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Abstract
.
*•

T'his report documents our recent progress in exploring balance and dynamic stability in legged systems.
There have been five areas of progress, each described in a separate chapter in the pages that follow.
* Balance in 2D can be achieved with a surprisingly simple control system. The control system has
three separate.parts, one that controls hopping height. one that controls the velocity of forward
travel, and one that controls body attitude. A physical 2D one-lcgged hbpping machine that
employs such a fhrec-part control system hops in place, runs from place to place at speeds of up to
2.7 mph, maintains its balance when disturbed, and leaps over small obstacles.
* Control of locomotion in 3D can build upon the results obtained in 2D. Simulations suggest that
a 31) one-legged machine could run and balancc using the same three-part controller developed
for 21), provided that additional extra-planar mechanisms operate to suppress roll, yaw, and
lateral motions.
* We have designed and built a physical one-legged system that will permit experimentation in the

contro! of balance in 3D. The device has a simple pneumatic lcg ;hat is positioned by a hydraulic
hip. It will hop on an oncri floor without a system of physical constraints.
year xe developed a method for obtaining balance that usCs tabulated data. This year the
volumous tabular damt can be appro;iniated by a
polynomial surface et'moderate degree, without much loss oelcontrol precision.

* Last

rricihod was extended by showing that the

o We refined our understanding of the mechanisms responsible for balance by simulating and
comnaring thicc differc;t -ilaoridhms For horizontal conuol: one just places the foot during flight,
one places the foot during flight and sweeps the leg during stance, and the third places the foot
during flight and controls body attitude during stance. Each of the three methods elucidates a
dilftrenit principle of dynamic stability.
The report closes with a bibliography on legged locomotion containing about 350 re,'erences.
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1. Introduction and Summary
SFlumans and animals use their legs to locomote with great mobility, but we do not yet have a full
'

understanding of how they do so. One sign of our ignorance is the lack man-made vehicles that use legs to
obtain high mobility. A legged vehicle might someday travel in difficult terrain, where softness or bumpiness

makes wheeled and tracked vehicles incffective. The research reported here was designed to address both the
S"scientific
.

problem of understanding how living legged systems operate, and the engineering problem of how
to build useful legged vehicles.

"Ourresearch strategy is to focus on the problems of balance and dynamic stability, while postponing to later
"thestudy of gait and coupling among many legs. To do this we have modeled, simulated, and built a number
2.,

*

of systems that hop and balance on just one leg. In the one-legged regime balance is of paramount
importance, while coordination and coupling do not apply. A secondary strategy has been to examine systems
with springy legs, so that the role of resonant oscillatory leg behavior might be better understood.
'The main thrusts of the work during the past year has been to do experiments on a physical 21) one-legged
hopping system that balances as it runs, to simulate a 31) one-legged system, to build a physical 311) machine
for future experiments, and to refine our previous theoretical work on 2D balance. This report is a collection
of five separate papers that describe these projects. The major findings are summarized here:

1.1 2DExperiments
-

A physical 21) one-legged hopping machine has been operating in the laboratory now for almost a year. A
single set of control algorithms maintains balance as the machine hops in place, nrns from one place to
another, and leaps over small obstacles. Top recorded running speed is about 2.7 mph. When the machine is
hopping in place, a person can disturb it by pushing sideways without causing it to lose balance.

4

'The most important thing about the control system for the 21) one-legged machine is its simplicity. Three
separate servos operate independently to control hopping height, forward travel, and body attitude:
Ilopping _leit: 'The control system rcgulate:; hopping height by manlil)Lulating hopping energy.
The leg is springy, so hopping is a bouncing 11ot0ion that is generated by an actuator that excites
the leg. Iloppnn height is deteImincd by the energy recovered from the pre%ions hop, the losses
In the hop ping cycle, and thrust developed in the leg actuator, I ei:qt is r'gulatCd by adjusting
the amIIounlt of Oirus.,t on each cycle to jusi MakC Li1)for losses.
o V-locitv: The control svtktel

4

4

anImipulates forward , AhIcitv by placing the foot with respect to the
"centerof the C('G-prinl on Celch step. The CG-print is IhL locus of points on the ground over which
the center of gravity of the system wNill pass driIL'g suLnce. I)isplacing the flot fromn the center of
the (i-prilit 'v;lams the •,,,em to run either iitstc; or ,lower. [Ile coutrol svr;tein calcuteiCs the

Figure 1-1: 'Ihe 21) hopping mahnctlto

rLI11ining and leuping,. Action is from night to
lit' inl both photog~raphs I.hlDs indicated paths of the foot and Ilip. 101): Rtunnirng
at about 2 ilh
pv ibv;~04 inl iii (Ic ItýO HION I H e oii
tic controillIcr l ,it balinces Minf
hloppitliu ill glare, and when1runn~ling! torwkard(, Caoltibe uIsed duin~lg !c tging.j [heC vertical
Coitaitm ipiu>
owIi ie togenratL:
thirust and to Jetract the leg. ONhtaclc is
0x 6 incheS.

%

1

3

lcngth of the CG-print from the mieasured forward velocity and an estimate of the duration of
stance. The error in forward velocty determines a foot position that will maintain the correct
specd of forwvard travel.
Attitude: The control syste,;,, maintains an erect body posture during running, by generating hip
torques during stance that servo d'. body angle. During stance friction between the foot and
ground permits large torques to be applied o the body without causing large accelerations of the
leg. These torques are used to implement a simnpl proportional servo that moves the body toward
"anercct posture once each step.

1.2 Decomposing 3D Balance Into Planar and Extra-Plo-nar Parts
same three-part control system that operates to balance the 2D machine can be applied to balance in 3D.
We have begun to explore the notion that motion of dynamically stable 3D legged systems can be
decomposed into a plaaar part and an extra-planar part. The planar part is like that already described for 2D,
controlling large leg and body motions that provide hopping and forward travel. The extra-planar part
produces only subtle corrective motions that maintain planarity. These motions m.ust eliminate errors in roll,
yaw, and lateral translation.
''he

•":

.

NMotivation for this ap.-roach came from observing animals. Running animals seem to operate in 20, with
their legs swinging fore and aft through large angles.while the body bobs up and down. The body may also
pitch back and forth quite markcdly. These large planar motions do not tell the whole story, since locomotion
takes p)ace in 3-space wh-rc L-dttgs can move with six degrees of freedom. Motions that enforce planarity are
usually not obvious.

We have designed a controller that uses these ideas to balance a simulated 3D one-legged machine. In
addition to the three parts developed for the 21) machine, there are controllers for roll and yaw. Control of
iheading is treated in a special way that needs further work, and we have not yet begun to study active turning
while running. Simulation data show good control of velocity, body attitude and spin while traversing paths
made up of straight segments. 'I'hcsc findings indicate that decomposition results in a very simple solution
that seems to be in concert with what we observe in ratural systems.
"1.3 Design and Construction of a 3D One-Legged Hopping N'achine

-

While 2D experiments have taught us a great deal about control of hopping, forward velocity and attitude,
real locomotion takes place in 3D where yaw, roll and lateral drift must also be controlled. We-are anxious to
extend our experimental results to the 3D case. The notion that control of locomotion can be very simple
rcc(:ives dte acid test in 3D, becausC the dynamic equations that describe motion in 3D arc much more
"complicatedthan in 2D.

4

*, --4

~'4-

Figure 1.Z: Simulated one-legged machine used to study algorithms for balance in

"3D.

*2•i
,

*

*
%/

We have built a machine for these experiments. Like lhe 2D machire, it hops on one springy leg with
hopping motions powered by compressed air. Hydraulic actuators control orientation of the leg with respect
to the body. A 3-axis force sensing foot provides measurements of vertical loading and traction forces. A
two-axis vertical gyro and an electronic compass provide measurements of the body's orientation in space.
We are currently applying the principles of planar decomposition to the control and balance of this 3D
one-leggcd machine.

1.4 Tabular Control in Legged Locomotion
We have' dcvcloped a tabular control method that is particularly well suited to controlling the non-linear
dynamics of legged systems. Control of systems with non-linear dynamic% isdifficult when simple expressions
that relatc the behavior of the system to the available control signals are not available. Manipulators have
been controlled using carefully organized tables that contain pre-computed diai, but such tables are typically
very large. We have found that it is possib:e to reduce the size of the tables needed for control, by capitalizing
on the cyclic character of legged locomotion, in which mno crinents are rcpctted one stridce aftcr onother.

*

-A

Figure 1-3. Mlachine to be used for experiments on balance in 31) 1lopping motion
is powAered by conipres~ed air, but hydrau~lics are used to orient leg piecisely with
rcspcct to tbc hbod
Ihec Coot can sense load and traction force,., and a g~ rusrope
met.asures orientation of the body in space. An Umnbilicalt conniccus the machine to
powci siupplieCs and Uthecontrol corn pote r, whiCh are loca ted nearhby it the IahoratorN.

6

While the tables designed for manipulator control typically rcquirc one dimcnsion for each state or
conliguration variable, thc new Utbular method employs a table that represents only a subset of the state
variables. Behavior of the remaining state variables is nearly the same on each cycle, so they need not be
represented explicitly in the table. For the case of the simulated 21) one-legged system, the control table has
dimension 4, and stores about 20,000 numbers. Control using the tabular method results in very good
performance, eliminating velocity limit cycles that occur when linear feedback is used.
We have also conti oiled the simulated 2D system with inulti-variatc polynomials that approximate the tabular
data. This approach will permit treatment of problems larger than a pure tabular method can handle,
provided additional computing power is available to evaluaLte the polynomials. Control data arc presented for
polynomials with 24, 40, 68, and 625 terms. We have found that the 40 term polynomial provides surprisingly
good control, at only modcrate storage and computational cost.
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1.5 Modeling and Simulation of 2D One-Legged Running
Our understanding of balance has progressed through a number of stages. First we explored hopping itself,
since balance could only be addressed once a locomotion cycle that alternated periods of support with periods
of flight had been established. Then we eamined the importance of foot plac,.ment as a means of controlling
tipping and forward travel. Introducing die notion of"the CG-print, the locus of points over which the center
of gravity travels during stance, permitted us to gcncralize our results on foot placement Lao
tie case where
forward velocity was important. This generalization lcd to sweep control. Finally, in doing physical
experiments on the 2D hopping machine, we found that body attitude could be controiled separately from
hopping and foot placement. The result was thn three-part control algorithm meiitioned earli,.-r.
We reexamined these four aspects of control: hopping, foot placement, dte CG-pr~nt. uitd three-part
decomposition. We have gone back and produced a systematic set of equations, simulations, and tests that
help to reveal the power and role playcd in legged locomotion by each mechanism.

o,,

.

9

2. Experiments with the 2D One-Legged Machine
2.1 Abstract
'ITe ability to balance is important to the mobility of logged creatures found in nature. The study of this
ability may someday lead to versatile legged vehicles. In order to study the role of balance in legged
locomotion and to develop- cffccdvc control strategies, a 2D hopping machine was constructed for
experimentation. The machine has one leg on which it hops and runs, making balance a prime consideration.
Control of the machine's locomotion was decomposed into three separate parts: a vertical height control par,
a horizontal velocity part, and an angular attitude control part. Experiments showed that the three part
control scheme, while very simple to implement, was powerful enough to permit the machine to hop in place,
to run at a desired rate, to translate from place to place, and to leap over obstacles.

*•

*
"
*

2.2 Introduction
A key to dte mobility obtained by legged systems that arc dynamically stabilized is their ability to remain
upright without a broad continuous base of support. '[he ability to locomote on a narrow base permits travel
where obstructins are closely spaced, or whcre the only support path is a narrow one. The ability to.
locomote using intermittent support. or support points that are separated from one another gives flexibility to
the choice of where and wheji to place the feet. For instance in rough terrain feet are placed only on those
locations that provide good support, even when they are separated by large distances. Biological legged
systems ,'outinCly take advantage of these fcaturcs of dynamic stability, narrow base and intermittent support,
to t'averse terrain that can not be traversed by wheel or tread.

*

Previous experimental work on balance began with Cannon's control of inverted pendulums that rode on a
small powered truck [141]. His experiments included balance of a single pendulum, two pendulums one atop
the other, two pendulums side by side, and a long limber pendulum. Matsuoka [197] implemented a very
simple one-legged hopping machine that lay on a table inclined 100 From the horizontal. Kato et. al. [1691
have studied quasi-dynamic walking in die biped. In their studies a 40 kg biped with 10 hydraulically driven
d.grces of frcedom used a prepianncd motion to dynamically transfer support from one foot to the other.
Miura and hi. students [230j built an electr:cally powered biped that balanced itself in 31) using a tabular
ctontrol sclwnme. With only thUiee actuated degrees it used a shuffling gait to balance that reminds one of
Charlie Chaplin.

*

*The present study explores the control of a physical one-legged hopping machine. The objective of using a
machine with only one leg was to avoid the problem of coordinating many legs, thereby simplifying the
experiments, while at the same time drawing attention to the issues of dynamic stability that are central to
versatile legged systems. Study of a one-legged system also addressed the qucstion of intermittent support in
locomotioi,. Lccause th)e only gait ad.ailablC was hopping. A related olbjective was to explore the ulSe o'springy

-= -

-

-

-

-

-
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legs In obtaining tcicnt hopping, as animals do [7]. Springy legs permit energy to be recovered from one
step so that it may be used to power the next step. Experimental results obtained from a physical device with
oric springy log contirmn the feasibility of the control strategies, prcviously testcd only in simulation.

-*

This chapter reports experimental results obtained by controlling a physical one-lcggcd device, which is
dcscrihed in the next section, Section 3 describes how control oif the device can be docomposed into three
simple parts, and presents the three corresponding con'rol algorithms. Data are presented in section 4 that
were obtained by using the three algorithms to control the hopping machine. They illustrate the ability of the
algorithms to'control hopping height, to maintain balance, t. rcgulate travel from place co place, to respond to
suddn disturbances, and to lcap. Section 5 closcs with conclusions and a summary.

2.3 The One-Logged Device
The 21) hopping machine shown in Fig. 2-1 was designed and constructed to do experiments in balance. Its
main parts are a body and a leg connected by a simple hip. There is also a mechanism that constrains motion
of the hopping machine to two dimensions. "11le body consists of a platform that mounts sensors, valves,
actuators and cormputer interface electronics, and a weighted beam that increases the moment of inertia of the
body.
The leg consists of a double acting air cylinder with a rubber cushion attached to the lower end of the rod to
fonn a toot. The narrow foot. about 1. cm when filly loaded, provides a goud approximation to a point of
support. rhe coefficient of.friction between the foot and the floor in outr laboratory is about 0.6. Delivery of
air pressure to the top end uf the cylinder drives the piston and rod asscmbly downward, providing the
vertical thrust for hopping. The leg air cylinder acts as a spring when the valves controlling air flow seal it off.
[This air cushion provides an opportunity to transfer the kinetic energy from one hop to the next hop, thereby
reducing the energy cost of continuous hopping.

-4

Under the best test condition the air spring recovered about 65% of the energy from one hop and returned it
to the next hop. The ratio of body mass to the mass of the reciproc ting porion of the leg is about 20:1. This

-i

results in a 5%,; energy loss when the device lands on the ground, and when it leaves the ground, as explained
in Chapter 5. Friction in the leg actuator accounts for the other hopping losses.
The leg and body are connected by a hinge-tý pc pivot joint that fbrms a hip. The angle betwcen body and leg
at the hip is controlled by a single stage proportional air servo vitlve that drives a pair of single acting air
cylinders. A potcntiometer provides a measurement of this angle to the control computer that servos the joint
with a simple linear servo:

***4~7-7N-7
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FlIure .1: The nnc-leggcd device used for experiments has two primary pans: a
body and a log. The body provides mounting for valves, elctronics aud sensors, and
has a balance bcam that increases its moment of inertia. The leg is a double cnded air
cylinder that pivots with respect to the body, and that cames a padded foot on one
end of the rod. Four two-way pneumatic valves control flow of compressed air to and
from each end or the leg cylinder. Air can be trapped in the cylinder to make it act
like a spring. Another set of pneumatic actuators powered by a proportional servo
-alve acts between the leg and body to control angle of the hip. On board sensors
.measure length of the leg, angle hetween leg and body angle between leg and ground
(only during stance), contact bctwecn foot and ground, pressure in the leg air
cylindu=, nod inclination of the body with respect to the vertical.

=

K(t) (p8LK
10

lI,d)

+

KV. -(8
1 1)

(2.1)

where
T(t)

K'.;L, KV.L
0

A fuill

400

l,d

is the actuator torque gencrated at the hip,
arc position and velocity gains during flight and
is die desired leg anglc. (VALIcs given in Appendix 1.)

sweep of the leg takes aipproximately 120 msec. Tlie ratio ofr moment of inertia of the body to that
This relatively high ratio ensures dv:it the orientLiton of tie leg may be .hmangcd during

of die leg is 15:1.
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Ilight wi'Jiout severely disturbing body attitude. The center of gravity of the body Is located at the hip, so the
only moments acting on the body are those generated by the hip actuator.
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EIARING
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PIVOT

POST

Figure 2.2: Tether boom mechanism constrains motion of one-legged device to
surface of a sphere. rhe tether consists of a section of aluminum tubing with a
spherical bcaring at the stationary pivot end, and a fork pivot at the hopper end. The
main boom holds the hopper 2.5 m from the pivot center, Biving it radial and yaw
stability, while a pair of nylon cables prevent roll. Ibese cables also keep the foot a
nearly constar,t radius from the pivot point as the leg changes length, minimizing
radial scrubbing. Instrumentation mounted at the pivot provides measurement of the
three primary motions: vertical translation, horizontal translation, and rotation about
thez axis of Jie boom.

Motion of die hopping machine is constrained to dhe 2D surface of a large sphere by the tether boom shown
in Fig. 2-2. This mechanism perlnits the hopping machine to translate vertically and horizontally, and to
"rotate about the axis of die tether boom. Since the tether boom is made of cables and light-weight tubing,
weight and friction are sufficiently small to be ignored. The tether boom arrangement permits the machine to
t'avel around the laboratory on a circle of radius 2.5 m. Sensors mounted on the tether boom pivot provide
Stmeasurements of the three free motions. An umbilical is attached to the tether boom that carries compressed
air tt) drive die actuators, as well as electrical power and communication with die control computer.
Sensors mounted on the hopping machine provide state information to a nearby control computer and permit
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performance to be measured. Potentiometers measure the angle bctwccn body and leg, the angle between leg
and ground, and the Icngth of the leg. A switch mounted on the foot senses contact with the ground. A
pressure transducer measures compression of air in the leg air cylinder. A rate gyroscope mounted on the
body of the hopper senses its angular rate. Ibis signal is also integrated to esimate attitude of the body with
respect to thc ground: this estimate is periodically corrected for drift using the combined leg and hip angle
measurements. The pitch motion to which the gyroscope is sensitive is also measured by instrumentation of
tether boom.
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To make the machinc hop the log actuator is pressurized during the stance phase of each cycle
and partially
exhausted during the flight phase. The timing of pressure and exhaust are chosen to excite
the spring-mass
oscillator fomied by the leg and body. Peak to peak amplitudc of body oscillation can be varied
between .04
and .3 m, with corresponding bouncing frequencies of about 3 to 1.5 per second. Over this range
of bouncing
"frequenciesthe stancc period is nearly constant varying by only a few percent, as expected for a spring-mass
system.
l'o make the machine balance while traveling from place to place, the foot is p)ositioned during
flight and the
hip is torqued during stance. During flight, a forward position for the foot is chosen appropriate
to the
machine's rate of travel. D)uring stance, torques are developed at the hip to maintain the
body's upright
posture. The resulting control ystem produces running at rates of' up to 1.2 rn/sec (2.7 niph)
with strides of
up to .6 in. General operation of the machine is shown in i'igure 2-3. These photographs, taken in rapid
sequence throughout one stride, show the machine running at .75 m/sec (1.7 mph).

2.4 Control

* .

Control of running in the one-legged device was decomposed into three separate parts. One
part controls the
height to which the device hops by modulating die vertical thrust generated in the leg. A second part
controls
forward velocity by positioning the foot on each step prior to landing. The third part controls
attitude of the
body by generating torques a( the hip during the stance phase. The timing of these three
controllers is
synchronized to the ongoing activity of the hopping machine by a sequencer that receives
input from the
various sensors. Beyond coordinated timing, there are no explicit intcrdepcndencies among
the three control
"parts. This independence results ill a particularly simple control design that is effective when
the system is
hopping in place, when it translates from one point to another, when it accelerates to change
rinning speed,
and when it leaps.

2.4.1 Height Control
f lopping height is regulated by manipulating the duration of thnrst of the leg. If the system
were left to
bounce passively on the springy leg, losses in the sliding friction of the air cylii:der and in
accelerating and
decelerating the tinsprung mass o° the leg would soon CuISc the device to conmc to re.:. Measurenments
of the
decay iii hopping height during passi e hoppig showed that such energy losses amounted
to about 35% on
"eachcycle. A verlical thrust is provided every cycle that just compcnlsates for these losscs
Thrust is produced by permitting compressed air at supply pressurc to 11ov inito the upper
part of the leg
cylinder. The inflowing coziiprc;scd dir is :idded to that compressed by shortening of the
leg as it absorbs
kinetic energy onl the proious hop. Pressure ill the cylinder aLts oil ihe leg to iiccele'atc tie
body upward.
The magnitude of this acceleration, and thcrelore, the ýelocitv of the device when the leg
is fully extended,
are dctcrmined by the amnount of kinctic energy recovered from
the previ(ous hop ind the length of time the
intake valve is left open.
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Equilibrium occurs when the energy lost in one hopping cycle equals die cnergy introduced through the
intake valve. Since losses arc monotonic with hopping height, a unique stable hopping height exists for each
value of thrust. Details of the relationship between hopping hcight and duration of thrust were determined
empirically. The height controller regulates the height of hopping by manipulating the duration that the
intake valve is left open.
This scheme works quite Well provided the thrusting direction of the leg is vertical. During running
significant dcviations from vertical occur, so variations in hopping height occur. Uniformi- hopping height
could be obtained during running with an algorithm that took die chifging kinematics of the dcvice into
account, but this was not done here.

2.4.2 Velocity Control
Each time a hopping or running system leaves the ground, a foot must be moved to a position that will
balance dte system during the next stance interval. The goal is to ensure that there is support and to control
horizontal motion of the machine. The forward velocity of the system during flight is used to calculate an
appropriate foot position for landing.
During stance dte system behaves like an inverted pendulum. Gravity 1encrates a moment about the foot
proportional to the horizontal displacement of the foot from the projection of the center of gravity of the
system. When the foot is lucatcd directly under dte center of gravity, die device tips neither forward nor
backv ard. If the foot is offset from the projection of the center ofr mass, say to the rear, the device will tip in
the opposite dirccri 'n. to the front. When the device tips the body accelerates horizontally. In such a
dynamically stable system it is not possible to prohibit tipping at all times. Rather, the velocity control
algorithm must manipulate these tipping motions and the ensuing accelerations to control forward movement.
'lhe strategy used here was to choose a foot position based on the predictable nature of the alternation
between stance and flight, and constraints imposed by a system moving at constant velocity. When the device
travels with constant horizontal velocity, balance is maintained by causing the average tipping moment to be
approximately zero over each stride. This resu!ts in no cerage horiLontal acceleration over each stride, and
no average angular acceleration.
The distance traveled during stance is:

Ax

=

x2TST

(2.2)

where
x2
is the horizontal velocity of the body, assumed to be constant, and
"rST is the duration ot' the stance phase.
The locus of points over which the center of gravity travels during the stance period, called the CG-prini,
-xtends tronm x, to x. + A, . where X. is the p sition of the CG at touch-down. To minimize the tipping
moment Jfumi g stA1ce. the foot should be placed in the center of the CU-print:
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(2.3)

2
where
x0 , x2 are the horizontal positions of the foot and body.
This positioning of the foot causes the horizontal and vertical motions of the leg to be symmetrical about the
"midpointof the stance interval, at which point the leg is vertical and maximally compressed. During stance:
. 1(tM+t)

9

O1(tLO-t)

(2.4)

w(%+t) = w(t=where
tm
..tL

(2.5)

is the time of touch-down and
is the time of lift-off.

"ripping moments and for%%ard accelerations are ;ilso nearly symmetrical, and therefore average to zero.
When the foot lands preciscly in the center or the CG-prirnt. forward velocity is not affected. To acce!erate
the system, either to compcnsatc for velocity errors or to change speed, a tipping moment is purposely
generated. When the foot is placed forward of the center of the CG-print, then the device will tend to tip
backward. whi,-h slows it down. If the foot is placed rearward. then it will tip forward, increasing forward
.velocity. A linear function of velocity error is used to generate deviations in foot placement from the center of

the CO-print:
x

=

K(x2 -xd)

(2.6)

where
, Id is the desired values for x2 and

K

is a feedback gain.

Augmenting (2.3) with (2.6) yields:
AL
Ax

x0

2 + .... + K(x 2-x 2,d)

=

(2.7)

2
'The corresponding angle of the leg that will yield this foot position is given by:

*
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,

110

=

Ax + 2x

Arcsin( tx

+2w 2

j

)

(2.8)
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"' Arcsin (x Ts + 2 K(x2-x2.d) )

l2

2w
The algorithm of (2.8) has limitations at high velocity. As long as (Ax/2) <<"wx and 0.MAJ( is small,
horizontal forces generated by compression of the leg are small and (2.8) is reasonably accurate. However,
this condition is not satisfied in fast running. In that case xm wMA and 8 ,MAX is large; horizontal forces
decelerate the system during the first half of stance, then accelerate it during the second hall' making the
average forward velocity during stance less than the overall average. Under these circumstances the CG-print
"issubstantially shorter than estimated by (2.8). As a practical matter this problem was avoided by substituting
the average value of x2 during stancc in (2.8) for the overall average.
2.4.3 Attitude Control
Since angular momentum of the system is conserved during flight, the control system can manipulate attitude
of the body oidy during stance when ground forces act on the root. Torques generated during stance between
the leg and body can be usc to servo the attitude of the body to any desired orientation:
'r(t)

.'1

=

Kp,( ("+
2 -2d)
2

where
K .s, Kv.sr
8 2d
*

:'

"4

4|

Z,)

Kvsr(e 2 )
VS(

2

(2.9)

are position ard velocity gains used for the hip servo during stance, and
is the desired attitude of the body, zero in this report.

2.4.4 Sequence Control
For a legged system to locomote each leg must alternate between a support phase in which the foot touches
the ground and bears weight, and a transfer phase when the foot is elevated to move from one foothold to
another. At the heart of the control system lies a sequencer that ensures such an alternation by coordinating
height, velocity, and attitude controllers to the timing of the machine's support and transfer phases. This
coordination relies on sensors that signal the transition from one phase to another. For example, support
begins when pressure begins to build in the leg cylinder, and the leg begins to shorten. The remaining
transitions and transition states for the hopping cycle are shown in Fig. 2-4.
As the hopping system nears the ground two events happen in rapid succession. First there is contact with the
ground, then the leg bears a load. Contact is important because horizontal motions of the !kg required for
foot placement durinig flight should not continue when the foot is very close to the ground. If they do, then
unwanted torques may be inadvertently generated on the body, upsetting its attitude. Since friction between
foot and ground develops in proportion to the normal force. generation of hip torques to control the attitude
of the body must await adequate vertical loading. For these reasons the time between first contact and
load-bearing support is treated as a lwilight-zone during which thndist, foot placement. and attitude control
processes are inoperative. Another twilight-zone occurs when die system leaves the ground. lift-off begins
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Figuren2t4: Finice
exte seontrolleluses sensor measurements to'synchronize the
various phases of control with the cyclic activity of the locomotion system. Actions of
the height, velocity, and attitude controls are coordinated by this state contr'oller as it
sequences through the hopping cycle.

attitude control ends when extension of the leg is nearly complete. However, to ensure that tile foot is

fully unloaded before it ismoved, no torques arc generated at thc hip until the foot switch opens.
"Theprecautions taken during touch-down and lift-off to avoid motion of the foot when it is not fully loaded
are not optimal for high speed running. When running at high speed the tbot should not merely be left
motionless during touch-down, but should accelerate to match the relative speed of the moving ground before
actually touching it. At lift-off the foot should continue mnoviog backward until it is fully unloaded. Running

animals such as the kangaroo and cat match their feet to ground speed in this way [7], but the" hopping
machine has not yet been made to do so.

"6

19

2.5 Experimental Results
The experimental hardware and control algorithms described above were used to verify the effectiveness and
workability of the thrce-part control decomposition, to evaluate and refine the control algorithms, and to
demonstrate balance in a man-made running system. The height, velocity, and attitude control algorithms
and the sequence controller of dhe last section were implemented in a sCt of control programs that ran on a
minicomputer. They controlled the hopping machine and recorded its behavior. The experiments tested
vertical hopping, horizontal travel, and leaping.
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Figure 2-5: Data recorded while hopping machine hopped in place. Every 5 seconds
to chngc hoppinh height In each ease it took
about 2 seconds and 4 cycles to adjust. Upper cune is elkvalion af hip, middle curve
is elevation of foot. Lower cur'e indicates duration of thrust (a323.10)

"duration of vcrtical thrust was adjusted

2.5.1 Vertical Hopping

*

To demonstrate control of hopping height, data were recorded by the control computer while a new height
setpoint was specified cvery 5 seconds. "Thc results arC plotted in Fig. 2-5. Each time the setpoint was
changed it took four or five hops for the height to stabilize. In these records the machine hopped vertically in
one place with no translation. Four cycles of these data are replotted in the y, vs. y2 phase plot of Fig. 2-6.
The indentation at the upper right is due to the sudden acceleration expcrienced by the body when the leg
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was accelerated to body speed. 'The upper part of this diagram is parabolic due to gravity's constant

.
S:"

-

acceleration, while the lower part would be ha.'monic for a linear spring. Since the air spring is hard, the
trajectory is not quite harmonic.
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Figure 2-6: Four cycles like those shown in Fig. 2-5 replotted here in phase diagram
form. The curves cross the axes at I.IurOFF, TOP, IOUCII DOWN, and I!onIOM. Note
that position is plotted on ordinate, velocity on abscissa. and time progresses in
counterclockwisc direction, (a344.A)

2.5.2 Horizontal Travel
We examined tie system's ability to regulate rate of translation during rtnnin- by having the control
computer specify a ramp in desired velocity while recording. The results arc plotted in Fig. 2-7. These data
show the machine, first hopping in place. then running at increasing rates up to ahout .9 in/see. Throughout
the run velocity was controlled to within about .25 rn/sec of the desired valtie. This accuracy is typical. It was
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possible to improve velocity regulation at lower rates by reducing the velocity error gain of(2.7), and at higher
rates by increasing this gain. With a high velocity error gain, stable running at 1.2 m/sec (2.7 mph) was
obtained for a few seconds at a time. Algorithms that use non-linear velocity error feedback provided
promising results, but were not adequately developed to be included here.

.5
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"During running, the leg and body counter-oscillate as shown in the plots of 01 and 02. The back and forth
motions of the leg were not explicitly programmed, but resulted from interactions between the velocity
controller that operated during flight, and the attitude controller that operated during stance. Oscillations of
the body are to be expected because angular momentum is conserved during flight, and attitude correction
occurs only during stance.
* plot of 62 also shows that average body angle deviated from zero, the setpoint, in rough proportion to
The
running speed. These devialions were very small, typically only a few degrees, even for rapid "rdining. The
average deviation of body inclination from the desired value could be further minimized By taking the
expected body rotation into account when specifying the setpoint used by the attitude controller:

.=

,+

I
12

xT I
Arcsin(•TsI)
2w

(2.10)

where
11,12

are the moments of inertia of the leg and body respectively.

flopping height and stride frequency were also affected by running speed, as indicated by the plot of body
altitude, y," Actually, the relevant factor is not running speed directly, but the angle of the leg at touch-down.
Faster running resulted in large deviations of the leg from vertical, and therefore, shallower hops. These
shallower hops took less flight time resulting in more rapid stepping. At 0.9 m/sec peak foot clearance was
rc.dhced by 20%, and stride period was reduced by 8.6%. "Fhis rcsult is reminiscent of data showing that
kangaroos hopped at slightly higher frequency as theii forward velocities increased [641.
A position controller was used to make the hopping machine translate from place to place. Position control
was implemented with a controller that transformed position errors into desired velocities:
X2,d

= K min{ (x2 - X2 d),X2 ,max

(2.11)

This algorithm prevented the machine from attempting very rapid translations when it was far front the target.
Desired positions were sometimes specified with a joystick that was manipulated by the operator, and
sometimcs specified by the control computer according to a preplanned sequence. Data obtained while the
device was position controlled is plottcd in Fig. 2-8. A limit cycle of about + .1 in is present whenever the
machine is hopping in place.
Also shoWn in this Fig. 2-8 is the response to an external disturbance. After about 25 seconds the
experimenter delivered a sharp horizontal jab to the body as the machine hopped in place. (See dotted
"vertical line in figure.) Balance was recovered and the machine returned to its commandeC position after a
few seconds. The control system tolerated fairly strong disturbances of this sort, provided ,e forces exerted
on the body were primarily horizontal. l)isturbances that introduced large rotations of the body often led to a
crash.
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Figure 2•7: Rate control of the hopping machire was testcd by v%-rying x d, the rate
set poi~it (shown st)iplcd), along a ramp from 0. to 1.0 in/sec in 1"1sec. The
maximum speed obtained in this trial over an entire stride wans about .95 mic.;c (2.1
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Figure 2-8: Position control was achieved by manipulating desired rate of translation,
text. Aflter 4.3 seconds of stationary hopping the computer specified a
4 meter %tep ichange in desired position. (Vertical dotted line): Experimenter
disturbed the machine by delivering a sharp horizontal jab with his hand. It returned
to the setpoint within a few seconds. (a324.19)

"as described in

"2.5.3Leaping
A ipecialized vertical control. program was used to make the hopping machine leap while the standard
velocity and attitude controls operated normally. During such experiments the machine approaches the
obstacle with a moderatc running rate. One step before the obstacle tie operator presses the leap button,
initiating a preplanned sequence synchronized to vertical hopping:
1. During the next stance phase, thrust is delayed so that the leg shortens more than normal under
load of the body. "tilsis done to prepare for a hop of maximum height. Thrust begins at bottom,
not stopping until the leg has fully lengthened.
2. Once airborne, the leg shortens and its swinging motion is delayed; beth provide extra clearance.
3. When top is reached hip angle is servoed to the correct landing angle as usual. There is less time
to position the foot than normal, but the shorter leg is moved more quickly due to its reduced
moment of inertia.
4. Thc leg is lengthened in preparation for landing.
5. Upon landing, the standard hopping sequence is i -established.
During the leaping sequence, velocity and attitude controls continued to operate in the usual manner.
This procedure was used to leap over a stack of styrofo'am blocks, as shown in Fig. 2-9. While many
successful leaps were obtained in this manner, equally many resulted in crashes. Clearing an obstacle requires
that the fcot be placcd quite precisely before the leap. that the leap have sufficient alitude. and that the leap
have sufficient span. The existing algorithm does a good job with height and span. but has no means for
adjusting the take-off point.
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Figure 2-9: 1lopping machitie leaping over an obstacle. Machine approaches from
right. lhc leaping sequence is described in text. Travel continues to the left after
leap. Obstacle is .19 in tall and .15 m wide. Thec photograph was made with a low
frequencY strobe, while sinaiil light souiccs indicated plaths of the foot and hip.

2.6 Discussion
4

*

While the primary p)Urposc of using a one-leggcd apparattus for these cxperinients wits to fOcuLS on halance, an
additional goal was to develop a miodel that could explain thc heha~. r of' each leg in miore complicated
systcmis that run. If we ignore thc third dimension. generalizing from1 thc one-leggcd machine to the twoleigecd hopping kangaroo is very easy, A direct comparison can bC mnade bwetcn the motions of thc hopping
~machine's one leg and tie motions of the kangaroo's pair of legs. Tlhc primary difference is that the kangaroo
uses its tail to hcelp compensate for die large sweeping motions of the legs, so that thc body need not react by
pitchiing so much on cach hop. The control systemn can still rcguilate hopping height, hody attitude, and
velocity as before.
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Many characteristics of the running biped are also similar to the running one-legged machine, including the
alternation betwcen stance and flight, dhe regular vertical oscillations, and tie periods of support by only one
leg. In the case of the biped, the two legs always swing in opposite directions, making rotations of the body or
a tail unnecessary. Think of a biped as a hopping machine that substitutes a different leg on each stride. Tlhe
three part decomposition can be employed as before. The three part control system can also bc used to
understand how a quadruped runs. Thlis is described elsew'ere by Raibert and Sutherland 12901.
The specific algorithms described here might be useful in discovering the locomotion mechanisms used by
biological systems. While the parallels between behavior of the one-legged hopping machine and various
biological systems are provocative, the mechanisms responsible for control in biological systems are still not
known. The algorithms described in this report allow specific predictions that could be explored
experimentally. The most clear cut predictions are that hip torque during stance is uniquely used to adjust
attitude, and that speed is controlled through placement of the feet. The following experiments might
elucidate these questions:
* Examine kinematic data to detennine if human runners positien their feet according to (2.7).
e Suppose a human running at constant speed were externally accelerated forward during flight, or
made to think he was accelerated forward. Would the angle of the leg with respect to the vertical
at touch-down change according to the algorithm given above?
* Suppose a human running at constant speed were externally rotated forward during flight, with no
linear acceleration of the CG. Wotuld leg angle change in that case?
a If the body of a running human were linearly acceler:ted during stance without disturbing body
attitude, would there be a correction before the next step?
We do not know if it is technically feasible to do such experiments, but the results could provide important
clues to the mechanisms responsible for balance in existing legged systems.

2.7 Conclusions
This chapter dcscribes an experimental hopping machine and a set of cxperiments designed to elucidate the
basic problems of dynamic stability and balance in legged systems that hop and run. 'Ilie present work was
done in order to Nerify the correctness ,of principles ,riginally develhoped in si mtolhation, and to get practical
experici cc that might somric day be výaluable in designing a I)ractical %chicle.

*
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It was found that control of the one-legged hopping nmachine can he decomposcd into three separate parts
that are sy nchronized by thl bchaN ir of the .macline 3One part co)trtols hlipping height by choosing i fixed
amount ol energy to inject on each Iih)ppiig cycle. A Scond con t rI part reguhltes the forward 'ravel of the
system by placing the foot a spcci ic distance in front of ihe hip as the device approaches the ground on each
step. 'lhe third controller corects the attitude of ili.'hhody bh .ippl,.ing apptopriattc torqics to thI hip during
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stance when vertical loading permits horizontal forces to be generated at the foot. A finite state sequencer
provides the glue that synchronizes the actions uf the three controllers to the ongoing behavior of the device.
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Experiments showed that the relatively simple control algorithms obtained good control of the machine.
IcThey maintained consistent hopping heights, reaching equilibrium after a change within a few hopping cycles.
The device ran at speeds of up to 1.2 m/sec. At low velocity, speed regulation was rather poor, but Improved
when traveling at higher rates. The machine traveled from place to place using position control. A
modification to the vertical control algorithm enabled the machine to leap over small olstaclec.
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2.8 Appendix I. Physical Parameters of One-Leggod Hopping Machine
Leg mass - 1.31 kg
Leg momcnt of inertia - .036 kg-m 2
Body mass - 7.18 kg
Body moment of inertia - .52 kg-m2
*..

K = .035 m/(m/sec)
KP.ST =

SK

V.ST =

153. Nt-m/rad
14. Nt-m/(rad/sec)

"£K' = 47. Nt-m/rad
Kv'F = 1.26 Nt-m-/(rad/scc)
"K

r.

;4

7._
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3. 3D Balance Using 2D Algorithms
3.1 Abstract
Th ischapter explores the notion that the motion of dynamically stable 3D logged systems can be decomposed
into a planar part that accounts for large leg and body motions that provide locomotion, and an extra-planar
part that accounts for subtle cniTectlve motions that maintain planarity. The large planar motions rdise and
lower the legs to achieve stepping, and they propel the system forward. The extra-planar motions en'sure that
the legged system remains in the plane. A solution of this form is simple because 3D dynamics do not play an
important role.

!
I

We develop a model of a 3D one legged hopping machine that incorporates a springy leg of non-zero mass
and a two axis hip. The hopping machine is modeled as an open loop linkage that has different
configurations in flight and in stance. Behavior at transitions between phases is calculated by invoking
conservation of momentum. We have decomposed control of thc model into four parts that control hopping
height, forward velocity, body attitude, and spin. Hopping height is controlled by regulation of vertical
energy. Velocity is controlled by placing the foot fore or aft during flight. Body attitude is controlled by
torquing the hip during stance. Spin iscontrolled by placing the foot outiside the plane of motion. Simulation
data are prescnted which show that these control algorithms result in good control of velocity, body attitude
and spin, while moving on a straight desired path.

3.2 Introduction
'The locomotion of legged systems is a form of motion that has gained the attention of biologists seeking to
understand the behavior they observe in natural organisms, and of engineers who attempt to build usefuil
legged vehicles. Animators and film makers have also shown interest, but mostly in simulating the
appearance of systems that use legs to locomote. Our interest is not so much in the appearance or description
of locomotion, as it is in the underlying mechanisms that are responsible for production and control of such
motion. In particular we have Ibcuscd on the p-ohienm of controlling the motion of systems that balance as
they run.

*
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Dynamic stnbility is a key ingredient in the mobility exhibited by. leg,,d systems. Systems that balance can
move
n
on a narrow base of support, permitting travel where obstacles are closely spaced or where the support
padt is narrow. A dynamically stabilized system need not be supported at all times and may therefore use
support points that are widely separated or erratically placed. These characteristics relax the constraints on
thde type of terrain a legged system can negotiate.
Casual observation of a running animal, say a cat, a horse. or a kangaroo. might lead one to conclude that
running in a straight line is a 21) activity. The legs swig fbre and alt through large angles while the body
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bobs up and down. The body may also undergo pitching motions that are quite pronounced. These large
motions of the legs and body propcl the animal upward so that the feet may be picked up and placed on a
Cnew
spot, they allow the animal to balance itself so that it does not tip either forward or backward, and they
propcl the animal forward so that transpr''tation takes place. Howcver, these large planar motions do not tell
"the whole story. Natural legged locomotion takes place in a 3-space where motion with six degrees of
freedom is possible.
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To study dynamically stable locomotion in 3D we have modeled a system with just one leg and a very small
foot. This simple one-legged model allows us to address the dynamic stability problem squarely, while totally
ignoring the coupling problem that complicates the analysis of systems with many legs. Our goal is to test the
idea that control for legged systems running in 3-space need not explicitly deal with the complications of 3D
dynamics. Rather it may be feasible to decompose the problem into a planar part that controls locomotion
using the large motions described above, and an extra-planar part that uses only very subtle motions to restrict
behavior to the plane. Decomposition results in a very simple solution that seems to be in concert with what
we observe in natural systems.
3.2.1 Background

Previous studies of balance in 31) legged systems have been carried out by a number of workers, most notably
in Europe and Japan. Vukobratovic and his co-workers 1164, 338. 342) have developed the notion of zero
inonmL',i point. ZAiP, control. They have shown in simulation how a 3D multi-linked walking biped can be
balanced by manipulating the relationship between the projection of the center of gravity and the support
arca.s provided by thle feet. Kato ct. al. [1691 have studied quati-dynarnic walking in the biped. In their
studies a physical biped with 10 hydraulically driven degrees of freedom used a preplanned sequence of
quasi-static motions to dynamically transfer support from one large foot to the other. Miura and his students
[2301 have built a number of small electrically powered walking bipeds that balance using tabular control
schemes. Their most advanced model demonstrates dynamic balance without large feet. It has three actuated
degrees of frecdom that permit each leg to move fore and aft, to move sideways, and to lift slightly off the
floor. This machine balances with a shuffling gait that reminds one ol'Charlie Chaplin's stiff-kneed walk.
l-lopping has also becen studied. Fifteen years ago Seifert [3021 e:•plorcd the idea of using a large pogostick for
trsMSportation on the moon, where hlw gravity would permit very long hops. Matsuoka [1961 analyzed 2D
hopping in humans with a one-legged model, ,assuming that the kLg COakl!d he massless. and that the stance
period could be of very short duration. He derived a time-optimal state rx'cdback controller that stabilized his
system. Matsuoka [1971 also implemented a very simple one-legged hopping machine that lay on a table
inclined 10' from the horizontal.
Summarizing work that appears elsewhere in this report, we have found that for the a 2D onc-legged
machine, the control of locomotion could be subdivided into three largely independent parts: regulation of
hopping height, control of forward velocity, and control of attitude.
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FLVJight: The control system regulated hopping height by manipulating hopping energy. The
machine had a springy leg, so hopping was a bouncing motion that was generated by an actuator
that excited the lcg spring. Hopping energy was conserved by the leg spring from hop to hop.
lThe height to which the machine hopped was determined by the energy recovered firom the
previous hop, and by the losses in the hopping cycle. Since all energy in the system is converted
"to potential energy by' the pe!ak of a hop, hopping height could be regulated by injecting an
appropriate amount of energy during each step.
*-Velocitv: The control system manipulated forward velocity by moving the leg during the flight
part of each hop to properly position the foot with respect to the CG-print. The CO-print is the

locus of points on the ground over which the center of gravity of the system will pass during the
next stance period. If the foot is placed in the center of the CG-print, the device will tip neither
forward nor backward, but will continue its forward motion at about the same rate as before. If
the foot is placed rearward of the center of CG-print, then the device will tip forward, increasing
its forward velocity. If the foot is placed forward of the center CG-print, then the device will tip
backward, decreasing its velocity. The control system calculated the length of the CG-print from
the measured forward veocity of the device and the estimated duration of stance. The control
system then used the error in forward velocity to position the foot to coitrol and correct the
fbrward speed of locomotion.
"* it,jd: The control system maintaincd an erect body posture during running, by generating hip
torques during stance that servued the body angle. During stance, friction between the foot and
ground permitted laige torques to be applied to the body without causing large accelerations of
the leg. These torques were usod to implement a simple proportional servo that returned the body
to an erect posture once each step.

=-.
-

In this chapter we extend this approach to 3D locomotion for the case of straight line running. To do so we
have modeled and simulated a 3D onc-legged hopping machine that moves freely on an open floor. Hopping
height is controlled as before in the 2D case. In order to extend the 2D control sytCm to 3D, we must modify
it to handle three new degrees of freedom: lateral translation, roll orientation, and yaw orientation.

3.3 Modeling and Simulation
'rhle model, shown in Fig. 3-1, has two primary parts: a body and a leg. The body is represcntcd by a rigid
mass with substantial moment of inertia about its three primary axes. (See Appendix If for simulation
parameters.) The leg is a long slender linkage that is springy in its axial dimension, with a small foot at one
end. The leg is connected to the body by a universal hip joint that provides two degrees of freedom.
All three joints in the machine are actuated. The hip is driven by a pair of vurquc actuators that can be used to
orient the leg with respect to the body. or to change the attitude of the body when die fcot is in contact with
the ground. The leg is driven by a third actuator that operatc.s in series with a passive spring. Changes in the
length of this actuator are uLSedu to excite the leg spring and(1 to make tie machine hon.
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Figure 3.1: The 3D one-legged system modeled in this report. It has a body and a
leg, connected by a hip. The body is a rigid structure with mass and moment of
inertia. The leg has mass and moment of inertia, and an actuated spring along its long
axis. The body and leg are connected by a hip with two orthogonal axes of rotation,
"bothdrivcn by a torque source. Modcl parameters are given in Appendix i1

..

_•external

In addition to the model's three actuated joints, called internaldegrees of freedom, the model has externa!
degrees of freedom that permit it to move with respect to its surroundings. During starce, when the foot
touches the ground, there arc three external degrees of frecdom that give the model's orientation in space.
During flight when the foot leaves the ground, there arc three additional external degrees of freedom, a total
of six, that specify Cartesian position in space. Unlike the three internal joints that are driven directly by
actuators, and therefore easily controlled, the external degrees of freedom are indirectly driven by dynamic
interactions among the model, gravity, and the ground. At the heart of the legged locomotion problem lies
the need to find ways to use direct control of internal degrees of freedom to achieve indirect control of
degrees of freedom.
Basic operation of the model is to bounce on the springy leg in a hopping motion that alternates between
periods of support a.d periods oC flight. Four events characterize this alternating cycle; Iift-ojf- the moment
in the hopping cycle when the ftot looses contact with the ground. !op - the moment the body achieves peak
altitude, louch-down - the moment the foot first touches the ground, and botlom - tie moment the body has
minimum altitude and the leg is fully compressed. These four events help to s n,:hronize control to the
hchavior of the model.
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3.3.1 Equations of motion
Thc 3D hopper is modeled as an open loop dynamic linkage. This allows simulation using existing computer
programs originally intended for robot arms [346]. In order to model the hopper as an open loop linkage the
external degrees of freedom were modeled as joints with zero mass and zero moment of inertia. The
kinematics of these joints arc described in the Appendix II.
The state of the model is described by Q and Q1, where Q is the position vcctor describing the position of each
of the links and Q' is the velocity vector describing the velocity of each of the links. To obtain the equations
of motion we must find the acceleration vector Q" given the state of the model and the forces acting at each
joint:
Q

f(Q,Q',-r g)

(3.1)

where
T

g

is the vector of torques that acts on the internal joints of the mechanism, and
is the gravitational vector.

The derivation and of the equations of motion were described by Luh, Walker, and Paul [192], and efficient
methods for solving thiem numerically were given by Walker and Orin [346]. We used Walker and Orin's 3rd
. -method

*

to deterinine Q".

The analysis is divided into a set of equations that describes the system ,l hcn it is on the ground, and another
set that describes the system o.'hcn it is in flight. It is also necessary to determine what happens at transitions
between these two phases. During stance the machine is an inverted pendulumn that can tip in two directions,
in addition to rotating about its own axis. Ground forces resulting from impact, internal forces and torques,
and gravity affect the angular and linear momentum of the hopper during stance. In flight overall motion of
the system is ballistic, affected only by gravitational forces. The horizontal component of the linear
momentum and the angular momentum about the center of gravity remain unaltered during flight. Solution
of (3.1) gives the trajectory of ihe system as a function of time, dtI 'ing either stance or flight.
At the transition betwecn stance and flight, lift-off, and between flight and stance, touclh-down, the simulation
1has discontinuities. At these transitions the laws of ;onservation of MomenttUm are invoked in order to
determine changes in state. If we assume the ground to be rigid with no compliance, then at touch-down an
impulse force of duration e acts on the foot. As a result the velocities Q' are changed while the position Q
remains unaltered. Simulation of the hopper in the ground phase requires calculation of the change in Q'.
The following assumptions are made about the nature of the impact.
"t+
E/2

9 An impulse of magnitude 8
*

on the foot.

f

F dt

acts on the foot at the time of impact. No torques act

t-r/

* The force F is very large compared to other forces acting on the system, such as gravity and
internal forces and torques.

-
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. The duration of transition between phases, e, is very small.

.7!:

Using generalized coordinates, T is a vector of forces and torques that acts on the joints. Since angular
momentum is conserved about the z-axis of a rotary joint during impact and linear momentum is conserved
along the z-axis of a translational joint:
t+9/2

f

Tdt = e= J AQ'

(3.2)

/2b

By applying conservation of momentum about the z-axis of the three external rotational joints and the three
"internaljoints we get six simultaneous equations:
ai•y QJ= L, for i = 4 through 9

(3.3)

where
Q Iis the velocity at joint j.
ay is a linear constant that depends on Q• to Q9.
"lfjointi is rotational then Li is the total angular momenttum of links i through 9, about the axis of joint i, prior
to touchdown. If joint i is translational then L, is the total linear morrientum of links i through 9 prior to
touchdow-.
Once the state is known at t..-l 2 , (3.3) can be solved for the velocity vector after touch-down. The statc at
t+ e/2 can then be computed without knowing the impulse forces acting on the foot.

*
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*@

At lift-off the leg and body assume the same velocity, which is the velocity of the center of gravity. An
inelastic collision between body and leg is assumed. The effect of this impact iscalculated in a similar fashion.
Conserving momentum about the remaining eight joints provides the velocity vector at lift-off. This
procedure permits modeling of the transitions from flight to stance and from stance to flight with very little
computation.

3.4 Control
O

*

The strategy employed here to control locomotion of the 31) model is to decompose its motion into a planar
part and an cxtra-planar part. There is a plne that contains the gravity vector, the center of gravity, and the
forward velocity vector. We ca!l this the plane of motion. We call the line where this plane interscts the
ground the line of motion. If thc control system wcrc always to place the foot on the line of motion, then all
forces acting on the model would lie in the plane of motion. In that case the machine would never leave the
plane of motion and the planar control systcm mentioned earlier would be adequate to regulate hopping,
attitude, and forward travel.

-
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The cxtra-planar control part corrects three types of errors introduced by external disturbances and noisy
control. These errors are roll rotation, yaw rotation, and lateral translation. Corrections for roll ceror are
made by the attitude control algorithm, much as pitch corrections are made. Yaw errors are corrected by
placing the foot outside the plane of motion, and applying suitable hip torque during stance. Lateral
translations are not actually corrected in the present scheme, but they arc taken into account when the plane
of motion is redefined on each step. T'he planar control part operates properly in 3D only when the extraplanar part succcssfully limits each oi' these error motions to small magnitude.
By augmenting the planar 3-.part ccntrol"'r with additional extra-planar controls, we arrive at a 3D control
system with 4 separate control algorithms. They control hopping height, forward velocity, body attitude, and
spin.
3.4.1 Height control
Control of hopping height for the 2D case has been explored elsewhere in simulation and physical
experiments [284, 286, 287], Simple control of hopping height is a ID problem that is substantially the same
for locomotion in 2 and 3D. Therefbre we have simplified the present model.
* simulation of the hopper does not incorporate the various losses that occur due to friction i the actual
The
machine. The only losses that occur are due to impact at touch-down and lift-off. Therefore, very little has to
be done to maintain correct hopping height once it is attained.
3.4.2 Velocity control

*

The primary mechanism used for controlling the velocity of the hoppcr is proper placement of the foot at
touch-down. During flight the control system orients the leg so as to position the foot with respect to the
center of the CG-print. The algorithm is described below.
At touch-down:
imr=
rxv +L
where.
1.0

= in v rsin(j 0 - 01) + Leg

is the Ilmgular mromentum of thC mcdcl about the poiint of touch-down,
L cg is the angular momentum of the model about its own center of gravity,
r
is the vector from the point of touch-down to the center of gravity of the model,
v
is the velocity of the center of gravity,
im is the combined mass of the body and leg,
O0 is tde angle tormcd by the gravity vector and v,and
-0 is the angle formed by the gravity vector and r.
See Fig. 3-2.
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POINT OF TOUCHDOWN
Figure 32: Configuraiion or model in plane or motion.

We make the assumption that r, v, and te gravity vector lie in the same pl.ine. "Tac first term in (3.4) is
depcndent on the placement of the foot. It dcternines whether the system tips forward or backward after
touch-down. During the normal hopping cycle, the horizontal velocity at touch-dowti is large and the angular
momentum about the center of _gavity is small. 'Tbe major component of the angular momentum is the first
te rm.
During stance the change in angular momentum is:
lift-off

]

SAL=

touch- down

where

*

ift-off

r xmgdt =

lift-ff

mgrsin(r)dt=
totich-down

mgrsin(O)dO/O'

(3.5)

touch- down

g is the gravitational acceleration vector.

The chan-e AL is a nonlinear function of 0,), 0,,v, r(t) and 0(t). Its exact evaluation would require solution of
the equations of motion for the stance plhasc. We have no closed fomt solution. Data generated by a
,sstcmatic sct of simulations for a large range of iitial conditions are shown in Fig. 3-3. They show that the
relationships between lift-off velocity, on the one hand, and touch-down velocity, vertical velocity, and leg
angle, on the other hand, are all nearly linear over a wide range of values. We have used the linear
appcoxinim-tion for control with good Success.
Figure 3-4 shows the trajectory of the center of gravity as a function of time when this control is used. A
constant dcsircd velocity was specified until the model had translated 2 m, at which point the desired velocity
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The attitude controller is a linear PD servo that is neither too stiff nor too soft. It must be stiff enough to have
settled by the end of stance. If this is not so the servo will disturb the body's attitude at lift-off, rather than
correct it. The servo must not be so stiff that it causcs the foot to slip when it generates hip torques. The
weight of the system and the coefficient of friction of the foot are the limiting factors. Independent servo
controllers are used about both the pitch and roll axes, each with = .707.
'pitch"o

roil

" kp( qpjch"- 9pchd) - kd$ pich

= "kp( ,o0t"k~pz-,~(~d

kd

roll
i

(3.6)

(3.7)

where
pitch'

•'ll

Tpitch' Trol
Tpitch,d' Troll.d
kP, kd

are the torques applied at the pitch and roll axes,
-re rhe pitch aid roll angles of' the body,
are thc.desired pitch and roll angles of the body at lift-off, and
are the proportional and derivative feedback gains.

The fourth curve in Fig. 3-4 is a plot of body pitch angle and the leg angle as a function of time during
constant velocity running. The body tilts forward in the flight phase as the leg swings forward. At touchdown the body angle rcaches a maximum. During stance dt, controller forces the body angle toward zero.
Roll motions arc sinilarly corrected.

3.4.4 Spin control

".

The control system suppresscs spin by placing the foot outside of the plane of motion. Fore and aft forces on
the root, generated both by the foot's impact during touch-down and by hip torque during stance, produce a
torque about the yaw axis when the foot is placed outside of the plane of motion. Let the distance of the foot
from the plane of motion bed.. On touch-down an impact torque causes a change in spin momentum:

6L_)rj=d_
1 mvhorz
I1

(3.8)

where l.w is the angular momentum about the yaw axis.
In this equation mvhoz is the linear momentum of the hopper in the direction of the line of motion, and d..jis
the horioiontal distance between the center of gravity and the point of touch-down in a direction
perpendicular to the plane of motion.
When a hiip torque is applied to th. body about the axis pc,'pcndicular to the plane of motion, it causes a
ground reaction force at the base of the foot in the direction of the line of motion.
Fhorz=rhip X r cosO

where 0 is the angle between r and g.

(3.9)
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This force causes a torque to act about a vertical axis through the center of gravity. The total change in the
spin angular momentum during stance is:
"LY4W

a-

Fhord I dt

(3.10)

touch-down
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Figure 3-5: Spin control. Top: Angular position about the yaw axis is plotted as a
function of time for various initial spin rates, The spin velocity is suppressed in a
short time for initial spin rates of up to .2tad/sec. Bottom: Path followed by center of
"gravity while spin issuppressed. Spin suppression places the foot outside the plane of
motion, with the hiderceffect of alterinn, the d&rnction of travel.

Figure 3-5 (top) plots spin about dte yaw axis as a function of time for four different initial spin rates. For
initial rates of .2 rad/scc or Ic:is. ;pin is quickly controlled. Thc present techniqt;c does not work when the
*

spin iatc exceeds 0.2 rad/sec. For instance. at an initial spin rate vC. 25 rad/se.- oscillations in dth spin occur
that cause the body to go unstable. Figurc 3-5 (bottom) shows the path followed by the hopper during the
spin suppression manetuver.

Placement ot the foot outside the plane of motion to correct spin, has the

side-effect of'changing the direction of travel.
The various controllers may require conflicting actions to achicve their goals. '[•ere are two cases where this
O

is apparent. First. spin control may require dte foot to be placed at a large distance from the plane of motion.

However if d _ is large the trajectory in the plane of motion is affected. Care should be taken to see that
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*,

sin'(d.L/Ir)<< 01. Second, spin control may require certain body torques to be applied according to
(3.10). However eoiTcction of body pitch errors may require that other torques be applied. Priority is given
to control of spin. Correction of the body angle can be dcfcrrcd to a later time.

-'I

q

Figure 3.6: Path control. The 3D model was made to follow a square path. It started
at
tower tight, and progressed clockwise through (-1.-I), (-1,j), and (1,1), finally
l1.-I),
returning to the starting point. (Grid spacing is 0.2 m. Center is (0,0).) The upper
trace marks ihe path of the center of gravity. The lower trace marks the path of the
foot. Total time around the square was 24 sec.

3.4.5 Path control
The control algorithms just described can

be tilcvd to get a simple forim of p:ith control, If a desired path is
decomposed into a set of straight line segments, then the path can be followed by stopping die machine at
each vertex and changing its direction of travel. The plane of'motion is not uniquely defined when there is no
forward travel, so tie control systcm is frec to choose the piane that includcs the next straight path segment.
Figure 3-6 shows a cartoon of the onc-legged machinc, and the trajectory it took in traversing a square path.
'Tlhe settling time at each vertex made progress quite slow, about 24 scc fbr the circuit, but the accuracy of the
path was reasonably good.
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Even for the simple case of a one-legged system, the algorithms presented here are not yet complete solutions
to the 3D locomotion control problem. First. we do not yet know how to change heading while running. In
order to change the direction of travel, the existing control system brings the machine to a halt, selects a new
direction, and then accelerates. It would be very tedious to follow a winding contour using this approach.
Second, choosing thC plane of motion to incorporate lateral velocity errors permits the system to balance
using the planar algorithms, but errors in heading cannot be corrected once travel starts. Yaw, roll, and lateral
velocity errors will all contribute to heading drift. Third, these algorithms depend on a system that can travel
equally well in all directions. Although it is possible to change heading, the algorithips provide no way to
change the machine's facing direction.

U
-

Another consideration is that these algorithms have only been tested in simulation. We are in the process of
testing them on a physical 3D one-legged system.

-3.5

Conclusion
L..egg'd locomotion is a largely planar activity that takes place in 3D space. We argue that such behavior can
be accomplished by providing one sct of control algorithms that balance and generate travel within a plane,
and a second set of contrc;l alg,.rithms the eliminate motions that dcviate from that plane. Control within the
plane of motion can be further decomposed. The entire system consists of four control algorithms:
a Fij9et: The springy leg is driven to cause hopping oscillations of the machine. Hopping height is
regulated by using a meeasurement of the system's vertical energy to dcterminc the correct amount
of thrust.
Forward vlcit: The CG-prihit is the locus of points over which the machine's center of gravity
will travel during the next starce period. The control system regulates forward velocity by
manipulating placement of the foot relative to the center of the CO-print.
e Attitudc: During stance when friction holds the foot in place, hip torque is used to crect the body.
Pitch and rull angles are both corrected with a linear P1) servo.

-0

anin:

The foot is placed outsidc of the plane of motion and a torque is generated at the hip. This
produces a torqu,.e alout thdyaw axis that retards spin motion.
Simulation data showing effcctive forward velocity control, spin suppression, and straight scgment path
control encourage us to further test the feasibility of thcse ideas with a set of physical experiments.
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3.6 Appendix II. Description of 3D Model
Dimensions of 3D one.legged model:
*
*

Link
Description

log
Cylinder

cylinder
Cyllndcr

Mass

.8626

0.5902 ,

Length
0.8
Radius
0.01
Moments of Inertia:
0.0474

.

0.0001
0

'x

*i
'..

J•,

0.00674
0.0004
0.00674

0.00009
0.000046
0.000046

0

0

0

0

JXY

0.15
0.02

ring
Ring
0.1
0.01
0.03

0

0

0

0

-.

Denavit-Hartenberg deacriptlon of the model:

.

JoinL#

U

"a

=

I

2
3
4

0
w1
,'/2
i'/2
v/2
QI

5

Q5

6
7
8
9

Q6
wr/2
Q8

Q9

d

Q
Q,
Q3
0
0
0
Q7
0
0

a
'0
0
0
0
0
0
0
0
0

a
,r/2
w/2
iT/2
vr/2
vr/2
0
7r/2
v/2
vr/2

body
Ring

Units

14.755

Kg

0.3

Meters
Meters

0

Kg-m2
Kg-m 2
Kg-m22

0

Kg-mn22

S1X 1.152
0.807
0.115
0

Kg-rn

Kg-rn

Description
External dcgrce of freedom. X displacement of foot.
External degree of freedom. Y displacement of foot
External degree of freedom. Z displacement of foot.
'Extcrnal degice of frc'dom. Orientration of1,g.
External degree of freedom. Orientation of leg.
External degree of freedom. Orientation of leg.
Length of leg.
Orientation of leg wvith respect to hip.
Orientation of leg with respect to hip.
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4. Design and Construction of 3D. One-Legged
Machine
4.1 Introduction
We have designed and built a 3D one-lcggcd hopping machine to enable experiments on legged systems that
balance in 3-space. Figure 4-1 is a diagram of the machine, and a photograph is shown in Fig. .-3. The
"machine is largely a gcncralizatlon of the 2D hopper described in chapter 2. It includes a Ick dtat changes
length, a body that carries sensors and interface electronics, and an actuated 2.-axis hip. The machine has an
overall height of 43.5 Inches (1.10 m) and a mass of 38 lbs. (17.3 kg). Appendices III and IV give a detailed
specification of the machine along with comparable data for die 2D hopper.
The leg consists of a double ended air cylinder with a foot at one end and a length sensor at the other end. Air
pressure applied to the top of the cylinder causes the piston and rod to extend downward against the floor
providing an upward thrust to the body of the machine. When the valves seal off the cylinder, trapped air
makes the leg springly along it's long axis. A cuShioned F'oot at the lower end of the cylinder rod softens
impacts of the foot with the floor, and provides good traction. Two hydraulic actuators, oriented at 900 to one
aniother, drive motion of tQ~e leg with respect to the body. They attach to the center portion of the leg just
below the hip.
'• hree major design decisions were irade early:
, The machine would not carry its own power supplies nor its own computing.
* The machine would have only one leg.
""The leg would be similar to the oae used on the 2D hopping machine.
* The machine vwould have no preferred direction of travel.
We decided early on not to build a self contained machine. Thcrcfore the hydraulic and pneumatic power
supplies ave mounterd off-board and connected to hic machine through a flexible umbilical cable. 'The control
computer is located in the next room, and communicates digitai~y thro)ugh a ribbon cable. lhe dcsign effort
required to mount power sources and computing u(m board would hive distracted us fiorn our main objective
of studying balance and dynamic control.

.
"4

There were four reasons why we decided to build a 3D machine with only one leg. First, it is simpler to study
balance in machines with one leg, because coupling between legs does no1t have to be uder'sttod and
controlled. It is also easier to focus on balance, because it is such an important problem for a one-legged
machine that cannot provide itse!f with a tripod of static support. Second, wc wanted to build as little
equipment as possible. More equipmi-nt mc:ms more construiction time, more down time. and less reliable
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Figure .1-1: Diagram of 3D one-legged machine that was built. The leg is connected
to the body by a two axis gimble hip. Two hydraulic actuators control the orientation
of the leg with respect to the body. The leg is a pncumaUc cylinder with a padded4
load-sensing foot at one end, and a linear potentiomcter at the other cnd. The foot
measures 3 forces acting between it and the ground. The body is made of an
aluminum frame. within which are mrounted computer interface celctronircs, valves, a
gyroscope, and an elcctronic compass.

*

operation. T'he machine described here has only three actuators, one leg, one foot, and about a dozen sensors.
*
Third.the hchavior of a onc-icggcd device isfulndamentally similar to the bechavior of each leg in rnulti-!gged
*systems.
fIlierefore study of a one-kg-gcd machine provides knowledge that hlcps to understand all sorts of
*dynamic
legged systems. Fourth, we wanted to apply what wc learned in the 2D case to thc 3D case,
generaliZinig dhe designs, the algorithms, and the concepts as needed.
We see thc need to turn and to control motions during turning as ver:, complicated activities which wc wanted
*

to avoid. A machine without a preferred axis does not have to change its headinlg to change its direction of
travel. It isalso less encumnbered by uncontrolled spin, since the machine can continue making progress in dii
desired direction, even if the mnachine changes its heading, on each hop. A\ symmetrical machine should be
easer to co~ntrol.
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Figure 4.2: A bottom view of the hip. The two hydraulic actuators position the leg
with respect to the body. Each actuator is provided with a position sensor, a velocity
""ensor, and a flow control servo valve, The arranement of actuators and linkages
provides .+300 leg motion about one axis. and ±.20 about the other.

4.2 Design Details
Thc leg is very similar in design to that used on the 2D hopper. The choice of leg equipment was an act of
conscrvatisin. there was no reason to improve on the leg used in the 2D machine, since it worked very well.
The air cylin~dci' is identical to that bf the 2D hopper, except that the bore was increased from 1-1/8 inch (28.6

mam) to 1-/2 inch (38.1 mm) while the strokc remains the same at 10 inches (254 mm). The full actuator
stroke will not be used during normal hopping, but will permit retracting the leg to prevent damage in crash

situations.

4
The system is designed to operate on 90 psig (620 kPa) compressed air, ý,hich is availaole ir our laboratory.
The 77% increase in cross-sectional arca of the cylinder should make the vertical hopping performance close
to that of the 2D hopper, with the weight increase from 19 to 38 lb. (88 to 170 N). The cylinder rod diameter

was increased from 3/8 to 1/2 in. (9.5 to 12.7 mm), which should |n.,ke the rod much less vulnerable to
bending. '1e double-ended rod configuration provides two widely spaced rod bearings to minimize binding
and wear. Control of the vertical thrust is by means of four normally-closed solenoid driven air valves. They

4
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permit cach end of the air actuator to be connected to supply pressure, room pressure., or to be sealed. A
linear potcntiometer, housed at the top end of the vertical air cylinder, senses the position of a wiper attached
to the top end of the actuator rod. it provides a measurement of the length of the leg.
We chose hydraulic power to drive motions of the hip, rejecting pneumatic and electric power. A design goal
was that the hip actuators should be able to swing the lci) through a Mull 600 motion in about 100 msec.
Calculations were based upon a constant acceleration/deceleration trajectory, the theoretical optimum for
force-limited actuators. For high-performance electric servo motors, reasonable power-to-weight ratios can
be obtained only at high rotational speeds. Thus the power delivered to the load was limited by the inertia of
the motor and gearing. We concluded that our application would require an excessively heavy actuator
package. Electric actuators become even less attractive as a legged system scales to larger sizes.

"%

We also decided not to use pneumatic power, even though it had worked reasonably well in the 2D machine.
Air power has two sets of limitations, one involving servo compliance, the other involving energy efficiency.
Since air is compressible, air servos cannot be made very stiff without operating at high pressure. However,
high pressure compressed air is not readily available, even at moderate flow rates. Pneumatic servo valves
also have limitations: Single stage valves consume large amounts of compressed air, much of which is dumped
to atiuaosphere when no motion is required. Two-stage pneumatic servo valves, although more efficient, are
generally vulnerable to contaminants in die air and provide relatively poor frequency response. Of course,
pneumatics has the advantage that it is eaiy to clean up after leaks.

-

S..

-

On the basis of the dc!,ign target, a hydraulic actuator displacement of 0.2 in3 @1000 psi (3.3 c= 3 @7.0 mPa)
,--as iiecdcd. With a servo ýalve rated for 0,5 gpmn @1000 psi (32 cm 3 /sec @7.0 rPa) pressure diop, the
specified performance could be obtained at a supply pressure of 2000 psi (14 mPa). We selected a dcuble"endedactuator with 0.2 in 2 (1.3 cm 2) cross-sectional area, 5/8 in. (14.9 mm) bore, 3/8 in. (9.5 mm) rod, a 1 7/8
in. (47.6 mm) stroke. The choice allowed us to use available actuators, and to minimize the bearing load at
the hip by keeping the attachment point of the actuator to the leg a reasonable radius from the hip joint. It
provides approximately twice the desired displacement. The double-ended rod configuration provides equal
areas on both sides of the piston for symm,.-trical performance. The extra rod is used to operate position and
velocity transducers. A two-stage servo valve with a rating of I gpm y 1t000) psi (63 um 3/scc @P 7.0 mPa) was
selected to nmatch the actuator characcristics. lhe hydraulic power supply and all system components are
rated V3000 psi (21 :umPa).
The two actuators that drive the hip are built as complete, modular units. See Fig. 4-3. Each actuator is
equipped with a linear potentiometer and a linear t:chomctcr, to provide position and velocity measurements
on both axes. The body of each transducer attaches directly to the I)ody of each hydraulic actuator, with the
sensor rods connected to dte unused rod of the actuator. The servo valves are mounted directly on the

*

cylinders for maximum response.
The original goal was to design a roachine that was symmetrical about the vertical axis. However, design

6
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Figure 4-3: Photographs showing the hip joint and hydraulic actuators. The
servo %athcs are mounted directly on thc actuators, and tiaing below them.
Posit on aiid %loc~ty sensors are attarhed to the sides of the actuators, Sce Fig.
1-3 fot a pliot o~rajih of [lie ent ircedc :cc,
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considerations dictated a compromise in this plan. Ideally, the two actuators would act nominally at right
angles to the lever arm from the hip joint, and the body pivot of each actn:itor would be in the plane of the
hip joint. To meet these requirements, the rod-end pivot points of the horizontal cylinders must pass through
the body of the leg cylinder. A rather complex mechanism is required to satisfy this requirement, if it is to
accommodate the full motion of the leg when actuated about both axes simultancously. The problem is
aggravated when both pivot points must be at the same radius from the hip. The design was greatly simplified
by placing the fore-aft actuator in the preferred configuration, while the attachment of the other actuator was
moved outside of the body of the leg, and below the pivot point of the other actuator. Because of the hip
gimbal geometry, leg rotation was seen only by the side-to-side actuator: this was accommodated by a
spherical rod-end bearing, This design allows the desired ±300 swing in the fore-aft direction, with +200
movement side-to-side.
Several hip designs were considered to provide the required two degrees of freedom. Ruggedness, minimum
weight, and firiction were primary considerations. "l'he need for the structure of the leg to pass through the hip
joint precluded the use of a through shaft at the pivots, and necessitated a relatively large mechanism. We
considered placing the body of the leg cyliuder below the hip, but decided this was not consistent with the
desired stroke length and a hip height of 23 inches (0.58 in). A ball-and-socket joint encircling the leg
cylinder was considered, but rejected due to large size, weight, high friction, and difficulty in manufacturing.
No rcasonab!e flexure arrangement using metals, plastics, or clastomers was evident which would meet the
required range of motions and provide the rigidity and strength needed for precis. 3ntrol. Based on these
considerations, a gimbal arrangement was selected. This mechanism uses two sets of pivots arranged at 900,
and an intermediate floating ring to connect the two.
The body frame of the machine was designed as a cage that encloses and protects the machine components.
Light weight aluminum tubing was formed, machined, and held in a jig while all joints were welded. [he
overall diameter of 30 inches (0.76 m) was dictated by the required radius for the hip actuators. The frame
"must be strong and rigid enough to withstand horizontal actuator forces of 400 lbs. (1800 N) without
substantial deflection. While the frame is relatively large and rugged, it comprises only about 15% of the
machine's total weight. The cage will protect the machine when it falls over, and provide handling points. It
also permits the addition of weights to adjust the center of mass and moments of inertia as desired. Finally,
the frame tubing provides a space for storage of compressed air, supplied through the umbilical, to maximize
the leg's responsiveness.

*

4.3 Sensors
Roll, pitch and yaw angles must be known throughout dit
ing cycle in order to control the machine. A
2-axis xcrtical gyro measures roll and pitch angles of the bu, . A mragnetic flux sensor pomvidcs information
that indicates yaw angle. These instruments iire relatively fragile and will have to be properly mounted and
protected friom the shock of normal hopping, and the shock of a crash. ILis uncertain how these instr'uments.
will behave under the continual vertical accclerdtions that occur jlurilIg hopping. We anticiipatc that the
attitude measurement problem will be one of dte most challcnigin8 problems in achicý ing 31) control.

a

Force sensing is incorporated in the design of the foot. Force sensing will be useful In the measurement and
control of the foot thrust and side forces, and may enable detcctlon of foot slippage or Impending loss of
traction. A single-axis load cell (in the thrust direction) has been built using a four-strain-gauge bridge at the
"foot. Preliminary tests indicate that this load cell will provide reasonable measurements of the toot thrust as
well as a clear indication of the time of touch-down. A 3-axis load cell is being built using 12 strain gauges. It
will have integral instruinentatiovi amplifiers in the foot to provide a high-level, low-noise signal. The
"forcc-sensing foot may be supplemented by pressure sensors on the three actuators.
All communications between the 3D hopper and the control computer arc digital. Onboard interface
clectronics provides analog to digital conversion for seisors, digital to analog conversion for actuators, digital
outputs for the air valvcs, and appropriate multiplexing.

4.4 Auxiliary Equipment
In addition to the hopping machine itself, we have designed and constructed a tether boom, similar to that
used with the MD hopper. The tethLer constrains the machine to move on an circle of 8 foot (2.5 irr) radius.
The arm itself is constructed as a :space frame of light-weight aluminum tubing, and adds only about 1.7 lb
(0.75 kg) to the effective mass of the hopper. The fixed end of the tether boom attaches to a pivot post that
"provides threc degrees of freedom: pitching about the axis of th" arm, vertical
%anslatioi
Aachine,
of the
and

""

horizontal translation. Individuai degrecs of freedom can be selectively locked at the pivot end of the arm to
permit various operating modes. Initially the machine will operate only in die vertical mode, to permit testing
and refinement of aie vertical control algorithms. Then the machine will operate as a 2D hopper to allow
"individual testing and tuning of the two horb'ontal control systems. Ultimately, the machine will be released
from tde tether and operate in 3D. Use of this tether mechanism will make it easier to isolate control
problems systematically, and to refine control.
The umbilical cable will be large, and may cause problems when operating in 3D. It will include two
hydraulic lines, one air-hoie, wires for computer signals, and an electrical power cable. During 3D operation,
the umbilical must permit the machine to move substantial distances in both horizontal dl,'ections without
applying large torques about roll, pitch, or yaw axes. Enginctzng of suiitLic support :ncchtanisms for the
umbilical is a challenge that awaits, experience with the operational machine.
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"4.5Appendix Ill. Specifications for 3D and 2D One.Legged Machines,

Metric Units
Parameter

3D Hopper

21) Hopper

Overall Height

1.10 m

0.6r9m

Overall Width

0.76 in

0.97 m

Hip Height
Total Mass (Body &.Leg)
Unsprung Leg Mass

0.58 in
17 kg
0.91 kg

0.50 m
8.6 kg
0.45 kg

Ratio: Body Mass to
I Jnsprung Leg Mass

18:1

19:1

0.709 kg-m 2
0.111 kg-in 2

0.520 kg-m2
0.037 kgmn2

6.4:1

14:A

0.25 m
0.031 :; @,620 kPa

0.25 m
0.040 si@620 kPa

630 N @620 kPa

360 N @620 kPa

Ratio: Static Force to Weight

3.7:1

4.2:1

Theoretical Max. Work per Stroke

160 N-m

90 N-m

1.00 rad/0.71 rad
0.069 s @14 mPa
90 N-m/ 136 N-m @14 mPa
83 N-m

0.66 rad
0.010 s 06,0 kPa
27 N in @,620 kPa
15 N-m

Body Moment of Inertia
Leg Moment of htertia
Ratio: Body Moment ,if Inertia to
Leg Momcnt of lnrtia
Ies Vcrtiid Motion
Stroke
Ideal No-l-nad Stroke Time
Static Force
.

Motion
Lee SwCewc
Angle
Sweep
Idcd No-Load Sweep lime
Static Torque
Theoretical Max. Work per Stroke
4.

4q

4
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4.6 Appendix IV. Speciflcatlon3 for 3D and 2D One-Legged Machines,
English Units
3D Hopper

2D Hopper

43.5 in
30.0 in
23.0 in
38 Ibm
2.0 Ibm

27.3 In
38.0 in
19.5 in
19 Ibm
1.0 Ibm

Ratio; Body Mass to
Unsprung Leg Mass

18:1

19:1

Body Moment of Inertia
Leg Moment of Inertia

2420 Ibm-in 2
380 ibm-in 2

1770 Ibm-in 2
125 Ibm-in 2

Ratio: fody Moment of Inertia to
Lc: Moment of Inertia

6.4:1

14:1

10.0 in
0.031 s;@90 psig
140 lb @90 psig

10.0 in
0.040 S@90 psig
80 lb @90 psig

Ratio: Static Force to Weight

3.7:1

4.2:1

Thcoretical Max. Work per Stroke

1400 lb-in

800 lb-in

Paurumeter

-

*'

Height
Overall Width
Hip Height
Total Mass (Body & Leg)
Unsprung Leg Mass

SOverall

Ic zVertical Motion
Stroke
Ideal No-Load Stroke Tim=
Static Force

I -e 5Siun LýIuiun

Swccp Argle
Ideal No-Load Sweep Time
Stadc Torque
Thcoretical Max. Work per Stroke

i

380
570/410
0,010 s @C90 psig
0.0,69 s @2000 psig
800 lb-in/1200 lb-in @2000 psig 240 lb-in @90 psig
130 lb-in
740 lb-in

5. Using Tables for Dynamic Stability in a OneLegged System
5.1 Abstract

*,,

*.

A legged system that balances as it runs nrust choose a place to pit each foot in order to control tipping and
forward motion. In this paper we dese"nbe a method for compudnga suitable locatiou for the foot that 9.0e.
a
large table of pre-computcd data. Thc tablc was organizcd around a subset of the system state and contrwl
variables, and the stored data were computed by numerically simulating a dynamic mode! of the legged
systemn as it progressed through the stance portion of the running cycle. Repeated simulations were used to
characterize the non-linear dynamics of the system for different landing conditions. The approach takes
advantage of the very regular, cyclic character of legged behavior. Because the size of the table may be
prohibitively large for some probJems, polynomial surfaces were used to approximate the tabulrr data.
SinSmulations vcrfled the feasibility of using the tabular and polynomial methods to control balance and
forward travel in a planar onc-legged system.

5.2 Introduction
Control algorithms that use well organized tabulaf data offer the promise of providing good control for
systems wiith complicated dynaminis. Tabular techniques are powerful because they use the results uf
arbitrarily complicated c¢,Akulations for control, but dte time penalty of actually doing the calculation is
"incurred off-line. Therefore, tabular methods typically involve very simple run-time computations that
execute with high speed. In a comparison of techniques for computing manipulator dynamics, Hollerbach
showed that a tabular method developed by Raibert and Horn required the fewest run-time operations when
"appliedto a manipulator with fewer than nine joints [150].
A\nother advantage of tabular control medthds is that tables make it easy to implement simple formk oif
learning and adaptation. A tabular controller typically performs a very simple computation on the state
variabhes to determine appropriate control values. Thc cofliptaltion is based on some sort of representation
of the dy.namics of itie system to bc controlled. Because the computations are simple, it is usually easy to
dc!ermine values f•r the cocfficients of the comptdrati'm, provided the formi of the control computation is
already known. Learning occurs when coefficient values are calculated from data obtained by observing the
behavior of the system to be controlled [31, [4], [2821, [230].
The main problem with tabhular control methods is that the size of the tables dhcy use grows exponentially
with the number of state and control variables needed to characterize the dynamic system [281]. This problem
has been attackcd in a number of ways. Albus used a hashing function that mapped tables of astronomical
size into the available memory of his computer in order to control a robot manipulator [3], [4]. lis hashing
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functions were designed to use knowledge of the manipulator's dynamics in order to minimize hashing
collisions. Hashing could work in that case because the controllcr, rather than having the potential of
producing all possible motions, dealt only with the subset of manipulator motions that had been learned.
Raibert and Horn reduced the size of the tables needed to control a manipulator by striking a balance
between computation and tabularization [283. They found that for most manipulators with n joints, an n-1
dimensional coil/iguratiuon space table would do. Simons Ct. al. reduced the size of thc tables they use to do
manipulator force control by finding an optimum quanUzation of the state inputs (3101.
In this chapter we describe a tabular controller that maintains balance and regulates forward running speed in
a walking system that hops on one leg. The task of finding a uscful table of moderate size is accomplished,
not by manipulating the form of the table, but by partitioning the problem into parts that can be solved
separately. Once the problem is partitioned, the table is required to deal with only a subset of the state
variables. We use the stereotyped cyclic motion of the legged system to find a simple partitioning. In this
chapter we also show that multivariate polynomials of low degree can cflrctively approximate the tabular
data. Evaluating the polynomial requires fewer data than the table, but somewhat more computation. Both
methods are used to control the one-legged hopping system in simulation.

5.3 The Problem
During hopping in place, placement of the foot on each step detcmiines how a legged system will balance and
it influences the system's translational velocity. Consider the planar one-leggcd system shown in Fig. 5-1. It
has a rigid body, a springy leg, a hip driven by torque source, r, and a small foot. The system is described in
dctail in [286j. If the foot is placed to the left, then the system will tip and accelerate to tie right. If thc foot is
placed to the right, then the vice versa. If the foot is placed directly under the body, then the system will
neither tip nor accelerate. A corresponding set of rules applies when the system is travelling with a forward
,clocity. For each forward velocity there is a forward position for the foot that will neither tip the system, nor
change the rate of forward travel.

""11,e effects of foot placement arc important because the foot's position can be directly controlled by torquing
tlc hip (luring flight, because the foot cannot be moved once placed, and bccausc the foot's position strongly
affcots halance. For the prescnt problem we think of the lbot's position when the system first touches the
ground, not as a sitte variable, but as a control variable.
*

Once a cycle of stepping activity has hecn established, the problem of controlling balance and forward
velocity is one of choosing a place to put the foot on each cycle that will take the system to the desired state'.
More specifically the control task is to find a position for the foot before touch-down, the moment there is
contact between the foot and the ground, so as to minimize state errors at li.t-oJ, the moment the Ibot nc;,t
leaves the ground. hic state errors of interest are those in forward velocity, x,, body angle, 02, and body
angular rate, 02.
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Figure 5,1: Schematic diagram of planar onc-legged system used to test tabular
control. The body and leg, each having mass and moment of inertia, are connected by
a hinge joint at •hlich torques, r-,arc generated. ihe leg consists of a spring in series
with a position actuator of length X. Center of mass of the leg is located a distance r
from the lower tip of the leg, which is the foot. The body is represented by a rigih
"mass, with the center of mass located a distance r2 above die hip. The angle of the
leg, e]. determines the relative position of the foot with respect to the system's center
of gravity. Rhythmic activation of the leg actuator, X, causes the system to leave the
ground in a hopping motion. Motion of Uic entire systein is restricted to the plane.
For more details and equations of oi)ofn Fee (286].

Assume that during flight the leg angle will be adjusted by a linear servo of the form:
•'(t)

=

K,(0 1-0Id) + K,(Ob)

(5.1)

where
S1,d

K ,, K

is the desired leg angle, and
are fcedback gcins.

Further assume that during stance dhe angle between body and leg, (01- O0), is held constant by a linear servo
similar to (5.1). We designate the value of a variable at touch-down by tie subscript T), and the value of a
variable at lift-off by subscript I0. "l'hc problem to 1,c sohlved is. given the state at touch-down, X find ,

to minimize:
4
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P1 = Q)(x2LO- ')

2

+ Q2( 6 2,Lo- 0d)2 + Q,(11,LJ-

where:
-Q, Q2, Q3
0 2.0'20

02d)2

(5.2)

are wclghts, and

d' X2.d

are desired valucs.

5.4 Tabular Method
In order to minimize (5.2), a relationship, r, is necdcd that relates the state ofthe system at lift-off to the state
at touch-down:
"(x2,,o'•L'

2Lot
o

=

r(X)

(5,3)

In general, behavior of the system during stance Is influenced by the entire state vector at touch-down, •

X

(x2' x2' Y2 ' Y2' 62' 82' w,w)

=

(5.4)

'he regular nature of th.w stepping cycle permits us to partition the state variables into two groups, these that
vary from one stepping cycle to the.ý next, and those dtat do nut. We a.;surne that tie values of y2, )'2, w, and w
vary along the same trajectory. from one cycle to the next. The values of these variables are important to the
relationship expressed in (5.3), but tlhcir effect is constant from nop to hop. Therefore, (5.3) can be expressed
iasa runction of a subset oF'Lthe state variablcs:
(x
1 2,o 2,84o,

0

2,o

=

r(x2,TD, 02,TD, 6 •.,D'

0

I.-r

(5.5)

0
We call the vector xm = [x2,m, 0 2.T0 02,.D the touch-down state vector, x'
1
0
the augmented state vector, and xLAC [X2.LO, 82,LO, 2,Lw the lift-off state vector. We define a vector field A,
such that there is a dimension of A that corresponds to each component of x.r0 , and for each point in A there
is a unicque value of xto.

For this problem we think of 01 as a control variable since it can be changed during flight at will, and the
remaining components of x as state. In general there are icontrol variables and n state variables.
The vector field A is approximated by a multidimensional table. One dimension of the table corresponds to
each dimension of A, and all dimensions are quantizcd to Al levels. For n variables and i control variables,
each quantized to NMvalues, there are M" -"hyper-regions in the table, each storing an n-vector. M must be
chosen to quantize the table finely enough level to capture the variations in xLO.
We have used such a table to control the planar hopper in simulation. Forward velocity x2, body angle 02,
and body angular rate 02, are the state variables used to access the table, n=3. Leg angle 08 is a control
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variable, i= 1. These variables index a4 dimensloioal space. Each dimension of the memory Is quantized to
nine levels, M=9, requiring that nMM"=19,683 values be stored. To compensate for such a coarse
quantization, the fhinction that accesses the tabulur data, T(x,), performs a lincar Interpolation among the
"2"1~stored values that bracket the dcsired value.
Tabular data wcrc obtained by sinmilating a large set of locomotion cycles, with systemaically varied initial
cbnditions. For thcse simulations, the angle between leg and body was held constant by (5.1) during stance,
just as it would be when controlled. In order to minimize (5.2) the table was searched along a path
"determined by varying 81 through its entire range, with x=x1 ,i The details of the search are given in
Appendix V.The leg was then moved just before touch-down to the minimizing value of
',
*

This tabular controller was tested in a simple simulated balance problem. The task was to return the
onc-lcgged system to a balanced posture, after starting with the body in an inclined position. Figure 5-2 plots
the body angle and horizontal positioni of the hopper for the test in which the hopper was dropped from a
height of 0.3 m with an initial body angle error of 0.8 radians. Setpoints were x2d = 0, 0 2d = 0, 0 2,d = 0. A
Wvrtical posture with no horizontal motion was attained in about 6 sec. In this test no attempt was made to
cuntrol x2, horizontal position.
'lic samni algorithm was used to control tbrward velocity while dte system traveled from one point to another.
"F"igi.:e 5-3 shows data from the'resulting translation in which• 2 was controlled indirectly through rate
control. Formard velocity was very slow, hut precisely controlled with no limit cycles like those caused by
'hniar control. The low rate of rorward travel was an artiiact of the restricted mnotiotn of the hip during stance,
ah required by dic simple foot placement algniithm. It is not an inhcrent aIAributc of the tabular control
method.
In the example given here, the control variable, 81, was not explicitly varied during the interval between
touch-down and lift-off. Hip angle was fixed during stance. In general it is not necessary that the control
"variables be constant, only that they do not vary with more degrees of freedom than arc represented in the
table. This means that %ariationsin the control signals are pcrfcctly accep,.iblc, provided tiat thicr variation is
completely 2etcrtvined by the augmented state vector that is available when (53) is used.
Tlihe table jubit described is Used to cvaluatc (5.3). Control is actually served by evaluating:
,1,r:.

=

-(1

2.Lo' 02..ol' 62.to I X,

D2'

'

2.6r)

(5.6)

Eq. (5.6) was effectively implemented by searching the table. It is possible to create a table that implements
(5.6) directly, provided specific values are provided for x2, 62.dd, and Qt, Q
, 2 Q3' Then control can
proceed without search.
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~Fig~ure 5.-2:

Orientation el'die Uody is corrected using tabular method. At t=0 initia'l
error in body attitude was 0.8 iadians. At t= I. gravity is turned on and hopping

begijis. State errors approached zero about 6 sec later. Hlorizontal position is not
controlled, so position changes without correction, (Q1. ="]5 'Q2 =S5.0'Q3 = 10)

~5.5 Polynomial Approximation to Tabular 'at

IlThe drata of the last section show that the tal111.lar mcdhod can effectivlely control a nont-linecar dynamic system
•,:,with
fewv state and control variables. flowevej', evcti wil,:t the problem.j is partitioned, th1e memory
S•""requiremenits for this approaeii becorre severe in larger applications. In this section we show that die tabular
•
~data can be approximated by 'polynomials in the stite variables. The po•lynomials can have many fewer
coefficients than entries iii die oiiginal table, at die expense of additional ntn-time compu~tation.
Given N=n÷+i state and contr'ol variables, polynomials were constrictcd that map toLuch-down state vectors

into estimates of lift-off state vectors. Each of n polynomials mninimize-s the total square error for the variable
it approximates across al aa points in die taLe
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Let A be a matrix in which each row contains values of the N state and control variables: let B be the matrix
that contains future values of the Stale variables in corresponditig rows. The matrices A and B then form a
data structure for the predictive state space memory. Given a sequence of distinct termrs of the form:
x2 x M3 4>
x1
1 x l2 x 13 Xl4 . .. XM

(5.7)

of A.Then
S(Cr

C X = CT 3)

(5.8)

"isa linear system whose solution X contains. in each column, the coefficients of a least squares polynomial
"thatestimates the v-lues in the corresponding column of B[317]. The polynomial is,of course, determined by
the choice of the ,xponents in die above sequence, including many set to zero.
4
Using the polynomial, (5.2) can be minimized in closed form. The details of the procedure are given in
Appendix Vi. For the case of the one-legged machine. x2, 0 02, and 0 are ')e independent variables and
0".0., and x2 are the variables to he approximated.

'
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*•

Several polynomials have been generated and tested using the same procedure described earlier for Fig. 5-2,
as well as other similar tests. In each case, the resulting behavior is compared to that obtained with the tabular
data:

*' 2A

troIvnotlmnial consists of all odd terms of degree 3 or less. The body angle did not reach the

setpoint after 20 seconds.

.po term olynomial consists of all terms of degree 1 and 3, with 16 terms of degree 5. Behavior
was similar to the table,- with slightly resi rapid convergence.
- 6 term nolvnomial consists of all terms of degree 1, 3, and 5. Convergence is slightly faster than
for the 40 term polynomial.

* •Men

2olvnomial consists of all terms such that the exponents of each of the independent
variablcs is less than or equal to 4. Behavior is very similar to the original tabulated data.
The approximation error for each polynomial is listed in the folJowing table:
Mean Square Error
No. of Terms

x2

02

62

24
"40
68
625

16.6
13.6
10.5
9.55

0.602
0.527
0.359
0.308

4.53
4.39
4.25
3.94

To use the table we must search it at run-time to find the entry that minimizes (5.2). Specifically this is a
search where 02, 02 and x2 are fixed and 01 may vary. The table is quantized with respect to 0, at nine
equally spaced points in the interval -1 < 01 < 1. In each subintcrval we derive a linear interpolation formula
for each element of XLO. Since 01 is the only fi'ce variable, we substitute the interpolation expressions for 02,
h2

and i 2 into MINIMIZE, differentiate with respect to 61, set the result equal to zero, and solve for 01.

Eight candidates are obtained. We select the one that minimizes globally.
A similar approach is used in applying the polynomial. Since 02, 02 and x2 are fixed during the search for 61,
multivariate polynomials in four variables are made simpler polynomials in one variable. For instance,
consider the 68 term polynomials discussed above. The highest power of 0, occurring in each of the three
polynomials is 0,.5 When computing a control signal, we evaluate six coefficients for each of the three
polynomials; these are determined by the given values of 0,. 02 and x, as well as by the 68 original
coefficients. The six term polynomials are algebraically substituted into (5.2), and the resulting polynomial of
degree 10 is differentiated with respect to 01. The result is a single polynomial of degree 9 in 01. Its zeros are
found by using Lagucrre's method [DAH74]. The P! is explicitly evaluated for each real zero in the interval
-1< 81 ( 1,and the smallest of these values determines the globally optimum 61.
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"Thisprocedure for minimizing (5.2) does not require finding tic zeros of a large polynomial in four variables.
For example, the 625 tem polynomials with all possible terms of degree four and less requires zeros of a
single ninth degree polynomial in 81.

0==

0
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5.6 Appendix V. Algorithm that Minimizes Performance Index for Tabular
Data.
Given a state vector at touehdown [82,82 x2] it is required to find the value of 6t that minimizes the
performance index PI([OlLO,[t.,x2 L]) where [9 2L, 6 2L,iXL] = r([o1,-82, 2 1 21) is the state vector at next lift-off
T denotes die function that implements the interpolated table lookup. Recall that
PI([ 0 2L' 21,,x2LJ)

1(
W

0

L" 02,d) 2 + Q2(2L'"2,d)

weights and

'are
2,

2

+ Q3(x2L " 2,d)2

(5.9)

d x2d are desired values.

Assume that 862 _ 02 82I, 6 2A • 02 6 2a and xZ • x2 < X2Bwhere the A and B subscripts ihdicate adjacent
values stored at quantized locations in the table. Also, assume that: .81A K61 91.B. Consider as an example
the first term of(5.9) which can be written in terms of the tabulated data:

Q1(02L - 0

=

1A) 8 Z•_ (0l3(1B- 6 1A)

Q(

6

6 A
)0

p 2.]

(5.10)

where 90,

T-(6 OiAO C2 .x ).0ai1d 0 2a = 1[(0 11 0,8
2,0,,x2)]. In other words, once interpolation has been
completed for tJie three state variables, two adjacent values in the t-ile that bracket Op 01 and 0 are
substituted in dte lineai interpolation formula.
Now the right hand side of (5.10) can be rewritten:
1I(0.21

-

02,d)2 =

(0 2

whereQ

A

6

Q1(0 1 QA

A) andQ

1B

+

(5.11)

QB) 2

-0 26 AB -" 021A

(0m"01A)0
0A
6
1A)
1B "
'1A

-

0

An identical treatment of the other two terms of
2,

(5.9) yields

P1 = Q1[QAO 1 .- QI ]2 4- Q+[QCaI + QLD]2 + Q31QE81 + QF]2

(5.12)

Upon differentiation with respect to 811 setting the result equal to zero, and solving for 01 we have a closed
expression for that ValuC of 01 that minimizes the P1 in the interval 0IA _1 (8113

. QQ\Q

+Q2QcQI) +QQEQF

QIQA

(5.13)

+ Q3QE2

To obtain the global minimum this computation is perfomied fob- each of the I1 subintervals determined by
the quantization of 01.
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5.7 Appendix VI. Algorithm that Minimizes Performance Index, for
Polynomial.
The general form of the K-tcrm polynomials that approximate the tabulated data Is:
ai
0

2L

f1.11

*a

a
2

1 10,1 o13

-a

14

2 ..
-

a
_

82L Fl,l80
+ .. + FLO 1P
where a0ai theonLy frescvpt igb (5)
es,
b2L

F1,1 8 100 +

..

,Kl

a
2

*a
2

K1 e.a(K2 eK03

acan
c ret ais:

.a
K4
X2

a5.,.

is

tate c

torintouch-dswa
(5.15)

+ F2 ,N81PN

3N
3,1 1
where P) 0 ao'd . is diji highest powci of 0O in (5.14). Subs..ituting ties%! eluxions into (1.9) yields a
polynomial of degrce 2 /IN which ,xpresses the P1 as a finction of'01:
Gt 2#0GN02N
2L

P1 =Go +02d+ b2

x2 224 + 0..+

2 NOl

(5.16)

The real zeros of the derivative of this polynomial arc Courld using LaIIuCrrc's m•thod. The global minimum
is found by evaluating (5.15) for e;clh /.cro and substituting the results into (5.9).
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6. Control of Balance in 2D
and
Simulation for the One-Legged Case
-~Modeling

6,1 Abstract

*
*

*

In this chapter w.4 model and sim1ulate a 2D one4egged hopping machine in order to better understand Icggqd
systems that hop and run. *Ihe analysis focuses on balance,, dynamic stability, and, resonant oscillation ror the
planiar ease. Tlhe mnk-el hicorporates a springy leg with non-zero mass, a simpI6 body. and an actuated
hingc-typc hip. We decompose controi of the model into, a vr0i:aI hopping part., a horizontal velucity part,
and a body attitude part. Estimates of total system encrgy are used in regulating hopping height in order to
initiate hopping, to maintain level hopping, to change from one hopping height to another, and to terminate
hopping. Balance and control of forward vtUocity are explored with three algorithms: Firs," we study the role
of foot placement in balai~ce through a linear algorithm that stabilizes the system and generates low velc.city
translations from pohit to polat. Second, we improve control of forward vclocity by considcring constraints
that arise in constant. velocity forward tr~avel, and vic introduce the CG-prini. The improved -!goridini places
th'ý foot forward with respect to the cunwto of the CG-pritzl during (light. and sweeps th.e leg backward during
staice. Trhiird we improve control of body attitudec by using Uie hip actuator to correct pitch e;rors duiing
stance. Simulatiens verit' die feas;ibility of decomposing cantrol of running into a height contril part, a
forward velocity contrui part and an attitude control part.

6.2 Introduction

*

Substanlial study has been devoted to understanding lc.gged systems that crawl and walk, but little attention
has been givcn to systems that run and hop. During crawling and walking, support is provided by at least one
leg at all times, but in running and hopping support is provided otdly intermittently, with intervening periods
of ballistic flight. One consequence of intezrriittcnt support is thc vci'tical bouncing motion that charae-terizcs
running. A second consequence of intetrmittent support is the intermittent opportunity,1 for the system to
change its angular momecntum to maintain balaacc and control attitude. Because angullar Mnomentum is
coscvcd wev, er are no external forces on the svstet n to-quICS can be applied to the body to change
nguflar momentum only wkhen the systemi is in contact wkidh the, ground. A further consequenlce of

4

intormittent Support is that leg dyi:mi-ncs play ;in important role in deeniiia system's behavior
pattern and efficiency of a running system's motion ar2- influenccd by leg dynamics.

--

both the

In this chapter we mude! a hoapping system with just. one leg, and snimulate its behavior as controlled by
algoiths
tat a:Iplat hopin heght and running speed, while maiintainin- balance and Ittitalde. TheC
d

purpose is to understand the principles of balance and d:,namniestability aIs they apply to legged Systems, while
ignoring the problem of coupling many legs. Since echlileg in mul ti-legged running systems does roughly the
same thing as every other leg, the hopping, of a one-legged model can lie "icwced as a Funidamental activity
through which running andl cetin Lypes of walkigcnhbetruIrtod

68

A

Hlopping isactually a special case of' running, in which all legs provide support at die same time. rur a system
with one leg, running and hopping are the saicyi. T7he part of' thc stcpping cycle in which Elie leg is unloaded,
called transfer, is also the part of the cycle in which no legs give support, called flighi, During flignt miotion of'
t~he ccnter of gr-avity of thc systcem is ballistic. Tlhe period when the leg provides support is caflcd stance,
during which behavior of thc system is like that of an inverted pcnaulIum.
Th~mcil
dvelpedhcr

inorprats aspingy linmiation of legs found in nature. While rigid

asad pig r
massless leg models have suffed to study walking (3381, (128]. leg model;hticld
*important
lor understanding running and hopping. Trho stiffness of t~hc kCg infil.u61CeS thd vertical pscillatory
*
~behavior of the hoppiq~ systemn and govcrns the details of landing on die ground and of taking off. The
resonant interaction betwecti body mass and springy legs in the vertical direction has a profound impact on
*
thie behavior of a running system. 'This has been shown by McMahon and Green [218] in the human, and by
D)awson and f~aylor 14] and'Alexander and Vernon [7] in the hopping kang, roo.
Previous work on balance began with Cannon's control of inverted pendulums that rode on a small powered
truck (1411, His experimenkts included balance of a sfinglc pcnduil-un. m-)' pendulumas onec aton the othzr, twu
pcridUlumrs side by iidc, and a hrglimber poidviurn. 1-emamni and his co-workers [914j, [291, [1281, 1311,
150], [1351, VAkObratovic and b).s co- work crs [1641. [338). [3421, and ',h~ 81 31 2] 21.[61have
studied the dynamic ohamacteri~tics o!'a varicty Of 11uLlm-i-n4 lto,!g,-cd models thatE walk. 'I'lcsc model.,s irangc
Crom a fully static waIlking, bipod described by Juricic [104] to thc dynanfically ýuibiiized iive link miodel of'
H-emami and Farnsworthi (12b]. Fich of these niodels relies, onl continu~ous~ contact wvith the Support surface.
Additional rcficn-crco to work on walking can be found in the b'hlblogiaphy.

0model

lialance in hopping, has also beeni studied; In 1967 Seifert explored the concept of a hopping vehicle for lunar
exploration (3021, Mlany interesting ideas came frotr his aerospace approach to that problem. Maisuoka [1961
analyzed hopping in humnans with a onc-lcggcd model. IHe derived a time-optimal state feedback controller
that stabilized his system, assuming that the lcg could w? mnassless, and that the stance period could be of very
Short duration. In Fact, legIs comprise a substantial fraction of a human's mass, and the duration of stance
biped is about 4"; ' of the Lotal duration of a Stride [1901. I'lierefore the
durIIing running for cach leg of im
used heeinlt-i~d.s non-i.ero lcg mass, and a -ardo of leg :;tilffcss to body in~ss that makes it operate in a
rc-ime where sulpport mimie is about 40% of stride time.
In this p-ipvr rontrol or'hopping is prescrited as two parts. a \('rtical control par11t dIt ul!:("Z neýrg'iivmeasures to
regulate heopping height, and a horizontal control part that mirnntains l)miarnce and gcncr-ates forward travel.
Although there are interactions between thcsc ZaC'ivitics. their dynarnics arc 1n9t Stonl-01Y cotiplod. TIhe section
that follows develops dhe (one-lcggd hopping model andi characterizes its behavior. Section III presents an
amalysis of hoppinq, and the control Ag~orithill Lised to rcgUhatc 'lopping licidht. Section IV describes three
algorithms that provide balance while hopping in place and running.
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6.3 The Model
The basic components of legged systems are a set of Icgs and a body to which the legs are attached. For
humans and othcr animals the body has many actuated degrees of frecdom whose actions enhance
performance and versatility. For instance, strctching of tic back cfllclently Increases stride length for the
rnnning quadrupeds. Thc body also carries the payload and sensors. The most important characteristic of the
body is that it forms an elevated mass that must be balanced atop the legs, and that It forms a structure from
which torques can be applied to the legs.
Legs typically do two things during locomotion: they change length and they change orientation with respect
to the body. This is true fur organisms chat crawl, walk. run, and hop, and for organisms with two legs, four
legs, six legs, and many legs. A leg changes length to propel the body upward and forward, to cushion
landings, and to reduce its own moment of inertia and increase its clearance when swung forward. The
lengthening and shortening of a leg during these activities is not merely a kinematic action, but a dynamic
action governed by the resonant interaction of leg compliance, body mass. and gravity [46]. Energy is stored
in springy mtuscle and tendon when the leg is shortened, and energy is retrieved when the leg is lengthened.
Legs swing back and forth to propl., to pennit feet to be precisely positioned with iespect to the system's
center of gravity, and to change angular momentum.
"Themodel used in this paper, shown in Fig. 6-1, has 3 single springy leg that articular•s ,ith respect to a body

Sleg
, iis

about a simple hince-type hip. 11he hody is represented by a rigid mass, to which thc leg is connected. The
has mass M1'moment of inci'tia I,. and the body has mass MI, mnoment of inertia 12. 'I'h center of mass of
the leg is !ecatcd a dis;tance rI from the lower tip ,t the le-, whic:h is the fioo. The center of mass of the body
located a distance r, above the hip.
A control torque, r•, is generated between the body and the leg at the hip. A simple linear servo is closed
around this actuator to position the lc* or body. It is of the form:
Kr(t)
(K6(
) + K,(, 1)
(6.1)
1where
rl.d is the desired leg angle, and

K,, KP

are ifedback gains.

The scame feedback rule is used during stance and during flight. but with difilerent values for K, and Kv, as
listed in Appendix VIII.
The leg is composed of a spring in series with a position actuator. The spring is soft in compression and stiff
in extension. The soft region of the leg spring represenos the ahility of the leg to absorb energy when it
shortens. 'Te purpose of the stiff rcgion of the spring is to model the effect of a mechanical stop that limits
extension of the leg to a maximum length. Modeling the mechanical stop as a spring alone would lead to
vibration whenever the ,;pring was fully extended. so dampnlpg ,vas added to its stiff region. The damping

4
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leg, each having mass and moment of inertia, are connected by a hinge joint at which
torques are generated. The leg consists of a spring in scries with a position actuator.
The support stirflacc is springy itself in two dimensions. Thc model is restricted to
motion in the plane. See Appendix VII tar equations of mnotion and Appendix VIII
for model paranieters used insimutlations.

coefficient, B is chosen so that vibrations that occur betwcen body and leg when the stop is hit decay wi-thin
a few cyclcs. Tile length of the position actu~ator, X, dctermines the rest length of the leg. Whi1c the position
actuator is represented as an ideal source. the finite response time of a physical actuator is taken into
consideration by requiring that X increase and decrease with a quadrontic ti a.ecory:

x+ k t2

x
*

(6.2)

where
Storis hes initial leneteth of position actuator, and
k
is a dining constant

Stroke of the position actuator is limited to X < X,nin
< Xrni* The importance of this arrangement of actuator,
spring, and mccpanicl stop is that during support, rhythmic activation of ihe actuator can excite resonant
oscillations in the spring-tas; system
aFnncd
by body and lqu.As tiCSC OSCILthS build in amplitude, the
systm wl ca
thegrointi l and
entdhop.
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T"he support surface Ismodeled as a two dimensionul spring, Ka, and damper, B.. One dimension of the
spring acts vertically, the other horizontally, with no interaction between the two, The spring and damper
influence the hopper only when the foot Is in contact with the ground, y0 < 0. During flight tke coefficients
of spring and damper aire zero. Each time the foot touches the ground, the rest position of the horizontal
ground spring is reset to the point at which the foot first touches. 'rhe damping cocfflcient is chosen to make
vibrations between thd foot and ground negligible, while the coefficient of f'iudton between the foot and
ground isassumed to be so lrge that slipoing never occurs.
The leg actuator acts between the body and leg spring, l.engthenhig the actuator when the leg Isproviding
support and the spring is in its soft region does positive work on the systerm by compressing the spring and
accelerating the body mass upward. Shortening the actuator during support does negati'v work on the
system. Changing the length of the position actuator during flight rcsults; in no net change in system energy,
since this produces oscillations of tha leg spring that are rapidly damped by the mechanlcal stop. Energy is
injected into i.he system ove, a number of hopping cycles Ly lengdhening the position actuator during support
and shortening it during flight. By changing the phase of these actions it is possible to remove energy from
the system.
The leg mass. MP, represenws tlat portion of the leg below the spring. the rest being included in M2. We also
assumed that tho stiffness of the ground i!; much greater than the stiffrCss of the leg, K >> KC. When the
leg provides support the model iba sprirg-riass oscillator with natural ficquency:

7(6.3)

=

(i

Each stance interval has duration:

MZ

ST

-

(6.4)

During flight the model is a gravity-mnass oscillator. A full hopping cycle has period:

'r

=

wherc
K1
H0
g

7

I, +
K1,g

is the stiffness of leg spring,
is the hopping hcight measured at the foot and
is the accelcration of gravity.

For the duration of support to equal the duration ot flight, hopping height must be:

(6.5)
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Ho0

=

8 KL

(6.5)

A parameter that Is Important to the mechanical design of a legged system Is how much the spring must
compress and the leg shorten during tie stance portion of the hopping cycle. *rhe maximum compression of
"thelog spring during stance is a linction nf body mass, leg stiffness. and hopping hcight;

=2? ,-+ 2M'SHQ
(6.7)
K
K(2
K
Ls L
L
"Equatiomn of motion for the model with respect to a ground-ccntcrcd coordinate system were derived using
d'Alembert's principle. The resulting system of non-linear coupled differcntial equations are given in
Appendix 'II.
These cquations describe die system's behavior Cur both stance and flight, with the
characteristic equation of the ground spring responsible for introducing the nmulti-phase nature ' the model.
Computer ,imuladons used standard digital numerical integration techniques to determine system behavior as
a function of time. The numerical constants used for simulation are given in Appendix VIII.
=Aw

".
•

Th'Me simple nature of this 'iodel cptures the important aspects of dynamic locomotion while keeping
complications to a minimum: Sine-,. there is only one leg, active balance is !.tudied dircctl, while avoiding the
problemvs of coupling between legs and of inultiplc support ph,,ses. At the same time, vetical oscillations are
easily studied by using a leg model that includr mas., spring, and position actuator. Thrce dimensional
dynamics are avoided by considering the planar case.
6.4 Vertical Control

,

*

-'ietask of synthesizing a system that will control behavior of the one-legged model was broken iritc two sets
of algorithms. One set of algorithms controls forward running velocity, allowing the system to translate from
place to place while maintaining the body in an upright posture. 'rhis is called horizontal control, about
which more is saýd in the next section. 'T7his section discusses a separate control algorithm that controls
vertical moticn. It generates ';tablc resonant oscillations thai cause Llvhlocomotion system Lo hop off the
ground, and it controls the height ofeach hop.
An important function of this hopping motion is to establish a regular cycle o1f activity within which
horizontal and attitude control can take place. A wheel changes its point 0f supLpOrt cuIlmunously and
gradually while bearing weight. Unlike a wheel, a leg changes its point ofN;upport all at once and must be
unloaded to do so. Therefore, in order for a legged system to balance and to make lorward progre:cs. there
must be periods of support when the leg bears weight making the root immobile, and there must be other
periods when the leg is unloaded and the foot free to move. Such an alternation between a loadcd phase and
an unloaded phase is observed in the legs of all legged systems. For the present system this alternation is the
hopping cycle.

"•t,
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There are four well defined events In the hopping cyceo:
*,urro,.O: T'h, moment at which the foot loses contact with the ground.

* TOP: I'hrt moment in flight when the body has peak altitude and vertical motion changes front
upward to downward.
* TOUCH-DOWN: The moment the foot makes contact with the ground.
e norroM: The moment In stance when the body has minimum altitude and vertical motion of
body changes from downward to upward.
These events are eaclt detected florm behavior of ,he state variables, and are used tn deternifin four distinct
states. The regular cyclic progression among these states suggests use of a finite state sequencer to organize
control of the system.
.)

Vertical control muct initiate hopping, control hopping height, change between different hopping heighrs,
and terminate hopping. These tasks can be accomplished by regulating the energy in the oscillating springmass system formed by the springy leg and the mass of the bo0y. Hopping is initiated by exciting die
spring/w;•as-, oscillator with the position actuator until hopping velocity is reached -- when the inertial forces
Sare ,,;uqi~cicntly large to o~rer~me gravity, the foot leaves thc ground "d hopping begins. At. this point the
systcrn becomes a spring/mass, gra ity/mnass oscillator.

*

Thc height of a hop can bc controlled by mcasurhig and ninmipulating the system's enerSy. For Whe simplified
case in which motion is primarily vertic.l, angles and angular rates of the lev and body. 0, O,1' 02' and 82 are
negligible. The total vertical energy during stance:
E

=

PE8 (M1 ) + P[E.(NI 2)+ KE(M 1 ) + KE(M 2) + PEe(M1) + PEe\M 2)

STANCE

.M

.

4

where
PEg
S.PE
KE
"g
ko

(6.8)

M)+/2

19gy
1 +

M2gy2 + .5 MIYI + .5 M2y2 + .5 KL(ko-w+X) 2 + ,f KYY
0

is gravitational potential energy,
iselastic potential energy,
is kinetic energy,
is the icccleration of gravity. and
is the rest length of the leg spring.

Additional vaniables are defined in Fig. 6-1. The expressions for potential energy were chosen so that they are
zcro when the hopper is standing vertically with the leg spring extended to its rcst length and with the foot
just touching die ground. As (6.8) shows, energy may be stored in the leg spring, in the ground spring, and in
the motion of the body and leg masses.

I

.•

• - • • , , ' .¾

*'m

-

* .*b•
•

N

' .•

'

<h '••

t

'

*

.

.

.

.. ..
••

"

S.

*•

• -' • '

'

.

•

"

•

'

"

74

*
*:•i
*'i

Energy is lost to tie ground damping throughout stance and to air resistance throughout, the hopping cycle,
hut such losses are gcnerally small [2801 and arc disregarded. Significant energy losses occur at two events in
the hopping cycl,:, roucII-DOWN ar.d I.F-om At TOUCII-DOWN the leg Isvery suddenly brought to rest by
dissipating its kinetic energy in ground damping:
.E=rJOSS = KE(M 1 ) = .5 My21 . 0

(6.9)

where
is the vertical velocity just before TOUCII-DOWN.
At vi I"r-OFFi damping in the suff region of the leg spring dissipates a fraction of the system's kinetic energy.
'This fraction can be calculated by equating the system's linear momentum just before and after uI-r-OFF.
Since the leg is stationary during stance it's vertical velocity is zero. When the leg extends fully during stance
the hopper leaves the ground, accelerating the leg from rest to y1.LOe' After LIFT-OFF the leg and body move
at the same rate. Equating linear momentum before and after LJFr-OFF:
M2Y2 .,

(M 1 +M 2 )y.,tO÷

=

Y2,1.0+

\ 2

(6.10)

•2LO-

"(M1 +M 2)
Substituting (6.11) back into (6.8), the kinetic energies beforc and after ivr-ouorF, and the loss associated with
accelerating the leg upward are:

KE

2

-

2
KE

4

M1+- -KELO (MI) =

where
KELo.(M 2)
"Y2
Subscript LO-

(6.13)

2

2

2(M 1 +M 2 )
M_
LO-LOSS

(6.12)

2 2,w-

(614

MM~ 2
2,iO-

(6.14)

is the total kineiic energy just before 1.1.r-OFF,
is the vertical velocity of the body just before IHfr-O|:F and
means just before LIFr-OFF.

The fraction M2/(M + M2) rcpresents a funamental efficiency of the leg. 7t ii maximized when the rado of
leg mass to body mass is minimized. This can be done by minimizing the unsprtig m:niss of the leg.

'
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To compensate for losses the vertical controller operaLes the position actuator to Increase the vertical energy.
When X changes from X, to Xj+ AX with w < k0 . then there is an energy change:

KL[.5AX 2 + Ax(ko-w+x?]I

AEX =

(6.15)

Energy is removed when AX is negative. For'a given AX the magnitude of AE depends on the leng.h of the
leg and the position actuato.r. More work is done when the spring is compressed than when it is relaxed.
Lengthening the actuator at WO'TOM and shortening during flight causes the total hopping encigy to increase.
Shortening the actuator at flO'roM and lengthening during flight causes, ihc total hopping energy to decrease,
eventually to zero.
The task of the vertical control algorithm is to manipulate the altitude to which the system will bounce. If the
leg spring assumes its rest length during flight, all energy takes the form of gravitational potential when y•-at the top of each hop. It is possible, therefore, to predict the height of the next hop at any time during stance.
All energy is in the form of kinetic energy at tIFT-oFF:
E"

KE.

,(6.16)

The fractional loss of kinetic encrgy at LII'T-OFF is known from (6.14). Neglecting ground damping and air
,resstancc loes, the total encrgy during flight is obtained in terms Jf variabies available during stance by
combining (6.14) and (6.8):
Er-Lcir

S••-

.
. ,,During

(6.17)

*

--'2..."[M1 gy1 -i"M2gY2 + .5 Mly 1 + .5 N42y + .5 K (ko-w+x)2 + .5 KoY 0 ]
M +M 2

For the body to hop to height IHthe total vertical energy must be:
Mjg f 1 - r2 - (k0 -rl)) I + M2g.I

El =

(6.18)

stance the energy change nceded to produce a hop of height H:
AFll

-

=

F

[-F

,

L

ESTANCE

MI+M
- •iThis

KEtO-

"~KE3.
M2+ M2
2K
M+N
ML+M

=
"

=

(6.19)

2

energy can be supplied or removed by the vertical actuator. lFrom (6.15) and (6.19) the linear actuator
must extend by:
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AX=

(x-ko+w)2 +2-•.u

-(X-w+ko)+

(6.20)

KL
Simulations were used to evaluate application of this vertical control algorithm to tie model. Each time
"B"O1TOM occurred, indicated by y0 changing sign from negative to positive, (6.8) and (6.17) were used to
predict hopping height. The length of the leg actuator, X, was then increased or decreased accordingly.
Figure 6-2 ploLs the vertical position of the foot and body, and the actuator length during a period of
increasing hopping height, and during stable-hopping. Starting at rest, the system executed a positive work
cycle on each hop until the vertical energy increased to the specified value. This level was then maintained.
Since the stroke of the position actuator was limited to Xma., the energy that could be injected on a single
cycle was limited. A number of cycles th,:refore were required to achieve the desired hopping height.
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F!''!re 6-2: Vertiral hnpping. Slarting from rest. vertical energy w.m increased until
desired hopping• height was attained. lloprpir; height was; rculatA ;ýv-ough the
position actuator that acts in series with the leg spnng. Note 6idc,: tIvcrtical scales.
l'op curve: elevation of hip. Middle curve: clevatiou of foot,

The last 2 scconcds of data from Fig. 6-2 are replotted in die phase plane in Fig. 6-3. The body velocity is
plotted on the abscissa and body altitude is plotted on the ordinate. The parabolic trajectory during flight was
caused by constant gravitational acceleration, and the harmonic trajectory d1uring stai:ce was due to the spring.
The four events that synchronized actions of the controller to behavior of thie hopping system, 1,11T'-OFF, TOP,
_ _,'OUII-OWN,
and BOtTOM are indicated in the figure.
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1.5

1.2

.9
-4.

..
4.

-2.

P2 (mIsec)
Figure 6-3: Phase plot for vertical hopping.

Four synchronization events are

indicated where curve crosses axes. Data are from stable part of Figure 6-2. The
rough part of the curves between t orf and roe indicate Uhe damnpcd vibration that
occu'rccd when the mechanical stop was hitL Note lhat position :s plotted on the
ordinate, vclocity is on the abscissa, and the action advances in a coiunterclockwise
direction.

Figure 6-4 is a plot of vertical energy during two cycles of fixed height hopping. A lossless system would
produce a perfectly flat total energy line. The primary losses occur whien the foot strikes the ground, and
.

when it leaves the ground, as indicated by (6.9) and (6.14). Energy increases during the latter part of stance.
when the actuator lengthens. These darn are similar in qualitative detail, to those obtained foi- the kangaroo
by Alexander and Vernon [7].
Figure 6-5 shows an 80 second simulation sequence of vertical hopping in which desired height was adjusted a
number of times. It was mentioned earlicr that the le, actuator could be used to remove energy from the
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80.
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.00

.45

.90

1.35

1.60

TIME (see)

Figmei 6-4 : Vertical energy ror two hopping c)-le~rdt cornstant hopping hd!ght. Total
entrg) kinetic energy, gravitational potential, and elastic potential afe shown.
Primairy losses of energy occur at TOUCI [-DOWN and tiI-r oiF, indicated by Lho vertical
dotted lines. Data are from Fig. 6-2, t = 7.5 to 9.3 sec.
System,

Eo

reduce hopping height. The figure shows that a descent employing active damping (t=45) was

more rapid than one relying on passive system losses (t =65). In general, the algorithm obtained -ood control
of' hopping height.
*

-

The tine at which the leg is shortened d~iring a steady state hop cycle can be mianipulated to optimize
hopping according to a variety of criteria:
-

*

Whcn the leg is sflortcncd at LlFr-oriP, ground clearanicc of the foot during flight is optimized.
Trhis is important when terrain is unc~ en or when large horizontal swinging motions of the leoccur during flight, as when the mnodel translates at high speed. If the lcg is not short Guring
swing it may becomec difficult to avoid siubbing Mhe toe. Shortening at LIUT7-oiFFalso minimizes the
leg's mTomen1t of inertia during flight, so die leg can be swung forward faster and with less angular
effect on the body.
*When die lea is shortened dt'r01. the time between vertical actuations is matximized. Thiis strategy
could permit use ufati attiator of lower bandwidth.
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Figure 6.5: %`c:rlical hopping sequence. At tirest 9, 15, 25, 35, 45, 55, 65 desired
ho:•ping hNight 11 = 1.7, 2.0, 1.6, 1.9, 1.4, 1.9. 14. Tte desccnt begirnaing at tL45

was act:sely danned. while the descent at t--65 was passive. Top curve: elevation of
hip. .,iddlk crve: e!ecaton of foot.

* When the leg is ,hortened oc'curs upon IOUCII-DOWN, then the ground impact forcc3 on the Coot
are minimized. This strategy is normally used by humans when they are asked to hop in place on
a flat floor.
It is also possible to shorten the leg at LIFT-OFF, lengthen it again just before the next TOUCH-DOWN, and let it

shorten during the landing. This strategy, apparently used by humans 'when running, maximizes ground
clearance and simultaneously minimizes inpact forces on the fbot. However this is .ccomlplished at the
expense of additional actuitor bandwidth. Although more energy is required for these extra lengthening and
g forward more efficiently with a lower, moment of inertia.
shortening motions, the leg can bL s\,uW

4l

6.5 IV. Horizontal Control
The preceding section discu,;scs tie vertical hopping behavior of the model, and a method for controlling
hopping height. We now turn to the question ofbalancc, and control of travel from place to place. These two
phenomena are intimately related. The tasks of ' balance algorithm are co ensure that thlc~ are no unwanted
horizontal motions, that horizontal motions of adequatc velocity are generated when necessary, and that the
locomotion system does not tip oer.

7

-•

7-
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An important characteristic or dynamically stabilized legged systems is that they are always tipping, but their
control system ensures that the tipping motions are controlled and orderly. Two mechanisms can be used to
control balance and horizontal travel: foot placement and hip motion. Placement of the foot with respect to
the center of gravity of a locomotion system has a powerful influence on the tipping and horizontal motion of
the system. Gravity generates a moment about the foot proportional to the horizontal di:zllacement of the
foot from .he center of gravity. Foot placement can be adjusted during the flight part of each hop to
influence attitude and translation during the next stance interval. Thl pattern of hip motion between the
body and leg during stance influences the anguiar momentum. Such motions change the momentum of the
system only during stance when there is adequate friction to hold the foot firmly in place on the ground.
Actually, there is a third mechanism that can influence the balance and horizontal travel of a legged system.
Since a leg is not always vertical, it is possible to influence the system's horizontal behavior by modulating the
forces generated along the leg's axis. Effective use of this mechanism, however, requires intimate
coordination betwee.n vertical and horizontal control. In order to keep the vertical control mechanisms
separate from the horizontal control mechanisms, and thereby obtain simplicity in the control, this
imechanism is not used. Rather, we assume that the pattern of axial leg thrccs is dictated solely by the
rc-rquiremcnts of regulating resonant vertical hopping.

.
*

-

"-*

lThe remainder of this section explores three afiodithms lbr controlling ba;iliI'"c and trave!. The first method
relies solely on foot placcmei.t as a means for effecting horizontal control, with no hip motion during silince.
'lThe second method uses an improved foot plaemn!cnt algorithm that is developed by considering the
kinematic constraints imposed by constant veloity locomotion. The improved !",)ot placcmerti is combined
ith hip in,)tioo that swecpa the klg backwaids during stancC. The third method uses the satrie foot placement
as mehdod two, but gets better control of body :ttitudQ by servoing the body angle during stance.

6.5.1 Method 1: Foot Placement
Each time a hopping system touches the grotud the foot can be positioned horizontally to influence the
translation and tippiag of the system. When hopping upright in place, (02 = 0, 0, = 0. X2 = 0), movement
of the foot to one side during flight causes the body to tito and !ran!t;Lt toward the ocher side during sLance.
Simil', r rules hold when the system is not upright and stationary. l',,rel'hre. if the hip angle is kept fixed
during stance. ie. (01)
= (0-6
t (2)11
tie ImOdl behaves qitdit,16iVcly like a one link inverted
[h11
pendu.lm. It is no, precisely an inmerted pendhifluirI,bccan se the leg sl'•rtcn.- dtuing. s1ance.
A simple algorithm to balance the model uses linear fecdback to place die foot. Two factors determine where
the foot slould be placed: die projection of center of gravity and an error function of state variables. First,
the projection of the center of graitv,. x I; cculalated. Then a linear t'inction ofterrors in state, x
is
added. Model kinematics are then used to calculate a leg angle that places the loot. Since the leg has mass,
movement of th'2 leg changes the projection of the center of gravity -- simultaneous equations are solved. The
following analysis is done in a coordinate systerm that translates with the hip.
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Find horizontal position of center of gravity:
S

(r1 %-w)M
rM
1 sin(Od) 4"-

2 sin(O8)M(6.21)

Calculate linear combination of state errors to provide corrective feedback:
x

K (x2 -xK,d)

=

+ K3( 2)

(6.22)

where
x2d' 0 2d

arc desired values for x2 and 8,, and
Ki, K,2' K3 are feedback gains.

Place foot at TOUCH-DOWN:-

x

= Xco + xa

(6.23)

Take kinematics of model into account:
-wsin(Ot) =

-

x

(6.24)

Substitute (6.21), (6.122), and (6.23) into (6.24) and -oAve for foot placement with respect to hip:
XTD

XTr

=

w M,""(.5
sir(0 2) - (M1 +-M2) Xa
2
r1 M1 + wM2 .

(6.15)

Apply leg kinemtics again to obtain corresponding leg angle:

01

-Arcsin

r2M2 sin(0 2) -(Ml

1+

M 2) xraRM

(6.26)

The servo given in (6.1) is used to move the leg to this angel.
Figures 6-6 and 6.7 show results from simulation using the foot placement algorithm. The data of P'ig.
6-6 show corrccion of a large error in body attitude that was introduced through die initial conditions. The
0.5 radian initial errot ihi body attitude. 02, was corrected in about 6 hops. fi, this simulation horizontal
position was not controllcd, so dth transient error in horizontal velocity causes the sstcm to nome to res.t some
distance from the origin. Figure 6-7 shows the response of the same root placement ,lgoritlm to a pair of step
changes in desired horizontal position. Control of x2 is accomplished by implcmrenting a position controller
of the form:
X2,d

=

minf K(x2" x2,d), X dmax }

(6.27)

Desired body angle, 0 2,d' is also manipulated during translations. Balance using this method was stable with a
variety of initial conditions and body attitudes.
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Figure 6.7: Response of model to step in x-) using foot placement algorithm.
Horizontal position errors generated rate sctpdiins as desc.ribcd in text. K1 =0.18,
K2 =0,3, K3 =0.4.,

6.5.2 Method 2: Leg Sweeping

The leg sweeping algorithm is based on a generalization of the foot placcenent approach just described. k
arises when one thinks about the constrraints imposed by constant velocity travel, the legged system's
kincmatics, the tfrces generated bctwecn the foot and the ground, and the need to balance. We start by
finding the nominal motion that wit! maintain constant forward velocity with no tipping, and then modify this
motion to eliminate deviations from the desired state. The resulting algorithm has two parts; one part that
places the foot to control balance and tipping, and another part that moves the hip during stance to control

forward velocity.
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I

I.

Figure 6-8: When the foot is placed in the center of the CG-print. ,here is symmetry
in Uhe model's motion. Running from leIt to right, the left-nost drawing shows
rnodel's configuration just blbre IrOUCIIDOWN, the center
dr•aving shows
configuiation at uorroM. and right-must drawing chows configuraUon just Mfter
i wFr-oF-P,

In natur-l biped running each leg extends forward during flight so that the foot fi-st touche:s the ground some
distance in front of the body. During stance the leg sweeps backward with respect to the body. The foot then
leaves the ground some distance behind the body and the other foot ,xtends forward. There is a symmetry in
,this motion about the point half way through stance, when dtc leg ih directly under the center of gravity.
Figure 6-8 diagrams the symmetry. This symmetrical motion causes no tipping because the center of gravity
spends about an equal time in front of the point of support, and an equal dine behind it. The gravitational
tipping moments average to zero throughout stance.
In order to achieve symmetry of this sort for the one-leg,', model, the control system must determine the
locus of points over which thc center of gravity Aill travel during the next stance period. We call this locus a
CG-print, in analogy to a footprint. The length of the CG-print ý,just dhe product of the forward velocity and
the duration of stance. In the steady state the control system pieces the toot in the center otf die CG-print.
When the attitude of the body deviates friom its desired value, tie control system moves the floot from the
*

*)

center of the CG-print to correct the ,'ror. Placing the foot forward of the center of the CG-print will create a
net backward tipping moment during stance, while placing it behitid the center of the CG-print will create
forward tipping. Figure 6-9 illustrates the three cases. A linear combination of state errors to determine how
far :- move the foot from the center of the CG-print. The method uscs the smue rule for placing the foot with
respect to the center of the CG-print as the last method used for placing the foot with respect to the projection
of the center of gravity.
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Figure 6.9: Three types of behavior when foot is placed in CG-prin. a) Foot is
placed in center or tie CG-print. No angular change in model, horizontal velocity is
unmodifictd, b) Foot is placed toward rear of CG-print, causing body to tUp forward
during stance interval. c) Foot is place toward front of CG-print, causing body to tip

rearward during stance interval.

Horizontal lines indicate CG-print, locus of

projectori of center of gravity during stance.

Motion of the hip during stance generates torces between the ground and the foot that determine how the
system's forward velocity will changc. If the system is to progress at a constant forward rate with no forward
acceleration, then the horizontal component of all forces acting on the system must be zero. Viewing the
problem in a coordinate system that moves forward with the hip, the task is to make the foot sweep backward
at the same rate as the ground. The leg sweeping algorithm accomplishes this task by calculating a target
angle for the hip at each ,'omentduring stance. The target angle is based on the rate of forward travel, dte
instantaneous lengdt of the leg, the time that passed since TOUCII-DOWN, and the placement of dte foot
relative to the hip at TOUCII-DOWN. Under nominal conditions this motion will cause the resultant force
acting on the root to be vertical.
When the forward velocity deviates from the desired value, die sweeping motion of the leg no longer result in
a match between the speed of the foot and the ground. The result will be an accelerating or retarding force
d-tat corrects the velocity error. Kastcr leg sweeping will accelerate forward velocity, and slower sweeping will
retard it.
If the duration of stance, the horizontal velocity of the body, and the geoometry of the vehicle are knowný then
an appropriate leg angle for TOUCII-DOWN and a sweeping function for the leg can be calculated. The
duration of stance can be recorded friom the previous hop. When the horizontal velocity is x2, the horizontal
distance traversed during stance, the length of the CG-print, is:
Ax

=

2' rST

(6.28)

Combining (6.28) with (6.25) a new equation for foot placement is obtained:

x

=

w ý.,M, sin(d,) - (MI +MM,_)
riM +wM 2

XFR + AXsrANC•
2

(6.29)
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For vertical h'opping in place, where x2 =0, (6.29) reduccs to (6.25) of the last section. During stance leg angle
must change in a specified way in order to satisfy the symmetry argument for zero net ground force and
moment. At time t during s~ince:

x(t)

(6.30)

:M. aXs'rANcB

OWce again, taking the kinematics of the model into accotunr a keg sweeping function can be found:

L'

=

(6.31)

Arcsin x t(t)
)
w

'Thouigh the leg is vertical only momentarily during each stride, a sweeping serv, employing (6.30) and
(6.31) resolves leg springiness into the vertical direction. Horizontal foot motion is rigid.
Figures 6-10, 6-11, 6-12, and 6-13 show the results of simulating this algorithm. Figure 6-10 shows a constant
velocity translation at 0.75 m/sec. These data show, that horizontal vcl-city was well controlled, with only
small variations within each cycle. The leg swung Forward during flight to phice the foot. and swept backward
"duringstar.ce to minimize horizontal ground forces. The leg and the body countcr-oscillated. 1Body attitude
was kept to within 0.1 radians of vertical, with a distinct 0.3 hz oscillation superimposed on the stepping
oscillation.
To accommodate forward acceleration a compromise between Octuai , nd dcsired velocity was used to
calculate the lengtn of the CG-print.
AXSTANCE =

(x 2 -AxM•)
(x 2 +AXMAx)

, 2'd T sT

TsT
ST

for

(x2 -Ax,

TST

for

x2,d > (62 + AxMAx)

(6.32)

otherwise.

group> Ax, 1 iimits dtc magnitude of sudden changes in desired %eloci.y. Eq. (6.32) replaces (6.28). Tlhe
controller employing this algorithm stretches the leg forward a;Id leCngthcns thc -tride in order to accelerate
the model.
*I

ai

Figure 6.12 demonstrates regulation ot fiC'ourrd vclocity as the system ac(.cler:tes smoothly. The sarie data
are shown in cartoon lorm. in Fig. 6-13 wlere the 1,rttern of motion can be more easily visualized. The paths
of the body and foot are indicated by a string ot' dots dtat correspond to equal rime intervals. After about 10
seconds the rate of' travel is 2.2 m/scc. The rightmost strides in this cartoon show that clearance of the foot
above the ground was reduced as stride and speed increased. The mode!':; tendency to stub its toe as
clearance is reduced is the factor that limits maximunm speed.
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Figure 6.10: Running at constaut horizontal rate is gencrated by algorithm that
places the !•ot in the c.nter of the CG-print, and then sweeps the leg backward
during .tance. Rateoftrav.l is .75 m/sec. (K1=02, K2=01, K-3=01)

Figure 6-11 demonstrates the algorithm's ability to respond to changes in velocity setpoint. Ilie model starts
hlopping in place, then accelerarcs to I m/sec, then to 2 mn/sec. and then slows to a stop. Velocity control is

*

reasonably good once the model has accelerated ul) to speed. Control of body attitude is not particularly
good. At 2 ni/sec the body deviates froni vertical by about .3 rn/sec.

6.5.3 Method 3: Servo Attitude

Srunning

The leg sweeping algoritim maintained an even for%%ard velocity. but it did not control the attitudc of the
body with any precision. In Fig. 6-12 the body deviates from its erect position by about 0.3 radians when
at full speed. Instead of using the hip actuator to sweep the leg according to the running rate, method
3 uses the hip "ctuator to erect the body during stance. Placement of the foot in the CG-print is as before
using (6.22), (6.2.8), and (6.29):
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Figurc 6.11: Leg sweeping algorithm controls running as desired velocity, X
(shown stippled insecond plot), changed insteps. (K1 =0.2, K2 =0.1, K3 =0. AX,
max 45)

'r(t)

=

KP( 0 2-02d) + Kv(01)

(6.33)

where 02A is selected on each hop to make the averagc body ang!e zcro.

Salgorithm

Thrs algorithm contiols forward vet)city through placemcnt of the foot. and the2 ,ccclc:'`ations that result from
tipping. Since dhi hip servo crccts the body during staricc. placcment of the foot with resplct to the center of
the CG-print
= K2 =vel~ci2y
0. Figure
behavior
of this
whenexclusively
executing controls
the s~ame forward
sequencevelocity.
of steps K
iln2 forward
that 0-14
were shows
used tothe
produce
Fig.6-12.

Method 3 is simpler to implement than the leg sweeping algorithm. It is not necessary to scrvo a hip
trajectory during stance, as required by (6.30). A sctpoint tor desired body aagle is ipecified once during
sumce, and another setpoint for leg angle is specified during flight. "he fore and aft swinging motions of the
leg that characterize running arc not cxplicitly programmed, but the result of interactions between the servos
that al tevmate satisf'yinf these two setpoints.
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K3=0.1)

Mecthod 3 is also simple because it allows control of running to b-, decomposed into three separate parts. Olae
part controls hopping height by regulating dhe amount of thetist delivered on each hop. A second part
controls forward velocity by placing thc foot with respect to the center of' t1%c CO-pu)int. Thc third part
ctntrols attitude of the body by servoing die hip joint during s;rancc. No explicit (.ouplinga iXetweCt these parts
is recotircd.
"6.6 V. Conclusion
T'he long range goal of this work is to develop an understanding of balance and dynamics in legged
locomotion that will hielp to explain behavior observed in biologica' legged systems, and to lay the
groundwork needed to construct usful legged vehicles.

ethe purpose of this papcr is to describe results

obtained from modeling and simulating a legged system that hops on one leg. Such a model encourages focus

un the problem of baleance, without attending tO te coordination of m.any legs.
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l+'Igute 6.13: Cartoon of running controlled by leg sweeping algorithm. Model
accelerates from standing start to about 2.2 m/s• in 10 s•. The dotl•d lines
represent the pass of hip and foot. (20 reset/dot, .6 me/stick figure.) Maximum

•.ii

speed is limited by clearance between foot and ground. When the .•tride beeomca too

_•.:,

long the model stubs its'toe.

i-i
•

"1

model consists cfa body, al! aCtllated hinge-type hip, arm a leg. The leg is m assful,
STheit is springy, and its
len'dth c•ttl be controlled by a position actuator. We separate control of !he model into a verticnl hooping part
and a horizontal balance part. Vertical control k2kes advantage of tile springy leg to achie•,e re.'.onant hopping
The control system regdated hopping height using a measure of vertical energy
Smotion.
to contrt•l the th rust
delivered on each hop.

v

:"..
-Z..,=

l!orizoratai control ensure,; that the body is maintained in an upright posture, cad "daat the rr,te of' fotavard
travel is well controlled. W e explored three algorithm s tor horizontal control; m ed•od
S. 1, th e foot placement
algorithm, method 2, the leg sweeping algorithm, and method 3, the attitude control algorithm.

•.
•''i.

• M__.•ljod 1: The foot placement algorithm places the toot with respect to the projection of the
center of gravity, and holds the hip fixed during stance. It maintained balance when hopping in
place, but could move forward only slowly.

-i

• Method 2: The leg sweeping algorithm uses the CG-print to calculate a where to put the foot on

-.
+

each step, and a i•ip trajectory that will control forward travel. It controlled tbrward velocity with
good precision, but control of"body angle was poor.

• -•.
-4

+ M__cthod 3: The •tttitude (:ontrol algoridun also uses the CG-prittt to pl::t;e the fi)()t, but hip torque
during stance controls body attitude. This simpler algorid•m control forward vclucity and attitude

;+
_:-+-

:i

with good precision.
Contrt•l of" running in the one-legged model can be decomposed into height control, a fbrward velocity
control, and at.'+itude control.
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6.7 Appendix ViI. Equations of Motion for Model
These cquations wcrc derived from free body diagrams of the I•g and body using d'Alcmbert's principle.
Y=

rY(OIsin(d 1 ) + elcos(06))

(6.34)

X

X

rl(e cos(e 1) - i•sin(e))

(6.35)

Y2

Y= +

w cas( 1 ) - we sin(#$) - w6 cos(0 1)

(6.36)

-

r2(0.,in(d2 ) +

(#cos(0
2 )) -

2wO.sin(0 1)

x= X0 + w sin(0 1 ) + w0 1 cos(01 ) - wdlsin(0 1 )

+ r,(,o(

2

jii0)

+ NO 1cos(O1)

MIy, =IFy - F1.cos(0 1) + FNsin(G1) - Mjg

1

-

iill 0

S:

(6.38)

F cos(O 1)

(6.39)

[I101 = -Fxrlcos(0i) + Fyr 1sin(9 1 ) - FN(w-rj) - r(t)

(6.40)

M2Y
2 = FTcos(Ol) - FNsin(OI) - M2g

(6.41)

M2 x- = F ;in(O) + Fco

(6.42)

F1
I.sin(02-O2) - Fr2s

*

(6.37)

where
(x0 ,Yo)
(x1 ,Y)
(x2,y2)

) +

T(t)

are coordinates of the foot,
are coordinates of die leg's CG,
are coordinates of the body's CG,

(6.43)
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ar,ý iLht vertical and horizontal forces on the foot, and
arc thc tangent and normal forces between die leg and body.

FF
FT,F N

Tbcsc equations are expressed in terms of the state variables 8 .02' X0, yo, w by eliminating xj, Y1, X2 ' Y2, FN

and

T

M2r2 W COS(e 2)'O, + M2 Wx0 + M2 W sin(e 1 )w

COS(8 1 )(M2 WW + 1'l+

(6.44)

=

Sinl(O 1 ) - 20 w cos(Og) + rt9~sin(O2 ) + r1 6~sin(O1 ))
IVW(>
-

*

iiF.cosN~i) + cos(Oj)(rF Ysin(O 1)

-sin(6~1 )(Mv2 Ww + Y81~ M2 r

2)82

~si

-

a(t)) + F KW sin(e 1 )

+ M2WY0 + M2 W COS(0)w

=(.5

WM2 (8,W cos(0 1) +281w -sin(01 ) + r2 2cos(82) 4- r1 6~co3s(8 1 ) - g)
+ rFxcos(d1 )sin(O1,) - sin(8,)(rlrF YsiI(O I) - *r(t)) + F KW COS(8 1 )

(6.46)

Cos(O1 )(Mjr 1 W-I 1 )U, + N41Wxo
W(M r 8 ý4n(O

- F.sin(Ot)

1

coS(Oj)(F~r~sini(Oj)

-

+ F)

Fxr~cos(8 1)

,r(t))

-

(6.47)

-sin(8j)(M~rjW-1 1,)i, + MWy'*=

4W(Mir

1 Olcos(O1 ) -

sin(O1)(ryr siri(O0 )

-cos(0 2 - 01 ),1r 20 1 + 12wi
W(F r Sinl(0

K

2 -O1)

F~cos(8 1)
-

F+ - Mjg)

.r~cos(O 1 )-

-

t)

2 =(6.48)

+ r(L))

-

r csOCSI-

1)(r1F--sin(6 1) -

rF,,cos(Ol)

-T'(t))

*
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where
W-

w-r1

Fx

KL(ko-w+x)
KL,(ko-w + X) - BL2W

for (ko-w+X) >0
otherwise

(6.49)

-K (x

for yo < 0

(6.50)

Fy =

0::

0,.

01

-

0

othe-rwise

-Kyo - B-o

for yo < 0

0

otherwise

(6.51)

"77-7

7

*7
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6.8 Appendix VIII. Simulation Parameters
M

1 kg

II = I k-n
g
r 1 = .5 m

M2 = 10 kg
2

ko = 1in
KL = 103Nt/m
KLU
10=Nt/m
K, = 104NtL/m
H

0';

6

0:.

2

125 Nt-scc/m
Bt = 75 Nt-sec/m
BLI =

1.8 in

Kp = 1800 Nt-m/rad
1200 Nt-m/rad

for yo<O
otherwise

K= 200 Nt-mn-sec/'ad

for yo<0

60 Nt-m-scc/rad

0i'

12 = 10 kg-n
r 2 = .4 in

otherwise
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