent and in-
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jection locking studies, beyond those of the other models. In the appropriate limits, the TWURL

reduces to the two models presented in this chapter.
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VII. TWL Model Numerical Results

A variety of numerical studies of the Fabry-Perot laser were performed as part of the research.

Three generic lasers were modeled; each was examined at four different barecavity frequencies Ayh.

Time-dependent and steady-state runs of both free-running and injected lasers were performed. The

parameter space explored had two free variables: the outcoupling (reflectivity rD) and the detuning

of the injected signal from the free-running frequency (p - 1l}.

The results of the numerical studies are discussed in detail below. The twelve data sets used

are listed first; the rational for selecting the given parameters is discussed. The cubic curves are

examined next. The time-dependent results for both free-running and injected lasers are explored

in the following two sections. The final sections discuss the results of the steady-state studies for the

free-running and injected lasers. Detailed comparisons to the alternate laser models presented in

Chapter IV are made throughout the chapter. To avoid an excessive number of figures, a complete

set of plots for data sets 27 and 36 are given in Appendix C.

Data Sets

Three general lasers are examined in the numerical studies. The laser parameters are not tied

to any specific laser or lasing medium. Some of the parameters are taken from the examples in

Chapter 8 of Sargent, Scully, and Lamb's text (106) and from Spencer and Lamb's paper (101).

Each laser is "operated" at four separate barecavity frequencies, for a total of twelve different data

sets. In all cases, mirror A is assumed to be perfectly reflective and mirror B is partially transmissive:

The gain medium completely fills the region between the two mirrors, i.e., 1.0. A complete

list of the parameters is given in Table I.
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TABLE I

Fabry-Perot Laser Numerical Studies: Laser Parameterst

Data f, I I 1z Ain go/ao rB

Set

27 6.05 21.04145 1.3 0.567 0.0 11.93 0.5003
28 6.05 36.54837 1.3 0.54722 0.0 20.00 0.5000
29 6.05 21.04145 1.3 1.0872 0.0 22.88 0.2500
30 6.05 21.04145 1.3 0.567 0.03 11.92 0.5006
31 6.05 36.54837 1.3 0.54722 0.03 19.98 0.5003
32 6.05 21.04145 1.3 1.0872 0.03 22.86 0.2503
33 6.05 21.04145 1.3 0.567 0.15 11.67 0.5086
34 6.05 36.54837 1.3 0.54722 0.15 19.56 0.5081
35 6.05 21.04145 1.3 1.0872 0.15 22.37 0.2581
36 6.05 21.04145 1.3 0.567 0.375 10.46 0.5491
37 6.05 36.54837 1.3 0.54722 0.375 17.53 0.5471
38 6.05 21.04145 1.3 1.0872 0.375 20.06 0.2989

tNote: go/cso and rB Ith are calculated at Ar, not at the more correct value of Ai. Consequently, the
tabulated goc/ro values are slightly lower than the actual values, and the rB Ith values are somewhat
high.
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The following parameters are obtained from Figures 8.4 through 8.7 of (106):

-y = 21r x 108 rads/sec

'7
'7b -- 2

=r X 108 rads/sec

The lifetime of the upper atomic state is arbitrarily assumed to be 10 times that of the lower state:

-Y,- = 
1 0 7b • This is not unrealistic; the lifetime of the upper lasing level must be greater than that

of the lower level in order to maintain a population inversion. Using these parameters with the

definitions of 'yb and ?I leads to:

TYYab

-6.05

The resonator length is assumed to be 2.0 meters. Then:

2

27 L

- 1.3333...

The barecavity mode spacing is 0.75 (in uvits of the atomic linewidth).

Four barecavity frequency offsets Ain are used in the study. Each laser is examined at linecenter

(Ay% = 0.0), the maximum possible detuning from linecenter (A - 0.75 - 0.375), and two

intermediate values of An. Because of the symmetry of the laser equations about linecenter, only

positive values of Arn are used.

The pumping rate tbe and the loss term f2 are chosen to yield go/ao ratios in the range (10, 25)

at linecenter. The linecenter threshold reflectivities are r = 0.50 (two cases) and rD 0.25 (one

case). The actual parameters used in the analyses are listed in the table.
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One additional detuning variable is required:

= i _ Ai (7.1)

This frequency difference is the detuning of the injected signal from the free-running laser frequency.

Since one of the assumptions of the rate equation approximation is that the phases vary slowly in

time 1/,I, A6 is restricted to the range [-0.1,0.1].

The Cubic Curves

Spencer and Lamb (101) discuss in some detail plots of the internal laser intensity I, vs the

injected intensity I. at steady-state. At low intensities, Ij is a cubic function of I,. Similar curves can

be generated with the TWL equations. Since the fields in the Fabry-Perot laser vary longitudinally,

plots of IR.L(Z) vs Ir can be produced for any axial location i = t. The curves depict the injected

intensity required to produce a given intensity value IR.L at some longitudinal position in the laser.

An sample "cubic curve" is shown in Figure 7.1.

The TWL equations reduce to a form quite similar to the Spencer-Lamb equations at mirror A,

as ER(O) = EL(0) and OR(0) = 'PL(0). Consequently, most of the cubic curves examined in this

project are plots of IR(0) vs Il. The following sections discuss the stability of injected lasers in

the context of the cubic curves, the general behavior of the curves, and the unusual behavior of the

curves noted by Ferguson (87, 88).

Inected Laser Stability. Spencer and Lamb derive a series of stability criteria for the injected

laser from a perturbative analysis of their equations of motion. Their analysis demonstrates that the

laser will lock to an injected signal provided that 11 is greater than some threshold value 11 1th" The

threshold injected intensity corresponds to the value of 11 at the turning point C in Figure 7.1. The

laser will not lock to injected signals with intensities less than this threshold value. Furthermore, the

injected laser will almost always lock to the upper branch (1) of the cubic curve. The laser cannot

operate on branch I, and will operate on branch Ill in extremely limited circumstances. The laser

will never operate on branch IV, as it is unlocked in this region.
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Figure 7.1. A sample cubic curve. rB =0.75, A6 0.008. All other parameters are taken from

data set 27.

\\ I I

Several heuristic arguments can be given to substantiate this behavior. In order to force the

laser to operate at a nonresonant frequency, some minimum injected intensity must be applied to

the device. Below this minimum, the laser will not lock to the injected signal. Rather, the laser

field will beat against the injected signal. This region of operation corresponds to branch IV of the

cubic curve. Above the minimum injected intensity, the laser will lock to the injected signal. On

branches 11 or 111, the fields inside the laser are not as intense as those on branch 1. Consequently, the

gain is not as depleted on the lower two branches as on branch 1. From thermodynamics, the laser

will tend to operate with the gain as depleted as possible (minimum stored energy condition), i.e.,

on branch 1. Thus, the stability criteria derived for the Spencer-Lamb model make sense physically.
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Lugiato et al (97) have performed numerical stability analyses of injected lasers. They are

able to generate similar cubic curves using the Lorentz laser model. In certain operating regimes,

chaos, period doubling, spiking and other unusual behavior can occur if Ix < III,,. Under certain

circumstances, the threshold injected intensity has a value greater than that corresponding to the

turning point C. Their model always locks to branch I when operated above the threshold injected

intensity point. Similar chaotic behavior was noted using the Maxwell-Bloch equations for the Lamb

laser, derived as part of this research. Some work has indicated that chaos is not likely to occur when

the rate equation approximations (adiabatic elimination of the polarization terms) are made (155).

An attempt was made to derive stability and locking conditions with a perturbative analysis of

the TWL equations. The results of the analysis predicted unlocked behavior in regions where the

time-dependent codes clearly showed locking. Attempts to locate the errors in the analysis failed.

Consequently, this approach was dropped.

A series of time-dependent computer runs were performed to numerically examine the stability

of injected lasers. The variables are listed in Table 11. In only one case (run 15) did the numerical

results indicate locking below the turning point C. In this run, it is likely that the laser was not

locked, but rather in an extremely long-period oscillation (see the section on time-dependent results

for injected lasers). A similar phenomenon was observed in run 14. Dramatically extending the

number of time steps in run 14 showed that the laser was indeed unlocked and in a very long-period

oscillation. In all the cases in which 11 > It the laser locked to branch I of the cubic curve.

In light of the limited numerical results listed in Table H, the stability and locking criteria

obtained by Spencer and Lamb were adopted for this research: the minimum injected intensity for

locking is that corresponding to turning point C, and the laser will always lock to branch I of the

cubic curve. It must be noted that the Spencer-Lamb locking criteria may not be directly applicable

to this problem, as their equations are only an approximation to the TWL set. The analyses by

Lugiato et al also may not be directly applicable, as the rate equation approximations are used

in the derivation of the TWL equations. One alternative is to perform a time-dependent analysis
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TABLE II

Injected Laser Stability Analysist

Run A h A8 IN IINIth Laser
Number Behavior

1 0.0 0.005 2.50 x 10- 5 1.661 x 10 - 4  Unlocked
2 0.0 0.005 3.61 x 10- 4  1.661 x 10 - 4 Locked
3 0.0 0.005 1.00 x 10 - 3 1.661 x 10 - 4  Locked
4 0.0 0.010 4.00 x 10 - 4  6.224 x 10 - 4  Unlocked
5 0.0 0.010 7.00 x 10- 4  6.224 x 10 - 4 Locked
6 0.0 0.010 9.00 X 10- 4  6.224 x 10 - 4  Locked
7 0.0 -0.010 4.00 x 10 - 4  6.224 x 10 - 4  Unlocked
8 0.0 -0.010 7.00 x 10 - 4 6.224 x 10 - 4  Locked
9 0.0 -0.010 9.00 X 10 - 4  6.224 x 10- 4  Locked

10 0.10 0.00796 1.00 x 10 - 4 3.986 x 10 - 4  Unlocked
11 0.10 0.00796 3.00 x 10 - 4  3.986 x 10 - 4  Unlocked
12 0.10 0.00796 3.30 x 10 - 4  3.986 x 10 - 4  Unlocked
13 0.10 0.00796 3.60 x 10 - 4 3.986 x 10- 4  Unlocked
14 0.10 0.00796 3.90 x 10 4  3.986 x 10- Unlocked
15 0.10 0.00796 3.98 x 10- 4 3.986 x 10 - 4 Locked
16 0.10 0.00796 4.00 x 10 - 4  3.986 x 10- 4  Locked
17 0.10 0.00796 4.10 x 10- 4  3.986 x 10 - 4  Locked
18 0.10 0.00796 4.20 x 10- 4  3.986 x 10 - 4  Locked

P19 0.0 0.00796 4.50 / 10- 4  3.986 x 10 - 4  Locked
20 0.10 0.00796 4.80 x 10- 4 3.986 x 10 - 4 Locked
21 0.10 0.00796 5.10 x 10- 4  3.986 x 10 - 4  Locked
22 0.10 0.00796 5.40 x 10- 4  3.986 x 10 - 4  Locked
23 0.10 0.00796 5.70 x 10- 4  3.986 x 10 - 4  Locked
24 0.10 0.00796 6.00 X I0- 4 3.986 x 10 - 4  Locked
25 0.10 0.00796 6.30 x 10- 4  3.986 x 10 - 4  Locked
26 0.10 0.00796 6.60 x 10- 4  3.986 x I0 - 4  Locked
27 0.10 0.00796 6.90 x I0 - 4  3.986 x 10 - 4  Locked
28 0.10 0.00796 7.20 x 10- 4  3.986 x 10 - 4  Locked
29 0.10 0.00796 7.50 x 10- 4 3.986 x 10 - 4  Locked

30 0.10 0.00796 7.80 x 10- 4 3.986 x 10 - 4  Locked
31 0.10 0.00796 8.10 x I0- 4 3.986 x 10- 4 Locked
32 0.10 0.00796 9.00 x I0- 4 3.986 x 10 - 4 Locked

t rB = 0.70. All other laser parameters are taken from data set 27.

} From Eq (3.22), 'IN Jl/t2.

123

US



to determine the locking point for each laser operating condition. This is not feasible due to the

computer run costs and the sensitivity of the numerical routines (see Appendix B).

Cubic Curve Behavior. The cubic curves display a regular behavior as a function of IA8I.

* A sequence of the curves, with A6 as the parameter, are shown in Figure 7.2. In this example,

Ayn = 0.0. When the injected signal frequency I is the same as the free-running laser frequency L ,

turning point C lies on the vertical axis. This is the free-running laser operating point; the laser

will oscillate at this point in the absence of an injected field. As the injected signal is detuned

from iD, the "s-shaped" region of the curves shift outward, progressively becoming narrower. In the

linecenter case (Ar = 0.0), IR(0) at point C decreases while the value at turning point B increases

as Ab increases from 0.0. Eventually, at a large enough value of A6, the two turning points coalesce

into a single point with infinite slope. For larger values of A6, the cubic curves are monotonically

%A increasing functions of Ij. The same behavior is exhibited if A5 is made increasingly negative, due

to symmetry about linecenter. Ferguson has noted similar behavior of the cubic curves. Physically,

the behavior indicates that increasingly larger injected signals are required to lock the laser as the

detuning increases. IR(0) decreases at the locking threshold point C when jA61 rises since the laser

is forced to operate under increasingly nonresonant conditions.

The trajectory of point C as a function of A6 is altered somewhat if Ari A 0.0, due to the

asymmetry of the gain curve about C,. As A6 becomes increasingly positive for positive AE (Arh),

IR(0) at point C first increases then decreases until the two turning points merge. Note that the

gain decreases as A6 rises. In the IR (0)-I plane, the trajectory of point C first rises and then falls.

If A6 becomes increasingly negative for positive At, IR(O) at point C monotonically decreases until

the two turning points merge. In this case, the gain increases as A6 decreases. The trajectory of

point C monotonically decreases in the IR (0)-It plane. Ferguson did not observe these effects as his

gain go is not a function of C,. Although not examined, similar effects should hold on the opposite

side of the gain curve due to symmetry.
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Figure 7.2. The cubic curves as functions of A6. rB = 0.75 and A~h 0.0. All other parameters
are taken from data set 27.

The detunings ±AmXat which points C and B merge are functions of the reflectivity rjD.

Here, the ± sign denotes the positive and negative A6 values at which the turning points coalesce.

I Iin crease as rB rises from rD Ith, reach a maximum value, then decrease as rB - 1.0. The

decrease at the higher reflectivity values is much more pronounced at high Avih values than near

linecenter. Only at linecenter (A.r% = 0.0) does + ma= Amifor all reflectivi-ties rD.

Anomalous Behavior of the Cubic Curves. Ferguson has performed an extensive analytic exanii-

nation of the cubic curves. If rA = 1.0, then the cubic curves obtained from his model at any location

in the resonator have the characteristic s-shape and display the behavior noted above. Regardless of

the axial location i, the turning points B and C occur at the same respective values of 11. However,
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if rA < 1.0, the cubic curve representing IR(1) vs II can take on a variety of anomalous shapes.

Extrema in IR(1) (defined as points at which the slope 9 is zero) can be obtained. Cusps and

loops can exist in the curves. To a large degree, the location and orientation of the cusps and loops

can be set by the appropriate choice of laser gains, reflectivities, and detunings A3. Ferguson has

analytically shown that the anomalous behavior only occurs in plots of IR(1) vs I; at any other

location in the resonator, the curves are always s-shaped or monotonically increasing. Additionally,

the extrema can only exist if the laser model allows for longitudinal growth of the electric fields,

as in the TWL and simple saturable gain models. Such behavior will not occur in a standing wave

model, such as the Spencer-Lamb and Chow theories.

Despite the differences between Ferguson's laser model and the current theory, similar "cubic

curves" can be obtained with the TWL model. Representative curves are shown in Figures 7.3-7.4.

The first figure shows the transition from the usual s-shape to a near-horizontal cusp to a loop,

as the value of tL is increased. The second plot is a near-vertical cusp. After reaching the cusp,

the value of IR(1) decreases rapidly, reaches a second extreme value, then rises again. Note the

very large value of A6 required in this plot. This value is clearly outside of the range imposed in

Section 1.

The behavior of the curves raises questions about the stability criteria derived by Spencer and

Lamb. Regions of branch I on the above curves exist where the slopes are negative. Moreover, the

slopes are positive in these regions for all other cubic curves at every other axial location in the

resonator. According to the stability criteria, the regions with negative slope should be unstable.

However, since the Spencer-Lamb model does not allow for longitudinal growth of the electric fields,

it is doubtful that their criteria can be applied to the present case. Clearly, there is a need for stability

criteria beyond those derived by Spencer and Lamb to treat lasers with longitudinal electric field

growth.
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Figure 7.3. Near-horizontal cusps and loops. In these plots, f, 1.0, f2 = 100, f 3 = 1.0, Ar%=
0.0, A6 = 0.0717, rA = 0.632, and rB = 0.763. Turning point C is denoted on the
curves.

Time-Dependent Laser Behavior

A series of time-dependent runs with and without injected signals were performed. In general,

the results compare quite favorably to those published in the literature (101, 106). Due to numerical

stability problems and the high computer run costs, the amount of analysis with the time dependent

codes was limited.

Free-Running Lasers. A typical run without injection is shown in Figure 7.5. The general shape

of the electric field amplitudes is quite similar to those shown (106). At high and low values of rtp,

a rippled or sawtooth behavior occurs in the field amplitudes (Figure 7.6). The ripples usually
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Figure 7.4. Near-vertical cusp. In this plot, f, = 1.0, f2 = 1010, f3 1.0, Arn = 0.0, A3 6 0.285,

rA = 0.548, rB = 0.536, and tbe = 17.0. Turning point C is denoted on the plot.

damp out; however, when rB n 1.0 or rB % rB ith, the ripples grow exponentially in time until the

numerical routine becomes unstable. Analysis demonstrated that the ripples are due solely to the

initial conditions and are not a laser phenomenon. (See Appendix B for a detailed explanation of

the effect.) At intermediate values of rB, the ripples sometimes existed, but usually damped out

rapidly. The steady-state amplitudes agreed excellently with those calculated from the steady-state

codes.

Relaxation oscillations (141, 146) were not noted in any of the runs. In all cases, the fields

rose smoothly to the steady-state values, without overshooting and ringing. This could be due to
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Figure 7.5. Typical time-dependent laser run. ou vs E, for rB 0.75. All other parameters are
taken from data set 27.

the limited parameter space explored. In other regions of the space (i.e., very strong pumping),

relaxation oscillations might occur.

Plots of the phase time derivatives OR,L vs i generally display a shift from some initial value to

a final, constant value. This final value is the offset of input reference frequency rj from the actual

lasing frequency C. (Recall that C = C' + tOR,L.) Transients, often severe, exist in the plots of ORJ.L

vs i. They are principally due to the initial conditions for ObR.L. The computer code sets the initial

value of the phase time derivatives equal to zero. This will generally force an immediate shift. in

frequency to some finite value that eventually decays to the final constant value. The frequency shift

couples through the gain into the field amplitudes and the explicit values of ( R.L. More realistic
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Figure 7.6. ko, vs t, for rB = 0.26. All other parameters are taken from data set 29. Note the
ripples in the output field amplitude. Only the initial field rise is plotted.

initial conditions for OR,L might preclude or diminish such transient behavior. In all the runs

examined, OR3j and OL were equal and constant in i at steady-state. This implies that the frequency

of fER is equal to that of EL, and that the frequency is constant spatially.

Injected Lasers. The behavior of the injected laser depends upon whether the injected signal

amplitude is above or below the locking threshold. If the signal is greater than the threshold value,

the field amplitudes approach some constant, steady-state value and the phase time derivatives are

driven to zero. If the injected signal strength is less than the threshold value, the output laser field

displays amplitude and frequency modulation. Example plots are shown in Figures 7.7-7.9.
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Figure 7/.7. Injected laser output field with the injected signal strength below the locking threshold.
rB=0.7/0, 'IN = 2.50 x 10 . ', Avi = 0.0, and A3 =0.005. All other parameters are

taken from data set 27/. 'IN l h = 1.661 x I0 (a) ,, vs i. (b) gb (l) vs t.
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Figure 7.9. Injected laser output field with the injected signal strength above the locking threshold.

IIN 3.61 x 10- ~. All other parameters are taken from Figure 7.7. (a) .,avs F.(b)
vs i. v

133



When I1,v is less than the minimum signal strength required for locking, the injected field beats

against the free-running laser field. This results in amplitude and phase modulations of , as

seen in Figure 7.7. (Note the large amount of numerical noise present in the figures. In many

runs, the noise did not damp out, even after several hundred thousand time steps. The phase noise

always required much longer to damp out than the field amplitude noise. This is due primarily to

the phase time derivatives present on the right-hand sides of the TWL equations.) The plots are

qualitatively similar to those in Figures 3 and 4 of (101). In general, the periods of the oscillations

are governed by the strength of the injected signal. The oscillation periods are relatively short when

the injected signals are very weak. As IIN approaches the locking threshold, the periods of the

oscillations become extremely long. This effect occurs for fixed detuning A6 of the injected signal

from the free-running frequency. This behavior is depicted in Figure 7.8. Similar behavior has been

noted experimentally in injected semiconductor lasers (51). The modulation depth remains roughly

constant, regardless of the amplitude of the injected signal. This is counterintuitive; the expected

behavior is that the beat frequency remains fixed as I varies but the modulation depth changes. In

all cases tested, the threshold injected intensity for locking corresponded to the turning point C on

the cubic curves.

Figure 7.9 displays the behavior of the outcoupled field when IIN is above the locking threshold

value. Note that the electric field amplitude overshoots the steady-state value after the initial rise.

After some ringing, the amplitude decays to the steady-state value. The phase time derivatives

suffer an initial transient that decays to zero at steady-state. The final value of zero implies that

C = C,1, as expected. This behavior was observed in all of the runs that were performed. No runs

were performed with A3 so large that the cubic curves were monotonically increasing functions of

11N
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Steady-State Behavior: Free-Running Lasers

The free-running laser at steady-state was examined extensively. Comparisons of the TWL 0

model and the simple saturable gain, Lamb, and Spencer-Lamb models were performed. Addition-

ally, experimental data from an XeF laser were reduced using the TWL and simple saturable gain

models. These comparisons and XeF data are discussed in the following sections.

The Simple Saturable Gain and TWL Models. Comparisons of the TWL and simple saturable

gain models were made for the twelve data sets listed in Table I. For convenience and to expedite

the comparisons, the free-running frequencies were forcibly set equal to the barecavity frequencies

(= l). Consequently, Ai = Atn. (Note that this does not ignore the effects of medium pushing

and pulling. As discussed below, Cl is a function of the mirror reflectivities. In order to simplify

the comparisons of the two models, £' was fixed for all rD values. For consistency with the data

set values, At was set equal to Arh. An alternate way to view this is that the values of Arh were

tuned for each rB value such that the Ai values were constant for all rB. This was only done in the

comparisons of the simple saturable gain and TWL models.)

A typical plot of IR(O) vs rB is depicted in Figure 7.10. The fields rise monotonically as rU

increases, due to the decreasing losses of the resonator. The simple saturable gain model predicts

higher field amplitudes as the model does not include the effects of spatial holeburning. The dif-

ferences in the intensities from the two models are typically in the range 20-30%. The spatial

holeburning effects are thus quite significant. The energy extraction efficiencies calculated with the

simple saturable gain model are correspondingly higher than the correct values calculated with the

TWL model. Increasing JAI causes a decrease in the field amplitudes in both models. This can be

understood by examining Eq (4.10a). As the frequency shifts off linecenter, the small signal gain gnL

decreases. Consequently, the fields supported by the laser decrease in amplitude.

Both models produce the same lasing threshold reflectivity rD Ith" This is expected, as explained

in Chapter IV. The threshold reflectivity values agreed excellently with the values calculated from
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Figure 7. 10. IR (0) vs r13 for the simple saturable gain (SSG) model and the TWL model. All
parameters are taken from data set 27.

Eq (4.17c). A slightly expanded version of the threshold equation, verified numerically, is:

(rA rB) h exp i3L. (7.2 l0

A close examination of the intensity values near threshold reveals an anomalous behavior. Both

models predict that the intensity approaches zero as rv -. rIth. The percentage difference in

the intensities of the two models increases, however, as rU - rD Ith' Physically, the intensities are.

approaching zero, but at different rates in the two models. A careful reduction of the TWL equations
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of motion to the threshold regime yields:

zi {-coL +goL[1--IR - 21L+ 12 + 6i1L + 312

- ~-121R~ 111 -11I (7.3a)

aI

- 4I3 - 1812RL - 121R 2 - !3 }IL (7.3b)

The simple saturable gain model reduces to:

d, {-,coL+ gL[ -1R 1L+.R+ 2 1R'L +1

-!R - 3 2R L - 31ft!2 - !L3 }li (7.3c)

dIr; -{-aoL + g0L[1 - 1R - !L + iR + 2 1R'L + 12

- 3R - 31. 1L - 31R 12 - 1L}1R (7.3d)

where:

1R,L - ,L (7.3e)

To second order in the intensities, the models are significantly different. Only in the zero field limit

(exactly at threshold) are the two models identical. Consequently, the two models approach the

same threshold, but at different rates.

Figure 7.11 is a plot of the output intensities vs the reflectivity of mirror B. Both models generate

the usual peaked plots. The output fields are zero as rn = 1.0 since the mirror transmission is zero.

As the reflectivity drops, Ptou+ rises to a peak. The peak occurs when the increase in transmissivity

is overcome by the decrease in &R (1). The peak output field occurs at a slightly lower value of ru

in the simple saturable gain model than in the TWL model. This is of some significance, as lasers

are often designed to operate at the peak output power. Use of the simple saturable gain model
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Figure 7.11. /oat VS rB for the SSG and the TWL models. All parameters are the same as in
Figure 7.10.

to optimize the output power will result in extracting slightly less than the peak power. These

observations are similar to those noted by Agrawal and Lax (142, 143).

The Standing Wave and TWL Models. The TWL model was compared to three standing-

wave laser models (Lamb, Spencer-Lamb, and a modified version of the Spencer-Lamb model). The

standing-wave models are often used for laser design and analysis. However, as is shown below,

these models are only valid for very high mirror reflectivities.

For convenience, the Lamb model is repeated below:

d.r 11/22r
d--- -n - 2 3 l rB , + 1 - 1+ k2 A - - . 2( .a

n ( .4 .
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dO. +. 2tD"(AcZ - ~~ 1  ~ j ~(.d4 k2 [ L +il + 1+ 1/2 (7.4b)

The Spencer-Lamb model is:

'2+ 3 \ + 1]1 in f- i +(AZ.- (7.4c)

d3E 2 + 2 (7.4d)

di~~f kn+,J~ + 1(AO)n j

A modified version of the Spencer-Lamb model was also used in the comparisons. The dielectric

bump introduces a large frequency shift, as discussed in Appendix A. In the modified model, the

phase effects of the dielectric bump are ignored, but the losses are retained. The model is given by:

dk n 1 2 ( 1e 1] -n + + (7.4e
2= f +  72 + 1 f, (A -

" 
/ I (7.4e)

dO= - P + 2tVq(ALD- n) 1- r1+ f______V/ k
d" 1 + (A - .)(7.4f)

The Lamb, Spencer-Lamb, and modified Spencer-Lamb models will be referred to as the SWL, SLX,

and SL2 models, respectively.

The models were compared using the parameters from data sets 27-29. The output intensities,

threshold reflectivities, peak output powers, and ranges of validity of the standing-wave models were

explored.

Figure 7.12 is a comparison of I,t vs rB for the four models. The four models show the usual

peaked behavior. In all runs, the TWL model predicted the highest output fields, followed (in order)

by the SWL, SL2, and SL1 models. A set of simple arguments can explain the ordering. At mirror A,

the TWL equations reduce to a form almost identical to the SWL model, except for the presence of

the spatial derivatives. The field amplitudes at mirror A should be quite close to, but slightly lower

than, those calculated with the SWL model. Comparisons of the amplitudes reveal this to be the

case. However, in the propagation from mirror A to mirror B, kR(i) grows in the TWL model but
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Figure 7.12. Io vs rB for the TWL, SWL, SL1, and SL2 models. All parameters are from data
set 27.

stays constant in the SWL model. The field amplitudes at mirror B, and consequently I(,,, will be

greater in the TWL model than in the SWL model except possibly when rD ; 1.0. As discussed

in Appendix A, the losses due to the dielectric bump are greater than those due to mirror B for

rD > 0.166. With greater losses, the Spencer-Lamb models yield lower field values than the SWL

model. Since the SLI model incurs a large frequency shift due to the dielectric bump, its gain (off

linecenter) is lower than that of the SL2 model. The SLI model thus predicts lower field values than

the SL2 model. These arguments explain physically the ordering of the the output field intensities.

The values of rB[,h are ordered in a similar manner. The TWL and SWL models have the

same value of lasing threshold, as discussed in Chapter IV. The Spencer-Lamb models have higher
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thresholds due to the larger losses of the dielectric bump. The SL1 model has the highest lasing

threshold, as the frequency shift of the dielectric bump lowers the effective laser gain. The threshold

values for the TWL, SWL, and SL2 models agree excellently with the values from Eqs (4.17c)

',p and (4.45b). No attempt was made to calculate the threshold reflectivities for the SL1 model.

The output intensities peak at different values of rB in the four models. The TWL model has

its peak at the lowest value of rU, followed by the the SWL, SL2, and SLL models. The peak value

is the highest for the TWL model. Note the relevance this has on laser design: the standing-wave

laser models underpredict the peak output fields (and therefore, extraction efficiencies), and give

incorrect reflectivities rB at which the peaks occur.

Figure 7.13 is an expanded version of Figure 7.12. At very high refiectivities, the ampli-

tudes kR(i) and kL(i) are approximately constant in i and equal. In this limit, the fields in

the TWL model can be approximated as plane, standing waves. The losses of the dielectric bump

are roughly equal to those of mirror B. Additionally, the frequency shift due to the dielectric bump

is small. Consequently, the four models yield approximately the same output field amplitudes. For

rB > 0.95, the TWL model can be replaced by any of the standing wave models with reasonably

accurate results. However, for rO < 0.90, the standing wave models are no longer valid, due to the

breakdown of the standing wave approximation. Considering that the steady-state codes for the

TWL model are extremely fast (less than one second is required to calculate the fields for a single

value of rB on a VAX 8700 computer), there is little justification for using the standing wave models

except when rB > 0.95.

The Steady-State Lasing Frequency. A shortcoming of the TWL model is that the equations of

motion cannot be solved for the steady-state lasing frequency L. This frequency can be calculated

numerically, using the procedure described in Appendix B.

was calculated at over 3000 operating points in a wide parameter space. The twelve data sets

(Table I) were used as the basis of the space. The gain length L, was varied, as was the location of

the gain medium inside the resonator. Both mirror reflectivities were allowed to be less than unity.
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Figure 7.13. I,,, vs rB for the TWL, SWL, SLI, and SL2 models at high mirror reflectivities. All
parameters are from data set 27.

The calculated frequencies were compared to those obtained at the same operating points from the

Lamb model; i.e., Eq (4.34a). In all cases, the numerically calculated frequencies for the TWL model

agreed with those obtained from the Lamb model to within the numerical error given by Eq (13.15).

It may be inferred, then, that the formula for C, obtained from the Lamb model is valid for the TWL

model. A slightly expanded version of the formula that allows for variable reflectivities at either

mirror is:

( 1 n rArB)(.)

1+1 1 n nrA r

9 142

%



or:

1t r rB(7.5b)1+ In lrArB
r2 f3L9

The longitudinal mode spacing, including the effects of the gain medium, can be obtained by com-

bining Eqs (7.5a) and (B.8): 5

c/2"yL

1 + 1 _ 1 In rAr

(7.c)

f, r In /~r

Eq (7.5) can be interpreted in the following light. A Fabry-Perot resonator has a Lorentzian

response curve (146:79), with a full width at half-maximum given by (unnormalized units):

Aft1/2 ER -n Cto - - InrA rB(76

where n is the index of refraction inside the resonator. Assuming that n ;z: 1 and using Eq (4.10b)"

in the above expression, the full width at half-maximum (in radian frequency and normalized units)

can be written as:

A6 1/2 = 2 In2 "LlrArB (7.7

Substituting Eq (7.7) into Eq (7.5b) yields:

A- (7.8)

The amount of frequency pulling is dependent only upon the halfwidth of the resonator response

curve. Figure 7.14 displays the underlying physics of frequency pulling. The resonator response

curve is centered about the barecavity mode frequency 1'l. Due to the finite width of the cavity
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Figure 7.14. The physical mechanism underlying frequency pulling and pushing. L is pulled to-
ward linecenter, but still remains under the resonator response curve.

resonance, the actual lasing frequency r, shifts slightly toward linecenter, where the laser gain is

higher. For lossy resonators, the response curve is broad and , can shift a considerable distance

toward linecenter. The effects of frequency pulling and pushing are minimized in very high Q

resonators. Finally, the longitudinal mode separation is reduced by the factor:

1

from the barecavity mode separation when the cavity and medium losses are taken into account.

Experimental Excimer Laser Results. A series of experimental XeF laser data were reduced

using both the TWL and simple saturable gain models (156). The excimer laser is depicted schiemat-

ically in Figure 7.15. The cavity was essentially a Fabry-Perot resonator. The central section of

the gain region was pumped with an electron gun. The absorption of the unpumped region of the

gain cell was ignored in the following analysis, as were any effects from the window at z = 131 cm.

The objective of the experiment was to determine the small signal gain go and absorption au. The
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Figure 7.15. The XeF laser. Mirror A has a radius of curvature of 917cm, whereas mirror B is
a flat. Only the central portion (crosshatched) is pumped. All dimensions are in
centimeters.

output powers of the device were measured for a series of different output coupler reflectivities. The

reflectivity of mirror A was held constant at rA = -1.0, while that of mirror B was allowed to vary.

Five series of runs were performed. The output intensities and reflectivities r' are listed in Table 111. '

No error bars were given for the data.

The laser was assumed to be homogeneously broadened and operating on a single longitudinal

mode at linecenter (Ai = 0.0). The saturation intensity was arbitrarily set equal to unity (f, = 1.0).

The common factor f3 in the go and cto expressions (Eq (4.10)) was set equal to unity for simplicity.

The problem then reduced to obtaining pairs Of {tb~v, f2) that would best fit an I,,,,t vs r 2 curve to '

the experimental data. The 6b,q and f2 values were then converted to go and nro, respectively, with -

Eq (4.10). Both the TWL and simple saturable gain models were used to compute the small signal I
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TABLE Ill

XeF Laser Data: I't as a Function of r 2

r2 T Series 1 Series 2 Series 3 Series 4 Series 5

0.95 73.76 68.32 63.83 59.03 57.88
0.90 110.33 95.83 90.15 85.91 84.59
0.80 117.49 112.50 104.00 103.56 99.91
0.70 143.12 142.86 134.03 125.42 126.93
0.60 141.90 136.09 131.22 128.21 125.98
0.50 126.19 118.94 113.68 109.43 102.40

t All L,,,t values are in units of kW/cm2 .

TABLE IV

XeF Laser Data: Small Signal Gains and Losses

Run No. Model tDZ,, [ 2 go,(%cm - ') [ o(%cm')

1 TWL 17.0 1.1 1.51 0.081
1 SSG 21.0 1.03 1.41 0.065

2 TWL 9.1 0.87 1.19 0.151
2 SSG 10.6 0.82 1.12 0.129

3 TWL 9.5 0.91 1.25 0.144
3 SSG 10.9 0.86 1.18 0.126

4 TWL 10.8 0.92 1.34 0.127
4 SSG 12.3 0.91 1.25 0.111

5 TWL 10.6 1.08 1.48 0.129
5 SSG 12.1 1.01 1.38 0.113

gains and losses. The curvefitting results are listed in Table IV. In all cases, the TWL model predicts

slightly higher go and cto values. The values compare reasonably well with the expected values of

go = 1.1%cm- 1 and a0 = 0.1%cm- 1 . The data and fitted curves for Series 2 are displayed in

Figure 7.16.
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Steady -State Behavior: Inected Lasers

The majority of the numerical analyses performed dealt with injected lasers at steady-state. The

behaviors of the lasers were examined at three operating points: the minimum injected intensity

point (MII point, corresponding to turning point C on the cubic curves), the point at which G,

reaches its maxinium (MCI point), and the point at which G2 is maximized (MG2 point). The

MIT point is the locking threshold point, according to the Spencer-Lamb criteria. The MGI point

yields the maximum system gain obtainable from the laser. Finally, the MG2 point indicates the

maximum ratio of internal laser fields to injected fields that can be achieved.

The positions of the MCI and MG2 points on the cubic curves are functions of IA431 and rn.

The MG2 point in all cases examined lies on branch I of the cubic curve. At high rn and low JA31

values, the MCI point lies on branch II of the cubic curve. These operating points cannot be

achieved in practice as they lie on an unstable branch. As IA61 rises or rn decreases, the MCI

point shifts through the MIT point, and thereafter lies on branch I. These regions are indicated in

Figure 7.17. Since only branch I of the cubic curve is stable, the maximum G point was constrained

to lie on this branch only. That is, even when the actual (global) maximum occurred on branch I,

only the maximum point on branch I was located. (When the global maximum existed on branch II,

the maximum on branch I coincided with the MII point.) The behavior of the MIT point (turning

point C) as a function of IA61 has been discussed previously. All told, the operating points can

exist in one of three different relative positions on branch I. First, all three points coincide when

A6 = 0.0. This is the free-running laser point; gains G, and G2 are infinite under this operating

condition. Second, the MG2 point can lie on branch I away from the MIT point, with the MGI point

between them. Finally, the MIT and MG2 points can coincide, with the MG2 point shifted out along

branch I.

At each operating point, four physical quantities (observables) were calculated: IR(O), I,, G 1,

and G2 -. The parameter space examined had A6 and rn as variables. Arh was held fixed in each

data set, so A" varied as a function of rn. However, the frequency variable of interest was A6; it was
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Figure 7.17. Locations of the MCI point on the cubic curves. The numbers denote the particular

branch of the cubic curve on which the MGI point lies. (a) From data set 27, (b)
from data set 36.
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measured relative to the (varying) AF. Physically, this corresponds to maintaining a fixed cavity

length, but varying the reflectivity of mirror B and the detuning of the injected signal.

Two series of calculations were performed. First, the observables were computed at the three

operating points in the region of the (A6, rB) plane where the cubic curves exhibit the s-shape.

Second, the observables were calculated at the MG2 point in as wide a region of the (A6, rn) plane

as possible. In this case, the parameter space was bounded by the constraints rbith _ r 1.0

and IA51 < 0.1. (As will be seen, IR(0) often became infinite at the MG2 point for JA63 < 0.1.

This condition became the actual constraint on A3) The second set of calculations requires the

assumption that the MG2 point is always a locked and stable operating point. As noted above,

the MG2 point always lies on branch I of the s-shaped cubic curves and is therefore (presumably)

a stable, locked operating point. As IA61 - ± .... the MG2 point moves away from the Mu

point at an increasing rate. When IA83 > nothing can be stated about stability or

locking. However, since the MG2 point continuously moves away from the MIT point, it is assumed

that the MG2 point is always locked and stable.

The numerical studies were performed with the approximate formula for t, Eq (3.27a), used

in the boundary condition for mirror B. The loaded cavity mode spacing, and hence the exact

expression for 0, were obtained after the analyses were completed. Four cases (data sets 27, 29,

36, and 38) were repeated with the exact equation for t employed in the boundary condition. The

impact of using the approximate expression in the boundary condition was observed to be minimal:

the curves shifted somewhat and the contour levels changed slightly, but the general shapes of all of

the plots remained the same. As a result, the physical interpretations of the locking process remain

unchanged.

The following sections examine the behavior of the four observables at the three operating

points. Due to the large number of figures, contour and slice plots of the data are relegated to

Appendix C. For simplicity, only data from sets 27 and 36 are presented. The lasers parameters are

identical in these sets except that Arn = 0.0 in set 27 and Ari = 0.375 in set 36. These sets are
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representative of linecenter and off linecenter operation of the injected lasers. All of the following

plots and those in Appendix C were generated with the exact expression for 0. One additional

definition is required: FIMXX denotes the observable F at the Mxx operating point. For example,

IR(0)IMII denotes IR(0) at the MIT point.

Behavior of In (0). Contour plots of IR(0) in the (A6, ru) plane are given in Figures C.1-C.8.

Slice diagrams through these contours are shown in Figures C.9-C.17. All plots are symmetric about

the line A6 = 0.0 in data set 27, as the gain profile is symmetric about linecenter. In data set 36, the

gain is no longer symmetric about the free-running point; this asymmetry is reflected in the plots.

The contour plots are a series of smooth, concoidal curves. At high rB and low IA61 values, the

contours overlap in the MG1 and MIT cases. This occurs where the global maximum G1 point lies

on branch II of the cubic curve, and the local maximum on branch I coincides with the MIT point.

The MII, MG1, and MG2 contours are tangential to each other along the A6 = 0.0 line. The MG2

and MG1 (MII) contours separate in opposite directions from this line.

Generally, IR(0) increases monotonically as rB increases, for fixed A5. This is exhibited at the

three operating points. As the losses of the laser decrease (rB increases), the circulating fields in the

injected laser should also rise. A notable exception arises at very high i-A61 values for the MG2

points. IR(0) first decreases then increases as rg rises. This can be observed in the contour plots.

Plots of IR(0) vs A6 at the MIT and MGI points are concave downward. If Arn = 0.0, the

- maximum point on each curve occurs at A6 & 0.0. If Arh $ 0.0, the maximum always occurs

at some A6 > 0.0. A possible explanation for the behavior at the MIT points can be advanced.

As A increases, the cavity becomes increasingly nonresonant. The minimum stable, locked field

configuration should therefore decrease in amplitude as IA61 increases. This would account for a

general decrease in IR(0) with rising JA61. However, the shift of the maximum to a positive A6

value when Ar 4 0.0 runs contrary to this explanation. The unsaturated gain go is lower at the

peak than at A6 = 0.0; this further confuses the issue.
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In the discussion of the cubic curves, the trajectory of turning point C as a function of JA6T

in the (II, IR(0)) plane was examined. The trajectories can be correlated to the IRt(0) vs A3 plots.

When Arh A 0.0, IR(0) first rises then falls as A6 increases in the MII plots. This corresponds to

the rising and falling trajectory of turning point C with increasing A6. Note that II (0) decreases

monotonically as -A6 decreases. This creates a similar monotonic drop in the trajectory of the

turning point when A6 < 0.0.

At the MG2 point, the IR(O) vs A65 plots are concave upward. For large enough values of JA61'

IR (0) becomes infinite. If Arh = 0.0, the minimum IR (0) value occurs at A6 = 0.0. For Ay' $ 0.0,

%'. the minimum shifts to some negative value of A6. In all runs examined, In(0)lM( 2 > In(O)IM,.1>

IR (0)IMII. The only exception to this inequality occurs if A6 = 0.0, when the three In(0) values are

0 equal.
'S"

As a general rule, IR(O) values at some point (A6,rn) are greater than the corresponding

values at the reflected point (-A6, rn). This was observed for the three operating points. This is

intriguing, as the gain is higher for Lb < 0.0 than for W > 0.0. These effects were not observed in

data sets 27-29, due to the gain symmetry.

Behavior of_1L. Contour plots of I, in the (A6, rn) plane are given in Figures C.18-C.25. Slice

diagrams are shown in Figures C.26-C.34. At A3 = 0.0, I = 0.0 at the three operating points. The

asymmetries due to operation off linecenter are clearly visible in the plots from data set 36.

In all data sets, the contour plots exhibit a characteristic flaired shape. In order to avoid an

infinite number of contours about the A6 = 0.0 line, It was set equal to 0.05 times the smallest

calculated value in the plane instead of the correct value of 0.0. As a result, the contour density is

artifically low about this line. The contours for the MIT and MG1 operating points are the same at

high rB, low A6 values, as expected.

A physical argument can be advanced to explain the flaired shape of the contour plots. At some

high reflectivity rB, the cavity losses are low and the quality factor Q is high. The linewidth due

to the cavity is relatively small. At a second, lower reflectivity r,, the losses are greater and Q is
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lower. The cavity linewidth is correspondingly broader. It should therefore be easier to support a

field detuned by some A6 at r' than at r. A given injected intensity If should be able to lock the

laser over a broader range of A6 values at low reflectivities than at high reflectivities. Consequently,

the contour lines for 11 should flair as rn decreases.

It is always largest at the MG2 point when A6 $ 0.0: IfIMG2> ItIMG I> IMII* If[M_ is

equal to If 'Mu only when the two points coincide.

I IMI! increases monotonically as rB rises. As rn increases and the laser losses decreases,

the free-running fields that can be sustained by the laser rise. In order to capture the gain from

the free-running field, the minimum injected intensity required to lock the laser must undergo a

corresponding increase. The Ij values at the MG1 point display identical behavior. In general,

similar behavior is exhibited at the MG2 point. However, for very large negative detunings -A6,

If decrease then increase with rising rB. This is similar to the behavior of In(O) at the MG2 point.

I I also increases monotonically with JA61. In order to force the laser to operate away

from C1, some minimum value of injected intensity is required. As IA61 rises and the cavity becomes

increasingly nonresonant, the injected intensity required to capture the gain from the free-running

mode must increase. Similar behavior is observed with IIM(;1 and Ij M("2* The monotonic increases

of I with rn and IA61 give the contours the flaired shape.

When Arh $ 0.0, the injected intensities are greater at every point (A6, rn) than at the corre-

sponding point (-A3, rB). This occurs at all three operating points. The medium gain is slightly

lower at positive A6 values than at negative detunings. The injected intensity required to capture

the gain from the free-running mode will consequently be somewhat higher at point (&5, r0 ) than

at rD).

The contours at the MII point have an important physical interpretation. The contour line for

,4 some given If represents the locus of points at which the laser is just locked. Two contours exist

*' in the (A65, rn) plane for each value of I. The laser will lock to the injected signal at every point

between the two contours. The width of the region parallel to the A6 axis defines the "locking
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range" of the laser for the given injected signal strength. The locking range is clearly a function of

the injected intensity and rB. Of particular importance is that the locking range broadens as the

reflectivity rB decreases or If increases.

Behavior of Gi. The G, contour plots are given in Figures C.35-C.42. Slice plots through the

contours are displayed in Figures C.43-C.51. Once again, the asymmetries in the plots from data

set 36 are due to the asymmetric gain about the line A5 = 0.0.

In all data sets, the contour plots for the three operating points have a flaired shape. On the line

A6 = 0.0, the gain G, is infinite. The actual contours approach the A6 = 0.0 line asymptotically.

The contour density becomes infinite as A6 - 0.0. In order to avoid an infinite number of contour

lines in this region, the G, values at A6 = 0.0 are set equal to 20.0 times the higher system gain at

the two adjacent A6 mesh points. This has three effects: the plotted contours cross the A6 = 0.0

line instead of approaching it asymptotically, the contour density is reduced in the vicinity of the

asymptote, and the maximum contour value is finite instead of infinite.

At high IA6 and rB values, the system gain G1 is less than 1.0. This indicates that the injected

signal I1N has a greater magnitude than the total output signal tBER(1) +rBhIN. In these regions,

one of the primary advantages of injection locking is lost: control of a high-power beam with a

weaker beam.

By definition, G, has the highest value at the MG1 point. At low rB values, GiIM(. 2 > GuIMI I.

At intermediate to high reflectivities, the inequality reverses: G, lM(.2< G, IM11" In the region where

the MI and MGI points are the same, GIMI= GIIM( I

G, decreases monotonically as rU increases at the three operating points. This is due primarily

to the decreased transmission of mirror B. As the reflectivity increases, I increases. IIN will

therefore increase, but at a faster rate than If, as I = In an analogy with the free-

running laser, at high reflectivities the outcoupled fields decrease as r rises. These factors cause the

numerator to decrease relative to the rapidly increasing denominator in the system gain definition,

Eq (3.30). As a result, G, decreases monotonical as rB approaches unity.
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G, is a monotonically decreasing function of 1A,61 at the three operating points. From the

definition of G 1, this implies that the ratio /RT decreases as IA61 increases. This can be observed

in the slice diagrams for the MII and MCI cases. For small detunings, this effect can also be seen

in the MG2 slice diagrams. At moderately high values of A6, G, decreases to the order of unity. In

these regions, the injected signal has approximately the same magnitude as the outcoupled field.

In general, the system gain is higher for some point (-A3, r) than for the corresponding point

(A6, rB). This was observed at the three operating points. The relative difference between the

two values of G, becomes more pronounced as the barecavity mode 6 is increasingly detuned from

linecenter.

The G, contours for the MG1 operating point have a useful physical interpretation. A given

system gain G, has two associated contours. Between these contours, the maximum system gain

that can be achieved is higher. If a given gain is required for a specific application, the laser must be

operated at some point between the two corresponding contours. Notice that the A6 range between

the contours widens as rB decreases. The injected signal can be detuned over a wider range and

still meet the G, requirements at the lower rn values than at the higher values.

Behavior of G2. The G 2 contour plots are given in Figures C.52-C.59. Slice diagrams through

the contours are presented in Figures C.60-C.70. Although present, the asymmetries in the plots

from data set 36 are not as pronounced as in the previous contour plots.

The contours for the MIT and MGI operating points are bowed outward from the A3 = 0.0

line. The bulging is slightly more pronounced in the MII contour plots. The MG2 contours are

slightly flaired. Along the line A6 = 0.0, G2 is infinite at the three operating points. As a result,

an infinite number of contour lines exist in the neighborhood of the A6 = 0.0 line. Similar to the G,

contour plots, the G2 values on the A6 = 0.0 line are set equal to 20.0 times the highest G 2 value

calculated elsewhere in the (A6, r) plane. This has two main effects: the contours near A= 0.0

are somewhat low, and the number of contours in this neighborhood is reasonable.
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At low rB values, the MG 1 and MG2 contours virtually coincide. At intermediate reflectivities,

the MG1 contours bend inward toward the Ab = 0.0 line. At high reflectivities, the MGI contours

overlap the MII contour lines. In the region where the M1I and MGI points are the same, the

* contours are identical.

By definition, G2 is largest at the MG2 point. As best as can be observed from the plots, G2 is

smallest at the Mul point. Thus, G21Mc 2 > G2IMGI >- G2!MII. Equality occurs at the Mul and MG1

points only when the two operating points are identical.

G2 is a relatively weak function of rn. The observable increases monotonically with rn at the

MG2 point. The increases are relatively small; G2 never varies by more than 25% from the lowest

reflectivity to the highest. This results in relatively parallel contours for the MG2 operating point.

Plots of G 2 vs rB for fixed A6 at the MII and MG1 operating points are concave duwnward. The

curvature is more pronounced at low rB values at the MII point. At high values, especially where

the MIT and MCI points are coincident, the curvatures are approximately equal. This results in the

bowed nature of the contour plots.

G2 decreases monotonically with rising IA6I at the three operating points. The decrease is

quite rapid in the vicinity of the A6 = 0.0 line. In the MII and MGI cases, the circulating laser

fields generally decrease whereas the injected intensity increases with rising JA61. This forces G2

to decrease as IA61 rises. The increase of 1J is most rapid when IA6 is small, hence G2 decreaes

most rapidly in the neighborhood of the A6 = 0.0 line. At the MG2 operating point, the circulating

fields generally increase with increasing IA6 . Near the A6 = 0.0 line, the laser fields increase at a

much slower rate than the injected field, leading to the rapid decrease of G2. At high IA61 values,

the increase in the circulating fields is still less rapid than that of I,. Thus, G 2 is a monotonically

decreasing function of IA61 at this operating point. At relatively high detunings of the injected

signal, G2 is on the order of unity at the three operating points. This implies that I is of the same

order as the circulating fields inside the laser.
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When Arh 0.0, the asymmetry of the gain profile forces G2 to have different values on opposite

sides of the A6 = 0.0 line. At the MII and MG1 points, G2 is larger at some point (A6, rB) than

at the corresponding location (-A3, rn) if ro is low. At high reflectivities, the opposite is true.

At the MG2 point, G 2 is always greater at the point (A6, rB) than at (-A65, rB), regardless of the

outcoupling.

Comparisons to the Spencer-Lamb Model. A series of comparisons of the TWL and Spencer-

Lamb models was performed. The laser parameters were taken from data set 27. rn and A6 values

were elements of the sets:

rB E (0.75, 0.80, 0.85, 0.90, 0.95, 0.9999) (7.8a)

A6 E (0.0, ±0.005, ±0.01,..., ±O.U) (7.8b)

ORD and OTB in the TWL model were set equal to the corresponding values €o and OTD from

the dielectric bump. The phases were calculated from Eq (A.6). For all of the reflectivity values,

the cubic curves exhibited the s-shape. The four observables from each model (1'R(0) and I, , 11,

G 1 , and G2 ) were compared at the MI point.

A serious shortcoming of the Spencer-Lamb model noted in Chapter IV is that the 2kL term (t9 )

in Eq (3.27) is not accounted for. Regardless of the value of A6, the standing wave approximation

in the Spencer-Lamb model forces this term to equal 0.0. The effects of ignoring this phase term

can be significant, as shown in Figure 7.18. The first figure is a plot of the two cubic curves with &

calculated according to Eq (3.27b) for the TWL model. The curves differ dramatically. The second

plot displays the two cubic curves for the same case, but with t forcibly set equal to 0.0 in the TWL

model. The two curves have reasonably close shapes. Neglect of the t term is clearly a serious flaw

of the Spencer-Lamb model. It results in an extremely rapid breakdown of the Spencer-Lamb model

as IAA61 increases from 0.0. In order to facilitate the comparisons of the two models, t9 was set equal

to 0.0 in the TWL model.

A second major difference between the two models is that the formula for , for the Spencer-

Lamb model, Eq (4.44), does not apply to the TWL model. This is true even if rn = ro and
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Figure 7.19. Percentage differences in IR(O) and I,,, TWL and Spencer-Lamb models. Note that
the differences increase as rB decreases. Effects of varying IA31 are not clear. The
parameters are from data set 27.

tn = tD. Eq (4.44) was used with the TWL model for the sake of comparison. Examination of the

data from the TWL model show the formula to be incorrect: for A6 = 0.0, Ij is equal to some

small, nonzero value. Plots of Il vs A6 go to zero at some small A3 $ 0.0. Similarly, plots of G,

and G 2 vs A3 become infinite at small, nonzero values of A6. This complicates the comparisons of

the two models. In the vicinity of A6 = 0.0, the values of Ij, G 1 , and G2 are significantly different

between the two models.

Direct comparisons of the cubic curves of the models show that the Spencer-Lambi theory

breaks down as r, decreases. The breakdown is due to the decreasing validity of the stanling-
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wave approximation in the Spencer-Lamb model. For rt = 0.9999, the cubic curves of the two

models overlap almost exactly. For rB < 0.90, significant differences in the cubic curves exist. The

percentage difference between IR(0) and I,, at the Mil point increase as rj decreases. This is shown

in Figure 7.19. The differences become significant for r1 < 0.90, especially at high A3 values.

Because of the problems mentioned in the previous paragraph, comparisons of I,, G 1, and G 2 are

of almost no value.

No conclusions can be drawn about the validity of the Spencer-Lamb model as A5 varies. This

is due to the frequency problem discussed above. if Ai had been properly calculated for the TWL

model, it is likely that the Spencer-Lamb model would have broken down as IA61 increases. This

conjecture is based upon the small angle approximations used to obtain the injection source terms

in the model.

Comparisons to the Chow Model. A similar series of comparisons between the TWL and Chow

models were performed. The laser parameters were taken from data set 27. rD and A3 were elements

of the sets listed in Eq (7.9). RD = 7r and hB = . As with the Spencer-Lamb model, t 0.0 in

all calculations with the TWL model, regardless of the value of A3. Without this approximation, the
a,

'. cubic curves differed dramatically between the TWL and Chow models. Consequently, the Chow
a.

a.

model has the same serious flaw due to the standing wave approximation as the Spencer-Lamb

model. This causes the Chow model to break down extremely rapidly as A6J increases.

Over the parameter space explored, the cubic curves for both models retain tile s-shape. Con-

sequently, comparisons of the observables were made at the MII point. The free-running frequencies

for the TWL and Chow models were identical, so comparisons of I and G 2 were possible. No

comparisons of G1 were performed.

Plots of the percentage differences for the three observables are given in Figure 7.20. As rn

decreases, the differences in It?(0) and I, and I! grow, indicating the breakdown of the standing

wave approximaticrn inherent in the Chow model. This breakdown is not observed in the G2 plot.

Also apparent is that the percentage differences increase for all three observables as jA j increases.
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This is due failure of the small angle approximation used to derive the injection source terms in

the Chow model. The MII point in the Chow model thus shifts away from that in the TW*I miodel

as (A6, rB) departs from (0.0, 1.0). Based upon the plots, the Chow model should not be used if

rD < 0.90.

Comparisons of the cubic curves reveal the same breakdowns. At high rp, low A,^ valt-Iv

the cubic curves are nearly overlapping. For ('*1,rBi) =(0.0, 0.9999), thle two cubic curves are

indistinguishable. However, as rD decrosdses or LA61 rises, the curves depart from one aiwt hr.

When -o 0.75, the curves are significantly different.

Locking Range Compa iso. The locking range is all often-Uetd figure of inerit for cuplc

lasers, including injection- locked devices. The broadest locking ranges possible are usually doneSI'rd
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Figure 7.21. Half-locking range comparisons between the TWL and Spencer-Lamb models. The
laser parameters are from data set 27.

from a coupled laser system. As noted in previous paragraphs, the locking range is the range

of detunings A6 over which the slave laser remains locked in phase and frequency to the niaster

oscillator for some fixed injected intensity II. The contour plots of II were seen to contain locking

range information.

Figure 7.21 is a comparison of the locking ranges as functions of 1 with rp as a parameter for

the TWL and Spencer-Lamb models. The laser parameters are from data set 27. The 2kL term

in the mirror B boundary condition of the TWL model was set equal to 0.0 in order facilitate the

comparisons. Due to the frequency shifting effects of the dielectric bump, plots of I vs A^ are

not symmetric about A6 0.0. As a result, only tne half-locking range is plotted. This range is
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defined as the maximum positive A6 value of detuning that cap occur before locking is lost for some

fixed II. (A similar half-locking range for negative detunings can also be defined.) For ru = 0.9999,

the locking ranges are virtually indistinguishable. As the reflectivity decreases, the locking ranges

start to differ between the two models. For rB = 0.75, the ranges are significantly different. The

difference is due to the breakdown of the standing wave approximation inherent in the Spencer-Lamb

model.

Comparisons of the full locking ranges from the TWL and Chow models are presented in Fig-

ure 7.22. The laser parameters are from data set 27. 2kL was once again set equal to 0.0 to facilitate

the comparisons. The full locking range is the difference between the maximum positive and negative

detunings A6 over which the slave oscillator remains locked to a injected signal. When rB is very

high, the locking ranges from the two models are almost identical. As the reflectivity of mirror B

decreases, the locking ranges become significantly different. The difference once again arises because

of the breakdown of the standinig wave approximation used in the Chow model.

Summary

The results of the numerical studies of the TWL model were presented. The cubic curves

were discussed; comparisons were made to the curves from the Spencer-Lamb, Chow, and Ferguson

models. Time-dependent results for both free-running and injected lasers were given. The free-

running laser at steady-state was explored; comparisons to the simple saturable gain, Agrawal-

Lax, Lamb, and Spencer-Lamb models were made. The steady-state injected laser results were

discussed extensively. Comparisons to the Spencer-Lamb and Chow models with injected signals

were performed.
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Figure 7.22. Full locking range comparisons between the TWL and Chow models. The laser
parameters are from data set 27.
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VIII. TWURL Model Numerical Results

The PBCUR laser was studied extensively through numerical simulations. Both free-running

and injected lasers were modeled. Only steady-state analyses were performed, due to the numerical

stability and cost problems experienced with the time-dependent analyses of the TWL model. The

results of the simulations were virtually identical to those of the TWL model, with only a few minor

differences.

This chapter examines the results of the numerical studies of the TWURL model. The first

section lists the data sets that were used. The cubic curves are discussed next. The free-running

laser results are presented in the third section. The injected laser is examined in the final section.

Comparisons to the TWL and simple saturable gain models are made throughout the chapter.

Data Sets

The three generic lasers modeled in Chapter VII are employed in the TWURL numerical stud-

ies. The twelve data sets examined in Chapter VII are used in the following analyses. The laser

parameters are listed in Table V. The resonator magnification is assumed to be variable. Mirrors A

and B are perfectly reflective:

rA = r13 = ei rr

The mirrors are two-dimensional and square. As a result, ER is an expanding spherical wave

(a = 1). The gain medium completely fills the region between the two mirrors:

L9 = 1.0

The gain medium extends sufficiently in the transverse directions so that it is not a limiting aperture.

An inverse relationship exists between M (TWURL model) and rD (TWL model). This can

be observed in the threshold formulze, Eqs (4.17c) and (6.8b). The laser losses increase as ru or

decrease. As a result, almost all of the phenomena associated with increasing (decreasing) rD in the

TWL model are observed by decreasing (increasing) M in the TWURL model.
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TABLE V

PBCUR Laser Numerical Studies: Laser Parameterst

Data TI ] 2 f3 J eq Atn go/ao M h

Set

15 6.05 21.04145 1.3 0.567 0.0 11.93 1.9990
16 6.05 36.54837 1.3 0.54722 0.0 20.00 2.0000
17 6.05 21.04145 1.3 1.0872 0.0 22.88 3.9998
18 6.05 21.04145 1.3 0.567 0.03 11.92 1.9976
19 6.05 36.54837 1.1 0.54722 0.03 19.98 1.9987
20 6.05 21.04145 1.3 1.0872 0.03 22.86 3.9945
21 6.05 21.04145 1.S 0.567 0.15 11.67 1.9660
22 6.05 36.54837 1.3 0.54722 0.15 19.56 1.9681
23 6.05 21.04145 1.3 1.0872 0.15 22.37 3.8742
24 6.05 21.04145 1.3 0.567 0.375 10.46 1.8211
25 6.05 36.54837 1.3 0.54722 0.375 17.53 1.8279
26 6.05 21.04145 1.3 1.0872 0.375 20.06 3.3452

tNote: go/ao and Mith are calculated at Arh, not at the more correct value of Af. Consequently,
the tabulated g,)/ao and Mlth values are slightly lower than the actual values.
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'SFigure 8.1. A sample cubic curve. M =1.33, A65 0.008. All other parameters are taken from
data set 15.

The Cubic Curves

Cubic curves can be generated for the TWURL model as well as the TWL model. A curve can

be plotted for IR(z) or IL(Z) at any axial location i = f. For consistency with the TWL model, the

only cubic curves examined were plots of IR(0) vs II. A sample cubic curve is shown in Figure 8.1.

Note that it is quite similar in shape to the curve in Figure 7.1.

The TWURL model cubic curves behave in the same manner as the TWL model cubic curves.

At low values of IA61, the curves display an s-shaped section. As IA61 rises, the s-shaped section

narrows and shifts outward along the II axis. At some value of +Am i, turning points B and C

merge into a single point with infinite slope. Above -A m,, , the cubic curves are monotonically
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increasing functions of It. The trajectories of turning point C in tile I (O)-I plane as functions

of A6 are similar in the two models. The curves were not examined for the anomalous behavior

noted in the Ferguson model.

The TWL model cubic curves yielded considerable insight into the stability and locking prop-

erties of the injected Fabry-Perot laser. Time-dependent stability and locking analyses of the

TWURL model with injected fields were not performed. Nothing can therefore be explicitly stated

about the stability or locking properties of the PBCUR laser in the context of the cubic curves.

However, based on the heuristic arguments presented in Chapter VII and the similar behavior of the

TWL and TWURL cubic curves, the Spencer-Lamb stability and locking criteria were used in the

analyses of the TWURL model. Clearly, stability conditions derived from the TWURL equations

are required. However, no attempt was made to analytically obtain stability conditions due to the

failure of the derivation for the TWL model.

Steady-State Behavior: Free-Running Lasers

A detailed examination of the free-running laser at steady-state was performed. Comparisons

of the TWURL and simple saturable gain models were made. A formula for the free-running

frequency , was obtained empirically. The comparisons and the frequency formula are discussed

below.

The Simple Saturable Gain and TWURL Models. The simple saturable gain and TWURL

models were compared for the twelve data sets listed in Table V. The threshold behavior, IR(O),

P,,,, and rL were examined. In general, the results were identical to those from the TWL-simple

saturable gain model comparisons.

Eq (6.8b) was numerically verified to be the threshold expression. A slightly expanded version

of the formula, allowing for variable mirror reflectivities, was also verified numerically. The expanded

equation is:

Mal,=rArDexp['L( + A t  (8.1)
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The output power P,,,t is somewhat different for the PBCUR laser than for the Fabry-Perot

device. Since I,:, varies across the output aperture, the geometrical output power must be obtained

via integration (see Eq (5.27)). P,,, for the Fabry-Perot laser is simply given by:

P,,,t = l,,,,tA,,v (Fabry-Perot laser) (8.2)

where A,, is the output aperture area. Nonetheless, the observations from Chapter VII apply to the

PBCUR case. The simple saturable gain model yields higher output powers, as spatial holeburning

is not incorporated in the model (Figure 8.2). The differences in output power can be significant:

25-30% differences were commonly observed. The output power is a peaked function of M. The

peak P,,,,t value occurs at a lower magnification in the TWURL model than in the simple saturable

gain model. This has relevance in laser design-optimizing a laser with respect to output power

requires a lower magnification than that calculated with the simple saturable gain model. The

output powers decrease as lAi" rises in both models, as the unsaturated gain decreases. The above

observations are similar to those noted by Agrawal and Lax (142, 143).

The extraction efficiency ?7L is also a peaked function of M. Plots of '7L vs M for the TWURL

and simple saturable gain models are shown in Figure 8.3. The peak efficiency occurs at a slightly

lower value of M in the TWURL model than in the simple saturable gain model. The efficiencies for

the simple saturable gain model are always higher than those for the TWURL model, due again to

spatial holeburning effects. The differences are typically on the order of 25%. This has two impacts

on laser design. First, if the laser is designed to operate at the peak efficiency, the magnification

will be slightly lower than that calculated with the simple saturable gain model. Second, if the laser

is required to operate above some given minimum efficiency, the range of magnification values that

yield the required 77L is smaller than that calculated with the simple saturable gain model.

The Steady-State Lasing Frequency. As with the TWL model, the TWURL equations of motion

cannot be solved for the steady-state free-running frequency C,. The methods of Appendix B can be

used to calculate C,, however.
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Figure 8.2. P,,,t vs M for the TWURL and simple saturable gain models. All parameters are from

data set 15.

The free-running frequency was calculated at over 3000 operating points, using a variety of

mirror reflectivities, magnifications, gain lengths, and bare cavity frequencies. Both strip and three-

dimensional mirrors were employed. The twelve data sets listed in Table V were used as the basis

set. The calculated frequencies were compared to a modified version of the Lamb model frequency

formula, Eq (4.34a). In all cases, the numerically calculated frequencies agreed with Eq (4.34a) to

within the error given in Eq (B.15). The modified Lamb model formula can be inferred to be the

proper frequency equation:
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Eq (8.3) has the same interpretation as its counterpart for the Fabry-Perot laser, Eq (7.5). 0

is pulled toward linecenter, but still remains under the bare cavity resonance curve. If the cavity

losses increase, then the width of the bare cavity resonance increases. v is consequently pulled

closer toward linecenter. The opposite effect occurs if the cavity losses are decreased: C is shifted

away from linecenter and toward 0. In all cases, C lies between 16 and linecenter. The longitudinal

mode separation in the presence of medium and resonator losses is reduced from the barecavity

mode separation by the constant factor:

1

Steady-State Behavior: Injected Lasers

The majority of the calculations performed were steady-state simulations of injected lasers.

Since there is no system gain equivalent to G1, only IR(O), II, and G2 were calculated. The

observables were computed at the MIl and MG2 points. The parameter space explored was the

(A3, M) plane, analogous to the (A6, rB) plane examined with the TWL model. Two series of runs

were performed. The first was in the region of the (A63, M) plane where the cubic curves retain

the s-shape. The three observables were calculated at the Mll and MG2 points in this region. The

second series of runs explored as large a region in the (A6, M) plane as possible, subject to the

constraints that 1.0 < M < MIth and -0.1 < A6 < 0.1. The observables were computed at the

MG2 point in the second series.

As with the TWL model, the calculations required the implicit assumption that the MG2 point

always lies on a locked and stable section of the cubic curves. In the first run series, the MG2

point lay on branch I of the cubic curves for all points examined. Because of the similar behavior

of the TWL and TWURL models, the MG2 point was therefore assumed to be a locked and stable

operating point.
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Tile observables were originally calculated with the approximate formula for t;, Eq (3.27a).

After the completion of tihe analyses, the correct formula for t was derived using Eq (8.3c). Data

sets 17 and 26 were determined to be affected the most by the approximation. The analyses were

repeated for these two sets using the exact expression for t9. The impact of the approximation was

observed to be negligible. The contour levels and the exact values of the observables shifted slightly.

However, the overall shapes and behavior of the contour and slice plots remained unchanged.

The observables behaved in identical manners as their TWL model counterparts in the twelve

data sets. The contour and slice plots had the samrie basic characteristics in the two laser models.

The shapes of the curves varied only slightly, and any differences were minor and isolated. The

interpretations of the locking physics for the PBCUR laser are consequently the same as for the

Fabry-Perot laser.

Summary

Detailed analyses of the TWURL were performed at steady-state. Both free-running and in-

jected lasers were examined. In general, the TWURL model behaved in the same manner as the

TWL model. Only in isolated, individual circumstances did the two models differ in their behavior.

The general conclusions in Chapter VII can therefore be applied to the TWURL model.
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IX. Summary and Recommendations

Many theoretical and numerical results were presented in the previous chapters. Several design

guidelines for free-running and injected lasers emerged from this research. The main results and

design guidelines are summarized in this chapter.

The first section briefly lists the main results of the numerical studies. Both free-running and

injected lasers are discussed. Several general rules for the design of free-running and injected lasers

are described in the second section. A simplified coupled laser-phased array system is presented.

Four follow-on research topics are recommended in the final section.

Results Summary

The principle results of this research are outlined in the following paragraphs.

1. Steady-state analyses, free-running lasers.

(a) The simple saturable gain models predict higher intensities than the TWL or TWURL

models. This is due to the lack of spatial holeburning effects in the simple saturable gain

models. Except when rB z 1.0, lower values of L,,t are calculated with the SWL, SLI, and

SL2 models than with the TWL model.

(b) P,,t peaks at higher outcouplings in the simple saturable gain models than in the TWL

or TWURL models. The peak occurs at lower outcouplings in the SWL, SLI, and SL2

models than in the TWL model.

(c) The extraction efficiencies calculated with the simple saturable gain models are higher than

those produced by the TWL or TWURL models. Except when rn ; 1.0, the extraction

efficiencies calculated with the SWL, SL1, and SL2 models are lower than those calculated

with the TWL model.

(d) The extraction efficiency peaks at higher outcouplings in the simple saturable gain model

than in the TWL or TWURL models. The peak occurs at lower outcouplings in the SWL,

SLI, and SL2 models than in the TWL model.
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(e) The TWL and TWURL models reduce to the simple saturable gain models near the lasilLg

threshold.

(f) The TWL model reduces to the Lamb model when rB z 1.0.

(g) The simple saturable gain, TWL (TWURL), and Lamb models have the same threshold

outcoupling values.

(h) The frequency formula for the TWL and TWURL models is the same as that fir the

Lamb model. The frequency pulling depends only on the cavity resonance width. The

longitudinal mode spacing in the presence of gain is independent of frequency and less

than the barecavity longitudinal mode spacing.

2. Time-dependent analyses, injected lasers.

(a) The minimum injected intensity Il required for locking is that corresponding to turning

point C on the cubic curves. For injected intensities greater than this value, the la, -r locks

to branch I of the cubic curves.

(b) If It is less than the minimum required to lock, the free-running laser field will beat against

the injected signal. Amplitude and frequency modulation of the laser fields occur.

(c) When unlocked, the period of the beat note of the laser field depends primarily on the

strength of Ij. As It increases, the period of the note lengthens.

(d) The modulation depth of the beat note depends only slightly on 1t.

3. Steady-state analyses, injected lasers.

(a) In general, the injected Fabry-Perot and PBCUR lasers behave in similar manners.

(b) The locking range can be defined as tho range of detunings A6 over which the laser remains

locked for fixed I. The I contour plots for the MII point are essentially plots of the locking

ranges.

(c) The locking range increases as the outcoupling increases for fixed Il.

(d) For a fixed detuning A3, the minimum injected intensity required to lock the laser increases

as the outcoupling decreases.
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(e) Generally, IR(O) increases as the outcoupling decreases for fixed A6 at the tlhree operating

points. An exception occurs at the MG2 point if A6 is large and negative. In these cases,

IR (0) first decreases then increases as the outcoupling decreases.

(f) Plots of IR(0) vs A6 are concave upward at the MG2 point and concave downward at the

MII and MG1 points.

(g) The range of A3 values over which a specific system gain G1 can be achieved increases as

the outcoupling increases.

(11) Gains G, and G2 decrease as the detuning IA61 increases at the three operating points.

(i) The MG2 point always lies on a locked and stable section of the cubic curves. At high rD

and low IWI values, the global MG1 point lies on an unstable branch of the cubic curves.

Elsewhere, the MG1 point lies on a locked and stable section of the cubic curves. By

definition, the M1 point always lies at the edge of the locked region.

Design Guidelines

Several general guidelines for laser design can be drawn from the results of the numerical studies.

The guidelines are discussed below, along with a proposed design for a coupled laser-phased array

device based on injected lasers.

The simple saturable gain models are frequently used to design free-running lasers. The ,,.

are used to calculate the outcouplings required for peak output power and extractiln ,..

However, as noted in Chapters VII and VIII, the actual outcouplings at wh, h I' .,

are shifted slightly from the values obtained with the simple satural! 6 11;1 1.

or TWURL models should be used to calculate the require, ,ul .

output power or efficiency is required from the laser l'i,. -

erroneously wide range of outcouplings over whil h the ...

TWL or TWURL models should be utd t .. ,t ii! Lt

the fields, powers, and eflh WitI( i , i
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to spatial holeburning effects. The TWL or TWURL models should be used to more accurately

predict the performance of the laser.

A figure of merit for an injected laser is the locking range. Generally, a broad locking range is

desired. This allows greater tolerance to variations in Ab induced by mechanical vibrations, gain

medium inhomogeneities, amplified spontaneous emission, etc. Since the locking range broadens as

the outcoupling increases, an injected laser should be designed with as large an outcoupling as is

consistent with energy extraction considerations. The I" contours for the MlI point can be used to

determine the locking ranges. The injected laser should never be designed to operate at the MuI

point, as any perturbations have the potential to break the lock.

A second figure of merit for injected lasers is the range of Ab values over which a given system

gain G, can be attained. This range can be obtained directly from the G, contour plots for the

MG1 point. The range broadens as the outcoupling increases. Again, the laser should be designed

to have as broad a range as possible, consistent with the energy extraction requirements. Broader

ranges provide greater tolerances to fluctuations of A6. This requires designing the slave oscillator

to have as large an outcoupling as possible.

Examination of the boundary conditions for mirror B (Eqs (3.28) and (5.37c)) shows that

the absolute phases of E/R, EL, and fg,,.j can be controlled by varying the phase of E//N. This

observation can be used to advantage in the design of a coupled laser-phased array system. An

example of a system is depicted in Figure 9.1. Fine piston tuning (ph.sing) can be achieved with the

nonlinear optical (NLO) media in the injected beam trains (157). If the nonlinear material exhibits

the linear electrooptic effect, the index of refraction of the material can be changed by varying

an applied electric field (146: Chapter 9). This will force variations in the absolute phases of the

injected signals applied to the slave oscillators. In this manner, fine piston tuning can be achieved

in the low power injected beam trains without mechanical devices (optical trombones). To some

degree, injected pathlength equalization can be accomplished with the nonlinear material. With a
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properly designed system, only the gross external pathlength differences would require equalization

with optical trombones. This function could be performed by the phased array.

Suigested Follow-on Research Topics

Several research topics follow naturally from this work. The following suggestions are not meant

to an all-inclusive list, but rather a starting point for future efforts.

Locking Criteria. As noted in Chapter VII, an attempt was made to derive the locking and

stability criteria for the Fabry-Perot laser. A perturbative approach similar to that used by Spencer

and Lamb was employed. The attempt clearly failed. No effort was made to derive locking and

stability expressions for the PBCUR laser.

A definite requirement for the criteria exists. Other approaches, such as that employed by

Walsh for coupled lasers (19), might be utilized. Until the locking and stability criteria are known,

the true M11 point can only be determined from time-dependent analyses. This is undesirable due

to the stability problems encountered with the time-dependent codes.

Inhomogeneously Broadened Lasers. The laser models developed in this project apply to ho-

mogeneously broadened media. An extension of the TWL and TWURL models to inhomogeneously

broadened lasers should be straightforward. Brown's methodology could be employed: tle den-

sity matrix equations of motion could be modified to include the effects of atomic motion. Tle

derivations should then be similar to those presented in Chapter II. Comparisons to other laser

models, particularly the simple saturable gain model (near threshold) and Lamb's inhomogeneously

broadened laser model (for rB % 1.0), should be performed.

Transverse Field Structures. A primary shortcoming of the semiclassical models is that the

transverse laser modes are ignored. The models are strictly one-dimensional (longitudinal). This

downfall might be eliminated by expanding the fields in terms of basis sets other than planar,

cylindrical, or spherical traveling waves. Two such basis sets are the Hermite-Gaussian and Laguerre-

Gaussian functions. The resultant theory could be readily applied to lasers with stable resonators.

1
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The derivations would be fundamentally similar to those presented in Chapter It. The lowest

order transverse field dependencies would be retained. The resultant partial differential equations

would probably include derivative terms on the order of:

aE aE aE aE
ax' ay' az' at

The final equation set will undoubtedly be extremely complex. Suitable approximations will probably

be required in order to solve the system numerically.

Coupled Lasers. Coupled lasers are currently a topic of great research interest, both experi-

mentally and theoretically. The theoretical analyses can be grouped in two main classes: diffractive

models (with and without gain sheets), and one-dimensional models with gain. The gain models

employed in the one-dimensional analyses are generally standing wave, semiclassical models or sim-

pie saturable gain models. As a result, the models suffer from the same problems that led to the

current research.

Applying the TWL and TWURL models to the coupled laser problem is a simple extension of

the injected laser problem. If the supermodes of the coupled system can be calculated, a variety

of important phenomena can be explored. Among these are fine piston tuning via resonator length

adjustments, locking ranges, farfield coherent intensities, and resonator tuning curves.

Summary

The principle conclusions and results of the research were outlined. Several general design

guidelines were presented, along with a coupled laser-phased array system concept. In the final

section, four follow-on research topics were presented.
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APPENDIX A

Mirror Models

The resonator mirrors play an important role in determining the longitudinal modes of the

laser. The phase shifts of the mirrors are required before the barecavity mode frequencies 0, and

thus the free running frequencies P, can be calculated. Since the specific mirror model will determine

the phase shifts incurred at the mirrors, the particular model employed must accurately describe

the properties of the "real" mirror. It is therefore important to understand the properties and

peculiarities of the mirror models used in a calculation.

The two mirror models used in this research are discussed below. The first section examines

two general means by which a mirror may be modeled. The mirror model used with the traveling

wave laser theory is examined in the second section. In the third section, the dielectric bump model

used by Spencer and Lamb (101) is discussed. A summary is given in the final section.

Methods of Modeling Mirrors

Two main approaches exist for modeling the mirrors of a laser resonator. The first approach is

a general technique. No particular physical mirror is modeled; the mirror is simply visualized as a

passive two-port device with a specified set of reflection, transmission, and absorption coefficients.

The coefficients are constrained by a few simple mathematical relationships. The second approach

involves modeling an actual piece of hardware. The mathematics of the model must accurately

describe the measurable properties of the physical mirror. Once the specific mirror or class of

mirrors is selected, the model and its properties become fixed. Consequently, the second modeling

philosophy is somewhat rigid and inflexible.

The first modeling approach is more flexible than the second. In this method, no specific physical

device is modeled. Rather, a set of general reflection, transmission, and absorption coefficients are

given that satisfy a few simple relationships. It is assumed that a mirror can be manufactured that

has the given coefficients; however, the exact mirror type (dielectric stack, vapor-deposited metal
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on a substrate, polished metal slab, etc.) is not specified. This philosophy is used in the Lamb

model and the TWL/TWURL models of this research. The mirrors are simply specified as a set

of transmission and reflection coefficients in Eqs (2.1), (3.1), and (5.1). This modeling approach is

very general, and is not limited by specific mirror hardware.

The second approach involves modeling an existing mirror or mirror class. For example, the

mirrors to be modeled may be quarter-wave dielectric stacks on some substrate. Each slab of di-

electric material has its own value of permittivity e, permeability u, absorption a, and thickness.

By matching the boundary conditions of the electric and magnetic fields across the dielectric in- Sh
terfaces and incorporating the absorption a, the total fields reflected, absorbed, and transmitted

by the stack can be calculated. As the number of dielectric slabs, the thicknesses of the slabs,

or the values of e, M, and a vary, the reflection, absorption, and transmission coefficients change.

However, the coefficients can always be calculated from explicit formulae. A specific example of

this approach is the lossless dielectric bump model used by Spencer and Lamb. The reflection and

transmission coefficients of the dielectric bump are calculated by matching the boundary conditions S

of the electromagnetic fields across the bump. The "height" Y7 of the dielectric bump may vary from

problem to problem; however, the formulae for the reflection and transmission coefficients remain

fixed functions of q/. This particular modeling philosophy is rather inflexible, as once the mirror is S

described physically, the reflection, transmission, and absorption coefficients become fixed functions

of the physical parameters.
S

The Mirror Models of the TWL/TWURL Theories

The mirror models used in the TWL/TWURL theories of this research follow the more gen-

eral philosophy described in the previous section. The mirrors are of unspecified type; they are

assumed to be lossless, passive two-port devices with reflection and transmission coefficients given in

Eqs (2.1), (3.1), and (5.1). A few simple relationships govern the complex reflection and transmission

coefficients.
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Mirror

r1i, t12  r 2 2 , t 21

Z

Rt R2

Figure A.1. Schematic diagram of a general mirror.

The general mirror is depicted in Figure A.1. The mirror is described by a set of four complex 0

reflection and transmission coefficients, given by r 1 j, r 2 2, t 1 2, and t 21 . The coefficients are

calculated or measured at the pair of reference planes R1 ,2 that lie on opposite sides of the mirror.

The actual location of the reference planes is arbitrary; for a particular physical device, however, the

locations may fall at obvious points. For example, for a dielectric stack deposited on some substrate,

two obvious locations for the reference planes are at the air-dielectric and air-substrate interfaces.

Notice that by shifting the location of the reference planes, the values of the coefficients will change.

At a minimum, the phases of the coefficients will change if the reference planes are translated. This

is due to the different optical path that the radiation must traverse.

"1
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Seigman (160:504-506) gives three simple relationships that govern the four coefficients for

lossless, passive mirrors such as those used in this research. First, the two transmission coefficients

are exactly equal; that is:

t =2 - t21 E t (A.I)

t will be used for the remainder of the discussion to denote the transmission coefficient. The reflection

and transmission coefficients are related as follows:

IrillI = Jr 2 212 = I - tI 2  (A.2)

rllt* + r 2 t = 0 (A.3)

These relationships follow by considering the conservation of power flow through the mirror.
I

By examining the relationships, it is clear that three free parameters completely specify the

mirror. First, from Eq (A.2), only one of the amplitudes of the coefficients may be arbitrarily

chosen. Once fixed, the magnitudes of the other two coefficients are determined. Second, only two

of the three phases of the coefficients may be freely chosen. The third phase depends upon the other

two, as seen in Eq (A.3). The exact values of the three parameters depend upon the particular

choice of reference planes.

In the numerical analyses of the TWL/TWURL models (Chapters VII and VIII), the two

reflection coefficients of a given mirror were set equal to each other. Additionally, they were both

chosen to be purely real and negative, i.e., their phases were set equal to 7r. This is a typical

convention used throughout laser texts. From Eq (A.3), the phase of the transmission coefficient

was thus forced to be 7r/2. Once a specific reflection or transmission coefficient amplitude was

chosen, the other amplitude was fixed by Eq (A.2). The mirror was then completely specified.

These conventions for the coefficients were used in all the numerical work with the TWL/TWURL

models in this project.

1
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The Dielectric Bump Mirror Model

Spencer and Lamb use a standing wave 1 ser model with a Fabry-Perot resonator in their

analyses. Schematically, their laser is the same as that depicted in Figure 4.1. Mirror A is perfectly

reflective, with a reflection coefficient given by rA = --1. Mirror B, through which injection and

outcoupling are performed, is assumed to be an infinitesimally thin slab of dielectric material. This

mirror, or dielectric bump, has several interesting and aphysical properties that warrant further

investigation.

The dielectric bump is modeled as an instantaneous change in the permittivity c at the mirror

position z = L. Mathematically, the bump is described by:

CDB(Z) =- C[1 * A6(z - L)] (A.4)

where 6(z) is the Dirac delta function and A is the "height" of the change in permittivity.

Matching the boundary conditions for the electric and magnetic fields across the dielectric bump

yields its reflection and transmission coefficients:

rD = rD - 2 = -__ (A.5a)

2- t

tD = tDe(A. _5 b
2 - i(A.b)

where 17 = kA and k is the wavenumber. The reflection coefficient is the same on either side of the

dielectric bump. It is a trivial exercise to show that rD and tD satisfy Eqs (A.2) and (A.3).

A bit of simple algebra yields the amplitudes and phases of the reflection and transmission

coefficients in terms of q:

7 (A.6a)

('7)
=iw = + arctan (A.6b)

2
t = (A.6c)

4'TD = arctan ( (A.6d)
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Note that any expression in Eq (A.6) can be inverted to yield - equation for t7 in terms of either

the magnitude or phase of rD or tD. In particular, inverting Eq (A.6a) gives:

2rD
t7 (A.7)

This fact has an important ramification. The dielectric bump has only one free parameter that may

be arbitrarily chosen. Once any one of the five parameters (7, rtD, 'RD, tD, or 'PTD) is arbitrarily

chosen, the other four parameters are fixed. Of particular importance is that the phases of the

mirror coefficients are fixed functions of rD (or tD). For a fixed value of rD, there is one and only

one corresponding value of ORD. Recall that the general mirror model used in the TWL/TWURL

theories has three free parameters. The fact that the dielectric bump has only one free parameter

makes the model much less flexible than the TWL/TWURL mirror models.

The dielectric bump parameter q7 can have any nonnegative, real value, i.e., 17 E [0, ool. The

corresponding ranges for the magnitudes and phases of the reflection and transmission coefficients

are:

rD E [0, 11 (A.8a)

'Pr (A.8b)

ObRD E [2 , r'] .b

tD E [1,01 (A.8c)

OTD E - (A.8d)
01r

The dielectric bump introduces two significant effects into the laser model. First, the bump

forces frequency shifts in the barecavity and free-running laser modes. Second, the bump causes

the mirror losses to behave in an unusual manner. These important properties are discussed in the

following two sections.

The Dielectric Bump Frequency Shifts. One of the significant properties of the dielectric bump

is that the phase of the reflection coefficient is a function of r:

ORO = - + arctan r ) (A.9)
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The phase IORD displaces the barecavity mode frequencies from the usual values of 102 = nc/27L,

where n is some (large) integer, to:

CI + ( q(A. 10)

The barecavity intermode spacing of c/2"yL (normalized units) remains the same as in the TWL,

TWURL, or Lamb models. The shift of the barecavity modes can be observed in the on equation

of the Spencer-Lamb model (Eq (4.42b)). Note in particular that since 7 is a function of rD, then

the shifted barecavity frequencies i' are also functions of rD.

The phase of the dielectric bump reflection coefficient also affects the frequency of the free-

running laser mode. Eq (4.44) gives the free-running frequency:

Cz 3 \'~1 T 2?a'3
(A. 11)

Note that the shifted barecavity frequency A' appears in the numerator of Eq (A.11). This forces a

potentially large shift of i that is not seen in the TWL/TWURL or Lamb models. A more useful

representation of r,, particularly in light of the numerical work discussed in Chapter VII, is At:

7= 
(A.12)

The second term in the numerator of Eq (A.12) is the frequency offset due to ORD. This term can

force significant shifts of A, as shown in Figure A.2. The parameters used in the figure are taken

from data set 27.

The peak shift that Ai undergoes and the corresponding value of rD can be readily calculated.

This is done by computing the value of rD for which the derivative of Ai with respect to rD is equal
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Figure A.2. The shift of Ai vs rD. The parameters used in the calculation come from data set 27:

.afn = 0.0, i2 = 21.04145, and f3 =4/3.

to zero. Using the chain rule from calculus, the derivative can be written as:

dAf dAF dr7 (A. 13)
drD di7 drD

But:

drI' d ( 2r
dr dr TD \-/f

2

( 2 -2)3/2
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Similarly:

2,," ( ) ( + 1),?2 + ,,,A,,+ - (I + + )
dAt" __3 ____2 _ _T2___ _3do,7 I( + 1+) ,.,2 + (,+ 1+ + 2 2, ,

Incorporating the two derivatives into Eq (A.13) yields:

dAi (4) ,+ 72 +2,,M - (+ + +

DI

The denominator of Eq (A.14) is always greater than or equal to zero, so that the extreme value

of Ai" will only occur at a zero of the numerator. Solving the quadratic expression for s in the

numerator and discarding the physically meaningless negative root yields:

[,, + (1 + 1)(1 + 1 + 2)] 1,2 .15

+ = ~+ (]s

Using Eq A.15, the value of f7 for which Ai undergoes the maximum shift can be determined.

Eq (A.6a) can then be used to calculate the corresponding rD value. Finally, Eq (A.12) can be

used to calculate the amount of shifting that Ai undergoes. For the example given in Figure A.2,

AE shifts from the nominal value of 0.0 to a peak value of -0.459 at rD = 0.615 and 77 = 1.559. This

shift is a sizeable fraction of the atomic linewidth. It is important to recognize that these shifts in

frequency are due solely to the effects of the dielectric bump, and not to gain medium pulling and

pushing.

The medium gain that the lasing mode experiences is directly affected by the shift of AE. The

small signal gain gOL of the Spencer-Lamb model is the same as that of the TWL/TWURL models,

given by Eq (4.10a). A sizeable change in AE can lead to a large change in goL. Using the example

of Figure A.2, the small signal gain changes from a maximum value of gOL = 0.756 at rD = 1.0 to

a minimum value of gOL = 0.624 at rD = 0.615, a 17.5% change. In some cases, the free-running

mode may be shifted to a portion of the gain curve in which the gain is below the lasing threshold.
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Lasing on that mode would then cease. The dependency of goL on the reflectivity of the outcoupling

mirror is not seen in the TWL/TWURL or Lamb models, as the phases of the reflection coefficients

are not func.ions of the reflectivities in these models.

In summary, the phase of the reflection coefficient of the dielectric bump has two significant .

effects. First, ORD causes frequency shifts of the barecavity and free-running laser modes. These

frequency shifts depend upon the magnitude of the reflection coefficient. Second, shifting C, creates

a change in the small signal gain of the laser. The frequency shifts and the gain changes due to

variations in rD have no counterparts in the TWL/TWURL or Lamb models. 0

The Dielectric Bump Losses. The second significant property of the dielectric bump is the losses

that it induces on the laser. The loss LD can be readily obtained from Eq (4.42a):

LD = - ( 1) (A. 16a)

.

The loss varies over a finite range, from LD = 0.0 when rD  1.0 to a maximum of LD = 2/ 3 when

rD = 0.0.

LD can be compared to the mirror loss LL in the field equation for the Lamb model:

1
LL - z- In rB (A.leb)

Note the implicit assumption in Eq (A.16b) that the gain medium fills the entire cavity. The losses

are plotted in Figure A.3. For very high rD,D values, the losses LD and LL are close. LD is greater

than LL over most of the reflectivity range. However, as the mirror or dielectric bump reflectivities

decrease, significant differences appear in the losses. The two loss curves cross at rBD = 0.166. LL'

becomes infinite as r approaches zero, whereas LD remains bounded. Although the losses appear to

be relatively close, the percentage difference in the losses depicted in Figure A.4 can be substantial.

The most striking feature about the loss Lb is that it is bounded and finite. As a result, if

the medium gain is high enough, the laser will oscillate regardless of the value of rD. The threshold
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Figure A.3. Comparison of the laser losses LD.L vs mirror reflectivity. Note that the losses are
parameterized in terms of f3.

inversion density for the Spencer-Lamb model is given in Eq (4.45):

W'q ~ (1 + _Z) [ 2 (2+1) (A. 17)

Ai has a maximum value that can be calculated with the method described previously. Therefore,

an upper bound exists for the right-hand side of Eq (A.17). If tb,, is greater than the bound, the

laser will oscillate regardless of the outcoupling. This critical value of tbq can be expressed as:

W j 7 [I +A m&P .J [ ;- + AZ
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Figure A.4. Percentage difference in the losses LD and LL vs mirror reflectivity. The percentage
difference is defined as (LD - LL)/LL,.

Consider again data set 27. Using the maximum value of Ai" calculated in the previous section, the

critical population inversion density is tblcr---1.874. This value is only 75% greater than the value

used in data set 29.

To summarize, the losses induced by the dielectric bump have a finite upper bound. This differs

from the TWL/TWURL and Lamb models, in which the mirror losses become infinite as rB - 0.

A direct consequence of the bounded losses is that a critical value of i)tq exists for which the laser

will oscillate regardless of the value of rD.
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S u imary

The different mirror models used in this research were examined in this appendix. A general

philosophy of mirror modeling techniques was given initially. The mirrors used in the TWL/TWURL

and Lamb models were discussed next. The relationships between the reflection and transmission

coefficients derived by Seigman were presented. The dielectric bump mirror used by Spencer and

Lamb was analyzed in detail in the third section. The frequency shifts and the losses induced by

the dielectric bump were analyzed.

It must be noted that at very high reflectivities, the frequency shift and loss effects of the

dielectric bump are minimized. The loss and frequency shift effects become significant in regions

where the standing wave approximation critical to the Lamb and Spencer-Lamb gain models has

already broken down. Technically, the dielectric bump model could be used as an approximation

in the region where the standing wave model is valid. Its limitations and peculiarities must be 5

understood in order to properly interpret the results of any calculations. Of course, this model

should be used if the physical mirror it represents behaves like a dielectric bump.
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APPENDIX B

Numerical Techniques

Several general types of problems were studied during the course of this research. The problems

can be grouped into the following four classes: steady-state intensity calculations for free-running

lasers, steady-state frequency calculations for free-running lasers, steady-state intensity and gain

(GI, G2 ) calculations for injected lasers, and time-dependent studies of free-running and injected

Fabry-Perot lasers. With the exception of the standing wave laser models (Lamb, Spencer-Lamb,

and Chow models), no analytic solutions of the equations can be obtained. As a result, the problems

involving the TWL, TWURL, and small signal gain models have to be solved numerically.

The computer codes developed to study the above four classes of problems are discussed in

this appendix. Each class is separately examined in detail in the first four sections. The types of

calculations performed, the particular numerical methods and computer code algorithms, and the

boundary/initial conditions (as applicable) are explored for each class. Specifics of the codes, such

as flowcharts, I/O files, libraries, required hardware environments, etc., are not discussed. As over

twenty codes were written, no source code listings are given. The appendix is summarized in the

final section.

Steady-State Intensity Calculations: Free-Running Lasers

The first class of problems to be examined is the calculation of the steady-state intensities /R (2)

and IL (2) in the free-running laser. For the PBCUR laser, this includes the intensities IL (x, y, 2)

in the amplifier region and I0,(z, y,i = 0) in the output aperture. Either the TWL, TWURL,

or simple saturable gain models can be used in the calculations. The lasing frequency i and thus

Ai = c - C are assumed to be time-independent and known a priori. Consequently, the phase

equations in the TWL and TWURL models are not required. Only the field amplitude or intensity

equations and the appropriate boundary conditions are necessary for the calculations.
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The required differential equations for the calculations are listed in Table VI. Notice that each

equation set is a pair of coupled, nonlinear ordinary differential equations. The calculation of the

internal intensities is essentially a boundary value problem; however, a separate boundary condition

must be satisfied at each mirror. Many techniques exist that can be used to numerically solve the

equations for the intensities. In this project, a "shooting method" using fourth-order Runge-Kutta

was employed to solve the differential equations.

Although the Runge-Kutta techniques are fairly common and are discussed in most numerical

methods texts, the vector scheme is presented below for completeness. The shooting algorithm

employed in the codes is explained next. Finally, some specifics about step sizes, initial intensity

values, and accuracies of the results are discussed.

The Fourth-Order Rune-Kutta Method. The Runge-Kutta methods are based on truncated

Taylor series expansions of the differential equations. A relatively easy to implement yet quite

accurate method in the family is the fourth-order technique. This technique is briefly outlined

below. A more complete presentation, including derivations and error and stability analyses, can be

found in (161: Chapter 8, 162: Chapter 9). The following discussion uses the notation of (161).

Let the set of n differential equations to be solved be denoted by the following vector system:

ax

(fi (X, Y
f2 (X, (B.1)

The initial conditions for the problem are given by the vector V(Xo):

(y

=_ Yo (B.2)
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TABLE VI

Required Equation Sets

Calculation Laser Operating Equations of Boundary
Model J Condition Motion Conditions

Steady-state TWVL Free-running Eq 3.16a Eq 3.18
Intensity 3.16b 3.19

TWURL Free-running 5.18a 5.25
5.18b
5.20a

Steady-state TWL Free-running 3.16 3.18
Frequency 3.19

TWURL Free-running 5.18 5.25

Steady-state TWL Injected 3.24 3.18
Intensity 3.28

TWURL Injected 5.30 5.37
5.32

Time-dependent TWL Free-running 3.8 3.18
Intensity, Phase 3.19

TWL Injected 3.8 3.18
3.28
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rP.

The step in x is given by h, that is:

Zk+1 - xk + h (B.3)

h is the same for the n functions that comprise g. If 17k denotes the vector function at the kth step

in x, then Pk+1 is given by:

14+1 = Wk + , (B.4a)

where:

Ak2A + 2, (si + zk (B.4b)

and:

k = 1kh~ (B.4c)

'&(2)hJ h 1,Y +~ (B.4d)

k(3 = hf-(Xk + 2 i + 12 ) (B.4e)

• =hf(Xk + h, + (B.4f)

Fourth-order Runge-Kutta has several advantages and disadvantages. The first positive feature

is that the method is quite accurate. The single-step error is given by a very complex formula,

-. but is 0(h'). For small h values, the single-step errors are small. Notice that the single-step

error is not the same as the accumulated error, i.e., the total error after propagating m steps in x.

A second advantage is that the method is self-starting. Only the initial vector !, is required to

start the calculation. Other methods, such as the Adams-Moulton and Milne-Simpson methods,

require the values of !7 at the first several x steps in order to start. Third, for many systems of

ordinary differential equations, the fourth-order Runge-Kutta method is strongly stable. Finally,

the method is quite simple to implement in a computer code. The primary disadvantage of the

method is that four evaluations of f(x, yj are required for each propagation step. If the differential

equations are quite complex, a considerable amount of computer time may be required to propagate
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the equations. Because of its positive features, fourth-order Runge-Kutta was chosen to solve the

differential equations in all of the steady-state calculations in this research.

The Numerical Algorithm. The algorithm used to determine the axial fields in the Fabry-Perot

and PBCUR lasers is a shooting method. The method involves guessing the intensities at mirror A,

propagating the guessed intensities through the resonator, and applying the boundary conditions

at mirror B. A new guess of the intensities at mirror A is made based upon a comparison of the

intensities at mirror B. The procedure is then iterated a preset number of times. The algorithm is

outlined in detail below.

(1). A high and a low guess of PL(0) is made. The guesses are denoted by PH, and PLO, respectively.

For the first iteration, AL(0) is set equal to their average, that is:

(B.s
k A(0 =PH + PLO (B.5)

= 2

The boundary conditions at mirror A are applied to the guess of PL(0) to yield Aj(0). In all cases,

the initial values of PHI and PLO were hardwired into the computer codes.

(2). Fourth-order Runge-Kutta is used to propagate the fields the length of the laser.

(3). The boundary conditions are applied to the fields at mirror B.

(4). A new pair of guesses tHI and PLO are made based on the results of a comparison of the fields

at mirror B. If:

then:

PHI= &()(B.6a)

PLO = PLO (B.6b)

otherwise:

PH I = P I (B.6c)

% PLO = L(O) (B.6d)
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(5). The procedure is iterated by returning to step (2).

(6). After a preset number of iterations, the procedure is terminated. The final set of calculated

axial fields is the numerical solution to the problem. The number of iterations was in all cases

hardwired into the computer codes.

The above procedure is used to calculate the axial fields in both the Fabry-Perot and PBCUR

lasers. Since the geometric mode of the Fabry-Perot laser has a constant intensity in the transverse

directions, no further calculations are required for this device. The situation is somewhat different

in the PBCUR. Refer to Figure 5.2. In the central core region e, the fields are assumed to be

constant in any transverse direction. However, the field &L(X, Y, ) in the amplifier regions f has a

transverse structure. This structure is due to the fact that rays displaced different distances from

the optic axis traverse different path lengths through the amplifier and core regions. The geometry

of the PBCUR must be taken into account when the field kA(Z, Y) 0) is calculated.

The procedure for calculating the field in the output aperture is quite simple. First, the axial

fields are calculated as described above. The field PL (2 = 1)on cone g is simply the same as the axial

field at £ t. These fields are then propagated backwards from the amplifier/core region boundary

to the output aperture via Eq (5.20). Various axial positions z = t will require propagations of

differing lengths through the amplifier region. The output aperture field &L (X, Y, 0) is then known.

Algorithm Specifics. As mentioned in the paragraphs above, certain values were preset or

hardwired into the codes. In all codes, the step size h was set equal to 0.01. Consequently, 100

steps were required to propagate the fields from mirror A to mirror B. The initial high and low field

guesses at mirror A were set to P'HI = 100.0 and PLO = 0.0. Finally, the number of iterations n

was set equal to 40.

Some conclusions about the error sizes and accuracies of the calculated intensities can be drawn.

First, the single step error for the Runge-Kutta method is 0(h 5 ) Ps 10 O The small value of h thus

leads to quite small single step errors. A tradeoff exists for the step size, however: the smaller the step

* size, the smaller the single step error, and the more steps required to propagate the fields across the
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Alaser. Thus, small single step errors are obtained at the expense of additional computational time.

h = 0.01 was chosen since it produced a small single step error, yet had reasonable computational

times.

A second conclusion can be made about the accuracies of the calculated values of kL(0)

and tR(0). If no roundoff or numerical errors are made by the computer, then the maximum

error in the values of PR(0) and tL(0) is given by:

g - PgLO
error = -2" -  (B.7)

2 x 2-

where n is the number of iterations performed. Using the values listed above, the error in the final

field values is approximately 9 x 10-i.

All calculations in this class were performed on a VAX 11-782 computer using double precision

variables. Since double precision numbers on the VAX retain fourteen significant digits, the trunca-

tion and roundoff errors were less than the single step errors or the errors in calculating R.L(0).

Steady-State Frequency Calculations: Free-Running Lasers

The second class of problems studied involves the calculation of the free-running laser fre-

quency D. This frequency is a critical parameter in the injection locking studies, as it is required in

the boundary conditions for mirror B (Eq (3.27)). Unfortunately, the TWL and TWURL equations
4,

cannot be solved to yield C, as in the standing wave theories. Therefore, P must be determined

numerically.

The technique used to calculate P for both the Fabry-Perot and PBCUR lasers is discussed

below. First, some background information on the problem is given. The algorithm is presented

next. The final subsection deals with specifics of the algorithm and an estimate of its accuracy.

Background. The frequency calculations were performed using the steady-state equations of

motion. The specific equations used are given in Table VI. Since C is a function of the gain medium

pulling and pushing effects, the phase equations are required in this calculation. C is calculated in
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identical manners for both the TWL and TWURL models. By extension, C, could also be calculated

for the general laser analyzed in Chapter II, even though no attempt was made to do so.

The barecavity longitudinal mode frequencies are given by:

- nc
2-L (B.8)

as discussed elsewhere. However, the actual lasing frequencies are "pulled" toward the linecenter

from fl. This is due to the large change in the index of refraction that exists about (D. If fl =

the mode experiences no pulling or pushing. Using Cl as the lasing frequency will generally produce

inaccurate results, as the frequency pulling can be rather large.

At the free-running frequency, 2kL = 2nwr provided that the phase changes due to the mirror

reflection coefficients total some integral multiple of 21r. Since integral multiples of 27r do not effect

the calculations, they can be ignored. Hence, at D, the net round trip phase change is effectively

equal to 0. Forced operation of the laser at a frequency PI < D will produce a negative phase change

in a round trip. Operation at some t'1 > D will result in a net positive round trip phase change.

This fact is critical to the operation of the numerical algorithm.

The Numerical Algorithm. A bisection technique is used to determine the frequency C'. The

method searches for some frequency C,' that has a round trip phase error bounded by some ep, where

c can be made arbitrarily small. The frequency ,' is then defined as the free-running frequency C,.

The algorithm consists of the following steps:

(1). Two initial frequency guesses, DHI and C'LO, are made that bracket C,. The guesses are made

so that the net round trip phase change is negative for one of the guesses and positive for the other.

The barecavity mode frequencies on either side of P are an example of such a frequency pair.

(2). The axial intensities are calculated at CLO in the manner discussed in the previous section.

Only the field amplitude equations are required in this step. The field amplitudes are stored during

the final iteration.

(3). Two initial phases OR(0) and OL(0) are chosen at mirror A. The exact values of the phases are

arbitrary, but they must satisfy the boundary condition for mirror A. The phase equations are used
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to propagate the phases the length of the resonator. The field amplitudes stored in step (2) are used

in the phase propagation.

(4). The phase error 4
E at mirror B is calculated, where:

OE - R(1 - ORB - OL(1) (B.9)

Notice that Eq (B.9) is equivalent to Eqs (3.19b) and (5.25d). The phase error OE is the error in

2kL after the round trip; that is:

2kL = 2n~r + OE (B. 10)

(5). Steps (2)-(4) are repeated for LHI. The phase errors for rH and C LO must have opposite signs.

If so, the run continues at step (6). If the phase errors have the same sign, then CH, and 140 lie on

the same side of i . In this situation, the run is terminated.

(6). A new average frequency rave is defined:

hJO + /HI
Vave - 2 (B.11)

Steps (2)-(4) are repeated for Zv. Two new values of i'Hj and Lo are defined depending upon

the sign of OE calculated for i .... If t has the same sign as the phase error for PLO, then:

140 = Pave (B. 12a)

V'H1 = vHr (B. 12b)

Otherwise,

hLO = LO (B.12c)

£ 111 = Dave (B. 12d)

(7). Step (6) is iterated until the phase error for ta is bounded by a predefined limit Co"

I0EI < Co(B. 13)

The calculation is terminated, and the current value of L,,e is taken to be the free-running fre-

quency P.
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(8). If OE for the initially chosen values of Lo or CH! satisfies Eq (B.13), the calculation is

terminated. C, is set equal to the frequency value (r'Lo or rHf) used in the calculation.

The method requires a significant number of calculations. Several steps can be taken to reduce

the computational load. A numerical technique other than bisection can be used to increase the rate

of convergence to D. For example, the method of false position (regula falsi) could be used if OE is a

fairly linear function of frequency in the region about 0. Since the behavior of OE was unknown when

the codes were written, the bisection method was chosen to ensure a consistent rate of convergence.

The number of iterations required to calculate r, can be decreased by tightly bracketing the frequency

with the initial guesses of h'o and CHI. This requires some prior knowledge of the location of 1, on

the gain curve. Finally, the error limit e can be increased, thus lowering the number of iterations

required. Raising the error limit will decrease the accuracy of the calculated value of r, however.

Algorithm Specifics. Some of the variables controlling the algorithm were hardwired into the

computer codes. The field intensity calculations in step (2) used 40 iterations, with a step size of

h = 0.01. The phase error bound used was E = 10'. Finally, the initial values of I Lo and ilHr

were set equal to the barecavity mode frequency 0 and the linecenter frequency cZ. Since only the

modes closest to linecenter were analyzed, this bracket is tighter than one composed of the barecavity

frequencies on either side of rl.

A rough estimate of the maximum frequency error can be obtained. First, 6P is defined as the

frequency error:

81 = - (B.14)

where D' is the calculated value of the frequency. Then, the maximum value of 6zj is given by the

phase error bound divided by the round trip time:

(B. 15)

With c = 10- 6, f = 4/3, and L 1.0, the maximum frequency error is 7.5 x 10 - 7 .
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Steady-State Intensity Calculations: Ineected Lasers

The third class of problems studied is the calculation of the steady-state intensities in the

injected laser. The calculation is similar to that for the free-running laser. The main difference is

that the phases of the electric fields are required in order to calculate the injected phasor. As a

result, both the amplitude and phase equations are used in the calculation. The numerical algorithm

employed is given below, followed by a discussion of some specifics of the computer codes that were

developed.

The Numerical Algorithm. The numerical algorithm employed is the same for both the Fabry-

Perot and PBCUR lasers. The equations used in the calculations are listed in Table VI. The

boundary condition at mirror B is depicted in Figure 3.4. In general, rBER(1) and EL(1) are not

collinear phasors. The effects of the gain medium on the electric field phases must be accounted for.

For this reason, the phase equations are required in the calculation. Both P1 and D are assumed to

be known a priori. Consequently, A& is also known.

The algorithm is composed of the following steps:

(1). A value of PL(0) at mirror A is chosen. OL(0) is arbitrarily set equal to 0.0. The mirror

boundary conditions are applied to yield ER(0) and OR(0).

(2). Fourth-order Runge-Kutta is used to propagate the field amplitudes and phases across the

resonator.

(3). The boundary conditions at mirror B are applied to determine the injected phasor E, required

to lock the laser.

(4). Since the theory was developed under the assumption that OJ is the reference phase, the three

phasors at mirror B are rotated so that 01 = 0.0. (Note that the actual values of the phases are

unnecessary; only the phasor relationship at the mirror is of importance.)

(5). The gains G, and G 2 are calculated, if desired.

The above steps are used to calculate the fields in the laser for a single value of intensity IL(0)

at mirror A. In order to generate a cubic curve, the injected fields for a set of IL (0) values must be
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computed. It is interesting to note that generating the cubic curves involves calculating the abscissae

I, for a range of ordinates IL(0). This is contrary to the usual manner of generating a plot; i.e.,

calculating the ordinate corresponding to each abscissa. Ferguson (87, 88) has demonstrated for his

model that one and only one value of Ij exists for each value of IL(z = 0) if mirror A is perfectly

reflective. I1 is thus a function in the mathematical sense of IL(0). It is likely that the same is true

for the TWL and TWURL models. Consequently, the complete set of Il values can be generated

for the cubic curve with the above algorithm.

Algorithm Specifics. As with the other numerical methods, the Runge-Kutta step size h was

hardwired equal to 0.01. Since only a single propagation is required to calculate I for a given IL (0)

value, the routine is quite fast.

A precaution is required in the calculation of 01j due to a peculiarity of the VAX FORTRAN

compiler (version V4.0) intrinsic function DATAN2. The computer codes calculate the real and

imaginary parts of E, from the boundary conditions at mirror B. The DATAN2 function is then

used to calculate 01. Erroneous values of the phase can be returned if one of the arguments of

the DATAN2 function is zero. An error is generated if both arguments are zero. Additional logic

was written into the codes to handle situations in which of one or both of the arguments was equal

to zero. The chance, however, of either argument being exactly equal to zero is extremely small.

Numerical errors and noise will usually preclude either value from being identically zero, even if the

laser is operated at the free-running point.

Time-Dependent Intensity Calculations

The final class of problems examined involves time-dependent calculations of the laser intensi-

ties, phases, and frequencies. The calculations can be performed for both free-running and injected

lasers. The calculations can be used to demonstrate the buildup of laser intensity from noise, pulling

of the laser frequency to the injected frequency, and beating of the injected signal with the free-

running laser field.
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Originally, all numerical analyses in this research project were to be performed with the time-

dependent codes. However, problems with numerical stability and very high computer costs forced
I.

the analyses to be done with the steady-state codes. Only the stability of the cubic curves and the

dynamics of locking were studied with the time-dependent codes. The Fabry-Perot laser alone was

modeled numerically.

The numerical routines are discussed at length in this section. The reasons for the detail

are twofold. First, considerable effort was required in order to make the codes function properly.

Approximately six months were spent developing the codes. Second, obtaining numerically stable

and converged results for partial differential equations is often quite difficult. As noted in (163):

The methodology for numerical solution of partial differential equations tends to be
much more subtle than solution of ordinary differential equations, and one finds that strong
results concerning error bounds, convergence, and stability are dependent on the charac- 0
teristics of the particular partial differential equation being studied. Especially lacking
are general methods and convergence bounds in the nonlinear case. This weakness, diver-
sity, and specificity of results parallels and, in part, stems from a similar condition in the
analytic theory of partial differential equations ...

Several subtle "tricks" derived from general knowledge of the solution characteristics were necessary 5

to make the codes numerically stable. Additional detail in this section is warranted to explain these ,,

tricks. Future attempts to solve similar partial differential equations may benefit from the lessons

learned in the present research. 5

Background. The equations used in the time-dependent calculations are listed in Table VI.

The equations of motion are a set of nonlinear, coupled partial differential equations (PDEs). The

equations are similar in form to hyperbolic PDEs. The difference lies in the fact that the time

derivatives OR and ObL exist on the right-hand sides of Eq (3.8). These derivatives cannot be

factored to the left-hand sides of the equations. The homogeneous form of Eq (3.8) is, however, a

set of hyperbolic PDEs.

A wide variety of explicit and implicit numerical routines were examined for use with the PDEs.

The various techniques were tested on the PDEs governing the propagation of a pulse through a
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laser amplifier. Fra':tz and Nodvik (114) give these equations as:

an an an an(B. 16a)
5t + c- =cn

= -2acnA (B.16b)at

where n(z, t) is the photon density inside the amplifier, A(z, t) is the population inversion density,

c is the speed of light, and a is the resonance absorption cross section. The amplifier is assumed

to have an optic axis z, where 0 < z < L. For a given initial inversion density Ao(z, 0) and input
I

beam n(0, t), the general solution of Eq (B.16) is given by:

n (z, t) =nt)(t - z/c) tA (B. 17a)

1 - I - exp -a Ao(z') dz' exp -2oa.cfno(t') dt'0 / -0
O(z) exp - a Ao(z') dz']

A0~) (B.17b)

exp I21c f no (t') dtI] + exp [-ai J Ao (zI) dzij 1

For the special cases of square, Lorentzian, or Gaussian input pulses and uniform initial inversion

densities, the equations for n(z, t) and A(z, t) reduce to simple expressions. These special cases were

used in the tests of the various numerical methods.

The explicit techniques generally performed much better than the implicit methods. The nu-

merical solutions from the implicit methods tended to be very noisy, especially at the edges of the

pulses. Deviations of 10% or greater from the analytic solutions were often noted. The noise problem

had a very interesting origin. In all cases, the initial photon density inside the amplifier was set equal

to zero. However, after the first time step, n(z, t) would be nonzero at every spatial point in the

amplifier. The implicit methods were thus generating and propagating noise beyond the leading edge

of the pulse. Examining the matrix equations of the implicit methods showed this to be a general

characteristic. The noise could grow to the point where it would partially deplete the inversion in
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front of the pulses. This would create large errors in the calculated solutions. The explicit methods

were very accurate; the numerical solutions often were indistinguishable from the analytic solutions.

The primary disadvantage of the explicit techniques was that they required considerably more time

steps per run than the implicit methods. A pair of explicit methods was chosen for the Fabry-Perot

laser calculations because of the numerical accuracy.

The Numerical Techniques. Two explicit methods are used in the numerical computations. A

modified Heun technique described by Wendroff (164) is used to calculate the fields inside the laser.

The method cannot be used at the laser mirrors, however. A less accurate technique developed by S

Courant, Isaacson, and Rees (165) is employed at the mirrors. This method will be referred to as

the C-I-R technique.

The modified Heun method is an outgrowth of the Heun technique used with ordinary differential

equations. The method is composed of four steps. The space-time plane is divided into a rectangular

grid with mesh points (i,, tj, as depicted in Figure B.1. The space and time steps are given by

and k, respectively:

ii+1 = i + h (B.18a)

tj+l = E' + k (B.18b)

The laser equations of motion can be written in the following generic form:

aB aB

aB aB- = g(B) (B. 19)
+i =

where B is either a field amplitude or phase and g(B) is a general representation of the driving

functions. If B' denotes B at the mesh point (i,, tj), then the modified Heun method can be

written as:

B: , ,~ (B.20a)+/2 2

+1/2 kk B _Bh= , T - .,+/ ,/ + g(B (B.20b)
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Figure B.1. The rectangular grid used with the modified Heun method.

i = ,1//s (F -- +-( /2  (B.20c)

-. 'BBij+ I BT k(B Ji+ 1/2 B:+ 1 /2~ + kg(Bij+" 2 ) (B. 20d)

Following the equations listed above, the fields and phases at time ti+1 can be calculated from

the values at time ti. The method is self-starting: only the initial values at to are required for

the method to commence. Unfortunately, the fields at the mirrors cannot be calculated with this

method. Some other technique is required to produce these functional values.

The derivatives 0,R and 'PL are required at each step of the calculation, as these terms are part

of the right-hand sides of the equations. The backwards difference operator is used to obtain the

2%
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derivatives:

'9 aS ,L PI R,L RL RL RL (B.2)

The backwards difference operators are first-order techniques, with truncation errors of 0(k). Cen-

tral difference methods, with errors of 0(k 2 ) are not practical for use with the modified Heun

method.

The modified Heun method has a truncation error of 0(kc3 ) for a set of PDEs of the general

form:

aB a
a + a (a(i, t)B) = g(i, i, B) (B.22)a-i+

where a(i, t) is a symmetric matrix. The TWL equations are similar in form, except that g is a

function of ORL. The actual accuracy will be somewhat less than of O( 3 ), since the backwards

difference operators are used to approximate the phase time derivatives. For the hyperbolic system

given in Eq (B.22), the modified Heun method converges in the mean square sense provided that:

k
C.. ~I(~OK,<Z (B.23a)

where:

ai = max Irl (B.23b)a( , sv au=Tu

is the spectral radius of a(i, t). Eq (B.23) implies that the step sizes must satisfy the relationship:

1 (B.24)

in order for the modified Heun method to be convergent.

The method is computationally intense. To advance the fields in time from mesh point (s,, ij)

to (ii, ij+ 1 ), twelve evaluations of g must be performed (three separate evaluations of each of the

four g functions). To lower the computational load, the grid spacing can be increased. This reduces
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the accuracy of the numerical solution. A balance must be struck between the solution accuracy

and the computational loading.

As mentioned above, the modified Heun method cannot be used to calculate the electric fields

at the mirrors. The C-I-R method is used at these boundaries. The form of the equations is slightly

different at each mirror. At mirror A, the equations are given by:

Bk+= B + (Bj - Bj) + kg(B ), B) e (kL, OL) (B.25a)

1

The values of PR and OR are calculated from the boundary conditions. At mirror B, the expressions

are:
I.'

-i+ J fB'- Bj, + g(B') B,'E (-PR , 0R) (B.25b)

kL and OL are calculated from the boundary conditions at mirror B. As in the modified Heun

method, backwards difference quotients are used to approximate the time derivatives ORL ofn the

right-hand sides of the TWL equations.

The C-I-R method has a truncation error of O(k). This error is due to the first-order difference

methods that replace the partial derivatives in the TWL equations. The method is convergent if the

step sizes satisfy the condition given in Eq (B.24). The C-I-R technique is self-starting, so only the

field values at time to are required to begin a calculation.

Algorithm Specifics. The modified Heun and C-I-R methods tend to be numerically stable over

very limited regions of the laser parameter space. The stability is quite sensitive to the initial and

boundary conditions. The phase equations are particularly susceptible to numerical noise as a result

of the ORL terms on the right-hand sides of the equations. A set of "tricks" or fixes to the initial

and boundary conditions and the phase equations were used to make the numerical methods stable

over much wider regions of the parameter space. These fixes are described below.

The first trick involves the initial fields amplitudes A7R(i,, io) and & (i,, io). The first version

of the code set the initial field amplitudes equal to some small constant value. Thus, the fields
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were assumed to be spatially uniform. For low values of reflectivity at mirror B (rB _ 0.70), the

calculations would "blow up". This instability can be understood by examining Figure B.2. During

the initial several time steps, the field amplitudes rise uniformly throughout the left half of the laser.

However, a discontinuity in tL evolves in the right half of the device. The discontinuity is due to

the boundary conditions at mirror B. At the first time step, kL(i, Ft) is given by (without an

injected field):

S

The adjacent field amplitude, EL( ,,), is approximately equal to ER(i,,,ti). The discontinuity

propagates throughout the laser, as shown in the sequence of plots. Eventually, if rn is high enough,

the field amplitudes reach steady-state. However, if rB is relatively low, PL( ,,, E,) can be driven

negative. On the next time step, the algorithm blows up. The discontinuity manifests itself in the

sawtooth behavior of the output laser intensity, as seen in Figure B.3.

The initial field amplitudes can be modified to resolve the stability problem. One such modi-

fication uses linearly varying initial field amplitudes. A small value of /R(,,, to) is chosen by the

user, and the other field values at the mirror are set equal to:

k'L(Z' io) = rj 3 A7(in, io) (B.27a)

, R(I., iO) + iOL(Z,,to) (B.27b)
k.R. L P I, io) = 2B2b2 ,

The initial amplitudes vary linearly between these values elsewhere in the laser. This initial condition

provides numerically stable results except, when r9 is within a few percent of its threshold value. The

sawtooth nature of 1,,,t is markedly reduced. For values of rn approaching threshold, the numerical

methods are again unstable.

A second form of the field amplitude initial conditions uses scaled steady-state fields. The

steady-state fields for the laser are calculated as described in Section 1. The laser frequency is given

by:

Ai (B.28)
+ I

r2
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Figure B.2, continued.
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(The correct expression for the frequency is given in Eq (7.5). However, this expression had not

been obtained when the time-dependent codes were written.) The steady-state field amplitudes are

scaled by some factor, typically in the range 10.01,0.051. The scaled amplitudes are then used as the

initial conditions. This technique works extremely well when the laser is free-running. The numerical

routines are stable for values of rD approaching threshold. The sawtooth ripples on It are virtually

eliminated. The initial condition also works quite well when an injected signal is present. This initial

condition was implemented in the computer codes.

The initial conditions for the field phases and phase time derivatives must be carefully chosen

in order to obtain numerically stable results. The phase calculations are very sensitive to noise and

prone to numerical instabilities. Small phase errors can lead to wild behavior in the calculations.

For example, typical values of 0 and h are:

¢ 1.5

h 0.01

For convergence, k < 6.67 x 10- 3 . An error in phase on the order of the time step can create a

frequency error approximately equal to the linewidth of the laser. Such an error will suppress the

gain if the lasing frequency is shifted a significant distance from linecenter. The first set of initial

conditions tested used constant phases across the laser. This set would often lead to the form of

instability described above, especially at mirror B. Clearly, the initial conditions must be carefully

chosen in order to avoid numerical problems.

The initial conditions finally implemented are based upon the frequency of the injected signal.

In a round trip, the phase of the laser must change by 2mir radians, where m is some integer. When

operating at a nonresonant injected frequency i;, the round trip condition is not satisfied, as:

2kL = 2nir + 0 (B.29)

where ,5 is defined in Eq (3.27). The round trip condition is only preserved when the injected field

is vectorally added to the laser field, as depicted in Figure 3.5. However, to avoid large frequency
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shifts due to phase errors, the 6 term must be accounted for in the initial conditions. The excess

phase AO in a round trip due to the mirror reflection coefficient phases and tj can be approximated S

as:

AO= 21r-eRA -RB -OR (B.30)

This phase error must be distributed uniformly across the resonator in the initial conditions in order

to avoid frequency shift problems. By defining a fractional phase change as:

AO

2(n - 1)

2  
RA -RB 9  

(8. 31)
2(n-- 1)

where n is the number of grid points in the z direction, the initial conditions for the phases can be

written as:

OR (Zi, tO) = - RA (B.32a)

OR(Z ,+, iO) =R(Ii, EO) - (B.32b)

eL(21, EO) = 0 (B.32c)

€L (4+, o) = OL(i, tO) + 6¢ (B.32d)

Again, the actual values of the phases are unimportant; only the phase differences between adjacent

mesh points are of concern. Consequently, OL(i1, £0) is arbitrarily set equal to zero. Since the

phase time derivatives OR and O0 L are unknown, they are initially set equal to zero. This condition

undoubtedly causes some noise and transient behavior in the numerical solutions. If a priori knowl-

edge of the phase time derivatives existed, the stability of the runs could be improved through a

better initial condition. Overall, the pair of initial conditions worked well in the computer codes.

The third trick with the numerical routincs involves the phase calculations from one time step

to the next. Under certain circumstances, the values of IOR,LI can be extremely large, thus forcing

the laser gain to be approximately zero. Suppressing the gain in one time step generally causes the

numerics to become unstable and blow up. The problem stems from the fact that the phases are
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constrained to lie in the range (-r, r]. Depending upon the progression of the calculations, the

following situations can arise:

ORPs 1 +1)= -'r+ E 2

or

OR Ps,, F,) = - + E3

OR P(,, ij+1) = C4

where the Ej are some small constants. The time derivatives are given by.

a 2rOR P.,, 1+) 'Z __
k

For a value of k = 6.6 x 10- 3, OR $6 950. Similar situations can occur for OL(P, tj). To prevent

this from happening, additional logic is incorporated into the routines to check for single-step phase

changes on the order of 27r. If such a change is detected, the actual values of the phases are used

in the derivatives, not the values in the range (-r, 7r]. In this manner, large values of R.L. are

avoided. A related problem with the spatial derivatives exists, but is much less likely to occur.

Even with the previous modifications, the numerical routines work poorly when the laser is

operated off linecenter or when C, $ i . The problem is partially due to the phase time derivatives

on the right-hand sides of the phase equations. The two equations can be rewritten in more stable

forms. Consider the OR equation. Two of the OR terms on the right-hand side can be factored to

the left-hand side of the equation:

+b + b1- A
[1 + (A7 - 'R)2I -A2 - B 2 -C2 + E24 +[ WL - OR ) 21 ( /-A 2 

- - C2 (9i?

(9i T+ ';J( R 2  A 2 -B 2 -C 2

+- L44 [+ (O+ (-- 2A A2 -B2- C2)]
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Rewriting slightly yields:

.90 R a4'R r I+ ____________

at [I !+ (All R) 2 1 .A 2 -B 2 -C 2

+ Weq (- A
fk 4+ (ObL - OR,)21 \. A 2 - B2 -C2,I

kfR 1+(Aw7-R) 2 1J A 2 -B 2 -C 2

+~ OIR4( L -22I A 2 -C2)] (B.33a)

where:

+ We,1  1 A (B.33b)
+ ftR[4 (L O)2 %A2 -B2 -C2J

The analogous expressions for sbL are:

a L =~ [, )__21_____2_____ B2__ C_ 2
i1 + We

*+ k2we 1 -2 A2C)
L4+ (OEL - OR)2 \ A A- B-C

(I +U'f~ [(A~'; L )21VA 2 -B 2 -C 2

f+ PL [L4 + (OL - OR)2 1 ( -A2 -B 2 - C2)} B.3

and:

11 +(AID -'P) 2 I fA 2 --B 2 -C 2

+ ?I-4(L)1 (- A2- c) (B.33d)

220

*%* .,*.



These forms of the phase equations dramatically improve the stability of the numerical methods,

thus allowing exploration of a wider range of the parameter space.

A comment must be made about the convergence criterion given in Eq (B.23). Since tPlL < 0',

then:

<h < (B. 34)

0< < ,L

Consequently, the convergence criterion given in Eq (B.24) is still valid.

Additional Modifications. Several other steps can be taken to increase the stability of the

numerical routines. These modifications were not implemented; in retrospect, they could potentially

improve the performance of the computer codes. Most of the ideas presented below came about

after the time-dependent research was completed. Future work with the PDEs may benefit from the

modifications listed below.

The first modifications involve solutions of the PDEs in the free-running laser case. As with

the steady-state solutions for this case, only the electric field amplitude equations are required if

the steady-state frequency is known exactly. From Chapter VII, the steady-state lasing frequency is

given by:

1OR

;OL

p.' =(7.Sb)
" I+ l_1In rB

2 L

This frequency can be calculated a priori. Substituting At for the frequency terms A3 -JR.tL in

the field amplitude equations gives:

akR +0aR = _R +_ tR + A )] (B.35a)
ai a f (1 + At)VA2 -B2 VIER VA - B2

aC - - +W- Li__ I2
B ± VAtL A B 2 J (B.35b)
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where:

A = I + - +  
L

)  (B.36a)

1 + A2
1 +At

Eq (B.35) is not an approximation to the TWL equations-it is merely a simplification. Note that

the right-hand sides of Eq (B.35) are not functions of 'RkL or OR,L. With only two PDEs to solve,

Eq (B.35) represents a considerable decrease in complexity of the time-dependent TWL equations.

An improved set of initial conditions can be obtained following Brown's approach (28). The

method entails solving Eq (B.35) in the limit of very weak fields. A derivation parallel to Brown's

yields:

[tR (iL) 0O< iL

jR (Z)l oj torA('AI) - e12 iL Z < tR (B.37a)

tR (iR) <f <

and:

ALmz)I 0 = j Ao(rArD)e/2  iL <_ R (B.37b)

PL(iR) 1

with:

(B.37c)

iR,L are the right and left edges of the gain medium (normalized units) and to is some small initial

field value. Eqs (B.35)-(B.37) should dramatically improve the stability of numerical routines for

the free-running laser. Convergence is assured if the modified Heun method is used to solve the

equations.
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The second set of modifications involves the equations for the injected laser case. With some

simple algebra, the OR.L equations can be recast as:

-90R aOR ahLWe

fk + (- OR)'] A 2 -- 2 B 2

+~ _ _ _ _ _ _ _ _ _ _ AID-
flER4[1~ +~2 \A( A2 

- B2 - cB2 C

+ 2A ( A(B.38a)

a L PR_ [4 + We O2 B

- lkly+PL2at -L'~[1+~-@)
2 1 A 2 -C 2

1+ (-) AL VAB

+I~4+~ wol )21 V.A2 A- B 2 -C2,/

kL 1 (ID L))%A2 --B 2 -C 2

2A~CZ' A B - } (B.38b)

+ ikLI4 + (O'L - OPR)')] VA B2]

+1 TI[+ (A(; -OR)2](A B2 C2~C) B3

lkRb eq A
f, k2t4 + (L - OR1 A2 - B 2 - C2

14+ (t2[ -f -R2 2 - 2  ) '(B3d

tb~I

x 1 + 2]VfA -2 - 6 2 -- C



w11 +J* [ (AID -L )2J A2 - B 2 - C 2

eq A2 -) (B.38e)

f1 L[4 + (OL - O ])21

14L2 = Wq ( 1- A
f k214 + (OL - R)2 /A 2 -B 2 

- C2

o tWeq

[1 +1- (AC;- L) 2J ,A 2 - B 2 - C 2

+e ~2 A 2
' (8.3sf)

f, [4+ (OL - _- C 2 ,

The derivatives that cause most of the numerical instabilities have been isolated on the left-hand

sides of the equations. The remaining phase time derivatives occur in three terms:

term 1 = 4_+__L_-OR)2  1 -
2
__ _-_C

1
term 2 =

11 + (A' - ,OR) 2 ]1 A2 - B 2 - C2

1
term 3 =

[1 + (A - OL)2 1%/A 2 - B 2 - C2

If the effects of PR.L on terms 1-3 are small, then the derivatives can be dropped with possibly little

impact on the numerical solutions of the PDEs. A worst-case analysis has indicated that neglecting

the time derivatives in term 1 c- :ses less than a 7% error for 9RL < 0.2. In terms 2 and 3, the

error is less than 3.5%. If the variations in OR.L are less than 0.1, then the errors for terms 1 and 2

(or 3) are 3.5% and 0.9%, respectively. It should be possible, to a good approximation, to suppress

the time derivatives of the phases.

Suppressing the phase time derivatives leads to the following set of PDEs:

o-7-+ 6, =- + (_+_) )#t- ]--+B-- (B.39a)
72 a (1 + ACD 2 )V 2 -B 2  9R vA 2

a kL aL _ kL 1 q A& _ A__ 1 _/ __

S2 (1 + A 2)VA 2  B2  A2  B2 (B.39b)
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(90'R + R, R +O2aoL + t Weq

+ ~R~y~tbR2(I + 1ADZ2)VA 2 -B 2

I A

x +i~.J A2B2)2

tR [+±2 
2 B

+ V~~R(~f7B2] (B.39c)

"I-I

+ Weq )-A A-B

+ ;AB2,)

A'LL

+ 2~k( A~2 (B.39d)

with:

_ _ _ _ _ _ _ 
2

q ( W A (B.39e)ORI 0[+ (I A 2 ) 22 B VAA 2 A- B 2 /

IOR2 R(1 A2 -B2)

x + + Wlq A '2 ) (B.39f)

(I + c;2)Aq B2 q V ( rA B2

='O +Ac~)AB 4?kI + b A~B) (B.39g)

'kL2- e
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X +Weq FW,~ ______I (B.39h)
['(I + A2) ,A2 _B2 4 _f_1 3j A2~B

and:

A l+ ( REL) (B.39i)1 + AC2

B= I + &;J (B.39j)

Following Brown's approach as before, the initial conditions in complex form can be derived:

kR (iL) eXP[ -iOR (i)] 0 < < ~L

ER zeR Ik o EoA re)-c12 + rA Elexp [qf3(1 + ) /2] L Z RS
1rArC ie q 3

f-R(in) exp[-iOh?(!R)] Rn <_ i < I

(B. 40a)

and:

kL (iL) exp [ -Z'L(iL) 0 < i iL

1Lze j( =o= Ao(rArne"9 f / 2 + El exp [qf3 (I -L 2 4<?t (B.40b)
1rAr~e" eq+

EL(iR) exp[-ilL(iR)] iR < i < I

with:

q (B.40c)

If Er =0 (the free-running condition), Eq (B.40) reduces to Eq (B.37). The initial conditions are

based upon the exact TWL equations in the limit of small fields; they can be used with either

Eqs (3.8)-(3-9) or Eq (B.39).

Eq (B.39) is a true hyperbolic set of PDEs. Unfortunately, the modified Ileuji method cannot

be used to solve the equations. A linear transformation does not exist that will render the PDEs

226

.e '0'-P



into the form required by this technique. However, linear transformations exist that will convert the

equations into the normal form. The C-I-R method can then be used to solve the set. If the loss of S

accuracy due to the suppression of the .RL terms and the use of the C-I-R method is outweighed

by an increase in stability of the solutions, then the use of Eq (B.39) with the C-I-R method is

warranted.

Run Specifics and Characteristics. The computer codes based upon the above discussions had

several interesting run characteristics. "Rules of thumb" that enhanced the numerical stability

emerged as the codes were used. The run constants, rules of thumb, and run characteristics are

described below.

In all runs, the number of spatial steps is set equal to 101. Thus, h = 0.01. With V = 1.5,

the convergence criteria dictate that c < 6.667 x 10' . Some experimentation is usually required to S

obtain values of k that produce numerically stable results. As a general rule, stability is enhanced

as k approaches 6.667 x 10 - 3 .

A large number of time steps are usually required in order for the transients to die out. 40,000

to 200,000 time steps are often necessary. This leads to exorbitant computer costs. For 200,000 time

steps, approximately 10 minutes of CPU time on a CRAY 1S computer is required. The costs are

exasperated when experimentation is necessary to determine k values that produce stable numerics.

The high costs exist despite vectorization of all possible loops and other code optimizations.

The magnitude of the initial field amplitudes impact the number of time steps required to reach

steady-state. If the initial amplitudes are very low, the time required for the fields to rise can be

quite long. On the other hand, if the initial field amplitudes are relatively high, the laser turn-on

transients are lost. Generally, if the initial amplitudes are one-tenth to one-twentieth of the steady

state amplitudes, the turn-on transients are not lost and the run times are limited to reasonable

values.

The solutions of the TWL equations undergo initial numerical transients. These transients are

due to the numerical techniques, initial conditions, and boundary conditions. They are distinct from
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the transients due to the laser behavior described in the previous paragraph. The transients in the

free-running laser case are relatively mild. The boundary conditions described above help minimize

the transient behavior.

In the injected laser case, the transients can be severe enough to lead to numerical instabilities.

The field amplitude transients arise due to a mismatch in the boundary conditions at mirror B,

similar to that depicted in Figure B.2. The damping time can be decreased significantly by an

appropriate choice of initial field amplitudes. If the initial field amplitudes are large compared to

injected signal, the amplitude transients damp out quickly. If the injected signal is comparable to the

initial amplitudes, the transients will linger for a longer time. The phase transients are more severe

than the amplitude transients. This is due to two factors. First, the initial values of OR.L are set

equal to zero. This introduces discontinuities that must decay. Second, since terms containing 'PI?.L

exist on the right-hand sides of both phase equations, the phases will necessarily be more sensitive

to noise and transients. Using Eq (1.39) as the laser model may lessen the impact of the phase

transients and decrease the damping times.

Summary

The numerical algorithms for the four problem classes were outlined in this appendix. The

specific numerical methods and accuracies were given. Details about numerical constants, initial

conditions, boundary conditions, and solution characteristics were discussed where appropriate.

Finally, some suggestions to improve the performance of the time-dependent codes were given.

bp
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APPENDIX C

Injected Laser Data

A large volume of data was collected during the analyses of the injected lasers. Over fifty

contour and slice plots were produced for each data set. In order to reduce the number of figures

in Chapter VII, the injected laser plots for data sets 27 and 36 are included in this appendix. Only

those representative plots required to display the main data trends are included herein. The plots

from these two sets are typical of the results seen data sets 27-38 (injected Fabry-Perot lasers).

Figures C. I-C.17 display the behavior of IR(0), or equivalently IL(0), in the (Aa,rU) plane.

Figures C.18-C.34 are plots of the injected intensity Ij. The behavior of the system gain G, is

depicted in Figures C.35-C.51. Finally, plots of the gain G 2 are displayed in Figures C.52-C.70.

Since the four observables vary over several orders of magnitude in each contour plot, the observables

are logarithmically scaled. That is, log, 0 F are depicted in the contour plots, where F is the

observable of interest.

All plots from data set 27 are symmetric about the line A6 = 0.0. This arises because the

free-running mode is set at the atomic gain linecenter (AE = 0.0). The gain, and therefore the plots,

are symmetric about the line A6 = 0.0. Since Aif $ 0.0 in data set 36, the plots from this set are not

symmetric about the line A6 0.0. The data in the plots were obtained using the exact expression

for t5, Eq (3.27b).

229

..................................................... P



0

4o

Ao *10'

Figure C. 1.log,,, 11? (0) contours at the Mul point (data set 27).

230



.101

00.)

ft.-8

-0.

Q)14

0

-7.0 -3.9 -0.8 2.3 5.4 8 5
Ao3

Figure C.2. log,,) Jft(0) contours at the Ml! point (data set 36).

231

ft.~~~~~~ %.~ ff'ttf*



CM

232.

~A .10 C

Figure~~ 5 6% C..lg, -0 otusa h G1pit(aast2)



0 .r.!i

-0.4

0.0

CO
r-

-7.0 -39-0.8 2.3 .48.5

Figure CA4. log, 1 ,? I(0) contours at the MG 1 point (data set 36).

233



0--

---- -0.4 -0.4

N

* 0.8 -0.8------

CO

% ---- -1.2 -.

-9.0 -5.4 -1.8 1.8 5.4 9.0

Figure C.S. log, 1 ,? I(0) contours at the MG2 point (data set 27). The data is from the region in
the (A6, TB) plane where the cubic curves retain the s-shape.

234



09

6V0.

C -7. 39-. . .

Figure C.6 log10 I~() contour at h G on dt e 6.Tedt sfo h eini

the(A8 r plne her te cbiccures etan te -shape

C23
5C'

523

% V 4 V C . - * . .- - - - - - . . 2 .. :



Ij

CO-

0%

S

-0.0520 -0.0312 -0.0104 0.0104 0.0312 0.0520

Figure C.7. log,,, In (0) contours at the MG2 point (data set 27). The data is from as large a
rectangular region in the (A6, rB) plane as possible.

236%

S sV C C



>10

00

A Figu e C .8 log,, IR 0 c n o r at t e M 2 p i t ( a a st 3 ) Th d ta sf om sl rg a
0etnua eini h A, 1)paea osbe

23

In%



.. , 0

S C

C J2 r

.

I C

//

o C I

I0

d y •

2

1 0

o
(O~ao

FiueC9.I ()v A3(aase 7.r --0'5 C re o tetreoprt n p it r
dispayedin te fiure

0|

C,

C"



CL CL C.

c#CP

o - 0

/0
0 0

10
0

0
(OP

0

\5.

x 0

• 0

Figure C.10. IR(0) vs A6 (data set 36). rD = 0.7/5. Curves for the three operating points are
displayed in the figure.

~239
%'2.



*1

C
C

0

d

C
0

'p.

0

0
0

A

C'.
0
C

C
0
o 0o

C"
C
C

0
4 0
-~ 0

C-
0

0

4', -~ b o'pNj - - .- 4 -

d.

(o)~J

Figure C.11. !p(0) vs A3 (data set 27). r~ 0.75. The curve is taken from the MG2 operating
point data.

.4

240

.4
4.



0

6

00

0!

Ni

0!

o€

.0

0

0

0

M-10

o

0q

F "

S!

0

10)- 0

Figure C.12. IR(0) vs A3 (data set 36). rB = 0.7/5. The curve is taken from the MG2 operating

point data.

241

; - , ,• '-" ' '-'-' ." ", . " ', " " " . .',',' ... ,*v .- '.,** .'' . "'~." .''.*.'. *..*-..'..*.., .-



e4 4

c j 0

1 z
00

0

0

(O)a I

Figure C.13. !r?(O) vs rB (data set 27). A6 =0.007. Curves for the three operating points are
4., displayed in the figure.

242

. . ..'.. ..,



- I

C\

\tOD

0

(0)10

Figure C:.14. Ir?(O) VS rD (data set 3()). Ar) - 0.007. Curves for the three operating points at,

displayed in the figure.

243

d0

- !-

?.'
% 4 % .% '. * ° " .. o 0 " - * * ° % - , . % -. .0 . . . % % % -. - % % . % % % • %



llAVWr-x-A

Aj

cc

4244



I,

0

0

0

0

0
0

0

0

0
.0

0

0

0

0
0

0

0

o 0

(o)'i

Figure ('.16. Ji~? (0) vs ru (data ~t~t 27). A3 0.040. The curve is taken from the MG2 operating
point data.

245

**\ .* * . . % ~ ~ .. d * -~ - *.~.-.



0 0 0

Fiur C.7 0l()v o(aast3) 6 ± .40 h uvsaetknfo h

oprain pon9aa

*24



0i

00

I r
0

0> 0

-9.0 -5.4 -1.8 1.8 5.4 9.0

Ao .10'

Figure C.18. log,() II contours at the MII point (data set 27).

247

.. 1A



?.?
0

0'

0

*0

go "

C;

- .0

.44

,.4-

-7.0 -3.9 -OB23 5.4 8.5o '10 -

Figure C.19. log,, 11 contours at the Mil point (da ta set 36).

248

.. . " "-2. "'. "-.? .''.? . ." - -°. .",' ' -' ". " . ". .V". . " " " - '..' ' "". . " . . " . "- """ - - - -



00

60

0 0

0 0 0

00

I0

o Io

Figure C.0 o,)I otusa h GIp it(aast2)

249



too

oo

-70 -3.9 -0.8 2.3 5.4 8.5

AO -103

Figure C.21. log,(, Ij contours at the MG1I point (data set 36).

250

.4%



0

0 '0

01

Figur C.2 o 1 .0cnor tteM 2pit(aa e 7.Tedt sfo h eini h
(A6, 7B ln hr h ui cre eantessae

2in



0

oC;

0

C?'

C)

- 7. 39- . . . ,

AO*0

FiueC.3 o,, IcotusatteMG on (aast 6.Th aaisfo tergoni0h

(A6, D p ae whr0h ui uvs eantessae

-252



Ii

C!0

6

0 00 '

to N? C

*002 061 000 O 000 .32 002

FiueC2.lg( Icnorsa h G on dt e 7) h aai rma ag

retnua eini h A ,r)paea osbe

41253



00

0 '0

C)

0.)?

0U

-. 
11;

254.

0 70,0



JY"71

0
.0 N0.. 0. 0. -o

0.O

IC I I
0

I C

C>
AO

in t- figure

2
* 0

° o

0

0

0

• _ .'0

- -

Vo

I.I

'o'o' 1

7..|:.



cy 0

- I

00

C>

o, 1 10-I

C) 00C

Figure' C.7 Iv 6(aast3) D 07.C r frtetreoeaigpit r ipae

in thefigur0

250

A.0



* t .. S S S - - .. - . -

S.

S.

0
0

o

0
0

0

0
0

d

* N
0

I..

I-

0
0o 0
o

N5 o
0

/
S..

I-

0

0
0

S.

5~

0

0

b c cVo
- - - - - - -

11

5-

Sb

Figure C.28. I~ vs ~8 (data set 27). r13 r-z 0.75. The curve is taken from the MC2 operatilig point
data.

* * 257

- *%~~*~* *



N

0

o, c

NN



0

C

~0

0 I

F ig i r C . 0 . I , ,, r l ( at a se 2 7 . ,-, 0 . 0 7 . C u v e s f o t h t r e e o p r at n g I m i t s a r
dispayedin te fiure



" \ o

co

o O
0

\\

0

0

oo

Figure C.31. II vs rD (data set 36). A5 0.007. Curves for the three operating points are
displayed in the figure.

NI

t..I

26

ScI

111



I \

\N

\~

rr

0

o

5'to

Figure C.32. I vs rp (data set 36). A5 ±0.007. The curves are, taken f~rom tile MG2 operatin~g
point data.

261

.. , , "- . . -" .. .. " --. '.-,'..'-.-.J ..-..." " " " .':." . , ,,,..- ..-- -, " ,-5-' , ,"-, ., s. ' -,_' " ,y-q " "



.e

0D

Figre .3. I vsrD(daa st 7).A(^ 0040 Te crveistakn fomtheNIG oerain

pointdata

262



0

0C 0

FiueC3. 1V D(dt e 6) 6 ± .4. h uvs r ae fo h IG prtn
pon data

I 263



0!

C0

0

-90-.to8 . . .

Fiur C35 og 0  1  otorsatth u oit dtasec2)

2640

..........................................



L:U -W~ w -N

da

0

0

p CCO

0t

-70-39-.8235. .

UA

FigreC.6.lolO , onous t heMI pin (at st 6)

26



Si'i

00

C'C

Ct)I

00

-9.0 -54- . . . .

'p. "10

FiueC37 ol , otusatteM 1 on dtast2)

26



0

Q ) 

26

N

0

o',, /

€ " "0

-~ .-

°0

-7.0 -3.9 -0.8 2.3 5.4 8.5

Figure C.38. Iog1 o G1 contours at the MC I point (data set 36).

267



O

CO

tTO

0'

o 0

c'i °

0

-9.0 -5.4 -1.8 1.8 5.4 9.0

Figure C.39. log10 G1 contours at the MG2 point (data set 27). The data is from the region in
the (A6, ru) plane where the cubic curves retain the s-shape.

268



40

7. 39-0.8 2.3 5.4 8.5
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Glossary

A large number of symbols were used in the previous text. The following glossary lists each

symbol, presents a short explanation of the symbol, and references the pages on which the symbol

is defined and first used. The definition and first use pages are listed following the explanations,

in the form (definition:first use). The caret or "hat" accent denoting a normalized variable is not

used, as many of the variables exist in both normalized and unnormalized form. Some symbols

have multiple definitions; the applicible meanings are clear from the text in which such symbols 0

are used. Boldface symbols are generally complex quantities; the corresponding amplitudes are in a

math italics typeface. For example, ER represents a complex electric field with amplitude ER.

Ith Denotes the threshold value of the preceding variable (70:70)

a Incoherent intensity summation term, Agrawal-Lax model (71:71)

1a) Upper lasing level in the two-level atom model (18:18)
1a) General atomic energy level or state (18:18)
a(t) Time-dependent coefficient of the atomic eigenfunction 0. (20:20)

A Mirror intensity absorption coefficient (7:7)
A Incoherent intensity summation term, traveling wave semiclassical laser models

(41:41)
A1  Incoherent intensity summation term in the amplifier region of the PBCUR laser

(99:99)

Aap Area of the output coupler or aperture (170:170)
b Intensity interference term for the counterpropagating traveling waves, Agrawal-Lax

model (17:71)
1b) Lower lasing level in the two-level atom model (18:18)
b(t) Time-dependent coefficient of the atomic eigenfunction 'Pb (20:20)
B Intensity interference term for the counterpropagating traveling waves, traveling

wave semiclassical models (41:41)
B Lower turning point on the cubic curves (121:121)
B Shorthand notation for the electric field amplitude or phase functional variables in

the numerical methods sections (209:209)

A} Magnetic field flux density vector (29:29)
B l  Intensity interference term for the counterpropagating traveling waves in the am-

plifier section of the PBCUR laser (= 0), (99:99)

B,' Functional variable B at mesh point (z,, ti); used in the numerical routines (209:209)

B(v) Stimulated emission coefficient in the gain medium rate equation models (6:6)
c Speed of light (31:31)
c.c. Denotes the complex conjugate (17:16)
C Intensity interference term for the counterpropagating traveling waves, traveling

wave semiclassical models (41:41)
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C Upper turning point on the cubic curves; corresponds to the locking (minimum

injected intensity) point (120:120)
C1  Intensity interference term for the counterpropagating traveling waves in the am-

plifier section of the PBCUR laser (= 0), (99:99) .5.

C-I-R Courant-Isaac-Rees numerical technique (210:210) "

Ii Electric field flux density vector (29:29) -.

D, Total loss term for the electric fields, Lamb model (76:76)
D 2  Constant, Lamb model (76:76)
e Central core region of the PBCUR laser (91:91)
e Charge of an electron (19:19)
i Unit vector in the direction of the electric field (19:19)
E. Energy of eigenstate 1a) (18:18)

E. Energy of the general eigenstate 1a) (18:18)
Eb Energy of eigenstate Ib) (18:18) *•

EHI High guess at the electric field, used in some of the numerical methods (199:199)
E1 Complex total injected electric field, inside the resonator (60:60) ".
El Amplitude of E, (60:60)
EIN Complex total injected electric field, outside the resonator (60:60)
EIN Amplitude of EIN (80:80)
ELO Low guess at the electric field, used in some of the numerical methods (199:199)
EL (z, t) Total complex leftward traveling electric field inside the resonator (16:16)
EL(z, t) Amplitude of EL(z, t), (16:16)
E,(z, t) Amplitude of the n 1 electric field longitudinal mode (71:71)
Eout Total complex outcoupled electric field (58:58)
Eout Amplitude of E,,t (129:129)

]E(i, t) Total complex electric field inside the resonator, including all transverse and longi-
tudinal variations (14:14)

l'(i, t) Atomic reaction field (14:14)
ER (Z, t) Total complex rightward traveling electric field inside the resonator (16:16)
ER(Z, t) Amplitude of ER(z, t) (16:16)
E(z, t) Total complex electric field inside the resonator (17:17)
E, Initially launched phasor electric field from mirror B, Chow model (83:83)
E2 Electric field phasor after a round trip through the resonator, Chow model (83:83)
f Single pass amplifier region of the PBCUR laser (91:91)
A, h n function in the general (vector) differential equation set (196:196)

f1 (Ln) Saturated gain function, Spencer-Lamb model (82:82) 0
FL Focus of the leftward traveling wave (cylindrical or spherical), (15:15)
FR Focus of the rightward traveling wave (cylindrical or spherical), (15:15)
F General atomic property or observable (22:22)
FIMx Value of observable F at the MII, MGi, or MG2 operating point (151:151)
9 Conical boundary between regions e and f in the PBCUR laser (91:91)
g(B) Shorthand notation for the driving function of B, used in the numerical methods

sections (209:209)
go Intensity small signal gain (68:7)

9t Complex laser system gain (electric field amplitude) for injected lasers (62:62)

91 Degeneracy of atomic level 1 in the gain medium rate equation models (6:6)
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92 Degeneracy of atomic level 2 in the gain medium rate equation models (6:6)
93 Intensity small signal gain, Agrawal-Lax model (71:71)
Go Saturated laser gain, small signal gain models (8:8)
G, Laser system gain (electric field intensity) for injected lasers systems (63:63)
G 2  Internal laser intensity gain for injected lasers (63:63)
0 4  Laser system gain (electric field intensity) for injected lasers, Spencer-Lamb model

(82:82)
h Numerical step size between adjacent mesh points along the x axis (198:198)
h Numerical step size between adjacent mesh points along the z axis (209:209)
h Planck's constant (18:18)
H Total Hamiltonian applied to an atomic system (19:19)

Ii Magnetic field vector (29:29)
Ifl Hamiltonian matrix (21:21)
Hatom Atomic Hamiltonian (18:18)

I i Complex operator (= V/sT), (15:15)

I,ap(x, y, t) Intensity in the output aperture of the resonator (102:102)
I, Injected intensity inside the laser resonator (85:85)

rIN Injected intensity external to the laser resonator (3:3)

IL Intensity of the leftward traveling wave (68:7)

-tL Intensity of the leftward traveling wave normalized by 1o,,t (137:137)
IL Intensity of the leftward traveling wave, Agrawal-Lax model (72:71)
I,n Intensity of the n' longitudinal electric field mode of the laser

I'ot Intensity of the outcoupled laser electric field (3:3)

IR Intensity of the rightward traveling wave (68:7)

[iz Intensity of the rightward traveling wave normalized by ,at (137:137)
IRI Intensity of the rightward traveling wave, Agrawal-Lax model (72:71)

I.at Saturation intensity (69:8)
Current density vector (29:29)

k Wavenumber of the electric field (16:16)
k Numerical step size between adjacent mesh points along the t axis (209:209)
k, Linear dielectric constant (71:71)
k, Wavenumber of the nth longitudinal electric field mode (73:73)
e Variable location on the z axis (120:120)
,z axis location of focus FL (16:16)
eR z axis location of focus FR (16:16)

L Resonator length (16:16)
LD Loss in the electric field equation due to the dielectric bump, Spencer-Lamb model

(191:191)
L9 Length of the laser gain medium (70:62)
LL Loss in the electric field equation due to outcoupling through mirror B, Lamb model

(191:191)
m Integer variable (58:58)
m Atomic mass (18:18)
M Geometric resonator magnification (89:89)
MG1 Maximum G, operating point (148:148)

MG2 Maximum G 2 operating point (148:148)
MII Minimum injected intensity operating point (148:148)
n Integer variable (54:54)
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n Atomic density, Agrawal-Lax model (71:71)
n Index of refraction (143:143)
n(z, t) Photon density, Franz-Nodvik model (208:208)

NLO Nonlinear optical material (178:178)
no(z, t) Initial condition for the photon density, Franz-Nodvik model (308:208)
N, Population density of atomic level 1, gain medium rate equation models (6:6)

N, Electric field loss term, Spencer-Lamb model (82:82)
N 2  Population density of atomic level 2, gain medium rate equation models (6:6)
N 2  Frequency shift term, Spencer-Lamb model (82:82)
PBCUR Positive branch, confocal unstable resonator (12:12)
PDE Partial differential equation (207:207)

() Induced polarization in a single atom (14:14)
PL(Z, t) Complex leftward traveling polarization wave (17:17)

PL(Z, t) Slowly (spatially) varying complex amplitude of PL(z, t) (17:17)
P (z, t) Complex amplitude of PL(Z, t), including the rapidly varying spatial terms (order

of ek), (18:18)

Po.t Output power from the laser (102:102)
P (F, t) Total macroscopic polarization of an atomic medium, including transverse and lon-

gitudinal variations (14:14)
PR (z, t) Complex rightward traveling polarization wave (17:17)

PR(Z, t) Slowly (spatially) varying complex amplitude of PR(z, t) (17:17)

P (z, t) Complex amplitude of PR(z, t), including the rapidly varying spatial terms (order

of ekZ), (18:18)
P(z, t) Total complex medium polarization (17:17)
q Unsaturated complex laser gain (226:226)
I Spatial coordinate (14:14)
rA Complex amplitude reflection coefficient of mirror A (15:15)

rA Amplitude of rB (15:15)
rB Complex amplitude reflection coefficient of mirror B (15:15)
rB Amplitude of rB (15:15)

rD Complex amplitude reflection coefficient of the dielectric bump (78:78)

rD Amplitude of rD (78:78)
R General mirror intensity reflection coefficient (7:7)
R Rate variable containing the spatial holeburning terms (40:40)
REA Rate equation approximation (11:11)

R. Rate constant (40:40)
R, Pump rate to atomic level 1, gain medium rate equation models (6:6)
R, Mirror reference plane (184:184)

ri General mirror amplitude reflection coefficient, left side (184:184)

R 2  Pump rate to atomic level 2, gain medium rate equation models (6:6)
R2 Mirror reference plane (184:184)

r22 General mirror amplitude reflection coefficient, right side (184:184)
SL1 Unmodified Spencer-Lamb model (139:139)

SL2 Modified Spencer-Lamb model (139:139)
SSG Simple saturable gain model (136:136)

SWL Standing wave laser model (139:139)
t General mirror amplitude transmission coefficient (185:185)
t Time variable (6:6)
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tA Complex amplitude transmission coefficient of mirror A (15:15)
tA Amplitude of tA (15:15)
tB Complex amplitude transmission coefficient of mirror B (15:15)

tB Amplitude of tB (15-15)
t' Photon cavity lifetime, gain medium rate equation models (6:6)

tD Complex amplitude transmission coefficient of the dielectric bump (78:78)
tD Amplitude of tD (78:78)
ti Mesh point along the time axis (209:209)

t,,r Nonradiative decay time constant from atomic level 2 to 1, gain medium rate equa-

tion models (6:6)
t'P Spontaneous decay time constant from atomic level 2 to 1, gain medium rate equa-

tion models (6:6)
T Pseudo-transmission coefficient of the dielectric bump (81:81)

TWL Traveling wave laser model (54:54)
TWURL Traveling wave unstable resonator laser model (97:97)
to Initial time value (22:22)

tio Overall decay time constant from atomic level 1 to 0, gain medium rate equation
models (6:6)

t12 General mirror amplitude transmission coefficient (184:184)

t20 Overall decay time constant from atomic level 2 to 0, gain medium rate equation

models (6:6)
121 General mirror amplitude transmission coefficient (184:184)

UL(Z, t) Real part of the leftward traveling polarization wave (26:26)
UR (Z, t) Real part of the rightward traveling polarization wave (26:26)

VL(Z, t) Negative imaginary part of the leftward traveling polarization wave (26:26)
vR (z, t) Negative imaginary part of the rightward traveling polarization wave (26:26)
V Perturbing Hamiltonian (19:19)

V(tomr) Potential energy function of the atomic species (18:18)
V9 Volume of the gain region (103:103)
w Bloch vector term proportional to the population inversion density (25:25)
Weq Term proportional to the zero field population inversion density (27:27)
w , Cr Critical wq value at which the Spencer-Lamb laser model is above threshold re-

gardless of the outcoupling (192:192)
X Independent variable; used in the explanation of the Runge-Kutta numerical routine

(196:196)

Transverse coordinate axis to the optical (z) axis; orthogonal to the 9 axis (29:29)
XeF Xenon fluoride excimer laser (135:135)

Xk kth mesh point in the x direction; used in the numerical routines (198:198)
Transverse coordinate axis to the optical (z) axis; orthogonal to the 1 axis (29:29)
General vector differential equation system; used in the explanation of the Runge-

Kutta numerical routine (196:196)

ii0 Initial condition for the vector differential equation system i; used in the Runge-
Kutta numerical routine (196:196)

Functional evaluation of the vector differential equation system V- at the k"' step;

used in the Runge-Kutta numerical routine (198:198)

Ax(x) Initial condition for the vector differential equation system g; same as W (196:196)
z Spatial coordinate along the optical axis; also refers to the optical axis (8:8)
z, Mesh point along the z or optical axis; used in the numerical routines (209:209)
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z0  Arbitrary position along the optical axis (25:25)
10) Atomic level 0 (ground state) in the gain medium rate equation models (6:6)
* 1) Atomic level 1 (lower lasing level) in the gain medium rate equation models (6:6)
12) Atomic level 2 (upper lasing level) in the gain medium rate equation models (6:6)
a Exponent describing the cylindrical or spherical nature of a traveling wave field

(16:16)

Q0 Nonsaturable gain medium losses (68:8)
1Spatially dependent phase term (40:40)

00 Spatially constant phase term (43:43)

'6 Spatially constant phase term (43:43)
'I Atomic lifetime; inverse of the atomic linewidth (24:24)

I'S Mean lifetime of the upper lasing level, semiclassical theory (17:17)
'Y Mean lifetime of the general eigenstate Ia) (18:18)

-Y Average of the mean lifetimes 1, and -1b (28:28)

lTb Mean lifetime of the lower lasing level, semiclassical theory (17:17)

'tjph Atomic collisional dephasing time (24:24)
r Loss matrix (21:21)
6 (z) Dirac delta function (78:78)
6S Longitudinal mode spacing in a loaded resonator (includes the gain medium pulling

and pushing effects), (143:143)
61/ Frequency error in the numerical routines (204:204)
50 Change in phase between adjacent mesh points; used in the initial phase conditions

in the time-dependent laser codes (218:218)
4 Incremental change in the vector differential equation system g from one step to

the next, Runge-Kutta method (198:198)

/1 Runge-Kutta numerical routine terms (198:198)
AE, Fractional electric field amplitude change in a round trip in an injected laser, Chow

model (84:83)
Af1 / 2  Full width at half maximum of the Fabry-Perot resonator response curve, in Hz

(143:143)
Am Detuning of the barecavity mode frequency from the atomic linecenter frequency

(54:54)
AO Detuning of the injected signal frequency from the free-running laser frequency

(120:120)
±Aom.. Detuning Ao at which turning points B and C merge on the cubic curves (125:125)

At Detuning of the free-running laser frequency from the atomic linecenter frequency

(54:54)
Ay "Depth" of a strip PBCUR in the transverse g direction (102:102)
A(z, t) Population inversion density, Franz-Nodvik model (208:208)
A,(z, t) Initial condition for the population inversion density in the laser amplifier, Franz-

Nodvik model (208:208)
Aw Detuning of the injected or reference signal frequency from the atomic linecenter

frequency (26:26)
AWI 2  Full width at half maximum of the Fabry-Perot resonator response curve, in radian

frequency (143:143)
E Exponent used used in the simple saturable gain model; value is dependent on

whether the broadening mechanism is homogeneous or inhomogeneous (64:64)

f Material permittivity (183:183)

305

- . * * ~ * . . , * * * *w -.%



qV-w~ VW ~- A- ~'J~F. ' nA TV~J Jw1'vWUW J'r WV IV~i VM~~ IV Nj'PM~% V'TF7.VVV'TTY,"

Fractional phase change in a round trip in an injected laser, Chow model (83:83)
eDB Permittivity of the dielectric bump (78:78)
C, Phase term (219:219)
fo Vacuum permittivity (29:29)
fo Maximum allowable phase error in the numerical routines (203:203)

Binomial expansion term (67:67)
Spatial variable in the initial conditions, time-dependent laser codes (222:222)

?Scaled dielectric bump "height" (78:78)

'7L Laser power extraction efficiency (103:103)
0 Integration (angular) variable (35:35)
0 Fractional phase "error" in a round trip, TWL and TWURL models (62:62)

00 Integration (angular) limit (35:35)
A Optical field wavelength (25:25)
A. Excitation rate to the upper laser level, semiclassical models (23:23)
A(t) Excitation rate to the general atomic level 1a), semiclassical models (22:22)
Ab Excitation rate to the lower laser level, semiclassical models (23:23)
A "Height" of the dielectric bump (78:78)
A Excitation matrix (23:23)

Dipole moment matrix element (20:20)
JA Material permeability (183:183)
JA0 Vacuum permeability (29:29)
VFree-running or instantaneous laser frequency (30:30)

vve Average of 'H1 and 1
'LO (203:203)

L' I High initial frequency guess; used in the numerical routines (202:202)
VL Injected signal or reference frequency (16"16)

LL Frequency of the leftward traveling wave electric field (38:38)

11Lo Low initial frequency guess; used in the numerical routines (202:202)
Vn Frequency of the nh longitudinal laser mode (73:73)
VR Frequency of the rightward traveling wave electric field (38:38)

&L Phase term for a leftward traveling cylindrical or spherical wave (35:35)
R Phase term for a rightward traveling cylindrical or spherical wave (35:35)

p Density matrix for a single atom (21:21)
pJ h element of the single atom density matrix (21:21)

CO, i i.1h element of the statistical average (population) density matrix (24:24)

PL Radial field coordinate, leftward traveling cylindrical or spherical wave (16:16)
PR Radial field coordinate, rightward traveling cylindrical or spherical wave (16:16)
L(t) Statistical average (population) density matrix (23:23)
a Electric field loss term in a medium; also called "pseudo-conductivity" (29:29)
a Material absorption coefficient (183:183)
a Resonance absorption cross section, Franz-Nodvik model (208:208)
a,, Stimulated emission cross section (70:70)
r Zero field population inversion density lifetime, unnormalized units, semiclassical

models (28:28)
Unnormalized electric field decay constant, due to miscellaneous medium losses

(photon lifetime), (34:34)
Zero field population inversion density lifetime, normalized units, semiclassical mod-

els (34:34) .
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'r2 Normalized electric field decay constant, due to miscellaneous medium losses (pho-
ton lifetime), (34:34)

T3 Normalized round trip time inside the laser resonator (62:62)
4Photon density, gain medium rate equation models (6:6)
4, General electric field phase variable (33:33)

General electric field phase time derivative (41:41)

4'E Phase error, used in the numerical routines (203:203)
01 Phase of El (60:60)

'PL Time derivative of L(z, t) (41:41)

OL (z, t) Phase Of EL (Z, t) (16:16)

IL Constant term in a Taylor series expansion about t of OL(Z, t) (38:38)
O,.(t) Phase of the n" longitudinal laser mode (74:74)

0. Time derivative of O,,(t) (74:74)

ORn Time derivative of 01n(z, t) (41:41)

OR A Phase of rA (15:15)
ORD Phase of rB (15:15)

ORD Phase of rD (78:78)
OR (Z, t) Phase of ER (z, t) (16:16)
OI Constant term in a Taylor series expansion about t of OR (z, t) (38:38)
OTA Phase of tA (15:15)
ObTB Phase of tB (15:15)

OTD Phase of tD (78:78)
Normalized speed of light (= c/' 1 L), (35:35)

'(I) Eigenfunction of atomic eigenstate 1a) (20:20)

O1 (-) Eigenfunction of the general atomic state 1a) (18:18)

b( r) Eigenfunction of atomic eigenstate Ib) (20:20)

'ODB Pseudo transmission coefficient phase of the dielectric bump (81:81)

-L Modified 'P (220:220)

'PLI Modified ' (224:223)
'PL2 Modified 'P (224:223)

OR Modified 'P (220:220)
OR1 Modified 'P (223:223)
IR'2 Modified ' (223:223)
41. (i, t) Eigenfunction for the general eigenstate 1a) (18:18)
% '(f, t) Total atomic eigenfunction (20:20)
U) Atomic linecenter frequency (18:18)
W, Frequency of eigenstate 1a) (18:18)
Wb Frequency of eigenstate Ib) (18:18)
il Barecavity longitudinal mode frequency (31:31)

f Shifted barecavity longitudinal mode frequency; shifting is due to the frequency

effects of the dielectric bump (188:188)
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