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I. Introduction

This report describes work performed under AFOSR Contract

#F49620-76-C-0005 during the period August 1, 1976 to October

1, 1979. The subject of research has been the theory of

"Plasm Wave Turbulence and Particle Heating Caused by

Electron Beams, Radiation, and Pinches." The period covered

is the first three years of a comprehensive research program

concerned with the nonlinear behavior of plasmas subjected

to intensely energetic sources.

One of the significant developments in plasma physics

over the past decade has been the theoretical and experimental

progress made in our understanding of nonlinear plasma wave

evolution in response to external sources: A wide variety

of radiation sources such as lasers,I'2 microwaves,3'4 and

5,6radar, and of electron beam sources such as solar electron

streams7'8 and laboratory beams9 can excite plasma wave

instabilities in target plasmas. The waves saturate into

a turbulent spectrum 10 and may heat the plasma, accelerate

plasma particles, and/or emit their own radiation. Such

processes have been linked to inertialI1 and magnetic12 con-

p trolled thermonuclear fusion schemes, radar communications

in the earth's ionosphere, and type III solar radio bursts
7'8

The phenomena also bear heavily on certain fundamental questions

9 of plasma turbulence, such as wave collapse in phase space,

electric-field envelope-soliton evolution,13 '14 and the

nature of so-called "strong turbulence.
"13
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I Over the past three years we have achieved major advances

in the three subject areas of our contract research: electron

beams, radiation, and plasma pinch devices.

In connection with electron beams, we have developed

a theory of the dynamics of driven Langmuir wave turbulence.

Such turbulence controls beam stability, plasma radiation,

particle heating and transport phenomena, for a class of

high velocity, electron beams. In low density beams, Langmuir

wave evolution was found to be governed by nonlinear index

of refraction effects, and associated self-focusing, rather

than by wave reaction back on the beam (quasilinear effects).

We have verified such behavior numerically, developed an

-- analytical theory, and found approximate estimates and bounds

for the radiation from such electron beams. Our results

compare favorably with measurements of volume emissivity

Iof electromagnetic radiation from Langmuir turbulence driven

by electron beams of solar origin.15,16 (Also, see Appendices

A, B, C, D, I, J, and K of this report.) Recently, megawatts

c of radiation around the plasma frequency were also measured

from higher density relativistic beams in laboratory plasmas,
17

lending an extra significance to this line of research.

. In the area of laser-plasma interactions, we have

demonstrated the experimental significance of our nonlinear

theoretical research in a collaboration with Dr. N. Peacock,

0 of Culham Laboratories. Peacock's experiment on nonlinear

interactions of a CO2 laser with a dense plasma focus device,

1 .. , ,- .
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* iwas undertaken at our suggestion. Almost 100% anomalous

absorption of the radiation was observed, along with intense

Langmuir turbulence. These results, and theoretical analysis

Zof the intensity of Langmuir turbulence, are described in

a joint Physical Review Letter,
2 subsequent publications,

18

and a Ph.D. thesis by Mr. T. Rudolph (see Appendix E).

We have also made advances in the area of laser-plasma

diagnostics. A classical theory of the Raman-induced Kerr

effect (RIKE) has been developed (see Appendix G). It exhibits

the advantage of the coherent RIKE diagnostic over incoherent

Sscattering, as an optical diagnostic in a high density plasma.

The third area of research supported under this contract

has to do with atomic physics and transport processes in

high beta Z-pinches. This research has now been completed

in the form of a Ph.D. thesis by Mr. E. Caramana (see Appendix

F). The computer code developed by Mr. Caramana will help

determine plasma temperatures, radiation, impurity distribu-

tions, and overall plasma evolution in Z-pinch plasmas such

as the reversed field Z-pinch and plasma focus devices.

C

I.

ii
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II. Accomplishments and Collaborations

Our accomplishments under Air Force sponsorship can best

be described within the categories of publications, presenta-

tions, collaborations, and other research. Below, we list

items under these categories, with a brief description of the

nature and significance of the research. The list is in

reverse chronological order, beginning with the new results

of the period 10/1/78-9/30/79 (items A.1 to A.6, B.1 to B.3

and C).

A. Publications and Ph.D. Theses

1. "Radiation From a Strongly Turbulent Plasma:

Application to Electron Beam Excited Solar Emissions,"

Martin V. Goldman, George F. Reiter*, and Dwight R. Nicholson,

Phys. Fluids 23, 1980 [attached as Appendix A].

This work represents a new theory of electromagnetic

emission induced in plasmas by high velocity, low density

electron beams. The electron beam causes Langmuir waves to

grow in the plasma. At a threshold wave energy density which

can be a small fraction of the beam energy density, the Lang-

muir wave packets begin to self-focus and quickly collapse

spatially, due to field-dependent index of refraction effects.

Transverse nonlinear currents associated with the electro-

static Langmuir waves cause radiation to be emitted at the

plasma frequency and its first harmonic. In this paper, we

*Consultant, supported by AFOSR.
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have used self-similar solutions for the collapsing Langmuir

fields to calculate the current strengths. A crude statisti-

cal theory of the volume density of collapsing packets then

Zenables us to estimate the volume emissivity for radiation.

These estimates are consistent with observations of second

harmonic radiation from almost relativistic electron beams of

solar origin. Intense fundamental radiation is also predicted.
17

This work may impact on recent laboratory experiments per-

formed at the University of California at Irvine, in which

relativistic electron beams are observed to produce up to 10

r megawatts of radiation power at frequencies around 100 Ghz.

Such emission may be a powerful diagnostic relating to beam-

plasma interactions.

2. "Dimensionality and Dissipation in Langmuir Collapse,"

M. V. Goldman, K. Rypdal, and B. Hafizi, accepted for publica-

tion in Physics of Fluids [attached as Appendix B].

This paper contains a myriad of new results concerning

the collapse of Langmuir waves. The self-similar form assumed

in our emissivity calculation is here studied numerically

in accessible parameter regimes. In the regime of adiabatic

ions and three-dimensional spherical symmetry about a wave

packet with non-zero momentum, the collapse is seen to quickly

approach self-similar form, even for initial energies only

slightly above threshold. We also obtain the effects of

Langmuir wave collision damping on the collapse threshold,

and prove some interesting analytical results about
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one-dimensional pulsating solitons. This paper contains

results about the dynamical behavior of Langmuir wave evolu-

tion which could be extremely significant and relevant to

p strong Langmuir turbulence excited by electron or radiation

beams.

3. "Parametric Instabilities in Weakly Magnetized

Plasma," J. C. Weatherall*, M. V. Goldman, and D. R.

Nicholson, submitted to Astrophysical Journal, 1979 [attached

as Appendix C].

Our earlier work on beam excited Langmuir turbulence

neglected guiding magnetic fields. This paper studies the

effects of a weak magnetic field on the wave-wave interac-

tions associated with Langmuir collapse. It is found that

even a weak magnetic field tends to make the instability

more one-dimensional, and can suppress the forward cone of

modulational instabilities altogether. This work is signi-

ficant for its influence on subsequent studies of magnetic

collapse by our group and others. Weak magnetic fields may

inhibit or distort Langmuir collapse and turbulence due to

beams (currently under study).

4. "A Statistical Theory of Langmuir Turbulence,"

D. F. DuBois**, H. A. Rose, and M. V. Goldman, Journal de

Physique, Colloque #7, Suppl. #7, Tome 40, pg. 601 (1979)

[attached as Appendix D].

*Ph.D. student supported by AFOSR.
**Consultant supported by AFOSR.
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This work is concerned with a statistical treatment of

the (Zakharov) equations which govern nonlinear Langmuir wave

dynamics such as soliton formation in one dimension (or

collapse, in two or more dimensions). The method is a gener-

alization of the well-known direct-interaction approximation

(DIA) used in Navier-Stokes theory of neutral fluids. The

problem is formulated in this paper in a manner which is

amenable to further numerical computation. The physics of

the self-focusing instability is identified for the first

time in a statistical theory. This research area is impor-

tant because a knowledge of the Langmuir wave correlation

functions is essential to an understanding of their role in

transport phenomena and particle heating. Also, the statis-

tical approach offers the possibility of finding "averaged"

general properties of the nonlinear phenomena occurring in

strong Langmuir turbulence.

5. "Two Examples of the Decay Instability in an

Inhomogeneous Plasma," T. H. Rudolph, Ph.D. thesis,

University of Colorado, 1979 (attached as Appendix El.

This work represents a first draft of the Ph.D. thesis

of Terence Harvey Rudolph, who has been supported by the

present AFOSR contract since 1976. It consists of detailed

numerical and analytical work concerning the Langmuir turbu-

lence excited by intense radiation in plasmas with density

gradients. Two examples are treated: radio waves in the

ionosphere and CO2 radiation incident on a dense plasma focus
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S device. In the former case electron cyclotron damping is

taken into account, when the HF radio wave is near twice

the electron cyclotron frequency. The theory is relevant

to ionospheric modification experiments 19 conducted in

1972-3. In the CO2 laser case, an application is made to

the scattering experiment of Peacock, et al.2'18. We find

qualitative agreement with Peacock's scattering measurements

of turbulent electron density correlations near the plasma

frequency. The thesis is concerned mainly with the convec-

tive nature of parametric instabilities. Langmuir wave

packets grow only while they are in the intense radiation

field and satisfy the momentum (index) matching conditions.

6. "Effects of Impurity Radiation on Reversed-Field

Pinch Evolution," "The Numerical Solution of the Multi-

Fluid, Quasi-Equilibrium MHD Equations in One Dimension,"

Ph.D. thesis of Edward J. Caramana, 1979 [attached as

Appendix F].

This is the final version of the Ph.D. thesis of

E. Caramana, who has been supported by the present AFOSR

contract since 1976. The influence of impurity ion radia-

tion on the evolution of a reversed-field pinch plasma is

studied by means of a one-dimensional, MHD simulation code

that includes both plasma transport and impurity effects.|.

Radiation barriers are encountered, and limits are found in

the acceptable level of low Z impurities that may be present

if meaningful heating is to occur. A criterion for radiation

T.
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barrier burn-through is derived. Also, thermal instabilities

in the reversed field pinch are explored. It is found that

current perturbations remaining from this pinch formation phase

can be greatly enhanced by the presence of impurity cooling.

7. "Plasmon-Plasmon Interactions," D. F. DuBois* and

M. V. Goldman, Phys. Rev. Lett. 40, 1978 [attached as Appendix

H].

This paper represents a spin-off of our research on the

statistical theory of nonlinear Langmuir wave evolution. It

is concerned with whether or not a "bound state" of two plas-

mons can occur, due to the nonlinear interaction corresponding

to the ponderomotive force. Our conclusion was that such a

state may be marginally achievable in a degenerate semi-

conductor plasma and might be observable. These results now

appear to be relevant to strong plasma turbulence induced by

beams.

8. "Nonlinear Lanqmuir Waves During Tyye III Solar

Radio Bursts," Dwight R. Nicholson, Martin V. Goldman, Peter

Hoyng, and James C. Weatherall,** Astrophys. J. 223, 605

(1978) [attached as Appendix I].

In this paper we first showed numerically how electron

beams can directly produce Langmuir wave collapse and turbu-

lence. The model Zakharov equations for a Langmuir electric

field driven by the beam were solved in two dimensions (the

*Consultant supported by AFOSR.

**Student supported by AFOSR.
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minimum number of dimensions needed for collapse to be

present). The beams chosen for study were those of solar

origin, at velocities about one-third the speed of light

and beam density about 10-6 times the background plasma

density. Such beams are known to produce electromagnetic

emission near the plasma frequency and its first harmonic.

Both linear instability and collapse thresholds were studied.

Langmuir packets were first observed to grow linearly due to

beam instablity and then decouple from the beam and rapidly

collapse when their energy density exceeds threshold. This

behavior should contribute to beam stability, since this

wave energy density for collapse is low compared to the beam

energy density. This work led to an analytical theory pre-

sented in the next paper:

9. "Virial Theory of Direct Lanqmuir Collapse," M. V.

Goldman and D. R. Nicholson, Phys. Rev. Lett. 41, 406 (1978)

[attached as Appendix J].

In this Physical Review Letter, a general virial theorem

was proven, without any assumption of special symmetries, and

used to calculate the threshold and time for direct collapse

of a two-dimensional Langmuir wave packet of the type driven

by certain types of electron beams. The analysis is shown

i. |to apply to "bump-on-tail" beam instabilities, when the "bump"

is broad, low, and at high velocity. The analytic theory was

shown to be in very good agreement with our earlier numerical

analysis.
* N
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10. "Cascade and Collapse of Lanqmuir Waves in Two

Dimensions," Dwight R. Nicholson and Martin V. Goldman,

Phys. Fluids 21, 1766 (1978) [attached as Appendix K).

This paper is mostly numerical, and applies to hotter

plasmas, in which the Langmuir waves have a larger group

velocity, and become more intense. The virial theorem of

the previous Letter does not apply because the ions can no

longer be treated as adiabatic. We observe various nonlinear

wave phenomena, including one important scenario which has

long been a subject of speculation in the Soviet literature

and elsewhere, but has never been shown to occur: A slow

cascade of energy to longer scale lengths (smaller wave

numbers), followed by a fast spatial collapse to short scales.

This work is again intrinsically two-dimensional.

11. "Absorption of CO2 Laser Light ]y a Dense, High

Temperature Plasma," N. J. Peacock, M. J. Forrest, P. D.

Morgan, M. V. Goldman, T. Rudolph, and A. A. Offenberg,

Journal de Physique, Colloque C6, Tome 38, 43 (1977)

[attached as Appendix LI.

The interaction between a pulsed CO2 laser beam and

the plasma produced in a focus device is investigated theore-

tically and experimentally. The beam is grossly affected by

the plasma, and absorption during the compressed pinch phase,
when the plasma frequency exceeds the CO2 frequency, is much

more complete than can be predicted by classical resistivity.

,1-
L
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Enhanced density fluctuations at the Langmuir frequency

were measured directly by forward scattering from a probe

ruby laser beam, and found to be a factor of 30 above the

thermal level. A WKB treatment of the electron-ion decay

instability, including convection in the inhomogeneous plasma

is reasonably consistent with the observations (also see

Appendix E for a more complete version of the theory).

B. Miscellaneous Topics Currently Under Preparation

for Publication

I 1. "Break-Up and Reconstitution of Lanqmuir Wave

Packets in Two Dimensions," T. Tajima, J. N. LeBoef, J. M.

Dawson, and M. V. Goldman.

This work represents a first attempt to study ponderomotive

force nonlinearities of Langmuir wave packets in homogeneous

two-dimensional particle-in-cell simulation. At our sugges-

tion, the U.C.L.A. plasma numerical studies group studied

the evolution of an initial coherent Langmuir wave packet of

Gaussian shape. We found the unexpected phenomenon of

periodic packet break-up and reconstitution, with a time

period inversely proportional to the initial packet energy

density. Thus far, a satisfactory quantitative theory of

the recurrence has proven elusive, although a heuristic

explanation is possible. The packet is below the threshold

for direct collapse, so there is no contradiction with our

previous results concerning collapse. This work is currently
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being prepared for submission a. a Physics of Fluids Research

Note.

2. "Thermal Self-Focusing of Finite Width Microwave

Beams in the Ionosphere," M. V. Goldman and R. Perkins.

This reseorch is concerned with the effects of intense

radiation on the ionosphere. It is particularly relevant

to schemes to transmit to earth via microwaves, the energy

collected by photo-voltaic cells on board geostationary

satellites (this is the so-called solar-power-satellite or

S.P.S., concept). It represents a collaboration begun with

Prof. R. Perkins, of Princeton, in July 1979. We have studied

thermal-self-focusing instabilities driven by the microwave

beam. Such instabilities correspond to self-consistent

density motions, and their effect on the index of refraction

seen by the beam. They are driven by the Joule heating term in

the electron temperature equations rather than by pondero-

motive force (as in the Langmuir wave self-focusing instabili-

ties). The Joule heating causes thermal conduction along

magnetic field lines. The resulting density fluctuations are

capable of producing striations in the original beam. We

have taken into account the finite width of the beam (as

an eigenvalue problem), and saturation in the steady state

|. striation problem (via Joule heating nonlinearity). It was

found that the thermal self-focusing instability can be induced

in the F region of the ionosphere using present-day HF radar

facilities, and should also be present for the SPS microwave

beam. Experiments to test this theory are currently underway.I.,
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3. "Raman-Induced Kerr Effect--A New Laser Plasma

Diagnostic," M. V. Goldman and R. Hellwarth (see attached

memorandum, Appendix G1.

The idea of the Raman-Induced Kerr effect is as follows:

A plasma irradiated by a broadband laser is put between cross

polarizers. No plasma wave "signal" is transmitted by this

probe until a second, circularly polarized, narrowband laser

is turned on, at which time a strong coherent signal is

detected. This signal carries imprinted upon it the spectrum

of plasma collective modes, and can yield valuable information

concerning electron beam or laser excited wave tibulence.

We have developed a theory of this effect, based on che

physics of ponderomotive force. It exhibits the potential

advantage of the Raman-Induced Kerr effect (RIKE) over inco-

herent scattering, as an optical diagnostic in a high density

plasma. The signal from RIKE is theoretically predicted to

be stronger than that from incoherent scatter by a factor of

about 106, due to coherence effects. While Appendix G does

not take plasma inhomogeneity effects into account, recent

work we have performed shows the advantage of RIKE can still

be as great as 106. We are still hoping to explicitly in-

corporate magnetic field effect* before publishing the work

in this memorandum.

This diagnostic is currently being employed by Dr.

Peacock of Culham Laboratories to measure plasma wave

turbulence in the plasma focus device.
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There is considerable interest within the plasma physics

community concerning our theoretical development of RIKE.

After our presentation at the American Physical Society Meet-

ing in Colorado Springs we were approached by numerous experi-

mentalists seeking potential applications of RIKE to magnetic

plasmas. Among them were Prof. H. C. Praddaude, of MIT

National Magnet Lab, who is seeking a diagnostic for the

toroidal device ALCATOR, and Dr. P. Forman, of Los Alamos

Scientific Laboratory, who is seeking a diagnostic for a

dense pinch device. In the case of ALCATOR, typical plasma

densities are between 1014 and 1015, temperatures between

one and two keV, and magnetic fields between 50-100 kG. We

are hoping to explore the ;suitability of laboratory plasmas

such as these for the RIKE diagnostics.

C. Invited and Contributed Talks (Chronological Order)

1. "Absorption of CO2 Laser Light by a Dense, High

Temperature Plasma," N. J. Peacock, M. J. Forrest, M. V.

Goldman, A. A. Offenberger; invited talk presented in

Brechtesgaden, Germany, October 6, 1976; Sixth Conference

on Plasma Physics and Controlled Nuclear Fusion Research,

paper number IAEA-CN-35/G4-4.

4 2. "CO2-Excited Langmuir Turbulence in a Dense Plasma

Focus," presented by M. Goldman as a contributed talk at

the 18th Annual Meeting of the Division of Plasma Physics of

T" the American Physical Society, San Francisco, 11-76 (#1-G-5).

i l I I
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3. "Langmuir Shock with Landau Damping," D. R.

Nicholson and M. V. Goldman, 18th Annual Meeting of the

Division of Plasma Physics of the American Physical Society,

San Francisco, November 1976 (#8-B-7).

4. "Electron Plasma Wave Instabilities in Type III

Solar Radio Bursts," M. V. Goldman and D. R. Nicholson, 149th

Meeting of the American Astronomical Society, Honolulu,

Hawaii, January 18, 1976 (#17.13.03).

5. "Nonlinear Theory of Type III Radio Bursts," D. R.

Nicholson, P. Hoyng, and M. V. Goldman, Meeting on Solar and

-Interplanetary Physics, Tucson, Arizona, January 12, 1977.

6. "Two-Dimensional Nonlinear Evolution of Parametric

Instabilities," D. R. Nicholson and M. V. Goldman, Anomalous

Absorption Conference, Ann Arbor, Michigan, May 18, 1977.

7. "Electromagnetic Radiation from a Strongly Turbulent

Plasma Due to Soliton Collapse," G. Reiter, M. V. Goldman, and

D. R. Nicholson, American Physical Society Annual Meeting,

Plasma Physics Division, Atlanta, Georgia, November 1977.

8. "Nonlinear Langmuir Waves During Type III Solar

Radio Bursts," J. Weatherall, D. R. Nicholson, M. V. Goldman,

and G. Reiter, American Physical Society Annual Meeting,

Plasma Physics Division, Atlanta, Georgia, November 1977.

9. "Nonlinear Langmuir Waves in Two and Three Dimensions,"

M. V. Goldman and D. R. Nicholson, American Physical Society

Annual Meeting, Plasma Physics Division, Atlanta, Georgia,

November 1977.
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10. "Beam-Induced Langmuir Wave Collapse," M. V. Goldman,

Culham Laboratories, England, October 19, 1977.

11. "Direct Collapse of Langmuir Waves," M. V. Goldman,

Imperial College, London, October 1977.

12. "Type III Solar Radio Bursts," M. V. Goldman, Imperial

College, London, November 1977.

13. "Virial Theory of Direct Collapse," M. V. Goldman,

Winter School on Turbulence, Observatoire de Nice, France,
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The emission of radiation at the plasma frequency and at twice the

plasma frequency from beam-excited strong Langmuir turbulence, for the case

of low-density high-velocity warm beams is considered. Under these conditions,

Langmuir wave packets undergo (direct) collapse in a time short compared

with one e folding of a beam mode. The wave packet energy density threshold

for collapse depends only on the beam temperature and velocity, not on the

beam density. Upper and lower limits on the volume emissivity for harmonic

emission from these collapsing wave packets are found. Within most of this

range, the emissivity is large enough to account for observations of second

harmonic radiation during type III solar radio wave bursts. The radiation

at the fundamental is many orders of magnitude larger than predicted by weak

turbulence theory.
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I. Introduction

In this paper we treat the emission of radiation from

collapsing Langmuir wave packets excited by an electron beam

of high velocity and low density. Emission rates at the plasma

frequency, wp, and the first harmonic, 2wp, are calculated for

a non-magnetic plasma with parameters appropriate to the solar

wind plasma during so-called type III solar radio wave emis-

sion. The parameter space for Langmuir collapse and subse-

quent radiation is very rich, and many distinctly different

phenomena can occur under different conditions. We believe

the work of this paper deals with one of the simplest cases

(possessing significant measured data), and probably has at

least qualitative significance to other regimes of strong

Langmuir turbulence.

The subject of type III solar radio-wave emission provides

a unique arena for the interaction of modern nonlinear plasma

physics with space physics. In this paper we shall show that

conditions are commonly found in the solar wind, during type III

bursts, when highly nonlinear evolution of electron plasma waves

* (Lanamuir waves) can occur. This evolution can take the form

a 1,2of spatial "collapse "  of Langmuir wave-packets of initially

very low energy density. The collapse is essentially a nonlin-

ear index-of-refraction effect, in which Langmuir waves are

1t
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confined by ponderomotive force, and intensify and steepen in

an unstable manner which can only be stopped by eventual dissi-

pation of energy into resonant electrons. A plasma in this

condition is said to be "strongly turbulent."

The emission of electromagnetic waves from the collapsing

Langmuir wave packets is estimated in this paper using various

dynamical and statistical models. Most of these lead to favor-

able comparisons with recent observations by Gurnett and

Anderson 3 at AU. We believe that previous attempts4 at

calculating this emission have been inconsistent (see Sec.

VI).

.r One result of increasingly sophisticated and far-reaching

experiments in space has been the establishment of a firmer

foundation for the basic physics of type III bursts. There is

now general agreement that an electron beam is launched during

a flare event on the sun, and that as this beam propagates out

in the solar wind along a magnetic field line, it excites

Langmuir waves, which in turn produce radiation at the local

plasma frequency and at its first harmonic. As the beam propo-

gates from the sun to the earth and beyond, it encounters local

plasma frequencies which progressively decrease by more than

four orders of magnitude. The measured radiation shows this

characteristic drop in frequency as a function of time.

!|, Spacecraft experiments on board satellites have detected the

electron beam, Langmuir wave, and the emitted radiation,

although the data on Langmuir waves have been rare, and diffi-

cult to obtain. A sketch of the events associated with a type
. III burst is depicted in Fig. 1. Measurements have been



4

made from the earth-orbiting satellites, 5'6 IMP6, 8, and from

the solar-orbiting satellites, 3 HELIOS 1, 2.

Our concern in this paper is mainly with the emissivity

measurements obtained by Gurnett and Anderson3 at twice the

local plasma frequency near HELIOS 1 (near 0.5 AU). In

the strr.gest burst observed by them (March 31, 1976, 18:10

U.T.), a radiation intensity of 10-17 W m-2 Hz was measured.

This leads to a volume emissivity (assuming isotropic emission)
7of

J(2wp) = 1.6x10- 23 ergs cm-3s- ster - . (1)

Langmuir waves were observed simultaneously, with an energy

density (in units of the background particle energy density,

nkBT) of

<Ii 2>
W 4nkBT 1.4x10 5  (2)

These Langmuir waves generally occurred as "spikes" with

characteristic dimensions of 25-100 km or larger. (Structures

of smaller size, such as the collapsing Langmuir wave packets

discussed in this paper, would be too small to have been

detected by the HELIOS spacecraft.) The background plasma

parameters associated with these measurements were ne = 42

3 5 o
| electrons per cm , and kBTe = 10 eV (Te = 1.2x10 K). We

shall use these parameters in our calculaticns.

1,
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The plan of this paper will be as follows:

In Sec. II we shall treat the excitation of Langmuir

waves by a typical electron beam associated with type III

bursts and show how the beam determines the shape and spatial

density of Langmuir wave packets up to the time at which their

energy density begins to exceed the collapse threshold.

Section III is devoted to the subsequent collapse, and

describes how a steady state is set up in which the beam acts

as a source of energy density, and resonant wave-particle

interaction (Landau damping) acts as a dissipative sink.

Conditions for stabilizing the beam against quasilinear plateau

formation are also discussed here. The similarity solutions

for collapsing wave packets in the adiabatic and supersonic

regimes are presented.

In Sec. IV (and in the Appendix) we discuss the general

problem of emission of electromagnetic waves by the nonlinear

currents associated with Langmuir waves. It is shown that

harmonic emission cannot be of lower order than quadrupole.

Emission cannot occur from the beam-driven Langmuir waves

without some form of nonlinear saturating wave interactions

because of kinematical constraints. We estimate the harmonic

and fundamental emission that occurs in the later stages of

collapse by using similarity solutions and constants of the

motion to approximate the Fourier transform of the emitting

currents.

- .
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Calculation of the volume emissivity requires that we

know (on the average) how many collapsing wave packets are

present per unit volume. Models for this "density of collaps-

ing packdts" are developed in Sec. V, based on energy conserva-

tion in the steady state power flow associated with Langmuir

waves. The volume emissivity is calculated and compared with

the measured value.

In Sec. VI we present detailed criticisms of other work on

strong turbulence emissivity. In the Appendix we explain why

the collapsing wave packets are mainly longitudinal.

r

II. Excitation of Langmuir Waves by the Beam

We shall assume a simple model of the electron beam and

the background plasma. The beam will be assumed to be

stationary, spatially homogeneous, and having a Gaussian

distribution in velocity space centered around vb z c/2,

with an isotropic half-width, ;v /3:

2nbexp[-(v-vb) /2Avl

b~v
c AVb 3

(v) = vb Z f-3

(2I.*v 2 3/2 2 vb -

The beam density will be taken to be no greater than 10- 6 times

the background electron density, ne:

nb/ne Z 10-6  (4)

1,
_ i' iii i
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The background plasma is assumed to be a Maxwellian with density

ne - 42, and temperature 10 eV, as in the experiments at h AU

of Gurnett and Anderson.3 This implies that nb < 4.2x10
-5 cm- 3,

and Ve/Vb % 9x10- 3 , where ve = (kBTe/me)h is the electron

thermal velocity associated with one degree of freedom.

We note that the assumption of a time-stationary beam is

an approximation. Since the beam is injected with velocity

dispersion at the site of a flare, the faster electrons will

arrive dcwnstream before the slower ones so that vb (and possibly

Av) are functions of time. The effects of this on the excited
8

rLangmuir waves were studied by Magelssen and Smith, who took

into account reabsorption of Langmuir waves by the beam, and

determined that the beam could propagate over large distances.

A relatively low level of Langmuir waves resulted (W = 10-4).

However, the time scale for such effects is long compared with

a collapse time, and we have ignored such space-time variation

of the beam.

In this paper we show that Langmuir energy densities on

the order of W v 10- 4 are unstable against spatial collapse.

These energy densities are a small fraction of the beam energy

unless nb/ne is much smaller than 10- 6. This justifies the

neglect of the change in the beam due to homogeneous quasi-

linear beam relaxation. Since the process of spatial collapse

takes energy out of resonance with the beam, we can also view

collapse as a potential mechanism for stabilizing the beam

against plateau formation.

!,
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The beam distribution of Eq. (3) causes the growth of a

k-space wave packet of Langmuir waves, centered around the wave

vector k o, which satisfies the Cerenkov condition,

k z w b v (5a)

or

k ye = -3
kD - 9x10 (5b)
D b

The resulting growth rate of resonant Langmuir waves is,

(&B n b (vb 2 k 022
BV 20 Zexp (-Z /2) (6)

Wp (8n) \nv0 k 12+k12

where

Z (vb/Av) (kll-ko)/k . (7)

We note that the background magnetic field has been neglected

in Eq. (6). This is completely justified, since the ratio of

electron cyclotron frequency to plasma frequency is small (see

Sec. VI).

The fastest growing Langmuir waves have k = O(k ), andII0

k = 0. We will determine the k-space shape of the LangmuirI
wave packet determined by Eq. (6). At a given time, t, the

wave energy system will have been amplified by the factor A(k)

= exp[2yB(k)t]. We determine the half-widths by the condition

A(ko+ a k) = A(k )/2. The parallel and perpendicular half-widths

|- are therefore obtained from the following equation

.. k= 1- Zn2/ZnA(ko) (8)

B-0

1ii
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Choosing A(k) = 2xl04 (10 e foldings), yields,

Aki /£n2k 0 - (9a)

ob b
F - -- = n b 'T v b (9b )

We note that the perpendicular half-width, Ak /ko , is determined

entirely from the factor k0 /(k +k ) in Eq. (6), while the

parallel half-width, AkT(ko,_ is determined entirely from the

factor Zexp(-Z 2/2). The shapeof the k-space wave packet is there-

fore elongated in the perpendicular directions, producing a kind

r of pancake, as shown in the two-dimensional projection in Fig.

2.

This model assumes the amplification of spatially homogen-

eous noise, so that the convective nature of the beam instability is

irrelevant. We also note, in this connection, that a typical

excursion distance of a Langmuir wave packet in the perpendi-

cular direction (during a collapse time) is 1 km, whereas the

perpendicular spatial width of the electron beam has been

measUred5 to be at least 80 earth radii. This justifies the

neglect of the finite spatial width of the beam in our treat-

ment.

* The phases of the Fourier modes in the beam-unstable

!. Langmuir wave packet will be random, since we have assumed it

is homogeneous white noise being amplified. This leads to a

multitude of wave packets in real space, with mean spatial
half-widths of Ax (Ak and Ax (Ak)-1 as depicted

I

.. .
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in Fig. 2. For the parameters considered here, a typical

real-space packet measures about 3 by 10 km. This would be

too small a packet to be measured by current spacecraft tech-

niques3 at 1/2 AU. We shall assume the mean distance between

wave packets to be on the order of this mean size.

This will constitute our picture of Langmuir waves while

they are subject to beam growth, but before they have reached

the critical intensity for nonlinear wave-wave interactions.

We should remark, in passing, that the beam contribution to

the dispersion relation of the Langmuir waves is negligible

because nb/ne Z 10- 6 [inequality (4)].

III. Langmuir Wave Collapse

The electron beam creates the configuration of real-space

Langmuir wave packets just described. The packets grow in time.

When one of these packets is sufficiently intense, it can

collapse "directly,"'2 in a time which is fast compared with one

beam growth e folding time. This process has recently been

discussed at length by two of the present authors.
2'9

|.
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A. Predictions of the Virial Theorem for Initially

Adiabatic Collapse

In brief, the threshold for collapse of a wave packet

depends simply on its k-space widths (in the limit when its group

velocity is less than sound speed, and assuming that its energy

density is sufficiently less than the mass ratio). The critical

energy density for an anisotropic wave packet is a slight gen-

eralization of the result in Ref. 2,

(Ak11) 2 +(I k) 2r. Wt = 24 2 ' (10)
th kD

provided that

W << 16 m/M , (lla)

and,

2
k0 2 m (llb)

kD

where W is the energy density defined in Eq. (1), m/M is the

electron to ion mass ratio, Ak is the k-space half-width of the

packet, and k is the wave number. The inequalities (11) are the

D

IL

4 w
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conditions for adiabatic ions. In the later stages of collapse

the ion inertia becomes important, and the inequalities (11)are

strongly.violated. However, the threshold condition (10) is

justifiably adiabatic. From Eqs. (5) and (9) we have

Aki/kD = 2.2xi0
- 3

Ak/kD = 7.5xi0 - 4 
. (12)

The larger of these dominates in Eq. (10), and

Wth z 10 . (13)

The adiabatic condition (lla) is then seen to be well-satisfied,

but (llb) is only marginally satisfied. Nevertheless, numerical

calculations9 indicate the validity of this description under

the present circumstances.

Next, we note that the energy Wth represents a small fraction

-6
of the energy density in the electron beam, when nb/ne 10

Under these circumstances
2

nb vb - 2
W 10 (14)

e e

hence, the wave-wave interactions inherent in collapse occur

before the wave-particle interactions governing homogeneous

beam plateau formation. Since the wave energy of resonant modes

never becomes comparable to the beam energy, the collapse

process would seem to suppress quasilinear plateau formation!
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We also note that Wth is independent of the beam density

nb , whereas Wbeam decreases with n Hence, for nb/ne signifi-

cantly smaller than 10-6, it is likely that collapse will be

prohibited because not enough energy is available in the beam

to elevate the waves to threshold energy. Measurements indi-

cate that 10- 6 is probably an upper limit for type III bursts.

These facts also help guarantee that the collapse time is

shorter than a beam growth time. The collapse time predicted

from virial theorem arguments2 is

Wpt = 4 V3 kD (W-Wt) (15)

k

(Near threshold, this is of the same order as the collapse time

1
associated with similarity solutions.) A typical value for tv

is about 0.1 sec, compared with about 1 sec for yB -I . For nb/be

less than 10- 6 the beam instability will be even slower.

A model for steady state must go farther, and follow

the power injected by the beam to its ultimate dissipation in

the plasma. Our qualitative picture of this process is exhibited

in Fig. 3. Here, the "state" of a Lanamuir wave packet is

characterized by two parameters: its energy density W, and the

square of a characteristic spatial half-width Ax (in units of the

Debye length). These two parameters form a kind of two-

dimensional phase space for Langmuir wave packets. Packets above

the dashed line are subject to collapse, according to Eq. (10).

Due to the beam instability, a wave packet executes a traiectory

in the phase space, as illustrated in Fig. 3. Packets of a
! -
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size set by the beam parameters [Eq. (9)] grow until they exceed

threshold. They then quickly collapse to smaller size and larger

W. This collapse becomes supersonic when the adiabatic conditions

(11) are violated. We assume that the collapse continues until Ax

becomes on the order of about 5 Debye lengths, and that the col-

lapse then ceases, with power flowing into electrons due to

wave particle interaction. The power balance this implies will

be treated explicitly in Sec. V. We note from Fig. 3 that

the packet size decreases by two orders of magnitude, and its

energy density increases from 10- 4 at threshold, to order unity

when Landau damping can occur.

In the adiabatic regime, above threshold, the Langmuir wave

evolution should be accurately described 2 by the cubic nonlinear

Schrddinger equation

i 3 a+ 22 + j2 1= 0 ,(16)

here, t = Wpt, r = rkD// , and I is the dimensionless envelope

of the plasma oscillations. The total real Langmuir wave field,

EL' is given, in physical units in terms of the envelope ? as

EL = Re (321n0 (0 +0 i )  exp (-iwpt) (17)

In the early adiabatic stages of collapse, the evolution of a

given initial wave packet can be described by virial theorem
2

arguments. In addition to the threshold, Wth [Eq. (10)], and the

collapse time, tv [Eq. (15)], these arguments predict the depend-

ence of the square width, <r 2>, of the packet, on time,

f
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<6r 2> =<6r2>o 0 (1-t 2/t v2) (18a)

and also the dependence of the energy density, if one assumes

that the shape of the packet remains Gaussian

W(t) = <6r 2>-D/2 , (18b)

where D is the number of spatial dimensions of Eq. (16).

B. Adiabatic Similarity Solution

In the later stages of adiabatic collapse, it is likely that

the packet has distorted in shape and has begun to approach the

shape of the similarity solution. The similarity solution is of

the form

= (a)-R(u) , (19a)

u -r/t-) (19b)

When (19) is inserted into (16), an ordinary differential

equation for R results

i (l+u.a )R + a 2R IRIR= 0 (19c)2 - u - --

We can arbitarilly set Rj to be of order unity at its maximum.

Then, we find that the collapse time of the adiabatic similarity

solution is

Wt = 8W , (20a)

where we have assumed the spatial average < ;12> (2

- /2.
max

Note, this differs from the virial theorem prediction, although

when W is several times Wth, they are numerically close.
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(In essence, the similarity solution does not "remember" initial
-i

scale lengths, such as Ak .) From (19a) we also get a predic-

tion from the similarity solution about how W varies with time

W (t) = W(0) (20b)s
5(ta- t)

This is in agreement with (18b) only in two dimensions. Also,

the half-width of the collapsing self-similar solution can be

much narrower than <Sr 2>.

C. Supersonic Similarity Solution

As W increases, the collapse becomes supersonic, in the

sense that the inequality (lla) is violated. At this time, the

cubic nonlinear Schrodinger equation, (16), no longer provides

V "a correct description, and we must employ the so-called
Zakharov 2 equations,which allow for ion inertial

10
effects, and electromagnetic dispersion. These equations may

be written as

+ 2 xx - )c x 0 (21a)

3v 2 1--2
e

(9 2 _- ) = -21- 2 (2lb)

where, n is the ion density fluctuation, and the dimensionless
10

units are

~2 mn 2 m Ir

3 M 'p - 3 \M)/-D
|.

3M n 3 1 + iLi (22)
2 m no e

where m/M is the electron-to-ion mass ratio, and yi is the usual

ratio of ion specific heats. The real electric field of the

Langmuir waves in physical units in terms of the dimensionless

b
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envelope is

EL = Re (327rne/3)1 exp(-iwpt) (23)

in the extreme supersonic limit., only the aj2 term need be

retained on the left side of Eq. (16). Equations (21) then have

a well-known three-dimensional (supersonic) similarity

solution, i0,I given by

= -1 R(u) , u= 2

S- -

n= (-s )4/3 n(u) , (24)

where ts is the supersonic collapse time, and RI is again

chosen to have a maximum equal to unity. This implies that the

time for supersonic collapse is given (in real units), by

Wpts = m w (25a)

where Wso is the value of e2 /8rno at the time supersonic col-
so max

lapse begins. If the supersonic stage follows an initially

adiabatic collapse, as we are assuming here, we can roughly

take W soz16 m/M [from (lla)], so that

(ps 3 ) M (25b)

We shall use these similarity solutions later to calculate

the emission from collapsing Langmuir waves. There is numerical

1i -
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evidence that certain initial field configurations relax into

similarity solutions, 10-12 but the analytical foundations for

why this is so remain largely unknown. It is also useful to

note that the dimensionless dispersion collapse time ts is simply
(12)-

In summary, the role of Langmuir collapse is indicated in

the energy flow diagram in Fig. 4. Most of the electron

stream energy remains intact during its propagation from the

sun. A small fraction of this energy Lsee Eqs. (10) and (14)] goes

into Langmuir waves due to the bump-on-tail instability. Some

of the resulting Langmuir wave packets collapse due to nonlinear

wave interactions. During the collapse, a small fraction of the

Langmuir energy is radiated away, mainly at 2wp. However, most

of the Langmuir energy is eventually dissipated by coupling to

electrons and ions in the late stages of collapse, which we do

not treat explicitly in this paper.

It is important to note that a strong conversion of the

Langmuir waves into (transversely-polarized) radiation is not

expected, because the parameter c 2/3v 2 is much greater than one,e

and the early fields are entirely longitudinal. This matter is

discussed in some detail in the Appendix. In the next section we

* treat the conversion into radiation by familiar techniques for

*. given current distributions, and obtain expressions for the

emission from a single collapsing Langmuir wave packet.
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IV. Emissivity of Radiation from Langmuir Wave Packets

n1
The transverse nonlinear currents,,i associated with

(longitudinal) Langmuir waves can lead to emission of radiation

at 2w p and at w p. We assume a model of independent emissions

associated with the current of each of an assembly of Langmuir

wave packets. The emissivity of a given wave packc. is then a

simple function of the nonlinear current By standard

techniques, we find

T

f'd - r - I n l (K,w) 1 2sin 20,-- dt cr2  - w K nl

0 4Tc

(26)

where r is a position vector from the current distribution to

an observation point in the radiation zone, the wave vector K

is defined as K = (i/c)[ 22 W(r)] , and € is the angle between

nl,) and r. Equation (26) takes into account the fact that

the observation point is imbedded in the plasma with a local

plasma frequency w (r) which varies on the scale of an AU.

The geometry is illustrated in Fig. 5. Note, the factor

sin2 guarantees that only the transverse component of the cur-

rent contributes to the emission. The time average is over a

time T which is long compared with the dominant frequency, wo (T

may be set equal to the collapse time).

We are interested in nonlinear currents centered about a

dominant frequency, wo

1*

"4'
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Znl(r,t) = hinl(,r,t)exp(-iw 0 t) + c.c. , (27)

where the time-dependence of the envelope Inl(r,t) is slow on
-l

the scale of w " Making use of this slowness, Eq. (26) can

be expressed in terms of the envelope current as

dP K .2 Td- _c
2  

. dt (K 2 (28a)

where

r 2 2

[ W (r)] , (28b)

is the principal wave vector of the emitted radiation, and w p(r)

is the plasma frequency at the observation point. Also, po is

the angle between r and nKo' W = 0).

We now need to develop expressions for the appropriate

nonlinear currents. These currents arise from the beating of

first or second order electron density fluctuaticns with the

velocity of electrons oscillating in the Langmuir field.

The current which gives rise to emission at the plasma

frequency is third order in the Langmuir field

nl S
4na (rt) = EL' (29)p n -L

p 0

where 6n2 is the density driven by the ponderomotive force in

Eq. (21b), and hence second order1 3 in the Langmuir field,
I
|. The relationship between 6n2 and the dimensionless n is given

in Eq. (22c). We note that, although EL is entirely longitudinal,

, the product 6n2EL has a transverse component, in general. Also

note that in the adiabatic limit 6n2 reduces simply to -2

" *. [see Eq. (16)1.
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The current at 2w is second order in the Langmuir field,* p

2 1 n

41atn (r,t) = w226n E (30a)p 0

Here, 6n1 is the first order density of electrons oscillating at

the plasma frequency. (The factor 2 arises because the emission

frequency is 2w p.) An expression for 6n1 follows immediately

from Poisson's equation for the Langmuir field, EL'

n,= - L/ 4 e (30b)

A. Emission at 2wr P
It is easy to prove that there can be no dipole emission

at 2w p. The standard multipole expansion for jnl(K,t) is generated

by writing the spatial Fourier transform of the current in terms

of the Kronecker delta, 5Zm VmrZ:

jIl(dt) = d3r(Vmr ) n1 (r,t)exp(-iK.r) (31)

In the dipole approximation, K-r is set equal to zero. After an

integration by parts and application of the continuity equation,
nl

this yields n (K,t) f -iw d, where d is the dipole moment of

the nonlinear charge density distribution. Hence, whenever the

spatial integral of nl r,t) vanishes, there is no dipole
that

|. emission. We can show this is the case for harmonic emission by
A

nilusing Eqs. (30) for the nonlinear current If E

Re[$exp(-iw pt)], then -2w Re[ 1
2 exp(-2iw pt)], where the envelope,

pp pp

4'
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(r) is proportional to . from Eq. (30). Sincep

is predominantly curl-free (see the Appendix), there follows

the vector identity,

jnl2 (r t), = -iepM - i - /2) (32)3 .n1

Hence, f d 3rJ2 1 vanishes, by the divergence theorem, and there

is no dipole emission at 2w .*

To find the emissivity for harmonic emission in terms of the

field e of a Langmuir wave packet, take the spatial Fourier

transform of the current given in (32). Upon integrating by

, parts,

nl (K ,t = Zd rexp (-iK or)(eZ6m- m6p ' /2) . (33)

2w P- )m = 47Tw m __ -- e
p

For simplicity, let us assume the Langmuir field direction

remains essentially parallel to k during collapse. The current-o

does not depend very strongly on the field direction

because one term goes as 6.j in Eq. (33). We write,

k(r,^t) k exp (i6/2) (34)

where the (real) scalar amplitude A, and phase, e, depend on

space and time.- From Eq. (33), we find 0

e(K /2 - K k k

12wp 4pm r exp [i(Ko. r-6)A 2  (35)

p 0
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The magnitude of the emission depends in detail upon the

space-time evolution of A(r,t) and e(r,t). We shall assume

that A2 collapses, and that 8 starts out as 2ko.r , and does

not evolve pathologically.

We note parenthetically, however, some recent evidence
1 2

that the nonlinear behavior may consist of periodic break-up

and reconstitution, rather than collapse, due to ponderomotive

effects in the phase. Since no theoretical understanding yet

exists concerning the competition of such behavior with collapse,

it is not taken into account in the present paper. We assume

*here that collapse continues down to scale lengths of several

Debye lengths.

In the very early phases of collapse there cannot be

substantial emission because of the momentum mismatch, K -2k o

in the phase factor in the integrand of Eq. (35). There is

strong phase mixing, as we shall soon show. As A2 collapses

more and more, the phase-mixing becomes less important. By the

time the collapse has become supersonic (W > 16 m/M), emission

can occur.

i.

1i
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The amount of emission depends sensitively on the shape of
2

A2 as supersonic collapse proceeds to still smaller scales.

There have been no calculations of the three-dimensional evolu-

tion of A and 6 predicted by Zakharov equations. Model equa-

tions studied by Budneva, et al., suggest that a small col-

lapsing core breaks away from an initially Gaussian packet,

leaving the (essentially) Gaussian corona behind. The core

eventually tends toward the form of a similarity solution to

the equations.

We shall estimate the current in two different ways. First,

we shall assume that the entire Gaussian corona collapses. This

will lead to an upper bound on the emissivity. Then we shall

assume that only the (much smaller) core collapses, and tends

towards a supersonic similarity solution. This will give less

emission. The actual emissivity probably lies between the

two limits.

i.

4
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In order to present a coherent discussion of the various

spatial scales, we introduce the following definitions.

Define L (t) as the half-widths of A2

A 2(z=L, r=O) = A 2(z=0, r=L) -A 2(0,0)/2 (36a)

and P.. as the scale-lengths of the phase:II,'

- I l/ y 1 . (36b)

We now discuss the implications of the time-dependence of

L(t) and Z(t) for the size of the current, '2w in Eq. (35).
p

, We begin with the time t = 0 at which the beam-amplified Langmuir

wave packets begin their collapse.

i) Onset of collapse (t = 0)

Initially, the packet moves at a phase velocity equal to the

beam velocity, so the phase is

8 = 2o, r I1  = (2k 0)1 Z . (37a)

The half-widths L and L correspond to the half-widths of the

initial packet defined by Eqs. (9) and (12)

1 (0) = (k 1 ) - 1 , L]_(0) = (Ak )I  (37bl

If we assume that A2 is Gaussian, the integral for Z2, can be
p

|. performed. It is proportional to

Z2 c expE%(K0 -2k 0 ) 2L 2/4] 1 (37c)

which is vanishingly small. This result corresponds to the

4.



26

well-known fact that beam-driven Langmuir wave packets cannot

emit type III radiation at 2w in the absence of nonlinear (orp

other) interactions which broaden their k-space widths. This

is because momentum conservation demands that the photon wave

vector, K o, be equal to the sum of two Langmuir wave vectors

k01 and k02 ' which lie within the packet. Since K = /w /C

(by 28b), and k0 = wP/Vb (by 5a), we see that this is not

possible for beams with speeds vb of order c/2 or smaller. The
9b

situation is illustrated in Fig. 6.6. Essentially, the wave

packet is too narrow in k-space to contain Langmuir wave vectors

k01 and k02 sufficiently smaller in magrntude than k to add up

to K . The mathematical expression cf this is that the exponent
-o

S22-(K -2k ) L /4, in Eq. (37c) is a large negative number

initially.

However, as the packet collapses, (K -2k ) 2L 2/4, tends to

zero. The reduction factor exp-(K o-2k ) 2L 12/4 is no longeroero

effective the time L has become small enough for the following

condition to be satisfied:

L (t)k Z 1, (38)
11 0

for no phase mixing (here, we have used the fact that K is of

order k0 , and assumed that Z,, does not get much smaller than L .)

By this time, the packet has broadened '9 sufficient in k space,
so that it contains pairs of wave vectors [such as k and k2 in

Fig. 6(b) , which properly sum to K . Put in another way, the

phase factor in the integrand of Eq. (35) is longer effective in

phase-mixing the integral by the time inequality (38) is satisfied.
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To proceed further, we need models of the time-dependence

of L1 i. The most optimistic of these assumes a collapsing

Gaussian corona. This leads to an upper bound on the

emissivity:

ii) Coronal collapse model

In the adiabatic stage we can use the scaling implied by

the virial theorem Isee Eqs. (18)1

L = (Ak ) (l-t 2 /tv 2) (39)

We also assume that e = 2k r. This is acceptable in the

adiabatic stage as long as L ,k ° > 1, since plasmon momentum
2

is conserved. Another conserved quantity is the plasmon
1,2

number,

N f f d 3 rA 2 = const. (40)

Ecuations (39) and (40), taken together with the assumption of

a Gaussian shape, give us the time-dependence of the space-

averaged energy density, W(t) [see also Eq. (8b)]:

W(t) = W(0) (41)(1-t 2 /tv 2 ) 3/2

For phase-mixing to disappear, Eq. (38) must be satisfied. Using

the expression for L in Eq. (39), this gives the time, tol at

which a collapsed corona begins to emit harmonic radiation:

(l-t 2/tv 2 ) k /ko = 1/12 (42)

However, at this time, according to Eq. (41), the energy density

be-.
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W(t ) will have increased by three orders of magnitude, and

the collapse will be well into the supersonic regime. If the

entire corona collapses enough for phase mixing to be negligible,

then the current in Eq. (35) becomes proportional to the plas-

mon number N in Eq. (40). Since N is an invariant of the Zakharov

equations (21), it is conserved even in the supersonic stage of

collapse. We can therefore find an upper bound on 12w by using
p

N to evaluate the integral during the supersonic regime. N can

be evaluated from the initial Gaussian conditions:

2r k2 3/2 -l -2 5/2 nO kD W(t=0) (43)
0kD 3 Ak W th "

Using this as the value for the integral in Eq. (35), and in-

serting into the emissivity formula (28a) yields an upper bound

for the emissivity during the supersonic stage of collapse

dP I max 2 k D V e ) 5  1
= 108/3rsin W ( (44a)

d-72p kD3 p

The angular factor is

sn2 00= 2 2sin2€ = 1 - [(k 0 .K) (44b)

This factor has its largest value (of unity) when the radiation

comes out in a 450 cone about the beam direction, which is in

14
agreement with the known coupling of radiation at 2w to twop

Langmuir waves in parametric instability theory.

We note, in passing, that the maximum total energy radiated,

-3
according to Eq. (44) is 10 times the total energy in the

Langmuir packet. Hence, it is indeed valid to ignore the

4
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effect of radiation losses on the collapse process (see Fig.

4).

iii) Core collapse; similarity solutions

A very different picture emerges if we assume that the collapsing

packet quickly assumes the form of a similarity solution.

In the adiabatic stage, the packet width of a simliarity solu-

tion, L, can be considerably smaller than that of a Gaussian

corona [Eq. 39)]. Budneva, et al., have studied the adiabatic

collapse of a spherically symmetric scalar field obeying a cubic

nonlinear Schrodinger equation [the scalar version of our Eq.

(16)]. The corona of an initially Gaussian packet substantially

above threshold was observed to remain essentially stationary,

while a narrowly spiked core collapsed and approached the form

of a similarity solution. A repetition of these calculations

near threshold also seems to show self-similarity. Under such

conditions we might expect much less emission.

The width of an adiabatic similarity solution is obtained,

roughly, by setting u = 1 in Eq. (19b). Then, the half-widths,

La s  and La s , of the adiabatic similarity solutions are:

Las Las (Ak) ( (1-t/ta) (45a)

Note, the half-widths are independent of Ak , since

Wth - 24(Uk )2/k D2. In effect, the similarity shape is inde-

pendent of the initial shape, and is narrower, particularly

when W >> W th. However, in our case, W is only slightly greater
as apast epootoa

than Wth, so the half-width L appears to be proportional

t-2.I.to (Ak1 )  This is much smaller than the parallel half-width

4
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of the initial Gaussian packet, L0  (Ak l The presumption

is that a narrow spike is superposed over the broad Guassian

corona. Pereira and Sudan1 6 have shown that initially aniso-

tropic two-dimensional packets tend to become more isotropic as

collapse gets underway, so the scaling of La.s. La 's " isII ±
not surprising. We must note, however, that Eq. (45a) has no

validity until collapse is well underway.

The scaling of the energy density of an adiabatic similarity

solution with time is given from Eq. (19a):

W(t) = (l-t/t a) (45b)

rComparing (45a) with (45b), we see that, in three-dimensions,

the half-width volume decreases at a faster rate than the

energy density increases, hence,

f d 3rA2 , (l-t/t a)2 (45c)
C

where C indicates integration over the core. The contribution

of the core to the N invariant is therefore small. (Phase-

mixing may still be expected at larger r, due to K and the

self-similar phases.) We now calculate the (smaller) emission

from the similarity core.

From Eqs. (45a) and (38), we find the time, tl, at which

the collapsed core can begin to contribute to the current,

without substantial phase-mixing:
p

(t2/t2) k/ko 1/4. (45d)
(l-t 1 tk±0

'-

* *,
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According to (45b), the energy will have increased by a factor of

16 at this time, and the collapse will shortly enter the super-

sonic stage. We shall assume all the emission occurs in the

supersonic stage, since by then a supersonic core of similarity

form may have had time to develop.
ss

The half-widths L of a supersonic similarity solution

are obtained from Eqs. (22)-Q4) by setting u = 1:

ss ss 2/3/2 1/3 1/
LI 11 L i (1-t/t s) /S (12) (m/M) i/kD ,(46a)

where t = 0 is now the onset time for the supersonic stage of

collapse, and W = 16 m/M. (We note that d 3rA 2 is smallr C

but invariant in the supersonic stage.) At t = 0, the phase-

mixing criterion (38), yields koL = 0.3, so the current 2P

can be evaluated with the phase factor in the integrand of

Eq. (35) ignored. The result for the current may be written as,

9w2
-2wp CD (- nO (46b)

,1wp ck D 44r !1

where

.2 = K0t f d u (RzRm - ° m R - /2) ' (46c)

and R is the similarity field, defined in Eq. (24). As discussed

beneath that equation, IRI has a maximum value equal to one.

L -Its half-width is also of order unity, so we expect 1I2I to bei.2
or order unity as well. The emissivity that follows from this

current is found [via Eq. (28a)] to be

I

4%



32

dP ss 3 5 /3 M n(47)2-S p 77-2 R -c 3p 47

2D 64 D

where we have approximated 11212 = 1. This estimate gives

substantially less emission than that of the coronal collapse

model, Eq. (44), because the core is so much smaller than the

corona. For the parameters we have been considering, jdP/d j2
10 6 max

is about 106 times smaller 
than dP/dj2I2

w

p

There is a clear need, here, for numerical work to determine

the time-dependent shape of a three-dimensional collapsing

packet, under type III conditions. Unfortunately, the Zakharov

equations should not be solved in fewer than three dimensions,

because the N integral of a truncated similarity solution only

goes to zero with time in three dimensions [cf., Eq.(45c)]

One cannot use spherical or even cylindrical symmetry, because
11

such symmetries require zero field at the origin, due to

the vector nature of the envelope. A full three-dimensional

numerical solution of the vector Zakharov equations is prohibi-

tively expensive at this time. However, some insight has been

gained by further studies of model equations for a scalar
11

envelope, such as that of Budneva, et al. In particular,

we have found narrow cores in packets close to threshold in

recent 1 5 numerical work using Budneva's model, which suggest

that the emissivity may lie closer to the lower estimate of

Eq. (47).



33

B. Emission at the Fundamental

The treatment of emission of radiation at frequencies

close to the plasma frequency is somewhat more challenging.

We must have approximate frequency matching between the Langmuir

waves and the radiation: w 2+c2K 2 = w 2+3v 2 2 This means

that the wave number K° of the fundamental is much smaller than

the wave number k0 of the Langmuir waves. [K° = /v ek o/C

<< k0 , as long as ve/c << 1 (see Appendix).3 In order to

conserve momentum, one requires either dynamical ions or strong

spatial inhomogeneity. In the present calculation we ignore

background plasma inhomogeneity, so we do not allow local or

global density gradients to absorb the extra momentum. In the

conventional discussions of fundamental emission it is usually

assumed that ions or ion-acoustic waves take up the required

momentum. The corresponding "weak" turbulence process involves

the scattering of a Langmuir wave (plasmon) off ions and its

transformation into a photon: % - i+t. This may even occur

as a stimulated process (instability).

We shall make the case here that fundamental emission

can also occur in "strong" turbulence, i.e., from collapsing

Langmuir wave packets. It is clear that emission cannot occur

in the subsonic stage of collapse, because the ions are adia-L .
batic, and momentum cannot be conserved. However, fundamental

emission can occur in the supersonic stage when the ions are

dynamic.

1

r ,,
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(An argument has been advanced that a collapsing wave

packet cannot emit radiation at wp because the associated density

cavity "traps" it. This argument is specious because the wave-

length of such radiation is much longer than the characteristic

size of the cavity. The emission occurs from this packet as a

whole, in a manner analogous to the radiation by an antenna.

This is stated mathematically in the Appendix.)

The current which governs the fundamental emission is given

by Eq. (29). The Fourier transform of its envelope is

(Kt) d d3rexp(-iK) n 2 ( r ' t )  (rt) (48)

o ) =4r -o- no

In the adiabatic stage of collapse, 6n2 is proportional to

-I I2. The dominant phase in the integral is then in exp(-ij&r)

which arises from eL(r,t). This causes the integral to phe.se

mix to zero [see Eq. (35)1, so that there is indeed no emission

in the adiabatic stage.

In the supersonic stage, the prediction from the super-

sonic similarity solutions (21)-(25) is that

(Ko't) = iP (12)/6 3 n 1 (49a)

pkD (lt/t)
where,

S(49b)

and the dimensionless density and field supersonic similarity

solutions n and R are defined in Eq. (24). We have

omitted the phase factor exp(iXo.-), which is always of order unity.
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In the absence of phase mixing, we expect the magnitude of I

to be of order unity. The current is then inserted into the

emissivity formula (28). The time-averaging interval T is

chosen to be ts , the collapse time. The result may be written

as

ss 34r3(12) I / 3 k0 2 .e5w

S 64 k lD (

It is of interest to compare this with the similarity solution

prediction of emission at the harmonic (Eq. 47):

ss
dP/da koc

d/n1 k0 2 M "(51a)

ss kD 2
dP/dQ12w e

• p

The large factor c2/ve 2 in Eq. (51a) arises because the

harmonic emission is quadrupole, whereas the fundamental emis-

sion is dipole. The small factors ko/kD and m/M correspond,

respectively, to the smallness of the wave number and the higher-

order field dependence in the fundamental emission.

The ratio on the right side of Eq. (51a) is about 0.2 for

our parameters, indicating almost as much fundamental as harmonic

emission from a single collapsing packet in its supersonic phase,

provided that the similarity form is justified. It

* is also of interest to compare this value with the value obtainedI.
from weak turbulence theory. The weak turbulence estimate 17

depends upon the assumed distributionof <[EK 1 2>. Taking the ratio

of the result predicted by (50) to the weak turbulence result

gives,
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ssdP/d S
dP/d = c , 

(51b)dP/dQ wt M ve

1Wp

where 8 depends upon the assumed form of the distribution of wave

energy, and can vary by three orders of magnitude with assump-

tions that Smith takes to be reasonable. We will take a = 1.

Here, N is the number of particles in a Debye cube; N z 1010

for the plasma we are considering. The numerical value of the
approximately 109.

ratio in (51b) is therefore The enormous enhancement

over the weak turbulence result is readily understandable. The

weak turbulence processes require a spontaneous fluctuation

in the ion density on a scale of the Debye length. In order

that the longitudinal fluctuations can scatter into transverse

fluctuations, these have amplitude for occurring that decreases

as 1/N. The collapsing wave packet makes its own density

fluctuation, and thus this factor is absent. To be more pre-

cise, the power radiated depends upon

dP _n(o) E(o).n(r) E(r\ d3r
d \no n

The weak turbulence assumption is that the correlation function

can be factored. Since <E(o)E(r)> will only be significant
, 3

over distances the order of XD ' this is roughly

dP f 6n(o) n(r)_ d3r
d n njr < 0 0

<
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If

f d3r6n(r)jrj<X D
then

dccWAD 3<1N 6N>,

and by the central limit theorem <6N 6N> = N. Consequently,

dP/dO WAD3 IN. In the strong turbulence case, 6n is driven

by E, is not statistically independent, and there is no factor

of N in the expression for the power radiated, resulting in

many orders or magnitude more emission.

In fact, fundamental emission is observed for bursts which

are interpreted to originate near the sun, with intensities

which are comparable to the harmonic intensities from the

18
same burst. This is essentially inexplicable from the weak

turbulence viewpoint, which fails by many orders of magnitude

to predict sufficient radiation in the fundamental. The collapse

mechanism discussed here needs to be modified to treat the

situation near the sun, but the argument given here is quite

general and suggests that strong turbulence effects can provide

an explanation for the observed radiation.

At AU there has been no observation of fundamental

radiation, which, in view of the relatively large amplitudes

predicted by (51b) is apparently inconsistent with the similarity

solution predication. This ma, be due to refraction by random

inhomogeneities in the background plasma density which could

have the effect that only radiation emitted at the location of

41
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maximum density would be able to escape. Inasmuch as the

pulse of radiation emitted by the soliton has a frequency

-44
spread of only about 10- 4 p, inhomogeneities of the order of

only Tn/n 0 10- 4 would have a profound effect.1 9  We note

that a uniform gradient on a scale smaller than or comparable

to the random inhomogeneities would eliminate the self trapping.

I

r

I.w
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V. Density of Collapsing Packets and Volume Emissivity

Thus far, we have only found expressions for the emission

from a single collapsing wave packet. We must now go further,

and estimate the number density of collapsing packets

(in the various stages of collapse), in order to calculate the

volume emissivity and make comparisons with measurements.

Our model for steady state was described beneath Eq. (15),

and is summarized in Fig. 3. Langmuir wave packets receive

energy from the beam, collapse, and finally surrender their

energy to particles via wave-particle interactions. The wave

rpackets in real space fill the volume occupied by the beam.

Their "discreteness" arises from the interference of beam-

amplified random-phase Langmuir noise. We may define a wave

packet roughly by finding the spatial mean value, 1,(r)1 2

over some large volume, and letting the packets consist of the

simply-connected volume in which l(r) 12 > f(r) 2 The

packets will be distributed in terms of energy and in terms of

spatial widths. At a given instart, some will be growing (due

to the beam), some will be in various stages of collapse, and

some will be dissipating their energy into electrons. In the

ensemble or space average sense a steady state or quasi-steady

state is assumed tc exist.

The instantaneous rate of work performed by the beam on the

waves is

P. d~ (k) , Z 2 ( f d 6,2 1 (52)
in J(27 a 9k g3(2-) 3

i R

4.
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where y (k) is the growth rate of Langmuir waves in resonance

with the beam [Eqs. (6) and (7)], yg is the peak growth rate,

and R indicates integration over resonant modes only.

The modes in resonance with the beam are those lying in the

phase space volume centered about k , within the bounds of

the beam-determined widths, Lk 1 and Ak|, as in Fig. 2

[see, also, Eqs. (9)]. In real space, those wave packets which

are well into collapse will not have appreciable Fourier com-

ponents in the resonance region. In order to estimate Pin we

next need to consider how the packet and energy densities are

related.

r The packet densities are related to the total Fourier

energy spectrum by

f 3 1 ,J_ =fd _ ) 2 z v E nUU (53)
f (2 U

where

U = f J 2(r)j2d3 (54)

p

is the energy in one packet (denoted by the subscript P),

and nU is the density of packets

with given energy, U. We expect most of the total energy to

reside in packets which satisfy or almost satisfy the condition

for collapse. These packets will all be clustered about a

critical value, U with a density nO . We have, then, approxi-

mately,

f 3)

Z
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The mean spacing of these packets is assumed to be on the order

of their volume, which is determined by the beam. This "close-

packing" assumption tells us that n0 is on the order of the

inverse volume of a packet, or,

n 0 (Akl1 )(Ak ) 2/8 (56)I(56)

where Ak and Ak are the half-widths given by Eqs. (9).

The average resonant mode energy depends on which of two

distinct packet-evolution scenarios occurs:

In the first case, the number of packets which remain

slightly below the collapse threshold during one collapse time

is much greater than the number collapsing. This might be

expected on the grounds that the collapse time is much less than
-i

Yg 1, so, at any given time, there are still a large number of

wave packets below the critical W, contributing to the beam

power input in Eq. (52).

A second possibility is that there is a quasi-periodic
-i

behavior in time with period on the order of yg , in which

there is cyclical resonant mode depletion. Resonant mode

energy builds up during the growth phase, creating a majority

of energy-contributing packets on the verge of collapse. They

all collapse together quickly, causing a severe depletion of

I. resonant mode energy for a time on the order of Ygi During

this time, amplification of noise (and perhaps residual frag-

ments of packets) occurs, and the process repeats. A long term

time average gives a resonant mode energy equal to some small

4
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fraction, F, of the total mode energy given in (55).

In either case, the average input power is £from Eq.

(52) and (55)],

P in zy gFn0VU 0 (57)

where F z 1 according to the first scenario, and F << 1 in

the second. It is not easy to decide between these scenarios

on the basis of existing theory or numerical simulation,
9

so we shall leave F undetermined, for the moment.

(The problem with numerical simulation is that the "box" size

would have to be chosen large enough to contain a statistically

significant distribution of wave packets. This seems to be

prohibitively costly at present.)

The spatial density, nc , of collapsing packets can be estimated

by equating Pin to the rate of energy flow, Pc' where,

P Z- ncVU
c 'r c oc

Here T is the appropriate collapse time. Equating (57) andc

(58),

nc = YgTc (Fn0 ) .
(59)

The density of adiabatic collapsing packets is then obtained by letti

c equal the adiabatic collapse time, ta, given in Eq. (20a)

na :-1 (F n (60)
ad w W o

and the density of supersonic collapsing packets, by letting 7c equal

the supersonic collapse time, t5, given in Eq. (25b)
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=ss (Fno (61)

We can use Eq. (61) to calculate the volume emissivity:

If we combine Eqs. (44), (61), and (56), we obtain an

upper bound on the volume emissivity for emission at 2w p

= d P Ima x _ 3 4 7 g M (A k _ 2 .(kD~l) W >2 (v)5 p
J2w=ns d2p- 8 F p M \ kD/ w n0p,

(62)

We evaluate this for the following parameters:

n =40 cm , 0 = 10 eV,e eV.

nb/n e = 10- 6 , AVb/Vb = 1/3 , W = 2 Wth

and k 1 and Aki as given by Eqs. (12). The maximum growth

rate is taken (from Eq. 6) to be

max 2
Y = ( b) v b

The resulting evaluation gives

J2 = 2x10 -17 F ergs cm 3 sec- ster- (63)

This is to be compared with the measured value in Eq. (1),
-23

which gives 2×l0 . The upper bound provided by the theory

h.° when F is larger than 10 is adequate to make collapsing-packet

emission an attractive condidate to account for observed

radiation at twice the plasma frequency.
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Even if the collapse quickly approached similarity form,

so that the core emissivity, (47) were more appropriate

than the coronal emissivity, (44), the volume emissivity

with F of order unity would still be consistent with the

observed emission. However, as we discussed below Eq. (47),

no one has demonstrated that three-dimensional Langmuir packets

just above threshold will quickly converge to the form of

similarity solutions. We note further that only the most

pessimistic assumption of core emissivity and cyclical

resonant mode depletion (F << 1) leads to a theoretical volume

emissivity below the observed levels.

r As an important side issue, it is worth pointing out once

more that either of our statistical models (F = 1, or F << 1)

is consistent with the absence of quasilinear beam plateau

formation. This is because the wave energy density of beam-

resonant modes can never greatly exceed the collapse threshold,

which is well below the beam energy density [See Eq. (13) and

(14), and the discussion which follows].

I.
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VI. Contrast with Previous Theoretical Work

We wish to point out here the main differences

between the theory proposed here and an earlier attempt at

treating emission from stable solitons, due to Papadopoulous

and Freund.
4

A central difference hinges on the role that the magnetic

field plays in the evolution of the solitons. Papadopoulous

and Freund assert that the effect of the magnetic field is

to produce stable, that is, not collapsing, essentially one-

r dimensioi1al solitons. This argument relies, in part, on their

claim that the magnetic field plays an important role in the

linear stage of beam-mode growth, and distorts the real-space

wave packets into one-dimensional "pancakes." We assert that

the magnetic field is irrelevant in shaping the beam-mode

packets. The ratio of wce/Wp z 10- 2 at 0.45 AU , so one would

a priori expect a rather small effect.

The argument that Papadopoulous and Freund rely on is
20

stated more explicitly in a preprint of Smith, et al.,

where they claim that the angular spread in wave vector space

of the growing modes excited by the two-stream instability is

less than 10 for wc/ p 10- 2 . This conclusion is erroneous,

and based on an incorrect application of a standard formula fao

the growth rate of the unstable modes in the presence of a

24magnetic field (Akhiezer, et al.),

i .
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2

2 2 g (K 2 R B

where RB = AVB/Wce and

g(a) = e E e-aI (a)exp[-(l+Z/KB)Rg 2 /2]

where I2Z(a) is the Bessel function. Papadopoulous and Freund

claim that the growth rate is only significant when KR B<< i,

basing their claim on the approximation of g(a) by the term

with Z = 0. This approximation is totally unjustified for

larger a, however, since K 1RB = (V/VB)/(wce/wP) 1 10, and

approximately 20 terms need to be kept in the series. If one

r does this, one finds that g(0) = 1, g(a) = 0.9989, i.e., the

dispersion relation is extremely insensitive to K RB for these

values of KRB. Furthermore, it should be noted that in the

limit of vanishing field, K11RB -+ 00, all terms in the series

must be sumrned. Papadopoulous and Freund's result is obtained

by taking the strong field limit of the dispersion relation;

and then applying it for weak fields.

Their argument that the solitons are stable is based on

the assertion that they are essentially one dimensional.

Since the assertion is false, there is no evidence which
22

suggests that they are indeed stable. We note that Petviashvili

has argued that there are indeed static localized solutions of

the equations one obtains by including the magnetic field in

the linear part of the equation of motion (A2). It is not

clear whether such solutions really exist (since he relied on a

I '

'"n &
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numerical solution of the equation to prove existence), or if

they are stable. In any case, the linear and transverse

dimensions of these entities will bear no relation to the

dimensions of the packets formed by the modes that grow in

the presence of the beam, and we think they will play no role

in the problem.

A second major difference lies in the relationship

between the linear growth rate of the unstable beam modes, YB'

and the average level of energy in the plasma oscillations, W.

The picture of Papadopoulous and Freund4 is that the energy is

Vtransferred out of the beam modes by the modulational insta-

bility, acting uniformly throughout the plasma. By an argu-

ment that they think reasonable, they then conclude that

YB u YNL is the condition for a steady state. YNL has the

same dependence on the parameters of the problem as lI/T c ,

where Tc is the collapse time of the solitons, and in this way

they obtain YB - W, W < m/M, or YB = (m/M) W , W > m/M.

Our picture is that the transfer of energy is due to the

direct collapse of wave packets, which occurs when the energy

2
in the unstable modes has grown so that W > (AK) . W is fixed

by the velocity spread, not the intensity of the beam. The

collapse does not occur throughout all space, and, in fact, the

density of collapsons, nc , can be computed from an energy

balance equation

yB W  T L- )n cc

I

.4
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3as long as yB < / c /L When y B'l/T the

collapsing solitons are closely packed, and the physical

situation is similar to the picture that Papadopoulous and

Freund propose in that nc would remain at i/Lc3 as B in-

creased, and 7B l/T c" However, this regime is inappropriate

for the type III parameters, in which the ratio of beam to

background density n b/ne is never expected to exceed 10- 6, so

2that 7B (1/10)(i/ c)" As shown by Goldman and Nicholson,

direct collapse is the dominant energy transfer mechanism in

this regime, not the modulational instability.

VII. Conclusions

In conclusion, we believe the models we have developed

in this paper for electromagnetic wave emission from collapsing

Langmuir wave packets, give the best possible state-of-the-art

estimates for such emission. Reasonable models give predictions

which are well above the volume emissivity observed during type

III bursts, Eq. (1). Further numerical work on the dynamical

and statistical details of collapse would be highly desirable,

but the need for working in three-dimensions may make the cost

prohibitive [See discussion below Eq. (47)] . Further theoreti-

cal work is also necessary, particularly in the refinement of
I.

our statistical assumptions.

-- 7
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APPENDIX DERIVATION OF EQUATIONS FOR TRANSVERSE AN4D

LONGITUDINAL FIELDS

We want to show that if c' = c/vT >> 1, then a consistent

solution of the equations of motion for a plasma can be obtained

in the form

- -o -i(c')

where 6% = -Vp, and I 1. " The field, e, is always

whr -V an

predominantly longitudinal. The longitudinal part, 460,
satisfies a modified form of the Zakharov equations, and ' is

the radiation field. We begin with Eqs. (21), with all

tildas omitted from dimensionless quantities

0 2
i c y 2- (l

t 2 2 ) = 2 2 (A2)

where c' = c//vT, and will be assumed >>I. If we make the

asatz + c , = -/2, we find, to lowest order in

1/c' :

i ; - xvxe + V e (A3)

7 < i 2t C'2 (7x L10 c' 2× , (A4)
3t -A

1*
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a _ 2 2 I 12 (A)
3 t

We Fourier transform (A4) for the transverse field , in

tin e and invert the resulting Helmholtz equation:

Vx f exp i r-r' afI d3r,

j T r-r'l

2
K w/(C') (M)

Integrating (A6) by parts and substituting in (A3) we have

2 1 expiKI r- r l (r) d 3 r' + V(V'9)

oi W 4Tr f jr-r'J 2

-2 (A7)

Consider fundamental emission (near the plasma frequency p

If we set K = 0 in the integral on the left side of (A7)

it is just the transverse part of the current (n/2).

Since for any vector field, A(x,t) = AL(x,t) + A, (x,t), where

L and T designate the longitudinal and transverse parts of the

vector, we find that satisfies the equation

1 . + V (7* ) (A8)

the corrections due to finite values of K being of order 1/c'i.
Equations (A8) and the divergence of (Al) imply that

i . + 7(. ) = 0 , (A9)

t - -'
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and hence if V.d = 0, initially [or at least C(l/c')] it will-±

be zero for all time, and the solution of (A6) can be taken

to be

= - 1 ,ep(Krr( ' d 3r, " (Al0)
r r I L2 --b ) T,w

The problem therefore breaks up into two parts: the

solution of the equations of motion for the longitudinal field

(A8) determined entirely by the longitudinal part of the cur-

rent (in/no) , and the radiation produced by the.t field,
0 -

determined by the transverse part of the current (AlO). The

emissivity formula (28a) which we have used can be derived from

(AlO).

The super sonic similarity solutions and plasmon number

invariant arguments we have employed for the field e are

based on the field equation (Al). Since we have just demon-

strated that the transverse part of & is of order (c') 2

times smaller than the longitudinal part, our solutions can

also be regarded as satisfying (AS).

We note that if second harmonic terms are included in the

current, these will have a negligible effect on the motion of

6o The radiation due to these terms is calculated from

(AlO) with the appropriate current, and K = (v7) (1/c).

I.

4
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FIGURE CAPTIONS

Fig. 1 Type III solar radio burst, showing an electron stream

emanating from a flare and propagating to the earth

along a magnetic field line. The radio wave emission

is produced by beam-unstable Langmuir waves, and has

been detected in space (by the indicated satellites),

and on earth.

Fig. 2 Contours of constant Langmuir wave energy density in

real and Fourier space, at an initial time, tor

V and a later time, t1 (after some real-space collapse

has occurred). The initial Fourier-space wave packet

consists of beam-unstable (resonant) modes, with

random phases, centered about the wave vector

k = Vb Wp/Vb, form-ng a packet of size Lk 1 by Lk

In real space, this corresponds to packets of size

3 km by 10 km.

Fig. 3 Trajectory of the state of a collapsing wave packet,

shown in a "phase" space, in which a packet is labelled

by its square width, (Lx)2/XD2 . and its mean energy,

W <I&I2>PACKET/4 nO. Energy is injected into packets

of a width set by the beam instability. The collapse

is initially adiabatic, then supersonic, and finally

ends in wave-particle energy transter.
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Fig. 4 Energy flow during a type III solar radio burst.

Most of the energy remains in the beam. A smaller

fraction goes into beam-unstable Langmuir waves,

some of which collapses. A small fraction of the

Langmuir energy goes into radiation. When a packet

has collapsed to a size of several Debye lenqths it

surrenders its energy to electrons and ions.

Fig. 5 Emission from a single collapsing Langmuir wave-

packet. Photons of frequency w, and wave vector K-0

q are radiated into the solid angle dQ about the

observation point, r. Note this observation point

is imbedded in the plasma [with local plasma

frequency, w p(r).

Fig. 6 Momentum conservation requirements for emission of

harmonic radiation (at 2w ) by a wave packet.p

Initially, the packet is centered around ko, and

is too small to contain two plasmon wave vectors which

sum to the photon wave vector, K . After some
1~0

collapse, the packet has enlarged in k space, and

contains enough plasmon pairs of the proper momentum

to conserve.
I.



(S

00

0 LuI
_j a/

</

00 0

0 I ow~eb

0 0

z -

o LI
(j*) uJ

UJ w77 0Iz 0

a..

>-
F-D



C,)M

o -4

4 woU

0L 0

-~ z
0
z

CN

CA)* 0

00

4- bJ



W. 1,012> PACKT /rno

LANDAU
DAM PINGi

VERY NONLINEAR

I COLLAPSE

SUPERSONIC
16 m/M

I ADIABATIC

4I
10 DIRECT COLLAP,

I THRESHOLD:

Wth cv (XD/&x) 2

1 GROWTH

52 2Xk 2
5D &kBEAM )-2 DA/

MODES

FIGURE 3



ENERGY FLOW

ELECTRON BEAM PROPAGATION

INSTABILITY

LANGMUIR WAVE PACKETS (SOME DO NOT COLLAPSE

COLLAPSE

..EMISSION

SMALLER LANGMUIR PACKETS N

2w RADIATION
p

LANDAU
DAMPING N EMISSION OF ION-ACOUSTIC

SQUASI-MODES

BACKGROUND ELECTRONS

IONS
'I FIGURE 4

4"



i
cc
0

0

0~
N:

9C

> 3



LANGMUIR PACKETS IN k -SPACE

No (PHOTON) f0

X0 zv 
-

(K (PHO TON)

PLASMONS

Z~k 5 0

MOMENTUM MATCH: kI 2t

1. FOR EMISSION

FIGURE 6



APPENDIX B

NDimensionality and Dissipation in Langmuir Collapse"

Accepted by Physics of Fluids

September 1979

r M. V. Goldman, K. Rypdal, and B. Eafizi

CU 1036

November 1979



Dimensionality and dissipation in Langmuir collapse

M. V. Goldman, K. Rypdal,* and B. nafizi
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Boulder 80309

r
The nonlinear Schrodinger equation provides a model for

Langmuir evolution at low energy density and wave number. We

study this equation using virial theoren technique:3 and find

stationary solitons and pulsating solitons (related to

"breathers") in one dimension, and collapsing packets in two

or more dimensions. Initial wave-packet collapse thresholds

and times are tound, with and without constant collisional

damping. In three dimensions a narrow collapsing core is

observed to break away from an initially Gaussian packet, and

become asymptotically self-similar with time.

|- *Present address: Institute of Mathematical and Physical

Sciences, University of Tromso, Norway.
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I. INTRODUCTION

It was Zakharov I who first pointed out the relevance of

optical self-focusing phenomena to the nonlinear behavior of

large amplitude Langmuir waves. Whether the waves are

electromagnetic or electrostatic is of little consequence.

The associated ponderomotive force pushes electrons out of a

spatial region, and they drag along the ions. The lowered

density creates a higher index of refraction in which rays

undergo total internal refraction and can be trapped if ther
nonlinearity is strong enough. In one dimension, this

nonlinearity can exactly balance linear dispersion (diffrac-

tion) of a wave packet, leading to the formation of an

envelope soliton. In two or more dimensions, nonlinear

refraction can permanently exceed dispersion. When this

occurs, a stationary balance is impossible and the packet

collapses spatially. The collapse threshold can occur at

initial Langm.ir energy densities which are still many orders

of magnitude smaller than the background electron density, so

simple nonlinear models are expected to provide a good

description of the early stages of collapse.

in the so-called Zakharov equations,1,2 the (slow time)

electron density in the Langmuir wave equation is allowed to

be nonlinear. Quasineutrality is assumed, and the (ion or

1-
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electron) density obeys a second, ion-acoustic wave equation

with a source term proportional to the ponderomotive force of

the Langmuir waves. These coupled equations have been used

extensively 2 - 5 to describe Langmuir collapse. They provide

the dynamical basis for what is often called "strong" Langmuir

turbulence.

In the early stages of collapse, at low wave energy

densities, the time-dependent (inertial) term in the ion

density equations is negligible. The ions are then adiabatic,

and the density is proportional to the negative of the

ponderomotive force. Under these conditions, the envelope

approximation to the Langmuir wave equation leads to a

Schradinger equation with cubic nonlinearity.

This paper is concerned with effects of spatial

dime.isionalitv and collisional damping on solutions to the

nonlinear Schr3dinger equation (NLSE) for a vector field

envelope, 6. Goldman and Nicholson have recently shown6 that

the NLSE provides a good model for the early nonlinear evolu-

tion of certain beam-excited Langmuir wave instabilities.

When the beam growth-rate is slow compared to the nonlinear

(collapse) time-scale, the role of the beam is essentially

only to determine the shape of a "linear" Lanamuir wave

packet, which is then used as an initial value for the

undriven NLSL. inder t 3e conditions, virial theorem

techniques I have been used to find the threshold and coli:pse

h.

1
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time of two-dimensional 6 Langmuir packets. Two-dimensional

theory and numerical analyses 4 , 6 show that such direct

adiabatic collapse is very likely to play an important role in

the saturation of beam instabilities at very low beam

densities. An important example is furnished by the solar-

generated electron beams responsible for type III radio

bursts.

One of the purposes of the present paper is to show how

the assumption of near-Gaussian spatial behavior of the

Langmuir field leads to a closure approximation in the virial

theory. With this approximation, we are able to estimate the

threshold and find an upper bound for the collapse time of

three-dimensional Langmuir packets. Additional numerical

work, based not on the virial theorem but on the Schr~dinger

equation for a spherically symmetric scalar field, shows a

self-similar collapsing core developing out of an initial

three-dimensional wave packet close to threshold.

In one dimension, the virial theorem witn closure

approximation leads to very simple predictions of pulsating

solitons which are consistent with the results of detailed

numerical solutions 7 based on inverse scattering theory. The

pulsating solitons have amplitudes slightiy higher than for

the corresponding stationary (sechx) solitons. They are

closely related to "breathers,' which are strictly periodic

bound states of two solitons. (The one-dimensional nonlinear

b.
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Schrodinger equation has been used extensively ' 9 as a model

for nonlinear behavior of deep water waves. The "recurrence"

observed by Yuen and Ferguson 8 in this connection may be

closely related to pulsating solitons and "breathers.")

Other observations in the present paper have to do with

the competition between modulational instabilities and

collapse and with comparisons between the virial theorem and

similarity solutions. A number of these observations are

based on similar phenomena in nonlinear optics, I 0 In which a

laser beam undergoes total self-focusing at moderate

intensities, and the higher intensities "break-up" into fila-

C. ments.

We have derived a virial theorem for the NLSE with

constant damping included. Ir two dimensions, this results in

a dissipative threshold for direct collapse, enabling us to

predict the role of collisional damping in Langmuir collapse.

The plan of this paper is as follows: In Section II we

treat the NLSE using general virial theorem arguments. In

Section III we explore the evolution of initial 'aussian wave

packets in one, two, and three dimensions. Section IV is

devoted to the effects of damping on collapse. Section V

deals with self-similar behavior, in general, and, for the

special case of three-dimensional sphericaily-synLetric

collapse of a scalar field. In the Appendix we stud, the

ccnditions of validity for the z LSE model of Lang:iuir collapse

(i.e., the adiabatic ion and electrostatic fielI

approximations).

4.
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II. CONSERVATION LAWS AND VIRIAL THEOREMS

The most general way to derive conservation laws for field

equations is to exploit the invariance properties of the

corresponding Lagrangian. The Lagrangian density for Zakharov's

equations (see Appendix). is given by Gibbons et al.
11

In the limit of electrostatic waves and adiabatic ions, their

expression reduces to

L = rEmt -E - (V Em ) (ViE i ) + h(EmC) (E)

2m m m I m m ii m m

From the Euler-Lagrange equations,

a 6L 6La- " -, (2)
t 6Em  6Em

the nonlinear Schr8dinger equation follows:

i. + 2E +IfE 2E = 0 (3)

Here, we have used the variational derivative of the Lagrangian

L - fL dDr,

6L -. aL (4)

6En aEn a(V ZEn)

Note that we have treated En and En as independent generalized

coordinates. Variation with respect to En gives the complex

I. conjugate NLSE. The relation between the dimensionless units

employed here, and physical units is given by: t W t,

r -,. kDr/, and IEJ2  JEJ 2/[32rno (Ge+ei). The
DT 0 e
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electron plasma frequency is w the Debye wave number, kD;

the background plasma density, n0 ; and the electron and ion

temperatures in energy units are 0e and e E is the envelopee V

of the electric field, E(r,t) - Re(Ee - i Pt).

The conservation laws for plasmon number, energy, and

momentum follow generally from Noether's theorem 12 and the

invariance of the Lagrangian under a gauge transformation

E - Eei , under translation in time, and under translation in

space, respectively. Alternatively, they can be obtained

directly. Continuity of plasmon number density, IL(S} 2,

.follows directly by multiplying NLSE with E and subtracting

the complex conjugate, giving the following continuity

equation:

LI + vs = o , (5)

where S is the plasmon current density

S = -L (EnV En - EnV E*) " (6)

Energy and momentum conservation can be derived from the

following (D+l)-dimensional energy-momentum tensor:

S L E 3 z (7)
TZ/ ax) P V (aEX/ ax v PV

|.o where the indices P and v can assume values 0,1,...,D, and

xo  t, (x ,...,x D  r.

From the Euler-Lagrange equations (2), and the fact that

L does not depend explicitly on time and space (translational

$"4,
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invariance), we easily verify that

V T - 0 , UV - O,1,...,D . (8)

This is a set of (D+I) continuity equations, one for energy,

a-f + V .( = o 9)

where the energy (Hamiltonian) density H and the energy flux

vector 2 are defined as
**2

-Too [CVnEn) (V E) - (EE , (10)

Q - -T - -Re(VnEn~ ) , i = I,...,D , (11)
Vi 1-0 nn P

and one equation for each momentum component

ap
t1 + VPT~Iv = 0 , 1 ,V - ,...,D , (12)

where the momentum density -and the stress tensor T are

defined as

~ T(EV~ E EtvLv= l,...,D (13)

T 4V = Re(VLE;V E ) + L6P , LV = ,...,D . (14a)

Note that the momentum density P is here identical to the
V

current density, S , in Eq. (6). The time derivatives in L can

be eliminated by means of the NLSE (3), and by applying the

relation VV.E V 2E (valid for electrostatic fields; see

Appendix), we find

1,
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7 L_

L - 4 + V.Re (EV.E) (15)

which inserted in Eq. (14) gives T in the simple form of

6Goldman and Nicholson:

= Re[(V-.E)VEj] - h6ij[IEt4 +V.(ReE*V-A)) . (14b)

The three continuity equations above can be integrated to

yield the following conserved quantities, assuming localized

fields: N = flEl 2dDr, H = fH dDr, and P = IP dDr. They can

also be used to explore the particle-like behavior of a wave

packet by defining the average of any quantity using the

normalized plasmon number density lE 2/N as a weighting

function;

<f(V> f (IE1 2/N) fc )dDr

If we multiply Eq. (5) by L. and integrate by parts, we find

the Ehrenfest theorem for the velocity of the centroid coordinate

of the wave packet:

3 = S/N = /N = const. (16)

Similarly, by Eqs. (5) and (12), and again using S - , we can

*, prove the following virial theorem for the time evolution of

2> fE12 /Nj- j2 dD rthe mean square spatial deviation <Sr2> ( /N)lr-<L>l2d r;

L 2 <Sr 2 > 2 [ -dDr /()2 (17)

TN
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From Eq. (14) we find T = 2H+h(2-D) IE 4 +(D/2)V.(ReE*V.E),

which, inserted in Eq. (17), gives

a t2<Sr 2> 2A + (2-D)<IE 2> , (18a)

where

A 2 2H/N S IN (18b)

is a constant of motion. By integrating twice in time, we get

t t2

<Sr 2> = At2 + Bt + C + (2-D) dt' dt"<,E,2> , (19)

0 0

where B = at<6r 2 >t=0 and C = <6r
2> t= . This is the result of

Goldman and Nicholson. I1 If the number of spatial dimensions

D > 2 and the conserved quantity A < 0, it follows that <6r2>

will collapse to zero in a finite time. This general result is

based on the assumption of adiabatic ions and electrostatic

fields, both of which are eventually violated when <Sr 2> becomes

sufficiently small (see Appendix).

Thus, in the late stages of the collapse, the collapson

may radiate ion-acoustic waves as well as electromagnetic waves.

If these effects are not sufficient to stop the collapse, it

will finally be stabilized by Landau-damping when <r 2>h

becomes of the same order of magnitude as the Debye length D"

The useful form of the virial theorem for the NLSE depends on

the identity S P-. This identity is not satisfied by the

more general Zakharov's equations. Hence, a

useful virial theorem that can describe the late stages of a

T-,



collapse has not been derived. At the present time, the most

fruitful approaches to these problems seem to be numerical

integration of Zakharov's equations and particle simulations.

III. GAUSSIAN PACKETS

A. Threshold and collapse time

We treat an initial Langmuir wave packet of the form

E(r,t=O) = -oexp(-Ak 2r 2/D)exp(ik .r)  (20a)

where we assume that the k-space width of the packet, Ak, is

much less than the wave number k0

= Ak/k0 << 1. (20b)

(In the Appendix we shall see that c << 1 is the condition for

neglecting electromagnetic effects.) We note several features

of this initial wave packet: It is purely electrostatic, since

it is the gradient of a potential. As long as Ak << k0 , the

field E points essentially in the k direction, and has a maximum

value,

E o = JE max (t=O)j w ko* 0 , (20c)

. where o is assumed to be real and constant. If we evaluate

AL
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the mean packet momentum density, #/N, we find

#IN- k[i + O(e 2 )] . (21)

The factor D in the exponent of the Gaussian is equal to the

number of spatial dimensions considered. Its presence guarantees

us that Ak2 is indeed the correct measure of the packet's

k-space width: To justify this interpretation, we note that

N IE1(2 D z (Ak )2  (22)

by using the inequality Ak << k0 , and Eq. (20a).

The physical quantities and invariants defined in Section

II can be evaluated for the initial field of Eq. (20), and

expressed entirely in terms of E0 , Ak, ko, and D. For example,

to zero order in e,

D/2
N % Eo2 ( Di.T , (23)

0\2Ak/

<6r 2 > D )2  (24)

02 A

<I E> E 02 2/ 2 (25)

The invariant A, defined in Eq. (18b), is

12HI2 2 0

- -- Ak . (26)
2D/|.

The threshold for collapse for D = 2 (two dimensions) is A < 0.

This is also an upper bound on the three-dimensional threshold:

1" e

1,
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E21 = 2D/ 2Ak2 . (27)0° threshold

For our Gaussian initial packet, the integration constants B

and C in Eq. (19) are easily evaluated. We find B = 0, and

C = (D/2) 3/k 2. From Eqs. (19) and (26) the time t follows:

tc = IC/AIh = D/2Ak 2(P-1)h . (28)

This is the virial theorem prediction of the collapse time for

D = 2, and an upper bound on the collapse time for D = 3. The

*quantity P is defined as:

P = E 2/2D/ 2Ak 2 . (29)o

When D = 2, P is the ratio of field energy to threshold energy.

We shall use P in our treatment for arbitrary D, although its

interpretation as wave to threshold energy holds only for D = 2.

I..

I'
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B. Gaussian approximation

In general, as a packet develops nonlinearly, it does not

preserve its Gaussian shape. If P is much greater than one,

the packet may be unstable against "breaking-up" into smaller

packets (modulational instability1 3 ). One-dimensional

"breathers" may have many spatial oscillations when P >> 1.

In three dimensions, even very close to threshold, self-

similar behavior2 develops asymptotically, as the collapse

proceeds. Using a scalar NLSE, Budneva, et al. 2 have shown

that an initial three-dimensional Gaussian packet with P >> 1

f, soon develops such a feature. We show in Section V that such

a feature also develops when P 3 1 (near threshold). A

quickly-collapsing core of similarity form rises at the center

of the packet. This core becomes singular, and its width goes

2
to zero for non-zero <6r >. However, the threshold for

collapse and the early time behavior of <Sr 2 > are well-

described by the virial theorem methods we are about to

describe.

Assuming the packet remains approximately Gaussian, a

closure scheme for Eqs. (18) may be formulated with D = 1 or

[I.r 'L
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D = 3. The problem is with the quantity <IEl 2 >, which is not

an invariant. We shall make the (Gaussian) approximation that

<IEt2> = Q N<6r 2 > , (30a)

where Q is assumed constant. We may evaluate Q at t = 0,

using Eqs. (23)-(25). To zero order in e, the result is

Q = ( D/2. (30b)

Inserting Eqs. (30) into the time-evolution Eq. (19) for

<r 2 > enables it to be integrated by potential theory methods.

A first integral is

2 /2 + V( ) = E , 2<r2> . (31a)

Here, E is an arbitrary integration variable, and the "potential"

V( ) is given by

VC ) = -2A -2NQ -D/2) C31b)

Equations (31) are convenient for studying effects of dimension-

ality on the evolution of solitary wave packets.

Calculations of characteristic times, such as pulsation and

collapse times, are easier if we express the potential in terms

of the normalized coordinate n - /t=0' where t=o = (D/2Ak)2

is the initial mean square spatial width of the wave packet,

D2-- --- [(P-l)ri - pnID2 . (32)

1"

1,
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Note that the potential for the initial packet (n = 1) is

V(Ct=) = -D 2/2, hence independent of the initial parameters.

We study the implications of the potential of Eq. C32) for

various cases:

D = 1. For A < 0, (P > 1), the potential has the concave

shape of Fig. 1. For a Gaussian packet the potential has a

minimum at no = (I-P-I) -2 and a zero-point at nI = (1-p- ) 2

This allows bounded, oscillating solutions about the equilibrium

point n. For P = 2 we find that no = 1, which is the initial

coordinate, thus giving the stationary equilibrium solution

corresponding to the well-known NLSE-soliton E = csech(ax)exp(a 2t/2).

Since n1 > 1 for all P > 1, and n 1- 1 as P - , it is clear

that full collapse never occurs. For sufficiently large P the

oscillations about no will be so large that the minimum n will

be below the limits of validityof the NLSE as given in the

Appendix B. C

Assuming (P-l) is sufficiently small (see Appendix B), our

theory gives pulsating solutions corresponding to the bound

states near the bottom of the potential well in Fig. 1.

<x 2 > oscillates periodically, and, by the invariance of

f dxlE1 2 , so does jE1 2

max

This behavior appears to be related to certain numerical

solutions obtained by Satsuma and Yajima,7 who apply the

inverse scattering method to solve for the time evolution of an

initial wave packet of form

E(x,0) = asechx . (33)

1*Ir
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When a = 1+c, and c << 1, they also observe oscillations in
2

Elma, but these oscillations slowly relax, presumably due to
max

"continuum" radiation of Langmuir waves. We do not observe

such damping of the oscillations, probably because "continuum"

radiation is excluded by the assumption of localized fields in

the spatially-Gaussian closure approximation.

The validity of our treatment of periodic pulsations of one

single wave packet requires that the packet does not break up

due to secondary instabilities in a time shorter than the period.

The possibility of such a break-up is not accounted for in our

rGaussian model. The period is obtained by integrating Eq. (31)

using Eq. (32),

=F(P) 2 (34a)

1E 01
where the function F(P) is defined by the integral

F(P) = ± (-- I/[P (p- . -l] P (34b)
nturn

The positive sign is for P > 2, (nturn < 1), the negative sign

for P < 2 h turn > 1). F(P) is plotted in Fig. 3. The period

predicted by our Eqs. (34) are in good agreement with the

numerical results exhibited in Figure 2 of Ref. 7. As P - 1

the period goes to infinity.

The growth rate of secondary instabilities such as modula-

13 is. 2tional instability and parametric decay is Ys ~ .E
12  If we

let f = y sts be the number of e-folding needed for the noise
1° ,
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to grow to nonlinear levels, we get

= F(P)

t s  f

The value of f depends on the noise level from which the unstable

waves are amplified, however, even very conservative estimates

give f > 10. This means that "breathing" and break-up times are

of the same order of magnitude for 2 < P < 102. Break-up

instabilities are effective only if the packet size is larger

than the shortest unstable wavelength; <6r 2> = i/(2Ak) > As

= 7r/1Eol or, equivalently, P 5 2/7r 2 z 28. If this threshold is

exceeded, the wave packet will break up into smaller packets on

a time scale of the same order as the pulsation period. We do

not expect our theory to apply under these conditions.

A different way to view one-dimensional "break-up" behavior
7

when P >> 2 is provided by the work of Satsuma and Yajima. They

studied initial packets of the form given in Eq. (33) for

a = 1, 2, 3, also (see their Figure 1). The case a = 1 corres-

ponds to the usual single soliton, but a = 2 and 3 correspond to

"breathers," which are exactly periodic pulsating bound states

of two or three solitons. The case a = 3, in particular, shows

markedly non-Gaussian behavior, as the packet splits into two

and three narrower packets in the course of its periodic behavior.
• 8.

(Similar behavior was also observed by Yuen and Ferguson, in

what they call "complex" recurrence.) If we set the area under

our Gaussian packet equal to the area under their sechx packet,

we obtain a relation between our P and their a:

1i
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P = a2//7 (35)

From this we see that a = 1 corresponds to P 2 in the single

soliton result. The case a = 2 corresponds to P z 9, which is

a somewhat lower bound for validity than found from consideration

of modulational instabilities.

For P < 1 (A > 0), the potential in Fig. 1 is monotonically

decreasing for all n > 0, so any localized wave packet will

disperse spatially with time. Break-up, recurrence, or collapse

will never occur.

D = 2. In this case, the term containing <jE 2> vanishes,

rand no approximation is necessary in the virial theorem. The

potential V( ) is linear with slope -2A, giving collapse for

A < 0, and spatial dispersion for A > 0. Threshold for collapse,

and collapse time, are given by Eqs. (27) and (28), respectively.

D = 3. The potential for A < 0 grows monotonically from

minus infinity at = 0, approaching the straight line -2A

as E - -. Consequently, collapse occurs for all initial wave

packets, and an upper bound for the collapse time is found by

considering collapse along the linear potential -2A . This

gives the expression of Eq. (27). The convex shaped potential

appearing for A > 0 has an unstable equilibrium for

.IO =_ [2(P 1-1)1- 2/ 3 . Collapse for a Gaussian wave packet occurs

when no > 1, or
0

1"b



i.) ,

20

P > 2/3. (36)

The threshold condition P > 1 for D = 2 corresponds to the

threshold condition Eo2 > 2Ak 2 , while Eq. (36) for D - 3

requires Eo2 > (25/2/3)Ak 2. This means that the threshold is

slightly lower in three dimensions.

The virial theorem prediction for the collapse time, valid

for all P > 2/3, is easily obtained by integration of Eq. (31),

t= G(P) (37)

where G(P) is defined by the integral

G(P) = - d(38)

which is plotted in Fig. 3.

The collapse time predicted by (37) is an upper limit. We

shall see in Sec. V that a self-similar "core" can collapse

faster than <6r 2>.

The threshold condition for break-up, that the packet size

is larger than the smallest unstable wavelength, now becomes

P > /2(n/3) 2 1.6, while the ratio

t= G(P) (39)

s  f

is smaller than unity only for 0.7 < P < 10. Hence for large

P (P > 10), a wave packet should break up into smaller packets

before it has had time to collapse. If the smaller packets

have P in the range where t c/t < I they will collapse. This°c s

- .- ,
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succession of break-up and collapse has been referred to as

indirect collapse.6

Similar phenomena are well known in nonlinear optics.9 A

nonlinear laser beam with P >> 1 breaks up into intense fila-

ments, whereas when P is closer to one, the beam self-focusses

as a whole.

IV. EFFECT OF DAMPING ON TWO-DIMENSIONAL COLLAPSE

r. We next introduce a local damping term of the form iyE

on the left side of the NLSE, Eq. (3). The conservation laws,

Eqs. (5), (9), and (12) are modified in the following manner:

(t +2y)N = 0 or N N 0oexp(-2yt) . (40)

1,
.*i. . . _ -- -_ . ... _- . .0
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Since there is no driver, the plasmon number decreases

exponentially with time. The momentum behaves the same way:

(0 +2Y)P- - 0 or P - s = S exp(-2yt) . (41)
- -o

However, the energy H has a more subtle evolution equation:

(a t+2y)H = yN<[Ej 2> (42)

An initially negative H may become positive if the effective

source on the right side is large enough. Sufficiently large

dissipation causes the nonlinear refraction term (=IE14) in

r H to decrease faster than the dispersion term (=IV.El 2). Hence

H and A eventually change from negative to positive, and collapse

stops. The virial theorem takes the form (for D = 2)

(at+2y)2 <r2> = 2A . (43)

Assuming an approximately Gaussian wave packet, Eqs. (30) implies

that <JE12> = (D2/7r23)D/2<Sr 2  /2Nexp(-2yt), which can be

inserted in Eq. (42). We restrict ourselves to treat the case

D = 2 for which Eq. (42) may be written in the form

N
a A - exp(-2yt) (44)
t r<Sr 2>

* In Eq. (43) and Eq. (44) we make the following substitutions

T = t/tc , V = Yt c  (45)
ic

"(T) exp(2vT) <6r 2 > ( t A A
2x() = yP, (46)2t (Pv) '(P ' 46

!c
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where tc is the collapse time of Eq. (28). The resulting

equations are

2 x - y exp(2yT) , aY x-1 , (47)

with initial conditions

x(O) = l/2t

x (0) = vc-  (48a)

y(O) = ,

a = V/(l-P - ) . (48b)

This initial-value problem has been solved numerically for

various values of P and a. For a given P, there exists a

critical value ac(P). For a < ac', the packet collapses com-

pletely. For a > ac', the variable x defined in Eq. (46) decays

to a minimum, Xmin, and then increases. The packet size,

<6r 2> asymptotically approaches a constant, due to the balance

between linear dissipation and linear dispersion. This can be

seen from Eqs. (47). As x - -, y goes to a constant, and

x approaches exp(2yt). From the definition of x, this implies

that <6r 2> approaches a constant. From Eq. (43), we see that

<6r2> 1-- A/2y2. In the asymptotic limit, only linear dispersion
I| contributes to H, so A - <6r 2 > - , and lim<-r> . y This

t400

may be of little interest, however, because JE1 2 has

damped to a small value by this time, and the packet is linear.

°TN
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In Figure 4 we show some typical curves of <6r 2> versus time,

for various values of the damping. Each curve is shown as a

dashed line after the plasmon number, N, has decreased by one

order of magnitude.

In Fig. 5 the quantity 8 : x /x(O) has been plottedmin

versus a for various P-values. These plots show that collapse

is stabilized for a > a % 1/3. Thus, we have non-collapsingC

solutions for y > yc, where the critical damping rate yc is

given by

Sc go (1-P -1)/(3t C). (9

If the collapse proceeds too far before stabilization occurs,

the NLSE breaks down and results based on the virial theorem

are not reliable. Initial wave packet conditions for which the

NLSE remains valid throughout the nonlinear evolution are given

in the Appendix.

.

. --
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V. SELF-SIMILAR BEHAVIOR

A. Scaling laws

By making the self-similar substitution
1 '2

(t -t) R u =tc-t) - hr (50)

in Eq. (3), we get rid of the time-dependence:

S(l+U.a)a+ au2 t + -RR= 0. (51)

r At collapse threshold the nonlinear pressure term must b~lance

the dispersion term, hence we get for the ratio of field energy

to threshold energy

INI 2R 2 A
h 2 R max (52)

Here Au is the half-width of the function R(u). Assuming that

the first term in Eq. (51) is of same order of magnitude as

the nonlinear term (which is obviously true for P >> 1), we

find that Rmax=C(l). From Eq. (50), it then follows that

tc W C(IEol -2 (53)

This always turns out to be a faster time than that predicted

by virial theory. (An example will be given below.)

I,
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The self-similar solution in Eq. (50) has some peculiar

properties which might tend to obscure its relation to arbitrary

initial avlue problems. For example, its N-invariant is infin-

ite in three dimensions (although not in two). To see this, we

note first that Eq. (50) implies

N - (tc-t) f d3uR(2)I2 (54)
9t

However, in thM limit of large u, the last two terms in Eq. (51)

are negligible, and R a u-1 . Hence, the integral in (54)

diverges. Indeed, this must be the case, in order for N to be

time-independent. However, in any initial value problem of

physical interest, N is always finite. What role can self-

similar solutions play in arbitrary initial-value problems?

This question is addressed next.

B. Numerical studies of three-dimensional collapse

We support our discussion with numerical solutions of a

scalar NLSE in spherical symmetry:

2  3 =1 3 r ) , (55)
2r2 r

with boundary conditions

3r) = r =0

) . r

This equation follows from the vectorial NLSE (3) under certain

conditions. Assume that the electric field envelope E has a
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rapidly oscillating spatial phase factor exp(ik -r), where kO

is much larger than the k-space width Ak of the spatial envelope.

Under this assumption the electric field can be represented in

terms of a scalar function *( W,t):

E(r,,t) = A C56)

S V[,(£,t)/ko] i,~(' ° .

This immediately gives a scalar NLSE in 0, but it is not

spherically symmetric because 0(r'rt) still contains the non-

symmetric phase factor. This means that the wave-packet has a

non-zero momentum, P' = N'k . However, the momentum can be

removed by the following gauge-frame transformation

.2O(r',t) = *(r,t)exp(ik t/2+ik.r') (57)

r =r' - k t ,(58)

under which the NLSE and the constants of motion N and A [see

Eq. (18b)] are invariant. The momentum transforms as

P = P' - N'k = 0

so iP(r,t) does not contain the phase factor exp(ik .r), and it

is possible to impose spherical symmetry to obtain Eq. (55)

Equation (55) was solved by Budneva et al. for an initialI.
Gaussian shape corresponding to P = 8.5. (Threshold is P =

2/3.) We solve it for several P values, both below and above

threshold, and the results can be summed up as follows: For

k.
_Liin



28

all P > 2/3 a collapsing "core" develops whose collapse time is

less than one-half of the collapse time derived from the virial

theorem under the Gaussian approximation.

However, the collapse threshold condition, P - 2/3, obtained from

the virial theorem with the Gaussian closure approximation

provides a surprisingly good criterion for "core" collapse.

When P < 2/3 the corona disperses (<6r 2 > grows monotonically),

in agreement with virial theorem predictions. Just below

threshold, however, we have the situation of a collapsing core

co-existing with a dispersing corona, indicating that core and

. corona can behave independently of each other.

In Fig. 6 we illustrate a solution to Eq. (55) (the

factor in the dispersion term has been scaled away, by

stretching r by a factor /2, in order to correspond to the

equation of Budneva, et al.). Figure 6 shows the build-up of 0

the core for P = 4/3 (two times threshold). The intensity is

displayed at time t = 1.2. The dotted curve shows the cor-

responding shape if the packet has remained of Gaussian shape

and collapsed in accordance with virial theorem arguments. The

steepness of the core is of much less consequence when we recall

that moments and invariants are weighted by r2 when three-

dimensional integrations are performed.

For example, at early times, the virial theorem prediction

of width <6r 2> is well satisfied. If we assume that

I1 - <6r 2>/<6r 2>0 1 << ,

T
A/
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then the virial result, Eq. (31), may be integrated analytically

to yield,

<6r2> <6r2> (1-at2)

a ( P-1) 02 (59)
2 18 P2

2
This curve is plotted in Fig. 7 for P = 4/3 (E0 = 2.39).

Superimposed on it are the results for <6r 2> obtained by spatial

integration of the numerical solutions to (55), at various times.

By the time t = 1.2 (corresponding to Fig. 6), the non-

Gaussian character of the core is causing the numerically

determined <6r 2> values to fall about 1% below the virial theorem

predictions. This happens because Eq. (59) was obtained by

assuming Q is constant, and equal to the value given in Eq.

(30b). In the actual numerical solution, Q has increased by a

factor of 2 by the time t = 1.2, and it is this non-Gaussianity

which is causing the slight lowering of the <6r 2> points.

The virial theorem prediction for the collapse time [Eq.

(37)] gives t z 3.2. However, the collapse of the core is seen

to occur at t z 1.33, by arguments we shall advance shortly.

2
At this time <6r > is non-zero and comes from a tail which remains

even when the core has gone singular. This time is indicated on

Fig. 7 as tc (. The significance of the virial theorem

predictions of <6r 2> beyond t (s) are not clear. The nature of

the problem will be summarized later.
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In Fig. 8 we verify that the field is self-similar at

r = 0, and determine the collapse time by extrapolation.

According to the scalar-field version of Eq. (50), if the field

is self-similar at the origin, then '(O,t) - R(0)(tc-t)- .

Hence, in Fig. 8, we have plotted I*(0,t)I - 2 versus time and have
found the expected straight line, with Ipl(0,t c ) -2 = 0 at

t (S) = 1.3265.
c

Of more interest is the question of the spatial extent of

the self-similarity. Consider the field at two times t1 and

t2 ' such that t1 < t2 < tc(S). If the field is self-similar at

tI, with respect tothe later time t2, then it must have the

form ss(r,tl) which is related to (r,t2) by

*ss (r'tl) a 21p (r/x2 lt 2 )

a 1 (tc ( 2) (60)t21 t c "s -

In Fig. 9 we have plotted the quantities

S12/1 ss 1 1 ,

for t2 = 1.3220, and three different values of the earlier

time t This represents the percent difference between 1 12
, (3

and the self-similar solution, as a function of radius, for

the three earlier times. At times later than 1.30, 1 12 is

self-similar to within 15% up to radii of about r = 3.7. At

these times the half-width of the peak occurs at r < 0.5, so a

relatively long self-similar tail is observed.
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How much of a contribution to the "number invariant," N,

is made by the self-similar part of the solution? To answer

this question we have plotted, in Fig. 10, the volume integral

of Iip2 up to radius r, as a function of r,
r

Nr(t) = 4 T f dr r 2 lp(r,t) 2 , (61)

0

at the initial time, and at two later times. Note, N is the

plasmon number invariant, N, here equal to about 14. The arrows

on the curves at t = 1.2 and at 1.31 indicate the radius at which

IPI2 deviates from self-similarity by ±25%. We note that about
r 'half of N comes from the self-similar portion of the solution.

The dots indicate the radius at which the half-maximum in 1 12

occurs for each time. Most of the contribution of the self-

similar portion of VP!2 to N comes from the tail rather than

the peak. As the collapse pioceeds, the self-similar peak makes

a vanishingly small contribution to N, while the self-similar

tail makes an increasing contribution.

The important issue of what happens to the entire tail

(and to <Sr 2 >), after the collapse of the central peak at

time tc (S) cannot be resolved within the context of the

present theory. A proper resolution should take into account

the inevitable break-down of the Schr6dinger equation and the

need for more physical processes. In the Langmuir wave appli-

cation, this means the inclusion of a dynamic ion response and,

possibly, energy transfer to electrons. The criteria for

neglect of these physical effects are described in the Appendix.
r.,

.. . . . . ..4 - . . .. .. . . . . .. . . .. . . . . ... . . T
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APPENDIX

Here we briefly review the plasma physics conditions which

must be satisfied for the validity of the cubic Schr6dinger

equation (3) in the text. We begin with a more general set of

equations, the "Zakharov equations," which have been used

extensively 14 to describe nonlinear Langmuir and electromagnetic

wave evolution

iE + hZV • E -C2V~E 6E A1
C2iE+ V -- V2 x~xE- SnE = 0 , (Al)

-V 2)6n V11

(Cs = - 21 2  . (A 2)

The units here are the same as described after Eq. (3); in

addition, 6n is the low frequency electron (or ion) density

response, in units of 2nO , where no is the average background

density. The parameters C and Cs are, respectively, the speed

of light and the ion-acoustic sound speed, in units of J ve ,

where ve is the electron thermal speed, (ee/me) . There are

five conditions for the validity of the Zakharov equations

(Al) and (42):

i) (k/kD)IEI << I (dipole approximation);

!|. ii) SLOW << w (slow-fast time separation);

iii) neglect of wave-particle interactions (k/kD << 1,

-e >> Gi);

iv) quasi-neutrality;

1,
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v) linear ion response to ponderomotive force (6n << n ).

We shall be concerned here mainly with the conditions for

two further approximations, which lead to the cubic Schr"dinger

equation. These are, respectively, the electrostatic approxima-

tion (VxE = 0), and the adiabatic ion approximation

ICs-2 t2EI << IV2EI in Eq. (A2).

We begin by assuming the electrostatic approximation, and

then show that this approximation can be well satisfied in the

adiabatic limit, provided that the packet also satisfies certain

criteria in k-space.

With VxE = 0, it follows that V V.E = V2 E, in Eq. (Al).

In the adiabatic limit, the first term on the left side of (A2)

is neglected in comparison to the second term. For localized

fields, (A2) then integrates to 6n = -JE12 , and (Al) becomes

the cubic Schr6dinger equation. An a posteriori examination of

the terms on the left side of (A2) then gives us the necessary

inequality for the adiabatic limit:

I 2 t21EI21 << I21EI21 .(A3)

From Eqs. (5) and (12), and the identity of current and momentum

densities for the Schrodinger equations, we find

a 2 El 2 = . (A4).
I.

The stress tensor is given by Eq. (14b). It may be rewritten

in a useful form by expressing the field in terms of an amplitude

and phase:

°4
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E = A exp(iO) , A,O real . (AS)

Then,

Ti = (V.A) (ViA.) + u.AuiA [A4 + V (AVoA)] ,(A6)
T.. = i 2 L - ~(6

where,

u -e (A7)

corresponds to the packet velocity [note, with the help of (AS),

the current density, (6) may be rewritten as S = uJE12]. In

r order to reduce the inequality (A3) still further, we consider

a wave packet which is centered about wave vector ko and has a

k-space width Ak:

A v A oexp(-r 2 Ak
2 ) , u. (A8)

From (A6) we see that the various terms in the stress tensor

are then of the following orders:

T= 0[(k)2A2 2] + O[k 2A2] + O[A 4 ] + 0[(Ak) 2A2 1 . (A9)

Hence, (A3) and (A4) yield the following inequality for the

adiabatic limit:

0[(Ak )2 3 + O(k 2) + 0(,A,2 ) << Cs2 = rn , (AlO)0 M

where r = (1/3)(l+yi®i/ e), and yi is the usual ratio of ion

specific heats. The condition on the wave numbers means essen-

tially that the packet velocities (or group velocity, in the

1 limit Ak << k.) must be much less than sound speed, so that therk o)
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ions can follow the packet spatial translation. The condition

on the amplitude, JI, means that the packet's collapse speed

also must be much less than sound speed. Both conditions are

theoretically met, for example, in the case of the type III

solar radio emission.
6'15

It is also useful to examine the adiabaticity criterion

(A3) for the case of self-similar solutions of form (40).

Once again, if ()max and (au R)max are considered to be of

order unity, the adiabaticity condition (A3) becomes

JEJmax << C 2 , for non-translating similarity solutions.

Next, we show that the condition for electrostatic

0 approximation in the adiabatic limit is merely

Ak << ko, for electrostatic approx. (All)

Here we imagine an initially pure electrostatic packet (such

as may arise from a beam instability, for example
6 '15),

centered around wave vector k . As the packet collapses, its-v

effective k-space width, Ak, increases. As long as Ak remains

much less than ko , the term C2 VVE/2 on the left of Eq. (Al)

may be ignored.

The demonstration consists of two parts. First we require

that the transverse part of E be much smaller than the longi-

tudinal part. This has been shown in references 2 and 15, where

| IT/ILI is shown to be of order C_-. Given JELI >> LET1, we

may take the longitudinal and transverse parts of (B-1) and

write them approximately as

1.

*-.-
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i + V2EL ,.- AL =0o , (A12)
L

2

i+ VET ,( 2 L 0 (A13)
T

Note that if we can demonstrate 16nELI T<< 16nELI , it will
T L

then follow that the third term in (A12) can be written approxi-

mately as (nEL) + SdnEL) = 6SnEL, and the resulting equationI L T

is equivalent to (Al), in the electrostatic approximation. The

condition 16nELT << I6nELL , with 6n-= -IEL 12 (adiabatic ap-
T L

proximation), may be written as,

f d3r- - << fd 3r ,' L (A14)

Next, take to be of the form E = A eXp(-r 2 6k2 )exp(iko'

as in (A5) and (A8). Then, since V'xEL(r') = 0, the left side

is of order Ak/k0 smaller than the right side, when Ak << ko.

This demonstrates that Ak << k is indeed the condition for the0

electrostatic approximation, in the adiabatic limit. Together

with the inequality (AlO), this defines the conditions for

converting the Zakharov equations (Al) and (A2) into the cubic

Schr6dinger Eq. (3). However, we note that these conditions

are based on spatially Gaussian packets. If collapse has

proceeded sufficiently into the self-similar regime, these

|, estimates may have to be modified.

I"
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FIGURE CAPTIONS

Fig. 1 Pseudopotential V(n) for D - 1. (n E <6r2>/<6r2> 

Fig. 2 Pseudopotential V(n) for D = 3. (n - <6r2>/<6r2>o .)

Fig. 3 Functions F(P) and G(P) versus P.

Fig. 4 <6r 2>/<6r 2>0 versus time T for v = 0.15, 0.4, and

5.0. Curves are dotted for times when N has damped

by more than one order of magnitude.

Fig. 5 8 = xmin/x(0) plotted versus a for P = 1.5, 2, 3,

5, and . 0

Fig. 6 Initial Gaussian (t=0), and nearly collapsed solution

with a core of similarity form (t = 1.2). Dotted

curve is the solution at t = 1.2 in the Gaussian

approximation.

Fig. 7 Spherically symmetric numerical determination of <6r2>

(x-marks) as a function of time, versus virial theorem

prediction [solid curve--see Eq. (59)], for the case

P = 4/3, tc = 1.3265.

Fig. 8 I (0,t) 1-2 versus time, showing self-similar approach

to singularity in I1 (0,t)l2 at r = 0, and t c (s)= 1.3265.

!,'
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Fig. 9 I2/Pss 2 _ 1 as a function of r at t = 1.2, 1.3,

and 1.31. This exhibits the relative precentage

difference between 'I12, and 1ss12. The latter is

reconstituted from j9P(t = 1.3220) 12, under the

assumption of self-similarity.

Fig. 10 N = 47 foo dr r2 1*12 as a function of r for t = 0,r 0
1.2, and 1.31. The radii at which IPI 2 is equal to

its half-maximum are shown on each curve as a dot.

The cut-off points for deviation from self-similarity

by more than 25% are shown by arrows.

I.
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ABSTRACT

Parametric instabilities in a weakly magnetized plasma

are discussed. The results are applied to waves excited by

electron streams which .travel outward from the Sun along

solar wind magnetic field lines, as in a Type III solar

radio burst.
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I. INTRODUCTION

Intense waves in plasmas are known to cause parametric

instabilities, resulting in the transfer of energy from the

intense wave to other waves; for a review see Nishikawa et

al. (1976). An important astrophysical phenomenon involving

such intense waves is the Type III solar radio burst,

involving a stream of electrons which travel outward from

the Sun along solar wind magnetic field lines; for reviews,

see Nicholson et al. (1978), D. F. Smith and Nicholson (1980),

and Goldstein, Papadopoulos, and R. A. Smith (1980). There C)

has been a great deal of work involving the application of

parametric instability theory to Type III solar radio

bursts; see Papadopoulos et al. (1974), Bardwell and 0

Goldman (1976), R. A. Smith et al. (1976), Nicholson et al.

(1978), Goldman and Nicholson (1978), Nicholson and Goldman

(1978), and references therein.

There is a substantial body of literature concerning

parametric instabilities in a magnetized plasma; see, e.g.,

Kaw (1976), Porkolab and Goldman (1976), Kaufman and Stenflo

(1975), Sanuki and Schmidt (1977), and Dysthe and P~cseli

(1978). Nevertheless, previous applications of parametric

instability theory to Type III bursts have not treated magne-

tic field effects systematically. [See, however, a qualita-
i.

tive discussion in Nicholson et al. 1978. Also see a pre-

print by Freund and Papadopoulos (1979) for a treatment of

some, but not all, magnetic field effects.] This paper

| I ' "



3

represents a step in the direction of a proper inclusion of

the effects of magnetic field on wave evolution during Type

III bursts. It is a direct generalization of the earlier

work of Bardwell and Goldman (1976).

II. PARAMETRIC INSTABILITIES

An electron stream travelling through a background

plasma gives rise to Langmuir waves (high frequency electron

plasma waves with frequency near the local electron plasma

frequency) through the well known beam-plasma instability.

As a first approximation, the spectrum of stream-excited

Langmuir waves can be represented by a single large amplitude

monochromatic wave. As discussed in detail by Bardwell and

Goldman (1976), this is in many respects not a very good

approximation, but it allows analytic progress, the results

of which may have important implications for the true

situation.

Our theoretical model thus consists of an intense

single monochromatic Langmuir wave (the "pump" wavel

travelling along a uniform background magnetic field B in-- o

an infinite, homogeneous plasma. The electric field of

|- this intense wave is given by

E(r,t) = Ex cos(k x- ot) 0()

_ i II0I0
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where E is a real constant, and ^ is the magnetic field

direction. Even though E is an intense wave, we assume

that it is still weak enough that it propagates as a linear

wave and satisfies the linear Langmuir dispersion relation

02 = W e2 + 3ko 2ve2 , (2)

where we is the electron plasma frequency, we2 = 41rnoe2/me;

the average electron density is n0 ; the electronic charge

has magnitude e; the electron mass is me; the thermal speed

ve = Te/me; and the electron temperature Te has units of

energy so that Boltzmann's constant does not appear

rexplicitly.

In accordance with standard parametric instability

theory, we suppose that high frequency and low frequency

fluctuations in the plasma are coupled together by the

pump wave and grow exponentially. In general, the coupling

involves the pump wave, a low frequency wave characterized

by a complex frequency w and wavenumber k, and two high

frequency waves characterized by the frequencies and wave-

numbers (wo+w, k o+k) and (w o-w*,k 0-k). For simplicity, we

assume throughout this paper that all waves are longitudinal,

having electric fields parallel to their wavenumbers. The

possibility of electromagnetic decay waves is briefly

discussed in the last section. The low frequency wave is
I.

therefore characterized by an electric field EL of the form

.
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EL(r,t) = L k exp(-it+ik-r) + 1 L'k exp(iw*t-ik-r),

(3)

while the high frequency electric fields are

E(r,t) = 1 E +k exp[-i(W +w)t + i(k +k),r]

+ 2+E k exp i(w +w*)t - i(k_o+k)'r], (4)
2 + + o

and

(r,t) = 1 Ek_ exp[-i(w -W*)t + i(kok).r ]

1E_*k_ exp[i(w -w)t - i(k -k)r], (5)

where k+ =_ IZ are unit vectors in the k +k directions.
+- 0- -0--

The relation among the four different wave vectors is shown

in Figure 1. While Figure 1 is drawn in the k x-ky plane,

all figures in this paper can be rotated around the Ikx-axis

to obtain a fully three-dimensional picture.

The high frequency and low frequency modes couple

together to produce new normal modes described by the

dispersion relation:

2 ~ 2
1 1 2. 2 0 P+ P +

X(wk) e (w,k) 4-ke X(o+w,k +k) + 
0 - k

-0I.

(6)

Iwhere the angular factors are
I° -
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+ k+  
(7)

the electron Debye length X v e/W, and the dimensionlesse e e

energy density,

T E2  (8)

S 47noe

Kaw (1976) uses an equation similar to (6) to study

instabilities of electrostatic waves in a magnetized plasma,

but with a dipole pump. [The reader may recall that in

studying linear longitudinal waves, one writes Poisson's

equation V'E = 47p as ik(l+Xe +Xi)E = 0, where the electron

susceptibility Xe is proportional to that portion of the

charge density p due to electron motion and the ion (in

this paper, proton) susceptibility Xi is proportional to

that portion of the charge density p due to ion motion.

The combination E = l+Xe+Xi is called the linear dielectric

function, and the dispersion relation for the wave involved

is contained in the expression E = 0.] In the next two

sections we evaluate the dispersion relation (6) in the

unmagnetized case.

III. UNMAGNETIZED CASE

We first solve the dispersion relation (6) neglecting

the background magnetic field, with parameters roughly

corresponding to a typical Type III solar radio burst at

a position one-third of a solar radius above the Sun'z

1
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surface. These are (Bardwell and Goldman 1976): n = 108

cm 3 , Te = T i = 140 eV, ko Ae = 0.05, and Wo = 10. In the

unmagnetized limit, we take the dielectric function needed

on the right side of (6) from fluid theory (Krall and

Trivelpiece 1972)

E (W +W, +2 3k 2  2 6kk 2(9)0- - e - -0 e

where throughout this paper IWI << We ,W0 .

For the low frequency susceptibilities needed on the

left of (6), we use the results of kinetic theory, as has

previously been done by Bardwell (1976). This is somewhat

more accurate than the fluid model employed by Bardwell and

Goldman (1976) especially in the present case of equal

electric and ion temperatures. The results of the fluid and

kinetic approaches are in quite good qualitative agreement,

and differ quantitatively only by factors of less than 2.

The kinetic susceptibilities for species s are (Montgomery

1971)

xs(,k) = 1 [ + sZ(s ) ]  (10)

e

where

21/2kv

with v the thermal speed of species s and Z the plasma
s

dispersion function (Fried and Conti, 1961) which arises

because the background electron and ion distribution

functions have been taken to be Maxwellian.

I
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The dielectric function (9) and the susceptibilities

(10) are inserted in the dispersion relation (6) which is

then solved numerically to yield the complex frequency w(k).

The imaginary part of this frequency is then plotted as a

function not of k, but rather as a function of the Langmuir

wave vector, kL = k -k. Figure 2 shows the resulting

contours of constant growth rate. This two-dimensional

contour plot can be rotated about the kx (B ) axis to yield

a fully three-dimensional contour plot. Figure 2 is in

agreement with the corresponding figure in Bardwell and

Goldman (1976). As discussed in detail by Bardwell and

Goldman (1976), there are three distinct regimes of

instability; these are labelled PDI (parametric decay

instability), SMI (stimulated modulational instability),

and OTS (oscillating two-stream instability). The maximum

growth rate wi in each of the three regimes is close to

Wi/We z 1.3.10- 5 in the present case. The properties of

these three regimes in the unmagnetized case have been

reviewed by Bardwell and Goldman (1976); in the next section

we consider the modification of these three regimes in the

weakly magnetized situation.

IV. WEAKLY MAGNETIZED CASE

I.
In this section we consider the modification of the

previous results in the presence of a weak magnetic field.

In this paper "weak" means that the electron gyrofrequency

4
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eB /m c (c is the speed of light) is much less than
e o e

the electron plasma frequency w e For example, with thee[

solar corona parameters of the previous section and a

reasonable magnetic field strength of 2.5 gauss, we have

Qe /We = 0.1. Note that while the magnetic field is weak in

the sense we have described, the magnetic field energy

density for the present parameters exceeds the kinetic

energy density of the background electrons (i.e., this is

a low a plasma).

The magnetic field affect. both the high frequency and

r the low frequency wave motions. For the high frequency

longitudinal waves, the electrons feel a vxB force in

addition to an electric field force, and the dielectric

function becomes (Ginzburg, 1964)

2 2 2 (W +w,k +k) 3k 2  2 6kk + (X -k_ 1)0- -0 = e e -- o e + 2'
e

(12)

which must be used on the right side of the dispersion

relation (6).

There are also magnetic field effects on the low

frequency wave motions. For heuristic purposes, suppose

we ignore the strong ion Landau damping of ion acoustic

waves in an equal temperature plasma and use the dispersion

relation w = kcs to estimate a typical ion-acoustic

frequency. With the sound speed cs z (T e/mi) and a typical

e

4
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low frequency wavenumber kXe \, 0.02, we have w/we It, 4-l0.

The ion gyrofrequency i % 5.10
- 5 we , and the ion (proton)

plasma frequency is wpi" 0.02 we . Thus, the frequency
ordering of interest is 02 << JWJ <<i. < f2 «<e.

3. pi e e

For most of the wavenumbers kL in Figure 2, the product

of the ion gyroradius pi, with the low-frequency wavenumber,

k = lko-kLl, is substantially greater than unity. We find

that the modification of the low frequency ion susceptibility

due to a magnetic field is insignificant for most of the

wavenumbers in this problem. The exception is the OTS.

Along the dashed line labelled A in Figure 2, w is purely

r imaginary, and at maximum growth rate IWI = 1.0.10- 5 <.

and kpi  1. We shall find that the OTS branch is substan-

tially suppressed, but we attribute this to the low frequency

effects on the electrons, not to kpi  1. So, although they

are included, the magnetic effects on the low frequency ion

motion do not seem to be important.

As for the electrons, the fact that JWI << 2e (and

typically kyp << 1 where pe is the electron gyroradius)
y ee

means that the low frequency electron motion is indeed

strongly magnetized. In other words, electrons are not

free to follow low frequency motions across the field lines,

but rather they begin an ExB o drift when subjected to low

frequency electric fields perpendicular to the field lines.

Along the magnetic field lines the electrons are perfectly

free to move, like beads on a wire. As discussed in

I >

"
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somewhat more detail by Nicholson et al. (1978), the net

result of these parallel andperpendicular effects is that

for angles (%k y/k x ) which are greater than (m e/mi) from

perpendicular to B0 , there is no effect of the magnetic

field on the low frequency wave motions (mi is the proton

mass). Only in the small range of angles 1k y/kX < (me/mi)

are the electron motions inhibited greatly, and the low

frequency wave properties modified. As we shall see, the

instability growth rates in this small range of angles can

be severely reduced because of the inhibition of electron

motion across field lines.

Let us perform a simple analytic calculation to

illustrate one case of a reduction in growth rate due to

the magnetic field. We focus our attention on the dashed

line labelled A in Figure 2. Along this line where k-k = 0,

the instability is purely growing with w = iwi . Now suppose

we have a plasma with cold ions and a growth rate whose

magnitude is small. The unmagnetized fluid susceptibility

for species s is Xs = -Ws 2/(W 2 _-k2v s2) which means we can

ignore the ion susceptibility term on the left of the

dispersion relation (6). Inserting the electron

susceptibility Xe l/k2 e , the unmagnetized dielectric

function (9), and the assumption w = iwi into the dispersion

relation (6) we find

L* 2 9o]c2I'\ 4 1/2 (13)
ee

- 1
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whereupon the highest growth rate is

Wi/we = Wo/8 , (14)

which occurs at

k y e = (W /12)1/2 (15)

Now, how is this result modified when the magnetic field

is included? Continuing to ignore the ions in the low

frequency susceptibilities on the left of (6), there are

two places where magnetic field effects enter. The first is

in the high frequency dielectric function, where (12)

r replaces (9). One may think of the change as replacing

-3k 2xe 2 in (9) by -3k2 1 e2 + (P+2_l)e 2 /e2 in (12). As both

terms are negative, this effect is as if the wavenumber in

(9) were increased; the result is merely a shift in the

growth rate curve to smaller wavenumbers with no change in

the maximum growth rate obtainable. This effect was first

suggested to us by D. F. Smith and Tsytovich (1977).

The second place where the magnetic field effect enters

is in the low frequency electron susceptibility. For the

case under discussion with k'Bo = 0, the unmagnetized

electron susceptbility, (kA e)-2 is replaced by Xe Z e2e, e

corresponding to polarization drift; and, neglecting for

simplicity the high frequency magnetic effect of the previous

paragraph, the dispersion relation (6) yields (without assuming

w purely imaginary)

.

- l
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2 Wk 4 X 4w 2

W 9 e e

e e

T- k X ' (16)

which does not predict instability at all for the parameters

of the present paper. This crude calculation exhibits the

reduction in the growth rate when the low frequency mode

propagates with an angle of (m e/mi) with the perpendicular

to the magnetic field.

We emphasize that this great reduction in growth rater
occurs only for the branch marked OTS in Figure 2. For the

J

other branches marked PDI and SMI in Figure 2, the low

frequency mode has an angle greater than (m e/mi) to the

perpendicular to the magnetic field, and propagates as if

the medium were unmagnetized.

To make these remarks rigorous, we numerically solve

the dispersion relation (6) with the parameters already

mentioned (2 e/we = 0.1). For the low frequency electron and

ion susceptibilities we use the magnetized kinetic version

which is given by (Bekefi 1966)

Xs (,k)_ 2 1 2 1 + s exp(-a s) In(as)|.k 2Xs2 1. s

s n=-o

Z - n21/2kVs , (17)

1 2v
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where 4. w/2hkxv, a. I PS 2 , and the In are modified

Bessel functions. For the high frequency dielectric

functions we use the fluid versions (12). The solution of

the instability dispersion relation (6) is shown in Figure

3. Comparing this figure to Figure 2, we notice several

effects of the magnetic field. The most dramatic effect is

the disappearance of the OTS branch, in agreement with the

crude analytic calculation. The other dramatic effect is

a squeezing of the contours in the y-direction for both the

PDI and SMI branches. We ascribe this effect almost

totally to the magnetic term in the high frequency dielectric

function (12).j

It is important to note that despite the squeezing of

the contours in the direction perpendicular to the magnetic

field, the vertical extent of the region of fastest growth

(the contours labelled 10) is only slightly affected by (I

the magnetic field. This is true for both the SMI and the

PDI branches; the maximum perpendicular extent of the "10"

contour is reduced by only 10% of its unmagnetized value in

each case.

Returning to the OTS branch, we have seen in Figure 2

that in the unmagnetized case it has as large a growth rate

as any other branch, while when 2 /e = 0.1 (Fig. 3) it has

completely disappeared. In order to explore the nature of

this transition, we show in Figure 4 curves of growth rate

versus perpendicular wavenumber k A for various values of
ye

1 : __ .,
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0 /W , with kx = 0. The horizontal axis of this figure

should be identified with the dashed line labelled "A" in

Figure 2. We see that even for the small value e/e =

0.005, the instability has almost disappeared. The OTS

branch is very sensitive to the presence of a weak magnetic

field; the main reason for this is the resistance of the

magnetic field to motion of electrons across field lines.

In this paper we have considered only longitudinal

decay waves. There also exists a host of potential

electromagnetic decay products. Although we have not

r .performed a systematic numerical study of the electromagnetic

decay possibilities, we have considered many specific

examples within the context of the present parameters. In

every case, we find growth rates far lower than the maximum

growth rates of the SMI and PDI branches. Of course, in a

particular region of wavenurmber space, an electromagnetic

instability can have the largest growth rate. For example,

when the OTS instability is reduced to zero growth rate by

the weak magnetic field, the region of wavenumber space

which formerly contained the OTS can now support a

parametric instability involving a magnetosonic wave.

Whereas the low-frequency electron motion across field lines

is inhibited by the magnetic field, a magnetosonic wave

moves the field lines, thus allowing the electrons to move

and enhancing the tendency toward instability. Our

calculations indicate, however, that the resulting growth
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rate is very much smaller than the growth rates of the PDI

and SMI branches in the weakly magnetized case. Thus, we

feel that there is no indication that electromagnetic

effects would change the overall growth rate picture in

the weakly magnetized case. The effort required to produce

a comprehensive contour plot such as Figures 2 and 3

including all electromagnetic effects does not seem to be

warranted.

This concludes our detailed calculations. All of the

results of this section agree with the qualitative

1
predictions of Nicholson et al. (1978). In the next

section we discuss the implications of these results for

parametric instabilities and soliton collapse associated

with Type III solar radio bursts.

iIn Section IV of this reference, the expression kPi = 800

the sixth paragraph should be replaced by the expression

kp. 20. Equation (13) should read

2 22 _ e =0.s k2 e2

S (l k ()2  )

I4 "X
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V. SUMMARY AND DISCUSSION

In this section we summarize the preceding results

and discuss the implications of these results for the

theory of Type III solar radio bursts.

In the unmagnetized version, the parametric

instabilities to which an intense monochromatic Langmuir

wave is subject consist of three kinds, the OTS, PDI, and

SMI. The maximum growth rates in each branch are

comparable. One of these branches, the OTS, is very

sensitive to the addition of a weak magnetic field. For

the parameters of the present paper, this branch is

virtually wiped out for a magnetic field such that e /We

= 0.005. The other two branches, the PDI and the Sf1I,

are very insensitive to the addition of a weak magnetic

field. This is true both for the maximum growth rate in

each branch, and for the extent of each branch in the

wavenumber direction perpendicular to the direction of the

magnetic field.

We conclude that to the extent that the stream-

excited Langmuir waves of a Type III burst are monochromatic,

the linear parametric instabilities to which these waves are

subject are not one dimensional in nature. The presence

of a weak magnetic field does not change the overall growth

rate picture. The detailed Type III Langmuir wave

scenarios of earlier work (Bardwell and Goldman 1976,

1f

4f
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Nicholson et al. 1978) need not be modified.

This strong conclusion must, of course, be tempered

by repeating the observation that the Type III stream-

excited Langmuir waves are not monochromatic, but have a

spread of wavenumbers along the magnetic field and across

the magnetic field. No satisfactory general theory of

parametric instabilities due to a broadband pump wave

presently exists even in the unmagnetized case, although

some results have been obtained (Bardwell and Goldman 1976,

Thomson and Karush 1974). However, numerical work

r (Nicholson et al. 1978) indicates that the broadband nature

of the pump often does not substantially slow the nonlinear

wave processes. In fact, the broadband pump can often

speed the nonlinear processes, as in the case that the

regions of constructive interference of Langmuir waves in

real space undergo a direct collapse, thus bypassing the

stage of parametric decay instability (Nicholson et al.

1978). The nonlinear evolution of a broadband pump in a

weak magnetic field will be explored in detail in a future

publication.

After the completion of this work (teatherall et al.

1978), we became aware of related work by Freund and

Papadopoulos (1979). They consider only the effect of the

magnetic field on the high frequency waves, and ignore the

effect of the magnetic field on the low frequency motions.

Thus, they find the partial suppression of the OTS branch

I
4
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due to the magnetic modification of the high frequency

waves which we discuss in §IV; however, their work does

not contain the low frequency magnetic effects which we

find to be dominant in suppressing the OTS branch. Regard-

ing the PDI branch, their work agrees with ours in finding

it to be quite insensitive to a weak magnetic field.

I.

1°
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FIGURE CAPTIONS

Fig. 1-Relation among the four wavevectors involved

in a parametric instability.

Fig. 2-Solution of the dispersion relation C6) in

the unmagnetized case; the contours represent the imaginary

part of the frequency (the growth rate) as a function of

two-dimensional Langmuir wavenumber kL = k -k. This figure

L
can be rotated about the k axis to obtain a fully three-

dimensional picture. The contour labelled 1 represents a
"6

growth rate wi/We = 106, while the contour labelled 10

represents a growth rate w i/We = 10 - The parameters

are those of §III.

Fig. 3-Solution of the dispersion relation (6) in

the weakly magnetized case. All parameters and contour

labels are the same as in Figure 2, with 2e/We = 0.1.

Fig. 4-Curves of growth rate versus wavenumber for

the OTS branch of Figure 2, for different values of Qe/We;

all other parameters are the same as in Figure 2. The

horizontal axis of this figure should be thought of as the

dashed line labelled "A" in Figure 2.

b.
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ABSTRACT

A statistical theory of Langmuir turbulence is developed

by applying a generalization of the direction interaction

approximation (DIA) of Kraichnan to the Zakharov equations

describing Langmuir turbulence.
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A STATISTICAL THEORY OF LANGMUIR TURBULENCE

Recent advances in the theory of "strong"

Langmuir turbulence have concentrated on the evo-

lution of modulational instabilities and their

relation to soliton solutions (in l-D) and Langmuir

collapse 2 in higher dimensions. "Most of the non-

linear theories in this area have emphasized initial

value or similarity solutions for the coherent non-

linear structures of interest. In many situations

we can conceive of the nonlinear excitations as

developing from the thermal (particle) fluctuations

in the plasma in the presence of external beams or

A.C. fields which drive Langmuir instabilities.

f Numerical studies 3 have shown the birth and decay

of "collapsons", new collapsons being generated from
j

the residual fluctuation debris of previously

decayed collapsons. It is not unreasonable to try

to construct a statistical turbulence theory to

describe such situations. The present work repre-

sents a preliminary attempt in this direction.

Our method is a gcneralization to the Zakharov

equations of the direct-interaction approximation

4
(DIA) of Kraichnan which was originally applied to

the Navier-Stokes equations. We begin with the

Zakharov equations in Fourier transform space,

which can be written in the compact form:

(2)

L1 2N2  x 1 2 N 3 ' 123 a (

where N, N (k,,tI) is a three component vector

I. with the discrete indices ct taking on the waves +,

0,-. Repeated indices such as 2 and 3 are under-

stood to be summed on discrete indices a2 , a 3 and

integrated over the continuous variables k, t,,

etc. The identification of the discrete indices is:

4 " '
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N+(kl,tl)= +(_t);NO(k/,l n(klt)

N_(k.,tl) - +C(kl,tl), (2)

where +(k15 t1), 4-(kl,tl) are the spatial Fourier

transforms of the envelope function of the high

frequency Langmuir potential and its complex con-

jugate [+(kt)* - -(-k,t)] and n(k,t) is the

Fourier transform of the ion density deviation

[n(k,t) - n(-k,t)]. The linear operator L1 2 is

a+V +1k2  00

0 B2+2V tt+k 2  ] (2ir)3S(k.-k)S(t1-t,)
9i I I

0 0 a t+Ve- ik2(3
o 0 e U ((3)

The only nonzero components of X are

+0) -0

(2) - _ = -i(k(2)k.)k1
2 5-2 (4)

=4+0 -- 0 -123

612 - (21r) 3 63 (k1-_-j)6(t 2 -t 3 )6(t 1 -t 2 )

Equation (1) is a general quadratically non-

linear form to which the DIA can be immediately

applied,5 giving a set of equations coupling three

important objects: the ensemble averaged (mean)

fields (N1 ), the infinitesimal response function 5

(given by a functional derivative) and the covari-

ance:

R, , 6(N 1 )/6(nl,); CI 1 ' (NNI ')-(N )(N 1 ') (5)

The equations connecting these are:

|.

4
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The equations connecting these are:

(L 1 2 -IZ 1 2 )R2 1 1 = 61 1 ,[ = 12a 16' (kl-k ')6(t-t (6)

where,
v(2)X(2).,RzC +(2)l 3 (7

Eli , X13X1 1R 22 C3 3 ' +X 12' 3 3 (7)

L1 2 (N2 ) () + X (2)((N )(N )+C23  (8)
! ! z 123 2 3 ! "13 Z3

(L 1 2 -EI 2 )CZI, R1121S121 , (9)

S (2)X) (10)II= S11' + X123 11213 1CZZC 3 3, , (10)
where S,,, is the correlation of the fluctuating

part of the driving term T1 which we can take, for

example, to be white noise related to the damping

decrements by a Nyquist theorem:
S10 I sn,6Tl I r acil 6 (kI-kz ')6(tl-tl')1 (11)

-i (=l I  ra 63
,

Sr+_ =r+ = 4Tek 2l; r.0 - 3k2(mi/me)V ;

others zero. (12)

This set of nonlinear, non-Markoffian coupled

equations is currently being studied by numerical

analysis. The general initial value problem is

difficult because of the long time histories which

must be retained in an unstably evolving system.

The DIA can be shown to have the general property

that the mean constants of the motion of the

Zakharov equations1'2 (N), (P) and (1) are inde-

pendent of time. These conservation properties of

the complete DIA give us some confidence that these

equations contain at least some of the physics

Important for Langmuir collapse.2

We have investigated the steady state,

I, spatially homogeneous solutions of these equations

1~
4



fA.

5

for zero mean field. Here the R(C) matrices have a

diagonal (anti-diagonal) form. The explicit equa-

tions for the various components are:

[-i(ol -k') + ve - Z++(kjwj)]R++(kj) - 1 (13a)

E++(kw) (21)-Yd' kfda)2 i(k_-k ) 
2k, k3

"C+_ ,(k, + (k"k 2
6)_ I k 2

R++(Q2 IW2 ) CO 0 k3) Co 3(13b)

[-i(,-k)+ V +.,( , w )]C+_(kw)

= R++(kIcI).S+_(k,wj) (14a)

S+_(kw1 ) = S4(k 1co) + (27)-4fd3k, dw, (k "k3 )
2k-'

9 C00 (k2 ,'2 )C_+(k3 ,) ; (14b)

7'Ji + 2ic4IV i + k,- -r00 (k= ] 0 ( c(1a)

ZOO (.!S.P) =(2ITY'fd k2fdw"2 (-i) (kI, 3 )2k1k2

* [R+ +(k2WZ) C_+(k3(o3 ) -R__ (klw22) C+_ (h ZJ3 ) ] ; (15b)

[-a) 2+ 2iwdv1 + k I - E uk, )] C oO(k jwj)

= R00 (kI,col) S0o(klcml) , (16a)

SOkh,c ) S00o(k1j 1 ) + (2rr)- j"d'kid '

" (k2. -k,) C+_ k2) C_ +(14k3) ; (16b)

where throughout k, = kZ + k 31 = W2 + 3 and

R_ (kjcj) - R+.(-ki, - i)* and C+ kI I)

c + ( -k , , 
- .

What usually is described as weak turbulence

theory is obtained from equations (14) and (16) by

replacing the response functions R and everywhere
by their zero order values R++ -(A-

Ree .O 2 + 21wv i + k:']-', C'_° - W(_k)k-2(2,r) .

S((o- k'), etc., where W(k) is the Langmuir cnergy

4
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density. In this approximation, it is easily seen

that the two terms in "++ and ED, describe induced

decay processes of the form L - L+S which lead, for

example, to the well-known cascade of wave energy

toward lower k.

The DIA, on the other hand, treats the self-

consistent renormalization of the response functions

and this renormalization is necessary to preserve

the mean constants of the motion. This renormali-

zation has extremely important consequences: For

example, if in (15b) we approximate the quantities

R and C by their zero order values and then substi-

tute the resulting ED, into (15a) we find that

ROD has complex poles corresponding to the roots of

the well-known modulational dispersion relation,

i.e., the quantity in square brackets in (14) is

just this dispersion relation generalized to the
6

case of a broad Langmuir spectrum.. Thus, in

addition to the modified ion sound poles in R,,

(modified by the decay branch of the dispersion

relation) the modulational instability introduces

new modulational poles in R00. When this renormna-

lization R00 is put into (13b), it appears that

flow of Langmuir energy toward higher k becomes

possible. Furthermore, C,, now has large compon-

ents due to the modulational instability which

produce a significant source term (14b) on the

right-hand side of (14a). The renormalized Langmuir

modes then have a finite turbulent damping in con-

trast to the marginally damped modes found in the
|- usual theory of the cascade of energy toward small

k.

4
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A fully self-consistent solution of the DIA

equations requires computer analysis. We will pre-

sent results of 1-D numerical solutions of the DIA

equations as well as a comparison of the results

with direct computer solutions of the Zakharov

equations. Questions concerning the spontaneous

generation of a mean field at k = 0 to account for

the Langmuir condensation and consequent modula-

tional instability will also be addressed.

This research was performed under the auspices

of U.S. DOE and AFOSR grant #F49620-76-C-0005.

References

1. L. I. Rudakov and V. N. Tsytovich, Phys. Reports

40, 1(1978); S. G. Thornhill and D. ter Haar,

Phys. Reports 41, (1978).

2. M. V. Goldman and D. R. Nicholson, Phys. Rev.

Letters 41, 406(1978).

3. D. R. Nicholson, M. V. Goldman, D. F. DuBois,

and G. F. Reiter, "Numerical Study of Strong

Langmuir Turbulence", Bull. Am. Phys. Soc. 23,

892 (1978).

4. R. H. Kraichnan, Phys. Rev. 113, 1181(1958).

5. D. F. DuBois and M. Espedal, Plasma Physics 20,

1209 (1978).

6. S. Bardwell and M. V. Goldman, Ap. J. 209, 912

(1976).

D. R. Nicholson and M. V. Goldman, Phys. Fluids

21, 1766(1978).

1.
L t



APPENDIX E

"Two Examples of the Decay Instability

in an Inhomogeneous Plasma"

Ph.D. Thesis

University of Colorado

Draft, 1979

Terence H. Rudolph

K
CU 1036

November 1979 4
i k I



TWO EXAMPLES OF THE DECAY INSTABILITY

IN AN INHOMOGENEOUS PLASMA

by

Terence Harvey Rudolph

A.B., Ripon College, Wisconsin, 1972

r

A thesis submitted to the Faculty of the Graduate

School of the University of Colorado in partial

fulfillment of the fequirements for the degree of

Doctor of Philosophy

Department of Astro-Geophysics

1979

i j



Rudolph, Terence Harvey (Ph.D., Astro-Geophysics)

Two Examples of the Decay Instability in an Inhomogeneous

Plasma

Thesis directed by Professor Martin V. Goldman

Saturation of the electron-ion decay instability can

occur linearly in an inhomogeneous plasma due to the

effects of Langmuir wave propagation. The Langmuir in-

tensity spectrum resulting from this convective satura-

tion is calculated from the WKB wave kinetic equation in

two cases: 1) an ionospheric model including magnetic

field and cyclotron harmonic damping, and 2) a dense

plasma focus model. An application is made to the

scattering experiment of Peacock, et al. The addition

of a term corresponding to nonlinear Landau damping is

also considered.
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CHAPTER 1

GENERAL CONSIDEIRATIONS

Much work has been done in the past on the problem of

parametric instabilities in an inhomogeneous plasma.( (- )

H1owever, this work in large part is concerned with such

matters as the calculation of inhomogeneous thresholds and

the conditionq for absolute and convective instabilities.

6h Less attention has been paid to the calculation of

actual wave intensities in the plasma, and the uses to which

this information can be put. This present work calculates

these intensities for the parametric decay instability in

two different models and gives an example of an application.

The parametric decay instability has been studied in

great detail elsewhere, ( q-lq ) so only a brief discussion

is necessary here. To physically understand the decay

instability, consider a homogeneous, unmagnetized plasma.

It is not necessary that the plasma be homogeneous and

unmagnetized, but these conditions simplify the concept

considerably. There e two electrostatic normal modes

in the plasma, corresponding to Langmuir waves and ion

acoustic waves. These waves in thermal equilibrium

I
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at a constant level of intensity. Now impose an

electromagnetic "pump" wave on the plasma in such a manner

that its frequency, LW., and wave vector, k , satisfy,

aL 0 = LL) t+ W

where L and ia refer to Langmuir and ion acoustic,

respectively. Then the pump wave can beat against the

thermal level of ion acoustic waves to produce a source for

Langmuir waves, and against the thermal level of Langmuir

waves to produce a source for ion acoustic waves. If the

r[ pump intensity is large enough, and the damping of the ion

acoustic and Langmuir waves is not too large, energy can be

continuously transferred from the pump to the normal modes

of the plasma, resulting in an instability.

This process can also be seen mathematically in a

simple fashion. The normal mode oscillations in the plasma

in the absence of the pump will satisfy wave equations of

the form,

(1-2)

where the O's are operatorsA The Fourier transform in time

and space of these equations gives the dispersion

relation Lo = uN(k), and the solution of this the real

frequency and damping rate. In tl--c-ase of the 1angrmuir wave

4'
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one has
+ iY L . Now, imposing the pump wave on the

,plasma producessource terms, transforming Equations (1-2) to,

Clearly Clia represents the beating of the pump, contained

in C1 and C2 , against the acoustic wave level to produce the

source for Langmuir waves. Now the two equations are

coupled, because of the pump, and the procedure which led

to 0= UL + I L for the Langmuir mode before f will be

chaged. Omitting the details which can be found in

Reference q , one will find that the Langmuir normal mode

has shifted to t' = LTr + i L Normally - but it is

possible, for appropriate parameters, to have L , of

meaning that IL has switched sign, so a natural damping has

become growth. In essence, the new normal mode resulting

from the presence of the pump is a naturally growing mode,

rather than the naturally damped mode which it was in the

absence of the pump.

Now consider what happens to the instability in an

inhomogeneois plasma. A given Langmuir wave will no longer

have a fixedI kLu  As the wave propagates kL will change, so

the second oi Lquations (1-1), quantum mechanical momentum

conservation, cannot be satisfied everywhere. Since the

decay instability is active only in regions where this k

4
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matching condition is approximately satisfied, propagation

will take the Langmuir wave away from this active region,

and hence saturate the instability linearly. This process

is called convective saturation, and if it occurs quickly

enough so that the Langmuir intensity at a given point in

the plasma becomes constant with time, the instability is

said to be convective. The decay instability can also be

absolute. Although it is true that any given wave sw

intensity will saturate due to propagation out of the active

region, if one observes a sequence of waves going past at a

given point in the plasma, these waves can have increasingly

large intensities. In this situation the Langmuir intensityr
at the observation point grows in time without bound

j

linearly, and the instability is called absolute at that

point. All calculations done in succeeding chapters are

done in steady state, which implicitly assumes that a

convective instability is present.

As mentioned earlier there are two models being

addressed in this thesis. The first is a model of the

ionosphere, dealt with in Chapters 2 and 3. Chapter 2

introduces the physical phenomena associated with

ionospheric modification experiments and the concept of

cyclotron harmonic damping.. Chapter 3 numerically

integrates the WKB wave kinetic equation to find the

Langmuir intensity spectra which the model predicts.

Chapter 4 introduces the dense plasma focus scattering

-MNO
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experiment on which the second model is based. The fifth

chapter deals with Langmuir wave propagation in the

inhomogeneous, unmagnetized plasma. Chapter 6 and 7

integrate the wave kinetic equation for this model in one

and two dimensions. Chapter 8 considers the problem of

adding a nonlinear term to the inhomogeneous kinetic

equation and derives conditions under which the convective

terms can be ignored. The last chapter presents numerical

results and the application to the focus scattering

experiment. The appendices are concerned with the

derivation of the WKB wave kinetic equation and the

derivAtion and properties of Wilson's function.
j

I.
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CHAPTER

IONOSPHERIC MODIFICATION AND CYCLOTRON DAMPING

This section is meant to introduce the reader to

the basic effects seen in ionospheric modification

experiments. In these experiments a high intensity

electromagnetic pump wave is reflected from electron

density gradients in the ionosphere to produce local

changes in such quantities as distribution functions,

electron density, and electron temperature. For

appropriate pump parameters, these changes are

presumably brought about through the mechanism of the

parametric decay instability. Energy travels from the

pump wave through a spectrum of Langmuir waves and

finally is deposited into the ionospheric particles via

collisional and Landau damping. In addition, if the

pump is operated so that at its reflection point its

frequency is near the electron cyclotron frequency or a

harmonic thereof, observations indicate an increase in

the energy being deposited in the particles. This is

consistent with the theoretical picture in which

Langmuir waves with frequencies near the cyclotron

I°'
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frequency or its harmonics will undergo cyclotron

damping in addition to collisional and Landau

damping. This section concludes with a brief

discussion of cyclotron damping both physically and

mathematically.

The following discussion is in large part taken

from sections of a technical report written by the

author late in 1976.

Intentional modification of the ionosphere using

radio waves has been successfully accomplished since

V 1970. ,1owever, the theoretical beginnings of the

subject go back much farther, to Bai 1 in 1938.7"5 lie

predicted that the night sky could be visibly

brightened by heating electrons in the ionosphere with

a powerful radio transmitter. Later predictions raised

the possibility of better long-range communication,

since incr-ased electron density in a modified region

could enhance ionospheric reflections and result in a

stronger signal at the receiver.2 16 These predictions

have been verified by recent experiments, and in

addition many unexpected phenomena have been

observed. Among these new phenomena were the presence

of field aligned density fluctuations and wideband

attenuation, to be described in some detail later.

The first phenomenon to be discovered
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experimentally was that of artificial spread-C. I1 The

term originates from the appearance of ionosonde

records when the pump is on. The ionosonde is

essentially a radio transmitter and receiver which

transmits a range of frequencies into the ionosphere

and measures the delay time until the reflected signal

is received. This allows the measurement of electron

density versus altitude, assuming that each frequency

is reflected at a point where it is equal to the plasma

freuqency. Normally, an ideal ionosonde record is a

sharp line, implying that the ionosphere has a smooth

density variation. However, within seconds of the

turn-on of a high intensity pump wave, this sharp line

diffuses, indicating that density irregularities are

building up in the ionosphere. When the pump is turned

off, the diffuse area will again coalesce into a line,

usually on the order of minutes, although sometimes

longer. Spread-F is the most consistent of the

phenomena to be discussed here, appearing whenever the

pump is on, and also the most easily understood

conceptually, since i only requires that ,ensity

irregularities be present near the reflection altitude

of the pump wave.

One of the least under3tood results from the

modification experiments is wideband atten4uation

1
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(WBA). This is also seen on ionosonde records,

although with not nearly the consistency of spread-F.

To explain the phenomenon a short digression is

necessary. The ionosonde record described previously

is not really a simple single line, but rather a pair

of lines, one corresponding to the ordinary mode of the

ionosonde's radio wave and the other to the

extraordinary mode. The two lines occur because the 0-

mode propagates to slightly higher altitude than the X-

mode and therefore has a slightly longer delay time.

* W3BA, when it occurs, is present if the pump is also

opeated in the 0-mode. Then the ionosonde line which

corresponds to the 0-mode is cut off very near the pump

frequency. No ionosonde frequencies higher than the

pump frequency are reflected. The phenomenon tracks

the pump very closely, meaning that WBA is present

within seconds of the turn-on of the pump and

disappears within seconds when the pump is turned

off. The amount of the attenuation exceeds 10 db, and

its cause is unknown. Explanations have been advanced,

but none appears to be definitive. The extremely

sporadic nature of WBA would appear to be one of the

I. problems in developing a good theory.

A third and very important phenomenon associated

with ionospehric modification is that of artificial

1~
4,
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field aligned scattering (AFAS).K 'AQ l  This is

intimately connected with the density irregularities

responsible for spread-F. Studies have been done to

determine the configuration of the density

irregularities with respect to the magnetic field.

Essentially this is done by using a directional

ionosonde. ;1  For the Platteville, Colorado, pump site

the ionosonde can be pointed slightly to the north of

the zenith and then slightly to the south. It is found

that for the same frequency the delay time* for pulses

sent to the south is longer. This indicates that the

density irregularities are at a greater altitude toward

the south than toward the north. Taking the magnetic

field configuration into account, the differences in

delay times observed are consistent with a modified

region of the ionosphere that is aligned with the

magnetic field.

Much of the experiaental interest in these field

aligned irregularities has been in determining their

scattering properties. Pulsed radars are usually used

for these studies, which show that scattering from the

irregularities is i.auch like specular reflection from

the geomagnetic field lines. AFAS appears to be very

aspect sensitive, with roturning radar echoes r pping

off sharoly when the reflect ion conditions are not :;et.

b.,

4 1 ipI i i 0 I llfiill . .. . " " - z=
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The AFAS phenomenon is one in which large

enhancements in scattering cross sections are seen when

the pump is operating at approximately twice the

cyclotron frequency in the heating region. A study by

Fialer-l q shows an increase in cross section of about

10 dbsm from 55 dbsm to 65 dbsm for the highest probe

frequency used, 75 Mliz. This clearly indicates that

there is some mechanism associated with the cyclotron

harmonic which is enhancing energy transfer between the

pump wave and the ionospheric plasma.

C' AFAS has already been used experimentally to

facilitate long range radio communications. Ma,3

Reproduction of transmitted material has been

successfully achieved over distances too great for

direct radio communication. The aspect sensitivity of

AFAS is both a hindrance and a help to this

communication. Its reflective property will result in

less signal loss at the receiving station, but of

course the same property severely limits the possi.le

area of reception. iiowever, for some applications this

would not be considered a hindrance.

The last major effect of the heating experiments

is the observed enhancement of the airglow above the

heating installation.Y :lost of the interest is

0centered on the nestral oxygen airglow of the 6300 ,\

'i
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and 5577 A lines. A typical enhancement at 6300 t

would show the intensity going from about 50 Rayleighs

with the pump off to about 90 Rayleighs with the pump

0
on. The enhancement of 5577 A radiation is much

smaller, about 5 Rayleighs, due to the significantly

greater amount of energy needed to excite the

transition. This is a definite pumping effect,

however, since the 5577 line can be se-n to follow

thAodulation of the pump very closely, as the heating

is turned on and off. The ratio of the intensities of

the twQ lines can be used to determine the temperature

assuming a Maxwellian distribution. This turns out to

be of the order of 20,000 OK, which is unrealistic on

the basis of the actual intensities observA, so clearly

a non-Maxwellikn electron distribution must be

involved.

The rejion of deposition of pump energy anid the

region of enhanced airglow do not always coincide.

Below about -580 km, the regions are the same, but if

the pumping region goes above this altitude, tile

arilLow region stays at about 230 kin. This

necessitattej a theory allowiny for the transport of

hot electrons from the pumping region to the ait-low

rei.on where they -,ive up their energy 1,e to inelastic

collisions 'ith neitral atoms.
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There is one instance of 6300 A airglow observed

when the pump operated at approximately twice the

cyclotron frequency.4 l This resulted in the intensity

going from about 50 Rayelighs at turn-on to about 250

*' Rayleighs two minutes after turn-on. This is two and

one-half times the "typical" enhancement when the pump

is not near a cyclotron harmonic. The extra

enhancement is more evidence for some phenomenon

associated with the cyclotron frequency being an

important mechanism for energy deposition.

I', Chapter 3 is concerned with calculating the

spectrum of Langmuir waves in the ionsphere when the

pump is near twice the electron cyclotron frequency.

Although this work makes no application of the derived

spectra, they can presumably be used for calculating

energy transfer to the ionospheric particles and in

making predictions for the observed quantities

associated with the modification experiments. No

application of the spectra was made here for two

reasons. There are very few observations of

ionospheric phenomena occurring when the pump was

operated near 240ce. No serious work has been done near

the cyclotron frequency or any harmonic, and

observations that have been reported have been mainly

serendipitous. Secondli, the experimental work that

L
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has been done probably does not fall within the region

of validity of the calculations of ChapterS• Since

nonlinear effects have been excluded there, the limit

on the ratio of pump intensity to threshold intensity

for typical ionospheric parameters is about 13. The

observations have taken place at intensities

significantly larger than thia, so nonlinear effects .

need to be considered and are probably dominant.

Nevertheless, the spectra of Chapter 3 may be useful

at lower pump intensities or in other magnetoactive,

inhomoyeneous plasmas.

The derivation of the mathemtatical form of

cyclotron damping proceeds from the linear electron

susceptibiity in a magnetic field,

In this equation a = k_ 2 V e2ce In is the modified

Bessel function, and Z is the plasma dispersion

function. k I and ki1 refer to perpendicular and

parallel to the magnetic field.

The damping is found by expanding the dispersion

relation l+V(u,k) = 0 about the real frequency Wr.

This procedure gives,

T
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In the denominator of this expression it is sufficient

to use the linear susceptibility in an unmagnetized

plasma,
• Iir~ _

V eI ) (-3)

~LO W% L4-

Assuming the real frequency is near the plasma

frequency, I becomes,

It is unnecessary to deal with equation ( .- ) in

its exact form. Since Im Z is largest for small

arguments which occur when W*- nwce, the Z function can

be expanded for small arguments,%X

~~4 e
(a.-s)

From this equation is is clear that as W iioves off

" resonance, that is, away from n (, the cyclotron

J ": .



damping drops sharply. In fact the width can be seen

from the exponential term to be &)= v kv e.

For the purposes of Chapter 3 , where W. 248e

only the n = 2 term in the sum of equation (.-.-6)

contributes. The exponential factor removes all the

other terms. Also, for typical ionospheric parameters,

a is very small, so e-ain(a) can be expanded in the

limit of small argument. AO Then, using k11 = k coseD,

k= k sine, I becomes,

F )? (W - (we -7)

CL

Now, assuming that W& is very close to 2)ce so that

the exponential is essentially unity, and a is small,

so that sino2:_ and coser- 1,

To understand cyclotron damping physically,

consider an electron and a Langmuir wave in a

magnetized plasma. The electron will spiral around the

magnetic field lines at a frequency of U3ce. Allow the

* Langmuir wave to be slightly oblique to the magneticI.
field, so that a small perpendicular electric field

component exists. This perpendicualr component will

T..
14,
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oscillate at the Langmuir frequency ()L Now consider

what happens when the Langmuir frequency happens to be

atsome multiple of the cyclotron frequency. On each of

its orbits, the electron will feel exactly the same

electric field at exactly the same points. The field

and the electron are in phase, so the electron can

efficiently absorb energy from the field. If the

Langmuir wave's frequency islightly off-resonance this

synchronous behavior is destroyed and the efficiency of

energy transfer drops rapidly. This drop off is

" •mathematically described by the exponential term in

equation (2-7). The sin4% term in (2 -7) basically

determines how oblique the Langmuir wave is, and so

fixes the size of the perpendicular electric field.

Clearly a wave with larger E.L, and hence largerQ , can

transfer energy more quickly to the electrons. This is

stated mathematically by the 9 4 dependence in (a-B).

I



CHAPTER

THE KINETIC EQUATION INTEGRATED IN AN INEiOMOGENEOUS

PLASMA WITH MAGNETIC FIELD

To model the ionosphere near a frequency which is

a harmonic of the electron cyclotron frequency, it is

essential that the earth's magnetic field be

included. In this chapter the wave kinetic equation is

integrated in a semi-infinite inhomogeneous plasma with

linear density profile in the presence of this magnetic

field. The field appears in the kinetic equation in

three places. The first is through the Langmuir ray

paths, which are altered from the zero field case.

This is simply a consequence of the appearance of the

field in the dispersion relation for the Langmuir

waves. Secondly, the growth rate for the Langmuir

waves is slightly modified. This occurs because of the

propagation characteristics of the ordinary wave

transverse pump in the magnetoactive plasma. It is

clear that in a stratified plasma without a magnetic

field, a normally incident transverse pump wave will

always have its electric field component oriented

'4,
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perpendicular to the density gradient. Hence this is

the direction of the most strongly pumped Langmuir

waves. However, in a magnetoactive plasma the ordinary

wave pump propagates so that at the reflection point,

where the plasma frequency equals the pump frequency,

the pump electric field is oriented along the magnetic

field. The largest growth rate then occurs along the

magnetic field rather than perpendicular to the density

gradient. Finally, the field appears in the damping

rate of the Langmuir waves. Since these waves will have

*, frequencies which are near 2WceI where O'ce is the

electron cyclotron frequency, cyclotron damping can be

effetive. The preseace of cyclotron d ping c*be

efletive-., The presence of cyclotron damping,

discussed more fully in Chapter a_. , is the reason that

a realistic lienar model can be constructed. Since
V

this damping is proportional to e4, where 9 is the

angle between the k of the Langmuir wave and the

magnetic fieldAis initially zero for the most strongly

pumped waves. However, as these waves propagate, their

wavevector rotates away from the field direction,

increasing G and hence increasing the damping. This

proess eventually saturates the instability at linear
A

levels if the intensity of the pump field is not too

L ~ high.

1,q
L - " . .. .. -



3

Listed below are the assumptions used in

constructing the model:

a) linear density profile

c = pump frequency, L = electron density scale

length;

b) Te = Ti;

c) Ydamping = ) + Xcyc (collisional and cyclotron

dampirg included).

d) only two dimensions considered;

e) Airy function variation of Eo (see Figure3.);

f) spontaneous and "beat" emission included.

Assumptions (d) and (e) require some further

explanation. It is clear that this problem in its

full; generality is three dimensional. Refeing to

Figure'r&*, however, it is also clear that any wave

which has a k component outside of the x-y plane will

have a larger cyclotron damping rate than the

corresponding wave for which that k component is

zero. Therefore, one should expect to find-the fastest

growing waves in the x-y plane. This plane, determinedI.
by the density gradient and the magnetic field

3.1
direction, is diagrammed in Figure In what is to

L inm -I I-- -
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follow, the z direction is ignored. As stated in (e) U

the pump electric field is assumed to have an Airy

function variation in space. The field's intensity

variation is graphed in Figurea, on a typical

ionospheric scale. The Airy function is the correct

form for the elecric field amplitude of a transverse

wave impinging normally on plasma with a linear density

profile.' 4 1 It is incorporated into this model

numerically.

Finally, the heart of the model, the kinetic

equatipn, may be formally written down.

In this equation Vgx is the x component of the group

velocity, W.L is the Langmuir frequency, Yis the net

growth rate,and S represents the sources. I, the field

correlation function, may be written,

J

where V, T refer to volume and time respectively, and

the brackets denote an ensemble average. The quantity

in the kinetic equation, Ik, is obtained by integrating

I(k,O) over the desired resonance, in this case the

C
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ionospheric plasma.
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Langmuir resonance.

The first step in solving the kinetic equation is

to derive the Langmuir wave ray paths. The ray path

equation gives the altitude x as a function of 9 with

and k as parameters. Since U) and k are conservedy L y

along a ray path, they serve to characterize a given

wave. To derive z(G;W&L,ky), the dispersion relation is

necessary. This is found from the real part of the

quasilongitudinal dielectric function,

Lt -_i -U3 u -0 ', '{ - :) =0 (3-4)
'\L -L~eJW

AL

The ray path equation is easily found by substituting

(3-1) into (3-4 ) and assuming L -

LU = I - +  U), o %.- ., ',¢ .'

Also note from FigureS._ . that C- C0-(.- ) so,

Several examples of ray paths are plotted in Figure3,..

I| The figure shows ray paths for a given LOL with varying

ky.

The reflection points of the waves are points at

"
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which dz/de = 0. Differentiating (.Q5) and solving

forOT in the approximation Gl, so thatA-Gft,

sinGS-, and cosG9 l,

.Equation (U-5) gives no information about' whether G

increases or decreases for a given wave. To determine

this, use must be made of the Hamiltonian equation,
-WL . For the adopted density

f, profile, kx> 0, so kx always increases. Referring to

Figure 3.q it is clear that if e9 is originally small and

positive, it will decrease to zero and then become C

negative. This means that the kinetic equation must be

integrated from positive G to negative e.

It should be noted that only one of two possible

cases is being considered here, the case with k

approximately parallel to B. These are he waves with

downward phase velocity. It is also possible to

consider waves with upward phase velocity, or k

approximately antiparallel to B. The propagation

characteristics of these waves are illustrated in

Figure -_A. There are no significant differenes between

the two cases, so only one will be analyzed in detail.

The last step before actually integrating (3-2)

L
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is to make explicit th terms Sk and I in the

equation. The basis for much of what follows is drawn

from Professor M. V. Goldman's Lausanne Notes,

Reference 'J-% in the Bibliography.

The response of a plasma to given sources may be

written as follows,

E1

In this equation (k,u)), E- is thtdielectric function

of the plasma, ^A is the susceptibility, s represents

the spontaneous sources, and the subscript zero refers

to a pump wave. Equation (5-7) takes into account

only the downshifted, or Stokes, line, cnoted by k=ko

and ignores the upshifted anti-Stokes line. This

procedure is valid only if IcAAI >> Yg, where is the

ion acoustic frequency, and Y is the growth rate of

the Langmuir mode.

Solving (3-7) for E(X),

j.C - I l/ C-L

This is then related to l(k) through equation (3-3).

A nonlinear dielectric function may now be defined.

1K
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Making a resonant approximation about a mode with

frequency W r and growth rate I gives,

Then, assuming III < Wr, Wr is the solution to ReNL

0, and,

• ,o, E_ L I

These quantities must now be substituted into (3-8),

and it in turn substituted into (5-3). Then,

integrating over 0 one finds,

T' = L&.,

where,

|. This can now be related to the general source term Sk

in the kinetic equation through Kirchoff's law. In

equilibrium,

$4,



Y(3-12)

The next step is to write ('/vj)Re NL, rA) and

Sk as function of the pump amplitude Eo . By making

resonant approximations for F .(k) and 6(v), it is

possible to find a general solution for the equationFNL _ 0. That solution is
9d

He re , 1 2 4 1 I 4 LA1 u L ) is the to ta l

Langmuir damping, and U'L LJ -Wo is the frequency

mismatch. VA is the ion acoustic damping, which is of

the same order as UA for the equal temperature quasi-

modes in this model. It is clear from (3-13) that the

minimum threshold for growth, = 0, occurs when 12=

XDVA and %= 0.

It is now possible to put a more precise upper

limit on pump intensity than was done previously. In

connection with the neglect of the anti-Stokes line, it

was mentioned that the condition WAI I "I must be

satisfied. Recognizing in (--13) that 1 - PC

UJA A~/?L _

<K LA (-14

-z I
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Since p2 contains Eo2 through I-L2, (3-14) is the

condition on the allowable pump intensity. Using

typical ionospheric parameters, the condition is found

to be satisfied for ratios of pump intensity to

threshold intensity of less than 13. Note also that

when (3 14) is satisfied the last term (3-13) is much
t

less then 71 U)A. Since this term represents the shift

in the real frequency due to the presence of the pump,

and WA " WL , (3-14) allows this frequency shift to be

r ignored. Hence br can be identified asa)L .

To find I Re EL

it is necessary to write down explicitly the expression

for NL obtained when resonant approximations are used

for F(0) and F.(k=ko)<. This is,

Al _ ._ _ , ,

i.~

AIML

'~ ~ ~ ~ ~ ~~" + ..2<1%,0, . -.A+. . .. r1 i I

*+

BL& ~ ~ ~ ~ ~ ~ I << O' &A V%

TNSol
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Substituting this into the source term,

9

S(k,Uq) includes Bremmstahlung and cyclotron emission,

and S(k,tb3-t%) is low frequency Cerenkov emission which

is ups hifted by the pump into a source for Langmuir

waves. This is the reason for the lab "beat"

emission. S(k,L,) is easily obtained through detailed

balancing in equilibrium,

Combining (3-17) and ("-18),

|TabSlk't,,riteis most easily evaluated by noting thatIIv -L -L' (j~
,L vr. V- 47_ q,.

(3-19)

S!, i o t e s l v l a e y n t n h t 1
may bewitn
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From the fluctuation-dissipation theorem,

$(~ -~) e Ww)X (. L- ) (3-21)

Combining (.-20) and (3-21),

'S(~ L-CJO)= a. LO WL-W 0 ') I Ey~ (3-22)

Hence, the source term can finally be written,r.

,T ( (3-23)

By substituting for 11)2 in P2 , an explicit

expression for Yg is found,

(324

Here n is the electron density, c is the speed ofe.
light, EO is a unit vector in the direction of E., and

Io(x) is the square of the Airy function. Note in (3

-24) that n is assumed to be a constant. This can be
i.

done because its variation is very small over the

region in which enhanced Langmuir waves exist. That

is, cyclotron damping and Airy function variations tend

!,
.,,,
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to restore equilibrium Langmuir levels at a small

enough x that the density profile may be ignored in 19,

and n may be evaluated at x - 0. This is also the

justification for another aproximation that has been

made implicitly throughout this analysis: that U)p

I . As long as x always remains small compared to the

density scale length L, this approximation will be

accurate. In the actual calculations x/L <. 0.05.

For completeness, Ycyc from Chapter ;L- is inluded
/

here:

Making all the relevant substitutions into the

kinetic equation, (5-2),

q+r (3-25)

In (3-18) is was shown that I 4I 1! q=4TrO, so I k/41r is

clearly the enhancement of the Langmuir spectr- m above

equilibrium, which will be defined as I.

The operator on the left of (2-25) can now be

simplified. First, all calculations will assume steady

state, so '/4t = 0. The rest of the operator can be

I A

-- ,,I. . . . ....i .,
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transformed into a simple d./de by making use of the

invariance of L% along a ray path.

0 + (3-26)

Therefore,

~ (1-27)

Then the operator on j becomes,

- - -- __ r

3'- - - L

-' T (3-28)

Noticing from Figure 3. )-that kx k ytan(&-G),

I3-9

.1I L .. . ,
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Also, from (1-1),

W,_ U_O or x<L .(3-30)9WL I

With these changes (3-25) becomes

";- L, ty(A Y" ' -alb-Q (-1

The explicit integration of equation (3-31) offers

two choices. First, since the equation is linear and

r first order, the formal solution is well known.

Writing (3-31) as

the solution is,

A.C&e Ae,') -32)

where e4 () 1

and J(Go) is the boundary condition. While this

solution is fine in principle, it is virtually

unusaable in practice without further approximation

because of the complicated integral overQe'). In

fact, to perform the integrals over P and Q in (.3-32)

jI ~
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it is necessary to make two approximations. The first

is to assume a uniform pump intensity. This eliminates

the Airy function as an obstacle to the integration.

The second is to require G small enough so that

cos(h-Q) - coshAand sin G:-G. These allow the integral

in A(() to be done exactly and that over Q to be done

appro:imately by a saddle point method. By this

procedure one arrives at an approximate analytic

solution. It is next necessary to ask how good the

solution is. By comparison with the exact solution

' found -later, the uniform pump approximation made above
A

does not affect the solution significantly. The reason

this is true is that the regions in which the

approximation is bad are the same regions in which 'cyc

dominates . Therc 'ore, the solution in these regions

is dominated by the behavior of Icyc which is

independent of the pump.

The approximation of small 0 does not fare as

well. The major flaw is in replacing cos 2 (6-9) by

cos28 near the boundary angle G = 0). Since 0O can be

as large as ten to fifteen degrees, this results in a

change in the cos2 term of a factor of two. Unlike he

case with the uniform pump approximation, this change

is occurring in a term which is dominant in the

equation. This can result in a differene of a factor

i.
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of two or three in intensity fromThe exact solution,

depending on the ray path chosen.

This breakdown of the analytic approximation

forces one to turn to numerical methods. Here there

are again two choices. The first is to simply evaluate

(S-32) numerically. This is rather time-consum~ing,

however, because of the integral over Q. For every

point used in the evaluation of this integral, it is

necessary to numerically perform the integral in A(9).

By far the simpler method is to integrate (3-31)

directly. This was done to get the exact solution

mentioned earlier using a fourth order Runge-Kutta

method. The integration was begun at a fixed x, the

first zero of the Airy function, where the intensity

was assumed to be in equilibrium. The method then

stepped toward decreasing 9 until the intensityoas well

below its peak value achieved where the growth rate was

equal to the damping rate at negative G. Parameters

used in the integration which are ;ie4dependent oi the

chosen ray path are listed below:

S= ksTe = 0.09 eV

ve = 1.26xi07 cm/sec

. o = 1.76xi0 7 sec -1

Sce = 8.8x10 6 sec -1

L = 3x10 6 cm

4



18

V/4 = 10-5

mi = 2.67x10- 2 3 gm (016 assumed to be the main

source of electrons at 250 km)

,= 680

(Pt Eoh/Ehreshold)"

Figure 36shows a typical intensity spectrum along

a ray path, characterized by ky = 0.0227 cm-1 and W=

1.7597x10 7 sec -1 . It shows growth from positive to

negative 0 until G- -50 where the growth rate is equal

to the damping rate. For E)< -50 the spectrum drops

off sh arply due to the strong 9 dependence of cyclotron

damping. If cyclotron damping were not included in the

model, the spectrum would grow to a much higher level

and drop off much more slowly, probably necessitating

the inclusion of nonlinear terms in the kinetic

equation to get realistic results.

To apply these spectra to a physical problem, such

as airglow calculation, which will not be done here, it

is necessary to have the intensity spectrum at a given

altitude rather than for a given ray path. It is

reasonable to assume that the highest intensities will

* occur for altitudes above the first Airy zero, at x z-

460 m. Then the procedure for calculating a constant

altitude spectrum for a given frequency0JL is simple.

For fixed x and 1JL one chooses a eat which to evaluate

1~]
.. . .. -. . .411 1 . . ± .. . .. . . : : . . ..
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FIGURE 3.5 The intensity spectrum of a given
Langmuir wave along its ray path in
the ionosphere model.
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the Langmuir intensity. Inverting (-3-5) allows k to

y

be found, so the relevant ray path has been

determined. Then using WJL and ky (3-31) is integrated

from go to 9 to give the desired intensity. Equation (3

-31) must be integrated once for each point in the

constant altitude spectrum.

These constant altitude spectra are qualitatively

very similar to the ray path spectrum in Figure

Figure3. shows a typical spectrum with Q L = 1.7597x107

sec -1 . This spe(Aum, being a synthesis of the

intens-ities of many rays which have all grown by

similar amounts, is somewhat flatter than the typical

ray path spectrum. This is true in general for

constant altitude spectra.

i.
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CHAPTER 4

THE DENSE PLASMA FOCUS SCATTERING EXPERIMENT

The motivation for the theoretical work to follow in

Chapters 5-9 has been the scattering data obtained from the

dense plasma focus machine operated by N. J. Peacock, et

al.X However, the use of convection to saturate the decay

instabil.ty linearly should have much wider application. In

fact, as will be seen in Chapter 9, the scattering

experiment uses CO2 pump intensities which can at best be

called marginally in the range of validity of the two-

dimensional linear calculations of Chapter 7: These pump

intensities require the inclusion of both convective and

nonlinear terms in the wave kinetic equation. Only a crude

beginning has been made on this much more difficult problem,

which is discussed in Chapter 8.

Even though the analytical work of Chapter 7 is not

strictly applicable to the scattering experiment, it is

useful to make the application anyway, to illustrate the

procedures used to calculate scattering cross section fromI.
the Langmuir intensity spectra. When applying the

theoretical calculations to an actual experiment, it is

-1 .. .
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necessary to also consider other possible sources of

Langmuir turbulence. If the theory of Chapter 7 is to

correctly predict measured cross sections, these other

sources should be

One possible source is resonant absorption of the pump

wave. In this process an electromagnetic pump incident

obliquely on an inhomogeneous plasma slab can drive Langmuir

waves at the point in the plasma where the dielectric

function is zero. The cylindrical geometry of the focus

device assures that the CO2 pump will be obliquely incident

at some point, so resonantly driven waves could be

importnat. However, it can be shown that this is not the

case. Resonance absorption is most effective for an

incident angle given by,

0 .1) (4-1)

where ko is the free space wavenumber of the pump wave, and

L is the plasma density scale length. For the parameters of

the scattering experiment one finds X 4°. However, the

scattering geomery is not right for Langmuir waves resulting

from a pump incident at this angle, and hence these waves

will not be measured. The geometry is correct for a pump

wave incident at = 900, but for this case resonance

absorption will be insignificant, so rccnznoa aurto

can be ruled out as an important factor in the experiment.

'it
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harder to deal with is the question of the oscillating

two stream instability (OTS). S This is a four-wave

interaction between the pump, two counterstreaming Langmuir

waves, and a nonresonant acoustic mode. In a homogeneous,

equal temperature plasma OTS has comparable threshold and

*growth rate to the electron-ion decay instability. There is

* no reasonable way to neglect this instability. The best

that can be done is to make the application to experimental

data using only the decay instability, and if agreement is

obtained, assume that OTS can be neglected. In the analysis

of Chapter 9, any contribution by OTS is neglected.

t . The. remainder of this chapter is denoted to a brief

discussion of the dense plasma focus device and the

scattering experiment. For more detailed information see

References 11,S1 . The focus device is a cylindrical

deuterium plasma through which an axial current is driven to

"pinch" the plasma in the radial direction. This creates a

high density at r = 0 which falls off approximately

parabolically in the radial direction. The formation of the

pinch is relatively well understood" and has been

extensively diagnosed.f l The focus plasma is especially

well suited for laser interactions studies, because of its

high kinetic energy density. The ratio of the imposed laser

energy density to the kinetic energy density of the focus is

small, so the laser is unlikely to modify significantly such

- plasma properties at the temperature and density profiles.

1 i

• • ,
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A CO2 laser is used as the pump, since its frequency is

well-matched to the peak density at maximum compression of

the pinch. Observations show that during the pinch phase of

the experiment, when the peak plasma frequency exceeds the

laser frequency, the laser energy is almost totally absorbed

by the plasma. This is - with the appearance of

the decay and other instabilities for this situation.

The geometry for the scattering experiment is shown in

Figure 4.1. A ruby laser is used as a probe to scatter from

enhanced intensity levels of Langmuir waves. The CO2 pump

and the ruby laser beams are coaxial and arranged so that

the Langmuir waves orthogonal to the density gradient and

the axial current j will be most strongly pumped. After the

ruby light is scattered an azimuthal mask selects those wave

vectors which are parallel to the electric field of the CO2

laser, and the scattering geometry, i.e., the location of

the detector, determines the wavenumber of the probed

Langmuir waves.

The results of the scattering experiment are as

follows. During the pinch phase, when the plasma is still

underdense, no enhanced scattering is observed. This is

consistentwith the theory of Chapter 7, since the decay.

instability has not yet appeared, and enhanced Langmuir

intensity levels oWuld not be expected. During the next

phase, the plasma has peak plasma frequency larger than the

CO2 frequency, and enhanced scattering is observed, up to a

42
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FIGURE 4.1 Schematic diagram of the dense plasma
focus scattering experiment.

I.

1I°

4
_9



4-5

factor of thirty times the expected thermal level. This

occurs for a density scale length of L = 0.28±0.05 cm 4is

also qualitatively predicted by the theory of Chapter 7.

The experimental points for this phase of the pinch are

depicted in Figure 09. In the last phase of the pinch the

plasma is still overdense, but the densityscale length has

decreased to about 0.025 cm. This is peak compression, and

no enhanced scattering is observed. This is also consistent

with Chapter 7, as a scale length as small as L ' 0.025 cm

will cause rapid convective saturation, so Langmuir levels

do not build high enough for enhanced scattering to occur.

In conclusion, the results of the scattering experiment

are qualitatively in agreement with theory. They are not

expected to be in quantitative agreement, because the CO2

intensity levels are in a nonlinear regime.

k
1.

4L



CHAPTER -6

LANGMUIR RAY PATHS IN THE INHOMOGENEOUS PLASMA

This chapter deals with the calculation of the

Langmuir wave ray paths which are needed for the

integration of the kinetic equation in Chapters and

1. In these cases the magnetic field is unimportant

and is. therefore ignored W. The ray paths in the

ionosphere case, for which the magnetic field plays a

major role, are dealt with in Chapter 3. Also ignored

here is the effect of WKB breakdown near the ray's

turning point. WKB effects are considered in Chapter

In Chapter i the form of the ray paths required is

simpl x(k). This is derived trivially by substituting

the density profile into the Langmuir wave disperison

relation. It is also very easy to derive this same

equation in parametric form, with time as the

parameter. This form is of more use in the one

|. dimensional calculation of Chapter .

The two equations needed here are the dispersion

relation,

',

d-



and the density profile,

*x ( =W.

Where

W (y)~ '" A(K'( = plasma frequency

._= electron thermal velocity

L = density scale length

Wo0 = parameter corresponding here to the

frequency of the pump wave.

The model here is a semi-infinite plane stratified

plasma. The point x = 0 corresponds to the reflection

point of the pump wave.

It is important to realize here that the ray paths

are one-dimensional in the sense that k ' k(y,z) and

z constant. In the one-dimensional calculations of

Chapter it is permissible to deal only with and

x. The two dimensions of Chapter I_ require the

consideration of a nonvanishing ky also, where y is thea.
direction of the pump electric field. Along a ray path

ky is a constant as is any k component perpendicular to

1*

4
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the density gradient. The Langmuir frequency cL' is

also conserved along a ray path.

Substituting (6-2) into S-l) trivially gives

x(k),

To find x(t) and kx(t) it is necessary to

calculate the group velocity, W = AL/ k, from ("-I),

NJ -V (--4)

Hence,

t= --5.Ly
The second of equations ( 5-5) is unimportant as it

simply states that the wave moves uniformly in time in

the y direction. Inverting (.W-3) to find kx(x) and

substituting into the first of (1-5) produces a

differential equation for x:

=| ., ~LI t]-( -6)

Xw

[,,6

-3 1|1
L e



Equation ( i-7) can be integrated along with the

boundary condition that t = 0 at the turning point of a

given ray (kx = 0) to give,

Examples of these ray paths in x-y space are shown in

Figure .

T ?o find kx(t) substitute (.5-8) into (-6),

In this equation t < 0 refers to wavevectors with

x component parallel to the density gradient and t > 0

to those with x component antiparallel.

By setting t = 0 in equation ( -8) xT is found,

where xT represents the turning point of the Langmuir

ray. This quantity is of interest because it is also

the closest approach of the ray to the reflection point

of the pump wave,

L W + 10)

4
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Since the form of the pump's intensity is really

an Airy function rather than the uniform approximation

used in Chapter 1, it is necessary that XT not be too

large. Langmuir waves which have values of UL/o which

are too small will reflect before reaching the region

where the Airy function is large. This is also true

for waves with large kj, but in this analysis kj is

fixed by scattering considerations (Chapter 1), and is

therefore unimportant to this discussion. The first

peak of the Airy function occurs at x/L ' (C/uoL)
2/ 3 ,

and Langmuir waves with XT/L much larger than this will

grow more slowly, because they sample regions of the
A

Airy function where the pump is less intense. This is

marginally the case for the kj_ probed in the dense

plasma focus scattering experiment discussed in

Chapter j"

Two other easily calculable quantities are te and

kxe, the time and x component of k at which the ray

leaves the plasma. This occurs for x/L - 1,

I.

I.
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geometry in the dense plasma focus device, die

G I . It is also possible to derive the Langmuir

ray paths in the cylindrical geometry, assuming a

density which is linear in the radial direction,

UjA. L4 r-j i r(o) (-2

Now ro becomes the point at which the plasma frequency

is equal to the pump frequency. It cannot be called

the reflection point of the pump wave except for rays

r, * which are normally incident on the plasma.

The equations of motion are still found from

(;-4), and in cylindrical coordinates become,

Ttx (('- L

Vt WL

Here kP is a conserved quantity along a ray path along

with 03L . The z direction is again unimportant as in

the slab case, so only r( ) will be derived.

Equations (S-13) can be combined to yield a

differential equation forrin terms of ,

r 14

4



From the dispersion relation,

-- Vo V " (,;-i5)

-3L LO

(.<-14) and W-15) are easily solved along with the

boundary condition that =0 when kr = Gf/give,

L WL0" -.. "l

It is clear simply from the boundary condition

that for a given Langmuir wave minimum r occurs at the

turning point where kr = 0,

/ _ + +
WO -(-l7 )

Figure shows several Langmuir ray paths in the

cylindrical geometry.

I.
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CHAPTER _

SOLUTION OF THE KINETIC EQUATION IN ONE DIMENSION

The integration of the kinetic equation in one

dimension is the natural first step toward finding

solutions both in higher dimensional and nonlinear

cases. In the model considered here only wavevectors

parallel or antiparallel to the density gradient are

allowed. Clearly, the electric field vector of the

pump wave must also be oriented along the density 0

gradient. This allows only an electrostatic pump in

any realistic model. The .following additional

assumptions are made in the model:

a) linear density gradient,

b) Te =T i

c) uniform pump intensity (no variation with x),

d) only collisional damping considered,

e) spontaneous and "beat" emission allowed.

The only major approximation made here is (c), since

*" "



the real form of the pump intensity should be an Airy

function, as is incorporated in the solution of the

ionosphere case in Chapter 3. Assumption (c) is made

to make the problem tractable analytically, and it is

hoped that the uniform intensity represents in some

sense an average to the Airy function. Assumption (d)

is reasonable as long as the solution to be derived is

not considered valid in regions where kx/kDe Z 1 for

which Landau damping becomes significant.

The kinetic equation for the model described above

is formally identical to that solved in Chapter 3,

Here, as in Chapter 2, Ik represents the field

correlation function, the net damping, and S the

soruces. Vgx is the group velocity of the Langmuir

waves in the x direction. In exactly the same fashion

as in Chapter '3, Smay be reduced to,

2SK.- aI'a+ U 0 - K~Te

Srepresents the total damping rate and the

parametric growth rate. The first term of equation1' (L-3) is Bremmstrahlung and the second "beat" emission.

.1I
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The integration of equation ((-2) is to be '.cbne in

steady state along the ray path of a Langmuir wave.

Thus, W&L is a constant and IK/t = 0 in (6-2). It is

convenient to use time as a parameter even though the

solution is steady state. As used here t simply refers

to a point on the ray path rather than an actual

time. x(t) and kx (t) are derived in Chapter.Cas

equations (.T-8) and (5-9). These transform (G-2) to,

WL
90

T+ --

*, f is now the intensity normalized to the equilibrium

intensity. The damping and growth rates are,

-- (( *& 5)

only collisional damping, and

;M

P E 2/E eh is a measure of the pump intensity0 = o /threshold

above the threshold intensity. .(3) is an

approximation to the mismatch function which saturates

|. the instability as the Langmuir wave convects out of

the growth region. Formally,

1-
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where - me/mi. The complete mismatch function

and f(S) are plotted against each other in FigureU...

In terms of t, I may be written,

WO - 1+1 _ ( L,-8)

(-4) now becomes

+I+I e-

The validity of this equation is subject to the same

constraints on P as were mentioned in connection with

the magnetic field case in Chapter 3.

Formally, the solution (4-9) is,

L-(t d0 "2.J \ i+,,I e  (4-10)
+I ) e - A( i ) 0~

The integration is egun at some to < 0 for which I is

in equilibrium, of &(to) = 1,

I W I -(alp<,ll
(,,-ll

"1%
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The rest of this chapter is devoted to the evaluation

of the right side of Eq. (I-10).

Because of the presence of the absolute value of t

in Equations ((-l0) and (-1), it is necessary to deal

with the two cases t < 0 and t > 0. Let A_(t), _(t)

designate A(t < 0) and r(t < 0). In the same manner

define A+(t) and 0+(t) for A(t > 0) and Zt 7 0).

The evaluation of (6-11) can be done exactly, so

this equation will be dealt with first.

Case i) t < 0:

4 t
A- t) - Vj . - - b 14-12)

The first integral is solved with the substitution

k= e

whreV' ~ duQn -i i(e'Y I)]

where li(x)-S 'F- du/enu is the tabulated logarithm

integral function.

Case ii) t 7 0:

q . q -- -

The same substitution as in case (i) solves the

~ 1
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integrals,

A,,, (to -l t,-I) -- 1,5 .I( - y ' ) +!(,-"

Hence,

g,(t)- = Ati' l lv.I e<<-16)

The evaluation of (G-10) must also be done il

* the two cases t - 0 and t > 0. t < 0 is the

simple'r.

Case i) t < 0: Designate the integral in (b-10)

by B_(t),

I )-r -P wo,. -I e - +) W I e -A - k - 1 7)

Clearly B- is too complicated to evaluate exactly, so

saddle point methods will be used. The normal

procedure would be to expand A- in a Taylor series to

second order in t'. t' = tm would then be found to
-A_( t')

maximize e . Then, assuming the other factor in

the integral to be relatively uniform over the range
i -A..(t)

• where e- is significant, that factor would be

evaluated at t' = tm and removed from the integral.

1
i



The remaining integral would then be that of a simple

Gaussian.

This procedure is inconvenient in the present
-A_(t)

case, as he maximization of e necessitates the

solution of a transcendental equation. The alternative

procedure used here is to assume that the first factor

in the integrand is a strongly peaked function in t'

and that e is relatively uniform near that

factor's maximum. To this end equation ((-17) is

written,

Now define f(t'),

--V- e ( I €-l9)

!(t') is to be expanded to second order in a Taylor

series about a point t' = tm for which .'.(tm) = 0.

Differentiating ( -19) and setting t'(t') = 0 to find

t m leads to tm = r. Clearly in this case, t < 0, +P

must be thrown out to leave tm = - -(t') can be

written,

k'c,> +, ),L e'- c,>,J

I.
~ I



The second derivative of 4(t') is also needed. When

this is taken and evaluated at t' = -,

\ 30.~ e + ( -20)

Clearly, W 0 so that t' = - gives a maximum for

. as needed.

B_(t) is now,

Evaluating A_(t') at t' and removing it from

the integral,

e(-) ((,-22)

The normal procedure at this point for a saddle

point integration is to assume that the remaining

integration is over the entire Gaussian which comprises

the integrand. It is somewhat more accurate to

introduce error functions. When this is done ((,-22)
i.

becomes,

* b
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Vc- eU

X i~(~ e )(-23)

whereH 
r 0

Now (t) may be formally written,

- 1+ _(6-24)

The evaluation of (6-10) for the case t > 0 is

very similar to the preceding analysis. Only the

highlights of this derivation are presented here.

Case ii) t > 0:

The first integral in (6-25) is identical to that done

previously as (6-18) with t = 0. The second is done in

an analogous manner by expanding the function g(t')

about its maximum at t' = +p, where,

A summary of the full solution concludes this

+



chapter.
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CHAPTER

SOLUTION OF THE KINETIC EQUATION IN TWO DIMENSIONS

To model the dense plasma focus experiment in any

realistic way, it is essential that two dimensions be

considered. This chapter introduces a nonvanishing ky

to the solution of the kinetic equation. It also

differs in several other respects from the one

r dimensional calculation of Chapter L. First of all,

the kinetic equation will be solved with kx as the ray

path parameter rather than t. This is simple a matter

of choice, although kx would seem to be the more

natural variable in which t6 express the Langmuir

intensities. Secondly, Landau damping is included

here. Although it is not significant except for

relatively large #kx, its presence presents no

additional complication, so it has been added.

Thirdly, saddle point methods are not used to evaluate

the integral over the source term. Instead, an

approximate form of the source term is used which

allows the integral to be done exactly. Finally, the

kinetic equation will be nondimensionalized for

simplicity.

4'



There are also several parallels to the one

dimensional solution. The kinetic equation is again

integrated along the Langmuir wave ray paths. In this

context both u& and ky are preserved along a ray

path. The pump wave's intensity is again assumed to be

uniform along the direction of the density gradient.

This simplifies the solution of the equation, but

caution must be used in applying the solution, as

discussed in Chapter . The pump wave has its electric

field polarized along and its k vector is assumed to

be zero once in the region of interest. Summarizing

the main points of the model:
j

a) linear density gradient,

LI 
( 1 -1 ) - .1

b) Te =T i

c) uniform pump intensity,
%1

d) pump polarized along 1,

e) collisional and Landau damping included,

f) spontaneous and "beat" emission included, with

"beat" emission assumed dominant.

* The wave kinetic equation in steady state becomes,

I. as in Chapter p, but in vector form,



Because there are now two dimensions in the problem,

more care must be exercised than before in dealing with

the vector nature of the equation. In (1-2) the terms

" it and WL' Zv may be

dropped. The first is set equal to zero, because no

variation in Ik is expected in the y direction. The

plasma is homogeneous in this dire~ion, and therefore/

all poinys at a given x will be indistinguishable. The

second- term is zero because LA) has no variation with

y. Homogeneity in the y direction guarantees this

also.

As in Chapter -, it is again necessary to treat

incoming and outgoing Langmuir waves separately. This

is accomplished by splitting (1-2) into two equations

for Ik - and Ik+. Ik - refers to incoming waves, or

those with kx parallel to the density gradient. Ik+

refers to outgoing waves, which have kx antiparallel to

the density gradient. With these changes (1-2) becomes

" - L.)L \ /' " +('3

In this equation it is understood that only the

magnitude of Vgx and luL/lx are to be used, regardless

1~



of sign. SKis the same source term as found in

Chapter k, and now = - the net damping, is

'Landau + Vc -g where Vc is collisional damping

and Y9 the parametric growth rate. Vgx is found from

equation (4-4) to be43ve3Atkxj. "COL/Ix is easily

calculated from (1-1),

L

;I LL

As before,

Substituting these quantities and normalizing I to

the equilibrium intensity, I -= r

(1-3) becomes

Nondimensionalization is carried out using the

following substitutions:

(AJo  V _ '
,ILJ (1-6)

10 Ve L t /A L41



Yg may again be written,

where f( ) is the mismatch function for equal

temperatures, and P = Eo /Ehreshold as in Chapter,

~~ Co - UXL

-,c(1 =fe0 I1 e.-. ,., S .I (1-8)

r The factor IAy2/ 2 arises from a factor (k._Eo) 2 in the

formal' expression for Yg, where E is the pump electric

field. In nondimensional form,

Equation (1-9) makes use of the approximation

U- Also note that along a

Langmuir ray path 'X-3i\
L is invariant, since it is

essentially Wo-q. This quantity will be denoted by C;

c = -- q .

Equation (1-5) is now, in compact form,

.+ _

4,I



where y and S, of course, denote the nondimensional

forms of these quantities.

To integrate along a ray path it is only necesary

to notice that since C.)(_31\2 =X-3(W 2+qy 2 ) is a

constant for a given path, the operator 6 +

S(/IlqX)[X becomes (4/4%)Ie-

X ;L,,A( H ('7-11)r r

Equation ((-) becomes,

- - -''

+ (1-14)

This pair of equations for + and can now be

formally integrated. Thea- equation will be dealt

* with first. It will be integrated from some initialI.

41X, A1 i , for which ->vi)= 1 to nx. Since I-has

been normalized, this impliesAthat theplasmaisin

4A
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equilibrium at A)x - \i. Then,

~~ f-46)

The integral over S is very complicated, but can

be done exactly if the following approximation to S is

used:

-- (1 -17 )

This assumes that the dominant contribution to the

integral over S in (1-15) comes from "beat" emission.

The approximation will be good in regions where Y,>>

YD' and very bad where YD >Yg" Hence one would expect

that the calculated intensities would be most accurate

at their largest values and most inaccurate when near

equilibrium. This is acceptable because the higher

intensities are generally of more interest than the

lower intensities, especially experimentally.

* Substituting the approximate S in ()-15),

I
+ -1

lb



Now notice that the integrand in (1-17) has become a

perfect differential,

T5- I ( JQ/i/~jIB

Performing the integral,

-- 4_ ('1-19)

In the bracketed term the 1 will be negligible compared

to 4,.-4 It is left in the bracket only to ensure

that j-?xi) = 1.

When integrating the equation for + the boundary C)

condition needed is that4 + 'A. = 0) =1 -\ x = 0).

Hence !-(0) is recorded here for future reference:

(1-20)

0

Formally, the integral for +kx ) is written,

* ~A+(jA() (91-22)
0 1

C"Y 
(V-23)

1A4I



Use has again been made of the approximation to

discussed in connection with the solution for

In exactly the same manner as ('-20) was

obtained, the solution forI+ Rx) can be found,

--[(+ A JX1-24)

This completes the formal solution. In practice,

however, it is necessary to have explicit expressions

for A+(4x) and A-Mx). The integrand Y of A' is,

3/1 ~ ~ 01 At+4 "

The first term in this equation is, of course, the

nondimensional form of the Landau damping. Notice that

when integrating YLandau and Y4 over x the integrals

are formally identical. This is the reason that the

inclusion of Landau damping into the model was not a

complication. The solution to these two integrals is

dealt with in Appendix _B in some detail. It is

sufficient here to simply write down the resulting

expressions for At(1x) in terms of Wilson's function,

defined and analyzed in Appendix .

E1

4 '



-~i'j 'i u;y-)- 4471)ua ,

ati 1W

cA)(Qa'L) +

I ~3e .17

" y)

Summarizing the formal solution,

- I---- (1-19)

+ I] -AG.&,) (1---

- I-2

I.

1



An example of the solution along a ray path is

shown in Figure 91j.
This chapter has dealt only with the solution to

the wave kinetic equation along a ray path. It is of

course possible to generate the Langmuir intensity in

all of kx-x space in a discrete way by simply varying

the parameters C and My" It is necessary to do this to

make any real application of the result to a physical

situation.

TI.

1
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CHAPTER 8

THE NONLINEAR EQUATION IN ONE DIMENSION

To completely model the data from the density plasma

q, q
focus scattering experiment exhibited in Figure 4=Z-, a

nonlinear theory is necessary. In that graph the point with

largest CO 2 intensity clearly represeonts a saturation of

the Lanomuir spectrum which must be due to a nonlinear

mechanism. Rough calculations of the pump intensity which

would be expected to produce nonlinear saturation rather

than convective saturation bear this out. Later in this

chapter it will be shown that this point can be dealt with

in a marginal sense with the use of a homogeneous, nonlinear

saturation theory.
q,q

It is less clear from Figure 4 , but will be shown in

Chapter 9, that the three experimental points at

intermediate pump intensity also require a nonlinear

theory. These points are positioned at pump intensites

where both convective and nonlinear terms are important in

the kinetic equation. To deal with these points in detail

would require a solution of the wave kinetic equation in two

dimensions, including the appropriate nonlinear term.

* I
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THE NONLINEAR EQUAT N ONE DIMEN ON

o completely,, o 1 the dense sma focus

scatter Figdexperim t\ xhibited i Fig e _, a

nonlinear "eor is nece, ary. In that 9 ph t point

with largest intensity,. early represent a

I / ,

saturatio 6f th Langmd' sp trum whic nLust due

to a no inear mecha m. Rough alc ations of e

pump ntensity whi wo d be expe d to produce

no linear satur ion rathe thi conve tive saturation

bear this ou Of course, deal with ts point in

detail wo require a solution of the wave kinetic

equation in two

.,-no n ;: This section ad dresses the more modest

task of formulating the problem in one dimension. Even

so, the wave kinetic equation becomes a nonlinear

integro-differential equation, the solution of which is

decidedly nontrivial. However, it is possible, through

i the use of saddle point integration techniques, to

reduce the equation to a partial differential

equation. This reduction essentially introduces the

4"



derivative approximation," 1 '  which masks any fine

structure that may be present in the Langmuir spectrum.

But the more important quantity for the present

purpose, the total energy in the spectrum, is still

expected to be accurate.

As will be shown later, the resulting set of two

nonlinear coupled partial differential equations still

present-,great difficulties, largely because of

uncertainty in the boundary conditions. The boundary

conditions are well-posed for application to an

analytic solution. However, in the absence of a

suitable analytic solution, an inefficient iterative

numerical approach to the solution is the best

available method. It is very possible that this method

can be improved, but any such improvement is beyond the

scope of this work.

The dominant nonlinearity in the equal temperature

plasma for pump powers which do not greatly exceed

threshold is nonlinear Landau damping.-Aq q - 46 The

saturation process is physically very simple. The pump

wave produces a daughter wave at lower frequency via a

three-wave decay. This daughter wave than may grow to

sufficient intensity to act as a pump itself and

i. produce another daughter wave at a still lower

frequency. This cascade to lower frequencies will

| •
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occur until the dissipation from the normal damping of

all the daughter waves matches the energy input of the

original pump. Essentially then, nonlinear Landau

damping saturates the instability by increasing the

number of waves for which dissipation can occur. It is

clear now why the intensity of the pump cannot be too

large. No daughter wave can have frequency below the

plasma frequency, so if the increased dissipation

caused by a cascade from Q to O is insufficient to0 p

saturate the instability, other nonlinear saturation

i mechanisms must be considered.

Nonlinear Landau damping enters into the wave

kinetic equation as an integral over the entire

spectrum of Langmuir intensities. It is easy to see

qualitatively why this occurs. i t any point in the

inhomogeneous plasma a spectrum of Langmuir wave

intensities will exist. Any given wave, characterized

by k and U)L(X, Ikl ), will tend to be destabilized by all

those waves with larger Lq{ and stabilized by all those

with smaller tQ. ilence the net effect can be described

by an integral over Ik , where the integrand also

includes a weighting factor to pick out the most

strongly coupled waves.

The one-dimensional steady state wave kinetic

equation including the nonlinear Landau damping term is

V
4
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written,

In this equation f(k) represents the coupling to the

constant amplitude pump wave, and f(k,k') the coupling

between waves in the Langmuir spectrum. f is then the

weighting factor spoken of earlier,

/a .O- LA)' -2)

Two points shoUld he note1 1hout eiUdtion

( -1). C'irst, vector notation has been retained in

the operator on the left sie. This does not indicate

the presence oC more than one dinension, hut only the

fact that k can be oriented either parallel or

,ntiparallel to the density gradient. Secondly, the

source term in ( -1) has been Iropped. This was done

simply as a matter of convenience to make the problem

mathematically simpler. The justification for dropping

this term is that when dealini with nonlinear steady'

state Langmuir intensity level:;, one wounld expect the

:ontribution of the source t"r:u to be ne.Pi,]ible.

,T



Notice also that the only linear damping mechanism

retained in (1 -1) is collisional damping. This is the

only real dissipation in the problem, since nonlinear

Landau damping only moves energy around in k space,

rather than dissipating it directly.

The factors g and 4WL/lX are easily found from

the Langmuir wave dispersion relation, 0 2

u)p2(x)+3ve 2 k 2 , and the expression for the density

profile,U)p2(X) = o2(l-x/L). Liere, L is again the

density scale length and .O the pump wave frequency,

Equation (%-I) now becomes,

- NI

where O__ __

As in past chapters, it is convenient to split Ik

into two functions, Ik + and Ik-. I k - again deals with

IL waves which have k parallel to the densitj gradient and

1" '
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Ik+ those with oppositely directed k's. Of course, it

is clear that Ik+ = I-k-' where the subscript k's now

refer to absolute values.

The splitting of Ik into two functions allows the

elimination of the vector notation in (1 -4) at the

expense of going to two coupled equations,

(=4o' -) :[=[?V;L

In (f-5) all k's are now assumed to be positive.

The upper limit in the integrations over Ik'± can be

allowed to go to infinitY rather than some finite

value, because the integrand becomes negligble for k >
A

where k o(x) is defined by the equation(4o2 =

Sp2 2(x)+3ve2ko 2 W.
pe

Because of the form of f(k,k') nonlinear

interactions between Ik+ and Ik - can be ignored. The

same is true for Ik This can be done because f is

i|" exponentially small unless k and k' are antiparallel,

which will be seen more clearly later voi -1n

"*B.. e44.1& when f is explicitly written out. Dropping

ii

4
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the costreaming terms, ( C -5) becomes,

0 -- 6)

It is now possible to express andy, defined in

('-2), in a more explicit form. It is clear that in

the expression for 1, ikl = k. Because only

counterstreaming nonlinear interactions are of

interest, in 1k-k' I = k+k'. Then, using the

r Langmuir wave dispersion relation for LAL, L'

t " .Lw.-* No(L + \,,-.3 " Wa -I ___k

20L Ve Y- L w

"-) LI ,,,.1,.,,o -7)

Both of these equations assume 13ve2k 2 -(x/L))o 2 1 <<

2

From the expression for T it can now be seen why

the costreaming interactions were ignored. In that

case Ik-k' I = k-k', jo =(3ve/4 )k+k'). Since f

maximizes where = 1, a strong costreaming interaction

would need k~k' = 4o/3v or k/k + k'/k 4/3,
o e k/D +k/D = 0

where kD = too/Ve is the Debye wavenumber. Hence the

costreaming interaction can be effective only for very

I1*I I
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small wavenumbers, since k,k' > 0. For the

counterstreaming interaction, the saiae argument gives

strong coupling for waves which satisfy k/kD - k'/kD 

4-q3. This equation specifies only a difference

between wavenumbers rather than an upper limit on their

magnitude. So the counterstreaming interaction can be

effective throughout the entire k range of the Langmuir

spectrum, and is therefore far more important than the

costreaming interaction.

At this point it is convenient to non-

r dimensionalize the equations as was done in Chapter

1. As before, define,

1L -8)

T V e I LY

Equations ( -6) and ( -7) become

1 -9)

s= ~ h~ ~-10)

where v e /U)oL and the Langmuir wave dispersion

relation has become3 2 = 1-1+30 2 .

Equations ( -9) are a set of coupled nonlinear

1 J

4
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integro-differential equations for which the solution,

or even a method of solution, is not readily

apparent. It is possible to transform the integral

terms by means of saddle point techniques. This method

is essentially the same as the derivative approximation

employed in References qjl43.

To transform the integrals it is necessary to

assume that 1± is slowly varying iwth A over the region

where the exponential factor in f is significant. As

discussed in Reference q)., this assumption is only

marginally valid in the case of a homogeneous plasma,

but does give the correct energy values. Designating

the integrals to be transformed by NT for nonlinear

term,

3 A(

Recognize first that the coupling factor can be written

as a derivative with respect to A, which can then be

removed from the integral.

- _-, &a j. I + 12)

I.

Now notice that the exponential in the integrand has a

1 1
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sharp peak at q'' = . kvaluating -' at that point and

removing it from the integral,

KJT - 5 ~ f~ 0 a4 (-13)

What remains is not quite a simple Gaussian integral,

since it still depends on). Letting u =

AI7 - 2 _ -L II .

By extending the lower limit of this integral to -,

the maximum possible error made is a factor of two.

( Then the integral is a simple Gaussian integration.

Hence,

N~r -FIT -14)

With this substitution, the coupled equations

( -9) become,

T. .-9 -15)

The transformation from an integral to a partial

derivative in the nonlinear term is a considerable

|0 simplification. Whereas previousli the equations were

nonlocal, depending on integrals over all 4, the,- have

4
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now become local, with only derivatives at a point

entering.

One more step can be made by investigating the

form of the equations along a ray path. Making use of

the fact that .j is constant long a ray pat,, the

dispersion relation a)2 = constant = i-+3+2 gives,

T 3IJLL) ' -16)

Equations ( -15) become,

Care must be taken to recognize that the two

derivatives with respect to A are different. On the

left the derivative is taken along a ray path with O

constant, and on the right it is taken at a given

density with ^)constant.

It is convenient at this time to point out the

difficulties that remain in finding solutions to

equations (1 -15). Since they are still coupled

nonlinear partial differential equations On analytical

solution, though desirable, seems rather unlikely. AnyI.
numerical integration scheme will run into immediate

problems in dealing with bounari conditions. The true

ii
I.
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boundary condition is that -- is in equilibr'.um at

large OA where damping overwhelms growth. An artificial

boundary condition is created by the split into two

equations for + and -. This condition is that f+

(,=0) = - 0. The condition on I- is difficult

to apply because of the absence of a source term in

this model. Normally with a source term present On

integration can be started at large A well away from

any growth and the source term will hold up I- to

equilibrium levels. If this were tried with the

f present model I- would damp to nearly zero before the

growth region was reached. This is clearly

nonphysical. So any numerical integration L-ust be

started near where the growth rate equals the damping

rate in order to keep I- near the equilibrium level.

The boundary condition on I+ is nearlY impossible

to apply numerically in any efficient tianner. LBecause

of the coupled nature of the equations, it would be

much more convenient to have a boundary condition on +

of the same nature as that on - That is, one woul,]

like to know (Xo,) = 1equilibriain and i+

Iequilibriu 1br ( (I ,-). The A is necessarl because

will only aproach equilibrium asympt tica i as -

increases, and the difference from equilibriumn is very

important in the integration. :tt present the best

E l - i -I - -
M n
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method to numerically integrate equations (j-15) is to

guess the function &, do the integration and test to

see if the condition I (,A=O) = I-(jy=0) is satisfied.

Since in general this condition will not be

satisfied, A will need to be adjusted and the

integration redone. Clearly this iterative method is

very inefficient and a better method may be possible.

It may be argued that for large pump intensities,

nonlinear saturation occurs rapidly, and therefore the

convective derivatives on the left of equations (1 -15)
r

can be, ignored. The rest of this section is devoted to

calculating the pump intensities for which this is

true.

Assuming I+ = -, which is reasonable under

strongly nonlinear conditions, equations ( -15) can be

written as one equation:

The magnitude of 1, which is siinply the coefficient of

the nonlinear terms in (1 -15), is unimportant in this

calculation as long as the nonlinearity is assumed to

lbe fully active. That is, the details of L are

unnecesssary, except that it is larger than some P-

dependent lowerlimit.
A

L
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If it is now assumed that the solution is such

that the convective terms in (S -18) may be ignored,

what remains is essentially the nonlinear equation in a

homogeneous plasma,

0 ( -19)

Assuming B is independent of q, as is true in equations

( -15), the solution of (7 -19) may be written,

- ( -20 )

where /Ac is the point at which fQ,) = 0. so 1 Z 0.

For this homogeneous solutio.: to be valid, it is

necessary that the convective terms be small enough to

not significantly alter the balance of the terms on the

right of equation (j -18). Since ( -20) shows large

gradients in4A, it is likely that (TI/pi) is the

dominant convective term. The magnitude of this terms

iound from equation ( -19),

.

The homogeneous solution will not be significantly

changed, therefore, if the following condition is

h.

1I
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satisfied:

> > ( -22)

Choosing the maximum value of the homogeneous solution,

Ipeak' for I, ( ' -22) becomes,

( -23)

Equation (1 -23) represents a "best possible case" for

the homogeneous solution. All other T's will be

smaller than Ipeak, and will be harder pressed to

satisfy (7 -22). uy using Ipeak, however, the

calculation f~nds the lowest P which might possibly

satisfy the original condition.

Clearly Ipeak will be realized where 0, or

where aPf(j )-l = 0. Therefore,

'~-~7~ 1 (~h' +-24)

where jk is the point at which 2Pf(j )-l = 0.

' )r sufficiently large P the ranje t I_ <f c

contains all the significant values of f, so the



16

integral overA' can be approximated by,

Substituting this into ( -24),

-B -- ' -e' Cl. (t -26)

can be approximated by investigating f() more

closely. From ( -i0),

, (;-0 -) /  I x I I,
, }

Ac occurs where f(j) = 0, or = 0. Therefore,

,'.Ac ( -27)

For any other

A (-.:+ q .3x) (24 ( -28)

Hence,

'- -M - -3 o , ( -29)

NOW I is determined by J1 exp(-1 1
2 /2) - 1/2P or

,,.N
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1 = (22n 2 Pl)l/2. A single iteration of this implicit

equation gives acceptable accuracy for typical P's,

so may be written,

'~'~' 4 9A.10 P (~-30)

where S1  3 has been arbitrarily substituted under

thie square root as a first approximation. Full

iterations using typical P's show this to be a

reasonable choice. Substituting (' -30) into (1-29)

and th!n into ( -26) gives,

a(3 -31)

For large P the bracketed factor is essentially unity,

so,

I-j e-. . (' -32)

Then the condition for validity of the homogeneous

solution, inequality ( -23), becomes

I. U3 -33)
~LLV U3 VcWL

4 .

4
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Substituting numbers appropriate to the dense

plasma focus device, (1 -33) requires P >> 13. Since

this represents a best possible case for the

homogeneous solution, it is probable that this solution

cannot be applied to the 4.Qi.-4iear point in the

scattering experiment mentioned earlier. Hiowever, in a

medium such as the ionqophere model of Chapter 3, for

which (1 -33) gives P >> 1.5, the homogeneous solution

should be applicable in many cases.

r

h.

io.
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CHAPTER 9

NUMERICAL RESULTS AND APPLICATION

All numerical examples in this section make use of

parameters appropriate to the dense plasma focus experiment

described in Chapter 4. These parameters are listed below:

A. = imi = 0.0165 (deuterium plasma)

9e (electron temperature) = 300 eV

ky (wavenumber selected by scattering geometry)

= 1.26x10
4 cm -I

kD (Debye wavenumber) = 2.44x10
5 cm -1

L (density scale length) = 0.15-0.25 cm

L&o (pump frequency) = 1.77x10
1 4 sec - I

n0 (reflection density) = 4.8x10 18 cm- 3

Vc (collision frequency) = 2.19xi0 I0 sec - 1

Ira c (vacuum CO 2 intensity) = 5xl0
9 -2.lxl0l0 W cm - 2 .

These numbers correspond to the parameters measured during

the pinch phase of the focus device, at a time when the

* decay instability should be active. This is also the time

at which enhanced scattering is observed.

Equations (7-19), (7-20), and (7-24) represent the

solution of the wave kinetic equation for the intensity

Ih~

4
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spectrum along a ray path. Two examples of this spectrum

are giwn in Figure 9.1 for differing scale lengths. The

Langmuir waves represented there move from negative kx to

positive kx . They are started in equilibrium at the point

kx where the damping rate is twice the growth rate. The

ray grows until it reaches a maximum at positive kx where

the damping rate is equal to the growth rate. From this

point the intensity drops slowly due to collisional damping

until kx/kD 0.2 where linear nm damping becomes

significant. This drops the intensity quickly back to the

equilibrium level.

The ray path intensity spectrum is the elementary unitr
from which all subsequent linear results in this chapter are

derived. For example, Figures 9.2a and 9.2b are contour

maps of the Langmuir intensity t as a function of kx and

x. These maps are simply a synthesis of many ray path

spectra. This is possible because the choice of a point

(kxx) uniquely determines the Langrnuir frequency ULL for

given ky. Hence, only one Langmuir wave can pass through

y d
the point (kxx) a its intensity, calculated along a ray

path, determines the intensity there.

To apply the theory of Chapter 7 to the dense plasma

focus experiment some assumptions must be made. The theory

uses a rectangular slab geometry and a linear density
|.

gradient. Neither of these conditions is realized exactly

in the focus device. However, if one assumes that the

, 1 *. ..... ........... ............ .............. ....... .= ..
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angular width of the region of Langmuir waves being measured

is small, the slab geometry will be a good approximation to

the actual cylindrical geometry. Note that the important

quantity is the width of the measured region, which is not

necessarily the same as the total region of enhanced

Langmuir waves. The measured region is in general smaller,

because the scattering epIN)eriment is designed to exclude

some waves.

A linear density gradient will be a good approximation

to the actual gradient if the width in the radial direction

is small compared to the actual scale length. Simply

stated, this just means that any smooth density profile,

( .such as parabolic or exponential, can be locally

approximated by a straight line.

Another of the difficulties in applying the theory is

that the pump intensity in the focus plasma is not the

uniform intensity used in the theory. In fact it is not

clear exactly what the pump intensity spatial variation is

in the cylindrical geometry. The assumption is made here

that the intensity will vary as the square of the Airy

function (Figure 1,; ), which would be appropriate for a

slab geometry. What is needed next is to choose a uniform

intensity level in some fashion so that the intensities

calculated are as close as possible to the intensities which

|* would be found from using the Airy function pump. There is

no obvious way to do this. The procedure adopted here is

I
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the following. Geometric optics determines the maximum

intensity in the plasma at the peak of the Airy lobe nearest

the reflection point of the pump wave. A crude average over

the Airy oscillations will give an average intensity of half

of t1 maximum intensity. This leaves only the variation in

the Airy envelope to account for. s envelope varies as

- 1 / 2 and a strict spatial average over the growth region

of the Langmuir waves would result in another reduction of

one-third. However, in order to roughly account for the

fact that the Langmuir wave spends more time near its

turning point where the Airy envelope is larger, this has

been arbitrarily changed to a reduction of one-fourth. The

net result is that the uniform intensity chosen is three-

eighths of the maximum intensity predicted by geometric

optics. In terms of the focus parameters,

P = 8x10 -1 0 Ivac (W cT- 2) (9-1)

where P is the ratio of pump intensity in the plasma to the

local threshold intensity.

It is convenient at this point to discuss one last

difficulty in applying the theory of Chapter 7 to the

scattering observations. Three ranges in P exist. The

I. first, 1 < P < P1 includes intensities which are linearly

saturated by convection. This is the range for which the

calculations of Chapter 7 apply. The second range,

1*

I, i
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P1 < P < P2P includes intensities for which both convective

and nonlinear effects are important. There is no well-

defined theory for this range. For P > P2' the calculation

at the end of Chapterhapplies, and only the nonlinearity

need be considered. The difficulty in applying the

convective theory is that the experimental point with lowest

CO 2 intensity has P Z Pl so it can only marginally be

described by that theory. At the other end of the

experimental scale, the point with highest CO 2 intensity has

P = P2 so the one-dimensional homogeneous nonlinear theory

only marginally applies. The three interritediate poits are

roughly in the center of the undescribed region and can

probably best be described by an interpolation between the

other two regions.

The calculation of the scattering cross section from

the known intensities uses the following equation:

T (9-2)

In this equation previously undefined quantities are the

electrton radius, r e; the scattering volume Vs; and the

solid angle subtended by the scattering optics,SS.

Numerically re 2 = 7.94xlO - 2 6 cm 2 and n = 6.83x10 3 sr.

The scattering volume can be further broken down into 9A.,

Io where q = 0.075 cm is the axial length of the scattering

volune, determined by the CO, spot size, and A. is the

I II- 1 1. . ..... .. . .
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scattering area - . 01,-+. f- a,. it

_en 1-p s..n that can be further written as,

A U'r (9-3)

E)s = 50 is the range of scattering angles accepted by the

experiment, ro = 0.023 cm the radial distance at which the

scattering area is located, and Sr the radial width of the

scattering area. r will be determined later from the

Langmuir intensites.

Substituting all of these quantities into Equation (9-

2) gives,

X 01 '° (C11), t (9-4)

In this expression Sr has been replaced by &x as a reminder

that slab geometry is being assumed.

There remain two 494a-s to be answered. What J-
should be chosen and how is Sx determined? The choice of

in (9-4) is clear. Since the scattering experiment is

designed to measure Langmuir waves having k = ky , 4(k = ky

= 4k x = 0) should be substituted in (9-4). A glance at

Figures 9.2a and 9.2b will show, however, that J(k x = 0) is

not a uniquely determined value. I is also a function of

the spatial coordinate x. Figure 9.3 is a plot of logl0

versus x at kx =0. It is just a cut through the contour

4
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map of Figure 9.2a along the axis kx = 0. Clearly the most

reasonable choice for 4 in Equation (9-4) is the maximum

in Figure 9.3. It is also reasonable to define the x

coordinate of this maximum as the center of the scattering

area of Equation (9-3). The radial width of the scattering

*area is also determined by Figure 9.3. It is defined as the

distance between the points which are at one-half the

maximum intensity. Analyzing graphs like Figure 9.3 for

various pump powers and density scale lengths and applying

Equation (9-4) generates Table 9.1.

Clearly, not all of the P values listed in Table 9.1

can be cqnsidered linear. In fact, as will be seen shortly,

nonlinear terms become significant for Langmuir intensity

levels of the order 105-106• In Figure 9.4 the results of

the linear theory are plotted against the experimental

points. There the linear theory is extended beyond the

range P <4 where it should be valid. Agreement with the

experiment at P Z10 for L = 0.15 cm should be considered

fortuitous, since Table 9.1 shows clearly nonlinear Langmuir

levels for this P value.

The demonstration at the end of Chapter 8 shows that

for P >> 13, inhomogeneity becomes unimportant and only

nonlinear effects need be considered. Hence the one-

dimensional homogeneous nonlinear solution of Goldman andS

DuBoisR may be used to calculate -. In eisence, this

means that at each x, the plasma is assumed to be

I,
4 '
* 1L .. . ... .. . . .. . .... .
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TABLE 9.1

2p Imax (kx-0) Sx/L a/re

L = .15 cm

5 4.59 x 104 .0030 1.07 x 1012

10 3.55 x 10 7  .0020 5.50 x 1014
10 17

15 2.95 x 1010 .0017 3.88 x 10.

20 2.51 x 1 .0016 3.11 x

25 2.43 x 1016 .0014 2.63 x 1023

L -. 20 cm

5 2.62 x 105 .0025 6.76 x 1012

8 5.01 x 10 7  .0020 1.03 x 1015

11 1.07 x 10 1 .0017 1.88 x 107

15 1.46 x 1013 .0015 2.26 x 10 2 0

20 1.27 x 1017 .0013 1.70 x 1024

L - .25 cm

2 2.95 x 103  .0036 1.37 x 1011

4 1.78 x 105 .0026 5.97 x 1012

5 1.49 x 10 6  .0023 4.42 x 1013

6 1.29 x 107 .0021 3.49 x 10 4

8 1.10 x 10 9  .0017 2.41 x 1016

I.

1"
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homogeneous with density given by Equation (7-1). Then the

Goldman-DuBois theory is used to calculate 14ky) at that

x. The scattering experiment determines the k yscatt to be

chosen from thi spectrum. Then finding I(kyscatt) for

various A generates a graph analogous to Figure 9.3 for the

nonlinear solution. From this graph amax and Sx can be

found exactly as in the linear case.

The one-dimensional, homogeneous, nonlinear solution

may be written,*A1

Here, as in Chapter 8, % = Vcoi/, ' = ky V e/Wo, %

x/L, Landau = ,qy3 e3 1 2 (/ 1ll
3,) e-1/2iy, and d = U

(.&2/4322) (kD3/no)(IVcoll), where 2 = m/m i . The

quantity qyc is the point at which f = 0 and clearly is also

dependent on '. The coupling function f is written

2atoL)1y (9-6)

From this equation it is easily seen that,

/Vky _%(9-.7)

Inserting the dense plasma focus parameters and

intogratingEquation (9-5) becomes,

I-
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- (V i~ - o) Ji x 6e ' 7 (9-8)

Ip this equationAySCoatt 0.052 has been substituted.

* Equation (9-8) is graphed in Figure 9.A for P = 15.

This figure is analogous to Figure 9.3 in the linear case.

Note first the maximum nonlinear intensity of about 106.

Obviously this sets an upper limit on the validity of the

linear model. Any calculated linear level nearing or

exceeding this value cannot be believed. Secondly, notice

f * 'that in this nonlinear case jx/L is much larger than in the

linear case. In the linear the drop in intensity toward

larger x is caused by the increasing mismatch between the

pump and the Langmuir wave. That is, the frequency matching

condition W o = C4, +(0ia becomes increasingly difficult to

satisfy as x increases. This mismatch factor causes the

intensity to decrease quickly with x. In the nonlinear case

one finds that the character of the nonlinearity makes this

mismatch effect unimportant. Instead the decrease in

intensity with increasing x is caused by the increase in the

integrated damping rate, as can be seen from Equation (9-

8). This effect is much slower than that which is active in

the linear case, resulting in large x.

The right side of Figure 9.4 shows the results of the

, * nonlinear calculation plotted against the one experimental

I

I I I I R I I I. .. .
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point which might marginally be in this nonlinear range.

Although this point has P 17which is not much larger than

13, it seems to be reasonably well-described, at least for

the smaller scale length of 0.15 cm.

From the preceding discussion it should be clear that

this particular scattering experiment is rather ill-suited

as a test of either the linear or nonlinear theory. What is

needed to describe the experiment is really an

inhomogeneous, nonlinear theory in two dimensions. Some of

the difficulties this presents in one dimension are

discussed in Chapter 8. To thoroughly test either of the

.theories developed here, data points at lower and higher P

are needed.

To conclude this section, consider the problem of WKB

breakdown. Since the wave kinetic equation is a WKB

equation, its solutions need not be valid near the

reflection point of a Langmuir wave, where kx '-0. This

becomes important when one recalls that the intensities used

for the theoretical curves in Figure 9.4 were characterized

by kx - 0, exactly in the center of the region of WKB

breakdown. This region is shown in Figure 9.1 along with

the intensity spectrum along a ray path. Clearly, there can

" be no rigorous justification for assuming WKB intensities

I. are Y in a region where WKB is not valid. However, one

would expect physically a smooth joining between the two

regions in which WKB is valid. One would hope, th~n, that

,

l, . . .. . .
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since the solutions to the kinetic equation calculateld

earlier in this chapter provide that smooth joining, the WKB

intensities are "close" to the real intensities. In

addition, the breakdown region does not contain a major

portion of the Langmuir wave's growth. For example, in

Figure 9.1 the spectrum labeled L = 0.25 cm has less than

two percent of the total growth in this region. The other

spectrum has less than eight percent. Hence, most of the

growth of the Langmuir waves occurs in regions where WKB is

valid.

To calculate where WKB is valid, one begin3 with the

well-known condition,

X (9-9)

and the Langmuir wave dispersion relation,

Solving for k 2

4 •(9-11)

Now, kx/Ax is easily found to be

~ 1 (9-12)

-. 
bee4

TN
4•
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Hence, the condition for WKB validity is,

4 v.-L (9-13)

or in the dimensionless notation of Chapter 7,

I

whereiA x --(b/ve)kx' and VeOoL. For the dense plasma

focus parameters,

" .o i..". (9-15)

This can also be expressed as a condition on-X(=_x/L),

wehre 14 is the reflection point of the Langmuir wave and is

defined as --_ fr3'+y. U---+ .,WL/Wo •

I.

IN
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APPENDIX A

DERIVATION OF THE WAVE KINETIC EQUATION

The following derivation of the WK wave kinetic

equation is taken in substantially unaltered form from the

lectures notes of Prof. M. V. Goldman.

The starting point is the wave equation for the

fluctuating part of the electric field which comes directly

from Maxwell's equations,

_ Y. 4 (A-1)

For longitudinal waves this can be integrated once in

time to give,

Here j0 represents spontaneous emission and the polarization

current has been absorbed into 7. Also the notation xi =

(-i' ti) has been introduced. Note that Equatin (A-2) is

simply Faraday's law for longitudinal field-. Multiplying

14 Equation (A-2) by F(x 2 ) and ensemble averaging,
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where

( (k Y 0- < .(' j) Li 0 O , ) ) -o -Xo ,) . Cx >.

and the brackets denote the ensemble average. Next, add

Equation (A-3) to itself with variables x, and x2

interchanged to obtain

+ W.(II%]+ (A-4)

where [xI.-cx 2] indicates the preceding term with arguments

x. and x2 interchanged.

Introduce now sum (or "centroid") and difference (or

"relative") coordinates, defined by,

iT - -jt -- ). (A-5b)

These coordinates allow a natural definition of multiple

time and space scales. In these new coordinates, Equation

(A-4) becomes,

L

I.
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:r K,-

In a homogeneous, stationary plasma, the correlation

functions do not depend at all on the centroid coordiantes,

but in an inhomogeneous plasma they do. This can be dealt

with by assuming that the variation with the centroid

coordiaAtes of all the functions is slow compared to the

variation with the relative coordinates of all the

fucntions. Then a WKB approximation can be made in the

slow, centroid spatial coordhte, and a multiple time scale

approximation as well. First note that the centroid

coordinates of the correlation functions in the integral way

be expressed as,

(A-7a)

(A-7b)

Now an expansion of the integrand in Equation (A-6) can be

made, and the integral becomes,

X [w-Y ~ )- ~(~x.X i (A-8)

|. Only terms up to first order in space-time derivatives are

to be retained in this expansion. Lquation (A-6) has now

1
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become local in its dependence on the centroid coordinates,

x.

Fourier transforming (A-6) in the difference variables

x, and integrating by parts to replace the factors (x3 -x)/2

and( -X)2 in (A-8) by derivatives with respect to K (k,W

the transform of (A-8) becomes,

The common X dependence of q-and I has here been suppressed.

The transform of the interchange term [xlq-. x2J in

Equation (A-6) is iidentical to the right side of (A-9), but

with -K replacing K. From reality conditions it follows

that 7-(-K) = VK)* and I(-K) = I(K)*. In addition, from the

symmetry of I(xlx 2 ) under interchange, it follows that

I(K,X) is real. Thus, the Fourier transform of (A-6)

becomes,

qhr

Introducing the longitudinal dielectric function,

1
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U.L)W) - LAT Lj~') (A-il)

then Equation (A-10) becomes, returning to conventional

notation,

TF)' W (A-12)

where I = I(k,,R,T), =.¢L(k,W,R,T), andWo =L4o(k,.,R,T).

After some manipulation of the partial derivatives, (A-

12) can ,be rewritten as,

Effects of order (KL)- I and (iS)- I have been included

in (A-13), where L and T are typical scale lengths and time

intervals associated with the centroid variation of I and T-,

and k and w are a typical inverse length and time associated

with the relative coordiantes. Dissipation (&ImF_) and

spontaneous emission (4ReW ) are also included, and are

often of the same order as (kL)- I, (tjT)- l. (In fact, ImE C)

sets the scales of LAT in a homogeneous plasma boundary

| - value a= initial value problem.)

In order to proceed with the reduction of (A-13) to an
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energy balance equation for normal modes, it is necessary to

return to Equation (A-14) and work to "zero-order" in the

small parameters. To zero-order in (kL)- I , (W4) -1 , 1/6, and

W0 , 'Equation (A-4) becomes,

* t~(X ) +r :dE3 -X,&Ixc-xJ) 0 .(A-14)

Now interchange x, and x2 , and subtract the equation from

itself [rather than adding as in the previous development of

(A-4)3. The result can be written,

a j ((x)I -)
K .I

Fourier transforming this in x = (r,t),

The solution to (A-16) can be expressed as,

rCTy (t ~ -I O 01L)I-4 (A- 17)

The delta function is appropriate, since I must be zero

unless Re Z= 0, and since the W4 or k integrals of I must be

non-zero. The dependence on centroid coordinates has been

suppressed in (A-17). I1 in (A-17) cannot be determined

.
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from (A-16), because it is a homogeneous equation. However,

I, can be determined from the first order energy balance

equation (A-13). Note in (A-17) that Re (k,4R,T) - 0 at

one or more real frequencies of the form L=(4)R(k,R.,T). In

the present case only stationary plasmas are being

considered, so,

Now rewrite (A-17), in the vicinity of Cj=L R' as,

where

This notation is consistent with the definition of the

spectral mode function in the homogeneous case. Therefore,

I(WR,R,T) can be interpreted as the spectral mode function

for mode ti. [More generally, (A-19) should include both

positive and negative frequencies and a sum over all

branches of normal mode solutions, WR to ReE = 0.)

Inserting (A-19) into (A-13) and taking the integral

!. over t. yields,

iN
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ITI

4 (: (v'

R (A-20)

where

and the total derivatives d/dR, and d/dk are,

JE+ wt

It is also reasonable to define the energy density and

the damping rate as in the homogeneous case,

r) (3' t ] I( L)

-- L'3 -(A-21)
)

'i" (A- 22)

Then (A-20) takes the form,

ILU 4 U(wL) e WO(LA~ (A-23)

..T .... .. !. .
"'-4I IUIH-..
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The first term is the time rate of change of the energy

density associated with 4(kR). The damping and

spontaneous emission terms are as in the Kirchoff's law for

the inhomogeneous steady state case. The second and third

terms on the left describe the flow of energy in R-k phase

space. The group velocity v and the vector a are defined

by,

(A-24a)

The second equality in (A-24a) follows from taking the total

derivative d/dk of ReEC&(k,R),k,R)] = 0, and the second

equality in (A-24b) follows from the derivative d/dR. It is

important to note that Equations (A-23) and (A-24a,b)

involve independent Eulerian coordiantes, k and R. Using

Equations (A-24a,b), because of this independence, the order

of differentiation may be change4 and the following identity

proven:

aa

This enables (A-23) to be rewritten as,

"WO(Wp 
(A-24)

= Io¢
d ".
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The energy density, U(4), should be thought of as

defined in a six-dimensioned R-k phase space. Along an

arbitrary path in this space, CR is not constant (although

ReRAJR(kR),k,R] is constant and equal to zero). However,

along the "characteristic" or "ray" paths in this space, 4 R

is constant. The same idea is employed in integrations of

the collisionless Boltzmann equation, where the particle

erfrgy is conserved along a characteristic. One defines the

ray paths by introducing the Lagrangian coordiantes R(T),

k(T), which obey the equations,

w -(A-26a)

Using Equations (A-26a,b) and the ass4tion of a

stationary plasma, it immediately follows that WRER(T),k(T)]

constant, since,

4-r (A-27)

Along a given ray path, associated with a particular 4, (A-

25) reduces to,

+ 93U Ze WOA-.8

=-.
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The ray path equations (A-26ab) are Hamilton's

equations, whenlt4 is interpreted as a Hamiltonian, and lk

as a "momentum." The quantum mechanical boson occupation

number, N, for the normal mode L, is related to the energy

density U(c4) along a ray path by,

In the absence of damping and spontaneous emission, N is

conserved along a ray path. Damping and spontaneous

emission provide a sink and source for N, as (A-28) shows.

Hamilton equations such as (A-26ab) are commonly invoked in

quantum mechanical and semi-classical discussions of wave-

particle duality; it can be seen here that they apply to all

the weakly damped modes in plasmas and other dispersive

media which are slowly varying.

I.

#,
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THE INTEGRAL OF 9g AND 'NDAU

The integral required in the derivation of

equation ('-3 from equation (- ) is of the form,

. , e ,M I (B-i)

This is true both for the Landau damping contribution

and the parametric growth contribution. However, in

the growth rate the effect of pump swelling near the

reflection point in the inhomogeneous plasma has been

ignored. The pump is assumed to be spatially uniform.

To perform the integral, consider the

substitution,

SC Also, then

II(B- -3)

r t.
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The remaining integral can now be done by parts.

The remaining integral can no- be done by parts

and in this way an infinite series is generated. The

final ,result is,

Returning to the x vYe-it in,

Some further investigation can be done into the nature

of the series appearing in equation (-6), which will

be designated Wilson's function, or Ld(y).

. 0. (B-7

An alternate form is,

4oI
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Several properties of tJX(y) are listed below:

1) Ld(y) is absolutely convergent and continuous

for finite y;

2) LVI(y) is uniformly convergent on any closed

interval;

3) < eY >

4) 4(y) >0 for all finite y;

5) 0 - I ) I >

Property (1) can be shown with the ratio test for

infinite series. The Weierstrass M-testgq proves

uniform convergence. Term by term comparison of the

sum in property (3) with the Maclautin series for ey

proves (3). To prove property (4), the differential

equation whih W(y) satisfies must be derived. First

multiply Oj(y) by yl/ 2.

4 4

L o .X . -

o The derivative of both sides of this equation must now

. . ..kI I . .. . , . . .. . . - .. . .. .. - . .. .[



be taken. The derivative on the right hand side can be

taken term by term, because the differentated series is

uniformly convergent. Hence,

-(Y 13F VA-¥ b 'l y Y + , ( 3 ,, -!

- - -. L ) ! : 't ." , ,L IL

Collecting terms gives the differential equation,

Y L'(). 0 Y) W(y) I (5-9)

It

It is now easy to show that UJj(y) is greater than

zero for y 2 0. Letting y = 0, (8-9) gives Wm(0) = I,

16 For y > 0,

Assume now that Lj(y) = 0 for some y y. Then, at

that point,

.. > 0-

4 q



Therefore, the slope at any finite yo for which j(yo)

= 0 is positive and WAi(y) can never pass through zero.

Property (5) concerns the asymptotic nature of

14(y). The analysis leading to the spectra calculated

in Chapter a requrAes the evaluation of Wj(y) for

largelL y (y 1i00). The alternating character of the

series form (1-7) makes this evaluation difficult. For

the computer and compiler used in this thesis round-off

errors began affecting the accuracy of Ltj(y) near y =

50. This made the development of an asymptotic

expression necessary. To derive this, consider the

series , -o conjunction with (B-9).

Substituting,

k a, i

Equating coefficients of equal powers of y gives,

0 .. I - I " I 0a , - =  IO S I

a,, = , -
o . |iS

Hence, the sum becomes:

)+ .~(~~f



S is used here rather than LWj(y) because the series

clearly does not converge. However, it is useful for

computational purposes if only a few terms are used.

In particular, for y = 50, accuracy of within 1 part in

106 is obtained by summing the first four terms. For

the purposes of the calculation in Chapter j, it is

sufficient to sum only the first two terms. Hence,

I I

d_ cy) is listed below for 0 < y. 200.

L

I,
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TABLE B.1

Y wi(Y) Y W.i(Y)

0.00 1.000 15.00 .0726

.10 .967 20.00 .0530

.20 .936 25.00 .0418

.30 .906 30.00 .0346

.40 .877 35.00 .0295

.50 .849 40.00 .0257

, .60 .822 45.00 .0228

.70 .796 50.00 .0204

.80 .772 60.00 .0169

.90 .748 70.00 .0145

1.00 .725 80.00 .0127

1.50 .623 90.00 .0112

2.00 .538 100.00 .0101

2.50 .468 110.00 .00917

3.00 .410 120.00 .00840

3.50 .361 130.00 .00775

4.00 .320 140.00 .00719

4.50 .'286 150.00 .00671

5.00 .256 160.00 .00629

6.00 .210 170.00 .00592

7.00 .176 180.00 .00559

* 8.00 .151 190.00 .00529

9.00 .131 200.00 .00503

10.00 .116
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We study the effects of impurity radiation on the

evolution of a reversed-field pinch plasma by means of

a one-dimensional M4HD simulation code that includes both

plasma transport and impurity effects, and follows the

plasma through a series of equilibrium states. The

equations are split into two sets, one that contains

plasma transport and another that contains atomic physics

effects. Two codes were developed and linked together

to solve the full problem.

Results are presented for the ZT-S, ZT-40, and RFX

experiments with a fixed set of parameters, typical or

envisioned, and various concentrations of impurities.

Radiation barriers are encountered, and limits are found

on the acceptable level of low Z impurities that may be

present in these devices. It is shown that the tempera-

tures currently observed in the ZT-S exepriment are

radiation limited. Next, a criterion for radiation

barrier burn-through is derived in terms of appropriate

nondimensional parameters and calibrated by comparison

|. to the numerical simulations for the case of oxygen.

In addition, the subject of thermal instability in

the reversed-field pinch is explored. Namely, a current

carrying plasma can become thermally unstable due to



current diffusion into regions of low resistivity, which

through ohmic heating, leads to a lower resistivity

feeding an instability. This instability is studied for

the case of a reversed-field pinch in a nearly force-free

equilibrium, after the formation phase, as the plasma

attempts to ohmically heat to a significant beta. Two

cases, stationary electron temperature (where impurity

radiation balances ohmic heating), and nonstationary

electron temperature are considered. It is found that

fine-scale current perturbations remaining from the

formation phase can be greatly enhanced by the presence

of impurity cooling. The theory of these phenomena is

developed analytically and compared to numerical

simulation.
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CHAPTER 1

INTRODUCTION

The reversed-field pinch (RFP) is a promising approach

to controlled fusion that has received considerable attention

in recent years. It is an axisymmetric toroidal device that

has demonstrated theoretically and experimentally MHD stable

plasma confinement at the relatively high beta of 30-40%.
(1,2)

It has roughly equal poloidal andtoroidal magnetic fields

which provide the shear that permits MHD stable operations at

current densities substantially above the Kruskal-Shafranov

limit. Hence, in comparison to the tokamak the RFP has a

large toroidal current and the potential to reach fusion

temperatures with ohmic heating alone. Therefore the RFP is

attractive as a possible fusion reactor.

Unfortunately, recent RFP experiments such as ZT-S(
3 )

HBTX-i, (4 ) and ETA-BETA (5 ) have not been able to fully

realize this potential. These experiments are relatively

small (~7cm minor radius), use field programming to set up

the reversed toroidal field and operate at relatively high

densities (l x 1015 cm- 3). Their main difficulty is a very

low electron temperature (30 ev in ZT-S), seemingly due to

energy loss caused by radiation from low Z plasma impurities,

principally oxygen.

The high particle density in these experiments offsets

the advantage of high current density by lowering the Ohmic

heating rate per particle and by increasing the radiation loss

rate, which for a fixed impurity concentration is proportional

4
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to the square of the electron density. In addition, measure-

ments of oxygen impurities in ZT-S show a concentration of

15 -3 6.3% - 1% relative to deuterium (2 x 10 cm 3).(6) This

is a higher density of oxygen than is observed in tokamaks

and in conjunction with the high electron density may ex-

plain why RFP experiments encounter a low temperature

radiation barrier and tokamaks do not.

At the low temperatures currently observed in these

devices, the transport of particles and magnetic fields in

the post-implosion phase, where magnetic forces and pressure

gradients are in magnetohydrostatic equilibriucan be ex-

plained by classical coefficients. The discharge terminates

because the initially stable magnetic field profiles diffuse

to unstable ones on the classical diffusion time. (.7) Whether

the transport remains classical at temperatures of a few

hundred electron volts is unknown. Hence, it is imperative

that future RFP experiments, such as ZT-40 and RFX, overcome

low temperature radiation barriers so that the potential of

this concept can be fully explored, and anomalous transport

processes, if any, identified.

It is the purpose of this paper to study theoretically

some of the effects of impurities in the RFP with numerical

and analytical methods. We have developed a computer code

based on the equations of MHD, which includes both transporth.
and radiation effects in the post-implosion phase, to

simulate existing RFP experiments and to predict results for

4
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future ones. This code enables us to normalize analytical

treatments of radiation barrier burn-through and thermal

instability.

Section 2 presents the physics model used in the

numerical computations; section 3 presents results for

typical operating parameters of ZT-S, ZT-40, and RFX with

various concentrations of impurities. Section 4 developes

a general criterion, in terms of nondimensional parameters,

for whether a RFP will burn through a radiation barrier.

This criterion is normalized by comparison with numerical

results for the case of oxygen. Section 5 discusses the

subject of thermal instabilities in the RFP. We find an

instability due to the coupling of current diffusion and

Ohmic heating. This instability was first derived by

Kadomtsev, who calls it the "Superheating Instability." (8)

He assumed a uniform magnetic field, small current and a

stationary zeroth order temperature that is the same for

electrons and ions. We remove these restrictions and develop

the theory of this instability in the post-implosion phase

of the RFP, in cylindrical geometry, for both stationary and

evolving zeroth order electron and ion temperatures.

The importance of impurities in creating fine-scale

current density and temperature gradients in RFP's is

demonstrated.

_=~~ ~ ~~~~ ~~~~~~~~~~~~~ .- ....2 . .. ... . . f IIII l 'l .,- ,2 : , i, .-,:J,, . - -----



CHAPTER 2

EQUATIONS

Our basic approach to investigating the combined effects

of impurity radiation and classical resistive diffusion on the

evolution of plasma and magnetic field profiles in the RFP is

to split the problem into two parts. The resistive diffusion

is governed by the two fluid MHD equations given by Braginskii.
(9)

Our computations of impurity radiation rests on a multifliud

MHD model which provides heat sink terms in the electron tempera-

ture equation but is otherwise ideal. Electrons, deuterium

ions, and each charge state of an impurity species are modelled

as separate fluids. These two sets of equations taken together
A

define our complete physical model.

Both sets of equations are transformed to a Lagrangian

coordinate system based on a normalized poloidal flux co-

ordinate. The dependent variables are changed to quantities

that remain invariant during adiabatic motion of the plasma.

This representation of the equations is useful for both

numerical and analytical work.

2.1. Transport Model Equations

Starting with the full two fluid MHD equations in

Ref (9), we assume that the plasma evolves in time through

a series of equilibrium states. This is equivalent to order-I.
ing the resistivity, velocity, and the time derivative of any

quantity as a small number c and then neglecting terms of order

C2. Thus the inertia and all terms arising from the plasma

1*
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viscosity are neglected. This yields a set of equations

valid on the resistive diffusion time scale and is equivalent

to ordering the velocity small in comparison to the Alfv6n

speed. Cylindrical geometry and symmetry is assumed so that

all quantities vary only in the radial direction. With these

approximations the equations become:

an
+ 7.(Vn) = 0 , (1)

at

BB + cR

e+ V B - - = 0 (2)

at r ar r z en

2.t nTe + VVnT + nT - -7 -V., (4)ee e e en

3 3a., -0. 4.
3 - nT  + - .VnT. + nT. V = -V.q. + Qi (5)2at- i 2 2. 1 1 1

[B -B +-- rB (6)
Br 4 i z ar z r -Fre

where p - n(Te + Ti), R + k is the total force between

electrons and ions due to friction R and temperature gradi- (
U

ent %, q and qi are the electron and ion heat fluxes

respectively, Qi is the electron-ion equilibration term, and

- is the current.
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RU = en.T... + ennL).L

-~uT

e 8T e uT Ce B

aT.
qe - Xj - r

3m n
e (T
e e

C -- -o

For the resistivity n, the thermal conductivity x,
UT

and the thermoelectric coefficient 6. , the classical values

in the strong field limit are assumed,

.513 m
,= 2

e n-e

m
ee n~e

2 2

2nT." i 1

ci i

uT 3 en2c-2 B n

8 °''-

1..
. .. ..4 ' . . . . . . . .. . . .. - - " - ,',, .... .. .. . , . . . . . . . .
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where w ci eB/MC. The electron and ion collision times,

Te and Ti. are,

3m eT 3/2T e •e
e  4(2w) Ae4 n

3mi Ti3/2

T 4(2-) %e4 z 2 n

and A is the Coulomb logarithm.

In our model we assume that the plasma extends to

the vacuum chamber wall at radius a, and that there may be

a conducting wall at a larger radius b. The region between

these two radii is a magnetic flux reservoir.

The boundary conditions at the plasma edge on Eqs.

(1) - (6) are the electric fields E and E- calculated fromz

values given at the conducting zall and specified "pedestal"

values for n, T and T.. The electric field is not only thee

natural quantity to use as a boundary condition when magnetic

flux is a variable, but also the quantity controlled by

external circuits. Magnetic flux variables occur in the

Lagrangian representation of these equations.

The origin is an artificial boundary due to the use

of cylindrical coordinates. Here we require there be no

flux of any quantity.

I.

.b.



2.2. Radiation Model Equations

An ideal MHD model, wh ich includes all radiation

effects and treats every charge state of a given impurity

species as a separate fluid, is now presented. There is

* adiabatic expansion and contraction of the plasma but no

transport The equations describing this model are given

for one impurity species of charge Z. The extension to more

than one impurity species is obvious.

z+l
ne= n~ + Y (j-l)n. ,(7)

;n.
-I + Vn. 0, (8)

an.
-~+ '4n n [ni - nli + ) n. 1 + 1,

(9)

t- (' B ) = 0, (10)

3an T 3
at f7 n Te neTe ne ZnjjA

3 a
T ~I n + T Vn + n T V = 0 ,(12)

Vp X (p n T + nT + Ti~nj) ,(13)
*c e e i i

where,
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coefficient for recombination from state

j to j-1 (a1 - 0)

j - coefficient for ionization from state I - 1 to

j ($Z+ 1 - 0).

A. is the energy loss rate per electron per impurity ion of

charge j+l due to excitation and recombination radiation

and bremmstralung. It does not currently include the energy

loss from electrons due to the ionization potential of the

impurity. This energy is generally small compared to the

energy lost by radiation during the ionization process,

but it will be included in future work. All ion species

have been assumed to have the same temperature. (10)

The boundary condition imposed on this set of equa-

tions is that the electric field, and thus the radial

velocity, vanish at the vacuum chamber wall. Consequently,

there is no flux of any quantity at r = a.

2.2.1. Atomic Physics

For the range of operating densities (n < 2x101 cm-3

and time scales (t>10us) relevant to RFP experiments, the time-

dependent coronal atomic physics model is valid. (11,12,13) In

this model, ionization and excitation occur by the collision

of an electron with an atom or ion in its ground state;

recombination is to the ground state by means of radiative

and dielectric recombination; de-excitation is due to spon-

taneous emission and occurs on a time scale short compared

I
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to all other processes. This model ignores collisional

recombination, collisional de-excitation, photo-ionization,

and photo-excitation.

It is assumed that all radiation is lost from the

plasma. This is true even if the plasma is not optically

thin (though RFP's are generally optically thin), provided

that the collisional de-excitation time is sufficiently

long. (13)

The ionization and recombination coefficients and

radiation loss rates are obtained, for an arbitrary element,

from an atomic physics code developed by Dr. Russell Hulse.

This code utilizes generalized formulae given in Ref. (14).

For each ionic species of the element under consideration,

it calculates energy levels, oscillator strengths, and

transition energies. The generalized formulae for the rates

of electron collisional ionization, radiative recombination,

and dielectronic recombination are evaluated for each species

using these oscillator strengths and energies together with

the given plasma density and electron temperature. Similarly,

radiation rates are computed for each ionic species, including

excitation of An - 0 and An # 0 line transitions, radiation

associated with the recombination processes, and bremmstralung.

4
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- - -- - - - - - - - - - - - -
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2.3. Poloidal Flux Coordinate System

The two sets of equations (1) - (6) and (7) - (13)

must be solved numerically, but are not in a convenient form

for numerical solution because the velocity in these equa-

tions is determined indirectly by the magnetohydrostatic

equilibrium constraint. By transforming to a Lagrangian

coordinate system and by changing the dependent variables

to adiabatic invariant quantities, this velocity can be

eliminated and the equations so obtained can be directly

advanced in time.

Our Lagrangian coordinate system is defined by:

hC

X(rt) -x (r' t) dr + V)--- 0
0 r, at ar (14a,b)

a a ar
at--L at + V -  ' at L (14,c,d)

aL

where - is the Lagrangian time derivative and

Ba a
X =  Ct, P ( )f B8 (r,t)dr,

PIT 0

CRz F (t) + PTV 8V at
r enB e Be  Be  t

F(t) - CR2 (r = O,t)I. en

Ik -T = cE (r - a,t) - F
at ,
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X(r,t) is the Lagrangian coordinate defined as the poloidal

flux at a given radius divided by the total poloidal flux

PT in the system at any given time. V is the velocity

followed in the Lagrangian frame. It contains a term F/B9

that is a consequence of poloidal flux destruction at the

X aoPeorigin, and another term - that is due to normalizing

Be by tPT in the definition of X. Physically, this latter

term relabels the dependent variables so that the domain of

the independent variable X remains O<X<I.

For this transformation to be valid, V(r = O,t)

must equal zero. This requires that n, Te, and jz be

parabolic near the origin, a result that follows from the

diffusive nature of the equations.

2.4. Transport Model Equations in Lagrancian Form

Equations (1) - (6) are transformed in nondimensional

form to the Lagrangian coordinate system defined by Eqs. (14).

Let us define a reference poloidal flux to , temperature T0 , and

length a (vacuum wall radius) and construct a reference resis-

tivity 0 , time 0' and density n0 from the relations

4(2r) me e (T To M lTa2

"T 0° C r

8- 7rn T a 2

so o o 01

0

Then the nondimensional time T and resistivity 5 are T-_
0

and -
0

4 n
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We choose Y(X,t) = r 2/a2 as the radial coordinate. Then
9 2r o

from Eqs. (14) Y = - (where€ = )PT/¢o) is the
a B e

nondimensional volume per normalized poloidal flux. This
I

is used to construct new dependent variables. In place of

the Eulerian variables B ,n,T , and Ti we define:

aB2  y (15a)

Ne y, (15b)
2n0

T e y,2/3 
(15c)

e T0r 0

T.e i T 1 y,2/3, (15d)
0

P is the toroidal flux per normalized poloidal flux or the

pitch of a field line, an important quantity in considering

the MHD stability of the RFP. (15) N is the number density

per normalized poloidal flux; ee and 6i are a measure of the

electron and ion entropy per particle respectively. Using

these variables, one can recast equations (1) - (6) into a

pitch equation

p f n.n.y
p= - [(± + - P ' J (16)

and a density equation

I-
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'N a (7

•~ NN

- - UN, (7

where

a yP +

- - f+ y22 2)O
Q y, (p +y¢

r". a N(9 e+ei) 3N e (

4(P2+y y, 1 3 2Y W

The electron temperature equation becomes

Se 2 / e a JIYeS-- T- U 'e - + Y "rN --Xy '(p 2 +y¢2)

14. 6N - -__ - H NX y , 2 / 2 " y 5 / 3
M a ,2/3 2 ax y(18)

A~ N(% ) +i8€2- Y,5/3 2-~ -6i 8 i 4 2

2Y' (P2y 2 )N YT-

TI.yy'15 / 3 N(Be +6i2

+ 2 a -X e/3

6N(P 2 4y ax y

-Y , 2/3 N( +e.)

CP2 Y 2h La 12/3 Lax ~5/3

the ion temperature equation is

K aee ai U A N(8e-Bi)
3T ax 3 aX 2Y'

(19)

+1 M) Yv2 / 3  YN 2  a i+ ZE (!) -- -2 ( ,2/ X ,23 '
3 mn N ax eY12/3 (p2y$ 2) a Y

1

4
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and the magnetohydrostatic equilibrium equation takes the form

a 1 v, /3 J. 1
a2 (P +2y 2) + - ' w N(e +e.)a y, [aX2-~ e 1 ] (20)
ax2  2(P2+Y 2) + 5/6 Y,1/3 N(e e+i)

The net rate of change of the normalized poloidal flux 0 is

determined by ; = z - f, where c and f are the nondimensional

z electric fields at the plasma edge and at the origin respectively,

=
x = 0

f In the electron-ion equilibration term,

A = e 2 Mc2

is the square of the plasma radius divided by the reference

ion gyroradius.

Unlike Eqs. (1) - (6) , Eqs. (16) - (20) can be

directly advanced in time. First P,N, ee, ei and are

advanced; then equation (20) can be solved for the new

equilibrium y(X,t). In addition, equations (16) - (20)

display the physics more clearly than did their Eulerian

counterparts. For instance, the pitch P depends only on the

parallel electric field n.j., and the current has been

resolved into its parallel (j.. _ a/r Bz/rB, -a/;, P/y) and

perpendicular (j, - - (e - e.) components rather than
or T- e I

along the e and Z directions, which have no physical significance.

4
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2.4.1. Boundary Conditions

The boundary condition on Eqs. (16) - (19) at x - 0
is that the flux of P,N,ee and ei vanish, which is automatically

satisfied by tie definition of f.

The pedestal values of density and temperature, specified

at the wall for Eqs. (1) - (6), become for Eqs. (16) - (20),

(Nr) = const., (21a)x=l

= const., (21b)
. x=!

e.
12'3

(..- ) = const. (21c)

x=l

The Z electric field is specified at the plasma edge c z(x=l),

and along with f determines *, which enters as a convective term
in Ecs. (16-19). The boundary condition on the pitch equa-

tion (16) at x=l is the poloidal electric field E Given the

poloidal electric field at the conducting wall V, %E at the

plasma edge can be expressed solely in terms of plasma quanti-

ties. This yields a time dependent boundary condition for the

pitch equation at x=l

* b 2  12 a y P|.'~v e + (a- i) -CP W ( x() 22)

a

The boundary condition on the magnetohydrostatic equi-

librium equation (20) at x-O and at x-l is

1*
4
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Y(X-0) - 0 , Y(x-l) - 1 . (23a,b)

2.5. Radiation Model Eauations in Lagrangian Form

In the Lagrangian coordinate system defined by Eq. (14)

the radiation model equations (7)-(13) become in nondimensional

form,
Z+I

N = N. + T (j-I)N (24)
j=1

a = 0 (25)

aN. N
NT Y1 (N [j 1 g - Nj ( + aj) + N j+ ]a (26)

-T 0 (27)

aS N
s= e NA (28)

as 1 0 
(29)

a T

a2 Y - (P + 2Yo 2) + 1 / - (Se + S-ax 5X 1/3I (30)
Sax 2  2(P2 + Y2) 6 y,/3 e SI)

I6

4 t

"
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where N 2n Y', and S e N ee, SI  Nie. + ei  N are a

measure of the electron and ion entropies respectively. d.,

IV and are the nondimensional form of cj, SB., and A

defined previously.

Note that in the Lagrangian representation all of the

radiation model equations have become ordinary differential

equations. A convective velocity, common to all the plasma

particle species and the magnetic fields, caused by radia-

tion energy loss, has been explicitly eliminated!

t 2.6. Summary of the Physics Model

The multi-fluid MHD equations, where each charge

state of an impurity is treated as a separate fluid and the

plasma evolves through a series of equilibria, has been split

into two independent and self-consistent sets. This decompo-

sition was motivated by noticing that the velocity, determined

by all dissipative processes, separates into two components,

one which arises from plasma resistivity and another from

atomic processes. The original set of equations is approxi-

mated by numerically solving the two simpler sets in succession.

In the transport model equations the impurity ions

have been neglected; therefore, the number of ions is not

the same in the two models. In successively solving these

two sets of equations the electron and ion entropy and the

electron density are kept constant to insure that the same

Mo',

1
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equilibrium is passed between the two models. When the

transport model equations are advanced in time, the impurity

density is held fixed in physical space. Impurity diffusion

can be important and will be treated in future work.

Standard numerical techniques are used to solve both

sets of equations, the details of which will be presented

elsewhere.
(1 6)

r

I.

I!

4



CHAPTER 3

RESULTS FOR POINT CASES

Results of the numerical solution of our physics

model for various concentrations of impurities are pre-

sented for ZT-S, ZT-40, and RFX with a fixed set of

parameters, typical or envisioned, for each experiment.

The effect of oxygen, and also aluminum for ZT-40, on

the electron and ion temperatures and the magnetic energy

is studied.

The parameters chosen to simulate these experiments

are given in Table 1. In Figure 1 the normalized pitch
rB z

P - and the parallel current density j,, versus r/a are
aBe

shown at the initial time. The pitch is the same for all

three cases. The parallel current density, given by the

dashed line for ZT-S and ZT-40 and by the dash-dot line

for RFX, has a 60% peak off axis corresponding to a current

sheath in the early post-implosion phase. The hydrogen

density is specified by a parabolic distribution which

decreases from a maximum on axis to a value at the vacuum

chamber wall of 5% of the on axis density (see Table 1), The

initial electron and ion temperature is assumed to be uniform

at 10 eV for all cases; the electric fields at the conducting

wall are set to zero; the pedestal values of density and

temperature at the vacuum chamber wall are given by their

initial value or the value at the point next to the wall,

whichever is less.

L

1J
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4L020.4 0.6 0.8, 1.0
r /a

Figure 1.

The initial pitch (P r32/a38) and current profiles used in the

simulations of ZT-S, ZT-40, and RFX are plotted as a function of

n/a, the radius divided by the wall radius.
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TABLE 1

ZT- S ZT- 40 RFX

Vacuum Wall 7.7 cm 20 cm 60 cm
Radius

Conducting 7.9 cm 22 cm 63 cm
Wall Radius

I z Current 70 KA 500 KA 700 KA

Toroidal Field 4000 G. 10,500 G. 5100 G.
On Axis

Density 1 x 10 15cm- 3 5 x 10 1 4 cm- 3  5 x 1013 cm- 3

On Axis

Initial 10 ev 10 ev 10 ev
Temperature

Initial 5.1% .38% .16 %
Beta

|.

- -
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3.1. Results for ZT-S

In Fig. 2 is shown the BZ and B fields for the ZT-S

simulation at the initial time and at 35us (the lifetime of

a typical ZT-S discharge) for 0% and .4% oxygen.

For the impurity free case the total Z current (-B (a))

in the plasma at 35us is greater (by about 5%) than the initial,

even though the energy contained in the poloidal field has de-

creas.ed. This is because the diamagnetic current created by

ohmic heating has a substantial component along the Z direc-

tion in the central and outer regions of the plasma. The

numerical simulations show this to be a characteristic feature

of diffuse RFP profiles.

The degradation of the magnetic field profiles from

enhanced ohmic heating due to low electron temperatures caused by

radiation from oxygen impurities can also be seen in Fig. 2. At

35us one third more magnetic energy has gone into ohmic heating

in the .4% oxygen case than in the zero impurity case.

In Fig. 3(a), (b), and (c) results of ZT-S simulations are

given for 0%, .2% and .4% oxygen impurity, distributed as a

constant fraction of the hydrogen density (1 x 1015 cm -3 on

axis). In Fig. 3(a) the average electron temperature Te'

defined as

1 a 2 7n T r dr

Te o eL

i.
(where nL - n 2n r dr is the line density), is plotted as

a function of time for these three cases. On the right-hand-

I.

4
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Figure 2

ZT-S magnetic field profiles. Solid curves: Bz and B at the initial

time; dashed curves: Bz and B at 35ps with no impurity present;

chain dash curves: Bz and B at 35ps with an oxygen impurity concen-
Z 915 -3

tration of .4% of the deuterium density (lxlO cm on axis).
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FIGURE 3

(a) The average electron temperature T eand E in ZT-S as a function of

time with oxygen impurity concentrations of 0%, .2%, and .4% that of

deuterium (lxlO 15cm -3on axis). (b) The average ion temperature Tand

I as a function of time. (c) The electron temperature as a function

of radius at 35p~s for 0% and .4% oxygen impurity. The electron tempera-

ture at the initial time is a uniform 10 eV. (d) The magnetic energy W

and internal energy Wit and the total energy radiated W R as a function of

time for 0%, .2%, and .4% oxygen impurity.
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side of Fig. 3(a) is labeled the nondimensional quantity £

defined as

1 fa a2rn T r dr
Ehr Wp0 p (0) 0 e

B362
where W (0) - ja -I- (r,O) r dr is the poloidal magnetic energy

p0
at the initial time. BE is a measure of the electron poloidal

beta (also a nondimensional temperature) referenced to the

initial poloidal magnetic energy. This energy is roughly the

amount of magnetic energy available to ohmic heat the plasma.

Analogous quantities T. and B defined with respect to the

ion temperature Ti. are given as a function of time in Fig. 3(b).

In Fig. 3(d) the internal energy WI f 3rn(T + T.)r dr, the

magnetic energy WM = la (B + B 2)/4r dr, and the energy radiated
0 Z z+lft

until the current time WR = o ro 27 n L n.A. r dr are plottedj-l 3
as a function of time for all three cases.

From Fig. 3(a) one sees that for the impurity free

case T rises steadily in time but at a decreasing rate duee

to the T -3/2 dependence of the resistivity. For .2% oxygen

impurity Te also increases steadily but at a rate that is sub-

stantially less than the zero impurity case after the first

5-10us. The 4% oxygen impurity case shows a radiation limited

electron temperature for ZT-S. Here the average electron tempera-

ture rises rapidly from 10 eV to 24 eV in the first l0us and

then remains flat for the next 50us. What we see is that after the

first few microseconds the plasma encounters the oxygen radia-

tion barrier which is sharply peaked at about 25 eV (See Fig. 12).

V
4 "
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In Fig. 3(c) the electron temperature as a function of

radius is shown at 35us for the zero impurity and for the .4%

oxygen impurity case. It is seen that the electron temperature

remains between 20 eV and 30 eV nearly everywhere for the latter

case. There is a temperature peak off axis due to the combined

effect of the off axis current peak and the falling density.

Fig. 3(d) shows for the .4% oxygen case that although

the internal plasma energy is constant after 10us, the magnetic

energy continues to decrease rapidly, appearing as radiation enerav

loss (the flux of energy at the plasma edge is small). At 25.s

nearly 60% of the magnetic energy that has been converted into

plasma energy has been lost to radiation. For the .2% oxygen

case this number is reduced to 35%.

From Fig. 3(b) one sees that the average ion temperature

is more nearly equilibrated with the average electron temperature

for a higher concentration of impurity since the resistivity and

thus the electron-ion equilibration rate is increased. The

density profile for all cases remains relatively unchanged from

its initial value, although the electron density increases some-

what due to impurity ionization.

All of this demonstrates that for a .4% oxygen concentra-

tion at 1 x 1015 cm- 3 density the temperatures in the ZT-S experi-

ment are very radiation limited. Since this amount of impurity

is at the low range of the measured amount of oxygen in this

device (6) (.3%- 1% oxygen at 2 x 1015 cm- 3 density), it is seen

that ZT-S has not been able to operate in a regime where impurity

radiation is not the principal physics effect.

'I
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The major uncertainty in the results leading to the

above conclusion is the manner in which the oxygen impurity

is spatially distributed. For instance, if all of the oxygen

were concentrated very near the edge, the effect on the plasma

could be slight. However, this is not expected since it

is well known that for classical transport the impurity ions

always diffuse preferentially toward the hydrcgen maximum.(17)

To see what happens for a different spatial distribu-

tion of impurity, we show in Fig. 4 the average electron

temperature as a function of time for oxygen distributed

r uniformly in space at a concentration of 0%, .2%, and .4% that

of the line density. Fig. 4 shows the same qualitative

behavior for T as did Fig. 3(a). At 35-s there has been 30%e

less energy radiated by the .4% uniform oxygen density case.

This is not significant enough to modify our above conclusion.

3.2.1. Results for ZT-40

ZT-40 simulations were performed for the operating

parameters listed in Table 1 for both oxygen and aluminum

as an impurity since this device has an aluminum oxide

ceramic vacuum vessel. In Fig. 5 results are shown for

0%, .4%, .8%, and 1.6% oxygen impurity distributed as a

constant fraction of the hydrogen density (5 x 1014 cm 3

on axis). The first three cases are run to 1.5 ms and the

last to 150.s.

In Figs. 5(a) and 5(b) the average electron and ion

temperatures T and T. are given as a function of time for

these four cases. For the 1.6% oxygen case Te underaoes a

4J
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Figure 4

Tne average electron temperature T in ZT-S as a function of time fore
oxygen concentrations of 0%, .2%, and .4% of the line density distributed
uniformly in space.
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sharp change in slope at about 30 eV. The temperature in

the inner 7 cm of the discharge becomes radiation limited,

but a middle region of the discharge where the current

density is maximum does burn through the radiation barrier.

Only this middle region contributes to the increase in T ee

Thus one sees in Fig.5(a) a distinct difference between a

case where a significant portion of the plasma is radiation

limited and one where the radiation barrier is overcome at

all spatial points.

Because of the low value of S (less than 2.5%) the

electron thermal conductivity is not effective in transport-
ring energy from the hot middle region to the cold inner

region. In fact, the principal classical transport process

is magnetic field diffusion (see section 5).

The current in the radiation limited region diffuses

into the hot, lower resistivity middle region of the discharge,

further exacerbating the situation in the cold region. This

leads to very large electron temperature gradients as is

illustrated in Fig.5(c),where the electron temperature is

plotted as a function of radius at 150us for the zero impurity

and 1.6% oxygen impurity case. This is markedly different

from ZT-S (see Fig. 3(c)) where the electron temperature profile

was radiatively depressed by approximately the same amount

throughout the middle and inner regions, so that the

size of the temperature gradient was not substantially

different from the impurity free case. This qualitative

I
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difference between these radiation-limited cases (note

that these two cases follow the expected density squared

dependence of the radiation loss rate for a fixed impurity

concentration) is due to the large difference in beta for

these devices (S - 2% for ZT-40; 8 - 25% for ZT-S). This

follows from the fact that 6 - n/a2 for a fixed current

density.

In Fig.5(d) the internal, magnetic, and radiated

energy is given as a function of time. Unlike in ZT-S,

the radiated energy is only a small fraction of the magnetic

energy. This is again a consequence of the low value of

beta in ZT-40. Thus ZT-40 should be able to radiate a

substantial portion of its ohmic heating power for a long

time, slowly surmounting a radiation barrier, without

depleting a large amount of its magnetic energy reservoir.

3.2.2. Oxvaen Plus Aluminum

The radiation cooling curve for aluminum (14) is much

the same as that for oxygen (Fig. 1Z) except that the peak is

shifted to about 100 eV and broadened. Thus it is to be

expected that a given amount of aluminum will present a

much more difficult radiation barrier to burn through than

the same amount of oxygen since the ohmic heating power at

the peak has decreased by a factor of 8.

44
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To study the effect of aluminum as well as oxygen on

ZT-40, the .4% oxygen case shown in Fig. 5 was repeated with .2%

and .4% aluminum added to it. These results are shown in

Figure 6.

In Figs. 6(a) and6(b)T e and Ti are given as a function

of time for four cases zero impurity, .4% 0 , .4% O plus

.2% Al, and .4% 0 plus .4% Al. We see that radiation from

aluminum is severe after T rises above 75 eV and completelye

dominates the energy loss from oxygen. The .2% Al case burns

throuc' the aluminum radiation barrier everywhere. In the

inner portion of the plasma this burn through is slow, as

rit takes nearly a millisecond for the temperature in the

central region to rise above 100 eV. For the .4% Al case

the temperature in the inner 6 cm of the plasma is radiation

limited at a temperature of about 60 eV while temperatures

in the middle portion of the plasma continue to rise. The

current in this inner region diffuses away. Thus we see on

a longer timescale the same qualitative phenomena as occurred

for the oxygen radiation barrier.

Figure6(c)shows that the energy radiated by aluminum

can be a significant fraction (greater than 10%) of the

magnetic energy. At one millisecond, for the .4% Al case,

10% of the initial magnetic energy has been lost to radia-

tion (80% of this due to aluminum), which is greater than the

|" internal energy contained in the plasma at this time.
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FIGURE 6

(a) The average electron temperature T in ZT-40 as a function of timee

with impurity concentrations of 0%Ox, .4% Ox, .4%Ox+.2%Al, and .4%Ox+.4%A1

that of deuterium (4x101 4 cm-3 on axis). (b) The average ion temperature

T. as a function of time for the above mentioned impurity concentrations.

(c) The magnetic energy Wm and internal energy WI , and the total energy

radiated WR as a function of time for the above mentioned impurity

concentrations.
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3.3. Results for RFX

RFX has a much lower current density than ZT-40 and

therefore less ohmic heating power. However it also has a

radius three times as large and is expected to operate

at a low density (5 x 1013 cm- 3 on axis) and on a long time-
sae(18)

scale. (18 From Fig. 1 we see that for the parameters

chosen here it has a beta of about half that of ZT-40 for

the same temperature and one order of magnitude lower density.

Because of this lower density the fractional concentration of

impurities is greater.

In Figs. 7(a) and 7(b) Te and Ti are given as a function

of time for 0%, 2%, and 4% oxygen impurity distributed as a

constant fraction of the hydrogen density. The impurity
A

free and 2% oxygen cases are run to 5 ms and the 4% oxygen case

to 1 ms. In the 2% oxygen case at 1 ms 45% of the ohmic

heating power has gone into radiation. At 5 ms the amount

of ohmic heating power lost is 33%. The temperatures for

the 4% oxygen case are radiation limited in the inner 20 cm

of the discharge. Te shows the same characteristic behavior

as the radiation limited case of ZT-40 in Fig.5(a). At 1 ms

75% of the ohmic heating power has been dissipated as

radiation. However, this is still only 6% of the initial

magnetic energy.

In absolute terms RFX becomes radiation limited for

a much lower amount of oxygen than does ZT-40. We there-

fore conclude that for this experiment to be successful a

plasma that is cleaner than ZT-40 by more than a factor of

four must be maintained.

I
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FIGURE 7

(a) The average electron temperature Te and E in RFX as a

function of time with oxygen impurity concentrations of 0%, 2%,

and 4% that of deuterium (5x10
1 3 cm- 3 on axis). (b) The average

ion temperature Ti and 13 as a function of time for the above

mentioned impurity concentrations.
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With respect to the limits on impurities found for

RFX and ZT-40 assuming classical transport, one point must

be kept in mind. For a low beta plasma there is enough

magnetic energy available to burn through low Z radiation

barriers with higher impurity limits than those given here

if an anomalous mechanism is present to convert the magnetic

energy to plasma energy fast enough. Since the depletion

of the magnetic field is small, this can be done without

necessarily causing the plasma to go MHD unstable.

3.4. Stability of Point Cases

The first re;uirement for stabiL.i. Of the point

cases is that the reversed toroidal field not disappear.

The reversed field disappears at 621.s, 46,s, and 38,s for

the 0%, .2%, and .4% oxygen impurity Z7-5 simulations shown

in Fig. 3, otherwise, it remains for all other cases.

It is always seen that the Suydam criterion is

violated in the outer regions of the plasma. This can

have important consequences for two reasons: first, it can

cause enhanced transport in the vicinity of the Bz reversal

point leading to a more rapid annihilation of the reversed

field; second, it has been shown that violation of the

Suydam criterion implies the existence of a nonlocalized

rapidly growing m - 1 kink mode.(19) To illustrate the ex-

tent to which our profiles are Suydam unstable, we present in

Figs. 8(a), (b), and Figs. 9(a), (b) three dimensional graphs

iT
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(a) The nondimensional pitch P - rEm/aBe as a function of radius
and time for ZT-40 with no impurities. The Suydam unstable region~
intersects the pitch reversal point at about 1 ins. (b) The
electron temperature as a function of radius and time.
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of the pitch and electron temperature as a function of radius

and time for ZT-40 and R-FX respectively, for the impurity

free case. In each of these graphs the Suydam unstable

region is sketched. From Fig. 8 we see that the ZT-40

simulation becomes Suydam unstable after 100.is and that this

unstable region rapidly grows to cover the outer quarter of

the discharge. From Fig. 9 the RFX simulation becomes un-

stable after the first 2ms in the outer 10 cm of the plasma.

The field reversal point is not included in the Suvdam

unstable region until after Ims for ZT-40 and 20ms for

r R.X. The violation of the Suydam criterion is less severe

for RFX because the broader current profile gives rise to

a smaller temperature gradient near the plasma edge than in

ZT-40 (c.f. Figs. 8(b) and 9(b)).

Impurities are seen to steepen temperature gradients

and in particular to create very hollow temperature profiles

where 7n and 7T are in opposite directions. This, as is well

known, may give rise to the universal instability. In

addition, it will be shown in section 5 that impurities may aid

the growth of fine-scale gradients in the current and temperature.

I.



CHAPTER 4

SCALING OF RFP DEVICES

A general criterion is now developed in terms of

nondimensional parameters for whether a RFP can overcome

a specified radiation barrier given only general design

parameters. This criterion is then calibrated by com-

parison with the point cases for ZT-S, ZT-40, and RFX

discussed in section 3.

To make a consistent and uniform comparison of the

three devices the results of our point cases must be

expressed in terms of nondimensional parameters. This

can be done by definina a nondimensional representation

of the temperature as

E, E Er +  (32a)

(where E and 6, are the electron and ion polcidal beta

defined in section 3 and soecified by a second axis naral-

eel to e and , on the RHS in Figs. 3(a,b), 5(ah), an-

7(a,b)), and a nondimensional time T by the decay of the

poloidal magnetic energy W

W (t) = W 0)e- 2  . (32b)P P

I.
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The results of Figs. 3(a,b), 5(a,b), and 7(a,b) for

ZT-S, ZT-40, and RFX are shown in Figs. 10(a), 10(b), and

10(c), respectively, in terms of 8T versus T. From Fig. 10

we see that in the impurity free case e(T) is a straight

line that has nearly the same slope for all three devices (note

that E, and 7 have different scales in Figs. !0(a,b,c)) and

that the effect of impurity radiation is to change the slope

of this line toward the horizontal. For example, in Fig. 10(b)

for ZT-40 the .4% and .8% oxygen cases show a decrease in the

slope of T(), compared to the impurity free case, at small

r values of 7 where tbe radiation barrier is being surmounted.

At large 7 where the radiation barrier has been overcome and

energy loss from radiation is small, £(7) is a straight line

with almost the same slope for all three cases. For these

values of 7 the effect on the macnetic field of overcoming

the oxygen radiation barrier can be seen by the amount that

7 has increased over the impurity free case. The radiation

limited case (1.6%O) is quite distinct from the rest. Here

S (T) has a small slope that does not increase with 7 as do theT

two cases which burn through the radiation barrier. Notice

that a value of T has been reached by this case that is as

large as that attained by the 0%, .4%, and .8% 0 simulations,

even thouch it has been run only a tenth as far in physical time.

Results similar to those noted above are seen in Fig. 10(c) for

RFX. Fig 10(a) once again shows the severe radiation problems

encountered by ZT-S. Thus it is seen that this nondimensional

4
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FIGURE 10

(a) The nondimensional temrerature $ T +T is given as a function
of the nondimensional time T (see Eqs. (3 a,L)) for the ZT-S cases

(0%, .2%, and .4% oxygen) shown previously in Fig. 3. The curves
are labeled by Z , the ratio of the impurity radiation rate tc the
ohmic heating rate at the 25 eV peak of the oxy'gen cooling curve
(see Eq. (35b)). (b) T versus T is given for the ZT-40 cases
(0%, .4%, .8%, and 1.6% oxygen) shown in Fig. 5. (c) S versus
t is given for the RFX cases (0%, 2%, and 4% oxygen) shown in Fig. 7.
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representation of our point cases provides a good correlative

description of these results.

Next, a radiation barrier burn through criterion is

derived. Consider the zero-dimensional temperature equation

3 ;T .2
f n T -F n i C(T), (33)

where C(T) is the energy loss rate per electron per impurity

ion, and n, is the impurity density. By means of the resis-

2/2
tive diffusion time T = 'a /c n, a nondimensional time

= t/7° can be defined and Eq. (33) becomes

d: = dT (33a)s[1-L(T)]

where c = a 2j 2/c 2n is the magnetic energy., per particle
_2: 2 2 c2 2t0

( e and E = -na 2 /c 2 ) and L = n nCT)/i2j
0 0 et o

is the ratio of the radiation rate to the ohmic heating

rate. I(T) is assumed to have a sharply peaked Lorentzian

shape (see Fig. 12) given by

L(T) = -o
(T-T )2

1 +T 2

where o is the peak of J(T) at temperature To and LT is the

half width of the peak at half maximum. With this, Eq. (33a)

can be integrated to some temperature T>To, with the result

1-e-_
2  T-T 1  + __T :__(34)

=- 4 (34)

2lO
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where T 1 is the initial temperature. Notice that as 10

approaches unity 7 becomes infinite. For a RFP to attain

a temperature T above the radiation barrier T must be small,

otherwise significant decay of the magnetic fields will

have occurred. This implies that both 20 and (T-T )/Eo

(a measure of beta) must be small.

Assuming c(T ) = 0o' we can rewrite Ea. (34) in a

form more suited to comparison with the point cases

1-e (-a
S D + a- (34a)

f-o

To compare this with the numerical simulations we take D

to be

D = T (-) - 5 (0) (35a)

-= <n><n >C(T)/-<j> 2 ,T O  (35b)

'0

is computed for oxygen (C(T) - 9 10 erg cm /sec)

where To M 25ev, using the zero dimensional quantities

<n>, <nI>, and <j> defined from the one dimensional profiles

by a density weighted average, i.e.,

< 0 27nArdr

a 2rnrdr

I0

4
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since it is quantities measured relative to the plasma density

rather than physical space that are of interest. 7 is given-O

in Figs. (10a,b,c). It is seen that 10 M .45 corresponds to

the radiation limited cases of ZT-S, ZT-40, and RFX. aI and

a2 are parameters determined by fitting Eq. (34a) to the results

of the numerical simulations as given in Figs. (10a,b,c). aI is

determined from the impurity free cases to be .318. a, is

found, by fitting Eq. (34a) to the radiation limited cases,

to have value of about 2t (if a, were determined by fitting

Eq. (34a) to other cases it would be found to have a value

smaller than 2, and would give a less restrictive limit cn

the parameters necessary for a RFP to burn through the

oxygen radiation barrier).

Using these values of a1 and a, we plot in Fig. 11

curves of D versus 0 for constant T (notice the sharp

dependence of E on 7o). In this figure squares, circles,

and triangles are drawn that represent ZT-S, ZT-40, and

RFX respectively at values cf D and o that correspond to

the point cases at a temperature of 40ev which is above

the 25ev peak of the oxygen radiation barrier. This figure

is then divided into four regions: region 1, where (7 >.45)

the oxygen impurity content is too great for the plasma to

overcome the radiation barrier: region 2, where the energy

I. lost to radiation is substantial and the 7 at which burn-

through occurs may be large, corresponding to a significant

degradation of the magnetic fields; recion 3, where the
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FIGURE 11

D - (T) - T (0) (Eq. (35a)) is drawn as a function of Z (Eq. 35b))
for constant values of T (see Eq. (34a)). The ZT-S, ZT-40, and RFX
cases shown in Figs. 10(a), (b), and (c) are represented by squares,
circles and triangles respectively, drawn for a a corresponding to
T = 40 eV. Full, half, and quarter shaded symbols represent
respectively the maximum, half and quarter maximum oxygen impurity
cases of Figure 10. Four regions of parameter space are delineated:
region I, where the plasma temperatures are radiation limited;
radion II where there is substantial radiation loss; region III,
where the device size is too small for burn through at low beta;
region IV, which is safe for burning through the oxygen radiation
barrier. The 7 = .05 curve corresponds to a 10% degradation in the
magnetic energy available for c~-mic heating.

1.
4
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device size is too small, i.e., the beta corresponding to

40ev already implies a large value of 7; and region 4,

where the radiation barrier can be safely overcome. We

see that for ZT-S the device size is too small regardless

of the impurity concentration. ZT-40 and RFX are at a

low enough beta at 40ev that they can potentially lie in

the safe region if the oxygen impurity density is low

enough.

Figure 11 may be used to predict the rough

behavior of any proposed RFP confronted with the oxygen

radiation barrier simply by constructing aD and 0 using

the design parameters.

j

|.

• .



CHAPTER 5

THERMAL INSTABILITY IN THE RFP

As pointed out previously, (8 20 ) an ohmically heated

plasma can be thermally unstable. Under proper conditions,

the current will diffuse into a region of low resistivity,

increase the ohmic heating in that region, further lower the

resistivity, and thereby feed an instability. Here this

phenomena is studied in the context of the RFP.

We consider a low beta plasma model governed by the

Lagrangian MHD equations. We construct an equilibrium on

the ohmic heating time scale and develop the theory of this

instability for a stationary zeroth order electron temperature.

f .The case of nonstationary temperature is then considered, and

the theoretical predictions are compared to results of

numerical simulations, wherein the full set of equations is

solved.

5.1. Physical Considerations

To determine the important physical effects at low

beta, we construct order of magnitude estimates of the terms

in Eqs. (l)-(6) by scaling all gradients to the system size

and by setting all coefficients constant. The following

simple relations are obtained among the particle diffusion

rate yPD, the magnetic field diffusion rate ' MD, the ohmic

heating rate OH, the electron thermal conduction rate ETC'

i. the ion thermal conduction rate )!TC, and the electron-ion

equilibration rate YEI:
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YPD 2 0H , YMD $ 8 OH, (36a,b)

YEI = AS 2OH ' ETC 27 YOH, (36c,d)

S= 2 M) Y (36e)

I1TC In OH

where S is the plasma beta, ! is the ion to electron mass

ratio, and A is the square of the plasma radius divided by

th'e ion gyroradius. It is seen that for low beta the ohmic

heating rate dominates all other plasma processes.

rIn the electron temperature equation (18) a radia-

tion loss term is included that has the functional form

Cg/y, 2a+l
CN-N-1 T- , where C and a are constants and Nis the

impurity density. Then a low beta steady-state of Eqs.

(16)-(20) on the ohmic heating time scale is given by

P = -- = 0 (37a,b)
aT a

8 2;. y,5/3 4 2 CNeN e
a P e Ie
.Y = , 2a+l ' (38)

N (22 + 2V
a2yM Y9 ] a392 -2(p 2y)

__ X22 (39)
ax 2(P +Y4

Io where the electron-ion equilibration term, and therefore

the ion temperature equation, has been neglected

MW

4
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e2 o2 2 8 n a2 2

(AS T Mc 2  B tc 2  and can be large or small

depending on 8, no, and a). The case where this term is

included (AS2 of order unity) is considered later.

The character of this low beta equilibrium is now

investigated by examining the form of a typical radiation

cooling curve such as the one shown in Fig. 12 for oxygen,

where the radiation power versus electron temperature is

plotted logarithmically. It follows from Eq. (37a)

-= p n,,j,, = 0) that , = const. Therefore, either

both the electron temperature and current density are

spatially uniform or j. -i. In Fig. 12 the ohmic heat-

ing rate is plotted as a function of electron temperature

for both cases. The uniform temperature and current denisty

case (j2 - T e-3/2) is shown as the solid line intersecting

points A and B of the cooling curve, which represent

equilibria described by Eqs. (37) - (39). For this case,

point A is stable and point B is unstable with respect to

small perturbations in temperature (an equilibrium is stable

if the slope of the cooling curve is greater than that of

the heating curve). However, if j. - n.-  the ohmic heating

rate (j 2_ Te3/2 ) is represented by the dashed curve

intersecting point A. In this case perturbations in tempera-

ture about point A are unstable.

1,
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FIGURE 12

The radiation cooling rate due to oxygen (energy per electron, per

oxygen ion, per second) is given as a function of temperature. Also

drawn are the ohmic heating rate for a constant current density (solid

line), which intersects this curve at points A and B, and the ohmic

heating rate for j, % I-1 (dashed line), which intersects the cooling

curve at point A.

4
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Consequently, if a low beta plasma reaches a radia-

tion barrier, as illustrated by the solid line intersecting

point A, it can burn through this barrier at isolated spatial
-l

points by following the j. - 1 ohmic heating curve. The
-i

plasma switches from the j. = const. to j. - n heating

curve via current diffusion into regions of lower resistivity,

and thus splits up into high and low temperature regions.

This may occur with little change in the plasma density

since the rate of particle diffusion is a factor of 6 less

than the rate of current diffusion (c.f. Eq. (36)).

I.

4
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5.2. Derivation of the Thermal instabilit,

The theory of the thermal instability previously

discussed in physical terms is now developed through means

of a linear stability analysis.

We begin by considering Eas. (16)-(20) and assume

the existence of a stationary equilibrium described by

Eqs. (37)-(39). A small perturbation in the parallel current

Cj. E ) P' ), where the smallness is in E, and in

the electron temperature ce1 is assumed that has a scale

length R small compared to one. Therefore,

P, = P' + EP (x, ), (40a)o 1

00
e = e + E eXr (40b)

e C

P

where the zeroth order quantities (-) and o are assumed
0

0
unifr= in space and stationary -in time.

The perturbation in the current PI causes, through

Eq. (39), perturbations in Y, Y', and Y". These perturba-

tions are now estimated and it is shown that:

Y" = Y" + Ey[, (41a)o

Y' = Y' + C Yt, (41b)
0

.... Y1 (41c)0o ..

lee
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First from Eq. (40a)

P = P0 
+ cX Pl ( 12)

since PI is a monotone function only over a scale X. Eq. (41a)

follows directly from using Eqs. (40a) and (42) in Eq. (39).

To show Eq. (41b) we write Eq. (39) as,

Y'(X) (P2 + Y 2 ) exp - o PP 2 (43)

J x P x ~ oc-

Then with Eq. (40a), (42) and because oP!P d '
0) -

Eq. (41b) follows. Similarly, Ea. (41c) can be shown by

integrating Eq. (43) and proceeding as before. Since N:nY',

and because n is stationary for low beta (see Eq. (36)),

N=N + EXN1  (44)

The assumption that the perturbed current is due

mainly to PI can now be verified. Using Eqs. (40) and (41) we have1 P

1P I
j,, ) (P2 ' l + EoR

Y Y0 Y0 Y02

0which shows that the perturbed current 6J, - c(-) .7
o

Next the density and time are scaled by nondimensional

factors N and 7 respectively. Since a reference density n0 was

defined by setting the reference beta equal to one in deriving

Eqs. (16)-(20), the low beta assumption implies N B B. The size

of 7 and X is now related to N and equations are derived that

describe the time evolution of e and (1I---)
1 Y0

Vo

4
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Including the radiation loss term in Eq. (18) and

scaling it by 7 and N, the order of the terms is found to be

1 T, Nr: :,NT: NT: N := N:TN:tN:C7N 2

N

By setting T = N = B, the equilibrium equation (38) is

retrieved. Ohmic heating can be balanced against radiation

loss since C is an arbitrary parameter. All other terms are

small of order a or 02 (AE2 is still assumed small). Thus,

the nondimensional time scale of the eauilibrium is of order E.

Taking the derivative with respect to X of the pitch

equation (16) we have,

,2
x + f +.5

Ep = +___ - +, (45)

P
Since (T-2°) = 0, the leading term on the RES of Eq. (45) is of

0order E. Scaling the independent variables to and R, the

terms are of relative order,

x x

This equation can be balanced by setting X = -= , giving

the scale length of the perturbation. Using Eqs. (40), (41),

(42) and the relation

7,= (1 - 3/2 )(46)

00

in Eq. (45), dropping terms of order E' and keeping only

terms linear in E, we obtain the result

I

4
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2  , 2  P

0 0x Y 0 T0

where C Y0 /Yo"

An equation is now derived for e1. With the scale

length for perturbed quantities, terms in Eq. (18)

* that were of order T-B, N7-2 in the unperturbed quantities

become of order 0 - and ~ in an equation for e1 and
xx

can still be dropped. With this in mind and using Eqs. (38),

(40), (41), (42), (44), and (46) in Eq. (18), and keeping

terms linear in e we find that

ae1  Po 1  P 1 ' o ( ),2
= 2C o (o) (o) - (3/2 C2 % (v-)2 +

77 20 Y 2Y
0 0 0 0

+ C3 ctel 1) elf, (48)

where Eq. (38) can be written as C2 () 2, defining

C2 and C3 .

Assuming (Y-) e k tand using Eq. (38), the
o

growth rate w is found from Eqs. (47) and (48) to be

- (a1+a 2 ) ± (al+a2 ) 2_4 (a 1 a 2 -blb2 )
2

C2 no ( 0)
where, a1 - C1 k 2 

r , a 2 - . ( 3/2), b 1

I. 8 ~%|*3 Cl1k 2 ro Po b 2C o
e - (-) , b 2 -- 2c" o (Y)

0
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There are two possibilities to be considered:

3a2 <0 and a2 > 0. The case a2 < 0, or Q<- y, corresponds to

the unstable equilibrium shown in Fig. 12 as point B. This

is the zero-dimensional case; the growth rate is the ohmic

heating rate.

For the case a2 > 0 there is an instability if

b1b2 > a1a2, which becomes a < 3/2. This is the equilibrium

shown in Fig. 12 as point A, where an instability can develop

due to current diffusion into regions of low resistivity.

By examining Eqs. (47) and (48), it is seen that b1 and b2

represent the driving terms for this process. The growth

rate w is found to be a monotone increasing function of k,

vanishing at k - 0 and reaching a limiting value for large

k of

w- a2 - YOH (3/2 - a). (50)

Notice that Eq. (50) does not apply for k >> B" , since

stabilizing terms, such as thermal conductivity, from Eq. (18)

must then be included in Eq. (48).

Results of numerical simulations that verify the

predicted a < 3/2 thermal instability condition are presented.

Typical ZT-40 parameters were choosen with initially uniform

electron and ion temperatures (100 eV) and density (2 x 1013cm 3

The initial conditions contain a 10% perturbation of severalI.
wavelengths in an otherwise uniform parallel current. An ad-hoc

electron energy loss term of the form C(X) (Te/To) a is

• ..-.....
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included in the computer code, where TO - 100 eV and C(X) is

the ohmic heating rate of the unperturbed current at 100 eV,

and allows us to simulate the stationary zeroth order electron

temperature case.

Figures 13(a) and 13(b) present graphs of the parallel

current and the electron temperature as a function of radius

at the initial time and at 50us for different values of a.

There is good agreement with the instability condition

a < 3/2. For the unstable case (a - 0) the initial current

perturbation decays during the time in which a temperature

perturbation is being created, but then both grow. In a

stable case (a - 2) the current perturbation creates a tempera-

ture perturbation, but then both decay. For the unstable

a - 1 case the current perturbation at 5Ous is only slightly

larger than its initial value, therefore, only the temperature

pertrubation is shown.

Let us now consider the role of electron-ion temperature

equilibration in this thermal instability. Assume that the only

loss term in the electron temperature equation (18) is the

electron-ion equilibration term (now AS2 is considered to be

of order unity), that the zeroth order electron temperature 6o

is still constant (an artificial assumption), and that no

perturbations in the ion temperature may arise, i.e., yITC is

infinite. Then, proceeding as before we find that the growth

1e - rate w in the limit of large k is

-h
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(a) The parallel current is shown at the initial time with a 10% 2 cm
Ilk " wavelength perturbation from 4 cm to 16 cm, and at 50 l for a - 0 and

a- 2. (b) The electron temperature is shown at the initial time (a
unifozm 100 *V) and at 50 uis for a - 0, 1, and 2.T.

Is.
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o60 O 3- o.eo (51)

and the instability threshold becomes eio < 2/3 o (note that

for 6io , 0 this reduces to Eq. (50) with a - - 1/2).

*For the case where both the electron-ion equilibration

term and an arbitrary loss term proportional to e is present,

the growth rate in the limit of large k is

W MOH (3/2-a) + y [(3/2+a) o0 -0 - 11. (52)

5.3. Nonstationary Electron Temperature

When a low beta plasma burns through a radiation

barrier there is no stationary e_ since the electron tempera-

ture increases rapidly everywhere. What happens to our thermal

instability when this is the case is now considered.

Suppose that initially there are some small, short

scale length perturbations in the current that remain from

the setting up phase, and that the radiation loss rate is a

small fraction of the ohmic heating power. Then the current

distribution will give rise to an electron temperature profile

that can be written as

V

ee ae O(T) + Ce1 (X,T), (53)

where both the zeroth order temperature and the perturbation

are increasing in time.

T%
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Including the electron-ion equilibration term, thisP1 '
case is described by Eqs. (47) and (48) for (Po) and elf

0
along with an equation for eo(t),

ae 0 - (P0 ) a2
-F '2o (C) "c3 e0 "c4  (8-8. ) , (54)

AN0
where C4 - . By Fourier analyzing Eq. (47) in space,

0
we can write the solution for Pj as

P1 W 3 0 e1 + const. exp 2  (55)

0 
0

Taking the short wavelength limit one obtains the steady-

state solution,

PiM3 P'1 (56)

0

This shows that the current perturbation PI is
81

driven by the relative temperature perturbation 0o, and not

81 alone. If 81 and 80 are growing at the same rate, Pi is

stationary and the instability does not exist (if Eq. (56)

is used in Eq. (48) along with Eq. (38) the result for w in

short wavelength, stationary 80 case, Eq. (50), is obtained).

Therefore, the role of the radiation loss term is to decrease

the growth rate of e0o thereby increasing the growth of the

relative perturbation 81/80, and through Eq. (56) P .

TNsq
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By combining Eqs. (48) and (54), an equation for

the relative temperature perturbation 0 -1/80 can be

obtained

C2  A o 12

YO ~ + C ( - ai) ecj l
0

(57)

+ 3 5eio
0

which gives a growth rate

C 2V P 0),p2
W - re + 3 (1-a) 8mo  +

260 30
(58)eio

+ 3 5i)
C4ii0  -f 0

The actual growth of ( is then given by

f W dT&(05 e 0&(9
,, . (59)

Whereas in the e0 stationary case the instability

condition was a < 3/2, w will nearly always be positive,

independent of a, since the radiation loss rate is much less

than the ohmic heating rate. In fact, it is positive when

there is no energy loss from the electron temperature equa-

tion (C3-C4-0). Using Eqs. (54) and (58) in Eq. (59) can

I. be calculated for this case, with the result

'
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&(T)- (0) (1 + 5/2 Y )OH TI/5, (60)

where y0H is the ohmic heating rate at the initial temperature.

This shows that the growth of &, which was exponential for

stationary 0, has been greatly reduced, but is not zero.

Although Eq. (60) indicates that current perturbations

in a low beta RFP, remaining from the formation phase, have a

natural tendency to grow in the absence of any electron energy

loss, it does not estimate that growth rate realistically

because the electron-ion equilibration term was omitted. As

seen from Eq. (58), this term is destabilizing if the electron

and ion temperatures are not closely equilibrated (for this

3term to be net stabilizing e io/oe0 > ). The effect of this

term and that of various impurity concentrations on the growth

of initial current perturbations in the RFP are studied

numerically.

5.3.1. Numerical Simulation

This section presents results of numerical studies of

the effect of impurities on the growth of fine-scale current

and temperature gradients in the RFP. Plasma parameters

typical of ZT-40 are chosen (see table 1) with a uniform plasma

density. There is an initial 10% perturbation in the parallel

current from a radius of 4 cm to 17 cm. The unperturbed

current is uniform until 17 cm after which it drops sharply

to zero by 18.5 cm.

,
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In Figs. 14(a) and 14(b) the parallel current and

electron temperature is plotted as a function of radius at

the initial time and at 100us for three cases: impurity

free, 2% oxygen, and 4% oxygen, where there is a uniform

plasma density of 101 cm"3 . The initial current perturba-

tions have a 2.5 cm wavelength. For the impurity free case

the current perturbations have grown by 25% at 100us. This

is due to the effect of the electron-ion equilibration term,

since these perturbations are nearly stationary when the same

case is run with this term omitted. For the 2% oxygen case

the current perturbations have grown by 120%, and for the 4%

oxygen case by a huge 350%. From Fig. 14(b) we see that

although the zeroth order temperature (seen from the inner

4 cm) has climbed well above the peak of the oxygen radiation

barrier for all cases, the temperature depressions correspond-

ing to the 4% oxygen case are actually hung up on this barrier.

This has been brought about by current diffusion out of these

regions. The temperature actually rises above the peak of the

oxygen radiation barrier but then collapses as the current

diffuses away. This figure shows that the role of the

impurity radiation is to decrease the growth of the zeroth order

temperature and thereby increase the growth of the relative

temperature perturbation driving the perturbed current, a

point made previously from Eq. (56).I.
From the expression for w in the stationary eo case,

Eq. (49), it was noted that the growth rate of this instability

decreases as the wavelength increases. Figs. 15(a) and 15(b)

4"'
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show results at 100 s for cases identical to those in figure

14 except that the wavelength of the initial current perturba-

tion has been increased to 4 cm. We see that the growth of

the initial current perturbation has been greatly reduced

from that in the 2.5 cm wavelength case. For the 2% oxygen

simulation the current perturbation has grown by 55% in !00us

and for 4% oxygen the temperature depressions are not caught

on the oxygen radiation barrier.

Note that there is a sharp peak in the current just

near the wall in Fig. 15(a). This is due to current in the

cold outermost region diffusing inward. The current channel

tries to constrict but cannot do so.

Since the ohmic heating rate is inversely proportional

to the plasma density but the radiation loss rate is directly

proportional to the density squared for a fixed impurity con-

centration, it is interesting to compare simulations at

different densities. A series of simulations were performed

for initial conditions identical to those cases shown in

figure (14) except for a density of 4 x 1015 cm- 3 with oxygen

impurity concentrations of 0%, .25% and .5%. The results of

these simulations are shown in Figs. 16(a,b). Although no

simple scaling between different density cases can be given

in general (due to the temperature dependence of n), the

magnitude of the current and temperature perturbations in the

.5% 0 and .25% 0 simulations of figure (16) and the 4% 0 and

2% 0 simulations of figure (14) are very similar except that

|.*
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the .5 0 case does not have temperature wells that are caught

on the radiation barrier (note the difference in the zeroth

order temperatures between Figs. 14(b) and 16(b)). Thus we

see that by increasing the plasma density by a factor of four

and decreasing the impurity density by a factor of two we have

achieved very similar results.

It is often seen in the numerical simulations that the

wells in the initial current perturbation grow faster than the

peaks. This is due to the dependence of the radiation loss

term on position. That is, the perturbation in E is caused not

only by the current perturbation, with the radiation loss as a

uniform background slowing the growth of eo , but also by the

spatial variation of the radiation loss term (the assumption

that 61/0 is small can break down so that the growth rate w.

must be expressed in terms of e instead of eo ). An extreme

case of this is where there is an isolated point at which the

radiation barrier is not overcome (c.f. Fig. 14(b)). The

current will diffuse out of this region creating a deep well

but not a comparable peak.

5.3.2. Saturation of the Instability

If beta becomes large enough the temperature perturba-

tions will be smoothed by the electron thermal conducticity

and by the ion thermal conductivity once the electron and

ion temperatures are sufficiently equilibrated, and the

instability will be quenched. In Figs. 17(a,b,c) the parallel

* 1~fi m
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current and electron and ion temperatures are plotted,

respectively, as a function of radius at the initial time

and at three later times for the .25% oxygen impurity case

of Fig. (16). The instability reaches a peak at about 100 s

and then begins to decay as beta increases. We see that at

310us the growth of the current perturbation has decreased to

about half of its maximum value and that by 910us it is sub-

stantially less than its initial value. The decay of the

current perturbation and the relative temperature perturba-

tion begins at a beta of about 4% and corresponds to the

point where the ratio of the zeroth order ion to electron

temperature becomes greater than 3/5, the threshold at which

the electron-ion equilibration term becomes stabilizing

(c.f., Eq. (58)). Thus it is the ion thermal conductivity

which is the damping mechanism. Notice from Eq. 17(c) that

perturbations in the ion temperature do not develop. C

Because beta must increase to a value such that the

electron and ion temperatures become closely equilibrated

before these perturbations begin to damp, it is expected that

some anomalous process will actually provide the damping

mechanism.

I.
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5.3.3 Anomalous Transport

It is not known what transport coefficients actually

apply in the post-implosion phase of a RFP. The coefficients

may be anomalous due to many mechanisms, including unstable

* drift waves driven by fine-scale current and temperature

gradients that are created by the thermal instability just

discussed.

How anomalous transport effects our thermal instability

picture, based on classical transport, depends on how Ye/r,,

scales from the classical to the anomalous case. If 1e/> "

ris enhanced sufficientl!', then the electron thermal conductivit.

can smooth perturbations in the electron temperature. If X

remains unchanged, as in the case where Xie and r. are both

modified by an effective collision frequency (for example, the

ion acoustic instability), then only th6 time scale changes and

the character of the thermal instability is the same as in the

classical case.

It is interesting to note that in the tokamak the experi-

mentally observed electron thermal conductivity is opproximately

one hundred times its classical value. When simulations were

performed with an initial 10%, 2.5 cm wavelength current per-

turbation, amodest level of oxygen impurity, and the electron

* thermal conductivity enhanced by this amount, the current per-

- turbation simply decayed. Since the electron thermal conduct-

ivity must be enhanced by such a large factor to stabilize this

perturbation, one would expect that for a classical electron

thermal conductivity very fine-scale (wavelengths greater than

1'b
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1 mm) current perturbations will be unstable.

The anomalous, hundred times classical electron thermal

conductivity observed in tokamaks is unexplained theoretically.

It is possible that this phenomena could be the consequence of

a microinstability that is the result of the need to stabilize

these short wavelength current perturbations. However, since

a microinstability that could be responsible for this effect is

not known, this hypothesis can only be meant as mere speculation.

V.,
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CHAPTER 6

CONCLUSION

The effect of energy loss due to impurity radiation on

the evolution of RFP plasma and magnetic field profiles in the

post-implosion phase has been studied by numerical simulation

for the ZT-S, ZT-40, and RFX experiments using oxygen (and also

aluminum in ZT-40) as a typical impurity. Assuming classical

transport and typical operating parameters, limits are found on

the levels of these impurities above which the electron

temperature becomes radiation limited. The ability of a

reversed-field pinch to burn through a radiation barrier is

shown to depend on the electron and impurity densities, current

density, and device size.

It is found that the ZT-S experiment has a radiation

limited temperature in agreement with the experimental

observations and the measured oxygen impurity level. Because

of its samll size and high density, the value of beta in ZT-S

Is large at the temperature where the oxygen radiation barrier

is a maximum (s - 17% at 30 ev with a 1 x 101s cm-3 density).

Therefore, there is only a small magnetic energy reservoir

available to heat the plasma above this value or to be lost to

radiation without causing a large degradation of the magnetic

fields and consequent loss of stability. Both ZT-40 and RFX

have the advantage that for projected operating parameters the

peak of the oxygen radiation barrier occurs at a low value of

beta. However, RFX has a much lower current density than ZT-40

and we find, for similar plasma and magnetic field profiles and

TN
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for the projected operating parameters, that the density of

oxygen necessary to produce a radiation limited temperature in

RFX is approximately four times less than in ZT-40.

The results show that if a low beta plasma burns

through the radiation barrier in some region the classical

electron thermal conductivity will not be large enough to aid

burn-through in the rest of the plasma and steep temperature

gradients will be formed leading presumably to anomalous

transport. It is seen that the Suydam criterion is violated in

the outer regions of the plasma for ZT-40 and RFX even if there

is no steepening of temperature gradients due to impurity

effects. Thus, classical transport cannot be expected in this

region.

The one-dimensional results were suitably reduced to

zero-dimensional ones and used to calibrate an analytical

formula that describes the ability of a plasma to burn through

the oxygen radiation barrier given only the design parameters:

size, total current, electron density, and impurity density.

This criterion is useful in roughly estimating how a proposed

RFP will perform when confronted with the oxygen radiation

barrier.

The role of impurities in producing a thermal

instability in the RFP that is due to the coupling of current

diffusion and ohmic heating was studied for the case where

there is a nearly force free, low beta equilibrium, after the

formation phase, as the plasma attempts to ohmic heat to a

significant beta. Two cases, stationary and nonstationary

T ,N
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electron temperature, were considered.

For the stationary electron temperature case it was

shown that in a radiation limited plasma the current (and,

therefore, the temperature, but not the density) can break up

into filaments. It was found that the growth rate of this

phenomena is a monotone increasing function of k, which

vanishes for k - 0 and for large k is proportional to the ohmic

heating rate. The condition that must be satisfied for this

instability to occur was derived, and verified through

numerical simulation. This indicates how a radiation limited

RFP plasma may destroy itself.

The nonstationary electron temperature case, which is

. of more general interest, yields important new results. It is

found that the thermal instability previously considered is

still operable even in the case where there is no energy loss

from radiating impurites. Thus, fine-scale current

perturbations remaining from the formation phase, have a

natural tendency to grow, although the growth rate is much

reduced from the ohmic heating rate. It was shown analytically

and verified numerically that the role of a uniform background

energy loss is to decrease the growth of the uniform, zeroth

order electron temperature O0, while not affecting the growth

of the perturbed, short wavelength electron temperature 81.

The growth of the current perturbations depends upon the

relative temperature perturbation 81/60, which explains the

role of impurity radiation in aiding the growth of the current

perturbations. Numerical simulations show that only modest

1°. *
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impurity levels are necessary to produce large current and

temperature gradients in relatively short periods of time.

The classical damping mechanism is the ion thermal

conductivity, which makes the electron-ion equilibration term

net stabilizing after the electron and ion temperatures have

equilibrated sufficiently. This requires a modest value of

beta. Therefore, it is expected that the effect of a low level

of plasma impurities in conjunction with fine-scale

perturbations in the initial current distribution will be to

create large current and temperature gradients, via thermal

instability, that will be saturated by a nonclassical

mechanism, which preferentially increases the electron thermal

conductivity.

T.
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APPENDIX

THE NUMERICAL SOLUTION OF THE MULTI-FLUID,

QUASI-EQUILIBRIUM MHD EQUATIONS IN ONE DIMENSION
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THE NUMERICAL SOLUTION OF THE MULTI-FLUID,

QUASI-EQUILIBRIUM MHD EQUATIONS IN ONE DIMENSION

ABSTRACT

We present a method for solving the MHD equations with

impurity ion species, in the cylindrical approximation for the

case where the plasma evolves through a series of equilibrium

states. The MHD equations are split into two independent and

self-consistent sets: one that contains all transport processes

and another that contains all atomic physics processes. These

two sets of equations are solved in succession to obtain the

solution of the original problem. Each set of equations is in

itself a coupled initial value and boundary value problem. To
A

solve these two systems of equations a Lagrangian coordinate

system is developed based on a normalized poloidal flux

coordinate. In conjunction with a change in dependent

variables to quantities that are invarient under adiabatic

motion of the plasma, this allows each set of equations to be

directly advanced in time with standard numerical techniques.

An example of the numerical solution is given for the ZT-40

reversed-field pinch experiment.

|.
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1.0 Introduction

We present a method of solving the equations of mag-

netohydrodynamics in one dimension for an arbitrary number of

ion species, including atomic physics effects, for the case

where a magnetohydrostatic equilibrium is maintained in time.

This system of equations describes the slow time evolution of a

high-beta plasma such as in the reversed-field pinch (RFP),

spheromak, or high-beta tokamak, with the restriction that the

assumption of cylindrical symmetry be a sufficiently valid

approximation. This assumption is reasonable for plasmas where

the magnetic flux surfaces have an approximately circular shape

as in the reversed-field pinch and spheromak, but may not

always be a good approximation for the high-beta tokamak.
V Section 2 presents the equations that describe the

complete physics model. In Section 3 these equations are split

into two simpler but self-consistant sets, one which describes

plasma transport due to finite resistivity (i.e., particle

collisions) and another which describes processes that are a

consequence of atomic physics. Taken together, these two sets

of equations contain the same physics as the original set.

Section 4 deelopes a Lagrangian coordinate system based on a

normalized poloidal flux variable, and in Section 5 the two

sets of equations given in Section 3 are transformed into this

coordinate representation. Section 6 describes the numerical

methods used to solve these equations, and Section 7 gives

* results of their numerical solution for the ZT-40 reversed-

|.
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field pinch experiment.

2.0 Complete Physics Model

We start with the KHD equations as given by

BraginskiiI and neglect inertia, plasma viscosity, and assume a

cylindrical geometry and symmetry so that all dependent

variables are a function only of the radial coordinate r. The

plasma is taken to consist of electrons, deuterium ions, and an

impurity species of charge Z (the extension to the case where

there is more than one impurity species will be obvious). Our

equations then become; the continuity equations for electrons,

deuterium ions, and Z impurity fluids

3ne+
1 7Ver ne a Ae (1)

2n
i

--a + 7*Virni = Ai , (2)

"nj + V'jr n - ne [nj_.1 j-l - nj(Bj+sj) + nj+l oj+l] (3)

where j - 1...Z and all velocities are in the radial direction;

the magnetic field equations

L
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aB -,. CR(4-- - xBcer{) 7xv-. (4)
- ?(erX5 en,

the internal energy equations

3 0 B 3 ~ +..T ne T er
7 e 'neTe er

3 a 34 " *rI T niTi + I VoniTiVir + niTiV*Vir a W , (6)

3 n njTi + I VnjTi Vjr + njTiV-Vjr = (7)

and the magnetohydrostatic equilibrium equation

4b

17 c P" nTe (hi + }nji) •(l
2 B (p m !ne'e + (n)

Ae and Ai are electron and deuterium ion source terms

that are a consequence of ionization of impurities and neutral

gas (an explicit description of neutrals is not given here,

however, see Ref. (3)). Sj and aj are ionization and

recombination coefficients respectively. Re is the total force

between electrons and all ion species due to both friction and

" thermoelectric effects. We, Wi, and Wj are energy source and

L.
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sink terms that are due to such processes as ohmic heating,

electron-ion energy equilibration, thermal conduction, and

energy loss due to impurity radiation and charge exchange.

Note that all terms on the RHS of Eqs. (l)-(7) are due

to non-ideal MHD effects. Also, all ion species have been

assumed to have the same temperature 2 , thus Eqs. (6) and (7)

are not independent.

* The velocities in Eqs. (1)-(7) can be expressed in

terms of one another by

c cExBVkr ezknkBs Rk-r eznB Rk -B + ,_2 (9)

4

which is the momentum equation for the kth species (where Rk -

SRkI and RkL is the force between species k and z, has the
* 

+
property Rk2. - RLk, and can be expressed in terms of plasma

quantities). Therefore, if one of these velocities is

determined the rest can be found.

The velocities are a consequence of all dissipative

processes, regardless of origin, and the driving electric

fields at the plasma edge in conjunction with the boundary

conditions on plasma density and temperature. This is easily

seen by constructing an explicit equation for any one of the

V's. To do this we take the time derivative of Eq. (8) and

then use Eqs. (4)-(7) to eliminate these time derivatives.

I. This yields

L"
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3 * + 3 *

V(V'nkTk V (nkTkV.V)

Sx V x V x (V x B) B) [V x (V B ) ] S , (10)

where Eq. (9) has been used to eliminate all Vk's in favor of

the selected V (the sur. over k in Ea. 10 includes all plasma

components). Equation (10) is a complicated second order

ordinary differential equation that is linear in V and contains

all of the source terms in Eqs. (1) - (7) (the RES) as the t)

inhomogeneous driving term S. At the wall radius a, the

fvelocity V must obey Eq. (9), where £ is given oy tne external

circuit, and at the origin V - 0. Thus, the velocities in

Eqs. (1)-(7) are not determined as an initial value problem as

are the other dependent variables. One velocity is determined

by the magnetohydrostatic equilibrium equation (8) and the

others by Eq. (9). That is, Eqs. (1)-(8) form a coupled

initial value and boundary value problem where the velocity is

constrained to be such that the plasma evolves through a series

of equilibrium states. Although Eqs. (1)-(8) are highly

nonlinear, a linear equation determines V so that the effect of

different dissipative mechanisms (e.g.,resistive transport and

radiation energy loss) can simply be superposed. That is, the

highly nonlinear nature of Eqs. (l)-(8) is reflected in

|. Eq. (10) only through the time dependence of the coefficients

1*
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and the driving term S. We can thus split V into two separate

components: VT, which arises from all terms that are due to
b

resistive transport, and Vk, which arises from all terms that

are a consequence of atomic physics processes. To obtain the

total V the two results are simply added. Thus, instead of

advancing the full set of equations in time (by some means that

is as yet unspecified) retaining in them the total velocity V,

we perform a time step by first advancing the equations with

only VT and then with only VR" Since the coefficients and the

inhomogeneous term in Eq. (10) change with time, the time step

must be small enough that this change is not appreciable if we

are to expect that this two-step process will closely

approximate the solution of the original set of equations.

Operationally, advancing Eqs. (l)-(8) keeping only VT

means that all terms that are due to atomic physics processes

are dropped, and advancing them keeping only VR means that all

terms that are a consequence of resistive transport are

dropped. Our original set of equations is thus split into two

independent and self-consistent sets, one that contains all

resistive transport processes and one that contains all atomic

physics processes.

It is interesting to note that Eqs. (l)-(8) possess an

energy integral4 of the form

a a 3 B2• f (7 p + i) 21rdr = FT + ER , (11)

40
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where FT is the total energy flux at the plasma edge due to

resistive transport and external electric fields, and ER is the

total energy loss due to atomic physics processes. Thus our

two simpler sets of equations will separately conserve energy,

and therefore the total energy associated with Eqs. (l)-(8)

cannot diverge as a result of this approximation.

What we have done is to start with a very complicated

set of equations and show that they can be split into two

simpler sets that can be solved in succession. This is a

splitting method with noncommuting operations. It can be

expected that the solution obtained in this manner will

converge to the solution of the original equations because of U

the linear properties of Eq. (10) for V, and the fact that this

method keeps the total energy associated with the original

system of equations bounded.

In the next section we present the transport model

equations associated with the velocity VT, and the radiation

model equations associated with the velocity VR.

3.0 Transport Model Equations

To obtain the transport model equations from

Eqs. (1)-(8) we drop all terms which arise due to atomic

physics effects. In addition, some other properties of these

equations, which allow them to be written in a more simplified

form, are noted.

i.
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First, the quasi-neutrality condition is contained in

our physics model. This can be seen by considering Eq. (9) in

conjunction with Ampere's law. From the assumption of

cylindrical symmetry and Ampere's law we have

Jr (V x B)- Zk enk Vrk = 0

Using Eq. (9), it follows that

ne  zjnj + ni  . (12)

The quasi-neutrality condition can be used to replace any one

equation of continuity; which one must be decided on physical

grounds.

Because the ion-electron momentum transfer time is

long compared to the momentum transfer time between different

ion species (due to the mass difference), the friction force on

a particular ion impurity species will be almost solely due the

other ion species. From the form of R ,, l

R(V VDL) (13)

where

~-C
VDm " MZ zM m B

I
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is the diamagnetic drift velocity of the mth ion species and

TIM is the momentum transfer time between species & and m, it

can be shown that there is an ambipolar diffusion of ions such

that impurities diffuse inward toward the deuterium ion density

maximum. This maximum subsequently flattens as deuterium

diffuses outward in such a manner that quasi-neutrality is

satisfied (note that a steady state, RLM a 0, is reached only

when n, - const. nm for all species 1 and m). This

physical process motivates us to use the quasi-neutrality

condition to determine the deuterium ion density ni . If this

condition were used to determine the electron density we would

in effect be adding together oppositely directed ion fluxes,

leading to an inaccurate result.

A convenient form of the ion temperature equation is

now constructed from Eqs. (6) and (7), which as noted

previously are not independent. Since there are fluxes of

different ion species in opposite directions, one would like to

have an ion temperature equation which follows the electron

velocity Ver. Then the electron density and electron and ion

temperatures will be interdependent, but without ion diffusion

effects. Such an equation can be constructed by multiplying

Eq. (7) by Zj and adding Eqs. (6) and (7), using Eq. (9) and

remembering that RLM - R. This results in an equation for

neT i , which follows the electron velocity. Using the electron

continuity equation, equations can then be found for the

1.
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electron and ion temperatures.

With the above results, the transport model equations

become:

ane + V Verne 0 0 , (14)

3t

ni =n e - Zjnj ,(15)

3nj

--j + 0 (16)-- " Vjrnj 0

tat

-a -t V(Ver xE B) - x en(17)enl

3Te +2 2 WCT ,(18)
17+ erVTe + Te V Yer - e

DTi .2 2 WIT
+ Ver*V Ti + Ti V .Ver n

4e

•4 4VPu x B ,(20)

I.

where WIT - WiT + ZjWjT and the subscript T denotes

4
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quantities that contain only resistive transport processes.

The boundary conditions on Eqs. (14)-(20) are that at

the origin Vkr vanish (there may be no flux of any quantity at

r a 0), and that at the plasma edge values of the density and

temperature of plasma species be specified, and also, the

electric fields Ez and Ee. Ez and E8 are the natural boundary

conditions to use when toroidal and poloidal flux replace Bz

and B8 as variables. This is what occurs in the poloidal flux

coordinate representation of these equations.

3.1 Radiation Model Equations

To obtain the radiation model equations from

Eqs. (l)-(8), we drop all terms that are due to resistive

transport.

In this case quasi-neutrality is merely an expression

of charge conservation. It is convenient to use this condition

to determine the electron density since electrons are added and

subtracted from the plasma by atomic physics processes that

affect the ions.

An equation for the total ion energy is formed by

simply adding Eqs. (6) and (7).

The radiation model equations now become:

ne - n i + Zjnj . (21)

I.
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3n
i

+ + .Vrni Ai (22)

+ 74V -n e [nj-l8jl - nj(oj+cj) + nj , (23)

- V B) 0 (24

a2 2 (5
-- neTe + 7 + n Vr (25)

a 2 2p -- niT i + Ti + n Ti.V r = WIN (26)a t I'~ '' rI

4

Sp x U B (27)

where ni  ni + I nj, WIR - WiR + ; WjR and subscript R denotes

quantities that contain only atomic physics processes.

Notice that because there is no transport all plasma

components have the same radial velocity. This velocity is due

to adiabatic expansion and contraction of the plasma.

The boundary conditions on Eqs. (21)-(27) are that Vr

vanish at the origin and that the electric fields at the plasma

edge are zero, which implies (c.f., Eq. (9)) that Vr vanish

1.
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also at the plasma edge.

An important advantage ot ttis splitting methoo, asiae

from the tact that it produces two sets of equations less

complicated than the original set, is that it allows the use of

variables and physical conditions in a manner that is suited to

the physics contained in each set. For example, it was seen

that it is appropriate to use the quasi-neutrality condition to

determine the deuterium ion density when considering the

diffusion of impurity ion species, and the electron density

when considering atomic physics processes. Also, it is

necessary to use temperature rather than internal energy as a

dependent variable in the transport model equations (otherwise

difficulty arises in finite differencing the thermal conduction

terms), but convenient to use internal energy as a variable in

the radiation model equations because this avoids the

appearance of electron source terms due to ionization and

recombination that would occur in an equation for the

temperature.

4.0 Solution of the Initial-Boundary Value Problem

The full system of equations was simplified by

splitting it into two independent, self-consistent sets. We

now concern ourselves with the solution of these two systems of

equations.

I.

4_



96

As noted in section 2, the principle difficulity in

numerically solving the transport model equations (14)-(20) or

the radiation model equations (21)-(27) is that the velocity

which occurs in these equations is determined implicitly by the

equilibrium constraint. One can picture the evolution of the

plasma through sucessive equilibria as a series of two step

processes whereby the Eulerian plasma variables BZ, Be, etc.,

are perturbed due to dissipation and are no longer in

equilibrium, but then relax adiabatically to a new equilibrium

state. A numerical scheme for the solution of these equations

can be based directly on this physical picture5 , however, a

more powerful approach is to analytically restructure the

equations before attempting a numerical solution. This latter

method is what is developed here.

We construct a Lagrangian coordinate system based on

the magnetic flux and transform the equations into this

representation, changing the dependent variables to quantities

that remain invarient under adiabatic motion of the plasma. In

this manner the adiabatic relaxation of the plasma is

automatically accounted for, and the velocity that is

determined by the equilibrium constraint equation can be

explicitly eliminated. This yields a system of equations that

can be directly advanced in time.

I.
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4.1 Poloidal Flux Coordinate System

The poloidal flux is choosen as the variable on which

to base our Lagrangian coordinate system. This is because it

is a single valued function of the radius in both the reversed-

field pinch and spheromak, whereas the toroidal flux is not.

However, there are two difficulties associated with the use of

the poloidal flux as an independent variable:

1. Poloidal flux is destroyed at the origin due to

plasma resistivity.

2. Poloidal flux may be added to the system by an

externally driven electric field. It is now shown how these

two dIfficulties can be overcome, and a fixed domain of

intecreiorz othaine6, based on this variable.

In general, the transformation in one dimension to a

Lagrangian coordinate x based on the variable X is defined by )

X = ,r(dr , --. VX = 0 , (28a,b)
o

where r is the variable that denotes physical space and V is

the velocity followed in the frame of reference of the

Lagrangian coordinate. In the Lagrangian coordinate system

Eq. (28b) becomes an identity. However, in order for the

variable x to have a domain that is constant in time

V(r-0) 0 and V(r=a) 0 (29a,b)

I.
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where a is the maximum value of the coordinate r.

Consider the poloidal component of the magnetic field

equation in the transport model, Eq. (17)

cRz
B Ve B _) e 0n (30)a t ar e en

In order to construct a Lagrangian coordinate system based on

the poloidal flux, Eq. (30) must be cast in the form of

Eq. (28b). By noticing that an arbitrary function of time F(t)

may be inserted under the spatial derivative in Eq. (30), this

ecuation can be written as

B 6  +- d F (t ) B e 0 (31 )

at ar e n Bie

We choose

cR(
F(t) -( r=0) (32)en

cRz

then since- (r (where n is the resistivity and j is

the current) is parabolic in r near the origin and B8 is linear

in r, the total velocity vanishes at the origin,

CRz +F (t) 0

Sr 0 Ver - e e r0

Ie

4
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Thus using the freedom allowed by the constant of integration

in Eq. (30), we can construct a Lagrangian coordinate system,

*based on the poloidal flux defined as x = j Be(r',t)drl, which

satisfies Eq. 29(a) but not Eq. 29(b). So although the problem

of poloidal flux destruction at the orgin has been solved, the

domain of the independent variable x varies with time.

A poloidal flux variable with a fixed domain can beB, a
constructed by setting x e(t)

OPT (t) 0
Now x is the poloidal flux divided by the total amount of

poloidal flux in the system at the current time, and always has

the domain 0 4 x 1 1. By substituting B8 - XOpT(t) into

Eq. (31) and after some straight-forward algebra, there results

x+ L (V cRz +F (t) + PT(
a er enB Bex (33)

where

a PT CE(r-a) - F (34)

at cEz

is rate of change of the total poloidal flux in the system.
cR2  F~t 3 PT

The velocity V - Ver - +-- F(t) + - T still vanishes at

the origin, but also vanishes at the wall radius, where

I.I
i4
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V (xil) - Ver - en.--2... 0

merely states that the z component of the nonideal MHD Ohm's

law is satisfied.

In summary, a Lagrangian coordinate system based on a

normalized poloidal flux variable, which has a fixed domain,

has been constructed. This coordinate system is defined by

Eqs. (28a,b) where

B6  CRz F(t+ x -3Px = -- V = V7er - e- B+ 6 + t (35a b)
';PT en B6  E6  at

and
A

a cRzpT(t) =J 0  Be(r,t)dr , F(t) -'- (r-0,t)

SPT
a--- = cEz(rfa,t) - F

It provides a suitable basis for restructuring the transport

model and radiation model equations.

I.
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4.2 Transport Model Equations in Lagrangian Form

A. Equations

Our computer code currently contains only electrons

and one ion species in the transport model. Therefore the

terms in Eqs. (14)-(20) due to multiple ion species are dropped

and only the two fluid transport model is presented in

Lagrangian form. However, the diffusion of impurities can be

important and will be included in future work.

In transforming the transport model equations into the

normalized poloidal flux coordinate system, we can explicitly

eliminate the velocity V followed by the Lagrangian frame of

reference by making a change in the dependent variables. Tns

involves interchanging Lagrangian space and time derivatives in

the transformed equations.

Using Eqs. (28) and (35), which define the

transformation to the Lagrangian coordinate system, and keeping

in mind that

a L + V r r
atL at r A t L

where -I is the Lagrangian time derivative, the two fluid
atL

transport model equations become, a pitch equation

!4

ap a x aOPT F CR-+ p ry )2 e .BI (36)
at ax PT -at OPT P ' ~ e

1b
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and a density equation

aN a UN (37)

where

U (X a4PT + F y'CRez
PT = PT pTeNp"

The electron temperature equation becomes

aee , au 2 L +2Y"5/3 WeT
U6e -e ee ax + (38)

tne ion temperature equation is

S_ - U - 1 2 (TI3 (39)

and the magnetohydrostatic equilibrium equation takes the form

a2 a p2+2yjT] + r28/3 y1/3 B
y ax Y, x (N(6e+6i))2(p2+yT) + 5 28 /3 (N(6 +i))(40)

I * where the subscript L has been dropped on the time derivatives.

1o

.. . . . .4
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The Lagrangian dependent variables in terms of the Eulerian

dependent variables are

r2  ' Y, -y - rPT ' (41a,b)

P B , (42a)

T ,(42b)

e Te(Y) 2/ 3  , (42c)

ei - Ti() 2/3  (42d)

The Lagrangian dependent variables have physical

interpretations. Y' is the volume per normalized poloidal

flux. P is the toroidal flux per normalized poloidal flux or

the pitch of a field line, an important quantity in considering

the MHD stability of the RFP.6 N is the mass in a normalized

poloidal flux element. 8e and ei are a measure of the electron

and ion entropy per particle respectively. Notice that if

there is no dissipation P, N, ee and ei are all constant.

Therefore, these variables are invarient when there is

adiabatic motion of the plasma.
* I.
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The major advantage of Eqs. (36)-(40) is that it is

possible to directly advance them in time. That is, the time

dependent equations for P, N, ee, 6i, and OPT can be advanced

(with y and y' held constant), and then inserting these

quantities into Eq. (40) the new equilibrium configuration can

be found. Another important property of Eqs. (36)-(40) is that

the current is naturally expressed in terms of a parallel

component j, - aBr -a (E) and a perpendicular component
ar rB8  ax y

J .~ -. n(Te+Ti) - -L N(ee+ei), instead of 0 and z components

as in the Eulerian representation. For instance, in the pitch

equation (36) R.B which means that this
ax y

equation also decouples in its highest derivatives from the

other equations (note that the evolution of the pitch is

governed only by the parallei resistivity, a point that is made

apparent in this representation). It is coupled to them only

through its coefficients.

In equations (36)-(39) we see that the two terms F

and x aOPT that were a consequence of poloidal 
flux PT

;PT at
destruction at the wall and constructing a poloidal flux

variable with a fixed domain, appear as convective velocities

with respect to the Lagrangian coordinate x. The size of F

*PT
depends on the plasma resistivity at the origin and will

therefore be of the same order as other resistive terms in the
x PT

equations. However, x - can be arbitrarily large, since
*PT at

this term contains the external driving electric field. To

study the effect of this term, suppose that it is so large that

1
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all other terms in Eqs. (36)-(39) can be dropped. This

corresponds physically to forming a plasma through a series of

equilibrium states, adding magnetic flux at the wall but

allowing no diffusion. Then Eqs. (36)-(39) decouple from the

equilibrium constraint Eq. (40), and can be solved explicitly.

For example, the pitch equation becomes

p- aCxP ,(43)at ax

O~PT
where C - .-¢P If we substitute v - xP in Eq. (43), then

PT t
it is seen that xeCt - const. are the characteristics of this

equation. Thus Eq. (43) has the solution

Pmi f(xeCt)

where f is an arbitrary function of xeCt

The role of the term X/OPT 4PT/at can now be analyzed

in terms of the characteristics. For example, in the x - t

plane x a0 is a characteristic, therefore, the value of P

given initially at the origin determines the solution along

this line and no boundary condition can be specified at this

point. For C > 0 (corresponding to magnetic flux being added

to the system), values of P initially given at points where x >

I will be propagated along the characteristics until a time

when they occur at x - 1. They then appear as the boundary

condition P(x-l,t) on Eq. (43) (remember that the physical

|.
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extent of the plasma is Oc x 4I). Notice that no two

characteristics will ever intersect each other in the finite x

- t plane.

What we have seen is that the term x a-pT causes no
on at

pathological behavior to occur in our system of equations, and

that in the case of a dissipationless, adiabatic plasma

formation actually makes possible a significant simplification,

since the evolution equations can then be analytically solved

independent of the equilibrium constraint.

B. Boundary conditions

The boundary condition on Eqs. (36)-(38) at x - 0 is

that the flux of P,N, ee, and Ci vanish. This is automatically

satisfied by the definition of F(t).

Pedestal values of density and temperature are

specified at the plasma edge x - 1. In the Lagrangian

representation they become

(I)x.l - const. (44a)

Y'

y-' )x- - const. 
(44b)

.- x-l - const (44c)

I.
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The z electric field is also specified at the plasma edge

Ez(x a 1), and along with F determines 3OPT/at. Note that this

factor appears in Eqs. (36)-(39) not just at the boundary, but

at all points, because it occurs in the term that analytically

remeshes the coordinate grid so that 0 c x 4 1. The boundary

condition on the pitch equation (36) is the poloidal electric

field Ee (x-l), since this determines the rate at which

toroidal flux enters the system.

We allow for a conducting wall at a radius b outside

of the vacuum chamber wall at a radius a. The region a 4 r c b

is a magnetic flux reservoir and is coupled to the plasma. By

considering the expression for the rate of change of the total

amount of torcidal flux inside the conducting wall and using

Eq. (36), E8 (x-l) can be expressed solely in terms of the

poloidal electric field at the conducting wall V. and plasma

quantities at the vacuum chamber wall. This yields a time

dependent boundary condition for the pitch equation at x - 1.

cve + ~ 2?~2- -IL - 2 r P y a- (45)

at Y- OPTa) F7 yYXPT

The boundary conditions on the magnetohydrostatic

equilibrium equation (40) at x - 0 and x - 1 are

y(x - 0) - 0 y(x - 1) - a 2  (46a,b)

I.

II
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4.3 Radiation Model Equations in Lagrangian Form

In the normalized poloidal flux coordinate system the

radiation model equations (21)-(27) become

Ztl
Ne a Ni + L (j-I)Nj (47)

BJul

- -Ni Y Ai  (48)

aNj 2Ne
--- N- [Nj_, Sj_ 1 - Nj(Sj +aj) + Nj, aj+l , (49)

0 ,(50)
rat

- S We , (51)

--I - ( )/WIR (52)

[-±. (P 2+2yiT) + 7r2 8 1 3 y-1/3 a(S+SI)a2y -~~xa S+i

2(P 2+y@T) + - 28/3(Se+SI)

N e 'NJSare a

where Nj , nj y'/2, and Se e Ne l,  S Ni + 8ij N are a

measure of the electron and ion entropies respectively.

I
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Notice that in the Lagrangian representation all of

the radiation model equations have become ordinary differential

equations (remember that there is no applied electric field at

the plasma edge, c.f., 3.1). A convective velocity common to

all of the plasma particle species and the magnetic fields,

caused by radiation energy loss, has been explicitly

eliminated.

The only boundary conditions are Eqs. 46(a,b) applied

to the equilibrium constraint equation.

5.0 Numerical Solution of the Equations

A. Transport Model Equations

The transport model equations (36)-(40) are

essentially a coupled set of diffusion equations. They are

appropriately written in nondimensional form and advanced in

time by a predictor-corrector scheme with variable time

centering 7. The numerical grid consists of points equally

spaced in x, located at mesh cell centers, with a point on the

boundary at x 1 as shown below.

I X I X ...

Since the pitch equation (36) is coupled to the other

equations only through its coefficients, it is finite

differenced, along with its boundary condition Eq. (45), in

conservation law form 8 and is advanced in time separately from

I.
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the other equations. The equations for N. e, and ei are

coupled in their second spatial derivatives and form a 3x3

block tri-diaconal set that are advanced together in time by

the standard algorithm 9 .

After the equations for P, N, be' and pT have been

advanced in time the equilibrium Eq. (39) is solved for the new

equilibrium configuration specified by y and y'. This is a two

point boundary value problem, and a simple shooting method is

used to obtain the solution 0 . The values of P, N, ee, and 6i

are extended across the full domain of x by means of a cubic

spline interpolation 0 . Values of P, N, 6e, and 6i are defined

at x = 0 by linear extrapolation, since these cuantities as

well as x ... have a- :ara_ rad , near the

V .origin. Given initial values of y and y' at x = 0, Eq. (40) is

advanced across the mesh by the common fourth-order Runge Kutta

method I

B. Radiation Model Equations

The numerical solution of the radiation model

equations (47)-(53) (neutral gas is presently ignored in this

model so Ai = WIR - 0) is essentially trivial except for the

atomic physics rate equations (49). These are a set of stiff

ordinary differential equations and can therefore be

troublesome to solve.

Since we alternate between transport and radiation

model equations, multi-step methods are inappropriate and we

must seek a different method. We would like the numerical

I.
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scheme used to solve these equations to be unconditionally

stable and to conserve particle number. The well known

backwards Euler method has both of these properties.12 This

method is defined by

un+l - un _ f(u)n+l At , (54)

where u is a vector and f(u) is a linear function of u. The

difficulity with this method is that it is only first-order

accurate in time. However, it yields a tri-diagonal system of

difference equations, which can be solved very efficiently.

Therefore this method can be used tc solve the rate equations

if a proper criterion can be found to adjust the time step so

that sufficient accuracy can be obtained. This time step may

be substantially shorter than the time step used for the

radiation model equations as a whole.

The time step used in solving the radiation model

equations is determined by either, the time step from the

transport phase or, the change in Se due to radation energy

loss. The radiation loss is due mostly to line radiation,

which is caused by inelastic collisions of electrons with ions

that leave the ions in an excited state. The electrons that

are principally responsible for this are those that lie in the

central region of the Maxwellian velocity distribution, whereas

those electrons that cause ionization lie on the high velocity

tail of the Maxwellian distribution. Therefore, the time for

I.
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S to change by an amount that is large enough that the

equilibrium configuration must be updated may be longer than

the time for the ion species populations to change appreciably.

To see how to set the time step to obtain proper

accuracy in solving the rate equations by the backwards Euler

method, consider Eq. (48) written in the form

aN* 2Ne
--j + " -J + cj] Nj - Sj , (55)

where

Sj - -N- • jIj_ + j+INj+l] (56)

is the source function for species Nj. Since the plasma as a

whole is either ionizing or recombining, one Sj will be the

largest and will govern the size of the others. A time step on

which the rate equations can be solved accurately is determined

by requiring that this Sj change by only a small fraction.

Therefore, we limit At so that

at dS (57)

where S - Sup Sj is the largest Sj and c is some small number.
up dSj

An approximate expression can be found for ,- from Eqs. (55)

and (56) by ignoring the time dependence of all quantities

4
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except the impurity densities. This yields

dS 2 Ne 2Ne

2Ne
+ aj+1 (Sj+I - -, (Bj+ 1 + cj+l)Nj+l) ]  (58)

Consequently, for each time step of the radiation

model equations (i.e., for each time the equilibrium equation

(53) is solved), the atomic physics rate equations may be

solved some arbitrary number of times, determined by Eq. (57),

in each mesh cell. The accuracy of this method has been

verified by successively slashing the time step by decreasing

C. It is found that for c 4 .01 very good accuracy (better

than .1%) is attained.

C. The Successive Solution of the Transport and Radiation

Model Equations

A complete time step of size At is performed in the

following manner. First, the transport model equations are

advanced in time by At/2. For this to be successful the

predictor-corrector scheme must converge to within a set

tolerance in a few iterations and all dependent variables must

vary by less than a predetermined amount, norminally 10%.

Next, the radiation model equations are advanced in time by an

amount &t. This must be done in no more than two separate

I.
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steps. The dependent variables must not change by more than a

predetermined amount per step, again usually 10%. If this is

not successful the total time step At for the code is reduced

and the process starts over again beginning with a transport

step. Finally, after the radiation model equations have been

advanced by at, the transport model equations are advanced by

another At/2, completing the time step. A full time step is

then composed of two time steps, (unless the energy loss to

radiation is so small that the radiation model equations can be

advanced by at in one step), one where the transport model

equations are solved first and the radiation model equations

second and one where this process is reversed. In this way

errors which arise because the two sets of equations do not

exactly commute tend to be minimized.
13

In the transport model equations the impurity ions

have been neglected; therefore, the number of ions is not the

same in the two models. In successively solving these two sets

of equations the electron and ion entropy and the electron

density are kept constant to insure that the same equilibrium

is passed between the two models. When the transport model

equations are advanced in time, the impurity density is held

fixed in physical space. This is accomplished by remeshing the

impurity density in x after each transport step. The new

impurity density is contructed by weighting the densities that

existed in the overlaping mesh cells before the transport step

by there respective areas. In this manner the total number of

.
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impurities is exactly preserved.

The accuracy of the solution is monitored by checking

equation (11) for global energy balance, which is separately

satisfied by both sets of equations. The code is found to

conserve the sum of the internal plasma energy and the magnetic

field energy, taking into account energy sources and sinks due

to radiation, thermal conduction, and the flux of both plasma

internal energy and magnetic energy at the wall, by better than

.1%.

6.0 Results for the ZT-40 Reversed-Field Pinch Experiment

The reversed-field pinch is a promising approach to

controlled fusion that has received considerable attention in

recent years. It is an axisymmetric toroidal device that has

poloidal and toroidal magnetic fields roughly equal in

magnitude. A large amount of magnetic shear, created by

reve-rsing the direction of the toroidal field in the outer

region of the plasma, permits MHD stable operation at the

relatively high beta of 30-4 %. A principal difficulty wizh

RFP experiments has been low electron temperatures caused by

energy loss from radiating impurities, principly oxygen. Here

we present a simulation of the ZT-40 1 4 reversed-field pinch as

an example of the kind of results that the computer code is

capable of producing.

|.
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The major operating parameters for the ZT-40

experiment are:

Vacuum wall radius - 20 cm

Conducting wall radius - 22 cm

Total toroidal current - 500 kA

Density on axis - 5 x 1014 cm- 3.

We begin the calculation with a diffuse current profile that is

somewhat peaked off axis. The initial density profile is

parabolic and peaked on axis; the electron and ion temperatures

are set at a uniform 10 eV. The impurity studied is oxygen,

with a density of 0.4% that of the local deuterium density.

The pedestal values of density and temperature at the

vacuum chamber wall are given by their initial value or the

value at the point next to the wall, whichever is less. The

electric fields at the conducting wall are set to zero.

We are therefore simulating the post-implosion phase

of this device assuming that diffuse profiles already exist,

and allow the plasma to evolve from this initial state in

isolation from any external driving circuit. In the transport

model we assume classical transport coefficients in the strong

field limit as given by Braginskii.1 In the radiation model we

assume that the coronal approximation is valid 15 and that all

radiation energy is lost from the plasma.16 The actual atomic

physics data used in the radiation model equations is furnished

by an atomic physics code developed by Dr. Russell Hulse. This

code utilizes generalized formulae1 7 to calculate ionization
I.
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and recombination coefficients and radiation loss rates for an

arbitrary element.
rBz

In Figs. l(a,b,c) plots of Bz , B e, and P - are
aB6

given as a function of radius and time. We see that during the

2 ms that the code was run these quantities show little change.

The largest change is in the Bz field at the vacuum chamber

wall, which, although it has decayed from -1300 g to -500 g, is

still reversed.

The reason for the small change in the magnetic field

profiles is that the beta is low (B ~ .4% initially and 12% at

2 ms). For classical transport the ohmic heating is the

dominate process at low beta. The magnetic field diffusion and

the particle diffusion are smaller than this process by the
rfactors B and B2 respectively. In Figs. 2(a,b,c), where Jz'

j, J and Iz are given as a function of radius and time we see

the same stationary behavior. However, notice that the total z

current actually increases by a small amount with time. This

is because the diamagnetic current created by ohmic heating has

a significant component in the z direction.

In Figs. 3(a,b,c,d) the density n, the electron and

ion temperatures Te and Ti , and the pressure p are given as a

function of radius and time. We see that although the density

is again approximately stationary, the electron and ion

temperatures and the pressure are peaked off axis and show

steep gradients that correspond to the distribution of the

parallel current. Due to the large ion thermal conductivity

I.
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the ion temperature profile is much smoother than the electron

temperature profile.

In Figs. 4(a,b) are shown the total oxygen density

(the sum over all states) and the average charge of oxygen as a

function of radius and time. The total oxygen density, as

expected (diffusion of impurities has been omitted in the

transport model), is nearly stationary. From Fig. 4(b) it is

seen that oxygen reaches the helium like state in a very short

period of time across nearly the entire plasma radius. Then

the last two electrons are slowly ionized in 2 ms, but only

where the parallel current density is a maximum. Therefore, we

see that for this concentration of oxygen the plasma has easily

burned through the oxygen radiation barrier, which has a peak

at about 25 eV. At 2 ms the average electron temperature is

280 eV and the average ion temperature is 240 eV. At this time

only 15% of the magnetic field energy that has gone into ohmic

heating has been lost to radiation.

In Fig. 5 is shown the Suydan criterion as a function

of radius and time. It is seen that after a short period of

time this criterion is violated in the outer quarter of the

plasma. Thus one expects anomalous transport in this region.

Global energy balance was checked for this simulation

and found to be satisifed to better than .01%. The computer

code took approximately 150 time steps and 1-1/2 hours of CPU

time on the PDP-10 computer to run to 2 ms.

4A
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7.0 Conclusion

We have shown that the MHD equations, for the case

where there are many ion fluids due to the presence of an

impurity, and where the plasma and magnetic field configuration

evolves through a series of equilibrium states, may be

simplified by splitting these equations into two

self-consistent and independent sets: one that contains all

transport processes and one that contains all atomic physics

processes. It was then shown that the coupled initial value

and boundary value problem, that results from the equilibrium

equation appearing as a constraint on the plasma and magnetic

field evolution equations, can be cast into a form more

amenable to numerical solution than is the usual Eulerian

rrepresentation. This involved transforming both the transport

model and radiation model equations into a Lagrangian

coordinate system based on a normalized poloidal flux variable

that has a fixed domain, and changing the dependent variables

to quantities that remain invarient during adiabatic motion of

the plasma. This resulted in a system of equations that could

then be directly advanced in time by elementary numerical

methods.

It was shown that the atomic physics rate equations

could be solved efficiently and accurately by the backwards

Euler method, once a suitable criterion was derived for setting

the time step associated with this absolutely stable but only

first order accurate method.

I.
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The present computer code contains only electrons and

ions in the transport model equations, although the manner in

which impurity fluids are to be added is discussed in Section

3.0. The full multi-fluid transport model, where impurity

diffusion is treated, will be developed in future work.

.
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Figure Captions

Fig. l(a,b,c). The toroidal magnetic field Bz (gauss), the

poloidal magnetic field B6 (gauss), and the
rBz

pitch P are shown as a function ofaB e

radius and time.

Fig. 2(a,b,c). The parallel current density j, (amp./cr, 2),

the toroidal current density ]z (amp./c'.2),

and the total toroidal current Iz (amp) are

shown as a function of radius and time.

Fig. 3(a,b,c,d). The density n (c- 3), the electrcn

temperature Te (eV), the ion temperature T4

(eV), and the pressure p (dynes/cm 2) are shown

as a function of radius and time.

Fig. 4(a,b). The oxygen density nox(cin-3) and average

charge <Z> are given as a function of rad.us

and time.

Fig. 5. The Suydam criterion is plotted in arbitrary

units as a function of radius and time.
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The purpose of this memo is to present a classical theory

of the Raman-induced Kerr effect (RIKE) based on the notion of

ponderomotive force, and to exhibit its potential advantages

over incoherent scattering as an optical diagnostic of collec-

tive excitations in a high density plasma.

In the figure, the laser configuration for RIKE is compared

with incoherent scatter. In RIKE, a broadband probe laser is

incident on a plasma between crossed polarizers. A photon

detector on the other side receives no signal until a second,

circularly polarized "pump" laser is turned on. The detector

then receives the plasma wave spectrum imprinted within the

bandwidth of the probe laser. The detected radiation is pro-

duced by a third-order current which has the polarization of

the pump, the wave vector of the probe, and is inversely propor-

tional to the square dielectric function of the plasma. In

effect, density fluctuations are driven by the ponderomotive

beat force due to the two incident lasers, so this is a coherent

effect.

I. In both cases, the power received at the detector is

22_ crL2 1 5 rl4 2()P 47r JEsCr,t) j ,(1

where E is the signal field at the observation point r-S

(measured from the plasma), and cr2 A2 is the area subtended at

the detector. E is related in the usual way to the Fourier

transform of the plasma current i(kss) which generates Es

iW ikr
s(r, rxrxis(kw e (2)

s -£ S -s - rc
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In both cases, the current is proportional to the high-

frequency velocity of electrons induced by an externally

incident field Eo, times a lower frequency density, nL (char-

acteristic of the collective mode being probed). When Fourier

transformed, the relationship is

iwsJs(ks's) = e 2 E [nn(Ws-W;ks-k) + nL(ws+wks+k-)

(3)

for > 0, the second term is negligible, and for w < 0, the

first term is negligible, since the plasma has no high frequency

response at 1wsl + W0  If we time-average (or ensemble average)

(1), we get

T
2 l<P> =cr2AR 1 f i s(r,t2

41T TJ s

0

r 2 Ac 2 2, s )  •(r,-w (4)

W >0T
s

Hence, combining Eqs. (2)-(4), into Eq. (1) gives the usual

result

<P>~ ~ = I Qin Le (ws-wo; ks - k O ) l 2

p>= Io TA T-- (5)

5 >0 T
S

where I° = cjE 0 I 2/87 is the time-average incident intensity,

and a T = r0 2[1_(. 0 ) 2 is the usual Thompson scattering cross

section.

4



II.

The only difference between RIKE and INSC is in the physics

of nL. In INSC it is an incoherent density fluctuation driven

by spontaneous emission sources, and in RIKE it is a coherent

density response, driven by ponderomotive force.

We first consider INSC in an equilibrium non-magnetic

plasma. The electron charge density response consists of the

polarization density (proportional to longitudinal field

fluctuations, 8 ) and electron spontaneous emission, e

e = ik eL e
-enL 4XL - en (6)

where Xe is the usual electron susceptibility. When Eq. (6) and
L

its ion counterpart are inserted into Poisson's equation, we

obtain

ELeL _k ienp-enp (7)

where eL = l+Xe+Xi is the longitudinal dielectric function.

Combining (6) and (7),

e e
eL i - XL e+ XL
nL (') 6L nS E L n " (8)

Whenever w >> kv., the ions can be ignored. (This is the case,
1

for example, near the Langmuir wave resonance). Then,
e _ L e

lim n L (w,k)- _ ns . (9)

w>>kv.

1I.
The density correlation function which enters into (5) is then

I

4 $ ' .. . . .
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e 2
<Ine(W,k)! 2> <Inp2>

S(k,w) noVT n L (10)

where V is the scatterinq volume, and n the mean electron

density. By using the fluctuation-dissipation theorem, we find

an expression for the SPONTANEOUS EMISSION correlation function

contribution on the right side.

<In e(k,w)12  _2SP -k Im £L(k,w) . (ii)no0VT k 2W

D

In the vicinity of the Langmuir resonance, this becomes

<Ins el(k) 2> 4k2nT k2 2 YL '(12)
n 0VT k 2 L'

Dp

where yL is the Langmuir damping rate (collisional or Landau).

Now we compare with RIKE. Here, the electron density response

is due to the ponderomotive force associated with the total

externally impressed electric field. This force, Fp, is

-ike 2 e 12
Fp 4 ext (13)

4mw 2-it

The total external field is the real part of x(t)e 0

where the envelope field &x is given by

ik *r ik *r
- (t) =Oe --+ r (t) e B- E (14)

The-ext -0 -B

The field - is that of the circularly polarized (narrow band)

pump, and & B(t is the linearly polarized broadband probe field.

up"



The part of the ponderomotive force relevant to RIKE is due only

to the beat term in let 2 , which is (t)ge . The

electrons respond linearly to the electric plus ponderomotive

force (-ee + Fp). Thus,

L p
-enL = ik e( - F/e) (15a)

When this is inserted in Poisson's equation, we obtain

e F/e
L L = )L " (15b)

Combining these two yields,

e\/-ikX e Fn e(,k) = - 4 XL (16)
L 6~l U\4~

By comparing equation (16) with equation (9), we see that the
e ,acoherent quantity which plays the same formal role as nsp t a

source term, which drives a dynamically screened polarization

density response), is the effective external source,

e -ikXL F (t)
next (t) = 2 (17)

4 e2

In particular, in terms of nex the counterpart of Eq. (10)' ext '

becomes

2InL( 'k ) 2  ine (M)2 1
AL.W -i ext 1 (8

I. 0 -n--nVT x -- (18)

Hence, to compare R-KE with INSC, we need to compare the source

term ine (w)l 2/noVT with the correlation of SPONTANEOUS EMISSIONext0

V
4
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density fluctuations given in Eq. (12). Combining (17), (13),

and (14),

Ine  (kw)I 2 2 e 2 4 B 2 IoieB.e2 (
n V IXL ( k e e=x - L412 (19)
nVT n V16 (4r) 2 m2 o T

where k = kB - k. For the broadband probe field, we assume,

T - 1 ( 1 (20)
T W +(AW)

(where the bar indicates a time average with T (Aw) - I ). When

w is near the plasma frequency, wp, and assuming the bandwidth

Aw is much greater than wp, this is proportional to 1/Aw. Since

IXLI z 1 near the plasma frequency, when we combine (20) and (19),[L

the result becomes,

In ne  (kwl2 kn 4

ext (,) A Vn2 A2 o2 (21)
n VT TEW . T BA 0  leB^Oln0VT -6Aw kD

where AB,o = VB,o/Ve , vB,O is the oscillating velocity of an

electron in the probe or pump field:

v ,o (22)
mw

0

and ve is the electron thermal velocity. AB is the parameter

which measures nonlinear effects, and should be small if RIKE

is to be a non-perturbing measurement. We can also express
2 t 2

A2 = (2w p 2 /W2 ) (I/mnc), where I is the average intensity of the

radiation beam in question. The ratio of the RIKE to INSC

T

IF V
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signal intensities at a particular frequency is therefore just

the ratio of Eq. C21) to Eq. (12), or

P n Vw w L.2 le -e*R = RIKE - noV -R k A2 A2  BC2
S 7L Ay B o 4

(The extra factor of 1/4 comes from the second polarizer in

RIKE.) The term n V is the number of electrons in the volume0

of plasma occupied by the crossed beams. This appears because

RIKE is a coherent effect, whereas INSC is not. It can be very

large in high density plasmas where no is on the order of 1019

cm 3 . The other large factor is wp/YL' which is the effective

Q of the Langmuir mode. This enters because <Inp I
2 > is

proportional to y (by the Nyquist theorem), whereas <Inet 2>

is independent of y. The other factors are all small, but

6rough estimates indicate that R can be at least 106. Suppose

the pump and probe lasers have an output of 5 J in 15 nsec at

frequencies close to 10 times the plasma frequency of a plasma

withe = 1 keV, n = 1019 If the lasers are focused down to

a spot size of 3 x 10- 2 cm, then the intensity at the spot

will be I =3 x 10 W cm- 2 ,and A2  0- 4 fortheprobeor

pump laser. The number of electrons participating in RIKE will

be n0 x (3 x 10-2) 3 = 3 x 101 4 . If we arrange for k/kD = 1/10,

the damping will be collisional, and yc/Wp = 2 x 10- 5 . Insert-
P6

ing these numbers into Eq. (23) gives R z 106

These estimates only give a relative comparison with

incoherent scatter. To obtain the magnitude of the transmitted

4
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RIKE power. we must insert Eq. (18) into (5). When the scatter-

ing is from a Langmuir wave, the coefficient Ii - (Xe/eLfl2 in

Eq. (18) can be approximated as,

2i -2 ZO 1 (4
led4 1 0_0L (k) 122 (24)

where wL = Wp 3v2 We do not carry out the details

here, although it is straightforward to do so.

In practice, it is probably preferable to replace the

broadband probe by a probe offset in frequency by oL' and having

a narrower bandwidth, Aw in the range y << AW << W. Under

* these conditions the Lorentzian in Eq. (20) should be replaced

by A!/ W-[wPR-Wo)2 + (AW)21, where wPR is the central frequency

of the probe, and AZ its width. Near the Langmuir resonance

this becomes (A)-i so Eq. (23) is again valid, with Aw - Aw.

However, now w p/Aw is larger than unity, so R is enhanced even

further.

III. Effects of a Mangetic Field in the Plasma

It is formally trivial to generalize these results to an

anisotropic plasma such as a magnetized plasma. In this case,

the density response is qiven not by Eq. (15a), but rather by
I.

-ike _ - . e
-en = X [ ue , (25)

L 4T

4
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where e is the linear electron susceptibility tensor which is

well known, and can be obtained from either hot or cold linear

magnetoplasma equations. (See, for example, T. Stix, "Theory

of Plasma Waves," Chapter 9, 1962). The field e is not, in

general, longitudinal, so we must use the full set of Maxwell

equations instead of Poisson's equation to obtain the generali-

zation of Eq. (15a). This brings in currents, and we may use,

in place of Eq. (25),

e = -i Xe . 16 - iFp/el C26)I 47T -F /e

Eq. (25) is identical to the longitudinal component of Eq. (25)
e ewhen we use the continuity equation, p = k.je/w. (Equivalently,

j

we could use the conductivity tensor e where X 47ia/w.)

With Ea. (26) inserted in Maxwell's equation, the generalization

of Eq. (15b) is:

e Fp

= XekF /e , (27)

where M is given by

+ 22(k k k k1) ,(28)2w

I. and

E 1 + Xe + Xi . (29)

4
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All of the electrostatic and electromagnetic collective modes

of the plasma can be found from the zeros of det M. If we deal

with real frequencies and include dissipation, then det M gets

small near a collective mode but is not zero. Hence, we can

insert (27) to obtain

M- M e .kF /e (30)

Inserting this into (25) gives

-en . [M-1 .Xe. _ k1F. (31)
-L 4 7e p

Near a resonance, the second term is small, and the electron

density response is proportional to the diagonal component of

M-i associated with the direction k • . When k is oblique

to the anisotropy direction (e.g., B0 ) the density nL will get

large near the minima of det M, which will occur at the

electromagnetic and electrostatic normal modes of the plasma.

Hence, RIKE may offer a method for probing electromagnetic

collective modes of a plasma. In order to evaluate the RIKE

signals associated with a particular collective excitation in

a magnetoplasma we need to carry out the detailed algebraic

analysis of 1 and M-I in the vicinity of the frequency and

wave vector of that excitation. This program is currently

I. underway.

* I
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Plasmon-Plasmon Interactions
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It Is shown that cancellations in a consistent calculation strongly reduce the attractive
interaction of plasmons in an electron gas and eliminate the possibility of a bound state
of two plasmons in a metal. In degenerate semiconductors with a large static dielectric
constant, a residual binding of two plasmons may remain.

Recently Ruvalds and co-workers"' (RRCG) which is exactly the result found by RRCG. Here
claimed that residual plasmon-plasmon interac- = k-k' is the momentum transfer between plas-
tions in a degenerate electron gas could lead, mons and k, is the Thomas-Fermi screening mo-
under certain circumstances, to a bound state of mentum. [Note that 14 < 2k and k ..,k - 3k, is the
two plasmons. Earlier the present authors' had condition for weakly damped plasmons in the RPA
examined th,.r problem using the diagrammatic (random-phase approximation).] On the basis of
Green's function formulation of the many-electron this result RRCG claimed that our calculation
problem and found that to zero order in the plas- agreed with theirs.'
mon-plasmon momentum transfer (q), the plas- However, we went on to consider the eight dis-
mon-plasmon interaction in an electron gas was tinct graphs represented by Fig. 1(b) which led to
zero l Ruvalds and co-workers examined our un- the contribution
published notes and concluded' that our calcula- 3
ttons agreed to within a numerical factor. This g4 b= j-- t.(q/k, (2)
conclusion Is not correct because it was based F

only on part of our calculation, which exactly cancels the contribution of the dia-
We found that the plasmon-plasmon interaction grams of Fig. 1(a) to terms of order q 1 k,'I

has contributions from two distinct classes of Ruvalds and co-workers used the Bohm-Ptnes
irreducible scattering graphs as shown In Fig. 1. collective-coordinate transformation of the many-
The box graphs represented by Fig. 1(a) and Its body Hamiltonian which is still exact. It appears
five topologically distinct transformations lead then that RRCG neglected some contributions in
to a coupling parameter (In the notation of RRCG) this Hamiltonian which are equivalent to the graphs
of of Fig. 1(b).

3 w' [1 +O(q2/h.2)j In the remainder of this Letter we will point out
g4a M-i L F the ubiquitous nature of this type of cancellation

in collective phenomena in quantum and classical
plasmas and will give some results for a two-
component plasma for which the cancellation is
not complete. Further we will argue that in a de-
generate semiconductor the cancellation may not
be complete because of lattice effects. These
effects may leave a residual attractive interac-
tion between plasmons and the remote possibility
of a bound state or resonance.

The cancellation noted above is a well-known
(a) (b) one in plasma theory. In Fig. 2 we draw repre-(b) sentative diagrams (in each case there are addi-

FIG. 1. (a) One of six topologically distinct box
graphs, whose sum leads to the plasmon-plasmoo In- tional topological variations of these) for the pro-
teraction coupling in Eq. (1). (b) One of eight topologi- cesses of Ca mpton scattering of plasmons from
cally distinct graphs, whose sum leads to the plasmoo- electrons [2(a)1,' optical absorption into a plas-
plasmon coupling In Eq. (2). mon and electron-hole pair [2(b)], s and light scat-

257
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FIG. 2. Representative graphs for (a) Compton scat-
tering of plasmons from electrons; (b) optical absorp-
tion of a photon into an electron-hole pair plus a pins- (o)
mon; and (c) light scattering from electrons. In each
case, cancellation occur between the contributions FIG. 3. (a) The plasmon propagator as the sum of
from the two types of graphs, bubble or polarization graphs. (b) The three-plasmon

interaction obtained by the insertion of an additional
plasmon-particle vertex in the graphs of (a). (c) The

tering from electrons" [2(c)]. In the case of plan- two types of four-plasmon interaction graphs by a sec-
mon-plasmon scattering we note the close rela- ond plasmon-particle insertion in the graphs of (b).
tionship of this process with Compton scattering
in the sense of a generalized optical theorem. In
each case the transition amplitude involved is <<kV, [V,-(T,1/M,) / I and we have 1 - x./a k,/
proportional to k ,3- T./T, a I resulting in a much larger resl-

I - x.(q, Aw)/c(q, Aw), (3) dual interaction when q <<k,.
A similar, but not identical, cancellation oc-

where X,(q, w) is the RPA electron susceptibility cusii the calculation oa

function (i.e., the electron-hole propagator) where two elethe airs ason dumis nd

q and aw are the momentum and energy transfer Kivelson. -

on scattering. The factor unity comes from the In Fig. 3 we demonstrate graphically how the

(noncollective) graphs on the left-hand side in various contributions to plasmc-plasmon coup-

each set and the -x./c arises from the second or ling arise. In Fig. 3(a) the plasmon propagator

class of diagrams on the right-hand side, which in the RPA is represented as the well-known

in each case represent scattering from the sutio o bubble as thee-pnon
screnig coudsurouningeac elctrn. ote summation of bubble diagrams. Tree-plasmon

screening cloud surrounding each electron. Note coupling is represented by inserting a simple
that for an electron gas m= 1 + x. and i s/e (1 plasmon-particle vertex into the electron-hole
+ X~n x,-' 'q',/k,2 in the limit of static screen- lines in all possible ways. This produces the
ing (q V F >> Aw). Thus the combined effect is of lieinalpsbewy.Thsrousteone (q 1 6 r aw) thus the cobine eFfect is t of "triangle" coupling shown in Fig. 3(b). Note that
order q2'Pb,' rather than unity. For a two-coin- formally this insertion of a plasmon-particle ver-

ponent system or a material characterized by a terman be ised by a the untiol
backroud dilecricconsantc.,we cn wite tex can be accomplished by taking the functional

background dielectric constant o, we can write derivative of the one-plasmon propagator with
=-(o+x* and - x./a =.o(o .) "Y. If a0 is comn- respect to an external potential Ve(xit ) =Vexl)

* •parable to or larger than q1 4'.2, a much larger which acts on the electrons. The functional der -

residual Interaction can occur. For example, in
ative acting on each electron or hole propagatoran electron-ion plasma % = I .k, 2 k2 when 'a poue
G produces

6G( ,'2) .-j'd5f d6 (1, 5) -'(5 6) G(6, 2) G(i - 3)G(3 -2)
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thus turning G(1 - 2) into -G(1 - 3)C(3 - 2) which transforms the simple bubble graphs into triangles.
Four-plasmon coupling is obtained by a second functional derivative which is equivalent to another plas-
mon insertion. We can have insertions in two separate bubbles [Fig. 3(c)] or two insertions in one
bubble [Fig. 3(d)]. Summing to all orders then leads to the two types of plasmon-plasmon interaction
graphs in Fig. 1.

We have carried out an analysis of the two-plasmon thermal Green's function

L4(ki, 1,;k2,. 1,;k , , ,; k4, t4) = (Tp(k 1 , t1)a( k, t2)pk 3, t,)p(k 4, 14)), (4)

where (O)nTr(e"' 5- N)O)/Tr(e" (* -N)) and p(k, t) is the density operator. The technical details are
similar but not identical to those discussed in Rajagopal, Grest, and Ruvalds.' The approximation
solves the Bethe-Salpeter equation for D2 by summing ladders of the fundamental interaction diagrams
in Fig. 1. The momentum-frequency space Green's function can be decomposed into relative momen-
tum-energy variables k = (i, w) and center-of-mass variables K a(K, f),

,( 9 2 Ai ; ' + # , ' -k j = (k , k 1; K ) ' K - K ') . (5 )

The reduced Green's function is related to a generally non-Hermitian operator and can be decomposed
into a complete set of biorthogonal amplitudes X,, and o.

,, -E.

The following "Schrodinger" equation for 0.(k') results from carrying out this procedure:

[E, - w. =[+ (,.)],(E) =[1 ]g(w4) +g(w)f ()rf , (201)

f, where

W, =W P,(!ZR±~) (8)

are the two plasmon energies and y. and y. are the corresponding damping decrements. Tt- ,;tatistical
factors are

g( ) = (e _ "(9)

with 0 = (ksT)"', and Vfft(T,R';R) is the effective (nonlocal) plasmon-plasmon interaction

Veft (,;;) - -11wha 2 
(k~. R)2 q2-jq,aw) [1 - X.1i,)1 (10)

2nm(v2 ) i,2 I

[with =( -k') and Aw=w pj(1 K +k) - w 1 pl(-Kk')],which is proportional to 1 - x/C as advertised. I
whic isproprtinal o 1- Xc a advrtied. electric constant arising from virtual interband

The result of RRCG is obtained by neglecting the tric constant f va inte
term x./€ and using the static approximation for trniosadisacsatiflA Ethterm vald whn the-static approximationTher least band-gap energy. In this case e, may be ofX o = k '/q l [v alid w h e n A w- (q k /k F)V r << k V r]. T he o d r 1 r m r n a i n f c n l n a c
cancellation of the terms in square brackets re- order 10 or more and may significantly enhance
duces Vff from their value by a factor q2/k. 2  the binding. The condition;[& u) =A [W( W pl(k')]

which is always less than unity for undamped <<E,, where ,oP(k)4w,+ IV/pk 2/W, for degenerate

plasmons. (Note q, - 2k, k2 <k,2- 36,k.) The electrons, leads to the restriction

solution of (7) with the q-dependent interaction is 3 q2 (E .much more difficult and we have not carried out YO TF2 <<E F} El "(1

a detailed solution. We estimate, using variation- If the right-hand side of this inequalty can be
al methods, that the binding energy for an s state

|•is now reduced by a factor of about . This would chsntbeoorruiyorgaeteaovpsh thweduced bo-ae fatrshofabout Thuld estimates for the binding potential are valid. InRRCGpu toanounralsti vlueshof estima4.ethis case there is an effective attractive q-depen-RRCG up to an unrealistic value of r. m, 14. liere dn oeta uigy=,/2
we have included the factor of 3 resulting from
angular averaging as discussed in Ref. 4. (K. k,)2 C

For doped semiconductors c, is the lattice di- Vfra - ik k 0 + k 32/q 2
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which leads to a coupling parameter comparable Administration.
to (1) provided qs/ks <l/c.. Again, the detailed
analysis of this case remains to be carried out. ,
In a degenerate semiconductor with a large value J R A. L Ragpl. . Carbaflo. sad 0.3.
of 9, (> 10) it appears that the attractive interac- Great, Ph". PAW. ZAK. 2t. 274 (1970.
tion might be strong enough to permit a plasmon 'A. IL Rajsgopsl. 0.S. Grest. sad J. Ruvaids, Whys.
bound state or resonance. In this case the reso- Re%. B 14, 67 (1976).
nance could not be observed In electron scatter- 3D. r. Du o s snd M. V. Goldman, Hughes Research
ing but might be observable from light scattering Laboratories, Qwarterly Report, September 1963 (an-
experiments or In optical absorption. publishd".

The plaamon Interaction with the screening 'RRCG correctly pointed out a numerical error in
clouds surrounding the electrons again is seen to our upublished notes which - hn corr leds t

the numerical reuit of (1). However, they'dd not s -lead to important cancellations. We onclude _ for the canceling contr9xution (2). In addition, we
that, at least for r. < 1, plasmons are nearly in- believe that the numerical factor 3 to (1) and (2) Is In
dependent excitations of an electron gas with a error. The angular factor "i )i/kV 2 co2o,. which
weak attractive interaction. The challenge which spears in both theories was aet equal to 1 by RRCG.
remains is to extend these calculations beyond However, when we solve our Eq. (7) In the approxima-
lowest-order terms In r. to encompass the re- tion with 1- x,/c In (10) set equal to 1. we find a fac-
gime of physical densities. tor of J resulting from the angular average of coa 2

60,

Tis research was supported In part by Hughes In the lowest bound state, which t an a state.
TD. F. DuBois ad M. G. Welsoh Pys. Rev. 16,

Research Laboratories, Malibu, California, the 409 (1969).
U. S. Air Force Office of Scientific Research, D. F. DuBois sad V. GUiksky. Phys. Rev. 133.
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ABSTRACT
* Type lI solar radio bursts are thought to be associated with intense levels of electron beam

excited Langmuir waves. We numerically study the nonlinear evolution of these waves, in time
and in two spatial dimensions, due to their coupling to other waves. For parameters appropriate
to one-half the Earth-Sun distance, we find nonlinear effects to be important, as in previous one-
dimensional work. However, a new and important phenomenon, two-dimensional soliton col-
lapse, is found to occur. This collapse, induced directly by the wave packet nature of the beam
excited waves, produces two-dimensional wave spectra extending over a much broader range
of wavenumbers than has been predicted by inhomogeneous quasi-linear theory. Our results
compare favorably with certain aspects of recent observations. We neglect the background
magnetic field; while substantially justified for the present parameters, this neglect may require
reexamination at locations doser to the Sun.
Subject headings: plasmas - Sun: radio radiation

I. nthODUCTION AND REVIEW OF PREIOUS WOax disheartening conclusion that the stream would diffuse
in velocity space in a very short time, so short that no

Type III solar radio bursts are thought to be caused well-defined stream could propagate from the Sun to
by a stream of electrons, emitted at the Sun's surface, the Earth. Fortunately, this conclusion has been re-
which propagate to the Earth's orbit and beyond (for versed by more recent analyses (Baldwin 1964;
detailed reviews of Type III phenomena, see the 1974 Zaitsev, Mhyakov, and Rapoport 1972; Zaitsev et at.
June/July issue of Space Science Reviews and the 1974; Magelssen 1976; Magelssen and Smith 1977;
1976 February issue of Solar Physics). As the stream Takakura and Shibahashi 1976) which take into
propagates, Langmuir waves are emitted due to the account the inhomogeneous nature of the stream (the
well-known linear process of Landau growth, also inhomogeneous nature of the plasma is less important).
known as weak beam-plasma instability. The Lang- The idea of inhomogeneous quasi-linear theory (one-
muir waves interact with low-frequency density dimensional) is as follows: At time t - 0, an energetic
perturbations to produce electromagnetic radiation group of electrons is created near the Sun's surface
with frequency near the local electron plasma fre- in a short time At. At a given position x0 between the
quency; this radiation is observed at the Earth and is Sun and the Earth, there are no stream particles until
called fundamental radiation. The Langmuir waves time t, - Xo/l, where v, is the speed of the fastest
can also interact with each other to produce electro- electrons in the group (Fig. 1). At time t, >> At and
magnetic radiation with frequency near twice the local position x0, Langmuir waves grow due to linear
electron plasma frequency; this radiation is also Landau growth, with growth rate proportional to the
observed near the Earth and is called harmonic slope of the electron distribution function f(v), in the
radiation. region indicated in Figure 1. At a later time t2, at

The Langmuir waves associated with Type III the same position x0, the fast electrons of speed v, have
bursts utilize the free energy available in the stream passed by and disappeared, and the stream is re-
and can produce quasi-linear diffusion of the stream presented by particles of slower speed v2 - xo/t 2 , as
electrons in velocity space. The Langmuir waves also shown in Figure 1. Now the slope off(v) is negative in
undergo nonlinear wave-wave interactions which can the region of velocity space with v > v2, and Langmuir
saturate their growth. The purpose of this paper is waves with phase speeds in this region are damped.
to present a two-dimensional treatment of these waves, Thus, waves emitted at time ti can be damped at
including the relevant wave-wave nonlinearities, while time tg. In this way, by continuous emission and re-
ignoring plasma inhomogeneity, wave-particle inter- absorption of waves, the stream can propagate from

| actions, and effects of the background magnetic field. the Sun to the Earth with little energy loss, retaining
First, let us briefly discuss previous work on quasi- the form of a distinct beam, in agreement with
linear and nonlinear wave effects. observations.

The quasi-linear diffusion of stream electrons by The inhomogeneous quasi-linear theory of the
Langmuir waves was first considered in the Type III preceding paragraph could be the final story were it
context by Sturrock (1964), whose model of an in- not for the fact that the Langmuir wave levels pre-
finitely extended homogeneous plasma lead to the dicted by that theory are also subject to nonlinear

605
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extended by that of Smith, Goldtein, an PaW-

dopoulos (1976), who agin u one-dime lhomogenemo model. In a set of coupled equations
Mthey include Langmuir wave growth due to beam-
m GROWTH DAMPING plasm interaction and the OTSL but not the decay

t -t -- - 4W instability. Their conclusion is dth waves are rapidly
removed from phase velocity rgiom which resonate

a_ •with the beam, so rapidly that the beam is stailze

Z GROWTH DAMPING against homogeneous quasi-limnar relaxation. A .
OZ 1  though the calculations of Smith, Goldstein, and

Papadopoulos (1976) are completely one dimensional,
their paper does contain the speculation that in more

t t2/tot, than one dimension the process of Langmuir soliton
"u. / collapse may be important

The importance of two-dimensional effects and
v2  Vi finite pump wavelength on the OTSI and related

SED instabilities was first demonstrated for Type HI burstSPEEDameter near one solar radius by Bardwel and
Fio. i.--Predictions of inhomogeneou quasinear theory Goldman (1976), and by Bardwell (1976) for distances

for the electron distribution function f(v). This picture is valid
at a Particular position xe between the Sun and the Earth. up to AU. They show that if the beam-excited
Growth and dampins refer to Lansmuir waves with phase Langmuir waves can be considered monochromatic,
speeds in the indicated regions, and for a broad range of relevant Type HI parameters,

the OTSI and related instabilities result in Langinuir
waves which remain in resonance with the stream.

wave-wave interactions. In the context of homo- Thus, these instabilities may not prevent quasi-linear
geneous beam-plasma interaction (Sturrock 1964), diffusion.
Kaplan and Tsytovich (1968) consider induced scatter- It is the purpose of the present paper to unify and

r ing of Langimuir waves off the polarization clouds extend the previous work on the nonlinear evolution
surrounding individual ions. With the assumption of of Langmuar waves associated with Type III bursts,
a monoenergetic beam and isotropic waves, they find while ignoring for the present the inhomogeneous
the scattering to proceed fast enough to stabilize the quasi-linear effects. We accomplish this purpose by
quasi-linear diffusion, even in the absence of the numerically solving a set of equations, known as the
inhomogeneous quasi-linear effects of the preceding nonlinear Schr~dinger equation, which completely
paragraph. This conclusion is challenged by the work describes the nonlinear evolution of Langinuir waves
of Zheleznyakov and Zaitsev (1970), and by Smith and in time and in two spatial dimensions. The treatment
Fung (1971), who relax the assumption of mono- includes the processes of decay instability, OTSI,
energetic beam and isotropic waves. By allowing stimulated modulational instability (Bardwell and
repeated scatterings of waves in one dimension, they Goldman 1976), and the completely nonlinear phe-
show that the net scattering of waves out of resonance nomenon of tLangmuwr soliton collapse. The relation
with the beam is too slow to prevent quasi-linear of our work to previous nonlinear treatments is
relaxation. This result is supported by the work of indicated in Table 1. We find that nonlinear wave
Heyvaerts and de Genouillac (1974), who numerically effects, including soliton collapse in two dimensions,
treat instability plus induced scattering off the are important for Type III parameters at I AU. The
polarization clouds of ions; even without allowing for result of these effects is a much broader spectrum of
repeated scatterings, they conclude that the scattering Langmuir waves in wavenumber space than would be
is too slow to prevent quasi-linear relaxation in a predicted by inhomogeneous quasi-linear theory
homogeneous system. (Magelssen 1976; Magelssen and Smith 1977), while

It has long been known that in addition to induced the total wave energies predicted by both theories are
scattering off the polarization clouds of ions, which comparable.
may be thought of as a three-wave process (ion-
acoustic quasi-mode decay instability), Langmuir U. NONLDWIIR SCHODINGIR BQUATION
waves are also subject to a four-wave process known The important nonlinear wave effects which Lang-
as the oscillating two-stream instability, OTSI (Silin muir waves can experience are contained in a set of
1965; Nishikawa 1968). The OTSI was first considered equations known as the nonlinear SchrOdinger
in the context of Type I bunts by Papadopoulos, equation, first studied by Zakharov (1972; see
Goldstein, and Smith (1974), and by Papadopoulos Nicholson and Goldman 1976 and Goldman and

* (1975). With a one-dimensional homogeneous model, Nicholson 1977 for an extensive list of references). The
taking the beam-excited Langmuir waves to have in- derivation of this set of equations proceeds from the
finite wavelength, they find that the OTSI produces two-species plasma fluid equations, with five assump-
Langnuir waves with wavenumbers so large that they tions: (i) the high-frequency and low-frequency time
do not resonate with the beam; this suppresses scales are well separated; (ii) low-frequency motions
homogeneous quasi-linear relaxation. This work is are quasi-neutral; (iii) high-frequency electrostatic

T-%
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TABLE I
Ers Ir4cmuDD m Pam r Woaz Co, wAm To Emcrs IbcLuE w PmAv

WORK

Wav-Wans
lavtiptor 2-D Deay Mod eatmado

Kaplan and Tsytovlch 1968 ................. ...
Zbelsznyakov and Zitsev 1970 ............. ...
Smith ad F n 1971 ..................... ....Heyvaert i=% e tiouillse 1974 .......... / ... ...
Papdooulos, Goldstein, and Smith 1974 .... ... ... V
Smith, =oldstsin, and Papadopoulos 1976 ....... ...?Bardweli and Goldman 1976 ................ / "I" I/
Present work ............................. / I I/

Nor.--" Mod" refers to four-wave interactions such as the OTSI and the stimulated
modulational instability.

energy density is much less than electron kinetic where the electron Debye length A. * (TW"m.o.) u s

energy density; (iv) low-frequency ion speeds are and the dimensionless ratio 17 = (y.T. + ,,T)IT..
much less than high-frequency electron speeds multi- With the definitions (3), equations (1) and (2) become
plied by the square root of the electron-to-ion mass
ratio; (v) only electrostatic wave polarization is [i0, + i(,/2) + V]V.E(X, t) - V.(nE), (4)
permitted. The equations thus obtained are (? + v, - V)X, t) - V21EI'. ()

((? 8.,,L-f!!(.L 3T. lEI=  (5
m,.2w m. , ( The physics contained in these equations can beunderstood as follows: Without the nonlinear terms

(1) on the right-hand sides of (4) and (5), they yield the

(a?' + par c'V)R(I, ) = C.. 2  linear Langmuir wave dispersion relation and the
4h , dispersion relation for heavily damped (assuming

T. ~ T,) linear ion acoustic quasi-modes. The non-
(2) linearity on the right-hand side of (4) represents the

where (R, 1) is the low-frequency envelope of change in the local electron plasma frequency due to
the total high-frequency electric field ETOT(i, F) - the nonlinear density perturbation n. The nonlinearity
E(RJ) exp (- -Jw) plus the complex conjugate; on the right-hand side of (5) represents the effect of
R(l, f) is the variation of the ion density from its the ponderomotive force (Landau and Lifshitz 1960;
average value no; w, is the background electron plasma Schmidt 1966), which repels all charged particles from
frequency, -. = (4irnoe

2/m.):12; m.(m) is the electron regions of intense high-frequency field; it acts most
(ion) mass; e is the magnitude of the electronic charge; strongly on the electrons and is communicated to the
#,(Pi) is the high (low) frequency phenomenological ions by the requirement of quasi-neutrality. Equation
damping rate; the sound speed c. - [(yiT, + yT,)/m,] , (4) is seen to correspond to the quantum mechanical
where y,(y) is the electron (ion) specific heat ratio Schr6dinger equation, with the damping term ignored
characteristic of low-frequency oscillations; T,(T,) is and the right-hand side acting as a noia"pot-
the electron (ion) temperature; and 2 - (I, 9) and I tial energy."

Several distinct physical processes are described by
represent dimensional space and time, while 1 is the (4) and (5). A given large-amplitude monochromatic
dimensional gradient operator. Throughout this paper, Langmuir wave can produce a second Langmuir
a tilde indicates a dimensional variable. It is con- wave and an associated ion response; this three-wave
venient to introduce the dimensionless variables interaction is called induced scattering off the polari-

t - (2i,/3)(m,/m Xat) zation clouds of ions or equivalently the parametrict -decay instability, and has been discussed in detail by
2 I 1 2m,\ i (1.) Bardwell and Goldman (1976). Likewise, a given large-

(x,y) - 1 ( amplitude monochromatic Langmuir wave can pro-
3 'duce two other Langmuir waves and an associated

I. n - (3md47m.)(fil/no). ion response; this four-wave interaction can either be
an OTSI or a stimulated modulational instability,

E iZ2 12 both of which have also been discussed in detail by
7,\M, 1-Wli0T, Bardwell and Goldman (1976). Finally, the completely

nonlinear phenomenon of Langmuir soliton collapse
- . - (3/2,1)(mdm.)(P..dw.), (3) is contained in (4) and (5), as discussed by Zakharov

TIN.
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(1972) and many others (Litvak, Fraiman, and Yuna- the case where each grid consists of 32 points in each
kovskii 1974;Nishikawa, Lee, andLiu 1975;Zakharov, dimension. Mathematically, both grids are innitdy
Mastryukov, and Synakh 1974, 1975; Degtyarev and periodic in both dimensions; only one
Zakharov 1974, 1975; Degtyarev, Zakharov, and length is shown in Figure 2. achtime Stepoi of
Rudakov 1975, 1976; Galeev et al. 1975; Budneva, two parts. In the firs pert, the er tms in (4) and
Zakharov, and Synakh 1975; Pereira, Sudan, and (5) are integrated exactly in wavenumber space. In the
Denavit 1977; Polyudov and Sigov 1976). Consider a second part, the nonineam terms in (4) and (5) ate
region of space which contains a slightly hiher level evaluated in real spae, then Fourier trasormud to
of Lansmuir waves than surrounding regions: the wavenumber space, and the Fourier components of
ponderomotive force will push plasma out of this £ and n am advanced in time using an impicit Rung.
region; the resulting lower density will tend to refract Kutta method (the midpoint rule). In the wavemumbe
more Langmuir waves into this region, thus enhancing grid in Fipre 2, the Fourier components of i and "
the originally high level of waves in this region. In one lying outside the smaller rectanle are set to zero; this
dimension, this collapse can be stopped by the effects is done to avoid problems of aliasang, as discussed by
of dispersion, and the final balanced state is called a Pereira, Sudan, and Denavit (1977) and by Schamel
soliton. In two or three dimensions, the collapse and Elslsser (1976).
cannot be stopped by dispersion; it proceeds faster
than exponentially until the spatial localization pro- M. EXAML113
duces wavenumbers large enough that strong electron In this section we perform numerical calculations
Landau damping sets in, or alternatively until the appropriate to Type III burst parameters at a spatial
wave intensities become so large that the validity of location roughly half the distance from the Sun to the
equations (4) and (5) breaks down. Earth (I AU. This position is chosen for convenient

We solve equations (4) and (5) numerically in time comparison with the inhomogeneous quasi-linear
and in two spatial dimensions, using a technique calculations of Magelssen and Smith (1977) and
known as the split-step Fourier method. Our method Magelssen (1976), and with the experimental observa-
is almost identical to that used by Pereira, Sudan, and tions of Gurnett and Anderson (1976 and 1977).
Denavit (1977; see also Hardin and Tappert 1973, We perform a series of four calculations. First, as
and Schamel and Elsisser 1976, for a list of references). initial condition we take a large-amplitude mono-
The idea is to use complementary grids in real space chromatic Langmuir wave with amplitude and wave-
and in wavenumber space, as shown in Figure 2 for number appropriate to AU as determined by

REAL SPACE

Y 6/'// 600 X •

it

3300 A,

WAVENUM8ER
SPACE

x 21 32

2 1 POINTS

32 POINTS

Fro. 2.-Numerical grids in real space and in wavenumber space, for the case where each consists of 32 x 32 points. Wave-
number components lying outside the smaller rectangle in wavenumber space are set to zero, to avoid problems of aliasing. The
physical size of the gids is shown in terms of the electron Debye length.
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Maples. (1976) and by Mapeloen. and Smith (1977). attain values which are substantial fractions of the
Second, as initial condition wie take a st of waves, pump amplitude, the pump amplitude must decrease
having a spread in wavenumbers both perpendicular n order to conserve energy; the growing modes can
and paralle to the sem diecion, asde ined by themselves act as pumps for other growing modes; theMade.n (1976) and by Magelssen and Smith (1977), ccept of a set of interacting linear modes may itself
with the same total energy a in the Art cae. Third,-completely break down with the appearance of totally
the monochromatic wave of the first calculation is structures such a collapsing sobtons. This
allowed to grow exponentially from noise, with a noninear evolution must be studied numerically.

rate caacteristic of the weak beam insta- The dispersion relation for parametric instabilities
hili. Fourth, the broad-bend set of waves of the can be obtained from (4) and (5) by inserthing an
second calculation is allowed to grow from noise with electric field of the form
the same growth rat a in the third calculation.

As parameters appropriate to a Type I burst near E(xt)- E exp(-I-ot + iko.x)
I AU, we choose the following: background density
n z0 cm- decion plas frequencya . z 4.0 x + E, ev [-1(,o + *)t + 1(ke + k).x]
106s - , electron temperature Tz2x10K-
20eV, ,-- (y.T + yT)f/T. _ 2, and mm. - 1836. + Es exp [-1(m, - a.)t+ f(ko -k).z],
Since the ion temperature is of the same order as the where (,, ko) satisfy the Langmuir dispersion rela-
electron temperature, ion motions are heavily damped, tion, and a density variation of the form n(x, t)-
so we choose low-frequency damping rates in Fourier n' exp (- iwt + ik.x) plus complex conjugate, where
space equal to twice the ion acoustic frequency the pump amplitude IE.61 is considered very large
(Bardwen and Goldman 1976): #,(k) - 21c, Assuming compared to II, IE, and n'. We obtain the dis-
a Maxwellian plasma, both collisional and Landau persion relation
damping are negligible for the Langmuir waves con-
sidered here, so the high-frequency damping rate is -ups - 2ikw + ks
ignored: F.- 0. Let us consider each of the four 2 2

. calculations in detail. -kuIEl . #A+ /A-+k - .

a) Case A: Monochermnadc Pump Wave (6)

During the numerical evolution of a model Type HI
burst at 4 AU, Mageiusen (1976) and Magelssen and where (ko k ± ko)' , w and k are frequency and
Smith (1977) obtained a quasi-steady state charac- wavenumber of a low-frequency ion response, and
terized byan energy density W. [n - 10-4 k is a unit vector in the k direction. The solution of the
centered about a central wavenumber ko, - 0.011 dispersion relation is sensitive to the three dimension-
with a total spread of parallel wavenumbers AkA. - less parameters (m./mt), (koA.), and W. In this
0.004. (Note that W and I here are one-half as large example we have W = (koA) < m./M4 .
as in Bardwell and Goldman 1976.) In our first For a three-wave interaction, which we call the
approximation (case A), we take an initial condition parametric decay instability and which is the fluid
consisting of a single large-amplitude Langnmuir wave, limit of the process of induced scattering off the
having a wavenumber koA, - 0.011 and an amplitude polarization clouds of ions, the frequency matched
such that W(t - 0) - 10"4 AD other Langmuir Langmuir wave frequency is ap., - o - ,,*, and the
modes are given initial values roughly characteristic Langmuir wavenumber is kL, - ko - k. In the present
of thermal noise, while initial density perturbations example this instability has a maximum growth rate
are zero.

In the absence of thermal noise in the other modes 9/a., z 3"' W/16, - 1.62 x 10-5 (7)
our initial condition has the form E(z, t - 0) -
E4 exp (ikOx), n(z, t - 0) - 0, where we have chosen which occurs at the low-frequency mode wavenumber
the pump wavenumber in the x direction. Inserting kk Z 2kok - (4qm27m,)"' _ 0.009, (8)
this initial condition into the nonlinear Schrodinger
equation (4) and (5), we see that E(x, t) - E x
exp (kox - Ikot), n(x, t) - 0 for all time; this is a correspondin; to a Langmuirwavenumber IL - 0.002.
large-amplitude traveling Langmuir wave which obeys (This instability is often thought of as a backscatter
the linear Langmuir dispersion relation in dimension- instability with 1,. z -1o when the second term in (8)
less units. Now consider the presence of the initially is negligible; in the present case, ko, - 0.011 is so

* small amplitudes in the other Langmuir modes. In small that the second term in (8) is not negligible and
certain regions of wave-vector space, these modes will the Langmuir decay wavenumber is shifted to a
grow exponentially due to various instabilities, as value ,A, - +0.002.)
studied by Bardwell and Goldman (1976) near I solar The four-wave interaction called OTSI (Bardwell
radius, and by Bardwell (1976) at distances from the and Goldman 1976) involves a low-frequency mode
Sun up to I AU. As the modes grow, various nonlinear wavenumber perpendicular to the pump wavenumber,
effects can become important: if the mode amplitudes k.ko - 0. We then find from the dispersion relation
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(6) a purely growing instability with maximum growth lengths, at which time strong Landau damping would
rate, obtained approximately from a quartic equation, deplete most of the electrostatic energy and a group of

fast electrons would be formed. It is noteworthy that
i w the solitons in Figure 3c are dongated in the y-direc-tion, in accordance with accepted two-dimensionalsoliton behavior. According to the terminology of

-1.23 x 10-', (9) Zakharov (1972), a soliton is subsonic when

where the second and third terms are assumed small Wgoinmw < m./m at its center, while it is supersonic
compared to the first term; this growth rat e u if Wbor > m./m;in Figure 3cwe have W .r.m-
at a low-frequency wavenumber 7.Sm./mh in the most intense soliton (wer eft corner)

so that we are somewhat into the supersonc regime.
kA. Z (W13,)"' - 0.0041. (10) The collapse observed in this example is facilitated

by small Langmuir wave group speeds. The initial
The two Langmuir decay waves involved in OTSI pump wavenumber is koA. < (m.fm,) 11'; this results
have frequencies wo + w, woa - w*, and wavenumbers in a group speed of the initial wave V, - 3(koA.)v. =
ko ± k. Thus, since k _L ko and Jkl < Ikol, the 0.03v. _ c,, where v. is the electron thermal speed.
Langmuir waves are near ko but form a cone around it. Thus, after the OTSI and decay branches have prown
In our two-dimensional approximation the cone pro- somewhat, the electric field in real space consists of
jects into two wave vectors, displaced above and wave packets having group speeds less than - c,; these
below ko. wave packets can begin an immediate evolution into

We shall not consider in detail the other four-wave collapsing solitons with group speeds less than -c,.
instability, called the stimulated modulational insta- (The simple physical picture of a collapsing soliton is
bility; this instability involves Langmuir wavenumbers valid only for soliton speeds less than c.) For cases
near those for the OTSI and usually has a slightly not considered explicitly here, such as a Type III
smaller growth rate than the OTSI (Bardwel and burst near the Sun's surface (Bardwell and Goldman
Goldman 1976). We conclude from (7) and (9) that, 1976), the wavenumbers in the pump are larger than
for the parameters of this example, the decay and the at I AU, the initial group speeds are much larger than
OTSI have comparable growth rates. the sound speed, and one might expect a more compli-

We proceed to follow numerically the nonlinear cated wave evolution before collapse could occur
evolution of these waves; the results are displayed in (Nicholson and Goldman 1978).
Figures 3a-3e. The Langmuir growth rate at a rela- We have shown that in a time wjI 10 the initially
tively early time, a, = 3.4 x 105, is seen (Fig. 3a) to monochromatic wave evolves nonlinearly to a state of
have local maxima corresponding to the decay insta- collapsing solitons. This time scale is much shorter
bility and the OTSI. The numerical value of the decay than the time scale ojE 10' for which Langmuir
growth rate is within a few percent of that predicted waves are found to remain at high levels at a given
by (7), while the wavenumber of maximum growth spatial location, in both inhomogeneous quasi-linear
for this branch is on the k, axis at a small positive calculations (Magelssen 1976; Magelssen and Smith
value as predicted below (8). The maximum growth 1977) and in observations (Gurnett and Anderson
rate of the OTSI branch is almost exactly that pre- 1976 and 1977) at I AU. Rather than make a detailed
dicted by (9), at a wavenumber with exactly the k, comparison of the numerical results of this section
component predicted below (10) and about two-thirds with observations, let us proceed to consider the effect
the k, component. Given the approximate nature of the finite bandwidth of the initial pump wave;
of the analytic results (7)-(10), and the limited resolu- indeed, we find this effect to have important
tion of our 32 x 32 numerical grid, this level of consequences.
agreement is very satisfactory.

At a later time w,, = 8.3 x 105, the electric fields b) Case B: Broad-Band Pump Wave
corresponding to maximum decay and OTSI growth
rates in wave-vector space have reached substantial While the calculation of the previous subsection
amplitudes; in real space (Fig. 3b) the magnitude of the uses a monochromatic pump as initial condition, in
electric field has evolved from its initially constant practice we know that the stream-excited Langmuir
value to a mottled form, which is partly due to a waves will occupy a region of wavenumber space with
linear superposition of modes, and partly due to the finite extent both parallel to the stream direction and
nonlinear reinforcement of regions of intense electric perpendicular to it. The width of the spectrum parallel
field. At the time a,,j = 1.0 x 10', the intense field to the stream direction can be taken from the in-

* regions of Figure 3b have become a set of collapsing homogeneous, one-dimensional quasi-linear calcula-
solitons (Fig. 3c), with corresponding broadening in tions (Magelssen 1976; Magelssen and Smith 1977);
wave-vector space (Fig. 3d) and density depletions as indicated in Figure 4, this width is Ak. - jko. The

.- (Fig. 3e). At this time, the solitons are only a few width in the perpendicular dimension can be crudely
numerical grid spacings in size, so we must end the estimated from the two-dimensional homogeneous
calculation. Presumably, a numerical calculation with quasi-linear calculations (Magelssen 1976; Appert,
a more detailed grid would show that the solitons Tran, and Vaclavik 1976); for the present case, we
continue their collapse to a size of a few Debye choose a width in perpendicular k-space Mk, - Ak.
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Fzo. 3a.-Langmnufr growth rate versus Langmuir wavenumber for case A at the early time w.1 - 3.4 x 106. The growth rate
exhibits local maxima in the regions marked DECAY and out. The local maximum at negative k. can be considered part Of the DzCAY
branch; other local maxima are transient phenomena. The large dot at the pump wavenumber indicates a local minimum whe
the powthk rate is zero. Note that the contusgv deceptive feeling for the resolution of the numerical grid; the actual grid
spacn isidctdbththmrsa ou th =ore. Numbers on the contours indicate relative growth race, with contour I
indicating 9a.-3.6 x 10' and contour 4 indicating 9/aue 1.5 x 10-8.
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Flo. 3d.-Langmuir wave amplitude in wavenumber space at iwj - 1.0 x 10'. Much broadening hall occurred.

.each sum and difference wavenumber. This behavior

0 0u wparticuar realization of the ensemble; one important
consequence is that soliton collapse begins im-
mediately. The broad-band nature of the pump in
k-space will appear in x-space as a set of wave packets;
these wave packets have a very small group speed,
V, 17 - 3(kok,)v. - 0.03v. - c,. where v. is the electron
thermal speed. A wave packet with a group speed P6,

0oo of order the sound speed c, will very effectively exert a
pondromotive force as described earlier, and soliton
collapse may proceed spontaneously. For Type I o

o parameters closer to the Sun, the beam-excited waves
0 have larger wavenumbers, k0A6 > (M.1m1)11, and thus

group speeds greater than c,. There, we would expect
a somewhat more complicated evolution in wave-
number space before soliton collapse can begin
(Nicholson and Goldman 1977).0 Second, the broad-band pump will tend to reduce
the growth rates of parametrically unstable noise. In
a given situation, this effect acts in the opposite

0 L k
Flo. 3e.-Density perturbation in real space at w.1 Y

1.0 x 10'. Note depressions corresponding to collapsing
solitons of Fig. 3c. Contours indicate relative density variation,
with contour level 0 corresponding to 9/no - 0, contour level I
corresponding to ilno - -4.3 x 10-', and contour level 2
corresponding to f/no - -8.6 x 10-'.

Our initial condition (Fig. 4) is then a set of 15 ko
Langmuir waves; the net average spatial energy density A: •
is W - 10-4 as in the previous case for a mono- kx
chromatic pump. Each of the 15 modes has an initial CJ
phase exp (MG), where 9 is a random number, 0 s< 0 <
2 .

The broad-band nature of this initial condition
introduces two effects not present in the mono-
chromatic case. First, this initial condition would not
maintain itself for all time in the absence of thermal
fluctuations, as would the monochromatic initial

Fro. 4.-Broad-band pump initial condition for the calculacondition; rather, each of the initial k-space modes can tions of cases B and D. All of the 15 modes have equal initialcouple to every other mode to produce disturbances at amplitude, and random initial phase.

1~!
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direction to the effect discussed in the preceding Langmnir wave evolution was permitted. Here we
paragraph, tending to slow the nonlinear evolution perform a different calculation, in which a mono-
of initially small waves (Thomson and Karush 1974). chromatic pump wave is allowed to grow exponentially

With the broad-band initial condition, we follow from noise with a linear Vowth rate characteristic of
the time evolution numerically (Figs. 5a-Se). The the weak beam-plasma instability. A typical linear
initial condition in k-space (Fig. 4) results in a wave growth rate 9t can be crudely inferred from the in-
packet structure in real space (Fig. 5a). A short time homogeneous quasi-linearcalculations; we use quhw. -
later, at w.1 - 5.2 x 10W, the most intense initial wave 10- 1. We expect this growth to proceed until the
packet has propagated to the right (recall the pump becomes large enough to drive parametric
periodicity) and has nonlinearly intensified (Fig. 5b), instabilities having growth rates larger than the
with a concomitant density depression (not shown) pump's linear growth rate. Using (9) to predict the
and spreading in k-space (Fig. 5c). The soliton collapse parametric growth rate, we obtain W > 4 x 10-6 as
continues at wa! - 8.6 x 10 (Figs. 5d, 5e). We end an estimate for the maximum pump energy; after it
the calculation at this time, since electric field energy reaches this amplitude, it will rapidly drive parametric
approaches our boundaries in k-space; presumably, a instabilities and be depleted. We note that the pump's
numerical calculation with a finer x-space grid, cover- linear growth is included in a very natural fashion in
ing larger area in k-space, would show collapse until (4) by allowing the damping rate v. to have an appro-
a size of a few Debye lengths is attained, at which time priate negative value, for the k component of E
strong Landau damping would remove electric field corresponding to the pump mode.
energy from the system and result in a component of The numerical results are as follows (Figs. 6a, 6b):
fast electrons. At the center of the most intense soliton The pump grows linearly until it reaches a substantial
in Figure Se, we have WsoroN = 2.8(m./m,), which amplitude W = 10-'; parametric instabilities are
is slightly supersonic. now growing rapidly. At time a,,! - 7.4 x 10 we

We conclude that soliton collapse removes electro- have reached a nonlinear state with a broad spread of
static energy from this system in a time a,.! < 10' electric field wavenumbers and soliton structure in
which is even faster than for a monochromatic pump electric field and in density. The total electrostaticr and, consequently, is much shorter than the time energy Wm versus time (Fig. 6a) is seen to reach a
&jw '- 106 that intense wave levels are maintained in maximum when t,.! = 8 x 10, and then decreases to
the inhomogeneous quasi-linear calculations (Magels- a value of W,.OT= 10-'. The decrease in energy after
sen 1976; Magelssen and Smith 1977). Therefore, non- w.1 - 8 x 10 is due to a numerical effect allowing
linear wave effects must be an important factor in the energy to disappear when the wave intensities of thetemporal evolution of Type III Langmuir waves near modes indicated in Figure 2 are set to zero. Thus, the
I AU. A complete treatment of Langmuir waves in calculation is not quantitatively accurate after t,! =
Type III bursts would need to include these nonlinear 8 x 10'. However, we expect that the same calculation
wave effects in addition to the inhomogeneous quasi- with Landau damping and a much larger k-space grid
linear effects which we do not treat in this paper. We would yield similar qualitative results after w, =
shall discuss this point further in § IV. 8 x 106. The pump electrostatic energy Wp is seen

We have repeated this calculation with a computer (Fig. 6b) to reach a value W, - 2 x 10-' at ,.! -
code utilizing a grid of 64 x 64 points in both x-space 8 x 10e and then to deplete to less than W, - 10- 5.
and k-space. The k-space grid covers the same region The saturation of the total energy WTOT can be
of k-space as in the 32 x 32 case, while the x-space thought of as follows: The only mechanism for energy
grid covers a region 4 times larger. The initial condition input into the system is through the linear growth of
then has a k-space extent as shown in Figure 4 for the the pump energy W , so the total energy W~m can
32 x 32 case, but uses 45 modes instead of 15, each increase:
with an initially random phase. The results of this dW .W dW(
calculation are very similar to those for the 32 x 32 W11..()
case. This agreement gives confidence that none of the dt dt
results of this paper are overly sensitive to the number When parametric instabilities have acted to deplete
of grid points. W to very tiny values, the right-hand side of (11)

Let us proceed in the next two subsections to con- becomes very small, and WT= stops growing. In a
sider the effect of a pump wave growing exponentially more complete calculation including Landau damping,
due to the weak beam-plasma instability, for both the WTw will then decrease, in qualitative agreement with
monochromatic pump model and the broad-band the numerical behavior shown in Figure 6a.
pump model. Rather than discuss these results in detail, let us

proceed to an even more realistic calculation, namely,
c) Case C: Growing Monochromatic that of a broad-band pump wave with linear growth

Pump Wave rate.
The calculations of the two preceding subsections d) Case D: Linearly Growing Broad-Band

• ,used initial values of Langmuir wave energy densities Pump
and wavenumbers characteristic of inhomogeneous We expect Type III Langmuir waves to grow linearly
quasi-linear calculations, although no beam-unstable from a low level and to have a finite bandwidth. Here

1*,
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Fo. Sa.-Initial electric field amplitude in real space for Fio. 5b.-Electric field in real space at &*.1 5.2 x 104,

case B. Note the presence of localized wave packets. Contours for case B. The localized wave packets are more intense than
indicate relative absolute value of electric field, with contour I in Fig. 5a, with contour definitions the same in each figure.
indicating W = 2.9 x 10" and contour 3 indicating W =
2.6 x 10-4.
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Fio. 5d.-Electric field amplitude in real space at wi - 8.6 x 104, for case B. Contours indicate relative absolute value of
electric field, with contour I indicating W - 1.2 x 10- 'and contour 3 indicating W m 1.0 x 10-3, for case B.

Fio. 5e.-Electric field amplitude in wavenumber space at J ,= 8.6 x 10', for case B.

we treat this situation numerically. A group of waves, of about WT. = 10-. After the time w. - 5.0 x 10
the same group as in the large-amplitude broad-band when the electrostatic energy saturates, the calculation
case, case B, is allowed to grow exponentially from an becomes somewhat inaccurate for the same reasons
initially low level with the same linear growth rate discussed in case C; nevertheless, we expect that a
,/w. - 10- 6 as in case C for the growing mono- more accurate calculation would show the same general
chromatic pump wave. The initial phases are random. behavior and approximately the same saturation
At a relatively early time, the group of waves in k-space amplitude. Each of the original pump modes is
has a wave packet structure in x-space which is entirely greatly depleted at late time, even though each retains
due to linear superposition. At a later time ,oj = its linear growth term for all time.
4.9 x 10e , the wave packets have begun a nonlinear We regard the present calculation as perhaps the
collapse, resulting in a wider spectrum in k-space and most realistic of the four cases. We note that the
at least one collapsing soliton in x-space. The total saturated electrostatic energy W,, 10-

4 is about
electrostatic energy WTOT (Fig. 7) reaches a maximum the same value found in the inhomogeneous quasi-

4
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Fla. 6a.-Tota high-frequenc electrostatic energy versus I-
time for case C. The results are not quantitatively accurate ,.
after 0,t - 8 x 10.1

1Ro. 7-Total electrostatic energy versu tim for can D.
linear calculations (Magelssen 1976; Magelssen and The results are not quantitatively accurate after the f&an
Smith 1977). However, the spread in k-space is much maximum, at w.1 - 5 x 100.
larger for the present calculation than in the inhomo-

fgeneos quasi-linear calculations. The importance of meit would include, in at lent two spatial dimensions,
this spread in k-space is emphasized by the result of both the nonlinear wave effects considered here and

*case B, where an initial condition consisting of the the inhomogeneous quasi-linear effects considered
same total energy as found here, but with the narrow elsewhere.
k-space extent characteristic of the inhomogeneos I.MGE7 IL FETquasi-linear calculation, is found to be immediately I.MGEI IL FET
unstable to soliton collapse. We conclude that non- This work has neglected the effects of the back-
linear wave effects are indeed important for a corn- ground magnetic field, as did previous two-dimen-
plete description of Type III Langinuir waves near sional work (Heyvaerts and de Genouillac 1974;
1 AU. This is not to discount the importance of in- BardweUl and Goldman 1976). Here we justify this
homogeneous quasi-linear effects; a complete treat- neglect by showing that known (fluid) magnetic field

effects are of only marginal importance and would
" not be expected to qualitatively affect the results ofit -3 ............ .... .................. ........ .. § III.
9I, The magnetic field near I AU can be estimated to
- -* be of the order of B - 2 x 10-4 pauss, and forSpurposes of this discussion has a direction along the

t-Type III stream direction. This results in an orderingZ -5
-of frequencies 4 << Q. ig w, << w. with Q. - 0.01

z,. ,,,,where Q, a JeB/m.,cl is the (electron, ion)
6 -g yrofrequency and c is the speed of light. The ratio

ee " of magnetic field energy density to background
Zw-, thermal electron energy density is substantial, B21
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where 0 is the angle between the Langmuir wave side of (2) can be represented by the dispersion
vector and the background magnetic field. relation

For wavenumbers of order the pump wavenumber t2,C.
k A - 0.01, the magnetic term is only one-third the - k I - k-1) - 0. (13)
dispersive term even for waves traveling perpendicular (1 - k'/k,)(f./ea3 - 1)
to the magnetic field; for more typical waves at 0 < (For heuristic purposes, we ignore here the strong ion
450, the ratio is less than 1/6. The magnetic field term (For dami ur the tro imn
can be included in the dispersion relation (6), where it Landau damping.) For the wavenumber of maxinum
appears in the two denominators on the right. Con- OTSI growth, we have ka - 0 and the dispersion
sider now the two branches OTSI and decay (see Fig. relation is pasm kco + h corresponding to theSa).FortheOTS weforerlyobtine th grwth Usual cold plasma lower hybrid resonance together
5a). For the lSI we formerly obtained the growth with a thermal effect. At this wavenumber (eq. [1OD,irate (9). In the limit when the two small terms in the the magnetic term is about 5 times the dispersivemiddle of (9) can be ignored, we find for the present term, showing that when (13) is substituted into thecase (with the magnetic field included) exactly the left-d side of the dispersion relation (6), the
same growth rate (9). However, the low-frequency magnetic term will indeed contribute and may change
wavenumber of maximum growth rate is shifted the growth rate obtained from this dispersion relation.
toward smaller values; in the present case, this shift is If we now perform the mental exercise of holding ok
13% of its unmagnetized value. Thus, the OTSI fixed while letting k m increase, we see that at a mll

branch is affected only slightly by the magnetic
modifications of the high-frequency waves. For the value of (k/k) - (mfm)112, the denominator in (13)
decay branch, the maximum growth rate occurs on can vanish, causing w2 to be very much changed over
the k. axis, where 9 - 0, so that it will be unaffected the unmagnetized case. However, in the presence of
by the magnetic field. For wavenumbers in the decay instability, w in (13) will be complex, and this effect
branch with a k, component, the magnetic term can be will be smeared out. For larger values of (kk,), one
comparable to the dispersive term and thus would term in the denominator of (13) dominates, and we
have the effect of somewhat distorting the contours of have
constant growth, while leaving the maximum growth 2 - kIc,2 - 2 0, (14)
rate (where k, = 0) unaffected. We conclude that both -0

the decay and the OTSI branches (and by implication
the stimulated modulational instability branch) are from which we see that the magnetic term is negligible
substantially unaffected (in this example) by the for k/k > (m./m)". We conclude that the magnetic
magnetic modifications on the high-frequency field has an important effect on the low-frequency
waves, waves, only for waves traveling almost perpendicular

Consider now the magnetic effects on the low- to the magnetic field. The net effect should again be a
frequency electrostatic waves. For the decay branch shifting of the growth rate contours in Figure 3a, with
(see Fig. 3a), we need low-frequency waves with some reduction in the maximum growth rate obtained
k - ko, and predominantly in the ko direction. For for low-frequency wavenumbers directly across the
the present parameters, this yields kp ,- 1 and magnetic field, and practically no change for most of
kpi - 2000 (p. and p, are typical electron and ion the region labeled OTSI in Figure 3a, together with its
gyroradii), while the frequencies of interest are in neighboring stimulated modulational instability
the range Qj < Iwel << L2, where we use the growth region.
rate (7) to estimate Iwi. Thus, the ions can be taken to Combining our conclusions on high-frequency and
be unmagnetized, while the electrons are magnetized low-frequency effects, we have shown that while there
across the magnetic field. However, since k is along may be a distortion of the growth rate contours shown
ko for the decay branch, and there is no inhibition of in Figure 3a, the overall linear growth rate picture is
electron motion parallel to k0, we expect only very not substantially changed by the inclusion of magnetic
minor magnetic field effects on this branch. field effects for the parameters appropriate to Type III

For the OTSI branch, we are interested in waves bursts at I AU.
with low-frequency wavenumbers predominantly across Given that the linear growth proceeds substantially
the magnetic field, with wavenumbers as given by (10) as found in § III, we may ask how the magnetic field
yielding kp, = 0.4 and kpi - 800; estimating jwi will affect the completely nonlinear phenomenon of
from (9), we have again i < Icl << Q,. Thus, the soliton collapse. Referring to Figures 2 and 3b, we
ions are unmagnetized while the electrons are mag- see that solitons are initially formed with size
netized. While a value kp, - 0.4 demands a kinetic - 1000A. - 10p.. We may arbitrarily say that soliton

* treatment of the waves involved, we can make some collapse has obtained a good start when the density
progress with a fluid approach. Since we are trying to perturbation has reached fl/no " m./m (this is also
generalize the ion acoustic quasi-mode represented by the criterion for the onset of "supersonic" collapse).
the left-hand side of (2), we look for quasi-neutral To dig a density hole of this magnitude in the stated
electrostatic waves. Using the electron and ion region of size 10p, requires (in two dimensions)
continuity equations, the unmagnetized ion force that a typical electron move a distance lOp,(fl/no) -
equation, and the magnetized electron force equation, 0.01p.. Each electron must therefore move only a
we find that the magnetized analog to the left-hand small fraction of a gyroradius in order that soliton

1!.
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collapse be vigorously in progress, and thus the this mystery; since the solar wind parameters vary by
magnetic field should have only a small inhibitive at most one order of magnitude from J AU to 1 AU,
effect on soliton collapse. At almost all spatial points we would expect our numerical model to yield results
of the initial wave packet, the ponderomotive force somewhat similar to those of the present paper for
has a component along the magnetic field as well as a parameters characteristic of I AU.
component across the magnetic field. The component The results of our model provide a nice explanation
along the magnetic field can easily move electrons for the observed (Gurnett and Anderson 1976, 1977)
away from the soliton, thus allowing the soliton values of second harmonic electromagn emission
collapse to proceed rapidly. Since the time scale for during Type I bursts This emission, at frequency
collapse is the fastest time scale in the overall wave & % 2w,, satisfies (Smith 1977) the dispersion relation
evolution, any small changes in the time scale due to for an electromagnetic wave in a plasma as - w,. +
the magnetic field will not affect the overall scenario. ()sc, where P is the wavenumber of the electro-
These comments also apply to Case B of § III, where magnetic wave. For the parameters of this paper we
we found direct soliton collapse due to the wave find kmA. - 0.011. We further require the equality
packet structure of the initial conditions. k m - ki + k2, where ki and k2 are Langmuir wave

In conclusion, we have shown that the simplest vectors, and we require k, x k2 ' 0 and k1 ks ' 0.
electrostatic corrections (due to the magnetic field) The wavenumber distribution in case D is ideal for
to our electrostatic wave equations produce only satisfying these requirements: we have much wave
marginal effects on the wave interactions considered energy at wavenumbers 0 < Iki < JkAJ. - Ik0l, and
in § III, and they are not expected to qualitatively the spread in wavenumbers in both dimensions is
change the results of that section. This conclusion substantial. A detailed, approximate calculation of the
agrees with those of Kuznetsov (1974) and Zakharov second harmonic generation from a plasma wave
(1975), who included electromagnetic effects in the distribution similar to ours has been performed by
same parameter regime. These electromagnetic effects, Smith (1977), whose distribution of waves results from
as well as effects involving low-frequency kinetic an inhomogeneous quasi-linear calculation plus an
Alfvdn waves, electromagnetic whistler waves, etc., assumed broadening in k-space due to induced scatter-
should eventually be considered in the present context. ing. He finds that the levels of second harmonic
Such a complete catalog of all possible effects con- emission observed by Gurnett and Anderson (1976
sistent with Maxwell's equations would be very and 1977) are easily explainable, and in fact are over-
interesting and should properly be done with a kinetic estimated. This approximate result can also be taken
approach for the particles, but is far beyond the scope to apply to our own distribution of waves in case D,
of the present paper. At present, there is no evidence where the broad distribution of waves in k-space is an
that such effects would qualitatively affect the results immediate consequence of the completely nonlinear
of this paper. wave treatment.

The present treatment has ignored the possible
V. DISCUSSION AND CONCLUSION effects of small magnetic fields, background density

fluctuations, and damping of Langmuir waves due to
We conclude that nonlinear effects including soliton non-Maxwellian background electron distribution

collapse are important in the evolution of Type III functions.
Langmuir waves; these effects (even in the absence of We have shown that nonlinear effects including
inhomogeneous quasi-linear effects) can explain the soliton collapse are an important factor in the be-
experimentally observed saturation of wave in- havior of Type III Langmuir waves. We have not
tensities at low levels, included inhomogeneous quasi-linear effects. The one-

Gurnett and Anderson (1976 and 1977) have ob- dimensional inhomogeneous quasi-linear calculations,
served intense levels of plasma waves at I AU in in the absence of nonlinear effects, lead to wave in-
conjunction with Type III solar radio bursts. Their tensities comparable to those found here in cases C L
most intense burst'consisted of a series of spikes, the and D, but with a much narrower k-space extent;
largest of which had a plasma wave energy level hence they are unstable to nonlinear effects as shown
W - 10-', existing in a large spatial volume which here in cases A and B. A completely realistic calcula-
can be inferred (Smith 1977) to be of size - 106A,. tion must include both nonlinear effects and in-
Thus, this spike should be thought of as a large spatial homogeneous quasi-linear effects, in at least two
region of Langmuir waves which may be stable to dimensions for both electrons and waves.
nonlinear effects. This observed wave energy level is
less than one order of magnitude lower than found by
us in our most realistic model, case D. Given the This work has greatly benefited from the advice of
specialization of our model, these two values may be D. F. Smith on the physics of solar bursts, and of F.
considered to show a certain amount of agreement. Tappert on numerical methods. We thank R. Aamodt,

Earlier measurements (Gurnett and Frank 1975) D. DuBois, G. Dulk, A. Kaufman, R. Lin, G.
near I AU found an almost complete absence of Magelssen, D. Melrose, K. Papadopoulos, N. Pereira,
plasma waves during Type III bursts, with levels A. Riddle, S. Smerd, R. Smith, and G. Tarnstrom for
W < 10-' even while the Type III electrons them- useful discussions. Part of this work was performed
selves were present. Our model does not help to resolve while two of us (M. G. and D. N.) were the guests of

.b.'
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the Aspen Institute for Physics and Astrophysics; their computer tim used in this research. This work was
hospitality is appreciated. Part of this work was done spotdby the Atmos~bmri Research Section,
while one of us (P. H.) was on leave at the High NationlSciencie Foundation, ATM 76-14275. The
Altitude Observatory of the National Center for work of one of us (M. 0.) was also supported by the
Atmospheric Research. Acknowledgment is mae to Air Force Offce of Scientific Research contract
the National Center for Atmospheric Research, which F49620-76.C4MOO. We aprcaethe helijiM comn-
is sponsored by the National Scienc Foundation, for meats of an anonymous referee.
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Virial Theory of Direct Lansmuir Collapse

Martin V. Goldman and Dwight R. Nicholson
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(Received 18 April 1978)

A general virlal theorem is proved without any assumption of special symmetries and
used to calculate the threshold and time for direct collapse of a two-dimensional Lang-
muir wave packet. The analysis is shown to apply to" bump-on-tail" 1instabilities, when

I. - the "bump" is broad, low, and at high velocity. The example of the type-Ill solar radio-
burst problem is treated both numerically and analytically.

A large-amplitude wave packet of Langmulr vector, and spread in wave numbers.
waves in a homogeneous nonmagnetic plasma is Often, the wave packet drives secondary Lang-
capable of a wide variety of distinct nonlinear muir wave instabilities such as induced scatter-
evolutions, depending on its mean energy, wave ing off ions and modulatlonal instabilities.'
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Those secondary instabilities are driven by the broad, low, and at high velocity. An important
ponderomotive force - V(I? "8, + 0 " 8,'), where example is furnished in connction with type-rn

is the envelope field of the primary packet, solar radio bursts.'2

and , that of the small (noise) perturbation. The Consider the cubic nonlinear Schrddinger equa-
perturbation 8, grows as e Y& , where , 4 /, 1W 0 tion for the envelope, o, of a Langmulr wave Ir
cWa(812 )/4mn0. ALter many e foldings, a now -Re[ Iexp(- Vi t)]:

field configuration S results, and in regions of
space where the ponderomotive force -VIi s E,8 jv(V'8)+ I5leS.0. (1)
large, a process of Langmuir collapse may oc- This equation assumes adiabatic ions1 and ignores
cur in which the localization region shrinks to di- a c2VxVXS term' s associated with coupling to
mensions of several Debye lengths. We shall re- nonelectrostatic field polarizations see Eqs. (11)

* fer to this scenario as indirect collapse. Indirect and (12)]. Time is measured in units of inverse
- collapse is always preceded by the exponentiation plasma frequency, w, ", and length in units of

of background noise. There are numerous exam- v'times the Debye length, V% 0,, and I1 I has
pies in the plasma physics literature of indirect the units of 32va( 9+ e), where 0, and 0, are the
collapse after modulational instabilitys '7 and af- electron and ion temperatures.
ter backscattering from ions. ' 9 From the gauge and translational invariance of

A distinct competing process is direct collapse.7  the Lagrangfan density' 4. ' associated with Eq. (1),
This cannot be described as a linear instability, a number of continuity equations and associated
The time, r, for direct collapse is often much conservation laws follow. For our purposes, the
faster than )'%", and is proportional to -. '-, rath- important ones are
er than W [see Eq. (10b) ]. Direct collapse is 8 1 S I + V. ;0 (2a)
driven by the ponderomotive force, - v 1j1 12, as-
sociated with the primary wave packet, rather 8, + V-T= o. (2b)
than with the noise-interference terms. Here, iis the current density, and i is e mo-

Direct collapse is often confused with the linear mentum density of the field. For Eq. (1), they
modulational instability, first predicted by Vede-
nov and Rudakov.1 One reason for this confusion are both equal:
seems to be that both thresholds are proportional =-[ (3)
to the square of the Fourier-space spectral width, 2i

Ak, of the primary field S0. However, the proc- The stress tensor T is given by's

esses are generally distinguishable by their dif- T 4j=e[(V)v, 8, *]
ferent time scales. Direct collapse is usually - I,[ 8 1 4 V.(Re8'V.S)]. (4)
faster, except when W is orders of magnitude

above threshold. The situation is familiar from For localized fields, Eqs. (2a) and (2b) may be
nonlinear optics. Here, self-focusing, or "non- integrated to give the two conserved quantities
linear lensing," of a coherent laser beam is an IV a 1drI 812 and To dr i In addition, the field
example of direct collapse.' 0 A competing modu- energy, X, is conserved:
lational instability may cause the beam to break ".
up into filaments,' 0 "' which then proceed to self- 3 I fdrIIV..I S 14 (5)

focus separately (indirect collapse). When W is In order to discuss particlelike behavior of a
only a few times threshold this 'filamentation" wave packet, it is useful to introduce the spatial
instability does not operate, and only self-focus- average of any function f(r), using 181 2 IN/ as a
ing of the primary beam occurs.'0 In this Letter probability weighting factor: ( * fdr/r)Sj 1/N.
we are concerned with the Langmuir wave analog Thus, we define for a wave packet its centroid
of this direct process. coordinate (r), its rms spatial width (8$) 1.1

After proving a general virial theorem which [where 8 n IFr- (r ,12, and its mean intensity
a makes no assumption of special symmetry (as in (1&12) . From (2a) we then obtain the Ehrenfest

the spherically-symmetric virial theorem of theorem, a, (r = T/N - const. From Eqs. (2a) and
Zakharov'). but does assume a certain ordering (2b) and the fact that i= , it is trivial to prove
of wave-packet parameters, we calculate analyti- the following virial theorem:

A cally the threshold and time for direct collapse.
We show that direct collapse can occur for bump- 2-,8r=2F, (d T/- . (6)
on-tail instabilities, when the bump is fairly N
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Using Zqs. (4) and (5) and integrating twice in at time I-0, since we begin with the pure elec-

time, this yields trostatic field given by Eq. (9). However, even

k89, =At'+ lt* C with a pure electrostatic field, 16(22 will have
= 1 0 a transverse component, which alcts as a source

(2-D) Il'f.' dt-(j8I 2) (7) for Vx Vx . An approximate condition for the

Here, D is the number of spatial dimensions, B validity of the electrostatic approximation is

and C are integration constants, and A is the fol- Aft 4cko, (12)

lowing invariant: which is the electrostatic approximation. In the

A S- /N -9rl/0. (8) late stages of collapse, both the adiabatic and

Since (80) and ([S18) art positive definite, it electrostatic approximations usually break down.

follows that collapse of (60) to zero occurs inOne condition for the adiabatic ion approxima-
f o l o w s t h t c l t p f 6 ) t o z e r o c u r i t i o n ( 1 1 ) i s t h a t k 0 , k D  < ( m / M ) iJ " .  F o r a b e a m

a finite time whenever A <0 and D ; 2. The field ti(ith k, hdmied Fo beam
8 must then become singular,' 7 since N is con- ins

the ratio of electron thermal to beam speed.
served. Physically, however, the collapse will the a diabtion condto be

stopwhe (W11m s a ew ebyelenthsbe- Hence, the adiabatic ion condition can only be
csto whendaudapisnaewhichy lnhas, beom- satisfied for very high-velocity beams, moving

cause of Landau damping, which has been omit through relatively cold plasmas. A good example

ted from Eq. (1). is provided by the electron beams in the solar
Let us now apply the virlal theorem to study the crnwihaeascae ihtp-l oa

corona, which are associated with type-II solar
stability of an initial wave packet in two dimen- radio bursts. 12.19 Here v, can be as large as c, 2,
sions. We assume that initially and ko/kD can be on the order of 10"2. The half-

(r, t - 0) -ioV exp[ 9. -F9 (Ah)z], (9) width, Ak, is controlled by the beam width, A'b,
(sv,/3), and can be of order kovV,/6 v,. Using

where ines a constant amplitude, related to the this, the threshold value of Wa I 12') /4rnt for
mean intensity by (IS 12),, - jh0

2 '. Assuming Ak direct collapse is found from Eq. (10a) to be 10- s

<r- k., for this wave packet we find B - 0, C - (at% assuming ak = ko/18. Values of W this high have
a(a) " , and A •4( - (I SI)o. The thresh- been measured at about 0.5 a.u. by spacecraft2O
old and time for direct collapse are therefore during type-In bursts. All of the inequalities of
given (in physical units) by (11) and (12) can be satisfied initially for these

A'1h 48(.1k)2 (10) parameters, and one could expect all but the

2rn(to,. ,) k D' ( final stages of the time history of direct collapse

1 I k. 8 i ,' .- to be properly described by our virial theory,

- fi2 D 2irn( , . (10b) provided one can ignore the continuous input of
energy into the beam modes by the beam, and

Note that the threshold and collapse time are in- provided secondary instabilities driven by the

dependent of k. 2. An approximate calculation in beam mode are slower than collapse. We have

three dimensions shows that these values are not studied such effects" by numerical solutions12

greatly changed.' of a more general set of equations than (1).
In order to justify the adiabatic ion approxima- In the numerical work," dynamic ions are intro-

tion which underlies Eq. (1), we must verify that duced through the use of a hydrodynamic equa-

the inertial term in the ion hydrodynamic equa- tion for the ion density. Heavy linear damping

tion is much smaller than the pressure term. of the ion-acoustic (quasi-) modes is included.

Since the ion density in this approximation is In addition, in the equation for the envelope field,

proportional to 812. and the inertial term to 9, constant (quasilinear theory) growth rate for

8,21812= .V:T, the comparison is easily made for the beam modes is retained. In this work the

* the assumed initial wave packet. We find' real and envelope fields are related by E = 2 Re[s
kI ;8, Of xexp(-iw./)1, leading to a definition of t1 which

2 0 3 -) - (11) is one-quarter that of the present Letter.
02' 32 .x(v, - to,) ' 'These equations were solved numerically,

which is the adiabatic ion approximation, starting with initial white noise. The beam modes

In order to justify the electrostatic approxima- were observed to grow slowly, until they rose

tion, it is necessary"I to have nica V A 7 x 4 about a factor of 3 above the threshold for direct

oc 30,; r'" .Ai. This is automatically satisfied collapse, to a value lIt Si2 4,7p t = 4 X 1O". At

40t
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this point a very rapid direct collapse sets in. L

The beam modes have no time to grow during 7,
this collapse, and, in fact, these waves are quick-
ly depleted, as energy flows to regions of k space - -
out of phase with the beam. Effectively, the MAX
plasma decouples from the beam; further growth Y - 7
Of the beam modes becomes irrelevant, and the_
system evolves like an initial-value problem. In - - -.

fact, a numerical solution with no beam, but k MAX k 0
with an initial random wave packet having W = 4 y

-k MAX 0 k MAJX 0 L x

x 10-4 and Ak=k/6, gives the identical subse- x () ()
quent evolution, which is illustrated in Fig. 1. kMAX L_________ L
The time for collapse obtained numerically is [.
about 9 x 104, -, compared with the prediction 0 .- ---

of Eq. (10b), which is 7 xX104w.-'" AX
The quasilinear growth rate of the beam modes, -k . ,

yfs=(n,/3n.)(vb/&v)2w., can be ignored during -kMAX 0 kMAX

collapse if vat< 1. Quasilinear beam-plateau X )X

formation cannot occur if the resonant modes
never acquire an energy density comparable to
that of the beam, or, equivalently, if W c 4(n / 0 L
nf)(v 1 v),A The energy density, W, in these (d)
two inequalities is effectively set by the collapse FIG. 1. Evolution of a set of waves, as found humer-
threshold to be several times 48(ak)', where a k icaly by solving a set of equations with ion hydrody-
is determined by the beam width, AV,. We thus namis Included, but reducing to (1) in the present
arrive at the following necessary ordering of parameter regime (see Ref. 9). The initial spatially
beam parameters for the virial theory of direct averaged electric field energy density is W - 081/
collapse: 9( ./t',)a(o/u/d) 4 <<r/a. t (Av/v) 4  4mn6*= 4x i0 " . The central wave number is k ,
X (V,/IV 1)2

. 
For the type-II burst problem, nVn, = 0.011, while the full width in either wave-number

direction of the initial spectrum is k0/3. Numerically,
a 10-6, and these inequalities are well satisfied, the initial wave-number distribution consists of nine

It is also necessary that the collapse time, t,, modes, each with a random phase. (a) Initial electric
be short compared to the time for several e fold- field amplitude in wave-number space. (b) Initial elec-
ings of the secondary-wave instabilities driven tie field amplitude In real space. Contours indicate kj
by the beam modes, if the collapse is to be direct, relative absolute value of electric field, with contour I
rather than indirect. Typical of the competing indicating W - 1.2 x 1 and contour 3 indiati

S(forw=ard) W . (c) Electric field amplitude in wave-numbersecondary instabilities are induced (space at time 9 x 10' .- '. (d) Electric field amplitude
scattering off ions and the forward-cone modula- in real space at time 9 x 10 4 w#- '. Contours indicate
tional instability.' 1 The main parameter which relative absolute value of electric field, with contour
determines whether collapse is faster than sec- 1 indicating W = 4.8 x 10" 4 and contour 3 indicating
ondary instability is Ak, the width of the beam- W- 4x 10"'.

mode wave packet. The collapse time t, decreas-
es with Ak, while the secondary instabilities take
longer to develop as Ak increases. This is be- F. Tappert, and A. Wong. One of us (M.V.G.)
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We wish to acknowledge important conversa- tion, National Science Foundation, Grant No.
tions with G. Reiter, W. Manheimer, D. F. Du- ATM 76-14275. The work of one of us (M.V.G.)
Bois, R. Perkins, C. Bardos, U. Firsch, was also supported by the U. S. Air Force Office
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Cascade and collapse of Langmuir waves in two dimensions
Dwight R. Nicholson and Martin V. Goldman
Dspormt of AstroGpm Unzverit of Co Bouder. Corado 0309
(Rceived 23 Novembe 1977)

The temporal evolston of intenee Lmgmuw waves in an unmgnetized plama of two spatial dimnsionsi
studied numercally. When the inequality W> (kk,) is satisfied, the evolution quickly Is to a state of
collapsing solitons. Hem W as the rato of elftic &e energy density to the paricle kineti energy
duasity, k is a typical Laguuir wavenumber, and i the electron Debye lenth.

I. INTRODUCTION tion of initially intense Langmuir waves, in time and in
two spatial dimensions, in the regime kX* (mlm,) ;

Intense Langmuir waves are frequently encountered this regime is complementary to that of Nicholson
in plasma physics, notably in cases where an external et al. 1 6 We find that collapse occurs very quickly when
energy source such as an electron beam, laser, or the inequality W > (kX,)3 is satisfied, where W is the
coherent radio wave impinges on a plasma. In 1972, ratio of initial electric field energy density to background
Zakharov introduced a model set of fluid equations, particle kinetic energy density. In applying this in-
the coupled nonlinear Schridinger equation, to describe equality, we find that it is not necessary to distinguish
these intense waves. This equation includes the physics between the central w~venumber k0 and the spread of
of linear Langmuir waves and ion acoustic waves, as wavenufhbers Ak about the central wavenumber. The
well as the effect of the ponderomotive force, which reason for this is that in most cases, the initial wave
acts most strongly on electrons, conveying its effects evolution is a parametric decay instability leading to
to ions via the requirement of quasi-neutrality. Under wave growth at Langmuir wavenumbers near - i.
suitable conditions, the equation includes the phenomena Thus, the effective spread in wavenumbers quickly be-
of linear parametric instabilities such as the parametric comes of the same order as the initial wavenumber.

. decay instability, oscillating two-stream instability, This behavior, in the regime kX, > (mn./md)" 2 , is in
stimulated modulational instability, and a fluid analogue direct contrast to the behavior in the complementary
to the weak turbulence process of induced scattering by regime kX. < (m*/m,) / 1 considered in our earlier nu-
ions. Further, the equation describes the completely merical work' and in our analytic work."' There, the
nonlinear phenomenon of soliton collapse, which in two inequality W > (4x,)2 must always be applied to the
and three dimensions can proceed catastrophically when spread of wavenumbers about the central wavenumber.
damping is ignored, mathematically resulting in a sin- We shall discuss the reasons for this difference in Sec.
gularity and physically proceeding to an intensity so IV.
large that the validity of the equation ceases. We note that the criterion W > (kd,) is also the cri-

The two- and three-dimensional soliton collapse has terion used in earlier work''8,1 9 as a necessary condi-
been extensively studied, analytically and numerically, tion for the modulationai instability of a set of Lang-
in situations where it is isolated from other physical muir waves having a spread of wavenumbers k about
processes. '- There has been less work involving the the origin of wavenumber space [see Ref. 1, Eq. (2. 11),
evolution of an initially more or less uniform system valid in the present regime k, >(m./n)z1. Up until
toward a state of collapsing solitons. Pereira et a ., now, the connection between this linear modulational
have numerically studied the case where an external instability and soliton collapse has been speculative.
uniform (dipole) driver acts on an initially uniform In this paper, we demonstrate that soliton collapse in-
plasma; parametric instabilities, initiated by noise, deed occurs when this inequality W > (kx,) is satisfied.
grow until they saturate via a Landau damped soliton The numerical results indicate that it may be somewhat
collapse. In a many-particle computer simulation, naive to think in terms of linearized modulational in-
Polyudov and Sigov" studied similar phenomena; their stabilities. rather, we find direct collapse of localized
simulation can be presumed to have much the same packets of waves moving at speeds less than the sound
physical content as Zakharov's model equations. speed. This point will be discussed further in Sec. [V.
Nicholson et al. 'a numerically study the temporal evo- When the inequality is not satisfied, we recover the
lution of an initially intense Langmuir wave, there being multiple scattering toward smaller wavenumbers pre-
no external source of energy. Working in the regime dicted by weak turbulence theory. 30

0. < (m./m,)' [where k is the Langmuir wavenumber, In Sec. II we discuss our numerical studies which
7t, is the electron Debye length, and n.(m1 ) is the elec- lead to the conclusions of the preceding paragraph;
tron (ion) massi. they find an evolution toward soliton these studies are performed with a model low frequency
collapse under various circumstances, and they apply damping characteristic of an equal temperature plasma.
their results to a particular case of electron beam plas- The section concludes with a discussion of the possible
ma interaction, the type [M solar radio burst, modification of these results when the electron temper-

In the present paper, we numerically study the evolu- ature r, is much greater than the ion temperature T,.
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Section fl discusses the effect on the results of Sec. 17 band cases. Equations (4) and (5) are solved numerical-
of a finite wavenumber spread for the initial Langmuir ly; as described earlier, 16 the technique is almost iden-
wave. Conclusions are given in Sec. IV. tical to that used by Pereira et al. 14 All operations are

performed in wavenumber space, with physical space
II. NUMERICAL STUDIES WITH MONOCHROMATIC being used only to evaluate the nonlinear terms in (4)
INITIAL CONDITION and (5). We use either a 32 by 32 point grid, or a 64 by

The derivation of Zakharov's model equations proceeds 64 point grid, in both real space and wavenumber space.

from the plasma fluid equations, with five assumptions: As representative parameters, we choose ok, = 0. 1,
high and low frequency time scales are well separated, where k0 is the wavenumber of the initially intense
low frequency motions are quasi-neutral, high frequency Langmuir wave, and m,/m. = 1836; we thus have k0 X.
wave energy is much less than particle kinetic energy, > (m/m) 1Is , which is opposite to that used in earlier
low frequency ion speeds are much less than high fre- work. 1 As a model of a plasma with equal electron
quency electron speeds multiplied by (m./rm) 1 /2 , and and ion temperatures, we choose 71 =2, and use a rather
all wave motions are curl free. We then have large low frequency damping rate equal to the acoustic

3T ) 2wfrequency: P, (k) = 2kc5 , or v,(k) = 2k; the validity of this
St,(), model expression has been discussed by Bardwell and\ , n. mW. Goldman. Z1 Now, the initially intense Langmuir wave

t =0 Is itself capable of acting as a pump for parametric in-
stbbilities which grow from noise; this noise is part of

8~ + F4 mI - clV2);(t, F l 1 , ( the numerical initial condition. We do not attempt to
ff (2) numerically include spontaneous emission. The disper-

where E9(k, t) is the low frequency envelope of the total sion relation from which one obtains the parametric
growth rates is easily obtained from (4) and (5), and ishigh frequency electric field t(t, F) exp(-i w.1) plus given by16

complex conjugate; A(t, t) is the variation of the ion
density from its average value no; w. is the background - w2 - 2ikw + k2
electron plasma frequency, w. = (4noe2/m.)"/; e is the [ M
magnitude of the electronic charge; P, is the low fre- =-k2 rE1- (6)
quency phenomenological damping rate; the sound speed " k z - 2 k w + k -- 2ko.k)

r. , c5 N[(yT +y.Te)/m it 12 , where i.(v) Is the electron where g! a=(k0 ",) 2 , w and k are the frequency and wave-
(ion) specific heat ratio characteristic of low frequency number of the low frequency response, k is a unit vec-
oscillations; T.(T,) is the electron (ion) temperature; tor in the k direction, E0 is the amplitude of the initial
and i = (i, 9) and t represent dimensional space and time, Langmuir wave, and K.-ki:ko.
while V is the dimensional gradient operator. A tilde
always indicates a dimensional variable. We introduce As discussed earlierI in detail, the dispersion rela-
the dimensionless variables tion (6) yields three main regions of instability: the

decay branch, with Langmuir wavenumbers kL -ko;
t = (2)/- 1 _(x, y) = o (ms ( the oscillating two-stream instability branch, with,-I 3 M, Langmuir wavenumbers kL -ko, but shifted up and down

(3m, \ (&i E=I .m 1 \f 3 ,~ in the direction perpendicular to ko; and the stimulated
n= 13i Z=17n)'16 3 V/2., modulational instability branch, with wavenumbers and
4, U) I growth rates comparable"' to those for the oscillating

v, = ( 3 /27)(m,/m,)( / /w*), (3) two-stream instability.

where the electron Debye length is X.= (T,/m.wo2)" 12 and We proceed to study three cases, with W EtI/
the dimensionless ratio 17 a(yT +-, T)/T,. Equations 4rn0 T = 10', 1 0 -a, and 3 x 10'.
(1) and (2) become Case A: W= 10" . In this case we have W-(k07io) 2

(ia, +V')7E(xt)=V.(nE), VE E==, (4) 10.2. The numerical results, obtained with a numer-

ical grid having 32 by 32 points in real space and in
(a p,-,~v2)n(x,t).aiVEI2. (5) wavenumber space, are displayed in Figs. 1-3. Fig-

We also allow the electric field to have a component ure 1 shows the location of the initial Langmuir wave-

Et.q of infinite wavelength 1.'
4

.
6 satisfying i8 ,E,.o number along with contours of constant growth rate at

(nE),.o; this component is required by the magnetic the relatively early time wj = 1420. The decay branch
field-free Ampere's law, Physical processes contained is seen to have the highest growth rates; the very high-in these equations include three wave interactions such est numerical growth rate is j/ w, = 4. 8 x 10-3 , in excel-as the parametric decay instability, four-wave inter- lent agreement with the prediction of Eq. (6). Thisactns uhe paasetric teocilatingtw instability, four-highest growth rate occurs at the Langmuir wavenumberactions such as the oscillating two-stream instability, kX, = - 0.08. At a later time wF = 3180, Fig. 2 shows
and completely nonlinear processes such as soliton col- th A a later te wav e30Fg. hslapse, that a substantial fraction of the wave energy has ap-

peared in the backscatter direction; the linear super-
In this paper we are interested in the solution of (4) position of the modes of Fig. 2 results in the collection

and (5) when the initial condition is one large Langmuir of intense regions and depleted regions of IE(x) I shown
wave; we study both the monochromatic and the broad- in Fig. 3 at the same time w," = 3180. The regions of
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FIG. 1. Initial growth rates in wavenumber space for case A,
Sec. II, at the relatively early time w;- 1420. Throughout FIG. 3. Absolute value of electric field in real space for case
this paper, the maximum wavenumber amplitude in either direc- A, Sec. II, at time w;=3180. L,/X,-L/X.=300. The contour
tion is 0.2 X;'. The decay branch is indicated by "DECAY," levels indicate relative magnitudes of electric field, with con-
and the oscillating two-stream branch by "OTSI." The contour tour 1 corresponding to W = 0.073. Contour 3 thus corresponds
labels indicate relative magnitudes, with contour 1 correspond- to W = 0.7, such that our initial assumption W << 1 is beginning
ing to a growth rate j/w, = 7.3x 10- . to break down.

constructive interference in Fig. 3 begin to collapse of ally satisfied. In any case, the further evolution of this
their own accord, soon violating our initial assumption example is certainly not described either by the ideas
W - 1. The ultimate evolution of these very intense of weak turbulence theory 0 nor by Zakharov's model
regions of trapped Langmuir energy with W - 1 is a equations.
topic of current investigation, and is by no means corn- Case B: W = 10 " . In this regime, the dispersion
pletely understood. The value of W in this example is relation (6) predicts a maximum decay instability growth
so large that we should regard this calculation as sim- rate
ply illustrative; even at the initial time the conditions
for the validity of the basic equations are only margin- 3 w 1.6x (7)

at the Langmuir wavenumber kL given by
k MAX. . . . . . ... .. ko,+_ +- (?7f t 0.) 09. (8)

MONOCHROMATIC

W Equations (7) and (8) are valid in the intensity regime

W <47'(k0X.)(m,/7m,) 1 z. The oscillating two-stream
growth rate in this regime can be estimated from (6)
to Le

._ Mx  k3/6 %1. 9 X 10"3' (9)
- M A k 2 A which occurs at wavenumbers with k1 = k 0, and compo-

nents perpendicular to k, given roughly by k,X* % * (W1
37)'= * 0.041. Thus, the latter has a faster growth

rate in this case than the decay instability. The numer-
ical results, obtained with a 64 by 64 point grid, are
displayed in Figs. 4, 5, and 6. Numerically, we find
that the decay instability immediately begins to grow
with roughly its predicted growth rate (7), at very
nearly the predicted wavenumber (8). However, the

- MAX oscillating two-stream does not immediately obtain its

FIG. 2. Wave intensity in wavenumber space for case A, Sec. predicted growth rate, but seems to experience a peri-
Il, at time wt= 3180. The contour levels indicate relative od of indecision before obtaining its predicted growth
magnitudes, rate. We attribute this behavior to the fact that this
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kMiAX

MONOCHROMATIC

-kAX M 0

MONOCHROMATIC

FIG. 4. Electric field intensity in wavenumber apace for case FIG. 6. Abaolute value of electric fld in real space, for
B, Sec. II. at time wo,t= 1. 5× 10'. case B, Sec. U1, at time w .u 1.8x 10 . L/X,,=,A/)s600.

The contour level. indicate relative values of electric field
magnitude, with contour 1 corresponding to W.O01, mixd cce-

I ~ ~~~instability is a four-wave process, requiring a definite tu orsodn oWO 9

phase relation between the initial monochromatic wave,
f, the low frequency response, and two separate Langmiuir

waves. A certain period of time is required to set up of both branches, the oscillating two-stream growth
this delicate phase relationship. The result of this stops and the product waves themselves deplete, giving
period of indecision is that the decay branch obtains a up~ thi energy to the decay waves. We therefore find
head start, and actually obtains substantial amplitudes at time ot = 1. 6x 10' that all the initial energy has gone
slightly earlier, Of course, this result does depend to the decay branch, as shown in Fig. 4. The decay
on the initial noise levels, which to be physically real- branch, as in the previous section, now acts as a pump
istic we have chosen reasonably l'ge. Further, the for its own decay branch In the forward directions
oscillating two-stream branch occurs at wavenumbers (along k0 ), resulting at time u" = 1.8K 10' In the wave-
so close to the initial wavenumber that the product number space picture shown In FIg. 5. The corre-
waves are themselves drivers of the decay branch. sponding picture In real space, FIg. 6, indicates sev-
When the initial wave begins to deplete due to the growth eral regions of intense wave energy which are the initial

stages of collapsing soiitons. The electric field Inten-
sity in the most intense regions corresponds to W --0. 19,

Ic MAX and these regions have a size of a few -R, where -R
=-9.8 X, is our numerical grid spacing. Thus, we ex-
pect rapid soliton collapse, with strong Landau dampingO damping after this time.

Wi~)We have repeated this calculation with a numerical ,.

grid of only 32 by 32 points n real space and In wave-
number space, covering the same region in wavenumberFIG 4. Electric field intensspace but only one-fourth the area in real space. The

. oquantitative and qualitative behavior is substantially the
MAX mAX same as the 64 by 64 case, resulting in soliton collapse
Sat approximately the same time. This agreement gives

i yconfidence that our results are not overly sensitive to
.phasethe resolution In wavenumber space; we expect that

these results are an accurate representation of the
physically interesting limit of an infinite number of
modes in wavenumber space.

W eo thede that bordwn ine case, T decay

.......... . results in a rapid evolution toward a state of colapsing
-itc AX solitons, in agreement with the speculations of Zak-

'g FIGo c. Electric field intens-ty in wavenumber space, [or
case B, Sec. U, atItime MAXi. ×l1'. CaseC: 3 0". In this case we are below pre-
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k lux viously suggested thresholds for rapid collapse, and-.... we might expect an evolution more reminiscent of the

ideas of weak turbulence; namely, repeated scatters
MONOCHROMATIC in wavenumber space, with each scatter yielding a set

of waves in the opposite direction and with wavenumbers
(tOS) having slightly smaller magnitudes. For this case we

use a numerical model of 32 by 32 points. The initial
at. evolution contains a decay branch with numerical growth

-..g m
A .. x rate f/c, f 4.6 x 10' 4 , in excellent agreement with the

value 4.Ox10." predicted by (7). The predicted oscfl-
lating two-stream growth rate is comparable to the de-
cay growth rate in this case, but as in the previous
case, we find that this branch suffers aperiodofhesta-
tion, allowing the decay branch to gain a head start.
Thus, the initial wave at kX, -0. 10. [Fig. 7(a) at the
relatively early time wt 2.2 x 104) decays to Pkxi .
-0.08 k [Fig. 7(b) at w.1 -4.4x104], which in turn de-

(b) cays to PX, a0. 06 k [Fig. 7(c) at Wj = 5. 5 X 104), de-
caying finally to LX. -0.040 [Fig. 7(d) at wit" 1.0
x 10']. Thus, we observe three distinct scatters, as
predicted by weak turbulence theory,3° with no evidence
of soliton collapse. The contours on the far right of

- .. rx Fig. 7(d) are presumably a spurious numerical effect,
inducing us to end this run at this time. We might
speculate that the further evolution of this example
could soon lead to a soltton collapse, since the typical
wavenumber kL at time wt = 1.0 x 10s once again satis-
fies the relation W >(kLX,)S. However, it is also pos-
sible that a more physically realistic calculation, with

,.. __many more modes In wavenumber space, would show
a greater amount of spreading in wavenumber space
than found in Figs. 7(b), 7(c), and 7(d). Thus, it is
conceivable that further evolution in wavenumber space
stops, leaving a set of essentially linear Langmuir
waves with a relatively uniform distribution in wave-
number space from zero to a value kL such that W

SWX (XLX)Z. The resolution of this question awaits future,
more detailed, work. However, we have observed thelatter scenario in a separate calculation for the initial
condition W = 10-5, k0X* = 10-4.

We note that each scatter in this example produced a
wavenumber change somewhat greater than that pre-
dicted by the backscatter relation (8); this effect is
partially due to our limited resolution in wavenumber

(d) space.

We conclude that this example confirms the collapse
threshold W = (k,)2; since we have W < (koX,)2, we find
no rapid soliton collapse but rather a cascade in wave-
Immber space as predicted by weak turbulence theory. '0

VFinally, one might inquire into the possible modifi-
cation of these results for cases A, B, and C when T.
>> T1, in which case one can ignore the low frequency
damping term. From the dispersion relation (6), drop-

|* r ping the middle term on the left side, it is easily shown
that the parametric growth rates for cases A (W = 10".)

L___........ and B (W = 10 " ) are very close to their equal tempera-

ture values, so we expect the same rapid evolution
toward a state of collapsing solitons. For case C (W

FIG. 7. Electric field intensity in wavenumber space, for = 3x 10'3) one finds a decay growth rate several times
came C, Sec. 11. The time Is (a) w,; - 2.2x 10'; (b) w,. 4.4 larger than its equal temperature value. However,

. x 104; (c) .;J-5.5 x 10; (d) w;= .Ox 10'. upon repeating the numerical calculation of case C
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k 61ax without the low frequency damping, we find the samequalitative result as in case C; namely, repeated back-

scatters In wavenumber space with each stage having
U OAIAN O (a) slightly smaller wavenumber magnitudes, and with no

tendency toward a rapid sollton collapse. We conclude
wa-,x - that the results of this section are substantially the

same for T >> T, and T. a T. There are, of course,
differences in detal, such as the radiation of ion sound
waves in the T,>> T, case,= , a which we do not discuss

AX here.

III. BROADBAND INITIAL CONDITION

The calculations of the previous section used, as an
Initial condition, an intense monochromatic Langmuir
wave with small noise levels In other modes. In a
physically realistic problem, such as the interaction
of an electron beam with a plasma, one would expect
a set of Langmuir waves to be produced, having a
spread of wavenumbers both along the central wave-

. . . "number, and perpendicular to the direction of the cen-
(b) tral wavenumber. In this section, therefore, we pro-ceed to consider the temporal behavior of an initial con-

dition consisting of a set of intense Langmuir waves
having a finite wavenumber spread, with small noise
levels in all other modes.

Numerically, we place equal amounts of initial energy
0WA A in each of nine modes; the central mode is the same as

a that used in Sec. 1 at X,=0.1 k, the nine modes

having values kA, =0.08, 0. 10, 0. 12, and k,.= -0.02,
0.0, + 0. 02. Each of the nine modes is given a random
phase, and all other modes have random noise levels.

Case A: W= 10". At the very early time wt = 220,
the nine modes of equal intensity appear as a plateau

1 in wavenumber space as shown in Fig. 8(a). The initial
modes undergo a strop-ly nonlinear interaction among
themselves, leading to a spreading in wavenumber

(c) space and a migration of wave energy toward smaller
wavenumbers as shown in Fig. 8(b) at time wt = 1100
and Fig. 8(c) at time w. = 1760. At the last time, the

electric field in real space has evolved into a set of
collapsing solitons, as shown in Fig. 9. The maximum
wave intensity in Fig. 9 corresponds to W 0 0. 7, the

'same as in the corresponding case with monochromatic
.MAX A  initial condition, Fig. 3. However, in this broadband

L case, this intensity is reached in a time only one-half
,, as long as in the monochromatic case. We interpret

this fact as being due to the wave packet nature of the
initial conditions. The linear superposition of the ini-
tial nine modes results in regions of initially enhanced

wave energy due to constructive interference in real
space. These regions can intensify themselves and
begin a soliton collapse immediately, rather than first
going through a period of parametric instability; thus,

I. -a state of collapsing solitons Is reached faster in the
-kMAX broadband case than in the monochromatic case.

We note that this behavior would not be changed

b FIG. S. Electric field intensity in wavenumber space, for greatly by the use of more initial modes in wavenumber
case A, Sec. I1. Contour definitions change from figure to space, provided that the overall width in wavenumber
figure, so the contour diagrams should be viewed qualitatively, space of the initial conditions is held constant. The
The time is (a) .i-220; (b) w.;- 1100; (c) ujt= 1760. real space statistical properties of a set of N modes

1771 Phys. Fluids, Vol. 21, No. 10. October 1978 0. R. Nicholson and M. V. Goldman 1771

,,4 iI . . . J l



IOr

Ly it to be for illustration only; the conditions for validity
of the basic equations are only marginally satisfied

BROAOSANO even at the initial time.

Case B: W a 10a. The initial conditions are distrib-
uted as in case A. In contrast to case A, here we do
not find an immediate soliton collapse, but rather a
parametric decay producing a backcatter wave as
shown in Fig. 10(a) at time WJ= a9.9X10

3 . Further
3 \mode coupling leads to a migration in wavenumber

O \ 3  "space towards smaller wavenumbers, as seen in Fig.
10(b) at time w. 1.3x10' and Fig. 10(c) at time wt
a 1.8 x 104 at which time we have at least one collapsing
soliton as shown in Fig. 11. The maximum value of
electric field intensity in Fig. 11 corresponds to W
- 0. 10, indicating that the soliton collapse in this case

*is only slightly less developed than in the correspond-
" ing monochromatic case at the same time, where Fig.

6 shows a maximum W - 0. 19. Our interpretation of
C this case is that with W = ( oX,)s =0 . 01, the nonlinear

0 L, effects are not strong enough to force an immediate

FIG. 9. Absolute value of electric field in real space, for soliton collapse due to wave packet Initial conditions,
case A, Sec. M, at time wj-= 1760, the same time an in Fig. but rather the waves must first undergo a scatter in
8(c). The contour levels indicate relative values of electric wavenumber space as in the case of a monochromatic
field magnitude, with contour 1 corresponding to W- 0.073, and initial condition. The parametric growth rates are
contour 3 corresponding to W ft 0.7. somewhat reduced due to the broadband pump, causing

the evolution to lag slightly behind the corresponding
case with monochromatic Initial condition, case B of

(in each dimension of wavenumber space) with random Sec. 11.
initial phases are equivalent to the statistical proper- Case C: Wa 3x i0'. The initial conditions are &s-
ties of an infinite set of modes, to within terms of tributed as in the previous cases A and B. At early
order (1/N). For our purposes we treat N = 3 as a times, we find a parametric decay instability, at a
large number, wave vector opposite in direction and slightly smaller

In one dimension, we know that solitons involving in magnitude compared with ko. The parametric decay
density depressions propagate stably at speeds less than growth rate at early time is not steady, but tends to
the sound speed, whereas solitons whose speeds are fluctuate with an average value about half that observed
greater than the sound speed involve density humps and in the corresponding monochromatic example, case
are unstable to one-dimensional perturbations. We C In Sec. I. This reduction in growth rate Is due to the
therefore would not expect to obtain, from arbitrary broadband nature of the pump, as discussed more fully
initial conditions, solitons with speeds greater than later. The parametric decay instability results in the
the sound speed in one dimension. Physically, we ex- backacatter waves shown in Fig. 12(a) at time ,, = 4.4
pect this statement to hold in two and three dimensions X 104. A cascade toward lower wavenumbers now occurs,
as well. Now in the present case the linear group ve- as in Fig. 12(b) at time w, = 5.5 x l04 and Fig. 12(c) at
locity of the initial regions of constructive interference time 9.3 x 104. At this time there is also substantial
is faster than the ion sound speed, thus inhibiting ira- wave energy in the zero wavenumber r'odes, both
mediate soliton collapse. However, in this case the E.,.o and E,, .O, not indicated in Fig. 12(c). At the
nonlinear term in Eq. (4), of order W= 10" , is much last time, we have W>(kx,), where k is a typical wave-
larger than the linear dispersive term of order (kox,)' number having large intensity. The nonlinearity in
= 10-', thus invalidating the concept of a linear group Eqs. (4) and (5) takes advantage of this inequality to
velocity and facilitating an immediate soliton collapse, produce the collapsing soliton shown in Fig. 13 at time
at a "center of mass" speed well below the sound speed. w- = 9. 3 x I04, the same time as in Fig. 12(c).

In the present broadband case, with ak, = ak, a ko/3, This example, to the best of our knowledge, is the
we find immediate collapse, whereas In the monochro- first known demonstration of a scenario which has been
matic case, with Ak, - ak, = 0, we found (Sec. II, case the subject of speculation for many years; namely, that
A, W = 10"') a backscatter to occur before soliton col- an initial spectrum of waves with W < (k)', k being a
lapse. Thus, for a given wave level iV, such that col- typical wavenumber, will undergo a cascade to very
lapse is possible, the initial bandwidths determine small wavenumbers, at which point no further cascade
whether soliton collapse, favored by large bandwidth, is possible. There will then occur a modulational in-

* or parametric backscatter, favored by small bandwidth, stability, eventually leading to soliton collapse which
is the fastest initial process. removes wave energy to large wavenumbers where it

As in case A of the previous section, the value of W can be Landau damped.

T is so large in this calculation that we should consider We note that most of the wave energy at time I
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(b) FIG. 11. Absolte value of electric field in real space, for
case B, Sec. M, at time 41- . x L04, the same time a Fig.
10(c). The contour levels indicate relative values of electric
field amplitude, with contour I corresponding to W=0. 012, and
contour 3 corresponding to W = 0. 10.

- = 9. 3 x 10' Is concentrated in three numerical modes in

, \, ~Jwavenumber space, the k= 0 mode and the two modes
immediately to the right and to the left of it [see Fig.
12(c)]. Thus, a calculation using more modes in wave-
number space could conceivably yield significantly dif-
ferent quantitative and perhaps even qualitative results.

In this case C, it is possible to analytically treat the
growth of the decay branch at early times. For a pump
with constant amplitude in a certain volume V of wave-

(c) number space, with each component having the same
amplitude but random phase, the dispersion relation
(6) is replaced by
- us - 2iwk + k s

S4Q 10 Is MAX = IfId --2k "k-ki - w-2k'.k+kl')
- a h~(10)

where iA= (k'. ), c k*k'. Equation (10) is valid only
when W 0 <<(k' ,) for all k' in V; then, each component
of the pump approximately obeys the linear dispersion
relation. Taking V to be a square centered about ke,
as In Fig. 8(a), we neglect the first term on the right
side of (10) to treat the decay instability. We then find

,_that the spread of initial wavenumbers in the k, direc-

tion enters only through the factor g.(k') in the numer-
-k MX ator, yielding a small reduction In growth rate which is

only about 3% in this case. The spread in k, enters

only through the denominator, where we find a substan-

FIG. 10. Electric field intensity in wavenumber space, for tial growth rate reduction whenever the spread in k,

* case B, Sec. iLl. Contour definitions change from figure to wavenumbers produces a spread in initial wave fre-

figure, so the contour diagrams should be viewed qualitatively. quencies which is greater than the deray growth rate
The time is (a) ai-=9.9x 103; (b) 4'- 1.3x 10'; (c) w;- 1.8 in the monochromatic case. This result is in agree-
X 101. ment with the well-known behavior3 ' of parametric in-

41
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(b) FIG. 13. Absolute value of electric field in real space, for case
case C, Sec. U, at time ;-9.3x 10'. the same time as Fig.
12(c). The contour levels indicate relative values of electric
field amplitude, with contour I corresponding to W= 0.0029,
and contour 5 indicating W - 0.073.

VMAX I A_k. k".X "stabilities in the presence of an initial wave of finite
bandwidth.

In the present case C, the spread of initial wave fre-
quencies is greater than 10 times the monochromatic
growth rate, and Eq. (10) would predict a great reduc-
tion in growth rate, almost to zero. This prediction is

somewhat at variance with the actual numerical result,

S 0where we find a reduction in growth rate of only about

(C) a factor of two over the monochromatic case. The most
likely explanation for this discrepancy is that, in the
present case, the use of only three discrete values of
k1 is not a good approximation to an infinite number of

wavenumbers covering the same region of k, space.
This dependence on the number of modes is in contrast
to case A of the present section, where Wo >> (ko0 x) 2,

.0M -. kIMAX implying that the linear pump frequency spread is no
0 longer important. There, the important effect is the

wave packet nature in real space, which induces soliton
collapse, and which is only slightly different for three
modes than for an infinite number of modes.

In conclusion, this section shows that when W0

5(k 0 X.), the most important effect of a broadband ini-
. ......... . . .tial wave is the wave packet nature in real space, which

induces soliton collapse. When W0 < (ko;k.), the para-
metric growth rates are reduced by the broadband nature

-k MAX of the initial wave. When nine pump modes are used,
there is still a substantial parametric growth rate, re-

FIG. 12. Electric field Intensity in wavenumber space, for sulting in a weak turbulence cascade. In the one ex-

case C, Sec. III. Contour spacing is the same in each figure. ample studied here, the cascade results at a late time
The time is (a) wf= 4.4 x 10; (b) wi 5.5 x 104; (c) w,!= 9.3 in the inequality WS (kk,)a being once again satisfied,
X .  and a soliton collapse is produced.
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IV. CONCLUSIONS instability growth rate, and parametric Instability
grows fastest. When W ,(AkN) 3 , there is no collapse.

We have shown numerically that intense Langmuir These anaytic redults" are in very good agreement
waves satisfying the Inequality W >> (ik,) proceed with our earlier numerical results. 1e
rapidly to a state of collapsing solitons. When the op-
posite inequality is satisfied, there is no rapid soliton The work discussed here is of relevance to a very
collapse, but rather a cascade in wavenumber space imortt physical situation: the passage of an elec-
as predicted by weak turbulence theory.2 's Note that tron beam of speed vs through a plasma with thermal
our work has neglected linear high frequency dissipa- speed v,. Such a beam produces Langmulr waves with
tion; the cascade and collapse scenarios presented here frequency w a ,, and wavenumber ke. such that the
will be modified if their time scales are not fasterthan phase spsed is wkuv, ork ,, a/v . Linearand
that of linear dissipation, quasi-linear plasma theories then often predict wave

It is interesting to compare the results of this paper, intensities large enough for the soliton collapse ideas
in the regime ol,>(m,/m,)' 1 I, to earlier work" in the of this paper to apply, for reasonable laboratorys and
regime kA,<(me/ma)" . When W >> (kax,)*, there seems astrophysical' parameters.
to be no difference between these regimes; in either
regime the nonlinear effect swamps the linear group
velocity, producing immediate soliton collapse in the ACKNOWLEDGMENTS
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ABSORPTION OF CO2 LASER LIGHT BY A
DENSE, HIGH TEMPERATURE PLASMA

N. J. PEACOCK, M. J1. FORREST, P. D. MORGAN (*9,
M. V. GOLDMAN ("), T. RUDOLPH(**), A. A. OFFENBERGER()

Culham Laboratory, Abingdon, Oxon. 0X14 3DB, U. K.
(Euratom/UKAEA Fusion Association)

Risms.l. - L'interactiott entrc It faisceau puls6 d'irn laser aul C02 et le plasm produit par un
dispositif plasm focus est examin6e des points de vue th6orique et exp~rimental. Le faisceau du
laser C02. qul cit dirigd perpendiculairement i l'axe, suivant le gradient de densitt, no perturbe
que faiblement le plasma car la densit6 de rayonnement de 30 J cm-' (compte tenu du facteur
d'ampliflcation de Airy) cit n~anmnoins plus faible que l'6nergie thermique du plasma (5: 1 kU cm-3).
Au contraire, le rayon du laser oat fortement afioctt par le plasma.

Durant la phase de compression en pinch quand la fr~quence du plasma a,,, > coftV, l'absorp-
tion du taisceau cit beaucoup plus importante que colic pr~vue en utilisant la risistivit6 classique.

Las fluctuations de densit6 it la fr~quence de Langmuir sont mesur~es directement par diffusion
frontale i I aide ou'raisceau sonde d'un laser A rubis. Etant donnei quo cis nombres d'ondes corres-
pondent A (XAr,) - 0,1 los ondos de Langmuir devraient apparaitre darn le sepctre diflusE comme
des raics 6lectroniqua~, d~cal~es de 427 A par rapport A la longueur d'onde du laser i rubis. A
faible intensit6 de pompage du laser au C0, P'intensitE des ondes 6lectroniquos cit proche du
niveau thermique. Si on augment. l'intensitE de pompage au-delk d'un scuil de 3 x 10' W/cm-2,
on observe tine forte augmentation du rayonnement diffusE, qui pout d~passer d'un facteur 30 le
niveau thermique.

L'Etude WKB do l'instabilitit6 do d~g~n~rescence electron-ion cit en assez bon accord
avec les mesures. Cette itude tient compte de la croissance lintaire des ondes Ak temporature 6eoc-
tronique et ionique Egales. et dcs phonom~nes do convection dans un plasma inhomogbne.

Abstract. - The interaction between a pulsed, C02 laser beam and the plasm produced in a
Plasma focus device is investigated theoretically and experimentally. The CO 2 laser radiation,
directed orthogonal to the pinch axis and along the density gradient only weakly perturbs tho focus

laycr), is still less than the plasma thermal energy ;t I kJ cm- 3. On the contrary, the CO2 laser
beam is grossly affected by thc plasma and absorption during the compressed pinch phase when
the plasma frequency ai, ;t wcox is much more complete than can be predicted by classical
resistivity.

Density fluctuations at the Langmuir frequency are measured directly by forward! scattering
from a probe, ruby laser beam. Since the wave numbers correspond to (KAD) - 0.1 the Langmuir
waves should appear as electron ' lines Iin the scattered spectrum shifted by 427 A from the ruby
laser wavelength. At low CO2 laser pump intensity thc electron wave intensity is close to the thermal
level. As the pump is increased beyond a threshold of - 3 x10' W/cm-2 (in vacuo) enhanced
scattering is observed, reaching a factor of 30 above thermal.

A WKB treatment of the electron-ion decay instability which takes into account the linear
growth of waves at equal electron and ion temperatures and their convection in an inhomogeneous
plasma is reasonably consistent with the observations.

1. Iaiductlon. - The aim of this paper is to In contrast to the many experimental studies which
I *report on the absorption and redistribution of energy have been reported in the literature on laser beam

in a CO, laser beam by a pre-formed and pre-heated interactions with solid [2, 3] or gaseous (4] targets,
plasma, in circumstances where anomalous heating the use of a preformed plasma which is not sub-
processes might be expected. The plasma is the dense stantially altered by the pump beam has a number
pinch formed in a plasma focus device (1]. of advantages. In the plasma focus the kinetic energy

density is considerably higher than the threshold,
()Now at Lcois Polytechnique Fiddrale de Lausanne. radiation intensity required for the most readily-

(0)srlnd excited instabilities. Among these, there are, for

(0 e) University ofColorado, Boldr U.S.A. example, the parametric decay instability [5, 6, 7],
(00*) University otAlbena,. Edmnonton. Canada. the oscillating two-stream instability [8) and the
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stimulated Brillouin instability, all of which can be
excited with pump intensities between 10'0 and
101, W/cm -2 .

During the pinch compression phase of the plasma
focus the electron plasma frequency is matched to
the frequency of infra-red light at least over a limited
spatial region and for a limited time duration. A -

CO2 laser operating at 10 microns wavelength might ------------ .... .

be expected to act therefore as a pump for Langmuir
waves in the plasma.

The focus device has been relatively well diagnosed - ....

by a number of groups (9, 10, 11], and using a variety
of measurement tvhniques ; but this advantage is
to be offset against its somewhat irreproducible
characteristics and inherent density fluctuations which,
for certain wave-vectors, can be considerably above
the thermal level due to current-driven instabili-
ties [12].

In this study we observe absorption of the pump -

beam and enhancement of the Langmuir wave inten- ."

sity when a CO 2 laser irradiates the partially- 'rn-gm u
compressed pinch. The enhancement is described * ,
in terms of non-linear processes induced by the
pump beam.

2. Plasma characteristics with no external pump "
beam. - The evolution of the highly-compressed ,-
plasma in a Mather type, open-ended, coaxial gun
focus is shown schematically in figure 1. The dimen- Hih Danis" Pima P.oo.
sions of the inner and outer electrodes are 5 cm
and 10 cm respectively. The stored energy in the FmG. I. - Schematic diagram of the spatial variation in the

capacitor bank is 40 kJ at 30 kV and the ambient locatiion of the plasma boundary and the associated electric
waveforms in the plasma focus device.

filling pressure of deuterium is between 2.5 and
3.0 torr.

Time-resolved interferograms of the converging,
cusped, conical plasma front are shown in figure 2
and the density distributions, suitably Abel-inverted,
are shown as a function of time in figure 3. It is to be
noted that the density has a peak value of the order
of 3 x 1019 cm -3 and it remains higher than

n.. - 9.94 x 10"s cm - 3 ,

the critical density, for reflection of the CO 2 laser
light, for several tens of nanoseconds. During the
late stage of the compression of the plasma onto the
axis of symmetry of the coaxial electrodes, the scale , .

length for the density gradient,
FiG. 2. - One nanosecond exposure time sequence of three

I ce] - interferograms at - 30. 0 and - 30 nanoseconds where time
L = [i rJ 0 refers to moment when the compression front first reaches the

changes rapidly in time, figure 4. Typically L will axis of symmetry on Plasma Fous.

vary from 0.3 to 0.03 cm in the 40 nanoseconds up

to peak compression. trum. Samples (13] of the spectral broadening,
The particle energy distribution and the back- Aw = 1.6 Kv,, where v, is the ion thermal velocity

ground level of turbulence in the plasma has been and K the differential scattering wavenumber, are
measured in some detail [II, 13] using the scattered shown for values of the scattering parameter. (K,.n)- '.
light from ruby laser probes. Most of the analyses bctwecn I and 2. in figure 5. The experimental points
have been based on the intensity and frequency have heen fitted to thermal distributions of the
spread of the ion feature in the scattered light spec- electrons and ions following Evans (1970) [14].

4.
€, !N -" .. ... . ..- 4
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FIG. 3. - Temporal variation of density distribution in the 6
plasma focus, after Abel inversion ti, t2 ... ts denotes a time \
sequence lasting 150 ns, with 13 corresponding to peak

compression. 4
3

I 06

69431 (1)

0s FI. 5. - Electron and ion temperatures at peak compression

- derived from the collective, KD - 0.56, ion feature of the scat-
r .[Ianh r tered visible light spectrum. Forrest and Peacock (1974).

aea 04

A ° '5cm'  I been used to calculate the variation in the peak
I temperature during the compression, figure 6.

L - - - - - - - - - -- 03

2 0

-0------- 0.2

0? -i i '5

0 0 (kcVi

-50 "t0 -30 -20 -0 0 - 1 0

FIG. 4.- Temporal variation of the radial density scale
length,

L(cm)= .-

I • in the plasma focus, derived from interferometry. For - 0
n. < IO1cm- 3

the scale length is measured at the peak of the density profile
while for no, > 101, the scale length is appropriate to the pump

beam, cut-off density, ne - 9.94 < 10" 1 cm- 3.

The maximum ion and electron temperatures -so -o -30 -20 -0 0

occur at peak compression and are of the same Ins?-
order, i. e. f, = ? f = 2 keV. An adiabatic scaling, FIo. 6.- Variation in peak temperature during the pinch
T. r2(7- 1) . constant, is appropriate to the fluid phase of the plasma focus, assuming 2-dimensional adiabatic
model constructed by Potter (1971) [15], and has compression.

- - d .. .. . ..
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The scattered light intensity in the ion feature is n.5k
measured on an absolute basis and is given by (c-0-3

XdOI

I. - 1o"v -• Q "I. " 2ko S(o), k) d o (1) 1021 Zi]

where Io is input ruby laser intensity and V, and d,,
are the scattering volume and solid angle respectively, 1020,
subtented by the detector. cT is the Thomson scattering
cross-section. For a - (KA.)-l - 1, the factor N% "

[n. S(X)] n. '0

for a thermal plasma. In these experiments [13] we

find [n. S(K)] = 2 n., indicating a nearly thermal ios
plasma for scattering vectors, K.L orthogonal to the
current flow, ]. In complementary studies [11], Bernard

and co-authors have found a somewhat similar
level of background wave activity with, again, 2 . 6

[n. S(K)] - n. for k,..!(p However for scattering P (torr)
vectors, K, parallel to j, there is considerable enhan-
cement above the thermal level, as shown in figure 7, Ffo. 7. - Absolute level of the collective ion feature, Ko/K

especially at around 3 torr ambient pressure, which and Kv/Ki > 1, in the spectrum of scattered ruby laser light .
from the plasma focus. The level is expressed in terms of the

is our present operating conditions. product of electron density and the dynamic form factor for the

scattered light spectrum, S(K). p (torr) is the ambient filling
3. Irradiation of the Focus Plasma by a CO 2 Laser density, x and z are the radial and axial positions, in cylindrical

SBeam. - A double discharge TEA, CO2 laser deliver- coordinates, of the plasma responsible for scattering the laser
light. k0 and WL refer to differential scattering vectors parallel
and orthogonal respectively to the current flow; Bernard et at.

40 ns duration has been used to irradiate plasma (1974).
orthogonal to the pinch axis of symmetry. The experi-
mental arrangement is shown in figure 8. After

Coa.oai rfcaotOvm of tocus by C0, nd ruby laser boomS

tt

A. .-- -.a C-.

Fio. 8.- Optical layout (Plan-view) of the CO. laser interaction experiment with the dense plasma focus. The ruby 1.ser
probe beam and associated visible light scattering optics are coaxial with the CO 2 beam. Input of CO2 laser beam. 10 - 20 3/50 ns ,
enters focus chamber (from below) via KCI beam splitter and Gc window. It is then focused via a F15.5 germanium len
(CLI) onto the plasma axis. Refracted CO 2 laser light is detected at 450, 900 and 1350 to incident beam and focused via a KCI
lens (CL 2) onto appropriate detectors ; CDl is a sensitive Au-doped Ge or Pb : Sn : Te photodetector shielded from the
discharge with lead (Pb). CD2 is a photon drag detector. Input of the ruby laser beam, 5 J/18 ns. enters chamber from left and
is focused onto the axis of the plasma via a glass lens (RLI). The ruby light dump (RD) completely attenuates the primary
probe beam but scattered ruby laser light is detected (PM) through a narrow band filter. 6.500 -25 A (RF), lens (R12)

and azimuthal mask (AM).

,4 l . . . . . . .. . .. . .... ' '' --1 . . l l"
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losses in the optics the average C0 2 laser intensity, where 0 is the angle of the incident light to the radius
focussed in vacua through an F/5.5 germanium lens normal and
on a 0.75 mm spot at the focus axis, is 1 6 K , L

2 x 101" W/cm - 2 . p -K, L,

Mode beating during the irradiation pulse will result where L is the density scale length and K,, the resistive
in peak values of twice this intensity. Polarisers absorption coefficient,
made from KCI plates inside the oscillator cavity
ensure that 95 % of the output CO2 laser energy is K, = w&).cwcco, ?o,, - )"/2  (4)
plane polarised [16]. The CO2 laser beam is arranged
to pump electron waves orthogonal to the density where r is the electron-ion collision time [18]. In our
gradient with either p-type polarisation in which plasma conditions, the paraxial rays, only, will
the electric vector, E, is orthogonal to J, or alterna- penetrate to the critical reflection surface and will
tively s-type polarisation with E parallel to j. The therefore suffer the greatest absorption with
incident intensity, transmission, refraction and back-
scatter of the CO2 beam are measured by photon Rpai = exp (- 2 I P K(v) dl
drag detectors, or Au-doped Ge, and Pb ; Sn ; Te\ 0o!
detectors, the last two being liquid N2 -cooled, ensuring
a wide range of detectivities for the infra-red radia- f L = 0.20 cm
tion. A summary of the parameters of the irradiation - 0.64 for T. = 900eV
conditions is shown in table I. l. - 0.99 no..

The effect of the plasma on the pump beam is
taken into account in table 1. In particular, the inten- Thus the back reflected light should be substantial
sity, swollen by the Airy peaks near the critical when the plasma density exceeds the critical value
surface, is given by for reflection i. e. when n.€ Z 9.94 x 10'8 cm - 3.

Other light rays will be refracted with little loss in
(P, = 0o (vacuum)/qi., (2) light intcnsity as is illustrated for the plasma at peak

whcre n,.m, is the minimum value of the refractive compression in figure 9.
index compatible with geometric optics, Following the logic that, on theoretical considera-

tions only a relatively small fraction will be absorbed
= 3.8(Lwo/c) from the pump beam in the high temperature plasma,

This swelling factor allows the pump intensity to it is instructive to neglect absorption completely as

exceed the threshold for the instabilities listed in in the model calculations shown in figure 10. In this

the table. The energy density in the beam is seen to figure the pump beam 10 e('Io)0 is incident from the

be small compared to the plasma kinetic energy. right on a high temperature plasma, with a parabolic

Before discussing the results of the CO2 laser density distribution, whose peak density and radius

beam/plasma interaction it is instructive to consider correspond to those measured interferometrically

theoretically the absorption and refraction in an during the pinch phase of the plasma. It is evident,
inhomogeneous plasma in which classical resistivity figure 10, that in the under-dense plasma, the pumpresstiity beam is transmitted without much deviition ; but
is the only absorption mechanism. For a plane
wave incident on a cylindrical plasma the reflec- that as the electron density reaches, or exceeds,

tivity [17] is given by n.€ then there is a rapid angular variation in the
refracted light. For no > no,, the light is mainly

A - exp(- 2 p cos s 0) (3) refracted back towards the incoming beam.

TABLE I

* Summary of parameters of CO2 beam interaction with plasma focus

Ratio of oscil-
I Focused pump-heam Cut-off dcnsity latory to elcctron Energy density Plasma Parameters

intensi:y thermal velocities in CO2 beam- - -

0o (in vacuo) V - Vil Eil it (in vacuo) L - E*

cm-3 eV cm
< 4 '. 1010 W/cm-1 9.94 x 101cm-3 -0.02 0.7 /cm-' 9.94 x 10l1 2.500 0.3 0.03

Opt (in plasma) Threshold intensity for non-thermal E2/8 x (in plasma) Internal kinetic energy n.kT.
processes e. g. osc. 2-stream ; electron-
ion decay

091 = (10 -. 40) x 00 Othrooh . 10'' Wfcm- - 30J/cm-3 0.2 - 1.5 kJ'cm-

4 -
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C ot ., ot Coast. Ornsty

---/ , .-Reflon Locus

IllI
i(0,

E$ tmillly PMn wave 0 40 so

Fo. 9. - Schematic of refracted rays from CO2 laser pump
beam at the time of peak compression during the dense pinch FIG. I I -- Oscillolam of tnsmitted COa beam intensity
phase of the plasma focus. CO2 ray paths: during ainswitched pulse ; ....... corresponds to absence

of absorbing medium; - corresponds to transmission
*4.. - w (r) + c2(kI + Xl,,, sin2 ) during dense pinch phase of the plasma focus. Note cut-off intransmisi on due to plasma when a. ,.

Reflection Points : (K, - 0)

Wp(r) - co , ,-
Less than one per cent of the incident light 00 is

gel , backscattered.
'ie (ii) The refracted intensity, 0,,f, of the pump

beam is extremely low being of the same order as
* the scattered intensity from the underdense outer

layers of the plasma i. e.
Los'

Ore( 00 a T dQ j rn.(r) dr.

This result appears to be independent of the value
, of 0, up to the maximum intensity used. It is also

5 ." independent of the plane of polarisation of the

Fto. 10. - Theoretical model for the refracted light, intensity incident pump beam ; both s- or p-type polarisation
Is, from a C02 laser pump beam during the dense pinch of the have been used. The poloidal distribution of 0,.f does
plasma focus. I. is normalised to the peak of the angular inten- not change sharply in time as predicted.
sity distribution at different times, t, through t4, during the
compreu;'-n. TIl- CO2 laser operates in the TEM (0, 0) mode (iii) No gross changes in the operation of the focus,
with a focal spot diameter. d, of 750 pm. The density distribu- such as the dl/dt characteristic or the neutron yield
tions corresponding lo ;. and r (plasma) are parabolic. (in D2) has been detected when the plasma is irra-

" •d diated by the CO2 beam. This is not unexpected since
r, :4.0 x 101 cm-3  0.5 cm 0.075cm the high thermal conductivity of the electrons wiN
tz: 1.03 x 101 cm-3 0.2 cm 0.075 cm ensure that any fractional change in the heat content
t1 :1.75 x 1019 cm--3  0.15 cm 0.075 cm due to laser energy absorption is quickly redistributed.
tN:3.5 x 10" cm- 3  0.1 cm 0.075 cm

(iv) However, two clear indications of non-linear
processes have been observed and those are correlated

In practice, the interaction of the CO2 beam is with absorption of the CO2 beam by the plasma.
quite different from what has been anticipated (above) Firstly, we observe an increase by about a factor of
on the basis of a cylindrical plasma with a smooth two in the intensity of the hard x-rays (E > 70 keV),
density gradient and classical resistivity. The results presumably due to accelerated electrons striking the
of the irradiation experiments are as follows: central anode. The second feature, which is the

(i) Transmission of the paraxial rays is interrupted subject of most of the remainder of this paper, is an

for a period of about 80 nanoseconds centred around enhancement of the collectively scattered light from

peak compression. This cut-off in transmission, a visible (ruby) laser probe.

figure It, corresponds approximately to the duration 4. Discussion of C0 2 Laser Beam Absorption. -'..ro whic Dtheo plsm iOs over~ denae i.srto.1for which the plasma is over dense i.e. In addition to resistive absorption, direct resonance
n. > n, -9.94 x 10" cm - 3 . coupling between the EM wave and the electron
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plasma waves can lead te, enhanced absorption at beam intensity lacks a convincing explanation and
oblique incidence [19). Maximum resonance absorp- more experimental work, with fine-scale, angular
tion can occur for small angles given by resolution of the reflected and scattered light is

required, as in the studies of Donaldson et al.
,,O., - sin" (0.8(Kcoa L)'ts). (5) (1976) [28].

Typical scale lengths in this experiment are - 0.2 cm
so that 0,,, is close to the experimental angle of 5. Light Scattering from Induced Langmir waves.
incidence set by the F15.5 focussing lens, figure 8. - Among several instabilities which can arise at
Appreciable resonance absorption can occur even in relatively low threshold irradiance as a result of
under-dense plasma where it is associated with strong coupling between the incident light and plasma
multiple reflections between stratified layers .[20]. waves perhaps the most important, apart from
We anticipate therefore that the refracted 10.6 pm optical resonance [19], are the parametric, electron-ion

" energy, while finite, will be considerably less than (convective) decay instability (EID) and the oscillating
the value, equation (3), calculated from resistive two-stream (absolute) instability (OTS). Either of

* absorption alone, these mechanisms being operative, Langmuir waves
Resonance absorption is ineffective for the paraxial will be driven in the direction of the E field polarisa-

rays and it is this part of the beam energy which tion vector of the pump beam. Stimulated Brillouin
will reach the critical density layer and give rise to scattering with a slightly higher threshold is also a
non-linear heating. Enhanced absorption of the possibility especially since this instability can take
pump radiation has been predicted in the presence place in the under-dense plasma region. Absence of
of the decay instability [211 and in view of the consis- a measurable backscatter of the incident beam due to
tency of the ruby scattering observations, section 5, ion-acoustic fluctuations tends to make us discount
with this non-linear process, it may well explain this instability in the present experiments. Figure 12
the absence of backscatter in our experiments, illustrates the geometry chosen to detect ruby laser

In solid target irradiation experiments corrugation
of" the critical density surface by the ponderomotive A

force of the pump beam has been treated theoreti-
cally (22, 23]. These authors find that enhanced o.-. PoA"'

resonance absorption can i.sult if radiation is trapped k. i .-. ,-p..
in the ripples induced by the laser light pressure. . -------- . ----... .__. --_ k
High energy electrons can be generated by a number ',

of mechanisms [24], including acceleration by the
electric fields, associated with local plasma oscillations --- - R by Cut tu, Cole',,o 00!.% 0

A Sot c r0 4 C.

which are created by resonance absorption. 0 - CO: rc nor d,,co ,cios

However, in the present experiments the radiation Fwo. 12. - Schematic diagram of CO pump beam and ruby
pressure is generally much lower than considered by laser probe beam relative to axis of symmetry, AA, of the focus
these authors unless self focussing or hot spots occur device. Scattered ruby light is collected in the forward direction
in the irradiated plasma. Also we observe almost at 80 to the incident beam. The azimuthal mask can be rotated
complete loss of the outer regions of the beam which to select KL vectors which are parallel to the polarisation vectorcompetelossof he oterregons f te bem wichE of the CO2 laser.
should be refracted well away from the critical surface.

Non-linear, self focusing of the pump beam has
been treated by Kaw et al., (1973) [25]. In a slab light scattered preferentially from the induced elc-
plasma with v~/v,, - 0.02. the plasma length required tron waves. We discriminate against waves due to
for self-focusing (26] is several cms, which is longer on es.nWe criping againg only to
than our characteristic plasma dimensions. In our optical resonance coupling by probing only those
conditions, with nearly parabolic density distribution, waves K'L which are orthogonal to Vn,. Likewise,

filamentation of the pump beam is therefore unlikely. KL is orthogonal to] and to current-driven ion acoustic

The possibility of a highly-resistive and therefore waves.

absorbing region with n. 4 n,, at larger radii and Experimentally scattering from the electron waves
| *lower density than the compressed pinch has been will show up as a rather narrow spectral feature, shifted

raised by recent probe experiments in the plasma from the ruby frequency wo by an amount given by

focus [271. The abrupt onset of loss in beam trans- ) -" 'coa - t, . (6)
mission which we observe when n, = n, tends to
discount this explanation. Inserting the dispersion relation for the Langmuir

In summary we can say that the interruption of waves, 10L the ion acoustic waves, W1, we have

the transmitted pump beam and the observation of co[l + 3(KJKo)2]"'2 
-

enhanced visible light scattering from electron waves
is to be expected in these experiments. On the other ,m ,,(Kt) (7)

hand the extremely low level for the refracted pump -= -"o - 1.m,' K.,0
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MONITOR SIGNAL MONITOR ENHANCED
(J SIGNAL SCATTERING

(b)

Fto. 13. - Light signal accepted by photomultiplier in the ruby laser scattering optics (Fig. 8). A photodiode provides a
prompt, monitor signal or the ruby laser pulse. 35 nanoseconds before peak compression of the pinch. Scattered light signal
and background light from the plasma are delayed 110 ns relative to prompt pulse. (a) No CO. laser irradiation . (h) CO

laser focused on pinch.
r0

where wp, is the local plasma frequency and the ratio as the pump intensity is increased beyond a threshold
of the inverse Debye length. K. = I/D, to the Lang- of about 3 x 10' W/cm- 2 , in vacuo.
muir wave number, KL - 2 Yr/.L. i. e. (Kg)/Kg), can Figure 14 shows the effect of the CO, laser pump
be identified with the scattering parameter a. intensity on the intensity of the scattered probe
In our experiment with a mean scattering angle, light at a time corresponding to 30 ± 10 nanoseconds
0 = 80 and a . 10 then the difTerential scattering before peak compression. The density scale length at
vector this time is L - 0.2 ±-0.05 cm and the density.

n. - 10" cm-3 , is sufficiently high for frequency
I J I = IKu - K, I = = 1.26 x 104 cn - (8) matching of the pump and the electrostatic plasma

ot waves according to equation (7). No scattered signal

The frequency shift imposed on the scattered ruby is observed above the thermal level at times earlier

light due to scattering from the electron waves, is
from equation (7), ll,,',ty of coy ,les tu.

WL = Wco1 = 1.78 x 10 " s- (9) Z ,

corresponding to a wavelength shift of,

A -- 427.4 A. 20

A narrow band niter, accepts scattered light in the
region 6 500 (± 251 A, is inserted in the scattering
optics, figure 8, to suppress spuriously scattered
laser light and background light from the discharge.

Under conditions of no pump irradiation no signal -o

I. above the noise level was measured indicating 'hat
the background intensity of Langmuir "avcs in the
unpumped plasma is not more than a factor of two
or so above the thermal level.

Similar conclusions have been reported for the
intensity of the ion waves by Forrest and Pea-
cock (1974) f13]. When irradiated by the pump " 40 60 10 '0 ,o
beam, however, the intensity of the ruby light scat- $, m, Urqth 'at ruby o ,Wt f")

tered from electron waves s observed, figure 13, Flo. 14. I- ntensity of light scattered from ruby lauer by

and can reach a factor of 30 above the thermal level electron wav. as a function of CO2 laser pump intensity.
4
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in the pinch compression when m, 4 n.., even with peak compression, figure 4, then 0,6 (vacuo) exceeds
maximum pump power. Again, no enhanced scat- the available pump power. More recently, Goldman
tering is observed at peak compression when, although and Rudolph in (30], have calculated the linear growth
n. Ill., the density scale length, L, has decreased of electron waves driven by the EID instability and
to 0.03 cm. their convection in an inhomogeneous T. - T,

A summary of the time-dependence of the scattered plasma, using WKB theory and including swelling
light signal is shown schematically in figure 15 up of the pump intensity. Their derivation of the threshold
to the time t I 0 ns when maximum compression intensity agrees with equation (11) and their derivation
occurs. of the absolute intensity allows a direct comparison

with the observed scattering cross-sections. Firstly,

Timing of Laser Pulses however, we require to calculate the plasma volume
vAuh Pinch Compression responsible for the scattered light signal. Each radial

layer, within which the frequency match, equation (6),
!Mum.v 1,is satisfied, will contribute to the intensity of the

electron feature.
The total spread in frequency of the electron

feature is made up of a shift from the pump f'requency
'02 o equal to ± wi, the ion acoustic frequency, and a

broadening bw,, due to an allowed mismatch

.,0 -30 20 -0 0 1 Ins) 6(. = PKL v.(?m./ImI)/%/2 (12)

, 6W . where P is the pump intensity above threshold.
Colopse 1. 0 2sc. L 0 025 There is in addition, a spread in frequency due to

..,, ' M.",,3, I the finite range of wave vectors accepted by the
Ir. • fco,,,,- No Scat t,- I scattering optics. Typically, the ion acoustic frequency,

FIG. IS. - Summary of plasma parameters and relative dura. w,, produces a wavelength shift of 0.5 -. 1.0 angstrom
lions or co2 and ruby laser pulses during the compression phase and the total broadening (6w + Jwll,,) amounts

of the plasma focus. to a few angstroms. The incremental plasma radius

contributing to the electron feature is therefore

6. Intensity of the Induced Langmuir waves. - W+I p. I - I

Consideration of the processes giving rise to enhanced ( + 6 m + to,)I Or (13)

intensity in the electrostatic waves indicated that
' OTS )) and 44 EID )i instabilities require about the This radial increment is defined in figure 16 by the
same threshold intensity. This is set by the icquire- inner boundary r.. at which WIL =k Wco, and an outer
ment that wave growth exceeds losses due to damping boundary rr, where the frequency match condition,
and convection out of the interaction region. In its equation (6), can just be satisfied. A typical value
simplest form the threshold intensity is reached when for ree - rr is 100 microns which is considerably

smaller than the radial increment viewed by the
(v./u,)2 > Y/W,, (10) 50 A band-pass filter. An enhancement of 30 above

where 7 is the electron wave damping rate. Using the thermal level is observed, averaged over the 50 A
the analysis of Perkins and Flick (1971) [29] for an volume ; it would appear therefore that much higher
inhomogeneous plasma, where T, > T,, the threshold wave intensities is to be expected locally, within
for EID is rr - rie.

(' ) A plot of the radial variation of the plasma fre-
(t-lvih)' z (I + 3 T1/T.) -1. , ; + quency and of the scattering parameter z - KrJK,

KL.L wl. emphasises the constraints in real space and time over
which the conditions for enhanced scattering from

+ 3.2(,..-),1 ,,, ) (11) either EID or OTS driven electron waves can be
W1  W satisfied. As shown in figure 17 the density is only

r. is the elfective electron-ion collision frequency sufficiently high for a frequency match between the
and -j, the ion damping frequency. In our experiment pump EM beam and electron plasma oscillations
(v,.i/,) < 0.1 and terms of the order (KL.L) -  within the 40 nsecs prior to peak compression.
tend to restrict the wave growth, rather than collisional Typically within this period w,, m wco, at a plasma
processes. The threshold pump intensity when the radius r.. -. 0.02 cm where the scattering parameter
swelling of the pump wave, equation (4), is taken 1 2 15. This high value of a ensures that Landau

.. into account is 0, (vacuo) - 3 x 10" W'cm- 2 ; damping of the electron waves is negligible compared
close to the observed value, figure 14. It is worth to resistive damping. (The ion waves are heavily
noting that when L < 0.05 cm which occurs close to Landau damped since T, 2 T,.) On the other hand

- -I J II --
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A the intensity in the electron feature is cc I/ot and
the scattered signal level could be improved by
increasing the scattering angle, while keeping the
restriction of. a %S. The inner hatched area, figure 17,
represents the small area at peak compression where
the WKB approximation breaks down. In order

Preqmne-methjdthat a WKB description be valid, then

4 Ar (14)

From the Bohm Gross dispersion relation for electron

Ot WL - [w2 (I + 3c]12(15)
* Locus of rentetel

pents for COI .C

losr bar""Al 2 i.e. a24 KL. (16)
ifr KL. L

This relation, equation (16), is satisfied for n. :Z n,
during the 40 nsecs up to peak compression, figure 17.

A The scattering volume, which will lie within the
Fio. 16. - Locus of reflection points calculated for CO, radial increment (rf - r,.), can be defined as v, - IA,,
laser beam parallel to AA and parabolic density profile with I is the axial length equal to the C0 2 focal shot
peak density I A~ 1019 cm- 3. Paraxial rays along AA penetrate size and
deepest towards the cut off radius Pm., where

Pi.* - 9.94 > 1018cm-3. A. 2.JO,.r.St (17)
f The fmquenc matched radius rt. for the electron ion decay

instability is also shown. The locus of reflection points makes an where 60, is the range of accepted scattering angles
angle ve - 450 to AA. i. e. 50, and r is determined by the time at which

1
.10 (s

3 0

20

2.0

10

10

S0s r (CM) 005tm

(a) (b)

ia. 17. -Spatial variation of the scattering parameter xand of cop, during the pinch phase. top. is calculated from sample
interferograms of the density profile (1) t r 60 ns: (2) t- - 35 ns. (3) r- 0. 11/1 WKB theory inapplicable. at

t- 0. \\\electron waves Landau damped.

L
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the Langmuir intensity is j of its value, /(t) at its the spontaneous beat emission which leads to flue-
turning point. tuation levels which are several orders of magnitude

In figure 18b we illustrate the curved scattering above thermal and which are confined to a very
volume by an equivalent slab with the orthogonal limited region in space with jr = 5 x 10 "' cm i. e.
Langmuir wave number K, - KL - Koa. In this 4 r, - r,,.
figure xo is the reflection point. The integrated scattering cross section is given

approximately by

4- (,J).n,. V...(K). (19)
(a) L. on 02

Here r. is the electron radius and 50, is the solid
+ angle subtended by the scattering optics.

.~( - (/ - Lim < I 6E(K) 12 >/4 ankT. V
V-0

, 0....is the spectral intensity of the longitudinal field
-fluctuations normalised to unity in equilibrium.

Evaluation of all the quantities in equation (19)
--- leads to the plots for fr/P. shown in figure 16a with

[cot the scale length L as a parameter. T. is assumed to
be 300 eV and the frequency matched density
9.8 x 10s cm - 3 . The observed scale length

0 0 10 is 2---0 L - 0.25 cm gives about the best fit with the theory
Co ote.,,, (I",) .0, WIC., at least up to the intensity where one might expect

FIG. 18. - (a) Plasma scattering cross section as a function the linear saturation theory to break down.
of focussed CO laser intensity. Experimental points are corn- In summary, the calculated threshold r the
pared with predictions of WKB theory with the parameter parametric electron ion- decay instability and its
density scale length, L. assuming values of 0.25, 0.2 and 0.15 cm dependence on scale length is consistent with the
and with a constant value of T. - 300eV. (b) Langmuir ray experiment ; and the inhomogeneous linear saturation

paths. theory appears to give a fairly satisfactory fit to the

data at CO, laser intensities around 1010 W/cm -2

and below. A definite identification of the electron-
Integration along the ray path from an initial ion decay instability may be resolved with further

time ti, at which the net growth rate is zero and measurements, particularly of the off set frequency
i(:t) is unity, to a final time t, at which the Langmuir difference between the Langmuir waves and the
wave is reflected, gives driving CO2 laser frequency.

l (mJ/m)'/2] Finally, it is interesting to note that broadly similar
L(r) 1.7 exp "LK' . (18) experimental results have been reported in quite

' 1 25 [E63 ;independent plasma focus experiments (31] by Tani-

The exponent contains the local CO2 laser electric moto and co-authors (1976), using somewhat higher
field strength, , modified from the vacuum intensity CO2  laser irradiation intensities. These authors
by absorption and by the geometric optics swelling conclude that the parametric instability is the most
factor. The dominant term in the wave amplitude is likely cause of induced Langmuir waves.
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