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PREFACE

The Twentieth Century has been characterized by innumerable

attempts to use the Scientific Method as a basis for policy planning

in national and international affairs. The emergence of the field of

operations research (OR) out of attempts of scientists in the Western

Democracies to apply the Scientific Method to military problems during

World War II is well known. Since World War II there has been a

dramatic growth in both the interest in and use of OR and systems-

analysis techniques for such purposes within the U.S. defense establish-

ment, especially since the beginning of the so-called McNamara Era of

defense planning. A concomitant trend has been an equally dramatic

increase in both the number and variety of mathematical models used to

support these analytical activities.

Unfortunately, professional communications within the defense

analytical community have not kept pace with this dramatic growth in

modelling and analysis activities. In particular, there has been a

relative lack of scientific communication and organization of knowledge

concerning the foundations of defense analyses and associated defense-

analysis technology. However, even this important point has not been

explicitly articulated in several fairly recent critical appraisals of

tthe foundations of defense analyses . To be sure, research progress on

these foundations has been made, but it has not always been efficiently

and effectively communicated to interested parties. This inaccessibility

-In particular, see JACOB A, STOCKFISCH, "Models, Data, and War: A

Critique of the Study of Conventional Forces," R-1526-PR, The RAND
Corporation, Santa Monica, California, March 1975 and also U.S. General
Accounting Office, "Models, Data, and War: A Critique of the Founda-
tion for Defense Analyses," PAD-80-21, Washington, D.C., March 1980.
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of scientific information concerning combat-modelling methodologies

has contributed to the existing gap between theory and practice. Some

undesirable consequences of this communications deficiency between

analysts and researchers include (1) duplication of effort, (2) models

being inefficiently used (or even misused), (3) lack of the appropriate

intellectual environment for effective professional review by peers, and

(4) lack of any "road map" to provide direction (and purpose) for

methodological developments.

Thus, although there has been a great need, information about

combat-modelling methodologies, their strengths and weaknesses, limita-

tions, etc. has not been very widely disseminated in accessible form.

National security (i.e. material being classified) has not really been a

factor in producing this situation in which the quantitative foundations

of defense analyses have not been readily available to the analysis

community for scientific scrutiny. Without such generally available

methodological material, little scientific progress can be made, since

open scientific discussion is hampered by such vital information not

being readily available to all interested parties. Consequently, this

monograph has been written in an attempt to fill some of this void by

organizing the current state of knowledge about a certain type of combat

model, so-called LANCHESTER-type equations of warfare. Hopefully, its

appearance will also stimulate discussion and debate concerning assess-

ment of existing capabilities and future needs in this one specific area

of combat-modelling methodology.

At the personal level, the reader may be interested in knowing how

the author has become drawn to this subject: the author has been

interested in the subject of LANCHESTER-type combat models since the late
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1960's, when R. NICHOLS HAZELWOOD introduced him to combat models and,

in particular, to the work of HERBERT K. WEISS. He has been fortunate

enough to have subsequently had such interests nurtured at the Naval

Postgraduate School (NPS) and has had the opportunity to do research on

combat models and teach graduate-level ccurses about them to students

(primarily U.S. Army and U.S. Marine Corps officers) in the OR curriculum

ac NPS since 1970. The treatise at hand (and its petite predecessor

Force-on-Force Attrition Modelling ) has evolved from these activities.

This monograph is a comprehensive treatise on LANCHESTER-type models

of warfare, i.e. differential-equation models of attrition in force-on-

force combat operations. Its goal is to provide both an introduction to

and current-state-of-the-art overview of LANCHESTER-type models of warfare

as well as a comprehensive and unified in-depth treatment of them. Both

deterministic as well as stochastic models are considered. Such models

have been widely used in the United States and elsewhere for the model-

ling of force-on-force attrition over the complete spectrum of combat

operations, from combat between platoon-sized units through theater-level

air-ground combat. This material should be of interest primarily to

individuals concerned with defense planning, quantitative aspects of

military analysis, military OR, war gaming, or combat modelling, although

it may also be of interest to the reader concerned with the modelling and

analysis of other dynamic systems. It should also be of interest to the

concerned citizen who is interested in the foundations for defense

analysis and has the appropriate technical background.

ttThe full citation here is JAMES G. TAYLOR, Force-on-Force Attrition
* Modelling, Military Applications Section of the Operations Research

Society of America, Arlington, Virginia, 1980.
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I have tried to make this monograph particularly suitable for three

specific groups of readers: (1) the beginning student of military OR,

(2) the practicing military OR analyst, and (3) the research worker in

OR, applied mathematics, models, or systems analysis and evaluation. For

the first group (i.e. beginning studeats of military OR), I have included

much expository and explanatory material: each major topic is preceded

by a general discussion of the contextual setting in which it arises

(with figures depicting important conceptual ideas and typical numerical

results). For these readers I have supplied motivation and overview.

For the second group (i.e. practicing military OR analysts), I have

emphasized those theoretical and applied concepts that are basic for the

building and running of operational combat models (e.g. the numerical

determination of values for LANCHESTER attrition-rate coefficients) and

have provided a bridge between such current operational combat models and

the abstract notions that form their conceptual bases. For these readers

I have supplied examples from current operational combat models. For the

third group (i.e. OR and other researchers), I have surveyed the current

state of the art of pertinent quantitative methodologies concerning

LANCHESTER-type combat models, particularly mathematical results for

analytically investigating the quantitative behavior of relatively simple

LANC1YITER-type models. For these readers I have included numerous

references to the literature and a comprehensive bibliography on the

LANCHESTER theory of combat. This book, however, is particularly slanted

toward the beginning military-OR student who is interested in force-on-

force combat models, since it is through him (particularly if he is an

officer in one of the military services) and his education about combat

models that the greatest long-term improvements in defense decision
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making may be achieved by the U.S. Departrment of Defense (DoD). It

strives to give the reader (regardless of his orientation) an apprecia-

tion of the complex operational models that are today used for

investigating large-scale simulated air-ground combat operations by DoD.

Mathematical prerequisites have been kept to a minimum, with more

mathematically oriented sections that are not necessary for the under-

standing of the sequel being identified as "starred sections." Through-

out this monograph, modelling aspects have been emphasized. Anyone with

a background in calculus good enough to understand the physical

interpretation of an ordinary-differential equation model should have no

trouble in reading most of it. However, the few starred sections do

require more mathematical sophistication to be understood.

This monograph is organized into two volumes of four chapters

each. The monograph begins with a discussion in Chapter 1 about the

general nature of models (particularly, combat models), their use in OR,

and particularly the contextual setting for the use of such models as

planning tools in the U.S. DoD. Chapter 2, which begins by reviewing

FREDERTCK W. LANCHESTER's pioneering work on quantitatively justifying

the Principle of Concentration, examines LANCHESTER's classic combat

models and the many subsequent variants of them. The models are kept

simple and deterministic here, but the stage is set for subsequent model

enrichments considered later in this monograph. The discussion of

LANCHESTER's classic combat models is self-contained, with background

material on the relevant mathematics being contained in an appendix.

This material is fundamental and very important not only in its own right

but also for understanding subsequent developments in this book: it

forms the basis for the many extensions considered later in the book. A
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selection of Problems has beer provided in Chapter 2 for the enhancement

Fof the reader's familiarity with these basic models.

Chapter 3 ocontains a comprehensive examination of some simple

models of battle termination. It considers both the empirical foundations

of such models and also the mathematical analysis of their properties.

Both deterministic and stochastic battle-termination processes are

examined, although only deterministic LANCHESTER-type attritioýi processes

are considered. This chapter is essentially a state-of-the-art survey of

battle-termination modelling and focuses on work by H.K. WEISS and R.L.

HELNBOLD. It culminates by examining HELMBOLD's empirical investigatiun

of the validity of breakpoint hypotheses. Cbapter 4 examines stochastic

versions of the simple deterministic homogeneous-force models considered

in Chapter 2. Continuous-time MARKOV-chain models of LANCHESTER-type

attrition processes are exclusively considered. After examining

analytical results for such models and noting their complexity, the

reader will certainly appreciate the fact that except for small numbers

of combatants, the expected course of combat (at least for MARKOV-chain

models of homogeneous-force combat) is well approximated by deterministic

LANCHESTER-type equations. Not surprisingly, such deterministic

LANCHESTER-type models are consequently frequently referred to as

expected-value models. Herein ends Volume I.

Volume II begins with Chapter 5. In order to use a LANCHESTER-type

model in any actual military OR study, numerical values must be determined

for the attrition-rate coefficients, which represent the single weapon-

system-type kill rates. Chapter 5 considers in detail approaches and

methodologies for determining such numerical values for LANCHESTER

attrition-rate coefficients for various types of weapon systems. The

vii
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two main approaches that are currently used in the United Srat#ns to

determine such single-system kill rates are basad on using (.) a "free-

standing" analytical submodel of an individual firer engaging a single

enemy target, and (2) a statistical estimate based or "combat" data

generated by a detailed Monte Carlo combat simulation. Such methodology

is a basic essential ingredient for the building of any operational

S-I

* LANCHESTER-type combat model. Chapter 6 considers LANCHESTER-type

models for combat between two homogeneous forces and emphasizes the

* ~analysis of such models. IYor several important classes of homogeneous~-

force models, analytical results are given that make the analysis

(including determining the force levels as func~tions of time and predict-

ing the battle's outcome) of such variable-coefficient combat models

almost as convenient as that of LANCHESTER's original constant-coefficient

ones. Tables of special new mathematical functions (i.e. the LCS

functions developed by the author) are provided for the reader's use in

analyzing certain important classes of "aimed-fire" bat-tles between two

homogeneous forces.

Chapter 7 considers modelling tactical engagements and surveys

approaches currently used in the United States for assessing casualties

in simulated tactical engagements between general-purpose military

forces in conventional air-ground combat operations. It reviews the

various different modelling alternatives available to the military OR

worker and then expounds on both detailed deterministic LANCHESTER-type

models of attrition in tactical engagements and also aggregated-force

models based on index numbers (e.g. firepower scores), with hierarchical

modelling approaches also being briefly discussed. Model formulation

and methodological aspects are emphasized, with simple auxiliary models
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being used to illustrate modelling points for developing and understanding

complex operational models. Examples of current operational models that

use the two main theoretical approaches of casualty assessment (i.e.

detailed LANCHESTER-type force-change representations and aggregated-force

casualty assessments based on index numbers) are given. Recent develop-

ments by authors such as L.B. ANDERSON, D.P. DARE, and R.M. THRALL for

determining firepower scores (i.e. weapon-system-type values) from a

linear model that imputes values to weapon-system types based on their

LANCHESTER attrition-rate coefficients are reviewed and discussed, as

well as the important (and elusive) problem of historical validation of

attrition models. Next, Chapter 8 reviews work on developing insights

into the structure of optimal tactical decisions by applying the

appropriate optimization theory to a combat model with military strategy

and tactics quantified through tactical-choice variables. Gaming

aspects are also briefly considered. This chapter is essentially a

comprehensive overview and review of work on the quantitative study of

military strategy and tactics by using optimization theory in conjunct-

ion with combat-modelling theory. Again, simple auxiliary LANCHESTER-

type models are used to study these complex operational problems. As

before, model formulation and insights gained into the structure of

optimal time-sequential decisions are stressed, with optimization-theory

(i.e. differential-game) prerequisites being kept at a minimum (i.e. the

results of such optimization studies are given but not the details in

the application of the optimization theory). Finally, a comprehensive

bibliography on the LANCHESTER theory of combat is included in an

appendix for the reader who is interested in further information abcut it.

This monograph has evolved out of a tutorial on LANCHESTER-type
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models of warfare that the author was invited to deliver by the Military

Applications Section of the Operations Research Society of America (ORSA)

at the 46th National ORSA Meeting on Thursday October 17, 1974 in San

Juan, Puerto Rico. This tutorial was well received, and it was subse-

quently repeated at the 35th Military Operations Research Symposium in

July 1975 and at the 15th Annual U.S. Army Operations Research Symposium

in October 1976, After attending this tutorial in July 1975, CDR JAMES J.

MARTIN, USN, then Chairman of the MORS Publications Committee, expressed

strong interest in the author's expanding the tutorial material into a

monograph on LANCHESTER-type models of warfare. The writing of this

monograph was consequently begun under the sponsorship of the Office of

Naval Research (Code 431, Naval Analysis Programs) in July 1976.

Continued encouragement by Dr. MARTIN (now retired from the U.S. Navy)

has been appreciated. I have used earlier drafts of the beginning

portions of this material (primarily Chapters 1 and 2 and occasionally

Chapter 3) in graduate courses on combat models for OR students at the

Naval Postgraduate School.

The author would like to thank all the organizations and

individuals who have helped facilitate the appearance of this monograph.

Although all those who have helped me are far too numerous to mention,

I would like to explicitly express my thanks to 3everal. In particular,

the writing of this monograph has been financially supported by the

Office of Naval Research (both through direct funding by Code 431 and

also through the Foundation Research Program at the Naval Postgraduate

School), the U.S. Army Research Office (ARO), Durham, North Carolina,

and the Headquarcers of the USAF, Studies and Analysis Group. Addition-

ally, ARO supported some separate research during this period on
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LANCHESTER-type models of warfare, and results from this work have been

incorporated into the monograph at hand. Most of the author's research

on LANCHESTER-type models of warfare, however, has been supported over

a number of years. by the Office of Naval Research (both through direct

funding by Code 431 and also through the Foundation Research Program at

NPS). The author would like to thank Provost JACK R. BORSTING of NPS

(formerly chairman of the OR department) for his continual encourage-

ment and support of such work as well as that from subsequent OR

department chairmen Dean DAVID A. SCHRADY and Professor MICHAEL G.

SOVEREIGN. The endeavors of Associate Professor GILBERT T. HOWARD

(associate chairman for research of the OF. department) in this respect

are also gratefully acknowledged. The author would also like to thank

HERBERT K. WEISS, Dr. JAMES J. MARTIN, Dr. FRANK E. GRUBBS, Professor

MARTIN SHUBIK, and LTC JOHN FRIEL (USAF), for their constant encourage-

ment. Additionally, the authoz would like to thank Professors CLINTON

J. ANCKER, GORDON E. LATTA, GUILLERMO OWEN, and MICHAEL G. SOVEREIGN, as

well as LTC RICHARD S. MILLER (USA) for their numerous suggestions for

improving this manuscript. I am especially indebted to LTC MILLER for

many stimulating discussions on the topics of combat modelling and this

constant encouragement and help concerning this project. The author

would also like to thank the late ROSEMARIE STAMPFEL tt for her consum-

mate typing of this manuscript. Finally, the author would like to thank

his family for their understanding of the long hours he has spent

#tSadly and unexpectedly ROSEMARIE STAMPFEL passed away just after

completing the typing of the first draft of the manuscript. As a tech-
nical typist, she was without peer. I would like to thank her for her
many suggestions and help in improving this manuscript. She wiJ.l be
missed by many. xi
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writing this book and for their constant support, especially his wife

MARY ANN, who has proofread most of this monograph (some while recover-

ing from surgery).
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