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FORWARD This book has been prepared with AF assistance
in order to have a much more complete technical book
than those available. The last effort edited by Dr.
Hsue-Shen Tsien (now a high official in the Government of the People's Republic of China) was well.received and broadly used by industry over thirty
years ago.
The gas turbine has been evolving as a practical device since 1902 or before. Concepts of utilizing
the gas turbine principle as prime mOVer for aircraft
were proposed and investigated in many countries including France, USA,~ SWeden, England, and Germany.
Two actual developments of specific jet gas turbines
for aircraft propulsion began in the mid 30s independently from each other, in Germany by Hans von Ohain
and in England by Sir Frank Whittle. The resulting
engines powered the Heinkel He-178, first flown in
August 1939 and the Gloster 28/39, first flown in May
1941. The aircraft gas turbine has one similarity
to the nuclear bomb in that the most sensitive piece
of information is the fact that it works. Knowing
this, you are positive that with enough effort you too
can make it work. The first builder is, therefore, by
necessity, the most determined, most Clever, and most
vulnerable of the chain. The main reason no book
exists compiling much of today's state-of-the-art is
that the gas turbine has evolved so rapidly and so

ERNEST C. SIMPS
Director, Turbine Engine Division
AF Aero Propulsion Laboratory

greatly that such a document could not be prepared and published before it was obsolete and
this will no doubt be true for large sections
of this volume.
Since the first gas turbine flew, the
weight characteristics have improved by a factor of four and the fuel consumption by a factor of 2.5 and life by a factor of 400. It is,
when performing its design job, operating at an
efficiency competitive with a stationary steam
plant.

This device is remarkable in many ways

and its usage will expand greatly in the near
future.
This book is exceptionally complete but
does not address controls and diagnostics, production meana and structure and perhaps your
own favorite element. The structural aspects

and technology are expanding rapidly but since
this device is one of the few which operate in
a regime where plastic deformation happens continuously, structure is most difficult. This

book is not a Bible but will provide a tremendous amount of guidance to those in the aircraft propUlsion business. I commend it to
your attention.

THE AERO THERMODYNAMICS OF AIRCRAFT GAS TURBINE ENGINES
GORDON C. OATES - EDITOR
PREFACE
This report has been sponsored jointly by the
Air Force Office of Scientific Research (AFOSR) and
by the Air Force Aero-Propulsion Laboratory (AFAPL).
The Study was conducted in response to a perceived
need to create a comprehensive and up to date de-

scription of the aero thermodynamics of aircraft gas
turbine engines. It is hoped that the report will
both provide understanding and stimulate interest
in a most profound and deITk~nding engineering discipline.
In its original concept, the report was
planned as a comprehensive description of gas turbine theory and technology. It was soon eviderit,
however, that such a breadth of subject matter was
far too great for a single document, and it was decided instead to restrict the effort to the description of some of the aspects of the aerothermodynamics of aircraft gas turbine engines. Many experts
from universities, industry and government and in-

dustrial research laboratories have contributed to
the report. However, it was decided early in the
planning of the report that the authors should contribute only in those areas of their prime expertise, rather than attempting a completely comprehensive description of their subject matter. As a
result, some important areas of interest to air-

craft engine practioners are only scantily outlined.
In many such cases, it was felt that suitable literature was already available, and much of the present
document is devoted to the description of presently
emerging fields of emphasis.

standing of the overall engine behavior.

It will be

noted that, except for a very few reference examples,

all analytically obtained curves displayed in these
chapters have been calculated directly from equations obtained within the text. To facilitate such
calculations~

the more complex sets of equations are

summarized in a form suitable for straightforward
calculation in a section following their developmen~
The fairly recent advent of programmable calculators
makes such calculation a simple task, and the reader
is urged to conduct such analytical investigations
himself to investigate the many parametric variations possible.
With regard to the use of the report as a tex~
the introductory chapter provided by Robert O. Bullock should provide a most useful overview of both
this report and the entire field of aircraft gas turbine engines. This writer has found that the content of Chapter 2 forms a suitable review for most
engineering students of the required fluid mechanics
and thermodynamics. Because of the ensuing subject
matter, emphasis is placed on the behavior of internal flows, with particular emphasis on the behavior
of the stagnation properties. This emphasis is
stressed, of course, because of the great signifi-

cance of the stagnation property variations on the
component and overall engine performance behaviors.
Chapters 3 and 4 contain material of conceptual importance to the understanding of the limiting behavior of many of the components, bu' the instructor
may find, because of time limitations, that the material need not be included for other than reference
material in the typical aero-engine course.

It will be evident to the reader that the many
authors who contributed to this document represent a
Chapters 5-8 provide the necessary understandwide profile of those active in the aircraft gas turbine industry. As a result, the "audience" to which ing of the performance and design aspects of the engine alone, and of the requirement to understand the
the separate chapters are directed varies somewhat
mission before attempting to design the engine.
because of the author's own prime interest. Thus,
Chapter
9 provides an appropriate insight into
some authors present a comprehensive overview of
their area of expertise, >lith emphasis and attention engine-airframe interactions, and should be of particular use to those students wishing to pursue
to detail appropriate to aid the young practising
engine-airframe design in depth. I Chapter 26, which
engineer in attaining an understanding and overview
considers the airframe-engine interaction and design
of the particular subject matter. It is expected
that such practically-oriented chapters will also be methudology of the combined system should also be of
direct utility to the serious design student.1
of direct value to the more mature engineer in a
management role who, it is hoped, will be aided in
The description of the flow in the major enperceiving some of the developing techniques and
gine components (inlet-compressor-combustion-turbin~
more intricate problems of the given subject area.
nozzle) is considered in Chapters 10 through 15,
Several of the chapters are submitted by prac- with more advanced treatments of many of the subject
tising researchers, who describe not only an overview areas covered in later chapters. It is expected
of the state of their research specialties, but dethat most instructors would prefer to select the subscribe also the development of their Own advanced
ject matter and order of the subject matter to best
theories and techniques from their fundamental foun- suit their own preferences and specialties. This, of
dations. It is expected that these contributions
course, will also be true for the more advanced lawill be of value not only to practising researchers
ter chapters, some of which may form a suitable
and engineers, but also to the university community
core for an entire course by themselves.
as graduate course references and graduate research

references.

In conclusion, it is hoped that this report
will serve many purposes, including those of text,

The editor authored ten of the chapters (2-8,
10-12) with a twofold intent. It is hoped that these
ten chapters in concert with other early chapters
will be suitable for use as an advanced undergraduate
and graduate text. Considerable emphasis has been
placed upon description of the very interactive nature of the component behaviors, and it is hoped that
the treatment of the subject will also aid practising
specialists to easily acquire a comprehensive under-

design manual, research reference and comprehensive
overview of the aero thermodynamics of aircraft gas

vi

turbine engines. In a work of this magnitude it is
inevitable that many minor errors will persist in
spite of the best efforts of all concerned. In view
of the fact that there may be later updated versions
of this report, it would hence be greatly appreciated if interested readers would report such errors
to the editor so that ensuing versions of the report will be of increased accuracy.
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CHAPTER 1
1.0
1.1

component efficiencies were too low, and
the allowable peak cycle temperature (that
of the gas at the turbine inlet) was
excessivelY restricte.d by the strength of
available turbine materials at elevated
temperatures.

INTRODUCTION

PRELIMINARY REMARKS

Developing a competitive aircraft gas
turbine engine design is one of the most
challenging tasks in engineering.
Airplane performance is so responsive to
reductions in the size, weight and fuel
consumption of its engine that maximum
effectiveness must be demanded of each
engine part. On the other hand, the aerodynamic and mechanical capacity of any
part dare not be exceeded because the
potential consequences can be disastrous.
Engineering design development must,
therefore, be based.on the following
criteria:
o

The presently available maximum
aerodynamic and mechanical effectiveness and capacity of each part
of an aircraft gas turbine engine
must be known.

A
B

How to design p~ecisely up to the
presently available maximum aerodynamic and mechanical effectivenesses
and capacities without exceeding them
must be known.

o

The research necessary to extend the
maximum effectiveness and capacity
of each part must be recognized.

o

Engineering specialties required to
ascertain and extend these limits include
aerodynamics, thermodynamics, controls,
stress analysis, vibra~ion and acoustics,
combustion, heat transfer, lubrication,
instrumen'ta tion, manufacturing, and
inspection. All of these specialties must
work together it the design goals are ·to be
realized.
It is generally recognized that a gas
turbine engine derives its useful power
from a thermodynamic cycle. Demands for
improved engine power as well as fuel
consump.tion are therefore met by increases
in:
o

Cycle

o

Peak cycle temperature.

efficienci~s
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INLET GUIDE VANE
AXIAL COMPRESSOR
ROTOR
AXIAL COMPRESSOR
STATOR
CENTRIFUGAL COMPRESSOR ROTOR

F
G
H

COMBUSTOR
RADIAL TURBINE
NOZZLE
RADIAL TURBINE
IMPELLER
EXHAUST NOZZLE

CENTRIFUGAL COMPRESSOR DIFFUSER

THE INLET AIRFLOW IS COMPRESSED FIRST BY A SINGLESTAGE AXIAL COMPRESSOR, THEN BY A CENTRIFUGAL
COMPRESSOR. HEATING OF THE WORKING FLUID TAKES
PLACE IN THE COMBUSTOR. THE GAS IS THEN EXPANDED,
FIRST THROUGH A TURBINE AND THEN THROUGH AN
EXHAUST NOZZLE. THE TURBINE DRIVES THE COMPRESSOR, AND FURNISHES OTHER AUXILIARY POWER. THE
EXPANSION THROUGH THE NOZZLE RESULTS IN THE
EXHAUST JET.

Figure 1.1-1.

Cutaway :View of the Heinkel
He-S 3B Turbojet Engine -The First Jet Engine to
Make a Successful Flight.

Persistent work in these areas, however, gradually paved the way for the
first successful flight of a turbojet
engine on August 27, 1939. The engine,
invented and developed by Hans von Ohain, .
in Germany, was the He-S 3B and is shown
in Fig 1.1-1. It developed about 900
pounds of thrust and powered the He 178
airplane shown in Fig 1.1-2

Increasing these quantities without sacrificing reliability have been, and will
continue to be, two of the major goals of
gas turbine engineering.
1.1.1

History

The potential simplicity of a gas
turbine had enticed inventive minds for
over a century. What couid be less complicated than mounting a rotating compressor and turbine on the same shaft and
inserting a source of heat (combustion
. chamber) between them as illustrated in
.Figure l.l-l? Unfortunately, the aerodynamic and material technologies of that
time were not sufficiently developed for
·the construction of a useful engine;
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Figure 1.1-2. Heinkel He 178--the First
Airplane to Fly with a
Turbojet Engine.

stress-tOo-weight ratios was also gradually
introduced in various engine components
to obtain further weight reductions.

The development of a jet engine was
also undertaken by Sir Frank Whittle in
England. His 1930 patent anticipated most
of the essential elements of a workable
engine. His W.l engine, which produced
860 pounds of thrust, powered the Gloster
Aircraft E28/39 on its maiden flight on
May 14, 1941.
(Unfortunately, photographs of the engine were not available
for this publication). This flight
undoubtedly could have been made years
earlier if proper financial support had
been given to the enterprise.
(There is
a plausible reason for this delay, however, which is offered in 1.2.3.2. In
a nutshell, jet airplanes want to fly at
high speeds, and external aerodynamic
technology was not ready for even moderately high speeds until the late 1930's).

In addition to improved turbojet
engines, efficient turboprop and turbofan
engines also evolved. Long range and
supersonic aircraft designs with afterburning followed the improved engine and airframe technologies. A by-product of this
evolution was a revolution in commercial air travel. Many areas of the world were
made accessible by overnight flights.

1.1.2

National defense was the first area
in which the impact of turbojet engines
was felt. Turbojet engine weight was
markedly reduced from reciprocating engine
weight and the propeller was eliminated.
The resulting airplanes could fly so much
faster than their predecessors that local
air superiority was practically guaranteed.
Governments were thus' strongly motivated
to invest in the development of the technologies for gas turbine engines and high
speed aircraft. Maintaining competitive
postures compelled industry also to make
large investments in these technologies.
Notable improvements in gas turbines were
inevitable as a r~sult of increased component efficiencies and elevated turbine
inlet temperatures. Further improvements
resulted from additional reductions in
engine size and weight per unit of thrust.
These reductions were derived from advances
in stress and vibration analysis, which inturn provided better structural efficiency.
The development of materials having higher

I..

A

A
B
C

Some Examples of Engines and
Engine Installations

Some examples of engines and aircraft
produced for defense p~rposes are presented in Figures 1,1-3 through 1.1-16,
Statements in both the following text and
the footnotes in the pictures will be justified in later paragraphs of this chapter.
Figure 1.1-3 presents a cutaway view
of a single-shaft turbojet engine with an
afterburner. It is the J85-21 made by
the General Electric Company. This engine
represents an intermediate design prior to
the widespread introduct;ion of turbofan
pngines.
Figure 1.1-4 presents a cutaway view
of a Detroit Diesel Allison turboprop
engine. Engines of this type appeared
when their weight -and efficiency made
them more economical than reciprocating
engines. This engine also represents an
intermediate design which preceded the
technology available at this writing. A
view of the complete engine with~all its
necessary accessories is shown in Figure
1.1-5. An example of the way these engines

D

MULTISTAGE AXIAL FLOW COMPRESSOR
COMBUSTOR
MULTISTAGE TURBINE

D
E

AFTERBURNER
VARIABLE EXHAUST NOZZLE

F

ACCESSORIES

MULTISTAGE COMPRESSOR FURNISHES PRESSURE RATIO DESIRED BASED ON TURBINE INLET TEMPERATURE,
ENGINE SIZE AND WEIGHT, FLIGHT SPEED, AND AIRCRAFT MISSION. AFTERBURNER HEATS EXHAUST GAS
TO RAISE ITS TEMPERATURE. THIS PROVIDES EXTRA THRUST FOR SHORT PERIODS OF TIME. EXHAUST
NOZZLE AREA FOR AFTERBURNING IS GREATER THAN FOR NONAFTERBURNING.

Figure 1.1-3.

cutaway View of a Jet Engine with Afterburner.
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MULTI-STAGE AXIAL COMPRESSOR
COMBUSTOR
MULTISTAGE TURBINE
PROPELLER SHAFT

E

GEARBOX

F
G

DRIVE SHAFT
PROVISIONS FOR MOUNTING
ACCESSORIES

THE TURBINE ABSORBS MOST OF THE AVAILABLE ENERGY AFTER COMBUSTION. THE EXTRA ENERGY
REMAINING AFTER THE COMPRESSOR IS DRIVEN IS USED TO DRIVE A PROPELLER ATTACHED TO THE
PROPELLER SHAFT. SINCE THE PROPELLER TURNS AT A MUCH LOWER SPEED THAN THE ENGINE, A
GEARBOX IS NECESSARY., THE LENGTH OF THE DRIVE SHAFT IS DECIDED BY THE INSTALLATION,
FIGURE 1.1-6.

Figure 1.1-4.

Figure l.l-S.

cutaway of the Model TS6-A-1S Turboprop Engine.

Model TS6-A-1S Turboprop Engine. This is the Way the Engine
pictured in Figure 1.1-4 Actually Appears.
Note the Numerous
Accessories, Wires, and Tubing for Oil and Fuel.

are installed on an' airplane is illustrated in Figure 1.1-6. Observe that the
engine installation certainly disturbs the
flow over the wings. The importance of
minimizing engine diameter may be intuitively recognized from this picture.
A high bypass turbofan engine, the
General Electric CF6, which is specifically designed for flights at high subsonic flight Mach numbers, is shown in
Figure 1.1-7. This engine is a dual shaft
unit and is representative of modern technology. A study of Figure 1.1-7 reveals
the design care exercised to achieve compactness and the prolific use of expensive
features which enable satisfactory structural rigidity to be achieved with relatively light weight. Although the mechanism is not obvious, provisions were made
to cool the turbines with air bled from
1-3

THIS AIRPLANE IS POWERED BY T56 TURBOPROP
ENGINES. THESE AIRPLANES FLY AT LOWER SPEEDS
THAN TURBOJET ENGINES, BUT THEY CAN PRODUCE
LARGE THRUSTS WITH GOOD OVERALL EFFICIENCY.

Figure 1.1-6.

USAF AC-130.

COMBUSTOR
B

FAN

C

OUTLET DUCT FOR BYPASS FLOW

1\

D

NOZZLE FOR BYPASS FLOW

E

MULTISTAGE COMPRESSORS ON SAME SHAFT
AS FAN ("LOW PRESSURE" COMPRESSOR)
TRANSITION DUCT

F

MULTISTAGE "HIGH PRESSURE"
TURBINE, DRIVES HIGH-PRESSURE
COMPRESSOR

J

TRANSITION DUCT

K

MULTISTAGE "LOW PRESSURE"
TURBINE, DRIVES LOW-PRESSURE
COMPRESSOR AND FAN

MULTISTAGE COMPRESSOR ("HIGH
L
EXHAUST NOZZLE FOR ENGINE
PRESSURE" COMPRESSOR ON
AIRFLOW
SEPARATE SHAFT)
THIS ENGINE REPRESENTS A CROSS BETWEEN TURBOJET AND TURBOPROP ENGINES. AFTER THE FLOW
IS COMPRESSED BY ,THE FAN, MOST OF IT IS DISCHARGED THROUGH THE FAN NOZZLE. THE REST OF THE
FLOW IS COMPRESSED FURTHER. THE COMPRESSION IS DONE BY TWO SEPARATELY DRIVEN CbMPRESSORS
IN SERIES. THE EXpANSION ACROSS THE TURBINES IS PROPORTIONALLY LES~ THAN THAT OF THE ENGINE
SHOWN IN FIGURE 1.1-4.
.
,
G

Figure 1.1-7.

Cutaway of the CF6 Turbofan Engine.

the compressors. High turbine inlet temperatures are thus realized. A typical
installation of a high-bypass engine in an
airplane is shown in Figure 1.1-8. The
inlets are located upstream of the wings
to get uniform airflow into the engines.
The curvature of the leading edge of the
inlet is generous to permit some misalignment of the incoming flow with the
inlet axis.

The next two figures (1.1-9 and
1.1-10) show two turbofan engines, of the
type n~eded for combined supersonic and
subson~c flights.
These engines are also
representative of modern engine technology.
Turbine cooling is again used.
Identification of all engine parts is not provided
since only one new part is introduced.
This part is a flow mixer designed to
efficiently mix the bypass flow with the
flow through the engine. Observe again
the compactness of the turbomachinery and
main combustor. Note that the accessories
and plumbing constitute an appreciable
portion of the total engine volume. The
afterburner space might seem to be disportionately large. However, this is beneficial for achieving good combustion
efficiency and mixing without impairing
performance excessivelY.
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THIS AIRPLANE REPRESENTS A TYPICAL INSTALLATION OF A HIGH BYPASS TURBOFAN ENGINE.
AIRPLANES SUCH AS THESE CAN FLY AT MACH
NUMBERS ABOVE 0.8 AND STILL STAY IN THE AIR
FOR MANY HOURS. NOTE HOW THE ENGINES ARE
ATTACHED TO THE WINGS. THE IDEA IS TO MINIMIZE THE DISTURBING EFFECTS OF THE ENGINES.
NOTE ALSO THAT LARGER BYPASS RATIOS WOULD
REQUIRE BIGGER LANDING GEAR TO MAINTAIN
GROUND CLEARANCE FOR THE ENGINES. THE
RESULTING INCREASE IN LANDING GEAR WEIGHT
WOULD OFFSET THE CARE IN ENGINE DESIGN.
THIS IS ONE OF MANY INSTANCES THAT SHOW
THAT FEW ITEMS'IN ENGINE DESIGN CAN BE
DIVORCED FROM THE AIRPLANE OBJECTIVES.

Figure 1.1-8.

USAF E-4 Aircraft.

THE GREATER NUMSER OF STAGES IN THE FAN PROVIDES THE HIGHER PRESSURE RATIOS NEEDED FOR
EFFICIENT OPERATION AT SUPERSONIC FLIGHT. AFTERSURNING IS APPLIED TO SOTH THE FAN FLOW' AND
THE ENGINE FLOW. THE DESIGN PRESSURE MUST SE CAREFULLY SALANCED AT A, WHERE THE TWO FLOWS
UNITE.

Figure 1.1-9.

cutaway of the TF30 Engine.

FLOW MIXING

Figure 1.1-10.

cutaway View of the FIOO Engine.
(See Remarks on Figure 1.1-9.)

Figures 1.1-11 through 1.1-16 show
selected airplanes with supersonic capabilities at various flight conditions.
In contrast to the engine installations
pictured in Figures 1.1-6 and 1.1-8, the
engines for supersonic aircraft must
nestle close to the airframe. The air
displaced by the engine installation has
to systematically blend with the air displaced by the rest of the airframe, otherwise supersonic drag is untenable.
Figures 1.1-11 and 1.1-12 show typical
aircraft attitudes during takeoff and
climb. An excessive angle of attack for
the inlet or angle of yaw could cause the
engine inlet air to flow over a sharp edge.
This could create havoc with finely tuned
compact engines. Great care must be exercised in the design and location of inlets.
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Figure 1.1-11.

USAF B-1 Bomber Just
After Takeoff.

ENGINE
INLET

Figure 1.1-15.

Figure 1.1-12.

USAF F-lll in Flight.

USAF F-16 Just
After Takeoff.

Figures 1.1-13 and 1.1-14 show two
other views of airplanes with the engine
inlets installed beneath the aircraft.

Figure 1.1-16.
1.1.3

USAF F5E in Flight.

Purpose of this Report

As noted previously, the successful
development of gas turbine engines has
resulted from dramatic advancements in many
engineering specialties. Prominent among
these specialties are the activities of
aerothermodynamic groups. This is the area
where engine concepts -begin and engine efficiency is established. The experiences
gained (and sometimes suffered) by aerothermodynamicists are the foundations for
new design approaches. They also provide
guidance for future "reas of gas turbine
research.
Figure 1.1-13.

This publication reviews the development of aerothermodynamics in aircraft gas
turbines and has been prepared~by experts
who have participated in and contributed
to advancements in technology. The publication has th~ following objectives:

USAF F-16 in Flight.
ENGINE
INLETS

Figure 1.1-14.

o

Provide a graduate-level text that
treats the basic aerothermodynamics
of the engine'

o

Review the state-of-the-art, component problems, and design approaches

o

Be a useful guide for the management
of gas turbine research

o

Guide new engineers in the industry
along the paths of needed research

o

Reflect the general design and
development philosophies of the
turbine engine community

USAF F-15 in Flight.

FigurEis 1.1-15 and 1.1-16 show the engines
mounted at the sides of the fuselage. No
matter how the engines are mounted and
sized, it is impossible, at the present
time, to obtain good flow either into or
around them over the entire range of flight
speeds and altitudes. Coping with this
problem is not the least of the many confronting-designers.
Although,gas turbine propulsion
engines have come a long way, many problems
remain to be solved and numerous improvements remain to be incorporated. Advancements will be achieved by engine developers
who understand the mathematics and physics
of their own field, together with those of
peripheral fields.
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o

'Enjoy a wide circulation as a useful
government technical publication

1.1.4

Plan of Publication

Chapters 2 through 26 present a
comprehensive treatise on the function of
aircraft gas turbines, what the important
aerothermodynamic problems are, and how
these problems have been attacked. These
chapters fulfill the basic objectives of
this effort. In addition· to the material
presented in those chapters, the reader
should also be acquainted with the following subjects:
o

Basic factors influencing the
objectives and directions of gas
turbine engine design

o

The interrelationship of gas turbine
components

o

The interdependence of aerothermodynamics with the other engineering
specialities involved in the manufacture of gas turbines

FACTORS INFLUENCING PROPULSION
ENGINE DESIGN

Effects of Engine Performance on
Airplane Capabilities

Mg
a

.By definition, an airplane must
carry a given payload a prescribed distance along a flight ~ath in which the
speed and altitude are stipulated at every
point. In order to transport a payload,
an airplane must also carry a propulsion
system and sufficient fuel to complete its
mission. Unfortunately, the weight of
the propulsion system is frequently comparable to that of the payload, While the
1-7

= Drag

+ Mg x a

force of aerodynamic drag
mass of the airplane

= acceleration

(that of airplane
and the appropriate component
of gravity)

Te = effective thrust
The acceleration term is dominant in airplanes that require vertical takeoff capability, short takeoff distances, or great
maneuverability. These requirements then
decide the maximum effective thrust and
conseqlfently the size and weight of the
propulsion system. An engine-out requirement during takeoff ahd climb of a multiengined aircraft may also be decisive in
determining size. Both acceleration and
drag forces are then involved. High
altitude cruise can be another determinant.
In other cases, the drag during cruise
at high altitude or at transonic and supersonic flight speeds may fix the thrust that
determines propulsion system size. When
acceleration forces are not involved, one
may write
2

1/2 PoVo SC D
ambient air density
Va

Every airplane requires an economic
reason for its existence, since enough
people must be willing to pay whatever is
necessary for the particular service it
offers. The design of an engine is therefore greatly influenced by its own contribution to the cost of the service •

Factors Determining Engine Size

In a well designed airplane, there
are always one or more flight conditions
where the maximum effective thrustproducing .capability of the propulsion system ~s demanded. This requirement dictates
the size and weight of the propulsion system. At any point in its mission, thrust
is determined by the expression

Drag

This topic is introduced here to
prepare the reader for subsequent statements in this chapter and to supplement
important material contained in later
chapters. It is divided into three sections. The first section shows how two
critical variables--(a) thrust of the
propulsion system per unit of weight, and
(b) efficiency or thrust specific fuel
consumption--govern the usefulness of an
e~gine.
The second section briefly
d~scusses the'thermodynamic factors that
control the power and thermal efficiency
of an engine. The third section discusses
the options for converting engine power
to propulsive power.
1.2.1

1.2.1.1

'e

These subjects are addressed in this
chapter, which complements the rest of
the publication by indicating, in advance,
the many considerations underlying the
design of gas turbine engines. Although
introductory in nature, some comments in
this chapter may have more meaning if
they are also read in conjunction with
appropriate succeeding chapters.
1.2

fuel Weight may exceed the payload severalfold. Propulsion system and fuel weights,
together with engine efficiency, are thus
important factors in determining the
economic value of any airplane. The relative importance of these quantities varies
with many factors. Prominent among them
are the cost and availability of fuel, and
the nature of the fuel.

S
CD

flight speed
a constant associated with the
surface area of the airplane

= drag

coefficient of the airplane

Representative graphs of the variation of
CD with Mach number are sho~n in Figure
1.2-1. Because of the relatively high
drag observed during transition from subsonic to supersonic speeds with fixed wing
aircraft, it is usually very desirable to
accelerate an airplane through this regime
rapidly. The thrust demanded then exceeds

that determined by CD alone. An objective
of propulsion system design is to produce
this thrust with minimum system weight
~nd fuel consumption, as long as other
important qualities and drag due to the
system installation are not prejudiced.

1.2.1.2

Figures of Merit for Thrust, Size
and Weight

The dimensionless' quantity

T

=

m

~

2

UJ

o

Vo

...ii:

8

Vol

thrust created by aerothermodynamic forces within the propulsion
system
mass flow in the propulsion system
velocity of flight

There are several important factors exposed
by this quantity. "In level flight,
T/(m V ) is proportional to the drag coefficien~ of the airplane.
It can be shown
that
(1.2.1)

~

a:

C

A

o

1.0

o

2.0

Figure 1.2-1.

Characteristic Variation of
Drag with Mach Number.
(Taken from Figure 26.1.2-3,
Chapter 26.)

.

In this connection, the effective
thrust of a propulsion system is that
thrust produced by aero thermodynamic
forces within it minus drag due to:
o

The flow of air over the external
surfaces of the propulsion system

o

The interference of flow about the
airframe caused by the presence of
the propulsion system and the flow
of gases into and out of it

= ~V = area
Po

0

required

for the air approaching and
entering the propulsion system.
A is thus a measure of the size
o~ the propulsion system.

MACH NUMBER

o

TI (m

can be used as a simple figure of merit for
gauging the effective interrelations among
thrust, size, and weight of a propulsion
system.
(At negligible fl~ght speeds or
at a given value of V , Tim is obviously
appropriate.)
0

When the maximum value of aerodynamic drag
is the principal determinant of the size of
an engine, the size varies inversely with
the value of T/(m Vo' developed by the
engine. Moreover, for a defined type of
propulsion .system, the weight of the engine
and its installation tends to increase with
Ao. Thus, th~ ability to develop,high
values of T/(m Vol suggests relat1vely low
weight and installation drag for the propulsion system. In many instances, the term
Tim Vo may then be :onsidered more or less
proportional to Te/m Vo.
1.2.1.3

Figure of Merit for Fuel
Consumption

Fuel weight is closely associated with
the magnitude of n , the overall propulsion
system efficiency.o The familiar Breguet
equation for range is:

The extra weight that must be added
to the airframe in order to accommodate the propulsion system.

Establishing the most suitable propulsion system for a given mission requires
extensive system and airplane studies such
as those described in Ch~pter 9. Some of
the ancillary installation problems are
also presented in Chapters 13, 14, and 26.
Although no simple evaluation criteria
are completely adequate, quantities for distinguishing good aerothermodynamic qualities of an engine from undesirable qualities can be identified. The quantities
chosen must be related to size, and fuel
consumption. Those selected for this section are described in the following paragraphs.
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-H f Do (LlD) In (1 - Mf/Mg)
lower heating value of fuel
average lift-drag ratio of
the aircraft during its
mission
fuel weight at takeoff
takeoff gross weight of
airplane
average overall efficiency
of propulsion system

This equation clearly indicates that high
values of no are necessary to enjoy
relatively low values of fuel weight.
Thrust specific fuel consumption is related
. to no by the equation SFC 1 = 4.63 Vo/Hfn o '
1.2.2

Engine Power and Thermal Efficiency

The word "engine" in this section
refers to the prime mover that transforms
thermal energy to useful mechanical energy.
In the subsequent section, the term "propulsion device" indicates the unit that
converts this useful energy into thrust.
A complete assembly is called the "propulsion system". This terminology has been
adopted for Sections 1.2.2 and 1.2.3. It
is employed to separate and clarify the
various functions of the propulsion system.
Throughout the rest of this chapter, however, the word "engine" will refer to the
entire system, as i t normally does.
The size of an engine decreases as the
mass flow of gas passing through it is
reduced. It is manifest that the interests
of light engine weight and low installation
drag are served when the ratio of engine
power to engine mass flow (PWRE/m ) is
high.
e

The fuel weight required for a given
~ission depends upon the thermal efficiency, nTH 1 this is true since i t can be

!

I

shown that no = nTH x npR '
(n pR is the
efficiency of the propulsion device.)
Engine specific fuel consumption is
related to nTH by the equation SFC =
E
2545/H f nTH' High thermal efficiencies or
low engine fuel consumptions are therefore
desirable.

p

static pressure

t

static temperature

y
Cp
C
v

1.2.2.1

specific heat at constant volume

\ 0

EM/C

~S

total increase in entropy between
any two stations within an engine

p

E designates summation sign

u designates condition of air at any
upstream station
d designates condition of air at any
station downstream of u
consider an airplane engine similar to the
engines in Figures 1.1-3 and 1.1-4.
Since the static pressures upstream and
downstream of an engine are equal

1
i designates condition of engine air
ahead of the inlet
e designates condition of engine gas
after it is discharged into the
atmosphere
For simplicity, let the mass flow be
constant throughout the engine. The previous equation may then be written as:
(t -T ) - (T -T ) e eye

(T . -T ) + (T -T )
t~
y
ti
co

+ (T co -T.)
+ (T.-t.)
= t. (eo - 1)
1
1
~
~
Tti

Both PWRE/me and nTH are included in
the subjects presented in Chapters 5, 6
and 7. In order to preserve continuity in
this chapter, however, and also establish
a base for subsequent discussions, the
following development is made. The
approach is unorthodox, but it has the
merit of clearly delineating cause and
effect. For the purpose of this study
the assumption of a perfect gas (see '
Chapter 2) is adequate.

C/C v
specific heat at constant pressure

turbine inlet total temperature
compressor cutlet total
temperature
total temperature downstream of
the turbine driving the compressor and upstream of a turbine,
or the part of a turbine, producing useful power (T = Te in
y
Figure 1.1-3, but T> T in
Figure 1.1-4).
Y
e

Assume now that
Cp (Tti - Ty) = Cp (T co - T )
i
This approximately accounts for the specific energy provided to the compressor by
the turbine driving it. If the air after
the pmqer turbine is allowed to expand to
the atmosphere, then

Thermodynamic Determination of
Power and Efficiency of Simple
Engines

JC p (Te - tel

The following identity is readily
derived 1 see Chapter 2.

1 V 2
2' ex

Note also that

pr:l
{pu l Y

!'V 2

2

d
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0

(1.2.2)

or

°0

The term (',then embraces all entropy
changes resulting from the degradation
of mechanical energy. That entropy change
deliberately introduced by heat transfer
through combustion is replaced by a temperature ratio. The power output per unit
mass can now be expressed by

V 2

o
y-l
2
1 + 2JC tl = 1 + -2- Mo
p

(1.2.3)

furthermore
Cp (T ti - Tco) = ~HI
ratio of mechanical to thermal
energy units

J

T

speed of gas flow leaving the
engine relative to the engine

J

cp

T

ti

[(1 - ~) (1
Tti

°

ti
Tco (e 0 - 1) J

flight speed

(1.2.4)

flight Mach number

The last term is the surtax imposed for
ineptness in converting heat to useful
energy. The thermal efficiency is now
expressed by:

specific energy (per unit of
mass) delivered to the cycle
The equation now becomes
JC

(T -T ) +
ye

p

= J~HI

!2

(V

ex

2_v 2)
0

nTH

- JCpti (eO-l)

Observe that if the only change in entropy
came about from the addition of ~HI to the
flow, then

=

ti
(1 - ~) co

°

t.
[~(e 0_ 1 )]/[1
co

Observe that temperatures have been used
as variables. These fundamental variables
of thermodynamics provide the best illumination of the subject. In 1.3, pressures are introduced, since they are more
. useful in industry.

1
P

total pressure
1.2.2.2

c identifies the entropy increase
accompanying. the heat added
in the combustor
and

=

JC (T -T ) + ! (V 2_V 2)
pye
2exo
Tti

J~HI - JCpti (Tco - 1)

=

J~HI

ti
(1 - Tco)

i

The quantity [JC p (Ty-Te) +
(Vex2-V02)]
represents the total power that can be
developed by the engine per unit of engine
mass flow. For this idealized condition,
the efficiency with which ~HI is utilized
is obviously (l-ti/T co )' The quantity
ti (Tti/Tco-l) represents the tax that
nature demands for the privilege of converting heat energy to useful energy.
Nhen energy degradation by effects
such a~ friction is also recognized, the
term e can be written as
et~S/Cp

Tti

= e[(~S/Cp)c

Some Effects of Afterburning

The relatively small engine diameters
associated with high values of PWRE/~ are
particularly needed for transonic and
supersonic flight, where anything that
gets in the way of the airstream produces
important increments in drag. In these
cases, PWRE/~ is raised by afterburning
or reheat.
(An afterburner in an engine
is shown.in Figure 1.1-3). The foregoing
equation for power may then be readily
extended to read

- t.

l.

Tt · T b
[_l.~]

Tco Tto

[e

°DA

-l]}

(1.2.6)

turbine discharge total
temperature
afterburner discharge total
temperature

+ E(~S/Cp)o]

E~SDA/Cp for all components
including the afterburner

00

Tco e
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The efficiency of the afterburning process
can be determined as follows: Divide the
gain in power due to afterburning by the
extra energy added by combustion in the
afterburner. For ideal conditions

(1.2.7)
nabi

= ideal

efficiency of the afterburning process itself.

The difference between this and the nonTt'
afterburning efficiency is [---~ -1). This
Tto
extra loss is analagous to a late-charge
tax exacted by the IRS. The corresponding
equation with the entropy terms can also
be derived, and it may be determined that
these entropy terms greatly augment this
loss in efficiency. The trade-off bet\-leen
the increase in PWRE and the loss in nTH
depends on the airplane mission. It might
be expected, however, that the desire for
high values of PWRE/m often predisposes
the trade~off in favor of afterburning.

1.2.2.3

Recall that Tco/ti is the result of
two processes -- the temperature rise due to
the speed of the airplane, Equation (1.2.3),
and the temperature rise in the compressor(s) •

+ .r.:.!.
2

f>T

Ii 2)
0

+ -E.
ti

(1.2.8)
A given temperature rise is usually
produced with less entropy increase in an
inlet than that in a compressor. The
magnitudes of PWRE/~ and nTH attainable in
high speed aircraft are therefore significantly greater than those available from a
stationary engine.

1.2.2.4

Basic Concepts Derived from
Thermodynamic Analysis

The following deductions and observations are noteworthy.
1.2.2.4.1

When an engine is being started, high
values of aD and low values of Tco/ti make
the entropy term decisive. This causes the
right hand side of Equation (1.2.3) to be
negative. Excessive values of Tti can
increase the mechanical power demanded of
the starter. The fuel flow must therefore
be carefully controlled in this operating
regime.
1.2.2.4.2

Thermodynamic Effects of Flight
Speed •

(1

blades are cooled by air withdrawn from the
main engine flow during the compression
process (see chapter 19).
(The cooling is
necessary to keep the turbine and other
metal temperatures below Tti • Otherwise,
the loss in both the strength and corrosion resistance of the metal would be intolerable.) As the turbine inlet temperature
increases, more cooling air is required.
The resulting loss in available power after
the compressor is equivalent to an increase
in entropy. When an appreciable amount of
air is required to achieve the necessary
cooling, the grOlqth of 0D can offset the
potential benefits of elevated turbine
inlet temperatures. An upper limit of Tti
is eventually imposed. Methods for improving and protecting materials, and reducing
losses due to blade cooling are COnsequently co~tinually being pursued to improve
both PWRE/~ and nTH'

Turbine Inlet Temperature

If 0D were independent of T , both
ti
PWRE and nTH would increase with T , proviti
ding the right side of Equation (1.2.4) is
positive. In many current designs, however,
0D increases with Tti because the turbine

i-ll

Effects·of Tco/ti

As Tco/ti is raised from unity, both
PWRE/~ and 11TH are'initially increased. A
value of Tco/ti is eventually reached which
makes PWRE/~ a maximum. Differentiating
Equation (1.2.4) with respect to Tco/ti
would identify this condition when an is
known as a function of Tco/ti' However,
the relation given in Chapter 5
TcO/ti = 1Tti/ti
provides a good basis for discussion. A
design for maximum power requires Tco/ti
to increase as the permissible value
of Tti is raised. Further increases in
Tco/ti' beyond that for maximum power,
cause the efficiency to continue to
increase until it too reaches a maximum.
The higher the value of aD' the closer the
value of Tco/ti for maximum power
approaches the value of Tco/ti for maximum
efficiency. In any event, a quest for
high engine efficiency also requires
Tco/ti to increase as Tti is raised.
For a given flight condition, however, engine weight also increases with
Tco/ti because larger compressors and
turbines are required to supply the
increased load imposed on them. The compressors and turbines of modern engines
such as those shown in Figures 1.1-7,

________

'~s."'"'.;:

-------------.----,-----~-~----~-.-

1.1-9, and 1.1-10 are made as compactly
as possible to minimize this trend. However, the value of Tco/ti usually selected
is less than that for maximum nTH'

The

optimum value of Tco/ti depends upon this
discussion and the relation expressed in
Equation (1.2.8).
1.2.2.4.3

Effects of aD

thrust coefficient. For
convenience, this term will
be disregarded in the follm,,ing discussions, since its
magnitude is usually only
slightly less than unity.
Consult Chapters 9, 14,
and 26.
The power required to produce the
jet is:
PWRj

Low values of aD enhance both

PWRE/~ and nTH'

.)[.r.,,"':

= 21

•
mj

2
2
(V j -Vo )

High component efficiencies and low flow losses in transition ducts are major design objectives.
If entropy losses were constant, their
effect would diminish as Tco/ti increa-

Thrust and jet power are thus related
by
j2P1m ·
2
,
mj
~_. J + Vo - Vol
mj

ses. Unfortunately, the losses in compressors and turbine~ (and ev~n engine
inlets and outlets) ~ncreaSe ~n such a

or

a

[J __

I2Jl:'+T - 1

T

J

manner that (e D_ l ) increases with t~O
~

(As a matter of interest, a simple expression may be derived to relate the entropy
increase in compressors and turbines to
their temperature ratios and their polytropic efficiencies, defined in
Chapter 6.) Besides offering reduced
losses, increased component efficiencies
permit higher values of Tco/ti to be
selected; this offers additional
improvements.

(1.2.9)

Thrust increases with mj and PWRj ' however it asymtotically approaches the
value of TNAX = PWRE/V o as mj increases
indefinitely. Note that

since Tco/ti naturally

~'
T

increases with flight Nach number when
(Tco-T i ) is fixed, a condition that is

NAX

usually approximated in a real engine, the
values of Pl'lRE/~ and nTH also increase
with flight Nach number until either
Tco/ti reaches its value for maximum

1
r.
j

[12Jl:'+T - 11
J

since the useful power developed by
the thrust is TV , the propulsive
efficiency of thg jet is

1

Ii

power, or aD become too high because of

[nAj +1 - 1]

tNAX

inlet losses.
1.2.2.4.4

_T_

(1.2.11)

An important relation between thrust
and power may now be written

Afterburning

Afterburning increases PWRE/m at
the expense of nTH'
1.2.3

Conversion of Engine
Propulsive Power

Po,~er

(1.2.12)

to

Figure 1.2-2 presents n pR (or T/T
)
NAX
plotted against l/Aj'
(The reciprocal

Thrust is produced by coupling the
engines of the previous section to a
propulsive device. A brief study of the
mechanics of propulsion is now appropriate. The problem is similar to one of
impedance matching.
1.2.3.1

of Aj is used for convenience.)

a:

0.8

V'

~

o

Propulsion Nechanics

:€

The thrust produced by any aircraft
propulsive device causes a change in the
momentum of the gas passing through it
(see Chapters 2 and 5). The air discharged from a propulsive device is called
the jet, and the magnitude of thrust is:

,

v ..

1.0

cFm j (Vj-Vo )
mass flow of gas in the jet

~
.!::
..

.0.6

/'

OA
0.2

-

0.0
0.001

Figure 1.2-2.

speed of jet
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0.01

./

,,""
0.1

2
I/A - ri1 J V0 /PWRJ

Effect of A on Thrust
Produced and Propulsive
Efficiency.

10

1.2.3.2

Direct Coupling of Engines with
Propulsive Devices

It is worth noting that eVen the
early concepts of jet en'lines (with their
low pressure ratios, turbine inlet temperatures, and thermal efficiencies) still
provided such high values of h to the jet
j
that flight speeds greater than the capability of contemporary aircraft were
necessary for tolerahle propulsive efficiency. This situation "ms, for a while,
a deterrent to the investment of money in
jet engine technology.

The power of the jet flow (~lhich
is related to propulsive force) must
ultimately come from the engine. The
simplest way of coupling an engine
to a jet is to put a nozzle behind the
engine, as in Figures 1.1-1 and 1.1-3,
and then expand the flow to ambient
pressure. This action forms the jet
from the engine airflow (A. = hand
•

~

•

= mj ).

J

e

It is of interest to inves-

The value of engine efficiency at
supersonic l1ach numbers exceeds that which
can be obtained by any prime mover at sea
level. At a l1ach No. of 3.0, the overall
efficiency at least approaches anything
that can be offered at sea level. Unfortunately, the magnitude of T/mvO is low

tigate the aero thermodynamic behavior
of this and other couplings with the aid
of engine characteristics that partially
represent current technology. Pertinent
information from such an engine with
direct coupling is given in Table 1.2-1.

while the drag is high, contrary to the
demands of Equation (1.2.1).

TABLE 1.2-1

~

Ae

T

n pR

n0 *

0.8

10.;;

0.48

3.7

0.35

0.17

0.8**

18.1

0.43

5.1

0.28

0.12

Although the direct coupling just
discussed is simple and contributes
minimally to the size and weight of the
propulsion system, it does not provide the
necessarily high values of npR and large

nTH
meVo

2
2 ....

1.7

0 .• 57

1.1

0.65

0.37

values of T/m Vo simultaneously.

3.1

0.50

1.7

0.54

0.27

3
3 ....

1.3

this problem of achieving the desired
thrust with high overall efficiency and
light engines is avoided by using part of
the engine power to drive a separate airmoving device such as a propeller or fan.
This feature is discussed in the following section.

0.57 0.57

0.5

0.81

0.46

0.55

0.9

0.69

0.38

*n o
overall efficiency
**Afterburning to 3500 0 R

= nTH x

n pR

The values of he and ne reflect the
level of engine technology used in this
example. As flight Mach number increases,
Ae decreases and nTH increases. The latter
trend occurs because Ti/ti rises
[Equation (1.2.3») and this causes Tco/ti
to increase also.

The increase in nTH is

then expected from Equation (1.2.5). The
value of PWRE/m e can and does incre~se
also,

[see Equation (1.2.4») but Vo

Coupling with a Secondary Jet

Systems using this coupling are
commonly called turboprops or turbofans,
see Figures 1.1-4 and 1.1-7. The idea is
to divert a portion of the power developed by the engine to create another or
secondary jet with a lightweight device.
1.2.3.3.1

Thermodynamic Behavior of
Secondary Propulsion Device

The thermodynamic and propulsive
characteristics of the secondary propulsive device are readily derived by the
same method as that used in 1.2.2. The
power APWRE is abstracted from the engine

increases much faster. Afterburning
increases he at the expense of nTH' as
expected.
The relatively high values of Ae at
0.8 llach number cause the associated
values of n pR to be low. The utilization
of power for thrust is poor and the overall efficiency, no' is atrocious. Better
propulsive efficiency could be obt~ined at
this Hach number by reducing PWRE/m E and,
hence, A • This is readily accomplished by
j
lowering Tti [see Equation (1.2.4»). The
resulting increase in Tco/Tti may even
increase nTH'

1.2.3.3

Part of

Overall efficiency would

thus further improve. As previously
emphasized, analysis similar to that discussed in Chapter 9 is ultimately necessary
to make the proper decision.
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to increase the temperature (or pressure
ratio) of the secondary airstream. A fan
(or a propeller) is the instrument that
adds most of this energy to the secondary
flow.
In addition, heat may be transferred
to this stream by combustion as illustrated
in Figure 1.1-9. Following the scheme
devised in 1.2.2, it follows that

Te '

<T

~

DS

ms

=

~T - ~F - ~c

6PWRSC
(1.2.13)

~

the portion of energy input by
the fan that is degraded in
the secondary device.
,
Te
ODS
JC p ti ~(e
-1) -~F
f

~F

~c

~RSJ

ms

+

The power per unit of mass flow in
the secondary jet is
P

= 6PWRE -

PWRSJ

total temperature aft of a fan or
propeller
total temperature of the flow
discharged from the secondary
propulsive device. Combustion
takes place in the device when
Te' > T f •
entropy rise due to degradation
of useful energy associated
with the secondary device

JC p [(Tf - T ) + (Te' - T )
i
f

Te

s

,

(e °DS_ 1 ) V 2

Tf

0

(y-l) M 2

-

~F

0

total power available for
thrust in the secondary
propulsive device
mass flow through secondary
device

6P

JC p (T e

WRSC

,

t.
- Tf ) (1 - 2.)
Tf mS

t.

not inconsiderable part of ODS is
associated with (T f - Ti ). Moreover, ODS
increases with Tf at a fixed value of T •
i
A positive maximum for PWRSJ/~S can thus
be anticipated.
A

Observe that the power msJC (Tf-T )
p
i
is derived from the engine and can be
expressed by

Note that (1 - 2.)
is the ideal efficiency
Tf
with which the additional thermal energy
of combustion is converted into useful
energy. The real efficiency must include
the increases in entropy caused by energy
degradation.

1.2.3.3.2

PropUlsion Mechanics of
Combined Primary and Secondary
Thrust Devices

Equation (1.2.13) may be written as

power abstracted from the
engine for the secondary
propUlsion device
~T

losses in available energy
per unit mass in the secondary device due to the transmission system including
losses in the turbine driving
the fan or propeller.

Hence

(1. 2.14)

_(~ - l).(~ -1)
B

ms

~,

(y-l) Mo 2

commonly called the bypass ratio

moe
HO = flight !1ach number

T'

- ti (....!L e
T

The effective thrust and propulsive
efficiency of the secondary jet must
include the drag of the secondary device
[see Equation (1.2.1)].

0-

DS -1)]

f

It is also convenient to write this
equation as
1-14

coefficient to recognize added
drag charged to the secondary
device.
1 S
a factor equivalent to 2" A in
Xo
0
Equation (1.2.1)
1
12A S + 1 - 1 - Xo COS]
npRS =
AS [

optimum secondary device thus seems to
depend only on its own aerodynamic properties.

Cos

If 6ASC and 'C were zero, this optimum value of 6Asx would decrease with 'T'
'F' and XDCOS· In fact, 6ASX would be
zero if these quantities were also zero.
When 6ASC is large in comparison to the
other variables of this equation, the optimum value of 6Asx is also governed by its
influence on Tf/ti' ~lhich determines the
efficiency with which thermal energy is
converted into mechanical energy. Refer
to notes concerning Equations (1.2.13) and
(1.2.14) •

The power available in the j~t formed by
the engine airflow is expressed as

The thrust and efficiency of the primary
jet are now given by

The overall propulsion efficiency of
the secondarv device is approximately
given by
-

- - = I2A ' + 1 - 1
E

mv
e

0

npRE
AE

,

1

x;r

[nA E ' + 1 -1]

PNREJ

m
V 2
E 0

=

AE - 6AE
(1.2.15)

The overall thrust is expressed by

m'v = B
e

[ /2A S + 1 - 1 - XOC OS ]

0

When 6Asc is zero, the condition for maximum thrust is tantamount to the condition
for maximum propulsive efficiency of the
secondary device. The adverse effect of
6ASC is reduced by reserving secondary
combustion to supersonic flight velocities
so that 6Asc is moderate.
Another interesting relationship can
be £ound by letting 6AE = 6Asx B, differentiating the result~ng equation for
./mevo with respect to 6ASX' and equating
the result to zero. The following relation
is provided.

i!
i

II
l

f

I
i
i
,!

(1.2.16)
Two important variables affecting the
thrust are B an~. 6A E • From the appearance
of the equation, it is of interest to
inquire ~f there are conditions that might
make '/{~Vo} a maximum. To simplify the
approach, make the substitution
B = 6hE/6AsX' Consider 6h SX and 6AE to be
the independent variables and let AE be
constant. When this is done, it can be
shown that '/(~Vo} is a maximum when the
value of 6AS is such that

h. (MSX + MSC -

_~T~+_V_~-;:~~+-~C::;)

(~T +V:~

The variable 6AsX is really 6PWRE/(msV02).
It appears that its optimum value occurs
when the ratio of the secondary thrust to
6PWRE/(msV02} itself is a maximum. The
1-15

'C)]

12

(AE·- ME)

+l

sT + SF + Sc

/

o

By recalling the discussion leading to
Equation {1.2.9}, it appears that the
second requirement for optimization of

npR or (T/~Vo) is met when
[1 -

a
aAsx

(

1;T + 1;p +
V 2
0

(1.2.17)

+

12 (6Asx + 6AsC - ~--v~2~-~}· +1

+ 1 -l-XOCOS

o

Haximum Value

1 - __a_
a(M Sx }
[

VJE
VJS

~

c) ]

2
V
(~)
Vo

V

2

(.i1.§.)

Vo
{l. 2.18}

speed of jet of engine flow
speed of jet of secondary flow

The energy in the secondary jet should
equal that of the primary jet minus a
factor that is proportional to the rate
of change of losses with the ratio
•
2
6P WRE I (ro s V0 ). 'I'he magnitude of B is a

function of the relations expressed by
Equations (1.2.17) and (1.2.18).
Although this exercise vastly oversimplifies the events involved, the
trends that can be derived provide background for discussing why various propulsion systems are designed the way they
are.

1.2.3.3.3

Engines for Low Flight Speeds

When an airplane is intended for
cruising at 0.4 Nach No. or lowe'r, values
of AE that exceed 40 can be encountered
(see Table 1.2-1). A propulsive efficiency
of about 20 percent is achieved by direct
coupling, whereas efficiencies of at
least 70 percent should be sought; thus,
values of about 1.25 are needed for both
AS and AE' (see Figure 1. 2-2). Equations
(1.2.14) and (1.2.15) suggest that almost
,the entire output of the engine should be
offered to the secondary propulsive
device. Adding thermal energy to the
secondary system is too inefficient to be
considered at this flight speed.
(See
Equations (1.2.13), (1.2.l4), and the
associated text.)
In this situation, the use of a
propeller is a good solution. Figures
1.1-4 and 1.1-6 illustrate the engine
concept and its installation on an airplane. Consider, for example, that the
prime mover includes the main compression
system, the turbine 'driving it, and the
combustor. At the present time, the
dense materials needed in the turbine,
combustor, and supporting structures
tend to concentrate much of the weight of
the propulsion system in the engine. The
weight of the secondary device consists
of the propeller, the turbine driving it,
and the gearbox and structure connecting
them. These can be relatively light in
comparison to the extra thrust they produce. At a flight 4ach number of approximately 0.4, propulsion efficiencies in the
neighborhood of 80 percent and higher are
realized by a properly designed propeller.
If the combined efficiency of the turbine
and gearbox are slightly under 90 percent,
the net propulsive efficiency can be over
70 percent (or about 70 percent of the
maximum theoretical thrust).
In order to get a propulsive efficiency of 70 percent with direct coupling,
the engine alone would need the value of
A to be 1.25, and its mass flow would
have to be increased by a factor of 30.
The resulting weight and installation
drag would be ridiculous. By comparison,
the added weight and drag involved in
the propeller, gearbox, and turbine are
clearly much more attractive.
The secondary flow device with the
propeller would certainly be a good
investment in this case. The actual
selection of the propeller and the power
delivered to it depends on the factors
1-16

suggested by Equations (1.2.17) and
(1.2.18). The energy imparted to each unit
of mass comprising the secondary flow should
be about what is necessary to compensate
for the losses 'and installation drag of the
propeller and the transmission losses. The
mechanical energy of the engine jet
should be higher than that in the secondary
jet because of these losses. In the final
analysis, however, the design of the
propeller and the engine installation
should be decided only after thorough
analysis of the airplane and propulsion
system with respect to the expected
mission(s). This statement refers again
to the important concepts presented in
Chapter 9. The resulting overall propulsive efficiency at cruise could be higher
or lower than 0.7.

1.2.3.3.4

Engines for High Subsonic
Speeds

until recently there has been no
evidence that useable propeller efficiency could be achieved at the high
subsonic Nach numbers where airplane drag
coefficients are still low. Some encouraging results with new propeller designs
have been observed recently, but the combined effects of propulsion efficiency
and installation drag still need to be
evaluated. It follows from the discussion
of Equation (1.2.17) that augmented
installation losses increase the optimum
value of {)'ASX' This would lower the
propulsive efficiency of both the propeller and the jet from the primary flow.
The propulsive efficiency in this
regime has been enhanced by turbofan
engines. Figures 1.1-7 and 1.1-8 show
details of the configuration and the
installation of propulsion systems
designed for this kind of flight.
If a propulsion efficiency of 0.7
for the secondary device is tentatively
pursued, the value of As (in the secondary system) would be about 1.25 and
the magnitUde of AE' would be higher. In
this case, (referring to Table 1)
B = (10.5-l.25}/1.25 = 7.4.
In general,
energy degradations and installation drag
~lould reduce this B value.
Note that
adding heat in the secondary stream would
also be an inefficiept use of energy at
this Hach number. Whether a 70 percent
propulsive efficiency is reasonable or not
depends upon the principles enunciated by
Equations (1.2.17) and (1.2.18). High
transmission losses, and large installation
drag require relatively high values of
{),A sX ' as noted by the discussion associated with Equation (1.2.17). The value
of AS would, o~ course, then be too high
to achieve a value of 0.7 for Tl pRS ' ~laxi
mum overall efficiency would require the
propulsive efficiency of the primary jet
to be even lower [see Equation (1.2.l8)].

Bypass propulsion systems with provisions
for afterburning provide another degree
of design freedom for attacking this
problem. Subsonic speeds would be negotiated without afterburning in either
flow path; afterburning would then be
used for transonic acceleration and
supersonic flight.

An important point to note is that
lowering the installation drag and the
losses is not only directly beneficial,
but it permits the system to be rematched
for lower jet speeds and higher bypass
ratios. Additional benefits may thus be
accrued. Double benefits of this type
are often encountered. Achieving them
is an important objective in detailed
airplanelpropulsion system analysis and
research.

1.2.3.3.5

Both aircraft and engines represent
a C!ompromise. Engineering has the responsibility of minimizing the penalties
associated with the compromises. Exhaustive studies of various combinations of
aircraft and engine designs must always
be made to define a competitive airplane.
Even so, these studies rarely completely
solve or anticipate all of the important
options that must be selected or the problems that must be solved. Some of the
resulting activities associated with engine design and development are described
in the last section of this chapter.

Acceleration at Transonic
Speeds

The transonic flight speeds that
embrace the high drag regions of Figure
1.2-1 are no place to 'linger. The goal
of fixed wing supersonic aircraft is to
accelerate from subsonic speed to supersonic speed as quickly as a reasonable
propulsion system will allow. propulsion
system inefficiencies can be tolerated
for a brief period if the added thrust
sufficiently reduces the time and fuel
spent in the high drag regime.
1.2.3.3.6

Supersonic Flight Speeds
1.3

As shown previously, high efficiencies are available from a simple engine
at supersonic flight speeds.
The thrust
per unit of mass flow is low, however.
To make matters worse, the air swallowing
capacity is reduced and the airplane drag
is not low.
'1'hese phenomena are
discussed further in Chapters 9, 13, and
26. All of these events combine to
enlarge the size and weight of the
engines required for supersonic propulsion. High turbine inlet temperatures,
lightweight engine materials, high component efficiencies,with reliable compact
engines having excellent structural
efficiency are sought avidly.

The effort spent in the study of
off-design performance and in finding
solutions to the problems uncovered, consumes a large percentage of the total
aero thermodynamic engineering devoted to
the design and development of an engine.
Several volumes would be .required to treat
this subject adequately. The present
publication is limited to familiarizing
the reader with the principal problems
and suggesting how he might estimate the
magnitude of some aero thermodynamic states
under defined off-design conditions.
Chapters 7 and 8 provide tools that are
valuable for making approximate numerical
estimates of these states. Studying offdesign performance with use of the methods
presented in Chapter 8 will permit the
reader to appreciate the variations in
flow that engine components must tolerate.
This is a necessary prerequisite for
approaching any design or development
activity. Chapters 13 and 14 present other
features of off-design performance and
follow through with ideas for varying the
shape of some critical engine parts while
the engine is running in order to cope
with some of the problems encountered.

The use of bypass propulsion systems
is advantageous because they offer reductions in the thrust-to-weight ratio of
propulsion systems. That is, a significant improvement in thrust-minus-drag can
be achieved with a relatively small addition of weight or volume:
Vo

'elm

improves even though

,1m

Vo may be

slightly reduced. combustion in the
secondary flow is valuable because the
ideal thermal efficiency is fundamentally
high at elevated Hach numbers. The magnitude of Tilti is large by virtue of the

In actual practice, the configuration
of a number of engine components can be
changed almost continuously during engine
operation. The conception, design, and
development of the complete engine requires
the use of analytical tools which can
quickly translate conceived changes in
component configuration into predicted
changes in performance of the real or proposed component. Additional tools are
then required to compute the resulting
engine performance for prescribed operating conditions. Both steady-state and
transient analyses are necessary.

relations given in Equation (1.2.3) and
the ideal value of Tflti should be higher
than the value required for subsonic
flight. Note that AS is about maximum
when Tflti = 1Te'/ti.

OFF-DESIGN ANALYSIS AND RELATED
PROBLEHS

Compare with

1.2.2.4.2.
One more point to note is that often
there are good reasons for requiring an
airplane to cruise at subsonic speeds and
still have the ability to fly at high
Mach numbers for Short periods of time.
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1.3.1

Data are stored in the computers together
with appropriate interpolation routines
either in the form of tables or as coefficients of polynomials. Data necessary
to determine the following information
are stored.

Steady-State Analysis

An example of a technique employed
by industry and others for using high
speed computers to compute the performance of engines is described below.
~lethods such as this are used extensively
to examine the value of a presumed
advance in aerothermodynamics. However,
the procedures are useful only for evaluation purposes; they do not originate or
contribute new ideas by themselves.
New ideas, on the other hand, are
developed from an engineer's mental picture of the interaction of components and
subcomponents of an engine. This understanding comes primarily from experience,
but it can be aided by primitive concepts
based on assumptions that are tolerably
reasonable. The later part of this
section is devoted to developing some of
this background. Besides providing a
useful understanding of engine operation,
this section supports and enlarges the
design objectives of the components discussed in subsequent chapters.
1.3.1.1

o

Thermodynamic and aerodynamic properties of dry air as a function of
temperature

o

Similar properties for water vapor
in order to account for hQmidity
or the effects of injecting water
into the engine for power augmentation

o

Similar properties for the products
of combustion of the fuels to be
used

o

The aero thermodynamic performance of
all the engine components as functions of their principal controlling
independent variables. These components are discussed in appropriate succeeding chapters. Examples of compressor and turbine performance maps are
illustrated in Figures 1.3-1 and
1.3-2, respectively. The effect of
changing the orientation of the components on the shape of the maps is also
stored. The shape of the map can be

Typical Input Data for SteadyState ,Analysis

Large high-speed digital computers
are employed for all performance analysis.
10

9

I • I

-

__ _ ADIABATIC

I

f7':

i

V/~
,.

..fj

2

iL

~

0:

l:!
~

:>

SURGE
LINE"",

g:

.

..J

b
....
0:

§

/:

5
VARIABLE

4

f--

SURGE LINE

~

~/

/

(

/

20

30

/

/ I

/

eo

,

70-

60

~:;:

40

IZ

20

w
a::
w
0..

l·

'7

1.

i

t;

I
60

~

r

>'

PEJCENT DESIGN

u

EQUIVALENT

ROTATIONAL
SPEED, Nc

50

0

I

/'

I'--

/

U

lv'OC1

40

'E
:;:
::>
:;:

/'00

/'

V...,:::~""'60
~
50
I
10

/

0

"

/

//
eo

,
I

L

~

~ ;/J

1 0

~. I /

"

V
/

~ 1I-~

8

100

V1

EFFICIENCY·l1C

"l,

Z
w

-

0.8

60

7O

B5

I

§

I
70

1t--

115
105
.L
·95

-'--

u..
u..
w

PERCENT DESIGN NT/JOTi

EQUIVALENT WEIGHT FLOW, rhCv'071/6C1

8C1 = INLET TOTAL TEMP./STANOARD SEA-LEVEL TEMP,
&Cl • INLET TOTAL PRESS.!STANDARD SEA-LEVEL PRESS.
PC1 • INLET TOTAL PRESSURE

I

0.6

1

2

3

TURBINE TOTAL PRESSURE RATIO, PT1IPT2

PC2 • OUTlET TOTAL PRESSURE
Nc • SPEED OF ROTATION
MASS FLDW

rile •

SUBSCRIPT C REFERS VALUES TO COMPRESSOR

WHEN PnlPT2 AND NT /VOll' ARE GIVEN, BOTH
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DEFINITIONS IN CHAPTER 6.

WHEN mcJilC1/8 c1 AND NcA/OC, ARE GIVEN,BOTH
PRESSURE RATIO ANO EFFICIENCY CAN BE ESTIMATED
BY AN INTERPOLATION ROUTINE. THE CORRESPONDING CHANGE IN TEMPERATURE AND ENTHALPY CAN
BE FOUND FROM THE DEFINITIONS IN CHAPTER 6.

Figure 1.3-1.

Example of Compressor Map.
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Figure 1.3-2.

Example of Turbine Map.

deliberately changed by variable geomeetry (see 1.3.2) or it can vary as a
function of Reynolds number effect
or by nonuniform inlet flow. Figure
1.3-2 happens to show (~~/OT1) to
be independent of (N/~). Some
turbines experience small decreases
in (ID.rI8T1/~Tl) as (N~) increases.
The general shape of the curve for
each speed is similar to Figure 1.3-2,
however.
o

.0

o

Power lost by friction and absorbed
by auxiliary units such as pumps
and generators.

• lost because part of the air
compressed by the compressors does
not go through the turbines, but is
used instead for pneumatic pm'1er,
cabin air conditioning, and cooling
turbines and other hot metal parts.

eventually returned to the atmosphere
through a nozzle at the rear of the engine.
A computing procedure for the problem
posed in the previous paragraph would be
as follows:
(a)

Use the given flight speed to
calculate the total pressure
and temperature ahead of the
engine inlet. This provides
the values of P.1. and T1..•

(b)

Assume the mass flow,
, of
air entering the engine.l

(c)

"Look up" the inlet performance
characteristics and calculate
the total pressure loss. The
total pressure and temperature
(Pel and Tcl respectively) are
thus kno~m.

(d)

Assume a compressor and turbine
speed (N).

(e)

Use (b), (c), and (d) to
"look up" compressor performance
(e.g., use Figure 1.3-1 and
interpolate) and thus determine
the total pressure (P co ) and
total temperature (Tco) it would
develop. Also, calculate the
power, PWRC ' required to drive
the compressor, the accessories,
and to overcome friction (gears,
bearings, and seals). It is
appropriate to note here that
the compressor power for real
gasses 1.S approximated with the
aid of the thermodynamic tables.
However, the result is approximated by the equation.

Pm~er

The effective loss of power due to
leakage of compressed air through
flanges and seals that separate
cavities having different pressure
levels within the engine.

Some programs store additional data
to account for such things as changes in
component performance due to blade and
vane heights and clearances, and heat
loss.
1.3.1.2

Typical Problem

A typical problem is to determine
all pertinent performance data ~Ihen the
inlet pressure and temperature, flight
speed, component performance maps, and
fuel flow are given. If it is possible
to vary the geometrical shape of the
components, the data necessary to account
for performance changes associated with
each geometrical shape desired are also
given. strict accounting of the gas flow
is required. The difference between the
gas flow leaving one part of an engine
and that entering any part downstream must
either equal the scheduled leakage or
equal the addition of fuel or water to
the mass flow. Two mechanically connected rotating components must rotate at
a constant speed ratio. The power delivered by the turbine must equal that
required by the compressor, fan, or
propeller that it is driving plus the
power necessary to drive attached accessories and overcome friction. Finally,
the net change in pressure through the
engine must eventually be zero. The
computer is asked to set up and solve
several non-linear simultaneous equations.
1.3.1.3

m

P
WRC

JCp

T

f

P
(....E?)

c1 I Pcl

average specific heat during the
compression process
average ratio of specific heats
during the compression process
ncp
(f)

A Sample Technique

= compressor

efficiency

Use (b) and (e) together with
given fuel flow and interpolated
combustor characteristics to
calculate the combustor discharge temperature (Ttl) and total
gas flow 2 at the combustor
discharge.

m

A simplified illustration is given
to illustrate a procedure, which is
necessarily iterative. Assume that there
is one compressor which is driven by a
turbine with no leakage or other loss of
air. Assume further that the flow enters
the compressor through an inlet and is

(g)
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Use (b), (e) and (f) together
with interpolated combustor characteristics to calculate combustor discharge pressure (Pt1l.

(h)

[(P/P)T

(i)

a~PR

Assume turbine pressure ratio

<

"Look up" turbine performance
(e.g., Figure 1.3-2) and interpolate to determine the total
temperature ratio, mass flow
m1 passing thropgh it, and the
pOwer, PWRT ' delivered by the
turbine. Turbine power is
estimated with the aid of the
thermodynamic tables. Similar to
compressors, the result is
appro:<imated by

JCp

PWRT

TTl [l-{P/P)T

V-I
~lryT

a~mb

a(p/p}T
(0)

Unless the first estimates are
extremely lucky, the power calculated in (i) will not equal
that of (e). Subtract the power
of (i) from that of (e). Call
the result ~Pro'

(I)

Similarly, the mass flows, m2
and ~, will not equal either
each other or m4 • Call the
errors ~m
and ~mb respectively.,
ao
0

(m)

These errors are the result of
bad estimates for l , N, and

m

(P/P)T' Change ml to ml+~ml'
Repeat Steps (b) through (1).
Identif¥ the new ~rrors by
~Prl' ~mal' and ~~l'
Make the
approximation:

(p)

a~~

are also made.

a~ma

are thus approximated.

A better estimate for ml , N,
and (P/P)T may now be found
by an extension of Newton's
method. This procedure consists
of finding mw' Nw' and (P/P) Tlq
from. three equations. One
equation is:
ap r

Set ml
~, N = NW' (P/P)T =
(P/P)TW and repeat the process

It must be noted that mathematici,ans
would regard this procedure for computing
ml , N, and (P/P)T as .risky because there
are many theoretical ways in which convergence to a true solution will fail. For
this reason, more elaborate methods of
solution have been devised at times. The
teChnique outlined above, however, does
work well enough in engine analysis-particularly when small deviations from
known solutions are sought. The main reason for outlining the above procedure is
to make the reader aware of the elaborate
efforts that have been devised to assure
the necessary accuracy and completeness
required by the whole aviation industry.

Typical Information Derived from
Analysis

with use of the procedure outlined
above, the flow rate, pressure, and
temperature at any point ,in the engine
can be defined. The calculation of overall engine performance is routine. In
addition, steady-state pressure forces
on the stationary and rotating parts of
real or tentative designs can be determined. Data for estimating heat transfer
coefficients at any internal surface of
the engine can also be supplied. This
knowledge permits the steady-state temperature of all engine parts to be assessed.

and

am l

aml
(n)

a~ma

from Jb) until the errors involving ml , N, and (P/P)T fall
within some prescribed limit.

1.3.1.4

for

a6P R

a (P/P}T'a(?/P)T'

~PR'

Use (g), (hl, and til, plus
ambient pressure together with an
interpolated nozzle performance,
to calculate flow, 4 , through
the nozzle.

Ap~roximations

~,

The others are similar and
involve ~ma and 6~ instead of

m

(k)

a~~

,

m3

nT = turbine efficiency
cp and y now refer to the average during
the expansion process in the turbine. The
value of Tto is also obtained.
{j}

a~ma

~, ~

(PTl/P e )].

Repeat Steps (b) through (m)
twice, but instead of changing
m , successivelY change N to
Nl + ~N and then (P/P)T to
(P/P)T + ~(P/PT)' The terms,
1-20

The approximate thermal growth of any
part can then be computed. The resulting
thermal stresses due to unequal temperatures in different regions of a solid
part may then be estimated. Of equal
importance, the changes in the clearances
bet~leen rotating and stationary parts can
be approximated. The possibilities of
dangerous rubbing or of excessive gas
leakage (and performance deterioration)
can be anticipated and controlled. These
are a few of the pertinent data than can
be made available to a wide variety of
specialists.
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Of equal importance, is the inverse
use of performance analysis. During
engine development, overall performance
speeds and several critical pressures
and temperatures are.measured.
If these
are not reasonably in accord \1i th the
values anticipated, something is wrong
with either the performance assumptions,
one or more parts, or the assembly of the
engine itself. Engine data over a range
of speeds permits an analyst to quickly
review the assumptions and vary them until
he can approximate the measured engine data
over the same speed range. The identification of the assumptions that had to be
changed provides a valuable tool for resolving the offending problems. The division
of flow betl1een a core engine and the bypass device is a particularly sensitive
area that can be thus revealed.
Hore complicated engines require the
same basic analytical procedures, except
that more variables and equations must be
used. Although the procedure appears to
be tedious, the operating state of a very
complicated engine can be found in a
matter of seconds.
1.3.1.5
1.3.1.5.1

Simplified Appraisals of Steady
State Operation
Compressor Map and Equilibrium
Operating Line

An important concept for acquiring a
?ood appreciation for off-design analysis
~~ the equilibrium operating line, as
d~splayed on the compressor map shown in
F~gure 1.3-3.
The map should reflect the
a~rplane operating regime since flow,
pressure ratio, and efficiency are affected
by Reynolds number and inlet flow distortions.
A quick glance will show the
designer the proximity of the surge line
to the equilibrium line. The relative
position of these two lines is a matter
of major concern.
Some problems associated with the
surge line are discussed in Chapters 9
and 13. It is important to note that
o~eration.at.or to ~he left 'of the surge
l~ne can ~nv~te eng~ne failure unless
the overall pressure ratio is very lO~l.
Even under the best of conditions the
surge line can be multi-valued in' the
~eig~borhood of the region denoted by
var~able surge line".
The shape and

..J

;E
~

II:

.~
w

II:

:;
0

"
EQUIVALENT WEIGHT FLOW, "'Cv'i'cl"Cl
THE SLOPE OF THE SUPERPOSED LINES IS INVERSELY
~ROPORTIONAL TO ENGINE TEMPERATURE RATIO

Figure 1.3-3.

Typical Compressor Map and
Its Engine operating Line.

position of surge lines in this domain are
often different, even in compressors of
the same design. The differences may be
attributed to many factbrs, including the
necessary tolerances in manufacturing and
assembly. As previously suggested, such
events as operation at low flight Reynolds numbers, or flying under conditions
that cause significant portions of the
inlet flow to have nonuniform total pressures or. temperatures (categorized as
flow distortions) always cause the surge
line to move to the right and down. Military aircraft are expected to fly through
hot turbulent wakes caused by gun fire,
rocket fire, and other aircraft. These
transients not only produce step changes
in the operating line, but they further
depress the surge line. Extra surge margin is thus required by compressors on
some military aircraft engines. The
relative positions of the surge line and
the equilibrium operating line thus
plainly exhibit possible problems associated with surge. The line shown in Figure
1.3-3 indicates that surge problems would
probably afflict some production versions
of this compressor at rotative speeds in
the vicinity of 60-percent design equivalent speed.
1.3.1.5.2

Locus of Lines for Constant
Ratio of Turbine Inlet to
CompreSfh)r Inlet Temperatures

~lhen a compressor is directly
coupled to the turbine immediately downstream of the combustor, lines indicating
a constant ratio of turbine inlet temperature to compre8sor inlet temperature can
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be approximated. These lines are shown
in Figure 1.3-3 also. They represent
the iden ti ty :
=

[(~~) (I~C vrTl)] (PC2) I§i
°Tl

mr N C2

\p Cl

(1.

TTl
3.3)

It is reasonable to assume that
mC/mT is a constant that is nearly unity.
The same thing may be said about P T1 /P C2 '
An argument will be presented later to
show that (mTre.;l/oTl) can be practically
constant over a wide range of operating
conditions. It ts then possible to plot
PC2 /P Cl against mC~/oCl) with TT1/T Cl
as the parameter. The slope of the
resulting lines is proportional to
ITT1!TCl ' Typical lines are shown in
Figure 1.3-3 for an arbitrary value of
the bracketed quantity in Equation (1.3.3).
1.3.1.5.3

Approximate Correlation of
Work of High-Pressure Compressor
and Turbine (Fixed Geometry)

An interesting property of many
operating lines can be demonstrated by
noting compressor performance at the
intersection of the constant
.curves with the constant TTl/TCl lines.
Let ~TC = temperature rise in the compressor at any ope~ating point. Values of
~TC/N2 (a temperature rise coefficient) can
be calculated for these points and then
plotted against TTl/TCl ' with N/~ as a
parameter. This plot is shown in
Figure 1.3-4. The equilibrium operating
line for this coordinate system can be
superposed as shown.

;'/16d

1.1-10. The work demanded of a highpressure turbine is then almost proportional to the square of its rotating speed.
This trend is true for many gas turbine
engines when the compressor and turbine
geometries are fixed. For the purpose of
visualizing trends, it may be assumed that:
6H HPT
N2

--- =

constant

(1. 3. 4)

HPC refers to high-pressure compressor
HPT refers to high-pressure turbine
~H = enthalpy change in component
1.3.1.5.4 Approximate Correlation of
Hass Flow Through HighPressure Turbines
A detailed examination will now be
Ijlade of the variation of turbine mass flo~l,
mTre.;l/oTl' with the total pressure ratio
across the turbines and the exhaust
n9zzle. Observe that the quantity
(ml8/c) is really proportional to a
dimensionless variable and a flow area.
This is shown by the one-dimensional
equation (see Chapter 2).
ml8
-0-

P SL

=--

g

A _ _ _.....;:..;;M_----._"""

R

vTSL

[1

1 y+l
y-l 2 '2 y-l
+ -2- M 1
(1.3.5)

Hote also that
1 y+l

2

T+r

'2 y-l A*
A

P

and p

1.6

M
1.4
1.2

P SL
TSL
A
A*

0.9
1.0

N

~ 1.0

Hach number where passage flow
area is A
standard sea-level pressure
standard sea-level temperature
area of flow passage
area of a flow passage where
H = 1.0

U

Pip

!:i

0.8
0.6
3

4

6

6

TT1IT C1

Figure 1.3-4.

Variation of Compressor
Temperature Rise Coefficient
with Engine Temperature
Ratio.
Note that as a first approximation,
~TC/N2 can be assumed to be approximately
constant along the operating line of a
high-pressure compressor ,?uch as those
indicated in Figures 1.1-7, 1.1-9 and
1-22

total-to-static pressure ratio

When a pressure ratio is applied
across any flow device, a stream of fluid
is set into motton. As the pressure ratio
is increased, (ml8/o) increases at the
inlet until the average Mach number is
unity at the minimum flow area of the
device. The overall pressure ratio at
this condition is called the critical
pressure ratio,.and the corresponding
inlet value of ml8/6 is the maximum that
the device can handle. Further increases
in pressure ratio may increase the Mach
number at points further downstream of the
Ijlinimum area, but the inlet value of
mlO/6 is unaffected. This trend is
exhibited in Figure 1.3-5, where the
critical pressure ratio is noted.
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2

The variation of mass flows through
turbines and nozzles follows the same
trend.
(Tota1-to-total pressure ratios
are usually used for turbines and totalto-static ratios for nozzles.)
The
critical pressure ratio, however, is not
a unique value for all turbines. That of
Figure 1.3~2, for example, is about 2.3.

3

4

PRESSURE RATIO

Figure 1.3-6.

Relationship Between Pressure
Ratio of Second Unit and
Mass Flow Through It.

120

Suppose that a second unit having
the flow characteristics of Figure 1.3-6
is placed downstream of the turbine having
the perfofmance maps of Figure 1.3-2. The
value of ~~/oT2 of Figure 1.3-6 is
related to mT;e;I/oT1 of Figure 1.3-2 by
the equation:
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-OVERAll PRESSURE RATIO

is assumed,

~;e;l/oTl is determined from Figure 1.3-2.
The magnitude of TT2/TTl is obtained from
the efficiency curves and the definition
of efficiency (Refer to Chapter 5).
Inasmuch as IT !T is a weak function of
2 l
efficiency, no great truth is violated if
IT 2!T l is assumed to be a function of

Figure 1.3-7.

Variation of Mass Flow
Through First Turbine with
Overall Pressure Ratio.
addi tional dovmstream units. It can thus
be shown the value of m~/oTl maintains

its nearly maximum value down to low fractions of the design overall pressure ratio
of high pressure ratio engines. The corresponding pressure across the first turbine
is shown in Figure 1.3-8.

P T1 /P T2 only, if the turbine equivalent
speeds in Figure 1.3-2 are 85 percent of
the design value or higher.

1.3.1.5.5
•
With the aid of this assumption,
~~/oT2 of Figure 1.3-6 can be calculated from the assumed value of P /P • The
T1 T2
pressure ratio across the second unit, up
to the critical pressure ratio, is
uniquely determined by Figure 1.3-6. The
product of this pressure ratio with P /P .2
T1 T
is the overall pressure ratio across both
units. Figure 1.3-7 illustrates the result.
The equivalent mass flow of this figure
is that of Figure 1.3-2. Notice that this
procedure can be extended to include any
1-23

Approximate Pressure Ratio
Across High-Pressure Turbine

The assumption that (~;e;l/oTl)' in
Equation (1.3.3), is constant over a wide
range of operating conditions is justified in Figure 1.3-7. Meanwhile,
Figure 1.3-8 shows a second approximation
for simplifying the understanding of offdesign operation of an engine with fixed
geometry--the pressure ratio across the
high-pressure turbine of such an engine
may be assumed approximately constant over
a wide range of operating conditions along
an engine operating line.

N

rt

very low, even the speed of the highpressure turbine finally falls. Because
of this hierarchy in pressure ratio, the
off-design behavior of turboprop and turbofan engines depends upon the sequence
in which the rotating components are
coupled. Two turboprop examples will be
touched upon here. Other examples can
be readily imagined by the reader.
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Figure 1.3-8.

1.3.1.5.6

Variation of Pressure Ratio
Across First Turbine with
Overall Pressure Ratio.

Approximate Energy Rise Across
High-pressure Compressor

It can be shown that if
(1.3.4) is valid, and if the
sure ratio is constant, then
opera ting point is unchanged

Equation
turbine presthe turbine
and N/;e,;: is

constant. This deduction is approximately
tru~ for most high pressure components of
fixed geometry engines. Observe that
lIHHPC/OTl is then also about fixed,
according to Equation (1.3.4). At a given
value of turbine inlet temperature, one
may consider that the specific energy added
to the air by the high-pressure co~
pressor is constant along the operating
line over the range of compressor inlet
temperatures required for cruise and high
speed flight.

1.3.1.5.7

Hierarchy of Pressure Ratios

Recall the history of flow through
an engine. After the gas has been compressed and heated, it is expanded through
one or more turbines and a nozzle. The
first turbine after the combustor has the
first mortgage on the pressure ratio.
Figure 1.3-8, together with 1.3-3 shows
that this turbine receives an almost constant pressure ratio over a wide range of
combustor discharge temperatures. Its
speed is about proportional to the square
root of this temperature. The nozzle,
which is last in line, has a smaller claim;
it must immediately respond to changes in
combustor discharge temperatures. Intermediate turbines have only fairly secure
claims. They can however, maintain their
pressure ratios as combustor discharge
temperatures are diminished over a short
range from their design value. They must
then react to temperature changes. \~hen
the qombustor discharge temperature is
1-24

In one turboprop version, the turbine driving the compressor is directly
downstream of the combustor. The turbine driving the propeller is further
downstream, and has a lower priority on
pressure ratio. The speed of the compressor and its turbine with this arrangement is approximately proportional to the
square root of the combustor discharge
temperat.ure in the normal operating range.
A reduction in fuel flow reduces the power
in two ways:
o

A moderate reduction in temperature
reduces power directly [Equation
(1.2.4) 1

o

The consequent reduction in turbine
and compressor speed reduces both
the mass flow of air and the pressure ratio. This change in flow
also lowers the power. The reduction in pressure ratio will contribute to a further lowering of
power when the pressure ratio is
below that for optimum pOlver, (see
1.2.2.4.2). Because the drop in
compressor speed reduces the flow
without large increases in entropy,
the compressor might be called an
isentropic throi:tle.

Suppose that a change in design now
enables a propeller to be driven by the
turbine immediately downstream of the
combustor. The pressure ratio across
the turbine driving the compressor is no
longer about constant since it no longer
has a priority. TAis loss in turbine
pressure ratio causes the compressor
speed, pressure ratio, and mass flow to
decrease more rapidly with combustor
outlet temperature than the previous
arrangement.
The isentropic throttling
action of the compressor is more effective, and the power output is far more
responsive to small changes in turbine
inlet temperature. Such an arrangement
may yield better part load specific fuel
consumption.
The temperature ratio
lines of Figure 1.3-3 are still valid however, and surge problems at part load are
aggravated.
Note that the turboprop engine shown
in Figure 1.1-4 has only one shaft for
the compressor and turbines. This is a
common arrangement.
The controls are
relatively simple and the propeller can
serve as a dive brake by feeding power
back into the compressor at low turbine
inlet temperatures.
Rearranging the coupl.ing between
compressors and turbines can offer a
degree of design freedom which may be useful for various applications. This opportunity is always worth an inquiry.

1.3.2 Variable Geometry
1.3.2.1 Variable Compressor Stators
Even more degrees of freedom are
offered by "variable geometry" devices.
As noted previously, Chapters 13 and 14
describe some variable-geometry devices
associated with engine inlets and jet
nozzles.
Nany engine compressors are designed
with variable stators. By rotating the
stators about their nominal setting, the
compressor map can be noticeably changed.
This technique is used to evade surge
problems at low values of N/I8, without
significantly impairing efficiency at
higher speeds. Improved performance can
also be obtained at other important offdesign conditions.
Variable compressor stators do not
affect the hierchy of turbine pressure
ratios, however. When the change in stator
setting reduces the work done by the compressor, its speed increases because its
turbine wants to keep its pressure ratio
and do about the same work. This fact must
be recognized from the beginning of any
variable-compressor-stator proposal.
1.3.2.2

Variable Turbine Stators

Variable turbine stators have also
been used. Because of high temperatures
and associated material problems, their use
until very recently has been confined to
the low pressure (and temperature) turbine
stages. Adjusting these stators changes
the distribution of pressure across both
the turbines and exhaust nozzle. This
outside intervention overturns the
hierchy of turbine pressure ratios. When
the stators are closed, not only is the
flow area reduced, but the pressure ratio
across that turbine itself increases and it
can do more work per unit of mass flow.
If
the turbine drives a compressor, its speed,
pressure ratio and possibly its throughflow will increase.
(The higher pressure
encourages the higher flow in spite of the
reduced flow area.) When the downstream
stators are closed far enough, the pressure
ratio across the upstream turbine is
reduced, as is the work it can do.
Its
speed decreases together with the flow
and pressure ratio of the high pressure
compressor.
Opening the stators has the opposite
effect.
(The range of effectiveness is
limited however, because the rotor area
begins to control the flow when the
stator areas becomes large enough.) This
area flexibility is another valuable tool
for modifying part-load operating characteristics.
Closing the area of high pressure
turbine stators increases the pressure
ratio across them at the expense of downstream units. The speed and flow of the
low-pressure compressor decre&ses because
of this reduced pressure ratio.
In fact,
this compressor can be quite sensitive
to changes in high pressure stator area.
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It is expected that more turbine
stators will be made variable in the near
future.
The resulting possibilities of
changing the relative position of the
operating line on the compressor map are
obvious.
1.3.2.3 Variable Exhaust '~ozzles
Variable exhaust nozzles offer the
same, but less effective, type of control
of the pressure ratio hiearchy. They are
absolutely necessary, however, in afterburning engines. Notice that if the
available pressure ratio for the nozzle
remains unchanged, the Nach nulJ1ber is
also unchanged.

The value of

~~

is then

N

constant.

(AN is the nozzle area.)

The

nozzle area should thus be proportional
to the square root of e, or the square
root of total ·temperature of the jet.
This subject is thoroughly revie,~ed in
Chapters 14 and 26. See 1.3.3.3 also.
1.3.2.4

Variable Inlets

The following discussion is presented
to pave the way for Chapters 9 and 26,
and to introduce the discussion of inletcompressor interactions in 1.3.2.5 and
1.5.1. Only the most simple concepts are
used for identifying the factors involved.
Variable inlets are necessary for two
reasons.
The first concerns matching the
inlet flm~ with the flow that the engine
demands.
Recall Equation (1.2.8) and the
discussion in 1.3.1.5.6. These concepts
show that the total temperature at the cpmpressor inlet increases ·.~ith flight Mach
number, and that this trend causes N/I81
to decrease, as shown in Curve D, Figure
1.3-9. An example of the corresponding
change of flow along the equilibrium
operating line of Figure 1.3-3 is indicated by Curve A in Figure 1.3-9. Special
note should be made of the fact that this
operating line flirts with the surge line
at the higher Mach numbers even though
TTl/1'Cl also decreases, Figure 1.3- 3.
The other curves in Figure 1.3-9
concern the net flow capacities of the
inlet and engine.
Suppose, for simplicity,
that the inlet looks like a stovepipe.
Let the area of the inlet be arbitrarily
sized so that the flow goes straight into
it when the Mach number is 0.6. The
resulting inlet flow lines are sketched in
Figure 1. 3-10a.
If the flow could continue straight
into the inlet over a range of flight Mach
numbers, the flow through the engine would
have to vary, as shown by Curve B in Figure
1.3-9. This trend is explained by Equation
(1.3.5).
(Distinguished indeed would be
the engine designer who could provide an
engine with this characteristic.)
However, at Mach numbers greater than
0.6 and less than 1.0, the compressor cannot swallow all of the flow that the inlet
could deliver. The inlet streamlines look
like those shown in Figure 1.3-l0b. When
the flow velocity is sonic or higher, the
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Relationship Between Flight
Mach Number and Compressor
Speed and Airflow.

approaching flow does not know the inlet
is coming. The air cannot adjust far upstream to prepare for the difference
between ,~hat the compressor can handle and
what the inlet can deliver. Normal and
oblique shocks, Figure 1.3-10c, provide
the mechanism necessary to push the excess
flow (the difference between a curve
similar to Curve C and Curve A of
Figure 1.3-9) around the inlet.
(The subsonic flow behind the shock then anticipates the inlet.) The pressure loss
through the shock lowers the value of 0Cl
and Curve C of Figure 1. 3-9 ShOV1S an
effect of this decrease.
These shock losses increase so
rapidly withl1ach number that they can be
tolerated only at Im~ supersonic Mach numbers.
It is shown in Chapters 14 and 26
that a properly designed variable inlet
having a shape such as that schematically
shown in Figure 1.3-10c can drop the
losses well belo~l those of a normal shock
at high flight Mach numbers.
(Providing
this benefit is the second reason for
variable inlets.) A curve for such an
inlet would lie between Band C of
Figure 1.3-9.
At flight Mach numbers below 0.6,
the flow lines would nm~ assume the form
suggested by Figure 1.3-l0e. The flow
entering the edges of this inlet might
separate and impair the flow within the
inlet as discussed in 1.4. Whenever possible, inlet leading edges are shaped to
minimize this problem, but potential
internal flow losses always exist for low
flow situations.
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1.3.2.5

MACH NO. < 0.6

Inlet Flow Shapes with
Stovepipe Inlet.

Variable Rotors for Fans and
Compressors

Variable rotors, in the form of
variable pitch propellers, have been an
invaluable aid. to aircraft for many
years. They permit better matching of
an engine with the propeller over a range
of flight conditions. They also permit
a high level of reverse thrust -- a valuable aid during landing. The rotor blades
of helicopters, of course, are not only
variable, but they vary over a given range
each time the rotor makes one revolution.
There have been occasional applications of variable rotor vanes on fans.
One of the goals of these efforts is
reverse thrust. The fan blades have to
be far enough apart to permit the necessary
movement. This limits the solidity and
hence, the pressure ratio, as indicated in
Chapter 17. Because of centrifugal force
on the mechanisms attaching the blades to
their rotating disks, the speed of the
resulting fan is lower than normal. This
further limits the pressure ratio.

As materials, stress and vibration
analysis, and manufacturing processes
improve, variable rotors will probably
become a reality. Together with other
variable components, they will improve
engines and extend their useful range.
Variable rotors, together with other variable geometry, should eventually permit
the engine airflow of Curve A in Figure
1.3-9 to approximately match Curve B.

Other transients result from flight
conditions. Flying through a hot jet
plume suddenly lowers TTL/Tel' An upstream blast suddenly changes overall
engine pressure ratio.
.

In order to identify and develop what
is needed, the engineer must continuously
ask "what must we do to get what vie need",
rather than "how can we live with what
we have?". It is recognized, however,
that answers to the latter question are
often necessary as temporary measures.
1.3.3

Transient Analysis

Transient analysis is used to determine the sequence of events that occur
when engine operation is changed from one
steady-state point to another.
In many
respects, the information derived from
transient analysis is as valuable as
steady-state information. The following
is a simple problem in transient analysis. Figure 1.3-11 illustrates the
sequence of events described.
Let fuel be
suddenly added to the engine while it is
operating at Point A.
The sudden addition
of fuel causes the operating point of the
compressor to move along the constant
equivalent speed curve to point B. The
tu~bine power temporarily exceeds the compressor power, and the engine speed
increases until equilibrium is eventually
restored at Point C. To cope with the
effects of the changing conditions, the
engineer needs to know how all aero thermodynamic states within an engine vary with
time.

ADIABATIC
EFFICIENCY

4.5

In actual applications, all changes
in engine operation are governed by automatic controls.
(Of course provisions are
included for manual controls to override
some of the automatic ones during
emergencies. )
1.3.3.1

Computation of Transient
Response

Note that the sequence of events
involved in starting an engine is controlled
from the moment that starting is initiated.
The engine starter is automatically engaged,
and fuel flm~ automatically begins at a
stipulated rate when prescribed engine
operating conditions are reached. After
the engine is more than self-sustaining
[Equation (1.2.4) is positive], the starter
is automatically disengaged.
The engine
runs up to idle speed and stays there
until further instructions are received.
If the engine is equipped with variable
compressor or turbine stators, these too
are automatically adjusted as functions of
the engine operating states.
The controls are designed to accelerate the
engine as quickly as possible to idle
speed without exposing the engine to
hazardous vibrations associated with the
surge line and without overheating the
combustor or the components downstream
of it.
(Overheating is easy to do. The
airflmv is so low that several extra drops
of 'fuel are a liability.)
When higher speed is demanded ',' the
fuel and other controls quickly guide
the engine to design speed while avoiding surge, overheating, and dangerous
vibration areas such as those indicated
in Figure 1.3-12. Other changes in
operating conditions, including decelerations are similarly controlled.
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Figure 1.3-11. Effect of step Change in
Combustor Outlet Temperature.
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Compressor Map Showing
Boundaries for Four Types
of Blade Flutter (See
Chapter 22).

pv = mRt
Computer programs are used to predict and analyze all transient processes.
The anticipated response of the controls
to their independent variables can be
stored in the computer. The effective
polar moments of inertia associated with
each rotating shaft are also stored as
input data. In addition, a small time
interval, nt, is selected. The rest of
the input data are the same as those outlined in 1.3.1.1. The calculations begin
at a known equilibrium point. Assume that
a new equilibrium condition is given as
additional input. The original equilibrium
point determines the configuration of the
engine and the increment of fuel flov1 to
be added initially. The sequence of calculations in 1.3.1.1 are repeated only to
the extent necessary fdr establishing
compatibility of airflow and shaft speeds.
The differences between the torques of the
turbines and those of the driven elements
of each shaft are then computed. Dividing
each excess torque by the effective polar
moment of inertia of the corresponding shaft
and rotor, provides the angular accelerations. New shaft speeds can then be estimated at the end of the time interval nt.
The new speeds and airflows must meet the
compatibility requirements of 1.3.1.1
except power balances. The procedure is
then repeated. Compatibility of power
(nP
= 0), is required only at the initial
ro
and final conditions. The thermodynamic
program of 1.3.1.2 is now a subroutine of
a numerical integration -program.

1.3.3.2

Effects of Response Time of
Variable Components

So far, only polar moment of inertia
has been identified as a factor that
causes a time delay between stimulus and
response. other factors may also become
involved. Any variable-geometry component that has the ~quivalence of inertia,
spring rate, or hysteresis may have a
role in the transient response of an
engine. Response rate, control element
weight, control actuator weight, and
control reliability become new factors
to consider in engine design. For instance, variable inlets and outlets make
contributions to engine weight that cannot
be ignored. A finite interval of time is
required for them to move from one position
to another. The controls governing these
elements must have the correct timing with
the other control elements to avoid
instabilities or even catastrophe. Transient inlet conditions also require special treatment.

1.3.3.3

V
p
t
m
R

a given volume
average static pressure in v
average static temperature in v
mass of gas in v
gas constant

This equation can be expressed in differential form as:
1 dt

t dT
= time

T

mass flow entering v

~l

mass flow leaving v

m
2

The discussion associated with Figure
1.3-11 really assumed that m, and hence
v, was so small that p responded much
faster than engine speed to a change in
t.
This assumption always needs to be
at least qualitatively examined.
The other phenomenon involves the
momentum equation which is also derived
in Chapter 2. Consider again the finite
volume v. The equation for momentum
balance is

2

2

+ PIAl + PlVl Al - P2 A2 - P2 VZ AZ

Fx

d
a:r

(mV)

PI

static pressure of gas entering
volume

pZ

static pressure of gas leaving
volume

Pl

density of gas entering volume
density of gas leaving volume

°2
Al
A

Z

Vl
Vz
V
m

area of flow entering volume
area of flow leaving volume
speed of gas entering volume
speed of air leaving volume
average speed of gas within
volume
mass of fluid in volume
component, in the direction of
flow, of pressure forces on
internal surfaces of volume.

Large rates of change of velocity or
mass within a volume are accompanied by
changes in pressure, velocity, and mass
flow at both inlet and outlet. 'l'he magnitude of the effects of this equation must
also be examined, at least qualitatively,
during transient analysis if v is large.
The equations in this section are
directly involved in the phenomena of surging. They are also involved when the pressure and temperature of the flow into an
inlet or about an exit is suddenly disturbed, say by a nearby blast or rocket
fire.
Understanding the chain of reactions

Delays in Time Response Due to
Aerodynamic Phenomena

Two phenomena involving aerodynamics
may be important. One involves the equation of state noted in Chapter 2. It
provides the following relationship:
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requires a study of each elemental component of an engine. In this case, the
change in total momentum or Fx' effected by
each element must be known as a function of
(mv'876) and (Njl8).
1.3.3.4

Information Delivered from
Transient Analysis

In addition to determining the operating regime of the components and the
efficacy of the controls, the information
of the type noted in 1.3.1.4 is available
from transient analysis. Thermal stresses
during transients are extremely important
because thin sections or thin parts tend to
change their temperature and length faster
than thick parts. Thermal strains can be
severe if necessary precautions are not
provided.
(Repetitious thermal strains
can cause low-cycle fatigue.)
Information
about transient airflows for estimating
local heat transfer coefficients is thus
needed. Differences of temperature
bet\qeen stationary and rotating parts and
hence, their distance apart also depends
on the magnitude and the direction of a
temperature transient.
The relative thermal inertia of the
aerodynamic parts can play an important
role. Certainly, the clearances between
stationary and rotating parts must be
large enough to'avoid rubbing under the
worst conceivable conditions. This can
also have an unfavorable affect on surging,
inasmuch as surg~ margin usually decreases
as clearance increases (1.4.1.6 and
Ch"'pter 1 7) •
Suppose, for example, that an engine
is decelerated from full power to idle.
Thin blades will cool more rapidly than a
relatively thick casing. The blade clearances will then momentarily exceed those
at normal idle conditions. A performance
curve with these larger clearances would
show a depressed surge line. Thus, if an
engine is rapidly decelerated to idle and
then immediately reaccelerated, it may
surge, even though it behaves perfectly
during normal accelerations from a cool
idle condition. The problem then is to
avoid this surging without excessively
depreciating engine performance.
1.3.3.5

1.4.1

Genesis of Losses

Much of this material is a narrated
account of some of the material in
Chapters 3, 4, and 10.
1.4.1.1

Ideal Shock Losses

These losses are unique because they
can be predicted by the ideal equations
for the conservation of mass, momentum,
and energy. Even though thermal conductivity and viscosity are involved in the
mechanism of the losses, these properties
do not determine the magnitude of the
ideal losses. Adequate discussions of
this subject can be found in any text on
gas dynamics.
Experiments on flat surfaces have
shown that as long as the relationship
between static pressure rise through a
~hock and the upstream Mach number is
below that shown in Figure 1.4.1, the
observed losses are approximately equal to
the ideal losses. When tne surface is
curved, a maximum static pressure ratio of
1.4 across the shock is a better guide.
Additional losses arise due to shockboundary layer interactions when higher
static pressure ratios are encountered.
The higher losses properly belong in the
cage tory of the diffusion losses discussed in 1.4.1.3.

1.8

...,.,.... "..

1.6

Airplane Acceleration

lii 1.4

Observe that airplane acceleration
has not been mentioned. This subject has
been avoided because it would entail a
large treatise on airplane performance.
Such an endeavor is far beyond the scope
of this publication.
1.4

ponent, and some is due to the lack of
appreciation of how one component affects
another. Creating an awareness of the
principal causes of energy degradation, or
losses prior to Chapters 3 and 4 is the
object of this discussion. The genesis
and growth of losses in available energy
are first described. Secondary effects of
those losses will then be noted. Finally,
interactions between components will be
considered. Some are obvious, while
others are rather insidious.
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1.1

CHARACTERISTICS OF FLOW IN AN ENGINE

v

V

~

1.2

1.3

1.4

1.5

1.6

1.7

MACH NUMBER

The flow of gas through an engine
has an economic similarity to the flow
of merchandise along ancient trade routes.
Each component along the way exerts a tax
in the form of useful energy, for the
privilege of allowing the gas to pass
through (Section 1.2). Some of the tax is
inevitable, some is due to inadvertent mismanagement of the gas flow within a com1-29

Figure 1.4-1.

Separation Static-PressureRatio Versus Mach Number
Single Shock, straight
surface.

1.4.1.2

Friction Losses

Most other losses have their origin
in viscosity. Viscosity exerts a shear
stress on a fluid. The magnitude of the
stress is:
1:
1:

= shear

u
n

=
=

= II

I

du
dn

(1. 4 .1)

stress on an elemental
plane parallel to the flow of
the fluid, it includes Reynolds
stresses (see Chapter 4)
coefficient of viscosity, includes
the virtual viscosity due to turbulent momentum interchange. Consult Chapter 4
magnitude of fluid velocity
distance measured perpendicular
to an elemental plane of the
flow.

At any solid boundary of a fluid (e.g.,
the inner wall of a pipe), the relative
velocity at the boundary of the fluid must
be zero. Viscous forces are brought into
play when finite relative motion exists
elsewhere in the flow, since du/dn must
then be finite over at least some interval
of the flow.

A visual contrast between flow
around a good airfoil and that about a
cylinder is shown in the photographs of
Figures 1.4-3a and 1.4-3b. Figure 1.4-3c
is included in the series to show that a
good airfoil can be misused. Figures
1.4-3b and c were made by Prandtl, while
1.4-3a was done by Prandtl/Tietjens. In
Figures 1.4-3a and -3c, the flow path
markedly departs from some sections of the
surface of the body. This condition is
known as flow separation.

FLOW ABOUT A CYLINDER

(a)

The losses directly due to the friction stresses just defined are only a small
portion of the total losses found in turbomachinery. Friction forces, however, do
initiate seq~ences of events which result in
losses that are orders of magnitude greater
than those directly due to friction forces
themselves.

1.4.2
1.4.2.1

Amplification of Friction Losses

I

Qualitative Observations

Figure 1.4-2 vividly illustrates this
subject. The shape of the airfoil shown
resulted from many years of study and tests.
Air flows about it very smoothly. Nearly
all of the drag on the airfoil is the
result of the friction forces described in
Equation (1.4.1).
(Moreover, the. turbulence
components of Il' are low.)

(b)

SMOOTH'FLOW ABOUT
AN AIRFOIL

II
I
I

./WIRE

AN AIRFOIL

'Figure 1.4-2.

The Drag Experienced by
this Airfoil and the Wire is
the Same.
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Figure 1.4-3.

Examples of Flow about
Isolated Bodies.

I
I
I

Flow separation results from a
sequence of events illustrated in Figure
1.4-4 (also from Prandtl and Tietjens).
Figure 1.4-4a shows the distribution of
flow immediately after it was almost
instantly started from rest. ~'lotice that
with incompressible flow, the theoretical
maximum velocity occurs at the top and
bottom of the cylinder. Its value is
twice that of the velocity far upstream
and downstream. The ideal minimum
veloci ty is +90 0 a\~ay from the top and
bottom; its theoretical magnitude is zero.
Between,the top of the cylinder and its
downstream surface element, the flow
theoretically encounters a static pressure
rise equal to
lip

!2

p

density
velocity far upstream

V0

p

(2V)
2
0

(a)

(c)

Figure 1.4-4.

2 p V0 2

(1. 4.2)

Figure 1.4-4d was taken a short time
later. The disturbed flow in this view
l1ad just about reached the top of the
cylinder. Right after this point in time,
the eddy was washed downstream by the
surrounding flow. The process was then
more or less repeated over and over again.
In general, the opposite sides of a
cylinder take turns in generating and discarding eddies. The periodic shedding of
vortices subjects the cylinder to an
oscillating force. The flow is unsteady
for a short distance downstream, particularly in the neighborhood of the cylinder.
The time-averaged vorticity shed from
the cylinder must be zero, however. This
means that far downstream, after all the
disturbed flow 'is mixed together, the
mixture can have no angular momentum. If
this condition did not prevail, the
cylinder would experience an average force
perpendicular to the flow.
The separated flo\~ in Figure 1.4-3c
is one sided, but a finite time \~as also
required to develop it. Immediately after
the flow is started, a small eddy appears
near the trailing edge. A stagnation point
then forms at the leading edge of the eddy.
This local high pressure causes the flow
upstream of the eddy to leave the airfoil surface and join the existing eddy.
Thus, as in Figure 1.4-4, the eddy continues to move upstream until it is very
close to the leading edge, as shown in
Figure 1.4-3c. The separation eddy caused
by the retarded surface fluid induces an
opposite vortex to form immediately downstream. From time to time, parts of both
eddies are washed away. Again, the timeaverage of the shed vorticity must be zero.
At any instant, however, the vorticity shed
by one vortex may exceed that of the other.
The airfoil then experiences both fluctuating lift and drag forces. 'The previous
discourse illustrates the following points:

, (b)

(d)

Deve'lopment of Separation
of Flow about a Circular
Cylinder.

o

The, shear forces'of friction retard
the flO\~ at the surface, but they require
a finite time interval to develop. The
friction forces in Figure 1.4-4a were
small, and velocities near but not adjacent
to the surface were almost equal to the
ideal. The average available velodity
very close to the surface, however, was
not quite sufficient to negotiate all the
pressure rise required by Equation 1.4.2.
Consequently, the flow came to rest near
the point indicated by A.
Figures 1.4-4b and -4c were taken
successively as the flO\~ developed with
time. The latter picture clearly shows a
"separation eddy". Such a vortex would
cause even viscous-free flow to stagnate
at Point B. The resulting change in the
pressure field is communicated upstream,
and this causes the retarded flow to come
to a halt near Point C. This situation is
a typical point in a chain of events that
causes the eddy to continuously advance
upstream.
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'0

When an attempt is made to convert part
of the kinetic energy of a flow into
static pressure, the flow may separate.
Separated flow almost invariably
causes the downstream flow to be
, time-unsteady.

o

Because flow separation requires a
finite time to develop, its behavior
in an imposed unsteady flow can be
different than that in steady flow.

o

Separated flow can produce fluctuating forces on a body

o

Severely separated flow produces high
drag or losses.

1.4.2.2

Mixing Losses

The first four of these ideas were
previously noted. The fifth can be
inferred from Figure 1.4-2. A simple
classic analysis, found in most standard
texts on fluid mechanics, is a useful
analogue to show what 'happens when random
flow velocities are allowed to mix freely.

Consider the flow in a conduit in .Thich the
area suddenly expands as shown in Figure
1.4-5.

l'

average total temperature

t

local static temperature

Two equations may be combined to get:
]JB

This,and the energy equation, are nowavailable for determining Vc and tc when ~, ]JB'
A

C

B

Figure 1. 4- 5.

and 1'B are known, say by measurements.

Flow· Passage with Sudden
Change in Flm., Area.

The

value of Pc can then be found from the
equation for ~, and Pc is finally deter-

Stations Band C a~e sufficiently far
apart that the flow at C is ideally uniform.
A solid inner body is represented by
Surfaces x and y. By assuming constant
static pressure at B, the requirements of
conservation of mass flow and momentum (see
Chapter 2) demand a loss in total pressure
between Band C. The loss for an incompressible fluid amounts to:
1
2
AB 2
L'>P
(1.4.3)
"2 PVB (1' - AC)

mined from the equation of state. The
total pressure at C is then given by

Inasmuch as pre!'lsure is energy per unit of
volume, the comparable average total pressure at B is given by,

density

=

AB

area of small passage

MU

area of large passage
VB

=

The difference between P

The overall drag force could be found by
subtracting the total flow momentum
2
[(p + PV )AJ at C from that at A.
p

= static

pressure

This idea is easily generalized. Assume
that there are no surface forces in the
direction of flow and that the flow at B
is irregular and cbmpressible. Assume
also that the floH at station C is uniform.
The mixing losses may then be estimated by
observing the equation of state and noting
that the flm., between Stations Band C
must also satisfy the laws of conservation
of mass flow, momentum, and energy.

mB = fPBVBdAB = PCVCAc
llB = jPBdAB + JPBVB 2dAB
2
= PCAC + PCVC AC
y

Y-f

RTB

local Mach number

fluid speed in small
passage·

!ff..::L..
•
y-l

Rt

mB

B

1

+ "2

2

VB I pVBdAB

2
1
-L. RtC + "2
Vc
y-1

II

total momentum

Y

ratio of specific heats

R

gas constant

,!-nd Pc increases
B
as the flow irregularity at B increases.
Incidentally, although additional losses
in total pressure occur between Stations
Band C, the static pressure at C is
higher than that at B. Note that entropy
could be used instead of total pressure to
indicate loss.
In this case however, the
rel~tive entropy, S, at B is given by
fSdm.
Besides indicating a principle, this
procedure is a valuable tool for estimating
losses or for interpreting measured data.
A mathematical flm., model may be used
instead of a uniform one at. C. This will
alter the coefficients of V in the initial
equations.
If another flow device is required
downstream of station B, the mixing losses
can often be mitigated. Favorable pressure
forces on a bounding surface can be used to
make the momentum more uniform.
The nozzle
discussed in Subsection 1.5,6 performs this
function.
If the bounding surface is
rotating, the proper pressure forces can
also redistribute the energy and momentum
distributions. The best way to use this
possibility depends upon each individual
case.
This idea also applies·to badly
separated flOl.,.
If the separated flm., can
be confined with minimum mixing, the losses
are small. This is analogous to the idea
that falling 100 feet doesn't hurt anyone;
it's the sudden stop that causes the damage.
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1.4.2.3

All compression in Engines
Requires a Diffusion Process

Recall that the air in all propulsion
gas turbines must be compressed. This is
almost ahlays achieved by converting some
of the kinetic energy of the relative motion
of the air into static pressure. In most
propulsion engines, much of the compression
of air occurs in axial compressors, discussed in Chapter 17. These essentially
consist of a series of rotating and
stationary diffusers.
(Centrifugal compressors are sometimes used. Although
part of their pressure rise is accomplished
by centrifugal force, an additional diffusion tax paid for this aid consumes much
of this advantage. Moreover, even these
compressors have diffusers --see 1.4.4).
A separate diffuser just ahead of the combustor provides the final compression for
most engines.
Unfortunately, the most efficient
diffusion processes usually occur when the
flow in the diffuser is on the verge of
separation. A more conservative design
suffers from excessive friction losses. A
less conservative .design invites the
separation losses just discussed. The
designer thus must walk a tightrope.

1.4.3.2 Secondary Flows
Consider the flaw in the curved duct
shown in Figure 1. 4-6. Let the flow be in
the direction indicated. If the mean
effective velocity of the main flow is
2

Vn , a static pressure gradient Vn IRc'
(Rc is the radius of curvature of the
effective velocity) will be produced that
is perpendicular to Vn • The pressure an
the surface indicated by H is greater than
that at L.

c

B~C'~':'A
:

"

E-... ..
.','.,/ .

D

· . ·. . · ·
D
B

:

:

c;.

X

i

D

"

,:

~

i ....,.."... ..... :'
A

1.4.3

Figure 1. 4- 6.

Effects in Curved Flow

Strongly curved flow creates both
beneficial and penalizing conditions. No
rigorous rules are yet known, but the
following qualitative information is valid.
1.4.3.1

Unstable and Stable Flow

One problem arises because flow direction must be changed in turbomachinery
(Chapter 10), and flow changes direction
only when a static pressure gradient is
imposed perpendicular to the flow. It can
be shmm that if this static pressure
gradient is in the same direction as a
local entropy gradient, the flow is
unstable. The degree of instability is
proportional to the product of the
gradients.
Unstable flow encourages the interchange of momentum between the main
stream and the retarded flow near the
flow boundaries. The value of ~~ in
Equation 1. 4.1 is high. 'I'he friction
forces are also relatively high, and heat
transfer rates are enhanced. This type of
flow can postpone flow separation. An
overhanging cold front with its accompanying strong surface winds, including
tornadoes, is an example of instability.
Stable flow has the opposite characteristics. Momentum interchange is discouraged. Friction and h~at transfer are
reduced. Flow separation is less easily
averted. An atmospheric inversion with
its associated calm smoggy air is an
example of stability.
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Two-Dimensional Curved Duct
Illustrating Secondary Flows.

The shading in the sketches of the
inlet and outlet flow passages (X and Y)
schematically indicates retarded flow.
The retarded flow at the inlet is assumed
to have uniform circumferential distribution.
Observe first that the previous
remarks about flow stability suggest that
the retarded flow along H will mix with the
main flow. Except for a narrow region
along H where entropy increases in the
direction of flow because of friction, any
entropy gradients will be perpendicular to
the flow in the direction of H to L.
Retarded flo,., thus "floats" from H to L.
Meanwhile, the difference in pressure
gradients between the main and retarded
flows along surfaces A and B causes this
retarded flow to be swept towards L. This
flow is known as secondary floYI. Experimental evidence on two-dimensional bends shows
that the swept flow tends to roll up into
vortices denoted by E at the corners. The
retarded flow at the outlet of Figure
1.4-6 is exaggerated to emphasize trends.
The gradients of entropy and static pressure within these vortices have opposite
directions. They are therefore, very
stable, and resist any interchange of
momentum with the main flow, and thus, they
interfere with subsequent attempts to
diffuse the flow. The rest of the retarded
flow along L is also stable. If the area
of the duct is constant, the main flow near
L must first accelerate and then decelerate.

Inasmuch as the stable boundary layer and
vortices cannot be supplied with the
necessary momentum to combat the rising
static pressure, the flow will separate and
generate mixing losses.
Secondary flow occurs whenever there
is a pressure gradient normal to the main
stream in either the main or retarded
flow. When the bounding surface itself is
rotating, secondary flow adjacent to the
boundaries will move outwards, provided
that the rotational speed of the retarded
flow exceeds that of the mainstream. Otherwise, the motion is inwards. The normal
pressure gradients in turbomachinery are
complex and they produce compl~x secondary
flow patterns. Some additional comments are
presented in Chapter 10. The ideas suggested in Section 1.7 and Chapter 18 offer
promise for coping with these phenomena.
The shape of the flow passage indicated by X and Y plays an important role in
deciding the magnitude of the disturbing
influence of secondary flows. Consider the
shape shown in Figure 1.4-7. This shape has
half the flow area as Figure 1.4-6, and a
lower hydraulic diameter, 2(HXB)!(H+B). It
therefore suffers comparatively higher
friction losses and the Surfaces A and B
of Figure 1.4-7 provide most of these
losses. Thicker regions of retarded flow
will accumulate at L because the volume of
the retarded flow is comparable to that in
Figure 1.4-6, while L,is only half as long.

HoweVer, there are reasons for believing
that centrifugal compressors will play an
increasingly important role in turboprop
and turbofan engines of the future.
Since no Chapter in this publication has
been appointed for this subject, some
relevant remarks are made here because flow
stability and secondary flows are the
principal items that distinguish the
behavior of centrifugal compressors.
Centrifugal compressors are poten_
tially capable of efficiently generating
a high-pres sure-ratio in a short single
stage. Their diameters need to exceed
those of an equivalent axial compressor,
but they can be smaller than those of
other engine components -- a fan, for
example. Figure 1.4-8 shows a centrifugal compressor that has been in production
for a number of years at the Garrett Corporation. Its principal part~ are identified
in the photo~raph. The, pressure ratios
and efficiencies produced by this unit are
shown in Figure 1.4-9. The blades in this
impeller are curved at the outlet. Because
of the direction of curvature, this is
known as a "backward curved impeller". Many
ot.her impellers have straight r'adial blades
at the outlet.
'

H

B
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L

A

Figure 1. 4-7.

An Effect of Passage Shape
on Secondary Flows.

Shapes of this type are deemed to have low
aspect ratios. An attempt to diffuse this
flow'will cause the retarded flow area to
grow rapidly" because it resists being
energized.
The potential mixing' losses
exceed those of Figure 1.4-6. Shapes
having high aspect ratios (H>Al reduce
secondary flow losses. They are generally
preferred as long as the friction losses
are smaller than the mixing losses.
1.4.4

Special Losses in Centrifugal
Compressors

Axial turbomachinery has been emphasized thus far. They have been the mainstay
of most of the recent propulsion engines.
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Figure 1.4-8.

Centrifugal Compressor
and Diffuser.

The flow in the impeller and diffuser
are subject to the same aerodynamic laws
that govern the flow in axial compressors.
The same type of aerodynamic calculations
are applicable. There is a difficulty,
however, in obtaining favorable aspect
ratios near the inlet and exit of the rotor
and in the diffuser. The reasons-are given
in the following paragraphs.
One of the principal virtues of
centrifugal compressors has been their
simplicity. One continuous set of blades
often comprises the rotor. Another continuous set frequently forms the stator or
diffuser. The number of blades of the

I
I
I
I
I
I
I
I
I
I
I
I
I
I
I

I
I

rotor and stator are limited by the area
required at their inlets.
(The allowabl~
height of the inlet blades of the rotor ~s
determined hy Hach number limits and
stress.)
If too many blades are used at
the inlets, the compressor will not move
the required amount of air. T~lO potential
adverse consequences result from these
restrictions.
1.4.4.1

Impellers

since both the static pressure and
density increase in impellers, much smaller
flow areas are needed at their outlets,
where the radius is large, than at the inlet
where the radius is small. Observe that
the distance between the blades increases
with the radius, while the flow area is
about equal to the prbduct of this distance
by the blade height. The height of the
blades must therefore diminish rapidly with
radius. Figure 1.4-8 illustrates these
characteristics. The aspect ratio of the
impeller flow passage becomes very small.
The aspect r.atio at the exit further
decreases as the design pressure ratio
increases, since smaller flow areas are
required because of the higher gas density.
High impeller blade loading is a
consequence of a low number of blades,
although considerable control of blade loading may be obtained by the judicious use of
blade curvature. Even in the impeller
shown in Figure 1.4-8 however, the blade
loading is pushed to the limit because the
air is accelerated from zero to about 1800
feet per second. Achieving this acc~lera
tion requires high pressure on one s~de of
a flow passage (II), and a low pre'ssure on
the other side (L). The main tangential
accelerating force is that due to the
Coriolis acceleration, which is 2wVr
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Any retarded flow originating or
developing along H is scoured from that
surface and deposited on L. The low aspect
ratio of the passage causes the retarded
flow along L to become thick while the
large tangential accelerations and the
entropy gradients make it extremely stable.
The difference in pressure between Hand L,
however, must vanish at the blade tips.
Rapid diffusion is attempted near the side
marked L. Extensive flow separation and
mixing losses can then occur near the outer
part of a highly loaded rotor. Relieving
this situation has continued to be an
objective of research.
Consider now, the main relative flow
between the rotor blades. vfuen this flow
escapes from the rotor, the absolute flow
becomes pertinent. The illustration in
Figure 1.4-10 distinguishes absolute and
relative flows.
They are described more
completely in Chapter 10. The vector OA
represents the highest relative velocity of
the main flow leaving the rotor. This is
the highest velocity that ~lOuld be observed
if one could sit on this rotating unit.
The vectors OB and BA are the axial and
tangential components of ~A. The vector AC
represents the tangential velocity of the
rotor at its maximum radius. By vectorially
adding AC to OA, the absolute velocity,
vector OC, is obtained. This is the velocity that a stationary observer would see.
It is also the velocity that determines the
behavior of the flow after i t leaves the
rotor.

~1
~1

0

~II:

(w is the angular velocity and Vr is the
radial component of velocity). This force
is tempered however, by the backward curvature.
Recall that the product of ~he
tangential acceleration by the flu~d density equals the tangential pressure
gradient.
(See Chapter 2.) The difference
between the pressures at Land H is thus
proportional to the tangential acceleration
and the spacing of the blades. The net
effect of this acceleration can be many
2
times the effect V /RC with blade spacing
n
found in axial flow compressors or other
familiar flow devices. Differences in the
pressures beb~een Land Hare s,?metimes
comparatively enormous. To a,?h~eve th~s~
large pressure differences, h~gh veloc~t~es
must theoretically exist near the surface
L if those at surface II are to have real
finite values.
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Figure 1.4-10.

Performance of Compressor
Shown in Figure 1.4-8.
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c
Velocity Diagram at
Rotor Exit.

Now let OA' represent the relative
velocity vector for a portion of the
retarded flow along L. The rotor velocity
vector AC is nmv represented by A'C'. The
corresponding absolute velocity vector OC'
is greater than OC in this case. As noted
in Figure 1.4-10, the absolute velocities
leaving the rotor may vary from OC to OC".
This variation is time-unsteady with
respect to a stationary observer.
The mixing of this type of velocity
spectrum in a free field is complex because
the flow is unsteady and two types of
momentum must be conserved instead of one
(momentum in the radial direction as well
as angular momentum). In comparison to the
variation of the relative velocities, the
ratio of the minimum to the maximum
absolute velocity of the unsteady flow is
small in this illustration.
The disparity in the energy of the
flow leaving the rotor of the type shown
in Figure 1.4-8 can be large. It is sho~m
in Chapter 10 that the energy added to the
air by a rotor having no pre swirl is proportional to the absolute tangential component of velocity.
(This does not include
the extra thermal energy added by recirculations.) In Figure 1.4-10, the range of
the mechanical energy addition is represen.ted by the differences in the lengths
of BC and OC". This variation also augments the mixing losses.

The previous discussion has been
devoted to the bulk of the flow between the
blades. The flow adjacent to the rotating
surface between the blades is retarded with
respect to that surface, but it really has
a high tangential velocity. The other
velocity components of this retarded flow
are low. There is, however, a radial
clearance between the rotating surface and
·its companion surface in the diffuser.
(See
Figure 1.4-8.) Flow can enter and leave a
cavi ty behind the impeller through this
clearance. Within this cavity the flow
rotates at a mean velocity that is about
one-half that of the impeller. The tangential velocity of the actual flow leaving
the impeller is thus depressed immediately
beyond the rotating surface because of
recirculation into and out of the cavity,
and because of friction.

The low tangential flow along the
shroud invites additional secondary flows
which move radially inward along the
stationary surface. The physics of this
flow are imperfectly understood also. The
in~/ard flow eventually reenters the
impeller and moves outwards. All recirculating flows of this type represent an
additional dissipation of useful energy
and require the expenditure of additional
mechanical energy.
The important points to note are that
the flow next to the low-pressure surfaces
of the blades, the flo~1 next to the rotating surfaces between the blades, and the
flmv next to the shroud create situations
that can cause separated flow and loss
amplification within: an impeller. The
diffuser can be thus presented with
time-unsteady flmvs having large gradients
in energy, momentum, and direction. This
situation again emphasizes the possibilities
for advanced rotor design concepts.

1.4.4.2

1.4.4.3
The outer portion of the rotor flow
passages is usually formed by a stationary
surface known as a shroud. A small
clearance is maintained bebleen the shroud
ana the adjacent blade ends. Both the
through flow and tangential velocity component next to this surface are retarded.
The tangential velocity is further
retarded by the flow, over the blade ends,
.from the high to the low pressure sides.
The tangential component is somewhat
enhanced, however, by secondary flow
between the blades and by the turbulence
created by the flmv over the ends of the
blades.

Diffusers

Although the diffusers shown in
Figure 1.4-8 appear to be straight, they do
reduc~ the angular momentum of the air and
thus produce a tangential force that is
greater in the main flow than in the
retarded flow near the boundiLg surfaces.
However, the tangential velocity of the main
flow also produces a centrifugal force that
is not in equilibrium with that of the
retarded flow. The net effect produces a
secondary flow more or less in the direction
indicated by the arrow at C. The increase
in radius between the inlet and outlet
increases the distance between diffuser
blades also. This trend causes even lower
aspect ratios. Stable stagnant air accumulates along most of the surface indicated
by the point of the arrow and the amount of
diffusion that can be efficiently obtained,
even with uniform inlet conditions, is thus
limited. Note that rotating diffusers would
help the aerodynamic problem at the expense
of mechanical complexity.

possibilities for Future
Developments of Centrifugal
Compressors

Improved materials and stress analysis
will enable the number of blades and vanes
to be increased at intervals between the
inlet and outlet. For example: ten blades
may be used at the impeller inlet, an
additional ten added when the flo\v issufficiently compressed, and another twenty
added near the outlet. Similar ideas may be
applied to the diffuser. This will partially relieve the diffusion and aspect
ratio problems in both the impeller and
diffuser. Meanwhile, improved aerodynamic
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analysis indicated in 1.7 is expected to be
more potent in the near future. This' will
enable the blade shapes to be designed
to provide high pressure ratios with greatly
improved efficiency. There is reason to
hope that mixing losses may be subdued by
designing diffusers to apply pressure distributions that minimize the mixing losses.
This goal is being pursued.
An aspect ratio problem that is
frequently overlooked in centrifugal
impeller rotors arises from turning the
air from an axial to a radial direction.
High flow units in particular require
blades in which the distance from hub to
shroud at the inlet is much greater than
the corresponding average distance between
the blades. A lm'l aspect ratio bend is
thus formed.
The secondary flows due to
the turning combine with the effects of
centrifugal force on the retarded flm~
relative to the blades to accumulate retarded flow along the surface of the shroud
near the inlet. This part of the flow then
has increased difficulty in negotiating the
subsequent pressure rise derived from the
main flow.
This 'type of secondary flow has been
alleviated by using mixed-flow impellers.
Such units discharge the flow with both
axial and radial components of velocity.
The curvature of the turn toward the
radial direction is thus reduced. The
weight of mixed flow rotors can be
undesireably high however, because of the
added length. Problems in critical shaft
speeds can also be augmented.
Some thought has been given to forming mixed-flow impellers from three or more
disks, each similar to an axial-flow rotor
and each carrying a different number of
blades. A few long blades would be used
at the inlet while many short blades would
be used at the outlet. The aspect ratios
presented to the flow would improve and
the impeller weight would be reduced.
A final comment is pertinent. When
one reviews all the possible sources of
losses, he has to wonder why centrifugal
compressors achieve the good performance
that they deliver. The principal unknown
quantities are the effects of the complicated mixing process in the presence of
diffuser vanes, and the effects of large
unsteady components of flow.
(Recall the
discussion near the end of 1.4.1.3.1.)
Possible latent benefits of these phenomena
deserve future attention.
1.4.5

Flow About Blade Ends of Axial
Turbomachines.

Examination of the cutaway views of
the engines in 1.1 reveals that the outer
end of a rotor blade is near a stationary
surface while the inner end of a stationary
vane is near a rotating surface. Some
clearance between stationary and rotating
surfaces is always necessary to avoid
damage. Flow squirts from high to low
pressure through this clearance and kinetic
energy is converted into heat. Gas
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flowing back,,,ards over rotor tips of compressors reenters the flO~1 at lm"er useful
energy levels. The retarded flow tends to
thicken and the entropy is increased.
Moreover, additional thermal energy is thus
added to this flow.
Clearance flow also
makes its own contribution to secondary
flow eddies. The resulting losses have
several adverse affects on turbomachinery
performance: The attainable pressure ratio
is reduced, the entropy rise increased, and
the surge-free margin of the compressor
eroded. Flow over blade ends, together with
secondary flm" has been the subject of much
inquiry, but many important quantitative
aspects are not clearly understood.
In order to avoid clearance losses,
the outer ends of rotor blades are often
attached to co~rotating rings known as
shrouds.
Stator vanes may be shrouded
also. In this case, the rings are
attached to the inner ends of the vanes.
Circumferential seals adjacent to a shroud
then limit the amount of flow from the
high to the low pressure side of a blade
or vane.' Many varieties of shrouds and
seals have been made.
Shrouds are known to be aerodynamically beneficial in many turbine blade
designs where the useful energy of the
clearance flow is irrevocably lost and the
secondary flml sets up eddies that rotate
in about the same direction as the clearance flow.
The general aerodynamic value
of shrouds in compressors still has to be
decided. All experimental data do not
agree, possible because clearance flow
vortices oppose those from the secondary
flow.
Shrouds are often necessary on compressor stators, however. An accidental
rub by a stator heats and expands both the
stator and its adjacent rotating hub. As
a result, they move towards each other.
Rubbing is then intensified, sometimes with
disastrous results. The clearance required
to eliminate this possibility can be so
great that the resulting clearance flows
severely reduce performance. In this case,
any adverse effects of the shrouds are more
than compensated by eliminating the flow
about the blade ends. Blade and vane
vibrations can supply another motive for
using shrouds. Ingestion of large birds
(1.6.4) may also require the use of
shrouds, particularly on the rotor.
"Part
span" shrouds may be used. These are
placed between the hub and the shrouds of
rotors at radii where they can be most
effective mechanically.
Shrouds have sometimes been used on
rotor blades of axial compressors (some
have also been employed on centrifugal
rotors with no obvious advantage, with
the possible exception of those with very
small blade heights). The stationary surface next to the rotor blades however, can
be designed to move away from the blades
during rubbing. Closer operating clearances can thus be tolerated. Losses due
to blade clearances can probably be
reduced by changing the shape of the blade

ends when more is known about the flow
there. The magnitude of some of these
losses as well as the losses due to leakages through seals depends frequently upon
controlling the relative movements of the
rotating and stationary units, thus evading
some of the flow problems, This demands
the recognition of problems that are
germane to other disciplines rather than
upon aerodynamic expertise, This important
area also is discussed in 1.6,
1.4.6

Summary of Loss Problems

The losses arising from nonuniform
velocity distributions are the principal
losses that concern the aerodynamicist.
These adverse distributions are brought
about by the necessary diffusion during the
compression process, by changing the direction of the flow, and by leakage around
the ends of blades and vanes.
Losses in nonuniform flow are aggravated by decelerating the floVl.
Remember
also that the retarded flow is urged forward
by an interchange of the momentum of slowly
moving fluid particles with that of faster
moving particles. Numerous experimental
studies of jets and diffusers have shown
that the rate of this interchange is
limited and that it depends upon the
passage shape. The rate of momentum
exchange is obviously hastened in unst.able
flo~/S and delayed in stable ones.
Probably the greatest sources of losses
result from the necessary diffusion of
partially stabilized flow.
Such flow frequently rolls up into a localized vortex.
The entropy gradient in the vortex is in
the opposite direction from its pressure
gradient. The flow is stable and momentum
interchange with the rest of the flow is
resisted. Attempting to diffuse the resulting flow aggravates nonuniform velocity
distributions. Subsequent mixing amplifies
the losses.
Until recently, this situation had to
be reluctantly accepted, particularly where
compactness was required. Emerging techniques for numerical aerodynamic analysis
are demonstrating, however, that designs
can be made that will alleviate the accumulation of stable impregnable regions of
retarded flows.
Special types of tangential, axial, and radial pressure fields
have been created by stator vanes. These
fields min"imize transverse movements of
retarded flo~IS. An exciting improvement
in a turbine has been obtained. Even
greater accomplishments are expected in the
near future by alert students of this
work. This subject is briefly elaborated
again in 1.7.

1.5

INTERRELATIONSHIP OF AEROTHERMODYNAMIC COMPONENTS

Most of the problems in this category
were anticipated in the discussions of the
previous sections. Any component that
delivers a nonuniform distribution to a
component downstream contributes losses and
o~her problems to the downstream component.
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Conversely, events in a downstream component
may affect an upstream one. Because of
component interactions, potentially beneficial concepts for one component sometimes
have to be deferred to help another in an
engine design.
1.5.1

Inlets

The subject of inlets is thoroughly
covered in Chapters 9, 13, and 26. Subsonic inlets rarely impose formidable
problems. When airplane speeds are low,
the flow configuration may cause some
extra internal losses and flow distortions
as suggested in the sketch in Figure
1.3-10e. Rounded inlet leading edges
make any accompanying compressor problem
far less severe than that which might be
suggested in this sketch. This flo,q
situation usually lasts only for a short
time and may be considered to be under
control in most subsonic airplanes.
Inlets for supersonic flight speeds
are more difficult to design. Their leading edges must be relatively sharp and
their flow mismatch with engines often
creates unsteady and nonuniform flmq distributions that penalize the compressor.
Present knowledge really permits us only
to install devices in the inlet that serve
as bandaids for the problem. What is
really needed is variable-geometry that
enables the engine to efficiently inhale
air with the schedule shown in Figure
1.3-9, Curve B.
1.5.2

Compressors

Other parts of this chapter have at
least hinted that compressors prefer timesteady and uniform flow.
If they don I t
receive flow that reasonably meets these
specifications, they respond by surging or
by reduced performance. At the present
time, compressors are prima donnas because
they are essentially diffusers and the
best diffusion processes occur just before
flow separation (or stall) is encountered,
11hen questionable inlet flow is expected,
compressors must be given ample stall margin, even at the expense of efficiency.
The amount and rate of static pressure rise
asked of the critical stages is then
reduced. One objective of future research
should be aimed at identifying appropriate
variabl.e engine geometry together ~li th
controls that are capable of coping with
the temperamental nature of a compressor.
Compact transition ducts between compressors, such as that shown in Figure
1.1-7 can be a further source of nonuniform flow.
Curved surfaces just ahead or
just behind the blades or vanes alter the
radial distribution of the flm~.
The
performance of the compressor is then
affected unless this radial distribution
is anticipated. If these ducts also have
significant localized total pressure
losses, they impair the performance of
the following compressor and increase its
destgn problems. Careful planning is
essential in the layout of the flow path.

A compressor can cause problems for
itself and other components. One
important problem stems from the ability
of a compressor to trap an anomaly in the
flow. This phenomenon may be visualized
with the aid of Figure 1.5-1. This
sketch is a partial two-dimensional
development of three stages of an axial
flow compressor.,
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Figure 1.5-2.

Representative
Compressor Map.

understood. This statement is supported by
the material in Chapter 17. The trapped
flow concept does help to explain some
important observations, however.

Figure 1.5-1.

Schematic Development of
Three Blade Rows of Axial
Flow Compressor.

Observe that 'the close spacing of the
blades and vanes in this development limits
the horizontal spread of the flO\~.
Suppose
we inject a plume of smoke such as that
indicated by A into this compressor. The
smoke will be confined by a group of the
first rO\~ of rotor blades and will move
towards the right. A little bit of the
smoke may escape between the rotor and
stator, but most of it will be captured
by a few passages in the next rO\~ of
stator blades. The continuation of these
events through each stage eventually will
cause the smoke to emerge from the three
stages at position B. It is displaced in
the direction of rotation and its circumferential extent is somewhat expanded.
This trapping of the flow is responsible for some important interactions
between a compressor and the rest of an
engine. If the flow entering the compressor is not uniform, the compressor almost
behaves as if it were a number of independent compressors, each having different
inlet conditions. Each path then, would
have the same map, such as that sketched
in Figure 1.5-2. The processes actually
involved with nonuniform entering flows
are complex and some of them are imperfectly
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Suppose that the flow in Region A of
Figure 1. 5-1 has relatively 101" total
pressure due to a flow obstruction upstream.
Suppose further that the compressor would
normally operate at Point X of Figure 1.5-2
if the flow were uniform. The compressor
apparently manages the flow through A as if
the operating point were at a point of
higher pressure ratio, say at Y. If
Region A is large enough, and if its total
pressure is sufficiently depressed, the
compressor will surge.. (Point Y would cross
the surge line.)
If the low total pressure
in Region A is the result of flow separation
in the inlet, the magnitUde and extent of
the losses probably varies with time.
If
the losses are large enough and persist long
enough, compressor surging can be expected.
The discussion in 1.3.3.3 is applicable to
this situation also.
Figures 1. 3-3 and 1. 3-4 show the low
pressure of the flow approaching Region A
will also cause the temperature rise in the
compressor to be higher at Y than at X.
This higher temperature rise is transmitted
through the combustor into the turbine. A
local area in the turbine flow would then be
hotter than the average. The combustor exit
temperature must be tempered if compressor
inlet distortions occupying a fixed region
in space and lasting a considerable length
of time are anticipated. This necessary
compromise would impair the thrust and
efficiency of an engine.
It is worth noting that the discussion
associated with Figure 1.4-10 is applicable
to all turbomachinery, although the amount
of retarded flow in axial compressors is
usually less than in centrifugal compressors. Note from Figure 1.5-1 that the air
leaving the rotor with the largest
absolute tangential velocity may impinge
on the concave side of each of the following stator vanes and remain there. The

temperature of this air is higher than
average.
It has also been shown that the
concave side of a rotor blade will capture
retarded air from the stator.
The details
depend upon rotor speed, airspeed; and the
orienta tiol' of the blades and vanes.
Repetition of this phenomenon leads to
circumferentially varying temperatures
throughout the compressor exit flow.
Their
disposition in space depends upon the
aspect ratio of the blades and vanes, and
the magnitude of their loading.
This may
continue through the engine. Because of
the heavily loaded vanes and blades and
the consequently thicker regions of
retarded flow, centrifugal compressors are
potentially the worst offenders.
T'he trapped flow illustrated in
Figure 1.5-1 also works backwards. A strut
or other obstacle placed in a flow creates
a high static pressure field near its
leading edge. Ordinarily, the pressure of
such a field decreases rapidly \'li th distance.
If the strut is placed close
enough to a row of vanes, hO~lever, the
local increase in pressure will retard the
flow through one or more of these vanes.
Because of the trapped-flow principle,
this retardation is propagated through
a limited circumferential extent upstream.
The strut will thus cause a small portion
of the compressor to assume the operating
point symbolized by Y in Figure 1.5-2
while the rest of the compressor operates
at Point X. This behavior rarely produces
surging problems, but it does cause local
zones of high temperature and low airflow.
The consequenses previously noted must be
recognized.
Inasmuch as the rotor blades
passing through a trapped-flow region
experience a variation in force, blade
vibrations can be induced at a considerable distance upstream or downstream of a
disturbing device.
'
In order to control mixing losses at
the ends of the blades and vanes of a
compressor, and preserv~ a reasonably
uniform axial component of velocity
through it, extra energy is usually deliberately added to the air near the blade
ends to compensate for momentum deficiencies there.
(Additional discussion of
compressor flow control is given in
Chapter 17.) This extra energy produces
radial temperature and entropy gradients
at the compressor exit, but these properties are approximately axisYHunetric if
the rotor and stator clearances are uniform.
As discussed in 1.6, circumferential
clearance variations must be expected. The
net result can be additional uneveness in
the fl0\1, pressure and temperature distributions leaving the compressor.
1.5.3

Combustors

The temperature distributions of the
gasses within and leaving a combustor
depend upon the distributions of the m~g
nitude and temperature of the approachlng
airflo~l as well as the distribution of
fuel and airflow into the combustor itself.
Local deficiencies in approaching airflow
or excesses in inlet air temperature cause
local hot spots within and downstream of
a combustor. Minimizing these hot spots
is a goal of engine (not just combustor)
design'.
One should be aware that compact
compressors must be designed so that their
discharge velocity is greater than the
velocity that combustors can tolerate. A
diffuser must be placed, therefore, between
the compressor and the combustor even
though part of the combustor can be used
to aid diffusion.
Some of the discussions
presented in 1.4.1.3 apply to this diffuser.
If the compressor dispenses nonuniform flow, the diffuser problem can become
very difficult. The unevenness in the
flow is amplified by the diffuser and the
flow can even become time unsteady.
Such
a situation must be rectified before an
efficient combustor furnishing acceptable
discharge conditions can be designed.
1.5.4

Turbines

The temperature of the gas entering
a turbine should be as circumferentially
uniform as possible. There is a maximum
temperature that any portion of turbine
stator can Vlithstand before it loses
strength or is corroded by chemical processes, The maximum temperature of the
flow from the combustor is thus determined.
However, the output from the turbine
depends on the average temperature. The
need for circumferential uniformity is
obvious.
On the other hand, there is always
an optimum but nonuniform radial temperature distribution that yields the best
power with a ;ninimum expenditure of cooling air, and still subjects the rotors to
the same mechanical duress at all radii.
Ample discussions of this subject are
included in Chapters 18 and 19.
Any flow disturbance that inhibits
uniform circumferential temperatures or
proper radial temperature distribution
imposes a penalty on engine performance.
Close cooperation is required, therefore,
between the designers of inlets, compressors, and combustors so that any necessary
compromises are consistent with the
objectives of the engine. This is another
example where specialists should be
familiar with peripheral diSCiplines.
A large change in flow direction is
required in the vanes and blades of many
turbines.
This is particularly true near
a turbine hub.
Large secondary flow
vortices (1.4.3.2) are often generated
there. The extent of these vortices
depends upon the quality of the flow
entering the turbine. They can be partially controlled by adjusting the radial gradients of the energy abstracted from a
turbine.

The relationship between the combustor and its adjacent components is
thoroughly discussed in Chapter 20. The
remarks presented here are included to
preserve the continuity of this section.
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leaving the nozzle has been used to
calculate the thrust, this momentum is
only the reaction to the static pressure
forces within the engine.
It is these
pressure forces that actually produce the
thrust.

The statements made in connection
with Figure 1.4-10 can be extended, with
some modification, to turbines (see
Chapter 10). It can be sholm that
retarded flm-l leaving a turbine stator
elevates the effective temperature of the
corresponding floVl about the rotor.
Unexpected damage near rotor blade ends
can be traced to this pheno·menon. The
need for achieving proper floVl distributions at the turbine inlet is thus
emphasized.
In many engines, the flow immediately
behind the last turbine is decelerated.
The stable flow wIthin the secondary flow
vortices at the hub usually causes flm.,
separation along the inner surface behind
the turbine.
(Such surfaces are shm.,n in
the cutaway vieVis ot engines shoVln in 1.1.)
Since the average entropy and static
pressure gradients near the t;j)s are in
the same direction, the flm., there is
unstable.
The flm., in this region can
usually be decelerated efficiently. The
radial distribution of static pressure
in the floVl leaving the turbine can then
often be controlled so that, although
there is no subsequent deceleration at
the hub, an average deceleration of the
flow can be efficiently accomplished
behind a turbine.
In this connection, it
is notel.,orthy that the shape of the flow
passage behind a turbine can strongly
influence its performance.

Note that s\'1irling flow i.nto the
nozzle contributes nothing to the momentum
from a nozzle. Such a flo\'1 represents
wasted energy, although some s\'1irl may
be acceptable if it sufficiently improves
the efficiency of the turbine and hence,
the useful energy available to the jet.

Emerging techniques for calculating
floVi distributions (see 1. 7) Idll make
it possible to diminish many unwanted
floVl effects. Hore freedom will then be
available to a turbine designer.
1.5.5

Afterburners

Three interrelationships may be anticipated I-lith afterburners.
One is associated vlith presenting an afterburner wi th a
flow in which the velocity is so low that
the flame Ivon' t be blown out. This is a
funct.ion of the turbine diffuser. The
second Vias intimated in 1.3.3.2 and
1.3.3.3. Vlhen afterburning begins, the
rate of temperature increase in the chamber must be carefully synchronized with
the opening rate of the nozzle area.
If
the temperature rise is too fast, the
corresponding rapid increase in pressure
may cause the compressor, and especially
the fan, to surge. This synchronization
is a function of the controls. The third
interacti.on is that of presenting the
nozzle I-lith a flow that has reasonably
uniform momentum. This is mentioned
in 1.5.6. Other important and unique
features of an afterburner are discussed
in Chapter 21.
1.5.6

The mass flow, thermal energy, and
mechanical energy of the flow upstream of
a nozzle are establiShed by the other
components of the engine. Recall from
1.4.2.4 that the magnitude of the static
pressure depends on the uniformity of the
flm.,.
Low static pressures due to nonuniform velocities ahead of the nozzle do
reduce the thrust. The thrust developed
is thus, not only dependent on the losses
in all the components upstream, but upon
the uniformity of the velocity presented
to the nozzle. The acceleration of the
flol., through the nozzle does improve the
distribution and reduces the potential
losses, however. This is effected by the
distributions of static pressure over the
inner s'urface of the nozzle. 'I'he adverse'
effects of a maldistribution Can never
be completely overcome, however.

Nozzles

The average total pressure of the gas
immediately upstream of a nozzle exceeds
the static pressure in the vicinity of
the nozzle exit.
It is the 'function of
the nozzle to convert this pressure difference into velocity as effectively as possible. Although the momentum of the flow
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The effects of nonuniform velocities
and temperatures are usually reconciled
during cycle analysis by using some average
value for each together with an appropriate
flow and thrust coefficients for the nozzle
(See Chapters 6 and 14.)
Care must be
taken in the choice of averaging and the
choice of these coefficients if contributions to performance (or performance
defects) are to be correctly identified.
Care must also be taken to ensure that
the static pressure at a nozzle exit is
the one assumed.
Pressure fields created
by the airframe, or by curvature of the
flow from or about the nozzle itself may
alter the effective value of this pressure.

1. 5.7

Summary

Besides the obvious effect of a
mismatch in the flow capabity and efficiency of the engine components, the main
source of unfavorable interaction comes
from nonuniform flows and unsteady flows.
Some deliberate distort.ions of flow may
make a component look good at the expense
of its neighbors.
Such an endeavor mayor
may not be satisfactory. The overall effe~t
on the engine must be considered to determine a components worth. Again, recall
that each component exists for the engine
and not vice-versa. 'I'here is nearly
ahlays a need to compromise.
1.6

INTERACTIONS WITH OTHER SPECIALTIES

It cannot be mentioned too often
that there are many disciplines associated vIi th designing, developing, and manufacturing an engine. How well one

discipline understands the problems and
technology of other disciplines plays an
important role in determining costs as
well as the elapsed time between the
initiation of design and the delivery of
an approved product.

Circumferential variations in temperature near an outer casing can cause local
bulges in the casing, with a re~ulting
local increase in clearance. S1mple calcu~
lations can indicate how easily noticeable
increases in local clearance ar.e achieved.

An aerodynamicist's lack of appreciation of stress and material technology
may require him to design and redesign a
blade a number of times before the aerodynamic and endurance requirements are
satisfied.
If manufacturing technology
is ignored, an unnecessarily expensive
process may have to be devised to make
and inspect the blade. It is especially
noteworthy that a part that can be
thoroughly inspected is often preferred
to a potentially superior part that does
not lend itself to inspection. Frequently,
the potentially superior part turns out
to be inferior because it doesn't conform
to desi,n requirements. Simple design
changes that improve the ability to reproduce a product, perhaps with a slight
penalty in abeyant performance, should
.
always be in the thoughts of an aerodynam~c
designer. This brings up the requirement
for the designer to understand the real
needs of the customer.

It is practically impossible to keep
uniform clearance between stationary and
rotating parts at all times. There is,
however, always some operating ,?ondition
and one or more areas of an eng~ne where
the clearance is a minimum. The circumstances depend upon the temperatures and
the vibrations, noted in 1.6.3. Airplane
maneuvers are also involved. The requirement of mechanical integrity sets the
magnitude of the minimum clearances. The
clearances at other operating conditions
are then automatically defined.

As mentioned in 1.1, the purpose of
an airplane is to render a service that
enough people want and can afford. The
costs to the eventual customer include
his share of the costs associated with
the initial design and development, manufacturing, maintenance, and reliability.
(Reliability signifies, among other
connotations, whether nine or ten engines
must be purchased to be sure that at
least eight are available when needed. 1
By understanding the total picture, an
honest evaluation can be made about whether the added cost of a supposedly more
efficient part is worth its latent contribution to reduced fuel consumption,
reduced weight or increased thrust. This
kno\vledge, of course, cannot be acquired
instantly. The successful aerodynamic
designer will always be alert to opportunities that will improve his understanding of these interrelationships.
Besides adopting this long range
philosophy, there are many areas where a
good understanding of peripheral technology should be sought almost immediately. A fe~l subjects and problem areas
have been selected to illustrate the need
for the aerodynamicist to be involved in
many activities. The important subject
of controls is not covered here since
attention was directed to them earlier.

1.6.1

Dimensional Integrity

Notice was taken in previous sections
of some effects of dimensional changes
that accompany temperature variations
throughout an engine. The existence of
variations in temperature and dimensional
changes along the length of the engine
during steady-state operation should be
readily appreciated. The effects of transient operation on changing these variations of temperature and dimensions \vith
time should also be recognized.
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The relative growth of the rotating
and stationary parts depends to some
extent on the aero thermodynamic design.
Heat transfer rates, blade shapes, and factors discussed in 1.6.3 are involved.
Changes in the area of turbine stators
and exhaust nozzles with temperature are
also pertinent items. If these areas are
even moderately different than the design
intent, the engine will be mismatched.
Improper pressure ratios will be imposed
upon the turbine and the engine exhaust
nozzle. The bypass ratio will be affected
and the thrust of a well designed engine
will deteriorate.
1.6.2

Experimental Testing

It is easy to fall int9 the organizational trap of four isolated groups. One
group does the design of a component,
another group supervises its manufacture
and assembly, a third group tests it in
the laboratory, while a fourth group interprets the data. If the performance is
lm'ler than anticipated, the resulting discussions, while stimulating, do not hasten
the delivery of a product nor lower its
cost. Was the design bad? Was it poorly
made or assembled? Are the test data bad?
Are the interpretations inadequate?
The four activities stated above
constitute the source of nearly all
pertinent aero thermodynamic data. The
elements in each process shOUld be carefully monitored and understood by the
aerothermodynamic designer.
Ideas for
changing and improving procedures will
always be uncovered. More valuable information has often been learned by watching
or participating in an assembly or a
test than by looking at an inspection
report or examining perforluance curves.

1.6.3

Flow Blockage by Struts and
Accessory Drive Shafts

The rotating parts of an engine
require bearings that must be supported
by the external casing. The mechanical
support is provided by struts that pass
through the flow passages of an engine.
At first blush, an aerodynamicist prefers
the struts to be thin, few in number, and

remotely located from an~ blade or va~e
rows. One reason for thLs was ~oted Ln
1.4 where "flow trapping" was dLscussed.
Unfortunately, this "ideal" aerodynamic arrangement doesn't work. l'Ihen
an airplane executes some required, but
violent, maneuvers, the stru~s mu~t be
strong enough to resist the Lnertlal
(including the gyr~scopic) rea~tions of
the rotor with mLnLmal deflectlons.
Excessive deflections would require blade
and vane end clearances that would conswne more efficiency than would the
mechanically appropriate struts.
Designers must also anticipate the
loss of one or more blades due to unanticipated blade vibrations or to foreign
object damage. Rotor vibrations thus
created are greater than those normally
accepted by even self-adjusting bearings.
The choice of strong struts is again
preferable to excessive blade and vane
clearances.
Supplying and scavenging oil from the
bearings requires struts having adequate
cross-sectional area. These struts also
pass through engine flO\~ passages. The
use of thick struts is frequently necessary/
but they should not be placed in sensitive
aerodynamic areas. A mutual understanding
of the problem by specialists in aerodynamics, stress and vibration analysis,
lubrication, bearings, and weight control
is the key for arriving at the proper
trade-offs between clearances, blockage,
and assembly.
It is noted in .passing that some
struts may be aerodynamically useful.
For instance, they can be shaped and located to remove part of the swirl from the
flow leaving a turbine. Refer to remarks
in 1. 5. 6.
Similar problems arise when mounting
accessories such as oil pumps, fuel pumps,
starters, generators/ and other rotating
accessories along the external side of the
engine casing. Some of these are shown in
the engine photographs of 1.1. A so-called
tower shaft must then pass through the
airstream to connect the accessories to an
engine shaft. I"hen there are high- and
low-pressure compressors and turbines, most
connections are made to the high-pressure
shaft because its speed usually varies less
than that of any other shaft during flight.
Moreover, this is the logical unit to be
attached to the starter. The tower shaft
is then mounted radially between compressors.
(Putting it betv;een turbines invites additional problems due to high
local temperatures.) The tower shaft must
be contained within a housing which also
supplies oil to and from the internal
gears.
Because of the need for compactness,
there are often strong motives for placing
the tower shaft close enough to the stators
of the first compressor to introduce the
trapping problem discussed in 1.5. Determining the best location and the shape of
its housing, is another problem that
requires intelligent compromises by all the
Specialties concerned with the design.
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1.6.4

Foreign Object Damage

There are many causes of foreign object damage (FOD). Nhen some airplanes
begin their takeoff run, a veritable
.
tornado often develops between the engLne
inlet and the rumqay. Loose objects are
picked up and sucked into the inlet where
they impact the rapidly moving compre~sor
blades. Rags, tools, and other materlals
are sometimes carelessly left in the inlet by maintenance attendants. These
materials hit the blades when the engine
is started. Birds can be sucked into the
inlet while the airplane is in flight.
Special provisions must be made for large
birds, or the devastation can be catastrophic.
Engines must pass certain tests prescribed either by law or by contract to
prove their ability to withstand particular
types of foreign object ingestion.
Some.
of the tests are so severe that aerodynamlc
performance of the fan or the first-stage
compressor may have to be sacrificed to
meet the requirements. A mutual problem
of the aerodynamicist and the stress
analyst is to minimize this sacrifice.
Unless each understands the other's field
to some extent, intelligent dialogue is
difficult and the probability of finding
an optimum solution becomes remote.
In order to make intelligent
decisions from the beginning, the stress,
aerodynamic, and performance analysts must
anticipate critical problems and their
solution before the en~ine specifications
are solidified. A great deal of time and
money is otherwise spent overcoming
unexpected obstacles.
1.6.5

Effects of Advanced Aerodynamic
Technology

Initial efforts with advanced computational techniques, summarized in 1.7,
have already shown that marked departures
from conventional vane shapes \qill produce improvements in efficiency that have
great financial value, particularly when
fuel availability is decisive. A logical
extrapolation of this result indicates
that the vane and blade shapes of future
engines will have different shapes than
the ones now in use. The first reaction
of stress analysts and manufacturers will
probably reflect a complete lack of
enthusiasm. Acceptance and use of new
and improved ideas will come only when
the three specialties share sufficient
information to permit them to mutually
overcome the apparent difficulties. The
effectiveness of the aerodynamicist is
again enhanced by his growing ability to
contribute to solutions of the problems
that stand between his good ideas and
their ultimate use in engines.
1.6.6

Ceramic Turbine Blades and Vanes

The high turbine inlet temperatures
of newer engines are obtained through the
use of cooled turbines in which the principal material is nickel. This situation

has certain disadvantages.
Nickel is not
native to the United States, and the supply could be curtailed by the IVhims of
another. nation. ~loreover, the total
knmm supply is not inexhaustable and
there are competing demands for it.
Nickel is heavy and expensive. The turbine cooling process limits the advantage
of elevated temperatures because it
lowers turbine efficiency and a good first
approximation to a turbine's value is the
product:
(Turbine Efficiency)
X (1'urbine Inlet Temperature)
(Refer to Chapter 7)
For these reasons, a great deal of
time and money has been spent on the
search for cheap and readily available materials that do not require cooling.
T\~o
ceramics, silicon carbide and silicon nitride, have been identified as promising
candidates at this IVriting.
These materials are extremely brittle
in comparison with presently used turbine
materials which are already brittle to
a troublesome degree. Extreme care must
be taken in mechanical design.
Even so,
reductions in the allowable tensile
stresses must be contemplated. These
reductions can be accomplished by
reducing the centrifugal forces on the
blades, and by minimizing bending stresses
due to centrifugal and aerodynamic forces.
Either scheme offers a threat to turbine efficiency. Large aerodynamic blade
loadings may be necessary because comparatively J.O\'l blade speeds \'lOuld be required
to reduce centrifugal forces.
In addition,
the radial distribution of the axial and
circumferential components of flow entering
and leaving the blades and vanes may differ
from that encompassed by our present
experience in order to reduce bending
stresses. The need for new blade shapes
must therefore, be anticipated. The
development of new turbine aerodynamic
technology to keep the efficiency \~i thin
tolerable levels thus becomes a challenge
to the aerodynamicist. Emerging computation techniques may enable this development
to be realized at an affordable price. An
al~rt appraisal of such opportunities is
a continuing requisite.
There is a question \·,hether these
particular ceramic materials are the ans\~er.
Even better materials can certainly be
expected. The law of the "perversity of
nature" probably applies however, and
increases in brittleness seem to be an
inevitable accompanyment to increases in
allowable material temperatures. An aerodynamicist should understand the interaction between his blade designs, the
.
corresponding stresses, and their effect
on forthcoming materials. He is then
prepared to pursue the courses necessary
to extend his degrees of freedom for the
design of efficient high temperature turbines. Remember however, that a small
reduction in the basic aerodynamic efficien·cy can be an almost trivial ransom

for retrieving power that would otherwise
be lost to cooling at very high turbine
inlet temperatures.
1.6.7

Environmental Problems

The design freedom in propulsion
engines has recently been restricted by
laws and regulations enacted to protect
our environment. One area of protection
limits the allowable noise that various
types of aircraft can generate. The
other concerns certain polluting compounds that are generated in a combustor
and then discharged in the exhaust.
Noise is the subject of Chapters 24
and 25. A section on the subject of emissions is contained in Chapter 20. Background information is presented in Chapter
15. The noise considerations described
belm~ illustrate one of the conflicts of
interest in this area.
Acousticians and vibration analysts
\'lOuld like to see successive blade rows
placed far apart. Time-steady flow in a
rotor produces time-unsteady flo\>, in a
stator, and vice-versa. The closer the
two elements are to each other, the
greater becomes the forces causing vibration and noise.
The aerodynamicist and the weight
analyst, on the other hand, prefer to have
them close together. The effect on engine
weight is obvious. As far as aerodynamics
is concerned, there is experimental evidence that placing rotors and stators
close together benefits performance. The
optimum solution is found when all four
specialties share their expertise to meet
all of the objectives of the engine. A
nevI interface is thus introduced by environmental considerations.
As a general note, proposed regulations
are published, and comments by the affected
parties are invited. The participants in
these areas should have a thorough understanding of existing regulations, and be
constantly alert to proposed changes.
They must also be aIVare· of the attitudes
of key people involved in offering and
adopting regulations, so that improvements in technical competence can be directed to those areas where problems are
anticipated.
1.7

REMARKS ON ADVANCED FL0\1 CALCULATIONS

The art of flolV calculations is burgeoning at an enormous rate. Until very
recently, the methods in Chapters 4 and
10 IVere the standard repertoire of aerodynamic designers of turbomachinery. The
revolution in digital computers has inspired an accompanying revolution in the
art of numerical analysis. Even a lengthy
treatise at this point would do an injustice to this subject. Just enough information will be given to describe what lies
behind some of the ongoing activities.
Most of the new procedures embody
some form of the Navier-Stokes equations
including the Reynolds turbulence stresses.

This equation is developed in Chapter 4.
Some model for estimating the distribution
of turbulence is also required. Available
models are approximate and subject to
opinions and improvements. Nevertheless,
some very useful advances have been madE.'
with the crude turbulence models now eXlsting. Several methods of calculatin? a
flow field can be developed from thls base.
Some procedures use the concept of boundary
layer, introduced in Chapter 4 and expanded
in Chapter 18.

1.S

The final section of this chapter is
presented to show that all specialties
have a long ,<ay to go before we can tr';lly
say that engines Can be accurately deslgned.
A lot of development worl< needs to be done
in order to produce a successful engine.
Host of it has to be performed by "greasyfingered" engineers, who are often forced
to work with trial. and error methods. They
need al.l the useful help they can get from
the various specialties for reducing weight,
improving fuel consumption, and ~ncreasing
both reliability and component llfe.

Another technique that was recently
introduced borrows an idea from electromagnetic theory. The flow vector is
divided into two components--one of which
has no curl, and one of which has no divergence. The latter vector describes all
the vorticity in the floVl.
In some respects it is really a generalization of
the boundary layer concept. Compatibility conditions between the two vector
fields are required. The first field is
mixed elliptic-hyperbolic, and can be solved by knO\<n "relaxation" procedures.
.
The second field is essentially parabollc,
and is solved by "marching methods".
(The upstream vector doesn't know what
the dO\<nstream vector is doing.)

With respect to the biography, observe
first that research is continually being
directed toward improving the capabilities
of aircraft anq engines. General analyses
of these results are periodically made to
examine the feasibility of improving existing airplanes, of making an airplane that
will either perform a useful service more
economically, or of providing one that was
hitherto unavailable.
When the feasibility of an improved
engine/airframe system is determine~, an
analysis similar to that presented In Chapter 9 is initiated. Engines and airplanes
having the proposed advanced concepts are
simulated on large digital computers.
Estimates are made of the properties and
behavior of every significant part of the
engine and aircraft.
Interfaces such as
those discussed in Chapters 13, 14, and
26 are carefully conside~ed.
The vital
features of the synthesized airplane are
calculated along its proposed flight
paths.
Numerous modifications of the ~yn
thesized engines and alrcraft are exam:Lned
until the calculated optimum reliable
airframe/engine combination for the proposed
mission is found.

Two classes of computational techniques
are being pursued. One class begins by
assuming the floVl to be at rest, and
imposes the boundary conditions. The timeunsteady equations of motion then estimate
the acceleration of the flow until it
reaches equilibrium.
The other class uses finite difference or finite element methods. Transformation of coordinates as a function of the
local Mach number and the location of the
point of interest in the flovl field may
be used. l1ethods of taking the finite
differences or of describing the finite
elements also vary with both the local l1ach
number and the point in the field.
All the programs are very involved,
and their preparation presently requires
an outstanding ability in computer programming, numerical analysis, and fluid
mechanics. 'Because of the enormity of
the problem, existing programs must be
considered to be only partially developed.
Even in this crude state, their use has,
for example, indicated ways of designing
turbine Vanes so that the secondary-flow
losses are reduced.
The experimental test
of the resulting turbine was more than
gratifying.
This field is moving forward at a
rapid rate. Useful new concepts are continually being disclosed. As a result,
the ability to accurately analyze complex
flows in detail is noticeably improving
from year to year. Close attention must
be paid to this activity.
The pursuit of advanced threedimensional analysis will bring about step
improvements in turbomachinery performance. Side benefits will be the reduction of expensive testing and the delineation of forcing functions that affect blade
vibration.

A BRIEF BIOGRAPHY OF A TYPICAL ENGINE

The results are then reviewed to
detennine the worthiness of the airplane.
This revieH includes an estimate of the
cost of designing and developing the engine and airplane, the cost of manufacturing the desired nuw,er, and the cost
of operating and maintaining them ,:,ver
their expected life. These econom:LC evaluations (which are often identified by the
\'lords "cost of ownership", "life-cyclecosts ll or "return on investment") are
repeat~d throughout the life of the enterprise.
If a decision is made to proceed with
the design and development of an engine,
the inital specifications are provided by
the preceding studies. Tests are begun
on the various components to evaluate
their effectiveness; i.e., how does the
performance compare to that expected?
Several design modifications are
frequently required to realize the initial
expectations.
After the components are functioning
reasonably well, they are assembled into
an engine to evaluate overall performance
and reliability.
Parts of new engines
usually operate in more hostile environments than any of their predecessors, and
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unanticipated interactions among the parts
(both aerothermodynamic and mechanical)
are occasionallY encountered. l1any events
can and do happen. Some problems can be
rectified by minor changes in engine
design. Others may require major redesigns that need to be reevaluated on component rigs. In some instances, added
required costs of time and money can put
the project in jeopardy.
When the engine performs its functions
on a test stand with sufficient reliability, it is ready for flight tests. New
interactions between the airframe and the
engine introduce additional problems.
This is particularly true when there is
no previous experience vii th the maneuvers
and flight regimes demanded of the airplane.
Expedited rebirth and development of critical engine components has been necessary
even at this late phase of development.
Dedicated and competent engineering teamwork usually solves the problems, and an
airplane that meets its specifications is
finally derived.
After an engine has been certified
by a government bureau, it enters its
intended service. When many hours of
f1ight have elapsed, new major problems
have suddenly appeared. Although most of
these are mechanical and related to lowcycle fatigue, they probably represent a
poor trade-off, initially made with
incomplete data, between aerodynamics and
stress. New evaluations and new designs
have to be made and developed in a hurry
to solve the problems. Again, it is the
teamwork of many talents that overcome
the difficulties.
Eventually, even better performance
is wanted and advanced development begins.
The engine is gradually and continually
improved by new technology. This phase
may last 20 years or more, Weak parts are
strengthened to increase the time between
overhauls (TBO). The weights of other
parts are decreased by improved design or
by material substitution. Superior aerothermodynamics are developed that can, for
instance, raise the output without objectionable increases, or even reductions, in
fuel consumption. By the time the engine
is eventually superseded by one from a new
generation, its output may have been
increased 100 percent with only small
increases in size and weight, and little,
if any, increase in specific fuel
consumption.
The events described in this review
are not atypical. Including them is not
meant to disparage any work of the past,
or discourage bold ventures in the future.
Rather, it is intended to emphasize the
need for recognizing problems as early
as possible during design and development.
It also points out the value of individuals
having the wide scientific background
necessary for recognizing the source of a
variety of interrelated problems and solving
them.
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Of equal importance, it emphasizes
the need of basic research for anticipating
and solving problems on inexpensive rigs
rather than expensive engines. Most of
this research is not glamorous and does not
provide headlines. Its ultimate financial
val ue cannot, h0l1ever, be overemphasi zed.
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CHAPTER 2

LIST OF SYMBOLS
The symbols are listed in alphabetical order,
first in the English alphabet, then in the Greek
alphabet. Subscripts and superscripts are then
given. The equation, figure or section in which
the symbols are first introduced is indicated in
parentheses. Often the symbol will be defined in
the text just preceding or just following the
equation or figure.
A

- Cross sectional area (Eq. 2.14.2)

a

- Speed of sound (Eq. 2.16.3)

C

- Specific heat '(Eq. 2.6.2)

c

- Circumference (Eq. 2.15.5)

v

- Specific volume (Eq. 2.6.1)

x

- Independent variable (Eq. 2.10.1)
- Axial co-ordinate (Eq. 2.15.5)

y

- Independent variable (Eq. 2.10.1)

z

- Dependent variable (Eq. 2.10.1)

y

- Ratio of specific heats (Eq. 2.6.4)

A

- Mathematical function (Eq. 2.17.21)
- (also used for increment in quantity)
~

Small increment in quantity (Eq. 2.6.2)

- Characteristic veiocity (Eq. 2.18.3)
D

~

Angle of wall (Fig. 2.15.1)

p

-

Density (Eq. 2.11.18)

T

-

Shear stress (Eq. 2.15.5)

x

-

Nondimensional axial coordinate (Eq. 2.17.25)

- Diameter (Eq. 2.17.9)

dQ

Incremental heat interaction (Eq. 2.4.1)

~q

- Incremental heat interaction/mass (Eq. 2.6.1)

c1W

- Incremental work interaction (Eq. 2.4.1)

E

- Energy (Eq. 2.4.1)

Subscripts

F

- lIe1utholtz function (Eq. 2.9.2)

c

f

- Mathematical function (Eq. 2.17.21, 2.17.25)

C.M. - Control mass (Eq, 2,14,1)

G

- Gibbs function (Eq. 2.9.1)

C,V, - Control volume (Eq. 2.14.3)

h

- Specific enthalpy (Eq. 2.6.1)

e

- Exit (Eq, 2,14.4)

- Heat ~ransfer coefficient (Eq. 2.17.11)

f

- Skin friction (Eq. 2.17,8)

- Mathematical function (Eq. 2.10.1)

i

- Inlet (Eq. 2,14.4)

- Mach number (Eq. 2.16.3)

M

- Mechanical (Eq, 2.14.4)

m

- Mass (Eq. 2.14:8)

p

- At conntant pressure (Eq. 2.6.2)

m

- Hass flow rate (Eq. 2.14.4)

N

- Mathema tical' function (Eq. 2.10.1)

r

- Reversible (Eq. 2.4.1)

NST

- Stanton number (Eq. 2.17.12)

T

- Total (Eq, 2.14,1)

p

- pressure (Eq. 2.5.1)

M

- Chamber (Eq. 2.14,8)

-

~adiative

transfer (Eq. 2.17.14)

- Convective transfer (Eq. 2.17.13)

P.E. - Potential energy (Eq. 2.14.3)

~

Stagnation (Eq. 2.16,1)

R

- Gas constant (Eq. 2.12.1)

u

- Universal (Eq. 2.12.2)

s

- Specific entropy (Eq. 2.7.1)

v

- At constant volume (Eq. 2.6.2)

T

- Temperature (Eq. 2.6.2)

w

- Wall (Eq. 2.17.11)

t

- Time (Eq. 2.14.2)

~

u

- Internal energy (Eq. 2.5.1)

- Condition at entry to control volume
(Eq. 2.14.2)

u

-

Specific internal energy (Eq. 2.6.3)

Superscripts

- Velocity (Eq. 2.15.1)
V

reference state (Eq. 2.4.1)

- Conditions at the throat (Eq. 2.18.3)

- Volume (Eq. 2.5.1)
2

- Velocity (Fig. 2.14.3)
2-ii

- Condition at exit to control volume
(Eq • 2. 14 . 2)

CHAPTER TWO
THERMODYNAMICS AND QUASI-ONE-DUlENSIONAL FLUID FLO''{S

2.0

INTRODUCTION

TllER}'£)DYNAHIC PROCESS - In the limiting case when
'a change in the properties of a thermodynamic
system takes place very slo"ly, "ith the system at
all times very close to equilibrium the "in-

This chapter "ill be linlited to a very brief
review of the concepts and laws of thermodynamics
and to the description of quasJ,-one-dimensional
flows.

between" states enn be described in terms of
properties. A change under such conditions is
called a thermodynamic process.

It is important to understand that the

subject of thermodynamics itself is restricted to
the study of substances in equilibrimu; including
thermal, mechanical and chemical equIlibrium, and
hence is more nearly analogous to statics than to
dynamics. This res tric tlon might seem to be

WOllli - The concept of work is a familiar one from
mechanics. Work is said to be done by a system
>Then the boundary of the system undergoes a

hopelessly restrictive to an engineer because Un

displacement under the action of a force.

engineer is most often concerned 'lith flow

amount of work is defined ?s the product of the
force and the component of the displacement in the
direction of the force. Work is so defined as to
be positive ",hen the system does "ork on the
surrounding". It should be noted that work can
by no means be considered a property, but rather
is identified "ith the transItory process. In
order to avoid possihle confusion, the term "work
interaction" will often be used when a system is

processes, and the substances involved in flow

processes are not, strictly speaking, in equilibrimn.

In fact, hm,1ever, in most cases of interest

to the engineer, such substances may be considered
to be in lIquasi··equilibriumll such that. ve may

consider local values of the thermodynamic
properties to be defined.

undergoing a fI\'70rk process." Thus, a positive
work interaction occurs \'ihen the system does work
on its surroundings and a negative work interaction occurs when the surroundings do work on the
system.

Flow processes have losses associated with
them that can be identified >Tith the lack of
equilibriwn, and it should he realized that the
quantitative prediction of such losses is beycnd
the scope of thenoodynamics. The "theory of
transport phenomena" mus t be applied in order to
quantitatively estimate such losses, and the
prediction of the various

1\

HEAT - In analogy to the work interaction defined
above, \o,e also define a heat interaction.

transport coefficients l1

Thus,

when a hot body is brought into contact with a
cold body, the temperature of each changes, and
we say that the cold body experiences a positive
heat interaction. Similarly, the hot body

must rely upon the techniques of kinetic theory.
The complicated transport mechanism known as
turbulence is an essentially macroscopic phenom..
enon, The accurate description of losses in
turbomachines relies very heavily upon the
eccurate description of turbulent processes
be~~use the turbulent trans Dart mechanisms contri~
bute the dominant portion of the losses in
virtually all turbomachine components. Chapters
4 and 16 deal specifically >Tith the methods of
estimating turbulent transport effects.

2.1

The

simultaneously experiences a negative heat

inter~

action. In order to de fine the heat interaction
of a body quantitatively, the change in one or
lOOre properties (usually the temperature) of a
standard system is measured when the standard
system and the body reach equilibrl~~ after being
placed in contact. Like the work interaction, the
heat interaction is used only in connection with
the transitory process.

DEFINITIONS

2.2
It is important to be precise in the definition of terms l.nteI'.ded for use in the context of
thermodynamics so that possible confusion with
the colloquial usage of a term TI;ay be avoided. A
very abbreviated lis t of definitions as will be
utilized herein follows.

In the following sections, the first three
laws of thermodynamics will be discussed. Because
thermodynamics is primarily concerned with heat
and work interactions, the experirr.2nts leading to
the formulation of the laws are in all cases
considered to deal with macroscopically stationary
materials. That is, though the rna terial bOllvdaries
may be movable, there is 'no contribution to the

PROPERTY - A property is a characteristic (of a
system) that can in principle be quantitatively
evaluated. Pluperties are macroscopic quantities
that involve no special assumptions regarding the
structure of matter.

(Ex.:

THE LAWS OF TRERNODYNANICS

interchanges of energy, etc., due to a change in

potential enel-gy or kinetic energy of the macroscopic sample. It is to be understood that when

temperature, pressure,

such contributions are of importance in an inter ...

volume, entropy, internal energy, etc.)

action (as they obviously are in most processes in
turbomachinery), they may be included later in a
straightforward manner by applying the laws of
mechanics. The interaction of thermodynamic an'd
overall mechanical energy effects is considered in
sections 2.13-2.15.

Properties are grouped into two classes:
Extensive properties - Properties which are
proportional to the mass of the syoten.
Intensive properties - Properties "hich are
independent of the mass of the system. Any
extensive property can be n~de an intensive
property simply by dividing by the mass of
the system.

2.3

THE ZEROTH LAW OF THERNODYNAMICS

nlis law is 80 fundamental in elassical
thermodynamics that i t "as at first accepted as
being self-evident and was not formally denoted a
law till after the "First Law' and "Second Law"
had become established. It is now recoenized that
it is of fundaments 1 importance to the foundation
of classical thermodynamics, however.

TllERNODYNAMIC STATE - The sta~e. of a system is its
condition as described by a list of the values of
its properties.
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Experience has shm-m that i f a hot body is
brought into contact t<ith a cold body, changes
take place till eventually the hot body stops
getting colder and the cold body s tops getting
hotcer. At this point we say the bodies are in
thermal equilibrium. 111e Zeroth law states:

first

IfQ = dE

2.5
If tt<o bodies arc separately in thermal
equilibrium ,lith a thIrd body, they
are in thermal equilibrium with each
other.

We see then that the Zeroth lm{ allo,,]s
definition of the property temperature, though it
does not lead to the definition of any particular
reference scale for te.mperature. The restriction of thermodynamics to the study of equilibrium
conditions is very evident here; because temperature could be defined as that property the bodies
had in common, only i f the bodies were allowed to
reach equilibrium.

Joule, in 1840, conducted his famous experIment to establIsh the equivalence of a heat
interaction and a work interaction. His result,
available in many teJ(ts, allowed the definition
of a new property, the energy E. Thus, denoting
IfQ as an incre!llP.ntal heat interaction and <!W as
ap, incremental work interaction, we have

J

1

(aQ - <!W)

(2.4.2)

REVERSIBLE PROCESS

QUI' interes t in this study is in gases, 'vhich
are very close to ideal !1simple systems,!! in that
their thermodynamic state is (very nearly) completely determtned by any two thermodynamic
properties. For such a substance the element of
work done in a reversible process is simply
(fw = pdV, in which, by the definition of a reversible process, the pressure must be defined at
all times throughout the process. He see then
that the first law for a gas undergoing a reversible process may be "ritten

THE FIRST LAH OF TIlERHODYNAMICS

E - El =

l~E

+ 1fH

A very useful reference process in thermo··
dynar1ics is that of the reversible process. A
thermodynamic process is defined as a process in
which changes take place so s lowly that the "inbet<Heenl1 states of the system are at all times
close to equilibrium so that the intermediate
states can be described in terms of properties.
In the case where, in addition, all excernal
constlcatnts vary only infinitesimally from
equilibrium, the process is said to be tlreversible." The terminology is obvious here in that
if there is an infinitesimal change in the properti_es of the system or its surroundings, the process
can be reversed and the system returned to its
initial conditions.

It is evident that bodies in thermal equilibrium have some property in common and we call this
property the temperature. Thus, if vle so pleased,
we could use any reference temperature scale (a
mercury thermometer for example) to determine the
tempere.ture of an object; but it can be shown
that the second laH allows the definition of a
temperature scale independ'cllt of the properties
of the reference substance.

2.4

He may note the differential form of the
Im~ may be >lritten

<!Q

2.6

(2.4.1)

r

= dU + pdV

(2.5.1)

DERIVED PROPERTIES - ENTHALPY AND SPECIFIC
HEATS

So far in our discussion of thermodynamics,
we have defined and used only four properties--'
specific volume, pressure, temperature, and
internal energy (v, p, 1', and U). These properties are defined very fundamentally, but we will
find that there is great utility of notation
allm~ed i f certain properties derived from these
fundamental properties are defined. I t should be
noted, of course, that any combination of properties is itself a property.

Here we note:
(1) The energy can be defined in terms of the
system properties only when the end states are
equilibrium states, though the intervening states
on the path need not be in equilibrium.
(2) The energy is given as a difference in magnitude between the two states and is not defined in
absolute value.

One group of properties that occurs frequently
for gas dynamicists is u -I-- pv, and this group is
given the symbol h and the name specific enthalpy.
We may write the first 1m] in terms of enthalpy
for a gas undergoing a reversible process as:
(he.nceforth, for convenience, "lC shall refer to
[specific] quantities)

The definition of a simple system states that
Buch a system is completely defined in terms of
any two intensive properties, and the energy in
such n restrictive case is usually termed the
internal energy and denoted by U. Us nally any two
of the three properties--temperature (defined from
the zeroth lm~), pressure (defined from mechanics),
or volume per unit mass (defined from geometry)-are used as the independent properties. It is
apparent also that the internal energy of a system
can be "tapped" so that we can obtain a net outflow
of energy in the form of either a heat or >'ork
interaction. Any observant person, however, can
sense that there must be some restriction on the
form in which this outflow of energy can occur
because of the comparative ·case of obtaining a
negative heat interaction from a system as compared to that of obtaining a positive Hork interaction. This restriction is formalized in the
B tatement of the second lm< of thermodynamics.

crqr = dh - velp

(2.6.1)

Two further useful derived properties are the
specific heat at constant pressure and the specific
heat at constant volume. These specific heats
(or specific heat capacities) are defined as the
(differential) heat interaction (at constant
pressure; volume) occurring in a reversible
process, divided by the resultant (differential)
temperature change. That is,
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Here we note:
Canst

p

'!'he E\ntropv, like the' internal energy, is
.is''; dl."fi-uTs"':e in magnitude between the two
'states a'nd'is not defined in absolute value.
(1)

'(2.16.'2)

v

=

Canst

The two forms of the first law given above
show that these terms are in fact properties, and
that they may be written
bh
Cp = (bT)P
(2.6.3)

cv

bu
(bT\

The ratio of the specific heats is also often
used and is given the symbol y, where

y

2.7

(2.6.4)

THE SECOND LAW OF THERMODYNAMICS

Joules experiment which led to the establishment of the First Law of Thermodynamics involved
a negative work interaction with a system and the
consequent increase of internal energy of the
system, rather than the reverse process of a positive "ark interaction at the expense of the
internal energy of the system. The engineer is
usually concerned with this latter procedure, and
it is clear that a v.ry desirable type of engine-that "auld not violate the first law--would be one
which used a very large reservoir of internal
energy (the ocean for example) and converted the
energy dra~~ from the reservoir entirely into a
"ark interaction. Even though, wittingly or
unwittingly, inventors still attempt to obtain
patents for devices capable of performing in the
manner described above, no working model of such
a device has ever been constructed, and the very
long history of failures to do so has long since
led to the belief that it is impossible. This
restriction on the first law has been formalized
in the Second Law of Thermodynamics which may be
stated:
It is impossible for any engine, working
in a cyclic process, to draw heat from a
single reservoir and convert it to work.
This statement (or any of its equivalent
forms) "hen combined with the zeroth and first
laws allows many remarkable deductions to be drawn
concerning the thermodynamic behavior of matter.
These deductions are usually presented as
theorems, and include amongst them the definition
of a new intensive property, the entropy, s. Thus,

S -

sl = ~

ilq

-f

(2.7.1)

We also note the differential form
Tds = ilqr

",,lVim

(2.7.2)

(2) It is very important to note that the definition of entropy in no way requires that the state
to be described be reached reversibly from some
reference state. The integral relation given
above simply gives a procedure for calculating the
entropy difference between specified end states.
The value of entropy itself, like temperature,
pressure, or any other thermodynamic property,
depends only on the (equilibrium) conditions at
the specified state and in no way depends on the
"history" of the processes leading to that state.
As stated previously, the assigTh~ent of any ~.o
thermodynamic properties completely defines all
further thermodynamic properties for a simple
system; and, hence for example, if the pressure
and temperature of'the air in s given room are
specified, so too is the entropy. Conversely, of
course, if the temperature and entropy are specified, so too is the pressure.
A further theorem of enormous consequence is
that the entropy of an isolated system cannot
decrease. This theorem has great utility in
investigating the possibility or impossibility of
an assumed process.
THE GIBBS EQUATION

2.8

An equation relating the five fundamental
properties of thermodynamics--specific volume, v
(defined from geometry), pressure, p (defined from
mechanics), absolute temperature, T (defined from
the zeroth and second laws), internal energy. u
(de fined from the first law), and entropy, s
(defined from the second la,,)--fo11ows directly
by combining Eqs. (2.5.1) and (2.7.2). Thus,
Tds

= du +

(2.8.1)

pdv

This equation is known as the Gibbs equation,
and as stated, relates the five fundamental
properties of thermodynamics. l<e note that a
similar equation is obtained in terms of the
derived property, enthalpy, by combining Eqs.
(2.6.1) and (2.7.2) to give
(2.8.2)

Tds = dh - vdp

THE GIBBS FUNCTION AND THE HELMHOLTZ
FUNCTION

2.9

Two further derived properties are defined by
the relationships
G = h - Ts
F

=u

- Ts

G = Gibbs function
F

= Helmholtz

(2.9.1)

function (2.9.2)

In some applications, particularlyapplications involving determination of chemical equilibrium, these newly defined properties have important
physical interpretations. For our purposes,
however, we simply note that we may obtain expressions for differential changes in G and F which
may be promptly utilized to obtain a very useful
set of relationships known as }mxwell's Relations.
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2.10

MAXWELL'S RELATIONS

(2.10.14)

By definition, when a simple thel~dynamic
system is considered, specification of any two
(intensive) properties completely defines the
thermodynamic state (and hence all properties) of
the system. lhus, if the differential change dz
in a property z is given in the form
dz = M(x,y)dx + N(x,y)dy

(2.10.15)

This aet of equations is known as Haxwell's
Relations. One of the prime utilizations of these
relations is found when we wish to obtain the
behavior of certain properties in terms of the

(2.10.1)

"properties of state,11 p, v, or T.

(2.10.2)

In addition, we note

~l

=

[oz]
Ox Y ,

N

=

[oz]
oy x

Usually a

substance is described by its equation of state
relating the three variables, p, v, and T, and by
manipulating the Haxwell's Relations appropriately,
the behavior of other properties may be deduced.
He note, of course, that the equation of state
may not be available in analytic form, but rather
in the fOl~ of tables or graphs. However, in
turbOlnachinery we are most often interested in
gases which may be considered perfect. Special
forms of the several following relationships,
valid for perfect gases, are given in section 2.12.

the condition for exactness gives

(2.10.3)

Before utilizing th6se equations to generate
Haxwell 's Relations, we should reflect upon the
necessity of utilizing the partial differential
notation in which the variable being held
constant is explicitly indicated. This notation
is required in thermodynamics because though (for
a simple system) only two properties may be
separately specified, there is a wide choice of
which i:>10 properties may be selected. Thus, for
example, the rate of change of pressure with
density with the entropy held constant is not
equal to the rate of change of pressure with
density with the temperature held constant. Hence,
of course, we must provide a notation that clarifies which partial derivative is intended.

GENERAL RELATIONSHIPS BE1WEEN PROPERTIES

2.11

He begin by writing an express ion for a
differential change in entropy, with the entropy
considered to be a function of temperature and
specific volume. Thus,

ds

With Eqs. (2.6.3), (2.10.8), and (2.10".15) we then
obtain

Combination of Eqs. (2.8.1-2.9.2) leads to:
(2.11.1)

du " Tds - pdv

(2.10.4)

dh = Tds + vdp

(2.10.5)

dG " - sdT + vdp

(2.10.6)

dF = - sdT - pdv

(2.10.7)

Similarly, "e consider the entropy to be a
function of temperature and pressure to give
&h)

ds

Systematic application of Eqs. (2.10.2) and
(2.10.3) then leads to:
ou
(os)v

oh
= T " (oa)p

=~

(Oh)
bs p

dT + (os) dp
bp T

With Eqs. (2.6.3), (2.10.8), and (2.10.14) we then
obtain
(2.10.8)
(2.11.2)

ou
(bv) a = - p

I::

of
(Ov'T

bG
oh
(bP) S " v " (OP)T

oG
(br)p
oT
(bv) a
OT

~op)s

= ..

s

c

OF
(OT)V

~
(bs)v

bv)
= (os
p

(2.10.9)

Applying the condition for exactness to the
expt:essions for ds given by Eqs. (2.11.1) and
(2.11.2) gives-

(2.10.10)

(2.10.11)

(2.11.3)

(2.10.12)

(2.11.4)

(2.10.13)

An expression for the difference of specific
heats is obtained by subtracting Eq. (2.11.1) from
(2.11.2) and in addition noting that the ratio
2-4

~":'A".

~

corresponds to

(~)v

for the case where dv

= O.

Thus, we obtain
(2.11.5)

Combination of Eqs. (2.8.1) and (2.11.1)
gives an expression for the differential cho.nge
in internal energy,

I t should be noted that the gas constant R is
given in termB of the "Universal Gas Constant," Ru
by

R=

Ru

11' M S Molecular "eight

The value of

(2.12.2)

Ru in several systems is

(2.11.6)

ft?

Ibm

49,700 sec2 lbm-moleoR

and combination of Eqs. (2.8.2) and (2.11.2) gives
an expression for the differential change in
enthalpy,
(2.11. 7)

As a final example we obtain an expression
for the rate of change of pressure \,ith density
at constant entropy. This ratio is of particular
importance in fluid mechanics because (as follows
from momentum considerations) it is equal to the
square of the speed of small disturbances relative
to the local fluid velocity. He begin by writing

(2.12.3)

He note that for air of molecular "eight
(approx.) 29, we have
R= 53.3 (lbf sec·)(~). 1
Ibm ft
sec
OR

sec

m)2 OK
1
= 286.8 (

Applying the chain rule of calculus we have

The latter result follows from Eq. (2.10.8).
Finally, combining the derivatives in the numerator
and denominator of this latter expression, and
noting Eq. (2.6.3), we obtain

(2.12.4)

It should be noted from Eq. (2.12.2) that
when a gas is in a regime "here dissociation is
occurring, it is not strictly speaking, a perfect
gas. This is because dissociation changes the
value of H, and hence of R. He note, ho"ever,
that if no dissociation occurs, but substantial
vibrational excitation occurs, then the gas ,1Ould
be perfect, but not calorically perfect.
Tne behavior of a perfect gas may be illuminated by applying the relationships of section
2.11. Thus, "Hh Eq. (2.12.1) and Eqs. (2.11.3)
and (2.11.4) "e find

(2.12.5)
(2.11.8)

It is important to note that in the development of this latter equation, no assumption was
made regarding the equation of state. The expression is hence valid for situations in "hich the
ratio of specific heats may vary substantially.
2.12

THE PE RFECT GAS

c

RT

= function

of temperature only

(2.12.6)

hence C
p

= function

of temperature only

From Eqs. (2.11.6) and (2.11.7)

A perfect gas is defined as a substance with
equation of state given by
pv

hence Cv

(2.12.1)

du

= Cv dT

(2.12.7)
(2.12.8)

In this expression, R is a constant termed the gas
constant.
If, in addition to satisfying Eq. (2.12.1),
the gas has a constant ratio of specific heats, it
is termed a "Calorically Perfect" gas.

Thus, "6 note "ith Eqs. (2.12.5) and (2.12.6)
that both the internal energy and the enthalpy are
functions of temperature only. From Eq. (2.11.5)
we find

fact be an appropriately phosen average of the
",slues found :ac,o£c ..t.b(' channe 1. The de fini tion

(2.12.9)
••

and from Eq. (2.11.8)
(2.12.10)

Thus, the many familiar relationships peculiar
to a perfect gas follow directly from the equation
of state and Maxwell's Relations. Note particularly that Eqs. (2.12.9) and (2.12.10) are valid
whether or not the ratio of specific heats, y,
varies.
2.13

QUASI-ONE-DIMENSIONAL FLUID FLCMS

A quasi-one-dimensional flow is defined as a
flow in which the fluid properties can be described in terms of a single spatial coordinate
(the axial dimension), the specified axial area
variation of the containing tube Dr channel, and
(if the flow is time dependent) the time. n,e
simplicity introduced by utilizing such an
approximate description of the flow in a channel
is clearly a virtue, but it is equally clear that
the regimes of validity of any analysis incorporating such an approximation should be thoroughly
investigated.
Before investigating the expected regimes of
validity of the quasi-one-dimensional approximation, let us note that the approximation is of
particular utility in the study of aircraft gas
turbine engines. In the first order analysis of
the various components of e turbomachine, it is
customary to refer to the "inlet and outlet"
conditions uf each component. It is quite obvious
that the conditions at inlet and outlet of any
component are not, in fact, uniform, and hence any

single quantity chosen to represent a given
property must be a properly chosen average quantity. ~fuen properly chosen, these average quantities may be utilized with ease in a cycle analysis to predict the overall performance of a
given engine in terms of the performance of its
individual components.
In many situations, however, it is the effect
of the non-one-dimensionality that is at the core
of the problem considered. Thus, for example,
when describing the performance of ejectors,
careful distinction must be made between the use
of such averaging methods as area Heighted, mass

weighted and mixed out. Another example of the
importance of the non-one-dimensiona1ity of a
flow appears in the study of inlet distortion,
where inlet distortion by its definition involves
the study of the variation of the stagnation
temperature and stagnation pressure about their
appropriately chosen averages.
It is clear that if we consider a channel
with solid walls in which a flow exists that
severe property variations will occur across the
channel. To make this statement clear we can
consider the example of the behavior of the
velocity which we know must have a value of zero
on the wall and be finite in the channel center.
If the walls are heat conducting (or if the l1ach
number at the channel center is large), we would
expect to find large variations in temperature
across the channel. In such cases we recognize
that the "temperature" or "velocity" that appear
in the quasi-one-dimensional equations would in

-"o!£ ,this "Haye:rab:cH \mu,ld depend somewhat upon the

particular problem to be investigated, but it can
be seen that if the" shapel! of the cross-channel
property variation changes radica lly with axial
position, whatever averaging process is chosen
will have to be modified with axial position in
order to obtain meaningful results from the
analysis. Since the suitable averaging procedures
would not be known I! a priori ," such a procedure
is tantamount to conducting a full two-dimensional
investigation.
Conversely, however, we see that there are
two limits in which we could expect a quasi-onedimensional assumption to be of use. The first
is the so-called" fully developed flow" In which,
in fact, the shape of the cross-channel property
variations varies ",nly slOWly "ith axial position.
In this case, the quasi-one-dimensional assumption
leads to an accurate description of the behavior
of the average fluid properties. nle other limit
of channel flow behavior that all01~S an accurate
analysis under the restrictions of the approximation is that limit where a dominant portion of the
flow in the channel satisfies the assumption of
very nearly uniform cross-channel conditions, and
only a small portion, "the boundary layer," has
rapid 1y varying properties in the eros s -channel
direction. In this latter case it is tacitly
assumed that the boundary layer entrains such a
small portion of the flow that the average quantities are not affected by excluding tho effects of
~he boundary layer.
It would be well to mention here that a
technique commonly used to eXLend the quasi-onedimensional solution utilizes the results of the
quasi-one-dimensional solution and applies these
results as the boundary conditions ("free stream
conditions") to be applied to the solution of the
behavior of the (aID-dimensional) boundary layer
equations.
The effect of the curvature of the channel
must be considered carefully, because it is
evident that channel curvature introduces crosschannel pressure gradients which, in turn, introduce cross-channel gradients in other fluid
properties. In general, we might expect that if
the radius of curvature of the channel centerline
is large compared to the channel dimension in the
radial direction that we would expect the effects
of the induced radial pressure fields to be small.
This observation can be extended to indicate that
the flow in individual stream tubes of a general
three-dimensional flow can be expected to be
described by the quasi-one-dimensiona1 flow equations, though the determination of the behavior
of the stream tube itself (through the pressure
fields induced by other stream tubes) will rely
upon solution of the complete equations.
In what follows we shall first extend the
first law of thermodynamics to include the effects
of the kinetic energy, and potential energy of the
flowing fluid, in a form suitable to adapt for use
in the quasi-one-dimensiona1 equations. In this
derivation the very useful concept of the "control
volume" will be introduced, and the concept of
the control volume will be employed later in the
derivation of the quasi-one-dimensional equations.

2.14

THE FIRST LAW FOR A FLOWING SYSTEM--THE
CONTROL VOLUME

An important application of the first law of
thermodynamics is to be found in the analysis of
a flowing system. A very convenient and often
used concept is that of a "Control Volume," defined
simply as a given region in space. This region in
space may be moving, changing shape, etc., but
most often i f we wish to analyze material behavior
using the control volume technique, we select a
simple control volume of fixed size, shape and
position. The selection of the most suitable
control volume will depend upon the problem at
hand, but it can be stated in general that most
often we attempt to select a control volume such
that the material at entrance and exit is in local
thermodynamic equilibrium and in addition may have
its behavior closely approximated by assuming that
all properties at the entrance or exit are the
av~rage properties at the entrance or exit. This
latter requirement is equivalent to stating that
conditions at the entrance and exit are "quasione-dimensiona1." As will be seen shortly, we
will also require some information concerning the
heat and work interactions at the boundaries of
the control volume, but it should be noted carefully that no requirement of reversibility or one
dimensionality for the processes within the control
volume will be imposed.
An important point to recognize is that in
the preceding sections on thermodynamics we wrote
the first law as it pertained to a given mass of
material (the thermodynamic system), and we now
focus our attention on a given volume in space
through which material passes. I t will be
recalled that we did not consider that portion
of w~rk,kinetic energy or potential energy identified with the bulk motion of the thennodynamic
system, simply because such behavior was considered
to be already known from the laws of mechanics.
Now that we are to consider a control volume,
through ~7hich fluid enters and leaves, however,
the energy identified with the bulk motion of the
fluid must be included in order to account for any
such bulk motion energy changes experienced by the
fluid between entrance and exit.

"f
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1
Figure 2.13.1.
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The change in "total energy" (i.e., internal
plus kinetic plus potential energy) of the control
mass is given by
(2.14.1)

Here we have written ffWT to indicate the· total
work interaction of the control mass in the time
dt. This work interaction can be considered to be
of two parts.

(1) The work interaction with mechanical contrivances (<fHU) such as shafts, etc.
(2) The net work interaction of the fluid in the
control ,mass with the fluid external to the
control mass by the moving interfaces at entrance
and exit. This form of work interaction, sometimes called the flow work, is equal to Fa Vadt F1V1dt in which Fl and Fa are the forces on the
interfaces at entrance and exit to the control
volume, respectively. Hith the assumptions of
local thermodynamic equilibrium and quasi-onedimensionality, these forces can be .~itten as the
product of the pressure times the area so that the
flow work may be written

The axpression for the change in energy of
the control mass may then be written
(2.14.2)

The energy within the control volume is
related to that within the control mass at times
t and t + dt by

Our method for extending the first law for a
thermodynamic system to a control volume will be
to first write the first law for that mass contained within the control volume at time t. We
then follow the mass till time t + dt and apply
the first law of thermodynamics to the change
experienced by the n~ss. These changes may then
be related to the changes experienced by the
material passing through the control volume.
I'

time t + dt the control mass occupies the volume
bounded by the two dotted lines 2 and 2' and the
solid walls of the container. The control volume
will be considered to be the volun~ bounded by the
container and lines 2 and 1'.

EC.V. (t+dt)

Thus

2'

I

I
I

¥

- A;,V2 dtP. (11;, +

Va
T

+ P.E· a )

(2.14.3)

But AP V = m, the mass transfer per second through
the boundary. By equating the expressions for
dEC.M.' dividing by dt and writing u + pip as the
enthalpy, h, there is obtained

Control Volume an& Control Mass

(~~)C.V.

We consider a control mass which at time t
occupies the volume bounded~the two dotted lines
1 and I' and the solid walls of the container. At

= [m(h +

ilwM

dt +
2-7

~

§Q
dt

+ P.E·)]i - [m(h +

~

+ P.E.)J e
(2.14.4)

EXAMPLE 2.14.1
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EXAMPLE 2.14.2

Flow in an adiabatic nozzle.

I

Figure 2.14.2
Figure 2.14.1

Adiabatic Nozzle

As a further example, consider the "blowdolm"
of a calorically perfect gas from a vessel through
a nozzle. He desire the relationship between the
pressure, temperature and density of the fluid in
the container as mass is expelled. Again assume
the container to be adiabatic. In this case, of
course, the conditions in the control volume
change with time an1 the control volume form of
the energy equation hence gives

As a very simple ~ample, let us consider the
adiabatic, steady flow of a fluid in a nozzle. We
shall consider the control volume to be that
volun,e bounded by the solid walls of the nozzle
and the dotted lines sho,m. in the sketch. The
asstnnption of steady flow allows us to write
dE
(dt)C.V.
0 and mi = m
o ' the asstnnption of adiabatic flol? requires

~

= 0, and because the nozzle

- ma

has no work interaction with mechanical contri-

oW

vances, we have

dtm =

O.

V2

+ ':to)

2 e

(2.14.7)

NOll fie is the mass flow out of the container,
and may be written - dmldt where m is the mass
within the container. For simplicity we select
the "exJ.t portion" of the control volume to be the
dotted line shown which by assumption exists where

We may also asstnne very

little, if any, cbange in potential energy across
the nozzle so that the control volume form of the
energy equation gives
(h

Fluid Container

h = hc »:/.
(2.14.5)

In this case the energy, E, within

the control volume consists of internal energy
only, so that E = mCvTc and there is obtained

If, as indicated in the sketch, the inlet
surface is so chosen that the kinetic energy per
unit mass of the fluid is very small compared to
the enthalpy of the fluid, we find

dmT
C
c
v --;it"

dm h

= dt

c

= dm C T
d~ p c

Expanding the derivative on the left side,
cancelling the differential of time and rearranging, it follows that

(2.14.6)
We may interpret this simple and convenient_
result in the following way. The function of the
nozzle is to take the random thel~l velocities
of the fluid in the reservoir and to direct such
velocities so as to &ive a directed kinetic energy
to the expelled fluid. In addition, the pressure
within the chamber also supplies "flow work" which
adds further to the directed energy. We should
note that the flow work so supplied must be
supplied by a compressor or similar device if the
reservoir conditions ar;, not to change with time.
We may note also that without further specifying
the process we cannot state what the conditions
should be at a particular point on the nozzle.
Thus, a very rough nozzle might caUSe the process
to be highly irreversible with the result that
even i f the pressure drops the same amount as it
does in another smoother nozzle, the velocity at
that point in the nozzle would be less than that
in the smooth nozzle. The sum of the kinetic
energy and enthalpy would be the same, hOl?ever,
indicating that the roughness has had the effect
of slowing dOlm the fluid and returning the
directed velocity to the random thermal velocities
we identify with the temperature (and enthalpy).

dT
c
-T- = ('1 - 1) !!E!
m
c

This than integrates to give
TCl

r;=

~)'1-1

~l-l
PC2

2

(2.14.8)

It has been emphasized to this point that the
asstnnptions leading to the control volume form of
the first 1m? did not require the presence of
reversibility. We knOl? also that if an adiabatic
process is reversible, no entropy change occurs.

Let us hence calculate the entropy change occurring
in this process. From the Gibbs' equation for a
calorically perfect gas we obtain
de

C dT+R'~
v T
liP

hence

Thus. in this case
2-8

Thus, for this case o~ expansion to zero
exit pressure, the exit temperature and hence exit
internal energy and enthalpy are zero. Equation
(2.14.6) thus gives
It thus seems we have encountered a paradox,
because no explicit statement was made to introduce the assumption of reversibility, yet the
result indicates that the process described must
have been~eversible. It is apparent that an
assumption of reversibility must have been made
implicitly. A little thought indicates that by
assuming the enthalpy at the exit was that of the
entire container, or more particularly by assuming
the pressure at the exit was that of the entire

Ve~

-z-

Directed kinetic energy/mass =

= CpTc

At first this result might appear incongruous
because the energy/mass escaping the container i.
larger (by a factor of y) than the energy/mass
within the container. Clearly, ho"ever, the
additional energy is being transmitted to the
escaping mass by the "flow work" of the internal
fluid. lhis flow work is supplied by the expanding
gas within the container which, as a· result of its
expansion (and hence work interaction), has its
own internal energy and hence temperature reduced.
The total outflow of energy from the nozzle is
given by

chamber, we in fact assumed no "viscous drop" for

the pressure and hence that the process within the
chamber was reversible. If the expulsion of the
fluid had been particularly rapid or the fluid
particularly viscous, we might have expected a
pressure drop across the chamber, and hence would
have been in error assuming the pressure at exit
and chamber pressure to be identical.

mc

EXAMPLE 2.14.3

Total energy

=S

1

<i'
L
2

0

An example that will hopefully clarify the
method and utility of utilizing the control volume
Or control mass method of "bookkeeping" the equation for the first law of thermodynamics follows
by considering the combined behavior of examples
2.14.1 and 2.14.2.

= mcl

dm=S

TC 1 C
P

mC1
C T dm
p c

0

t

0

T

C

T;-1

d.!!l..
m
ci

With equation (2.14.8) we have

This latter result follows immediately when
the control mass form of the first law is considered, because the control mass statement would
simply be that all the energy originally contained
in the vessel (ffitCvTc ) must be equal to all the
energy in the exhaust~d gas (namely all the
directed kinetic energy).

V

e

Figure 2.14.3

Container and Nozzle
2.15

We thus consider the "b1owdown" of a calorically perfect gas from a large container through
a nozzle to an (approximately) zero exit pressure.
We consider the behavior of the gas in the chamber
and across the nozzle to be that previously
derived in examples 2.14.1 and 2.14.2. Utilizing
the control volume approach we are to find the
directed kinetic energy per mass at the nozzle
exit, and to integrate this energy over the entire
mass outflow to determine the total directed
kinetic energy in the departing fluid. We then
will check this latter result by utilizing the
control mass form of the first law.

THE CHANNEL FLOW EQUATIONS

We now consider the steady flow of fluid in
channels with rigid walls. Quasi-one-dimensionality will he assumed, the effects of potential
energy changes will be ignored and, in addition,
the wall slope, and hence rate of change of crosssectional area, will be assumed to be small. The
effect of this latter assumption is that the
cosine of the wall angle,
may be considered to
be unity.

e,

p

-

p = PI

We first note from the Gibbs equation for a
calorically perfect gas that
ds = C dT - R ~
P T
p

U

&

~'w

U

I

=

(t-)

L

x

_.!!a....:.b.
-

Y-l
e

R

(2.14.10)

Figure 2.15.1
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e

so that

X+dx
Element of Fluid in Duct

We develop the conservation equations by considering the conditions across a sW3l1 axial
segment of the duct, as indicated in the sketch.
The conservation of mass gives immediately

puA

Const

or
Continuity

(2.15.1)

The first law of thermodynamics folloHs
directly from Eq. (2.14.l,) as applied across the
element.

Thus, noting

ml ~ mo,

and that

~ ~ ~ ~q,

the heat interaction per unit mass, we obtain
, dh + udu

~

<fq

FIRST LAW

(2.15.2)

The Gibbs Equation may be applied directly,

combining Eqs. (2.15.4) and (2.15.5) to give
Ifq + 1:£ dx
pA

Tds

(2.15.6)

It is apparent in this relationship that for
an ideal process, in "hich the shear stress is
zero, the entropy variation corresponds to that
for reversible heat interaction, as already given
in Eq. (2.7.2). The irreversibility of the
viscous terms is apparent in its contribution to
the increase in entropy.
2.16

STAGNATION PROPERTIES

A stagnation property is defined as that
value of the property that would exist if the
fluid "as extracted and brought isentropically to
rest. The process may be imagined to be that
shown in the sketch wherein the fluid flows
isentropically through a duct from condition 1 to
condition t •
1

Tds

dh -

1.

P

dp

GIBBS EQUATION

(2.15.3)

and the First La" and Gibbs Equation may be combined to give

1.

P

dp + udu = <fq - Tds

~~

(2.15.4)

We no" obtain the momentum equation by
writing Newton's Law in a form appropriate for
use with a control volume, namely

1

Figure 2.16.1

Duct and Imaginary Duct for Stagnation Condition

Sum of the forces = rate of production of momentum
Application of Eq. (2.15.2) gives an expression for the stagnation enthalpy. Thus, noting
oq = 0 and integrating, "e find

or
Pressure forces + viscous forces = momentum
convected out through surface 2 per second momentum convected in through surface 1 per
second

h tl = h 1

+~
2

(2.16.1)

Obviously the location of point 1 in the duct
in which the flow actually occurs is arbitrary,
so in the following relationships between properties and their related stagnation values, the
subscript 1 will be omitted.

In symbols "e thus obtain

In this expression we have introduced the
shear stress, T, and the circumference, c.
Retaining terms only to the first order, then, we
have, utilizing the continuity equation, Eq.
(2.15.1)

The equations take on particularly simple
forms when a calorically perfect gas is considered.
Thus, Eq. (2.16.1) becomes
CT

P t

=CT+u"
P

(2.16.2)

2

Further manipulation leads to
- d(pA) + pdA - Tcdx = puAdu
or

t

T
T
1

TC

pdp + udu = - pA dx Homentum Equation

=

1

+rrL
2C YRT p

1

+t=!.!.f
2

(2.16.3)
.

(2.15.5)

It may be noted that this equation closely
resembles the familiar Bernoulli Equation of
elementary ideal fluid mechanics. The only
addition to the ideal form of the equation arises
from the viscous shear stress contribution. An
equation for the entropy variation follows by

Here we have introduced the Hach number,
defined as H = u/a. The speed of sound, a, as
OP 1/ 2

stated in section 2.11, is equal to (OP)s' which
combined with Eq. (2.12.10) gives a2 = YRT.
(2.12.9) was utilized to give ~ = yolo
p
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Eq.

so doing it will be appropriate to express the
change in pressure in tenll8 of corresponding
changes .i.n 'iie.",,'i;;:·;and entropy. We thus utilize
'",'1' ,(2.yu;12)tu ... btain

Equation (2.14.10) may be applied directly
(with sa = 8l) to give

_L.
Pt =
p

Tt y-1

..L

y-1

(1

(-)
T

+ l:.!
11')
2

(2.16.4)

Then, a1~o

(2.17.1)
1

t

P

P
t T
P
= PT
t

= (1

+

¥

y-1

11' )

(2.16.5)

Some important behaviors concerning the
variation of stagnation properties in ducts can
be illuminated by app1ying'Eq. (2.14.10) directly
to the condi tions at t 1 and t 2' Thus,

..L
s - s
T
y-l - ~
(~)
e
R

Then note that dT

= ('OT)
'Of) p

dp + ('OT)
'Op

P

dp gives

(2.17.2)
Thus, utilizing E,q. (2.11.8) and the rela tionship

(2.16.6)

tl

Eqs. (2.17.1) and (2.17.2) may be combined to give
(2.17.3)

This expression for the pressure increment
may no,~ be substituted into Eq. (2.15.4), whereupon by utilizing the continuity equation, Eq.
(2.15.1) together with
Figure 2.16.2

Stagnation Conditions at Two Axial
Locations

Here we note that by definition sl
St

2

= St!

and

S2

In the special case of adiabatic flow in the
duct, we note from Eqs. (2.15.2) and (2.16.2) that
Tt, = Ttl' Then

R

(2.16.7)

We saw from the second law, or equivalently
from Eq. (2.15.6) that when shear exists in an
adiabatic flow, S2 > Sl' Thus,

(2.16.8)

This result has important consequences in
turbornachinery, because the high performance of
turbomachinery is dependent upon the efficient
attainment of high stagnation pressures. It is
clear from this application of the second law that
nature naturally tends to erode the attained stagnation pressure.

Several important relationships nmy be
obtained in a fairly general form by combining
the conservation equations of section 2.14. In

~,

oT
[(T- (y-1)P (~,,)
u,. p ) dB - aq]

It will be recognized that this equation
implies the requirement of the famous convergentdivergent duct shape if an adiabatic perfect flm~
(aq = ds = 0) is to be accelerated from a Mach
number less than unity to a }rnch number greater
than unity. When a perfect gas is considered the
equation reduces to

A

PROPERTY VARIATIONS IN CHANNELS

and M2 =

(2.17.4)

dA + (1-11')

2.17

1

="2
a

a~

=

•

-~

du
-dA
+ (H(F
A
u

(~)s

i':!
u

= _1_ [YTds - aq]

YRr

perfect gas
(2.17.5)

2.17.1

ADIABATIC FLOW OF A PERFECT GAS

When no heat interaction occurs, Eq.(2.17.5)
further reduces to
dA + (1_M2) du = ds
A
u
R
(perfect gas, adiabatic flow)

(2.17.6)

In an accelerating flow (i.e., in a nozzle),
du is positive. In an adiabatic (real) flow, ds
is positive. rhus, at the throat of a nozzle
(dA = 0) we mus t have 11' < 1. A method of es timating how much less than unity }f is, at a nozzle
throat, "ill be developed shortly, but i t is of
interest at this point to relate this quasi-onedimensional description to the two dimensional
description of a free stream interacting with a
(growing) boundary layer. In the latter case, it

is imagined that the growing boundary layer causes
the effective throat of the nozzle (as "seen by
the free stream") to shift slightly downstream,
so that the ~~ch ntoober at the geometrical throat
reUk~ins less than unity.
It can be seen that the
two descriptions are not in opposition to each
other.

Combination of these three equations and Eq.
(2.17.8) leads to

To estimate the effect of shear upon the Hach
number at the throat in an adiabatic nozzle
(dA = 0, aq = 0), we combine Eqs. (2.15.5),
(2.15.6), and (2.17.6) to give

This expression makes it clear that both heat
interaction and frictional effects cause a degradation in stagnation pressure when the ~~ch number
is other than zero. The s~urce of this degradation
becomes clear when Eq. (2.16.6) is considered
along with the above equations. Thus, from Eq.
(2.16.6) it fo11o;.,s that for a given stagnation

H2
throat

1 +

Tcdx
I' Adp
1- (1'-1) Tcdx
Adp

(2.17.7)

It can be seen that the group ~~ is just
the ratio of the shear force acting on the edges
of an elemental volume of length dx to the pressure forces acting upon the cross-section of the

same volume.

In order to further estimate the

magnitude of this number, we introduce the skin

friction coefficient, Cf' defined by
(2.17.8)

(2.17.10)

temperature the stagnation pressure decreases with

increasing entropy. If a positive heat interaction
is to occur, and the entropy increase kept to a
minimum, the (s tatic) temperature at ,·,hich the
heat interaction takes place must be kept as high
as possible. clearly, when a £10;., of given stagnation temperature exists at finite ~~ch ntmber,
the static temperature is reduced, leading to a
10'iver stagnation pressure than that attainable

for zero

~~ch

number heat addition.

This effect upon the stagnation pressure
becomes of paramount importance in both the combustion chamber and afterburner of an aircraft gas
turbine engine. In some modern, high perfonnance
aircraft, the maximum engine cross-section j.s

Then, considering a circular throat of diameter,
D, we have
rcdx = 21' H" t f
Adp
Q.<!.£
p dx

(2.17.9)

As a rough approximation we may approximate
the denominator of this expression as unity with
the assumption that the very rapid pressure
changes found at a throat correspond to the
pressure changing on the order of magnitude of
its o'm value within one nozzle diameter. Such
a coarse approximation is not ,.,ildly distant from
the truth for typical nozzles. A typical value
for Cf ,wuld be approximately 0.005, so that Eq.
(2.17.7) yJ.elds ~S:hroat '" .995. (Note dp/dx is
negative.) This somewhat justifies the almost
universally used approximation that j'S:hroat = 1.
2.17.2

determined by the requirement to keep the Hach
number at entrance to the afterburner at an
acceptably low value.
It would appear at first glance that Eq.
(2.17.10) implies that in the case of a negative
heat interaction, the stagnation pressure of the
fluid could be increased. To investigate this
concept we assume that the heat interaction may
occur, by either convective heat transfer (aq",) ,
or radiative heat transfer (JqR)'
•
Introducing the heat transfer coefficient, h,
we have
(by definition of h)
MqT = h (Tw - Tt ) cdx

(2.17.11)

T

w

NON-ADIABATIC FLOH OF A PERFECT GAS

As will be evident in Chapter 7, the behavior
(and preservation) of the stagnation pressure has
a vital effect upon the performance of gas turbine
engines. The effects upon stagnation pressure of
heat transfer and shear may be obtained by
combining Eqs. (2.15.2) and (2.16.2), together
with (2.15.6) and (2.14.10). These may be written

Figure 2.17.1

Element of Channel

The Stanton number, NST ' is defined by
(2.17.12)

We may thus ",rite

dB
(2.17.13)

Hence Eq. (2.17.10) becomes

2-12

dPt ;
Pt

~ c
-

2

Tw-Tt

A dx [~NST+Cf]

_ yM2 aqR
2 Cl
t
(2.17.14)

If the heat interaction rate is known, this
equation may be numerically integrated to give N
versus x. 1'\.70 special cases are considered in the
foll"",ing sections.
2.17.4

A remarkable relationship termed "Reynolds
Analogy" relates the skin friction coefficient
and Stanton number over a wide range of flow
conditions:

Reynolds Analogy

dp

Pt

4

A

f

In the limit where the flo\{ may be considered
to be ideal (C f = 0), Eq. (2.17.19) may be integrated directly to give

(2.17.15)

Incorporating this relationship in Eq. (2.17.14),
we obtain
t
'V H 2
C
-",,-~-C

here

(2.17.20)

T +T
_~ itqR
dx [--"---'-]
-Tt
2 CpTt
Clearly, when the stagnation temperature
increases, f(H2 ") must be larger than f(N,"). It
is hence of interest to investigate the form of
the function f(M") to see if it is al1<lays possible
to increase the stagnation temperature. Straight-

(2.17 .16)
ntis latter result indicates that (assuming
Reynolds Analogy is approximately valid) no
matter how far the wall temperature is reduced,
the stagnation pressure cannot be increased
through convective transfer effects. The possibility remains, however, that extreme radiative
transfer (as might occur in a high powered gas
laser) might contribute to a stagnation pressure
increase. Similarly, if evaporation occurs, the
heat transfer is not limited by Reynolds analogy
and the stagnation pressure can increase.
2.17.3

IDEAL CONSTANT AREA HEAT INTERACTION THERMAL CHOKING

OfJ~2) = 0 at
1
= 0, f(l) = 2(1'+1)

fon-lUrd differentiation shows that

= 1, so noting also that f(O)
and f(oo) =~, we obtain a graph of f(H2) versus

11

N as indicated in Fig. 2.17.2.

1
2 (y+1)

CONSTANT AREA IlEAT INTERACTION

Combination of the continuity equation (with
= 0), Eq. (2.15.1), the momentum equation, Eq.
(2.15.5) and Eq. (2.17.8) yields

dA

d(p+pu") = -

Then, noting M2

=~,

*

r::.!.

c

2y2

pu" Cf A dx

this expression

~~y

be

manipulated to give

1.5
(2.17.17)

Figure 2.17.2
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H

feME) vs N, Ideal Constant Area
Heat Interaction

The logarithmic derivative of Eq. (2.16.4) gives

(2.17.18)

Thus, noting that CpdT t = ~q, Eqs. (2.17.10),
(2.17.17) and (2.17.18) may be combined to yield

(2.17.19)

This figure aids in the prediction of certain
famous characteristics of heat addition at constant
area. Thus, we see from Eq. (2.17.20) that if
the stagnation temperature increases, f(M,") must
be larger than f(H,"). The figure indicates that
it must then be true that "hether H, was greater
than or less than unity, ~~ must be closer to
unity than M1 •
A further result, at first appearing to be a
paradox, occurs when a heat interaction sufficient
to require f (~I;,") to be greater than 1/2 (1'+1) is
imposed. Since this requirement is impossible to
satisfy, it appears that the analysis flies in
the face of reality, because it is apparent that
we will not be limited experimentally in the
amount of heat interaction we may impose. It must
be recalled, however, that Aql_2 is the heat
interaction per unit mass, and the condition of

2-13

}1;, ~ 1 represents that state when the maximwn mass
flow per unit area exists for the given p~ and
T • Thus, if in an experiment
this condition,
t~ed "thermal choking" is reached, and it is
attempted to cause a further heat interaction,
the upstream conditions must change (usually the
stagnatIon pressure must increase) i f the mass
flow is to be passed. It can'be recognized that
this phenomenon of thermal choking can be of
vital importance in dctel1nining the maximwn
allowable heat interaction in a ramjet, in an

2.17.5

ADIABATIC CONSTANT AREA FLOW - VISCOUS
CHOKING

When adiabatic flow is considered no change
in stagnation temperature occurs, so Eq. (2.17.19)
yields
YC f

c
A
dx

1 _}!2
dM2
1
)
1
(2. 7.24
}I4 (1 + Z:.l M2}
2

=

afterburner, or even in a conventional combustor.

Equation (2.17.20) is a quadratic equation
in 11-./ , which may be solved and manipulated to
yield

where
A =

+ (1 - 2
1

+ 1) f} l.;

(y

+ r.:l

H

2

(2.17.21)
Aq

2

1

(1+YM 1 2 )2

+--H]

[1

dH2

is positive for M < 1

~

It is apparent that

and negative for H> 1. Thus, as with thermal
choking, the effect of viscosity is to drive the
flm' to }Iach one. This effect is termed viscous
choking. As in the case of thermal choking, the
condition represents that state where Uk,ximum'
flow per unit area has been achi,eved for the given
local values of stagnation pressure and temperature. If more flow is to be passed, the upstream
conditions must change.
Equation (2.17.24) may be integrated in a
straightforward manner to yield

C T

P t1

and the + sign corresponds to subsonic £101';
the - sign corresponds to supersonic flow.
The stagnation temperature follows immediately from Eq. (2.17.20), and combination of the
continuity equation and momentum equation for
constant area flow gives

here
1

H2

2)

M"

-

1
M"

(2.17.25)

and
V

"2

or

+ r.:l

f(H)=J::±!£,,(
2

"X

1

=

f yc fA.. dx" f." d X
2

C

1

1

(2.17.22)

Combination of Eqs. (2.17.17) and (2.17.24)
gives
Then
Pr_

1+,),}!,2

1 +

Pt

1 +YM;,

1 +

....=,;..~~(
1

r.:l
2

r.:l
2

r.:l

[b + _ _2 __-J d M2

L

M,,2 1'-1
}
'I

"1

H

(2.17.23)

2

1 +

r.:l
2

}I2

from which
Exrumple results are shown in Fig. 2.17.3.
(2.17.26)

and

(2.17.27)

Example results are indicated in Fig. 2.17.4.

y

4
5
Hnch Number and Stagnation Pressure
Ratio vs Aq/C Tt for Ideal
Constant Area ~eJt Interaction

Note thst by the assumption of adiabatic
flow Tt = Tt* everywhere. It should be pointed
out here that it is not inconsistent to consider
the Nsch number to be unity at the throat, but to
not insist that Pt = Pt* throughout. Thus, H* = 1
is an approximation that is numerically quite
accurate, it does not imply the assumption that
viscous effects are absent. It is possible to
have the accumulated effects of viscosity upon
the stagnation pressure be quite significant, but
to still have the local viscous effect at the
throat be very small.

1.0
0.8

0.6
0.4 I----l---I---t------:;r""".q.----j

0.2
Expressions for the area variation· with Nsch
number and static pressure can be obt~ined
directly by dividing Eq. (2.18.3) into Eqs.
(2.18.1) and (2.18.2), respectively, to give

y=1.4

o0

12

Figure 2.17.4

16

20

24

2

Variation of static Pressure,
Stagnation Pressure and Nach Number
with Axial Position, Adiabatic
Constant Area Flow

[y+1 (1

+

Z=.!.
2

~
2 (y-l)

If)]

.!
H

(2.18.4)
1

2.18

THE NOZZLE FLOW EQUATIONS

.!:..
A*

We now consider the adiabatic flow of a
calorically perfect gas in a channel of varying
cross section. The mass flow rate, ro, may be
obtained in terms of the local area, Nach number
and stagnation properties directly from the
continuity equation and Eqs. (2.16.4), (2.16.5),
and a2 ~ YRT as fo llows :

=

j

p
(...!)
p

Z=.!.
2

:y(1 _ (..E...)

y=1.3

r;
Z=.!.

A*p t *

(1 _ (..E...) Y }Jt
Pt
(2.18.2)

where by definition
velocity

c*

I--"
I'-N

.8

\[1

.6

.4

--- J'" "-r----

.2

V

o 5-

3

Figure 2.18.1

(2.18.3)

c*

'"

V

K

1

It is comrnon, also, to reference conditions
to conditions at the throat, which we will here
denote by an asterisk. In section 2.16.1 it was
shown that the Nach number at the throat can be
expected to be very close to unity, and it is
usual to include this approximation. We may then
write
•

V

..E...
p.

Alternatively, this expression may be written
in terms of the local static pressure by utilizing
Eq. (2.16.4) to give

m=--

-fa

Y

Example results for isentropic flow (p t = P *) are
t
shown in Fig. 2.18.1.

3

R y-1

1

t=1.}

(2.18.5)

H

[~ L..

Pt

is the characteristic
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Pressure Ratio and }~ch Number
Versus Area Ratio for Isentropic
Nozzle Flow
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CHAPTER 3
LIST OF SYHBOLS
The symbols are listed in alphabetical order,
first in the English alphabet, then in the Greek
alphabet. Subscripts and superscripts are then
given.

Subscripts
h

- Condition at

y

~ h

or n

~

1

(Eq. 3.1.22)

The equation, figure or 'section in which

the symbols are first introduced is indicated in
parentheses. Often the symbol will be defined in
the text just preceding or just following the
equation or figure.

L - "Lower" velocity (Fig. 3.4.2)
u

- "Upper" velocity (Fig. 3.4.2)

w - Value at the wall at

(Eq.

e

- Unit vector

3.2.2)

h

- Height (Fig. 3.1.1)

k

- Heat transfer coefficient (Eq. 3.1.8)

L

- Reference length (Eq. 3.2.2)

H

- Hach number (Eq. 3.1. 24)

o

- Condition at

y or n

n

~

0

(Eq. 3.1.27)

0 (Eq. 3.1.14)

- Also condition at y
0 when lower wall
insulated. (Eqs. 3.1.22, 3.1.31)
- Also upstream reference value (Eq. 3.2.2)
- Upstream condition (Eq. 3.4.1)
2

-

Superscripts

NST - Stanton number (Eq. 3.1.33)

~

p

- Pressure gradient parameter (Eq. 3.1.6)

Pr

- Prandtl number (Eq. 3.1.23)

p

- Pressure (Eq. 3.1.3)

q

- Heat transfer per area (Eq. 3.1. 8)

R
e

- Reynolds number (Eq. 3.2.3)

r

- Recovery factor (Eq. 3.1.26)

T

- Temperature (Eq. 3.1.8)

U

- Wall velocity (Fig. 3.1.1)

u

- Velocity (Fig, 3.1.1)

- Vector velocity (Eq. 3.2.1)

v

- y-component of velocity (Eq. 3.1.15)

w

- z-component of velocity (Eq. 3.1.15)

x

- Co-ordinate (Fig. 3.1.1)

y

- Co-ordinate (Fig. 3.1.1)
- Co-ordinate (Eq. 3.1.3)

S

- Dimensionless group (Eq. 3.1.14)

y

- Ratio of specific heats (Eq. 3.1.24)

- Boundary layer thickness (Fig. 3.3.1)
n

- Dimensionless co-ordinate (Eq. 3.1.7)
- Dimensionless temperature (Eq. 3.1.12)

~

- Coefficient of viscosity (Eq. 3.1.2)

p

- Density (Eq. 3.2.1)

$

-

Dimensionless quantity (Eq. 3.2.2)

- Quantities made dimensionless 'lith respect
to Q (Eq. 3.3.1)

- Also x-component of velocity (Eq. 3.1.15)
u

Downstream condition (Eq. 3.4.1)

- Shear stress (Eq. 3.1.2)
Dissipation function (Eq. 3.1.15)

3-ii

CHAPrER THREE
LAMINAR VISCOUS FLOWS
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In addition, it is found that the shear
stress, T, at the wall is proportional to the
(linear) velocity gradient. Tbe proportionality
constant is termed the coefficient of viscosity,
1-1, so that we obtain

INTRODucrION

In this chapter we will seek to investigate
the behavior of fluids under flow conditions in
which the molecular transport of momentum or
energy has a determining effect. We will exclude
consideration of the phenomenon of turbulence (to
be considered in Chapters 4 and 16), and restrict
our attention to laminar flows. A laminar flow is
defined simply as a flow in which adjacent layers
of fluid slide s1000thly over each other; The
transfer of

notT:~l

(3.1.2)

Note that a simple force balance indicates
that r is constant throughout the fluid. (Fluids
that (closely) follow a relationship of the form
given in Eq. (3.1.2) are termed Newtonian fluids.)
In flows of a more complicated nature than the
very simple uniformly deforming flo>l considered
above, the coefficient of viscosity plays essentially the same role as that described above.
The primary additional complication in a more
general flow arises because i) there will be a
stress component present on all the faces of a
fluid element, and ii) normal stresses will exist
because of the rate of change of fluid properties
in the fluid flow direction. The required rela-

and tangential momentum J as

well as energy, is due to molecular transport
only.
In what follows selected simple examples of
laminar flows ~lill be considered, the intent
being to illuminate several fundamental physical
interactions that affect the limiting performance
of turbomachines. Principal among such effects
is the phenomenon of separation, wherein the

. combination of viscous effects and imposed
pressure gradient

causes

a region of reversed

(separated) flow to form.
Such separated flow
regions lead to large drag losses, and in the
case of airfoils can lead also to loss of lift.
3.1

tionships involve the use of tensor concepts, and

are developed in many books on fluid mechanics
(Ref. (3.2».

COUETTE FLOW - INCOMPRESSIBLE FLUID
3.1.2

A very simple conceptual experiment is that
wherein flo>l occurs between two parallel flat
walls, one of which is at rest, the other moving
with velocity U. We consider a pressure gradient
to exist, but note that because of the assumption
of incompressibility of the fluid, together with
the assumption of very large walls, no streamwise
variations in pressure gradient or fluid velocity
will exist. This type of flow, Couette flow,
hence allows us to consider the interaction of
the pressure and shear stresses without the additional complication of including the fluid
inertial reaction. A similar analysis to the
following can be carried out considering compressible flow (Reference 3.1). It is necessary in
the compI'easible flow case to restrict attention
to flows with no axial pressure gradient, however,
in order to exclude the presence of axial variation of the fluid properties.

,

I

I-I
I~I

I~/

'......-+-1 u
,---...'

BEHAVIOR OF THE VELOCITY

We now consider a force balance on a fluid
element and note that because there is no acceleration of the fluid, a~he statement of the equation
T + ay dy

r- P

--~

I,

I_ _ _ _ ~ _ _

-Ip

+

lP..

dx

I
ax
, ____

'I

--r

T

Figure 3.1.2

Forces on Fluid Element

of motion becomes simply that the pressure forces
must be equal and opposite to the viscous forces.
That is,

1

(T

+ ~; dy) dxdz - Tdxdz

h

(p +

~

'--.,'
L
..

- --

I

~I

~

dx) dydz - dydz

or
Figure 3.1.1
3.1.1

Q£ = OT

Couette Flow

Ox

U

h

(3.1.3)

For simplicity we restrict our attention to
flows in which the coefficient of viscosity is
constant throughout the fluid. Ulen noting that

THE COEFFICIENT OF VISCOSITY

In the special case of Couette flow in which
no pressure gradient exis ts, experiment shm,s that
for gases and mas t liquids, a linear velocity
profile exists between the plates such that
E.=Y..

oy

~ e ~ must be constant throughout the fluid,
dT and i ncorporat i ng Eq. (3 ••
1 1) , th ere
that OT
oy '" dy'
is obtained

(3.1.1)
(3.1.4)

3-1

This equation n~y be integrated directly,
and utilizing the boundary conditions y = 0, u
y = h, u = U it follows that

~

U

=

1..
h

+..If...
(_ !!p.)
21lU
dx

1.. (1 - l..)
h

h

0;

=0

(3.1.5)

occur.

3.1.3

Introducing the further dimensionless groups,

ij,

THE COEFFICIENT OF HEAT TRANSFER

A coefficient of heat transfer, k, can be
defined in a manner quite analogous to the definition of the coefficient of viscosity already
considered in section 3.1.1. Thus, if a temperature gradient is imposed on a ~terial, it is
found that the heat transfer per unIt area, q, is
proportional to the negative of the temperature
gradient. Thus, in the simple case of a temperature gradient existing in the y direction only, we
would have

1 Net pressure force on fluid element
2 Shear force existing on one surface
of fluid element in the absence of
a pressure gradient

V =

This condition is referred to as tlsepara ...

tion," and in most cases in turbo~chinery it is
the onset of separation that establishes the
limiting perfonnance of the ~chine.

(3.1.6)

a

q

=_k

Eq. (3.1.5) may. be written as

v = ~

+

dT
dy

(3.1.8)

In the more general case of an arbitrarily
imposed temperature field, the expression would
be written

(3.1.7)

P 1) (1 -1)

For larger negative

This situation has a close analog in some
cases of flow in turbomachinery. Thus, for
example, the condition can exist where the flow
over a compressor blade will encounter a region
of strong adverse pressure gradient. As in the
above example, the flow near the blade surface will
have a lower momentum than that further away (in
the "free stream"), and i f the pressure gradient
is sufficient to overcome the effects of the
inwardly convected momentum, flow reversal can

l~e dimensionless group P 2 ~
(- !!p.) ~y be
2jJ.U
dx
considered a pressure gradient parameter. (The
negative sign is included with the derivative for
convenience, because P is then positive for a
"favorable pressure gradient •." That is, a
pressure gradient that tends to accelerate the
flow downstream.) For interpretive purposes we
note that by regrouping the tel~

~

at the lower wall.

values of P, a portion of the flow exists in which
the velocity is directed "upstream."

The velocity profile is thus the sum of a
linear part which exists for no pressure gradient
and a parabolic part that exists as a result of
the pressure gradient.

*'

bv
bry

Velocity profiles for several values of P
are indicated in the sketch. These results,
though obtaIned for a highly sinlplified example
flow, indicate tendencies' of great significance.

(3.1.9)

q=-k'lT

3.1.4

1.0

THERMAL EFFECTS IN COUETTE FLOWS

We again restrict ourselves to the simple
Couette geometry considered in section 3.1. We
shall consider the effects of heat transfer upon
the flow, and again consider only cases where no
axial variations in fluid properties occur. It
may be noted that this latter assumption exclUdes
from consideration the case where both of the
channel wa1ls are therma1ly insulated. If the
wa1ls were thermally insulated, the viscous
dissipation within the fluid would cause a
continual temperature increase in the axial direction, thereby violating the assumed axial invariance of the fluid properties.

n
.8
.6

.4
.2

o

.2

Figure 3.1.3

.8

To analyze the temperature distribution in
the fluid, we apply the first law of thermodynamics
to a fluid element.
q + ~ dy

1.0

Couette Velocity Profiles

t

Thus, for example, it can be seen that the movement
of the upper plate tends, through viscous momentum
transfer, to transfer momentum to the lower fluid
laminae.

Whe.n an

!1

adverse pressure gradient" (p

negative) is imposed, such a gradient tends to
remove the momentum present in the fluid. It can
be seen that, in this case of Couette flow, when

up

y ur

+~
dy

r----~---

I

--:

'--

d
up + ~
dy

: ----

I

I

I

I

dy

u1

-1~ :--,,=,,~-

dy

I

-

I

J

P reaches a value of minus one, the onset of

reverse flow is imminent.

Note that in this case
Figure 3.1.4

3-2

Heat and Work Interactions

The energy balance is indicated schematically
in the figure, and lOay be "ritten in "lords as:

+

The integrand

dv

(Jil)'

is thus proportional to

the viscous dissipation occurring at the location
1]. This is a very simple form of the more general
"dissipation function" <P; defined by (Ref. (3.3»:

Heat transfer from upper face Heat transfer into lower face
Viscous work interaction ~'7ith upper face Viscous work interae tion with lower face
Pressure work interaction Hith left face Pressure work interaction "iith right face

This leads to
_ duT _ !!2'1'.
dy - dy
~x

~

(3.1.10)

-3~ (ou
Ox

du
Noting that dx = 0, and utilizing Eqs. (3.1.2),

3.1.5

a

..!. , f3
Th

=

a

a

\lu"

kT

(3.1.12)

e ao (1_11)+1]+,81)(1-1)
6

h

- 2p (2

+ P) 1] + 2P"l1" ]

(3.1.17)

1.0
11

0.8

0.6

The dimensionless group f3 gives a measure of
the relative effects of the viscous dissipation
and the heat transfer. Thus, we note

= _(J.J.

[3+2P+p2

Several example temperature distribution" are
.hoHn in Figure 3.1.5.

In Eq. (3.1.12) Th refers to the temperature
of the upper wall which will be considered constant
in the example solutions to follow. It is to be
noted that the thermal effects considered here in
no way affect the previously obtained solution for
the velocity dis triDution. This is because of the
assumed constant density and coefficient of
viscosi.ty.

kTh

+ 41]2p2 ]

Straightforward integration of this equation
subject to the boundary conditions
= eo on 1] = 0,
= 1. on 1] ~ 1 gives, after some simple rnanipulation,

(3.1.13)

~~

- t,1] (1 -I- P)

(3.1.16)

Equation (3.1.11) may be ;!Tit ten

f3

(3.1.15)

Oz

- f3 [1 + 2P + p.

u
v=- P =_h' .<!I'.
h'
U'
2)lU dx

r

+ 0,,)"

An equation for the temperature ratio, e, in
terms of position, 1), is obtained by combining
Eqs. (3.1.7) and (3.1.13). Thus,

(3.1.11)

Again, for simplicity "e assume the tmnsport coefficients k and J1. are constant. Then
utilizing the previously defined dimensionless
variables and introducing f3 and (J such that

1] =

Ov

oy

TEl1PERATURE DISTRIBUTION - UPPER AND LOHER
HALLS THERl1ALLY CONDUCTING

(3.1.3), and (3.1.8), it follows that
d (k ddT )
dy
y

+

~)U =Viscous
l'

work interaction
Heat transfer

k (--.!:!)
h

0.2 -

(3.1.14)

P~l

Before obtaining explicit example solutions,
it is of interest to note that any difference in
the heat convected out the upper wall

a

(~

_(dB) )
d1) n
as compared to that convected in the lower wall
(~

Figure 3.1.5

dO

-(d1])o)must arise from the effects of viscous

dissipation within the fluid. A direct first
integral of Eq. (3.1.13) gives

Oe

(3.1.14)

0.04

0.08

flS/S

0.12

0.16

Temperature Perturbations Duo to
Dissipation x 1/f3 (Low"r Hall
Conducting)

The heat trans fer rate is proportional to

01]' as is evident from Eqs. (3.1.8) and (3.1.12).
From Eq. (3.1.17) we note that
3-3

(3.1. 22)

(3.1.18)
He may now determine when the minimum in
heat transfer rate occurs at a given value of
as a function of P.
Thus, we note

~ (t9)
tP

t7)

=

Ii.3

We now introduce the Prandt1 number, Pr,
defined by

~

c

[(1-21) (l-li.')-2(l-1i.') (27)-317")

+21' (317" -4'(1' )]

Then, assuming that the fluid is a perfect
gas, so that we may write

(3.1.19)

t9
The minimum value of t7) at each wall hence
occurs at l' = -1 for 7) = 0 and p = +1 for 7) = 1.
It will be noted that each of these values
dv
corresponds to the case where d7) = 0, which in
turn corresponds to the case where the local value
of the dissipation function is zero.
3.1.6

(3.1.23)

pr=¥

If'

C Th =
p

YR If'
YRT

C

p

h•

= (y-1) 1),2

Eq. (3.1.22) may be written

TEH1'ERATURE DISTRIBUTION - LOWER WALL
TIIERHALLY INSULATED

Or in the special case of zero pressure gradient,

When the lower wall is considered to be insulated, the boundary condition at 7) = 0 becomes

~~

9 = 1 on
9

(3.1.25)

l?ith this boundary condition, as well as

= O.

7) =

1

1, Eq. (3.1.16) yields

We note that the development here applies
stricLly only to flows in which the Mach number is
very low. This is because we have assumed the
flow to be incompressible. A development allowing
compressibility leads, however, to the same result
as Eq. (3.1.25) provided that the presBure gradient
is zero (Ref. (3.1».

+ ~ [3 (1+1')2 (lrrf' )-4P (1+1') (l-?)")
(3.1.20)

Several example temperature profiles are shown in
Fig. 3.1.6.

1.0

For gases the 1'randtl number is not far from
unity (for air Pr '" 0.73). Thus, the temperature
attained at the adiaba tic wall, termed the recovery
temperature, is not far from the stagnation
temperature of the fluid at the moving surface.
The recovery factor, r, is defined by

~--'----'---.----r-~

n
0.8
0.6

(3.1.26)

0.4
and in this case of Couette flo" of a perfect gas
is seen to be equal to Pro
0.2
When a boundary layer exists on an adiabatic
wall, the situation is similar to that described
above, conditions in the
.2

Figure 3.1.6

.4

.6

.8

11

free streamll becoming

snalagous to those at the upper wall in Couette
flow. In the boundary layer case, except under
conditions of extreme acceleration, the equivalent
pressure gradient parameter is very small. This
is because the height, h, in the expression for l'
(Eq. (3.1.12» is very small. Ob'liously the

1.0

68/S

Temperature Perturbations Due to
Dissipation x l/f3 (Lower Hall
Insulated) A 9/f3 = 1/6[3(1+1')2 (1-rf)
-41' (1+P) (1-7)3 )+21' (1_1)4)]

recovery temperature is that value of wall
temperature for which the heat transfer is zero.

It is of interest to note the behavior of the
tp.mperature at the lower wall. Thus, we see from
Eq. (3.1.20) with 7) = 0:

3.1.7

RELATIONSHIP BETWEEN
WALL FRICTION

TIlE

HEAT TRANSFER

AND

In the special case of zero pressure gradient
an expression relating the wall heat transfer and
skin friction is easily obtained. Thus, integration of Eq. (3.1.10) from y = 0 to y = y gives

(3.1.21)
This is more easily interpreted in terms of
the original dimensional variables, for which we

- q

3-4

+

uT

= - qw

(3.1.27)

To this end we shall consider the three dimensional
equations of motion, again restricting our attention to a constant density fluid "Hh constant
transport properties.<

Eqa. (3.1.2) and (3.1.8) then give

if

dT
d
+ !lu .....'
!.
dy
dy

k -

= -0v

C dT

d

T

=!l [.J'.
- + -dy
-]
Pr dy

In the case of steady flow, the n~mentum
equation may be written in vector form as:*

(3.1. 28)

p (ii • V) ii +

The Prandtl number is usually very nearly
constant, and if, in addition, Cp can be considered
constant, we obtain

Eq. (3.1.3) indicates that the shear, T, is
a constant "hen the pressure gradient is equal to
zero. Eq. (3.1.2) n~y then be integrated directly
and substituted into Eq. (3.1.29), to give

The operator (U. V) expresses the rate of
change along streamlines. We thus imagine a
characteristic leRgth, L, over which the quantity
being operated upon "ill change of the order of
its own reference value.

Fot' example,

\07e

may

consider the flow of a fluid about a cylinder.
We know in this case the velocity changes from

(3.1.30)

P w

(3.2.1)

l~is expression gives the relationship
bet>1een the inertial, pressure and viscous terms,
respectively. It is of use to compare the
expected magnitudes of each of these separate
tenus, and to do so "e firs t non-dimensionalize
the equation.

(3.1.29)

C T

!l V 2ii

Vp =

~~: ~;;~~i~~r~:!~C!~Yfh~O~y~~n~e~ai~eaoie;~~ha~f

It can be recognized that this expression
reduces to Eqs. (3.1.22) or (3.1.25) in the case
P
0 and q" = O. Utilizing Eq. (3.1.22) with
P = 0 we then obtain

"about" the diame ter of the cy linder. In such a
case the diameter "ould be considered the
characteristic length, L, and the distant ve locity,
u Q ' the characteristic velocity. Introducing the
dimensionless quantities

(3.1.31)

x',y',z'

x

L'

==

Y..

L'

z,

L'

This foun emphasizes the requirement that
~

> To for heat transfer into the stream to occur.

(3.2.2)

In section 2.17.2 "e introduced the heat transfer
coefficient h in a fOun valid for the case "here
Pr = 1 (Eq. (2.17.11». l~e Stanton number, NST'
and skin friction coefficient, Cf ' "ere also introduced in Chapter 2 (Eqs. (2.17.8) and (2.17.12».
In a foun appropriate for Pr ~ 1, these may be
written

we "auld thus expect that the term (u'. V' )u'
would be expected to have a value of about unity
in the region of flow of interest (Le., near the
obstacle). With the additional definitions

pu L
Re = __0_
!l

TW

Cf=~PU"

S

Reynolds number
(3.2.3)

(3.1.32)

Eq. (3.2.1) becomes:

Substitution of these relationships into Eq.
(3.1.31) gives

(ii'. V')
(3.1.33)

+

VIp' =

.1..
"1'2 ii'
Re

It is evident from Bernoulli's equation that
if

Thus, "e see that in the case of Couette f10,~
at constant pressure, "Reynolds Analogy" relates
the Stanton number to the skin friction coefficient. In the case '1here Pr "" 1, the expression
reduces to the form assumed in Chapter 2.
3.2

u'

ii'

=

U

Uo

changes by a sizeable fraction, that

we "ould expect p' to change by a fraction of
corresponding magnitude. It "ould hence seem
that the magnitude of the viscous contribution
to the momentum equation is of the order of liRe
times the inertial and pressure contributions.

THE RELATIVE EFFECTS OF VISCOUS FORCES AND
INERTIAL FORCES
*Note that VOii in fact requires tensor concepts
to be expanded in other than cartesian coordinates.
However, vector notation can be retained if we
define VOFi with F a vector, by the relationship

In section 3.1 "e considered the behavior
of a fluid in "hich the <effects of the inertia of
the fluid "ere zero, because the fluid under"ent
no acceleration. In general, it is of interest to
consider flow fields "ith acceleration, h0l1ever,
and in such cases i t is necessary to es timate the
relative effects of the inertial and viscous terms.

VOF" "

3-5

V (V • F")

-

"Ix (VxF) •

For instructive purposes it is useful to

PU 0 2

write the Reynolds number as Re = -,,--. When
,.uolL
written in this form it is obvious that Re is
the ratio of inertial stresses to viscous stresses
that would exist in a fluid with velocity gradient
u

bu ~ bu~....2.. Hithout postulating the existence
by
bx
L
of such a thing as a boundary layer, >1e find that
solutions to the "perfect fluid" equations (Le.,
no viscosity) do indicate that the velocity
gradients found are of the order uo/L. Hith this
being the case we can then check to find the
approximate ratio of the inertial effects to
viscous effects to be expected in flow fields
predi\,ted by. the perfect fluid equations.
As an example, let us consider air at about
room temperature (15 0 C) flo,Ting past an object of
characteristic dimension one meter at a velocity
of fifty meters per second. The appropriate
parameters for these conditions are approximately

It = 180(10"") New;;sec, p = 1.3 Kg/ni' ,
L=lm.

U

o

50 s:c'

Hence Re",,3.6(1d').

Thus, we estimate in this case that the
inertial terms are more than a million times
larger than the viscous terms I I t is small wonder
that early investigators in the field of fluid
mechanics felt justified in excluding the viscous
terms, It is clear, however, that in a real flow
the fluid velocity at the wall must be zero.
(Here >Ie exclude rarefied gas effects that allow
"wall slip.") And it is apparent that at least
near the wall the viscous effects must be comparable to the inertial effects. This region in the
vicinity of the wall, the boundary layer, is
discussed in the next section.
3.3

We would expect the group V' '"ii' to be of order
unity. The entire viscous term of Eq. (3.2.4)

..l.
(~)·V' '"u'. Now since by hypoRe v
thes is 6 is the >lid th of the layer ~,ithin which
the viscous forces are about as large as the
then becomes

inertial forces, we must have

R~

(K)"

~ 1.

The estimate for the thickness of the boundary
layer is thus

(3.3.2)

If L is considered to be the length from the
leading edge of the obstacle we see in this case
of laminar flow that the boundary layer thickness
grows as L~. Note that for the example of section
3.2 the ratio of 6 to L would be approximately
1

This helps to illustrate why we may often
1000'
calculate the "inviscid flow field" ignoring the
effect of the boundary layer, and then later
calculate the conditions within the boundary
layer using the results of the inviscid flow
field calculations as the boundary conditions (or
"free stream" conditions) for the boundary layer
calculations.
3.4

SEPARATION
An often observed phenomenon is that of fluid

"separation" from the boundary.

THE BOUNDARY LAYER

Let us now hypothesize the existence of a
thin layer adjacent to the fixed boundary. This
layer will be defined as the layer within which
the viscous forces are "about" as large or larger

than the inertial forces. We note that within
the boundary layer the largest rates of change
will be across the fluid laminae. Thus, the rates

Figure 3.3.1

The Boundary Layer

order as discussed in section 3.2, vlhereas we now

expec t the fluid velocity to change from of order
o

to zero across the laminae in n distance O.

Defining
x"

v"

t

y" , z, ,

x

6'

=+.+ etc.
bx

1. z

6'

6

Airfoil with Separated Flow

By separation, we mean that the flow divides
from the boundary and has a region of reverse
flow. Clearly, if such an event occurs we can no
longer assume that the "boundary layer" is thin.
It is equally clear that we can no longer calculate the inviscid flow field assuming that the
apparent fluid boundary is very nearly that of the
physical boundary.

of change in the inertial terms (which occur
along the streamline direction) remain of the salOO
'u

Figure 3.4.1

and
(3.3.1)

The phenomenon of separation is of great
engineering interest, because of its effect on
such things as the performance of airfoils, the
performance of gas turbine compressors and the
off design performance of (over expanded) rocket
nozzles. In many cases the conditions under which
separation will just occur can be estimated by
finding where the derivative of the fluid velocity,
in the normal direction, goes to zero. The calculations leading to the estimate of such a pOSition
are rather complex, but we can gain some insight
by considering the qualitative effects of the
momentum influx from the free stream.and of the
externally imposed pressure gradient.

The velocity at a given elevation in the
boundary layer is partly determined by the balance
bet~een incoming momentum from the upper layers,
'and outgoing momentum to the lower layers (and
wall). It is this transmission of momentum to
the wall that results in the skin friction, Tw'
at the wall. Thus, if we have a turbulent boundary
layer in which a great deal of "macroscopic"
interchanging of fluid "packets" occurs, and
consequently a great deal of interchanging of
fluid n~mentum occurs, we would expect the transmiRsion of momentum inward to resist the effects
of the (adverse) pressure gradient and consequently, separation to be delayed. The result
then is that the increased inward flux of momentum
helps to resist the formation of a flow reversal
region.
The effects of the pressure gradient on the
boundary layer have already been somewhat foreshadowed in section 3.1.2'. There we noticed that
reverse flow occurred for values of the pressure
gradient parameter P more negative than minus one.
This reversal occurs even though the upper wall
attempts to drag all the fluid forward.

(3.4.2)
and
(3.4.3)

We thus see "hat is intuitively obvious. If
the fluid is forced to negotiate a pressure rise
(Pa - Pl positive) a point is reached (at

l

(Fa - Pl) = '\~) after "hich the initial momentum
of the lower stream is no longer capable of
negotiating a further pressure rise. We note also
from equation (3.t•• 3) that the difference between
the upper and lO>ler velocities increases for a
pressure rise ([ u 2 + u ] < [u + U 1) and
Ll
decreases for a pt'essure reducrton
uu' + uj.2] >
[U
+u
J).
Thus,
an
adverse pressute gradient
U1
u
(i.e., a positive pressure gradient) leads to
separation, whHe separation cannot occur in a
favorable pressure gradient.

Ltc

In the case of boundary layers, an important
mathematical approximation (introduced by Prandtl)
is that any effect of the normal pressure gradient
is negligible. This result occurs because the
boundary condition on the vertical velocity
component at both edges of the boundary layer is
that it be zero, and the additional fact that the
boundary layer is very thin ensures that no
sizeable vertical velocity component can be
attained. The result then is that no sizeable
inertial effects are present in the normal direction to lead to sizeable pressure gradients. This
extremely useful approximation then allows us to
state that the pressure at the outer edge of the
boundary layer is the same as that at the inner
edge, or in more mathematical phrasing p = p(x).
Insight into the effects of an axial pressure
gradient can be gained by considering the behavior
of a very simple "non-.viscous boundary layer."
That is, suppose for now that a boundary layer of
the form sketched in Fig.3.4.2 has been formed,
and then the viscosity "turned off." (This
example is not as far removed from reality as
might at first be suspected, because near separa---bu
tion by is very nearly zero near the wall and
hence the effects of viscous stresses are very
small indeed.)

6 ,.------_+,

~u

u

o
Figure 3.4.2

(3.4.1)

Simple "Non-Viscous-Boundary Layer"

Now, because there are no viscous stresses

on the fluid streams, if the pressure changes from
Pl to P2' the corresponding changes in the
velocities uL and "u follow from Bernoulli's equation and may be written
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CHAPTER 4
LIST OF SYl-mOLS
The symbols are listed in a1phabet'ica1 order,
first in the English alphabet, then in the Greek
alphabet. Subscripts and superscripts are then
given. The equation, figure or section in which
the symbols are first introduced is indicated in
parentheses. Oilell the symbol will be defilled in
the text just preceding or just following the
equstion or figure.
A

- Cross sectional area (Eq. 1,.1.1)

- Boundary layer thickness (Fig. 4.3.1)
- DisSipation rate (Eq. 4.5.16)
- Angle (Fig. 4.1.3)
J.I

- Coefficient of viscosity (Eq. 4.1.1)

n

- Pressure gradient parameter (Eq. 4.5.23)
Density (Eq. 4.1.1)

p

- Constant (Eq. 4.5.18)
A

Constant (Eq. 4.5.21)

a
B

- Arbitrary vector (Eq. 4.2.3)

b

- Constant (Eq. 4.5.21)

i-Tensor suffix (Eq. 4.2.4)
(i)

- Radius just outside region of large velocity
gradients (Fig. 4.5.2)
- Tensor suffix (Eq. 4.2.4)

- Drag (Eq. 1,.1.1)

- Vector suffix (Eq. 4.2.11)

- Diameter (Eq. 4.1.1)

E

- Rate of energy input/axial length
(Eq. 4.5.10)

F

- Force (Eq. 4.3.1)

- Function (Eq. 4.5.1, 4.5.22)

g

- Function (Eq. 4.5.26)

h

- Function (Eq. 4.5.22)

K

- Constant (Eq. 4.5.16)

K.E.

- Kinetic energy (Eq. 4.3.2)

KT

- Acceleration parameter (Eq. 4.5.4)

L

- Characteristic length (Eq. 4.3.3)

P

- Pressure (Eq. 4.2.1)

R

- Pipe radius (Fig. 4.5.2)

R

- Reynolds number (Eq. 4.1.1)

r

- Radius (Eq. 4.5.6)

Turbulent (Eq. 4.2.12)

- Reference velocity (Eq. 4.1.1)

u

- x-velocity component (Fig. 4.3.1)

u

-

v

- y-ve1ocity component (Fig. 4.4.2)

w

- Wake function (Eq. 4.5.26)

X

- Co-ordinate (Eq. 4.3.1)

Y

-

CRIT - Critical (Fig. 4.1.2)
net

~

Net (Eq. 4.3.1)

- Average (Eq. 4.2.8)
- Tensor quantity (Eq. 4.2.11)
o

- Freestream (Fig. 4.3.1)
- Friction (Eq. 4.5.2)

- Perturbation (Eq. 4.2.8)

*

- Dimensionless (y co~ordinate) (Eq. 4.5.2)
- Displacement thickness (Eq. 4.5.28)

Vector velocity (Eq. 4.2.1)

Co-ordinate~ig.

- Wall value (Eq. 4.3.1)

B.L. - Boundary layer (Eq. 4.3.4)

- Time (Eq. 4.2.1)
U

Laminar (Eq. 4.2.11)

L

w

- Function (Eq. 4.5.2, 4.5.23)

e

Subscripts

- Drag coefHcient (Eq. 4.1.1)

d

f

Shear stress (Eq. 4.2.J.l. Fig. 4.3.1)

- Arbitrary vector (Eq. 4.2.3)

4.4.1)
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CIIAPTER FOUR
TURBULENT FLOWS
4.0

d

~

A turbulent flow is a flow in which the momcntum, energy, and other properties of the fluid are

INTRODUCTION

~

= Viscosity

Diameter

transported across "streamlines" by the random move-

r.L

D

ment of "macroscopic eddies", rather than (solely) by -D = Drag coefficient = "'"1-;,-::2"-P:-:U""2A-:the rr:olecular movement.

£!!4.

Turbulent mechanisms have a

profound effect upon the nature of flow within turbo- Re = Reynolds number =

~

(4.1.1)

machines, and as a result are crucial in determining

the operating limits of many of the turbomachine components. For the engineer, it is im~ortant to attempt
The results of many investigators who studied
to understand the physics of turbulent flows so that incompressible flow about a sphere led to the
design pitfalls may be avoided, and possible benefits relationship indicated in Figure 4.1.2.
of turbulence exploited. It is important, also, to
develop computational techniques so that the loss
mechanisms identified with turbulence effects may be
accurately estimated. Such accurate estimates would 100
not' only allo>1 suitable estimates of component
efficiencies to be ob tainec1 for use in cycle analysis CD
(Chapter 7), but could also allow competing designs
to be compared analytically.
,
10
\
In this chapter an attempt is made to describe the physics of turbulent flows. Particular
ii
emphasis is placed upon the description of turbuRe
T
iii CRI
lent boundary layers because of their great impor1
tance in turbomachinery. Chapter 16 presents an
exhaustive study of computational techniques and
turbulence modeling for turbulent boundary layers.

,

t

0.1

SO}lli EXPERIMENTAL RESULTS

4.1

~

10 2

10
Perhaps the most famous series of experiments
illuminating the nature of drag are those experiments taken on circular cylinders or spheres.
Simple dimensional arguements indicate that in
incompressible, time independent flows, the drag
coefficient can be a function of the Reynolds
number only.

10 3

lOG

10& 10 6 10 7

R
e

Figure 4.1.2

Drag Coefficient for Spheres Versus
Reynold" Number

Figure 4.1.2 indicates that the drag coefficient becomes very large at very low Reynolds
numbers. As a matter of fact, when the Reynolds
number is less than unity (point i, Fig. 4.1.2)
the experimental results approach the analytical
result obtained by Stokes in 1851 (Ref. 4.1) which
may be written

U
---+-

CD =

~4

Stokes' Equation

(1•• 1.2)

e
It is interesting to note that in the analytical result obtained by Stokes, the streamline
patterns approaching and departing the sphere
are symmetric. Also, one third of the drag arises

because the pressure on the downstream side 1s
less than the pressure on the upstream side, Bnd

the remaining two thirds of the drag arises from
the surface shearing stresses,

In this case. then.

we would say that one third of the drag is profile
drag. and two thirds of the drag is skin drag.

Figure 4.1.1

As the Reynolds number is increased. the
inertial stresses within the fluid increase more
rapidly than do the (molecular) viscous stresses.
Soon the situation is reached (point ii, Fig. 4.1.2)
where the inertial stresses are sufficiently large
that a substantial pressure rise is identified
with the retarding of the flow from point A to
point B of Figure 4.1.3.

Flow About a Sphere

Note we define the symbols

D = Drag
p

~

Density

U ~ Far upstream flow speed
A

~

cross sectional area

4·-1

Figure 4.1. 3
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Flow About a Sphere at Moderate
Reynolds Number

At this condition, it happens that the fluid
near the sphere surface (in the "boundary layer")
has insufflcient momentum to surmount the imposed
adverse pressure gradient and a small separated
region of flow exists. The presence of the separated
region, itself, prevents the attainment of the higher
static pressure on the aft end of the sphere, and as
a result the form drag increases in comparison to
what it would be if separation did not occur. Thus,
the drag coefficient increases over what it would
be if Stokes flow were still present. (CD ~24/Re)

Re > Re
CR1T
r'igure 4.1. 4

Flows about a Sphere Near ReCRIT

Such tradeoffs hetween skin drag and form drag
occur in many engineering applications. An example
is that of an inlet diffuser equipped ,'ith vortex
generators. The vortex generators act somewhat as
turbulence ge.nerators by causing the external high
momentum air to be transported into the boundary

layer where the added momentum delays the onset of
With further increase in Reynolds number
(point iii, Fig. 4.1.2) this separated region
spreads until the separation point actually moves
ahead of the e = 90· point of the sphere. In this
condition the skin drag is very low and the form
drag very large. It is interesting to note, as
an aSide, that such a flow field would never even
be approximated by the "Classical" method of first
calculating the free stream and then determining
the boundary layer behavior under the influence of
the pressure field imposed by the free stream. The
classical method would predict a favorable pressure
gradient up to the e = 90· pOint, whereas it is
apparent from the experimental results that the
effect upon the external flow field of the aft end
separation is so enormous that the imposed pressure
gradient must in fact be adverse well ahead of the
e = 90· point.

separation.

however t the lncreased skin drag can cause a sub-

stantial drag penalty when the aircraft is in the
crtdse c.ondition, and when in fact the vortex
generators are not xequired,

1,.2

increased transfer of momentum from the outer stream-

lines to the inner streamlines enables the houndary
layer to remain attached to a much more rearward

position, leading in turn to a great reduction in
form drag with only a slight increase in skin friction. Figure 4.1.1, shows the related flow fields
for flows with Reynolds numbers above and below this
critical value. (ReCRIT)
Re = ReCRIT

THE HOHENTUM EQUATION INCLUDING TURBULENCE REYNOLDS STRESSES

The momentum equation may be written in the
form (Ref. 4.2)

With still further increases in Reynolds number
a dramatic reduction in drag coefficient occurs.
This, at first surprising result, occurs because
the boundary layer becomes turbulent over a substantial portion of its length. As a result the

Beyorid

Similarly, vortex generators can be

placed on upper wing surfaces to delay separation
at high angles of attack. In the latter case.

the drag coefficient con-

(4.2.1)
Our principal concern in this chapter is to
investigate the effects of turbulence, so for
simplicity we will restrict our attention to flows
in \lhich the effects of the spatial variation of
viscosity are negligible. In this case, the last
three terms of Eq. (4.2.1) vanish, so that upon
adding the vector velocity times the continuity
equation [U(dP/dt + V'Pu) = 0) to Eq. (4.2.1)
there is obtained

~
at

+ (pu'V)u + u(V·pu) = -Vp-f\l'1 2 ii+l!.3 '1(V'U)

tinues to rise as the separated region again enlarges.
(11 = const)
(4.2.2)
This classic experiment illustrates how drag may be
It
is
of
convenience
to
introduce
the
dyadic
considered to be of two parts, skin drag and profile
operator (AoE), where (AoE) is the special tensor
drag, and how each may be somewhat controlled to
affect the other. Thus, for example, as in Prandtl's defined by the property
famous experiment, a "trip ring" Dlay be attached to

the sphere to hasten the onset of turbulence in the
boundary layer. At the appropriate Reynolds number
this slightly increases the skin drag but greatly
decreases the form drag.

(4.2.3)
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Direct expansion shows that the tensor (AOB) is
symmetric with elements given by
(4.2.11)
(4.2.4)
and

(4.2.12)

Direct expansion further shows (Ref. 4.2) that
The momentum equation may then be written
(4.2.5)

- -) = -Vp+17'T + 1,7',
p (-aii + (u'V)u
at

Utilizing Eq. (4.2.5), Eq. (4.2.2) may be
written in the compact form

2.cii
-at + v· (puou)

= -Vp+!JV u + 3 V(V'u)
2-

1l.

-

-

The stress terms defined by Eq. (4.2.12) are termed
the Reynolds stresses.

()J = const)

(4.2.6)
In order to most easily illuminate the major
effects of turbulence we now restrict our attention
to incompressible fluids, so that the momentum
equation reduces to
(Jl = const,
p = const)

(4.2.7)

We now postul.ate the possible presence of
velocity fluctuations due to turbulence within the
fluid. Virtually by definition such fluctuations
are random, so that a general solution of an equation as complicated as Eq. (4.2.7) would seem to be
impossible. Thus, rather than seek a general time
varying solution to Eq. (4.2.7), we attempt to
obtain solutions to the velocity field averaged over
a time long compared to the time of a "typical"
turbulent fluctuation. We thus introduce the
perturbation velocity ~, defined by

4.3

THE BALANCE OF FORCES WITHIN THE BOUNDARY
LAYER - ESTIMATION OF THE EQUILIBRIUM LENGTH

Often boundary layers experience sudden changes
in environment, as for example, when they pass from
a rough surface to a smoQth one. It would be
expected that the behavior of the boundary layer
with regard to such things as its energy content,
etc., would begin to change, and it is of interest
to attempt to estimate over what kind of distance
one might expect the "upstream history" of the
layer to persist. To make such an estimate we
consider a portion of a fixed wall, I1x in 1enbth
and of unIt width, as shown in Figure 4.3.1.

-->- u
U :.=

here

!!

U + ti'
u

I
I

Denoting a time average by the symbol < >, we
see that

<ii>

- !!

<~'>

a

0

o

~

(t•• 2.8)

is the time averaged value of

(4.2.13)

=t

=L

I
I

0
}

(4.2.9)

Note that the time scale of the averaging
process of the turbulence quantities may be much
less than the time scale of the variation of the
mean quantities, so that a~/at need not necessarily be zero.

Figure 4.3.1

Portion of Boundary Layer

Note as indicated in Figure 4.3.1 we will
hereafter refer to the time averaged velocities
and velocity components without the use of the
underbars.

Equation (4.2.8) is nO'1 substituted into Eq.
(4.2.7) and the time average taken to give:

The net force acting in the negative x-direction
is

aii

p[a~

- + V'(!!O!!»)

-= -VP+JlV 2 ~-V·(p<u'ou'»

(4.2.10)
F
net

It can be seen that the effect of the fluctuating velocities is to introduce "apparent stresses"
on the right side of the equation. It is evident
that these apparent stresses or IIReynolds stresses"
do, in fact, represent the effects of the flow of
momentum across fluid element surfaces, and in that
sense are analagous to the molecular viscosity
brought about by the flux of molecules across
element surfaces.
Introducing the molecular (or laminar) stress
tensor IL • and the turbulent stress tensor !t' it
follows (utilizing V2~

m

-VX(Vx~), Sec.

3.2) that
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= TwI1x

+

¥oX I1XQ = , wI1x

(1 +

~ E.E.)
Tw ax

(4.3.1)

The kinetic energy (K.E.) within the boundary
lsyer is
(4.3.2)
Again defining, as in Sec. (3.3), that the
edge of the boundary layer is "about" where the
viscous stresses are of the order of the inertial
stresses, we obtain the approximate relationships

uT

i

~;
here

" pu ~~ or Tw'" pU o 2
(4.3.3)
is a characteristic length of the body

L

The ratio of the kinetic energy to the net
force gives us an estimate of the length (LB.L.)

- This is the shear work interaction rate
per area which ~s transmitted through
the element to the next element.

xy

aT

"T dY

over ;lhich we would expect sizeable changes in the
conditions in the boundary layer to occur. It
fo11o;,s from Eq. (4.3.1-4.3.3) that
'" K. E. '" ___L~-,:--

LB.L.

F

net

2(1

+.l- E..E.)
Tw

- This term represents the effect of the
unbalanced forces upon the fluid element
snd leads to acceleration of the mean
flow. Note that in this simplified
case, utilizing Eq. (4.2.12), we may
write for the turbulent portion
u

aT

~ dy

e

ax

T

2.'!.

xy ay

dy

- This term represents a net work inter-

action of the stresses ,11th the fluid

Thus, the "boundary layer interaction length"
is of the order of the length of the object itself.
This implies a very large distance in terms of the
number of boundary layer thicknesses that the boun-

element. This term does not involve
any unbalanced £orces~ so the work
interaction goes directly to the element

and immediately appears as turbulent
energy .. Note that in this simplified
case, utilizing Eq. (4.2.12), we may
write for the turbulent portion

dary layer must travel after encountering a disturbance before it comes to "equilibrium l1 • This result
serves to emphasize that the previous history of a
boundary layer is very important in determining its

behavior.

-p<u'v'> au dy
dy

It can be suspected, also, that boundary layers
with a constant ratio of net pressure force to wall
shear force (that is with

.l~p ~ const) will have
T
aX
W

especially simple behaviors. This class of boundary
layer, the "equilibrium" boundary layer, is described in the classic work of Ref. (4.3).

The measurements of Klebanoff (Ref. 4.4)
reported in 1954 and illustrated in Figure 4.4.2
support the hypothesis that large eddies are "born"
deep within the shear layer. Such eddies are
ejected out,mrd where initially the mean flow
velocity gradient is very large. As a result,
the eddy grows rapidly in energy, leading to
still larger values of <u'v'>. As the eddy
approaches the boundary layer edge, however, its
growth rate diminishes because of the ever decreas-

CREATION Ah~ DESTRUCTION OF TURBULENCE
WITHIN THE BOUNDARY LAYER

4.4

3<u'v'>
-pu ----3-y--- dy

(4.3.4)

ing velocity gradient

We now restrict our attention to flows which
on the average are two dimensional, incompressible
and steady. It is desired to relate the fluid
velocity profile and turbulence levels to the
vo1nmetric rate of production of turbulence, and
to the interaction of the turbulence shear stresses
with the mean velocity profiles. An example fluid
element is Ulustrated in Figure 4.4.1.
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Figure 4.4.2
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Normalized Turbulent Energy Production
Rate Per Unit Volume in a Typical
Turbulent Boundary Layer

The axial distance for the entire process of
eddy birth, groHth, interaction with the fluid near
the outer edge of the boundary layer and decay,
can be roughly estimated utilizing a simple model.
Most of the change in fluid velocity in a turbulent

,_ - - - - - - - - - - - - _I
u T

xy

boundary layer occurs very close to the wall so \>Je

Figure 4.4.1

Fluid Element in Turbulent Flow

It is evident from Figure 4.4.1 that the shear
interaction with the flow field can be considered
to be of three parts:
4-4

may assume that the axial speed of the eddy through
most of its life is approximately the free Stream
velocity, u ' The axial distance over which the
o
eddy will be convected while traveling to the
boundary layer edge will hence be approximately
6
In most cases
is considerably less
v/uo

than one-tenth,

80

we would expect a "turbulence

upstream history" to date from at least 100 upstream
of a given axial location.
The models postulated in the preceding paragraphs lead to the "picture" of turbulence interaction given in Figure 4.4.3 (Ref. 4.5).

It should be noted that this functional form
does not exclude the effect~ of external conditions,
because the external conditions affect Tw' The
six terms of the functional equation. Eq. (4.5.1),
give rise to three dimensionless groups. giving in
turn a functional relationship of the form
F(y* ,K

OUTER EDGE OF LAYER

T

Extraction of mean flow
energy by the Reynolds
a<u ' v'>
stress gradient u ~---

Here there has been introduced

leading to acceleration of
inner nlCan flows

~

Energy transfer inward by
Reynolds stress <u'v'>u

Conversion

~
into

energy <u'v'>

au
ay

u
Diffusion of turbulent energy from
the inner layer
«E. U2 + p')v'>
2

T 1/2
( ;)
- "the friction velocity"

T

*=
Y

puTy
II

_ ~E.E.
pau~ 3

turbulent

dx

The dimensionless acceleration parameter, KT

and

t

can be interpreted in a physical way. Thus. we
consider the ratio of the wall shear force to
(minus) the pressure force for an element of fluid
as indicated in figure 4.5.1.

dissipation
7777 7 7 77 77 7 JA{L:> 7 7 7 7 7 7 7 "7
Figure 4.4.3

(4.5.2)

)

Turbulent Processes in the Boundary
Layer

The essence of the problem in calculating
turbulent shear flows is to obtain a valid representation of the Reynolds stresses. Calculation

T

procedures rely upon empirical representation of
these stresses, and the success of utilizing such

procedures beyond the range of the data used to
supply the empiricis~ is usually directly related
to hOI,' physically plausible the model was that
was used to represent the stresses. In formulating
such models, particularly in attempting to describe
typical flows in turbomachinery where large rates

1- - I

yp

dx

=-=-- - -

E.E.
I

----+- I
I

Y (p

+ dx dx)

I -+---

I
I
I

of change of imposed pressure gradients often occur,

particular care must be directed to the description
of the turbulence history effects. (Chapter 16)
Figure 4.5.1
4.5

Forces on a FluId Element

REGIMES OF THE BOUNDARY LAYER
The ratio of net pressure force to wall shear
force is

The simp lified model of a turbulent boundary
layer represented by Figure 4.4.3 allows us to
postulate the dominance of certain mechanisms

within the boundary layer.

By so doing, we are

able to postulate the existence of an Hinner layer"

Ratio = - /dd;
w

where conditions depend only on the distance from
However v1e may write

the surface and conditions at the surface, and an
"outer layer" where conditions depend somewhat on

the history of the diffusion of turbulence energy
into the outer layer from the inner layer, and
also on the transverse mean velocities and their
gradients. These latter two effects of the transverse velocities in the outer layer OHe their
importance to the fact that such effects may
modify considerably the course of development of
the large eddies that control the entrainment
of the non-turbulent fluid.
4.5.1

K
T

=_

E.E.=_1..Y!lR.

II

pr;j3 dx
t

y*

T

w

dx

Thus the acceleration parameter. K • is equal
t

to the ratio of net pressure force to shear force
acting on a fluid element of height y = ll/pu
t

(That is of height y such that y* = 1). This
height is in fact very small indeed. and it is
only under conditions of very extreme acceleration
that KT assumes values of the order of unity.

THE INNER LAYER

We postulate that very close to the surface
the flow should depend only on conditions at the
surface and the distance from the wall. Thus we
expect a functional relationship of the form
(4.5.1)
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A relationship of the form of Eq. (4.5.2)
can be very useful in itself, but it is possible
to consider the inner layer to itself be composed
of three separate layers, the sublayer, the blending
region and the equilibrium layer. These layers
are separately considered in the following sections.

4.5.1.1 THE SUBLAYER

4.5.1. 3 THE EQUILIBRIUM LAYER - THE LAW OF THE
WALL
This layer is considered to be very close to
the wall, so close in fact that the inertial tel~s of
It can be seen that within the sublayer,
the momentum equation are very small. The presence
except for conditions with extreme pressure
of the wall also prevents the attainment of subgradients, the shear stress remains constant with
stantial turbulent perturbation velocities so that
y. This is a direct result of the assumption that
the Reynolds stresses are also very small. Consithe inertial terms were assumed to be small, so that
dering a steady two-dimensional flow, and ignoring
the remaining forces on a fluid element, the shear
the inertial terms and Reynolds stresses, Eq. (4.2.13)
forces, had to balance. This so called "constant
reduces to the very simple form
stress layer" exists to some extent in any flow
near. a wall. As a simple example of such a flow,
and to observe some of the consequences, consider
(4.5.3)
fully developed flow in a circular pipe.
Note in· this expression that the boundary
layer approximation ap/ax = dp/dx has been
employed, where p is the pressure imposed by
the free stream. In terms of the dimensionless
variables of Eq. (4.5.2), Eq. (4.5.3) may be
written

(4.5.4)
The boundary conditions are ~ cOat
U

y* = 0,

T

a
aU/UTI
Tw = \l a UI
,we find ~
= 1
y y=0
y
y =0
With these boundary conditions, Eq. (4.5.4) integrates immediately to give

*

and from

y* _

.1

K y*2
2 T

Figure 4.5.2

(4.5.5)

It can be noted that this latter form is a
very simple example of the general form of Eq.
(4.5.2). Often, even in flows with a pressure
gradient, the term in y*2 is excluded because
it is usually quite small. This is not always the
case, however, and considering its simplicity it
would be wise to include its effects. Note, however
that if, in an experiment, it is attempted to
estimate the wall shear stress T~ by obtaining
au
au
the slope ay and then writing Tw = \l
(not

ay

Fully Developed Pipe Flow

Fully developed pipe flow offers some special
simplifications, because though analagous regimes
to all the regimes of the turbulent boundary layer
are present, conditions are invariant with axial
positions so that ~

is constant, and no inertial

terms are present. A simple force balance on a
tube of fluid of radius r and length dx gives
or

T-!:.J!E.
- 2 dx

(4.5.6)

In terms of the shear stress at the wall,
we may hence write

usually a recommended procedure), then the pressure
gradient term does not affect the expression for
au
the slope ay as y'" 0 •
It is to be noted that in a typical turbulent
·boundary layer the sublayer may be considered to
extend out to approximately y* = 10. In this
distance the velocity may reach approximately 40%
of its free stream value. Typically the physical
height corresponding to y* = 1 is only one or
two-tenths of a percent of the boundary layer
height. so we see that the velocity reaches about
40% of its free stream value in only one or two
percent of the boundary layer height!

4.5.1.2 THE BLENDING REGION
With increased distance from the wall, the
assumption of very low Reynolds stresses and inertial terms, fails, and a region is entered where
the contributions of the inertial terms, and
molecular and turbulent transport terms are all
comparable. This region is termed the blending
region, and its description requires the full
functional form of Eq. (4.5.2). This functional
relationship is obtained from experiment.
4-6

(4.5.7)
Measurements indicate that in turbulent flows
at moderately large Reynolds numbers, the fluid
velocity will be about 80% of the value in the
R-r
center of the pipe within a distance
~ 0.1

-a-

Thus, the shear will change by only about 10%
across a layer in which the fluid velocity reaches
80% of its maximum value.
~le can noW es tima te the total rate of energy
input to the flow from the centerline to a radius
r • where r
is just outside the layer of large
i
i
velocity gradient. (Fig. 4.5.2) We consider
first an annular element of length dx. thickness
dr and inner radius r , as in Figure 4.5.3.

that

Thus, making the quite rough approximation
u ~ U
we obtain the estimate
o
(4.5.12)

R

and hence
(4.5.13)

Thus, in a typical wall layer where
we find

ui '"_ 0.8 ,

uo

(4.5.14)

Figure 4.5.3

That is, about 90% of the entire turbulent
ene1'gy produc tion occurs in a layer over which the
shear changes by only about 10%. Very similar

Annular Fluid Element

The total rate of input of energy to the element by shear and pressure forces may be written

arguements lead to the same result for boundary
layer flow, because we may argue that the inertial

terms and pressure gradient terms (usually) have
little effect on the thin inner layer.

Tu(2nrdx) + aTu(~;rdx) dr - Tu(2nrdx)

This enormous production of energy within the

+ pu(2nrdr)-{pu(2nrdr) + apu(2nrdr) dx}
aTur

2ndxdr[~

cons tant stress layer leads us to the "equilibrium

or

ax

hypothesis" that within the constant stress layer
the rate of production of turbulent energy is
equal to the rate of dissipation of turbulent
energy. This hypothesis is equivalent to the
statement that the transport of turbulent energy
from the layer, and rate of work interaction from
the pressure gradient are very small. Careful
measurements (Ref. 4.6 for example) have verified
the assumption that the energy transfer in the

an
- ur ~l -rate of energy input (4.5.8)
to element

With Eq. (4.5.6) this expression may be
reduced to
2nrT

au
ar

constant stress laye~ is negligible compared tu
the production and decay terms. Furthermore,
measurements have indicated that for moderately
large Reynolds numbers in flows without extreme
pressure gradients, the constant shear region

(4.5.9)

dxdr -rate of energy input to
element

The rate of energy input, per axial length,
to the entire flow from r
to the axis, E(r )
i
i
is hence given by

o

E(r i )

=

i
r

2nr T
i

~~

ri

dr

I

includes both the sub-layer and a considerable
portion of the turbulent region. This allows us
to hypothesize a region of flow of (almost)
constant shear in which the major contribution to
the stress is the turbulent contribution.

2nudTr

o

The rate of production of turbulent energy
(per mass/sec) by extraction of energy from the

Utilizing Eq. (4.5.7) i t follows that

mean flow is

p

i

~~

(Sec. 4.4).

This turbulent

energy appears dominantly in the large eddies
thrown up from the sub-layer and blending region.
It is important, now, to realize that the dissipa-

approximated as

tion of energy from these large lIenergy containing
eddies" can be viewed as a tHo-step process. The

actual degradation of the mechanical energy of

o

an eddy to "viscous heating" through molecular

(4.5.11)

This rate of energy input into the fluid
inside the radius r
may be compared to the
i
rate of energy input into the fluid inside the
radius R. We thus have, with r
replaced
i
by Rand u
replaced by zero in Eq. (4.5.10),
i
R
E(R)
4m:
f2nr
dr
w f u
o
R

*
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viscosity is dependent upon the square of the
frequency of movement of the eddy. The large
eddies in fact have low frequencies and consequently
low dissipation rates. Thus the energy is extracted
from the energy containing eddies by their first
dispersing their en'ergy to higher frequency, smaller
eddies, and then the subsequent dissipation of the
small high frequency eddies. It is the process of
dispersion (by the mechanical process of the
"collisions" of the eddies) that forms the rate
limiting step in the overall process of dissipation. This observation is of importance because
the process of dispersion is dependent only on the
collision rate of the eddies and not on the molecular

viscosity of the fluid. We thus have the perhaps
surprising result that processes "ithin the equilibrium layer are independent of the Reynolds number!
The net dissipation rate, EO , can hence only
depend upon the parameters p and, , so that
dimensional analysis reveals that a functional
relationship of the form

u = a .9.n y + b

(4.5.15)
Equiva1e~tly

must exist.

Ky

(4.5.16)

He now invoke the equilibrium hypothesis and
equate the production and dissipation terms to find
(4.5.17)
Direct integration then gives

u,

K

then by equating Eqs. (~.5.18) and (4.5.21), a
single equation for the unknown value of the skin
friction velocity, u, results. This process can

4.5.2
K -= canst

+

A

The law of the wall (4.5.18)

This is the famous expression known as the law
It is apparent from the development
leading to it that the expression should be valid
in the regime where 't» 'L ' and where ' t
is approximately constant. in y
This latter
requirement implies, also, that strong'pressure
gradients are not present.

TIDl OUTER LAYER - THE LAW OF THE WAKE

We have seen that the inner region of the
boundary layer flow may be subdivided into three
layers, the sub-layer, the blending region and
the logarthmic region. We now consider the outer
portion of the boundary layer (approximately the
outer 80~') which for reasons that will become
apparent is termed the wake region.
The success of the inner layer theories in
matching the empirical results would support the
notion that we might gainfully write the general
equation for the velocity profile in the form
(Ref. 4.8)

of the wall.

Experimental values have been obtained for
the constants K and A , and they are found to
have values of approximately

K = 0.4 , A = 5.1

II

au
ay

(4.5.19)

\.lU,

(4.5.20)

Thus, we would expect Eq. (4.5.18) to be
valid for y* greater than about 25. Typical
experimental results are indicated in Figure 4.5.4.

Inner Layer
Sub30
..\!...
u,

here
£(y*)

= y*

£ (y *)

a

in the sublayer (small pres"ure
gradient)

1 ~ n y* + A in the logarithmic region
K

is a general function that must have
the property that it be negligibly
small close to the wall

The problem of the outer flow i8 to determine
the form of h (x,),). The experiments of Ref. 4.3
indicated that at least in the case of equilibrium
profiles (Sec. 4.3,-to be more carefully defined in
the following), the velocity defect U -u could be
o
plotted versus y/o in the form
F(Tf, y/o)

(4.5.23)

Here Tf is a pressure gradient paralneter
which is a constant for a given equilibrium flow.
This form of velocity defect profile was found
to be valid outside the laminar sub-layer and
blending region, provided the pressure gradient
was moderate.

Outer Layer

Equilibrium
Layer

The behavior of h(x,y) can be inferred
from this result (for the case of equilibrium
flows) by writing

Blending
20

10

Figure 4.5.4

(4.5.22)

h(x,y)

As stated above,'we expect Eq. (4.5.18) to
be valid when 't» 'L ,or when, say
,
pu 2
10 < _t_ ~ ---I Ky = Ky*

(1•• 5.21)

be simplified by utilizing graphical procedures.
(Refs. 4.3, 4.7)

this means

U 3

e: = ..-L.

..\!... ~ ll'.ny*

It can be noted here, that in practice Eq.
(4.5.18) provides an implicit relationship for
the "all skin friction. Thus, if actual data is
fitted (in the law of the "all regime) by a
formula of the form

Turbulent Boundary Layer Regimes
4-8

Then

hence with Eq. (4.5.23)
h(x,y) '" h(x,c) +

~

.9.n

~

- F(lT,

t)

(4.5.31)
(4.5.24)
A second condition on the wake function, w ,
came from the experimentally observed very near
asymmetry of the function (Fig. 4.5.5). As a
result we may write

Thus, the function h(x,y) can be written as a
function of IT and y/o for equilibrium boundary
layers. That is:

I
o

t)

= lT~)

w(f)

I [0 i dw

wd t"T= [wet)] 0

0

(4.5.32)

·w -1
o

It was found in reference 4.8 that in a wide
variety of conditions the function g(lT, y/o) would
be well represented by
g(lT,

Wo

I

(4.5.25)

h(x,y) = g(lT, t)

Hence

(4.5.26) 2.0
1.5

The equation for the velocity, Eq. (4.5.22),
then becomes

V

I/

w

1.0
(4.5.27)

/'

0.5
This equation is known as the law of the wake,
and the function w(y/o) is termed the wake function. It is obvious that we can absorb any constants of proportionality in the as yet undefined
function IT(x) , so we look for a convenient form
of w(y/o). The displacement thickness, 6* , is
an often used quantity. This distance is defined
as the thickness threugh which the external streamlines are shifted owing to the formation of the
boundary layer. For an incompressible boundary
layer We hence find

o

---

o

/

l---//

0.1 0.2

Fi,3ure 4.5.5

0.3 0.4 0.5

0.6 0.7

0.8 0.9

1.0

y/6
The Wake Function

Coles (Rd. 4.8) determined the values of the
wake function empirically to be those of Table 4.5.1.
1.

0

0

0.05

0.10

0.15

0.20

0.25

0.30

0.004

0.029

0.084

0.168

0.272

0.396

w(f)

0

1.

0.35

0.40

0.45

0.50

0.55

0.60

0.65

w(f)

0.535

0.685

0.838

0.994

1.152

1.307

1.458

1.
0
w(Y..)

0.70

0.75

0.80

0.85

0.90

0.95

1.00

1.600

1. 729

1. 840

1.926

1.980

1. 999

2.00

6

We now utilize Eq. (4.5.27) to obtain the
ratio 0*/6. The answer is simplified considerably if we ignore the presence of the sub-layer
and blending region and assume the logarithmic
region extends to the wall. This is in fact a
good approximation (numerically) because the
sub-layer and blending region are in fact very
thin. We thus obtain:

./vV-

'6

Table 4.5.1

The Wake Function

This experimental determination of the actual
wake function is often approximated by convenient
antiaymmetrical analytic spproximations. Two
exampleD are:
wet)

m

1

+ sin [

(2 1. -

6

2

1)11

] (Ref. 4.8) (4.5.33)

(Ref. 4.9) (4.5.34)
Interpretation of w as a Wake Function

or

u,

fo

The "wake-like" aspect of the function
[1 + IT
1. dw]
(4.5.29) w(y/o) can bs inferred from several empirical
K uo
0
0
observations. For example, by representing the
function h(x,y) as n/K w(y/o), it is apparent
For convenience then, Coles (Ref. 4.8) chose
that the outer region of the boundary layer is
similar. Many studies of (fully developed) wakes
have indicated their similarity.
(4.5.30

ft; 1
a

o
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Another result of interest follows by considering the boundary layer in the case. ",'here the
boundary layer approaches separation. At separation
the skin friction, and hence u ' goes to zero.
T

4.6.1
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The expression for the velocity profile Is then
written in terms of

u/u

nti1izing Eq. (4.5.31)
u

u

u

u

T

We note then,
0

Pyu T
9.n _ _
+

T

u~; = u~ 7,~ = Ku o

u~
A ---'-

11

+

.*
(~
0

"0

1 uT

___) (y)
K U o "<5
(1,.5.35)

Then noting

u

-)T

0

as the boundary layer

approaches separation, we find

(at separation)

(4.5.36)

We note also

*
t

or

t
1

=

(1 -

*
6 ="21
<5

Thus ~ =
U

o

Ul~) d(~)

*
= 1-t

1

fo w(f) d(~)
(4.5.37)

at separation

12 w(Y)
6

-at separation

(4.5.38)

It can be seen that at separation the entire

velocity profile is that corresponding to the ;Jake
function, w(y/6). At separation the effects of the
wall shear are zero, so the boundary layer processes,

Boundary Layers in Adverse Pressure

in this condition, can be interpreted as a large

Gr8d:!.entH." Gas Turbine Laboratory
Rept. No. 73, Hassachusetts Institute
of Techllolo~y, 1961,.

scale mixing process, as in a wake.

-='n non-sep-

arated flow the "wall effect" penetrates the
""lake effect

ll

to varying degrees.

The Pressure Gradient Parameter,

IT

We have from Eqs. (4.5.22) and (4.5.27) that
outside the sub-layer and blending region
u -u
_0_

u

T

=.1I (2-w(Y»
<5

K

1

0
y

+ -K 9,n-

(4.5.39)

Equilibrium flows (Ref. 4.3) are experimentally obtained by adjusting the pressure
distribution in uthe-u test section so that the
given value of

_0_

found at entry is held

u ..

constant throughout the test section. Obviously
for such a pressure distribution the. parameter
remains constant in x, and hence the term
pressure gradient parameter.

1T

In summary, it is hoped that the underlying
physics of turbulent boundary layers has been
reasonably revealed in this chapter. Hany numerical
techniques expl.oit the analytical forms presented
for the several regimes in the boundary layer, and
extend their areas of validity beyond those strictly
implied in the foregoing derivations by allowing
some of the parameters fairly "ide functional
variation. Such techniques are thoroughly considered in Chapter 16, but it should be remembered
that almost always the most successful analytical
techniques arise from the most physically plausible
models for the phenomenon studied.
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CHAPTER 5
LIST OF SYMBOLS
The symbols are listed in alphabetical order,
first in the English alphabet, then in the Greek
alphabet. Subscripts and superscripts are then
given. The equation, figure or section in which
the symbols are first introduced is indicated in
parentheses. Often the symbol will be defined in
the text just preceding or just following the
equation or figure.

Subscripts
0-9

Station numbers (Fig. 5.1.1)

-

_ Primary stream (Eq. 5.14.1)
2

- Secondary stream (Eq. 5.14.1)

Afterburner (Sect. 5.1)

AB

A

- Cross sectional area (Fig. 5.15.2)

b

- Burner (Sect. 5.1)

a

- Speed of sound (Eq. 5.6.1)

c

- Compressor (Sect. 5.1)

C

Specific heat (Eq. 5.1.2)

d

_ Diffuser (Sect. 5.1)

F

- Thrust (Eq. 5.4.1)

n

- Nozzle (Sect. 5.1)

f

- Fuel to air ratio (Eq. 5.6.14)

p

_ Constant pressure (Eq. 5.1.2)

- Function (Eq. 5.15.20)
go

- Gravitational constant (Table 5.5.1)

W

Horsepower (Table 5.5.1)

h

- Heating value (Eq. 5.6.14)

J

- Joule (Table 5.5.1)

kg

- Kilogram (Table 5.5.1)

M

- Mach number (Eq. 5.1.1)

m

•. Mass flow rate (Eq. 5.4.1)

N

- Newton (Table 5.5.1)

p

- Pressure (Eq. 5.1.1)

R

- Gas constant (Eq. 5.6.1)

S

- Specific fuel consumption (Eq. 5.6.15)

s

- Entropy (Fig. 5.3.3)

T

- Temperature (Eq. 5.1.1)

u

- Velocity (Eq. 5.4.1)

a

- By-pass ratio

_ Propulsive (Sect. 5.4)
r
t

th

-

Ratio of specific heats (Eq. 5.6.2)

fi

-

Function (Eq. 5.15.20)

n

- Efficiency (Eq. 5.3.1)

n

- Pressure ratio (Sect. 5.1)

TOT

- Total (Eq. 5.11.8)

UN

- Unmixed (Eq. 5.15.34)

MIX

- Mixed (Eq. 5.15.35)

- Refers to by-pass stream (Fig. 5.1.1)

*

- Density (Fig. 5.3.2)
T

-

"Recovery" (Eq. 5.1.1)
Turbine (Sect. 5.1)
Also stagnation quantity (Sec. 5.1)
Thermal (Eq. 5.3.1)

- Refers to enthalpy ratios (Eq. 5.1.2,
Table 5.1.1)

(Eq. 5.14.1)

y

-

Temperature ratio (Sect. 5.1)

5-111

_ Value

leading to minimum specific fuel
consumption (Eq. 5.14.23)

CliAPrER FIVE
IDEAL CYCLE ANALYSIS

5.0

INTRODUCTION

T

In this chapter we will apply the systematic
process termed "cycle analysis" to seyeral different engine types. The object of cycle analysis
is to obtain estimates of the performance
parameters (primarily thrust and specific fuel
consumption) in terms of design limitations (such
as the maximum allowable turbine temperature),
the flight conditions (the abmient pressure and
temperature and the NRCh nUIllber) and design
choices (such as the compressor pressure ratio,
fan pressure ratio, by-pass ratio, etc.). In
this chapter we "ill consider all components to
be ideal, with the result, that the various
algebraic manipulations will be quite simplified
and hopefully as a result, the methodology of the
analysis will be comparatively transparent. Ihe
analytical results will, of course, be far more
optimistic than would be the case if component
losses were included, but many of the general
trends will be valid. Ihe effects of component
losses will be quite thoroughly investigated in
Chapter Seven.
5. 1

Stagnation temperature leaving component
Stagnation temperature enterIng component

Examples
5

Compressor stagnation temperature,
pressure ratio

=

Burner stagnation temperature,
pressure ratio, etc.

Exceptions

We define Tr and 'fr r by

T

r

(5.1.1)

NOTATION
Thus, free stream stagnation temperature Tt =
o
ToTr; free stream stagnation pressure P t = Pp'fr •
It should be noted that T rand rr r represgnt the r
effects of the flight Nach number, Mo'

We here introduce a systematic notation in
order to facilitate simple manipulation of the
equations to follow. Throughout this document
we will refer to the station numbers indicated in
Figure 5. 1. 1.

Figure 5.1.1

Station Numbering

The locations indicated in· Figure 5.1.1 are:

o

Far upstream
Inlet entry
Compressor face
Compressor exit
3' Fan exit
4 Turbine entry
5 Turbine exi t
1
2
3

6

Further exceptions

Afterburner entry

It is often appropriate to introduce the
effect of a design limi.tation such as the maximum
allowable turbine inlet stagnation enthalpy,
Cpt Tt4 • We thus introduce the term T , where TA
A
is defined by

6' Duct afterburner entry
7

Primary nozzle entry
7' Secondary nozzle entry
8 Primary nozzle throat
8' Secondary nozzle throat
9 Primary nozzle exit
9' Secondary nozzle exit

We introduce the ratio of stagnation pressures,
'fr, and ratio of stagnation temperatures, 1 , where

'fr

(5.1.2)

Similarly, TAAB and TAAB , will be used where the
maximum stagnation enthalpy referred to will be
the stagnation enthalpy following the primary
stream afterburner or duct afterburner respectively.

Stagnation pressure leaving component
Stagnation pressure entering component

5-1

Components

5.2

Each component will be identified by a subscript as follows:

In the analysis to fo11o" in this chapter,
ideal performance of all components "ill be
assumed. In addition, "e will assume that the
gas is calorically perfect throughout, withy and
C constant throughout, and that the fuel mass
f~oH is so small that the fuel to air ratio may
be ignored in comparison to unity. Under these
circumstances the following relationships for the
components are valid.

d
c

c' b t AB -

AB'n n' -

diffuser (or "inlet")
compressor
fan

burner
turbine
afterburner (prinmry stream)
afterburner (secondary stream)
nozzle (primary stream)
nozzle (secondary stream)

5.2.1

Temperature and pressure relationships
for all T' s and IT's

.:L

(1

r

+ 2'::!.
2

M
0

and

Td = 1

.:t......

T

DIFFUSER

To a very high degree of approximation the
flow through the diffuser may be considered to be
adiabatic. When, in addition, the flow is ideal
it may also be considered to be isentropic. We
thus have, with Eq. (2 ..14.10),

Table 5.1.1 gives the relationships between
all defined IT's and T's and the corresponding
temperatures, pressures and }tach numbers.
Table 5.1.1

IDEAL COMPONENT BEHAVIORS

2/- 1

5,2.2

IT d = T dy-1 = 1

(5.2.1)

CONPRESSOR OR FAN

The compressor or fan pressure ratio is
usually selected as a design choice and hence may
be considered prescribed. For an ideal process,
the process "ill be isentropic, so we have (again
utilizing Eq. (2.14.10»

2'::!.
Tc
5.2.3

=

T

e'

T ,
t

_3_

T~

11
AB

l1n

5.2.4

TURBINE

Here, as with the compressor, the ideal
process is an isentropic process so that we have

= Pt4
Pta

2'::!.

= Pte
Pt4

5.2.5

= Pte
Pte

t

= 11

t

Y

(5.2.4)

NOZZLE

As with the diffuser, the flow through
nozzles is very nearly adiabatic and is ideally
isentropic. Thus,

Pte'
,=-Pt3 '

1,

=~

(5.2.5)

TIlE IDEAL THERMODYNAMIC CYCLE

Pte

5.3

Pt,,'

We now consider an ideal turbojet and investigate its behavior as a heat engine.

11 ,=--

n

(5.2.2)

COMBUSTOR OR AFTERBURNER

T

ITAB

Tc '

(5.2.3)

~

ITt

and

= P~
Pt2

Pta'
IT c'=P-

ITb

y

For an ideal burner the stagnation pressure
remains constant. It may be noted. as shown in
section 2.17.2, that this assumption implies
burning at very low Mach number. We have then

Pt
ITd = ....3Pto

ITc

= 11 c

Pta'

5-2

I

2

3

4

5

9

""C/ 1

Burner
Turbine

Inlet
Compressor

Figure 5.3.1

Nozzle

When viewed as a thermal engine, the "work"
of the engine, in the thennodynamic sense,
appears as the change ,in kinetic energy between
the incoming and outgoing fluid. It can be noted,
for example, that if the engine was to be utilized
for ground power, the kinetic energy of the jet
could be extracted by a further turbine which in
turn would supply a mechanical work interaction.
Not a1l of the work of the turbojet engina
appears as useful work (supplied to the aircraft),
however, because the force from the engine
provides work to the airoraft in an amount proportional to the flight speed.
Performance parameters of direct utility to
the aircraft designer are the thrust, F, and
specific fuel consumption, S. The specific fuel
consumption is measured as the kilograms of fuel
flow per second divided by the thrust iI1 Newtons
~
Ibm fuel/hr
(or alternatively u = lbf thrust)' Clearly S is,
in some sense, the inverse of the overall engine
efficiency, and both the thermodynamic efficiency
of the engine and the efficiency of transmitting
the work of the engine into work on the aircraft
(or equivalently of the "propulsive efficiency"
(section 5.4», are of importance.

Ideal Turbojet

The pressure-specific volume and temperatureentropy diagrams for this ideal engine are indicated in Figures 5.3.2 and 5.3.3.

The thermal efficiency, ryth of this ideal
engine may be obtained directly by writing

3
p

5
2

0--------- 9

We note, however,

lip

T~

Figure 5.3.2

.L
Y-l

(-)

Pressure-Specific Volume Diagram

~

thUB

4

T

and hence

5

3
2

Thus with

Tts

~ =

TrTc we obtain'

a

o
1 -

s

Figure 5.3.3

Temperature-Entropy Diagram

1

TT

(5.3.1)

r c

Thus, it is apparent that the thermal efficiency of the ideal engine increases as the flight
Mach number increases (Tr increases), and as the
compressor pressure ratio increases (Tc increases).

These diagrams represent the "Brayton Cycle,"
which COI1sists of

5.4
Isentropic compression
3 ~ 4 Constant pressure combustion (equivaleI1t to a constant pressure heat
interaction)
4 ~ 9 Isentropic expansioI1
9'" 0 Constant pressure ''heat rejection"
0~3

THE PROPULSIVE EFFICIENCY, ryp

The propulsive efficiency is a measure of
how well the power produced by the engine is
utilized in propelling the vehicle. It is defined
by

5-3

Power delivered to vehicle
Net (mechanical) power in the exhaust

reduction required "ill be much reduced as compared to conventional turboprops.

Thrust x vehicle fligHt speed
Power produced by the engine

By ducting the "propeller" or fan, the tip
Bach number problems can be avoided by diffusing
the flow prior to the fan. An additional benefit
occurs because the blades may be highly loaded,
aerodynamically, right out to the blade tips
because the co",l much reduces tip flow. Such

An ideal engine has the nozzle exit pressure
equal to the ambient pressure, so the thrust is

simply equal to the rate of momentum production
of the engine. Thus,

ducted fan engines, termed turbofan engines, have

been very successful when utilized for high
subsonic or loYl supersonic flight regimes.
Present turbofans used for subsonic flight have

(5.4.1)

"by-pass ratios ll (the ratio of air passing

u0

2 ),

The power produced by the engine is
so we obtain for this i.deal engine

m
2 ('" 2

through the outer duct to that PGSSil1g through
the core engine) of about five or six, whereas it

-

is imagined that the very high by-pass engines
discussed in the preceding paragraph "ill have
(equivalent) by-pass ratios of twenty five to
fifty. (A turboprop has a "by-pelSs ratio" of
about 100.) A cowl for an engine with such a huge
by-pass ratio ,wuld not only be large and heavy,
but would also present a large wetted area and
projected area, with consequent large drag
penalty.

2u

= _ _0_

l1p

'" +uo

In order to increase the propulsive efficiency we should reduce the exit velocity, ",.
This, of course, will come with a penalty in
thrust i f the mass flow is not increased. An
obvious way to obtain good propulsive efficiency
is to utilize a large diameter propeller in
order to move a very large mass. Turbo-prop
engines are, in fact, highly efficient engines,
but have encountered two major problems in the
past. The large gearbox necessary to reduce the
propeller speed has often caused weight and
reliability problems, and the onset of high Mach
numbers at the propeller tips (as the aircraft
speed increases) has led to unacceptably low
propeller efficiencies.

The various "trade-offs" for such engine
choices are best determined by a systematic use
of cycle analysis.
5.5

In the following sections, the various dimensionless quantities will be calculated in the 51
system of units. Hmmver, because of the greater
familiarity to some readers of the British system
of units' (or of the British gravitational system
of units), the various formulae will also be
presented in these alternate systems. Table 5.5.1
gives a brief list of pertinent terms for use in
propulsion, together with appropriate conversion

Lately, a resurgence of interest has occurred
in "very high bypass ratio turbofans," however.
Thus, engines with up to eight relatively small
radius propeller blades are envisioned. These
blades >Jill be swept backwards (in the relative
flow) in order to forestall the onset of high }wch
number effects, and because of the relatively
small radius of the blades, the amount of gear
Table 5.5.1

5Y5TEl1S OF UNI IS

factors,

Units and Conversion Factors BritIsh System, SI

Units
Bri tish Sys tern

Item

Units
SI

Conversion Factor
(Multiply British System
to get SI Value)

Length

ft

m

Mass

slug, lbm

kg

Rotational Speed

rpm

rad/sec

60= 0.10472

Power

HP

"

745.70

J/kg

2326.0

J/(kg k)

4180.8

Fuel Heating Value, h
Specific Heat, Cp
Gas Constant, R

Specific Fuel
Consumption S
Power Specific
Fuel Consumption Sn
Specific 11lrus t

BTU

Ibm
BTU

lbm OR
~

14.594, 0.45359
21T

2

IIi' /s k

sec.::! OR

Ibm fuel/hr
=
lb£ thrus t
lbm fuel/hr
IF
F
lbf
gom = lbm/ sec

0.30480

0.16723

lbm

kg fuel/sec

"i:bfi1i:"

nC'.Jtons thrus t

British System - Gravitational Constant go

kg/sec
watt
}'

,.=
m

=k

g

Ns/kg = m/s

32.174 lbm ~
lbf sec"

51 " Acceleration of Gravity 9.8067 m/s2
5-4

/>78

= kg/Ns = s/m

2.8325 (10-6)

1. 6897 (10- 7 )
9.8067

Now note

5.6

THE IDEAL TURBOJET

5.6.1

METHODOLOGY OF CYCLE ANALYSIS

We will now manipulate the pertinent conservation equations to ohtain the perforn~nce variables
specific thrust and specific fuel consumption in
terms of assumed design variables, ambient condi-

or

tions and design limitations. The methodology for
all cycles to be considered will be the same.

19

(1

+

¥

H:)

(5.6.3)

Thus, we will find (even in the cases where losses

are included) that to obtain the specific thrust
we will require both the ratio of temperature at

Here we have put Tn = 1 which follows from
Eq. (5.2.5). We should also note

nozzle exit to ambient temperature, and the ratio

of Mach number at nozzle exit to flight Mach
number. By then ;,riling the ratio of stagnation
to static temperature, Tt ", /19, at exit as a
function of exit Hach number, and then further

writing the stagnation temperature at exit in
tenns of the products of all the component temperature ratlos, an expression for the ratio T~ /To
will be obtained in terms of fl, and all stagnation temperature ratios. A second equation for
M, in terms of all the component pressure ratios
(and imposed exit pressure ratio p,/po) is similarly obtained by writing the ratio of stagna·t1on to static pressure, Pt,/P9' at exit as. a
function of exit Nach number. The component
relationships of Secs. (5.2.1) to (5.2.5)(or
their rion-ideal equivalents) then allo\l description of the engine specific thrust in terms of
the component performances and design choices.

Hence ;,ith Eq. (5.2.1)
(5.6.4)
Thus, we note that the minimum conceivable
to no burning in the

A, ;,hich corresponds
combus tor) is

T

(5.6.5)

Not all component performances are independent, however, because, for example, the turbine
and compressor work interaction rates must be

We may write for the pressures

equated. Such a power balance will lead to evaluation of the turbine temperature ratio and pressure
ratio in terms of the chosen compressor pressure

ratio Bnd other parameters.
Finally, the specific fuel consumption is
evaluated by considering an enthalpy balance
acroSs the combustor. Several example cycles are
evaluated in the following sections as well as in
Chapter Seven, and it will be seen that the
methodology described in this section is systematically applied throughout.
5.6.2

(5.6.6)
or noting

~

= Po and from Eqs.

(5.1.1) and

Z:.!.

CYCLE ANALYSIS OF TIlE IDEAL TURBOJET

(5.2.1-5.2.5), lTd = lTb

We assume ideal behavior so that the component
relationships are as in sections 5.2.1-5.2.5.
Additionally, the gas is assumed to be calorically
perfect throughout, the pressure at exit is
assumed equal to the ambient pressure and the fuel
to air ratio, mf/m o ~ f, is assumed to be much
less than unity. With these assumptions ;,e have
(referencing Figure 5.3.1)

Z:.!.
IT c

Y = T c'

lT n

= land

lTr Y

T r'

Z:.!.
IT t

Y = T t' we

0

bta in from Eq. (5.6.6 )

(5.6.7)
Combination of Eqs. (5.1.1), (5.6.3) and (5.6.7)
then gives

or
Specific thrust = ~ =

U

o

(~
- 1)
U
o

(5.6.8)

a H (~- 1)
o

0

U

o

and

(5.6.1)
Tr Tc Tt -1
T -1
r

We may write

:Pa.. (J.!,)'
To H0

2

1

= y-l M;;

(TrT~Tt-l)
(5.6.9)

(5.6.2)

The specific thrust then follows by combining
Eqs. (5.6.1), (5.6.2), (5.6.8), and (5.6.9) to
give

R.)
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The specific fuel consumption may hence be
written

The Power Balance
We no" utilize a pm1er balance between the
compressor and turbine to relate the turbine
temperature ratio, T t' to other variables. It
follo"s from the first law applied to a control
volume (section 2.1 1,) that for steady state eonditlons the mechanical work interaction per mass is
equal to the negatJ.ve of the change in stagnation
enthulpies across the control volume. The turbine
"ark output must be equal to the compressor work
input, so applying the first law we have

S = kg fuel! sec
= mFf = -:: -Tl"'Ff/m
Ne"tons thrust
5.7

(5 6 15)
• •

SUMMARY OF THE EQUATIONS, IDEAL TURBOJET
(OR RAMJET)

We here summarize the equations in a form
suitable for calculation. rtle pertinent equations
and terms for the British system of units will be
included in brackets ([ ]).
Inputs:

or

or
(1

+ f) T>..

F
1bf
(Ns /kg) Cg m' 1bm/ sec]'
o

F

Outputs:

'iii

(1 - T t) = T rT d (T c - 1)

S (k /Ns)C 1bm fuel/hr]
g
1bf thrus t '

But here f « 1, Td = 1 (also CPt = CPe = Cp) so
that we obtain

f (kg fuel/sec) Clbm fuel/sec]
kg air/sec
lbm air/sec

(5.6.11)
Equations:
Eq. (5.6.11) can nm' be substituted into Eq.
(5.6.10) to give after some manipulation

R=

t'Yi

C

P

n?/s~k[R= z.:1
'Y

C

P

(2.505)(lo')~R-)
sec
(5.7.1)

F

~=

a

~

0

~'YRTo m/s [ft/sec]

(5.7.2)

l+r.:lM~
2
0

(5.7.3)

(5.6.12)
Tr

We 11l!ly note here that when a ramjet is considered (no compressor so Tc = 1), the equation
for the specific thrust reduces to the very simple
form

r.:l
fc

! = aoMo [~1':~c - 1] (IDEAL RAMJET)

= 11' c

'Y

(5.7.4)

(5.6.13)

We can also note from Eq. (5.6.12) that the
thrust goes to zero (of course) for no combustion

F

T},.

[g m =

in the burner (Tb = r-r- = 1).
r c

o

a

2T

T},.

32.~74 [f.y_~ (r-r--l)(Tc-l)
r c

Specific Fuel Consumption
From the enthalpy balance across the combustor
we may >rri te

(5.7.5)

(5.7.6)
Here. h is the "heating value of the fuel."
rtluS, again taking f

«

(5.7.7)

1, we obtain
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5.8

F
Ii/;'
[g-;:;
1

EXAMPLE RESULTS, IDEAL TURBOJET AND RAMJET

' '1 ,,,0 ~'\
0

As an example of the use of the performance
equations, consider the problem of selecting en
appropriate compressor pressure ratio for a given
flight condition. We consider a turbojet to fly
at Me = 2 with the conditions y = 1.4, Tq= 222.2 K
[400 0 R], h = 4.4l94(107)J/kg [19,000 BTU/Ibm],
= 1004.9 J/kg K [0.24 BTU/Ibm 9R], TA = 7.
Figure 5.8.1 indicates the results.
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Specific Thrus t Versus Hech Number,
Ideal Turbojets and Ramjet
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Effect of Compressor Pressure Ratio
on Performance, Ideal Turbojet

large pressure ratio range, but not out to
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I
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4.0

r
f

/

I

3.5

1

2.5

pressure ratio increases, the stagnation tempera-

ture at entry to the burner increases with the
consequence that the allowable fuel addition is
reduced because of the restricted T .) It is
A
hence evident that (ignoring afterburning
effects
for the moment) if a designer wanted a high thrust
lightweight engine for use in an interceptor, he

2.0

7Tc =

c

3.0

extre~~

pressure ratios.) The specific thrust, however,
maximizes at quite low values of the compressor
pressure ratio. (Note that as the compressor

10\01

RAH

\ 1\

1

It can be seen from the figure that even with
the assumption of ideal engine behavior some
important design trends become evident. Thus,
this ideal ann lysis indicates that the specific
fuel consumption tends to decrease as the compressor pressure ratio increases. (This trend is
true also when the losses are included over a

would favor a
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compression ratio engine, whereas

if the engine was to be used for transport purposes
~lhere fuel consumption is of paramount importance,
a heavier higher compression ratio but more efficient engine would be appropriate.

Figure 5.8.3

Figures 5.8.2 and 5.8.3 show the expected
performance of engines over a range of flight }lach
numbers.

The conditions assumed for these examples are
identical to those in the preceding example
except that TA was taken to be equal to eight for
the ramjet. It is important to note that these
examples illustrate the behavior of what would be
a series of engines designed to fly at the illustrated Hech number at the indicated pressure ratio.
In other words, the graphs represent the behavior

5-7

Specific Fuel Consumption Versus
Mach Nwnber, Ideal Turbojets and
Ramjet

of a family of enginea all Hith the same compressor
pressure ratio but flying at various design Mach
numbers. If an engine designed for a certain Mach
mnnber and presAure ratio is flown off-desJ.gn (at
a different Hach ntnnber), its compressor pressure
ratio Hill change. These effects are analyzed in
section 8.1.
It is apparent in Figure 5.8.2 that in the
case of the turbojets, as the flight Hach number

Figure 5.8.4 indicates how the specific fuel
consumption decreases as the turbine inlet temperature decreases because of the increasing propulsive efficiency.

5.9

"increases the resultant increase in compressor

outlet temperature restricts the allo'Jable fuel
addition causing a reduction in specific thrust.
(Note that in an actual engine the airflow 'lOuld
increase as He increased causing the thrust (but
not specific thrust) to initially increase.) In
the case of the ramjet, the thermal efficiency of
the engine is so 101' at low Nach numbers that the
specific thrust at first increases with increasing
}mch numbers before eventually decreasing due to
the limitation on fuel addition.
Figure 5.8.3 indicates that the turbojet
specific fuel consumption at first increases with
increase in Ho' This is because the energy
required for a given velocity change from inlet
to exit (and hence thrust production) increases
as the flight speed increases. At very low
thrusts the specific fuel consumption decreases
(for this ideal engine) because the propulsive and
thermal efficiencies increase. For the ramjet,
the initial sharp drop in S reflects the
increasing thermal efficiency. Later, the effect
of the extra required energy for a given velocity
change causes 5 to increase.
As a final example calculation, we again
consider a family of turbojets with He = 2 and
with rrc = 20. We then consider the effect of
varying the turbine inlet temperature, or equivalently of varying T . Figure 5.8,4 indicates the
A
refults..
5(10 5 ) [51
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Figure 5.8.4

/

ro

f
S = -F=

u

0

(llID ) hf
u F
0

or

(5.9.1)
From sections 5.3 and 5,4 it can be seen
that the expressions in parentheses are just the
pro,mlsive and thennal efficiencies. That is,
u F
o

and
(5.9.2)

2
.8

(5.9.3)

Equation (5.3.1) related the thermal efficiency to the thermodynamic variables by

·8

.6

/
10

In the preceding sections the equations for
Sand F/m were deliberately formulated in a
manner that led to easy algebraic manipulation
and calculation. For interpretive purposes we
may write S in the alternate form

Hence we may write

2 ,6

2 ,0

/

I

V

INTERPRETATION OF THE BEHAVIOR OF THE
SPECIFIC FUEL CONSUNPTION

1bf hr
1

2 .2

//j

V

2 .8

Hm'lever t if component losses

were present, a finite fuel flow would be required
as the thrust approached zero Hith the result that
the specific fuel consumption would increase
dramat ically.

1 .6

/

1 ,4
1 .2

.4
5

6

and He may obtain an expression for the propulsive
efficiency by combining Eq. (5.4.2), (5.6.1) and
(5.7.5) to give

1 ,0

Specific Fuel Consumption and
Specific Thrust Versus T , Ideal
A
Turbojet

(5.9.4)

Equation (5.9.3) indicates that we may interpret the behavior of the specific fuel consumption
as a combination of three influences. Thus, as
the flight Mach number increases, the required
increase in energy requirement appears in the
factor~.
This effect is somewhat compensated
for by the increases in ~ and ~to that occur for
increases in Me for the i8ea1 eng~ne case. Figure
5.9.1 illustrates the variation in behavior of the
thermal and propulsive efficiencies for the ideai
turbojets and ramjets previously considered.
1.0 ' - - '

IDEAL
0.9 RMlJET

/

IDEAL
TURBOJET

V V
/
/'

11
0.8

V/ V

0.7
0.6

./"

V

0.5

0.2

(5.10.1)

r-

J

when Flm i. a maximum. The expression for the
specific thrust in this special case is hence

(5.10.2)

Ii'- r 11p

Also, it follows from Eqs. (5.10.1) and (5.7.6)
that

/

C T

f=T~ (~-l)

I
!/

/
4

1

Figure 5.9.1
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0

5.10.1

(5.10.3)

TEMPERATURE RELATIONSHIPS AT MAXIMUM THRUST

lbe relationship of Eq. (5.10.1) leads to
the result that the stagnation temperature
following the compressor is equal to the static
temperature at nozzle exit. This can be shovm as
follows:

1

Thermal and Propulsive Efficiencies

It can be seen that the trends support the
conments made in the previous section in that the
low thermal efficiency dominates the ramjet
performance at low Ho whereas the rapidly increasing propulsive efficiency leads to the reduced
specific fuel consumption at high Mach numbers
for the turbojet.

p~

so that with

Z:!
p~

(-)

y

p.

As a final observation upon the behavior of
the specific fuel consUlnption, it ,can be noted
that for given ~~ (T r ) and compressor pressure
ratio, IT (hence T c), the thermal efficiency of
the ideal engine is independent of turbine inlet
temperature. Thus, the observed decrease in S
with TA seen in Figure 5.8.4 results solely from
the increase in propulsive efficiency that occurs
with decrease in T •

We may write

or

A

5.10

THE MAXIHUH THRUST TURBOJET

In Figure 5.B.l it is evident that a maximum
specific thrust occurs for a specific value of
compressor pressure ratio.
This specific value
of compressor pressure ratio can be directly
obtained from Eq. (5.7.5) hy equating the derivative of the specific thrust with T to zero.
Noting that at fixed flight conditIons and turbine
inlet temperature, a o ' Tr , ~ and TA are all
constant, i t is evident that F/m >riTl be a maximum
when

Thus

Q.E.D.

(5.10.4)

The temperature entropy diagram is then as
indicated in Figure 5.10.1. Note that the T-s
diagram is very "full" for the condition T = 'lQ.

ta
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5.10.2

Temperature Entropy Diagram for Max
Thrust Turbojet

Figure 5.10.3

5.11

The perfonnance of a L'lllX thrust turbojet may
be plotted in ~ similar manner to the conventional
turbojet and ramjet. Figure 5.10.2 shows the
specific thrust versus flight }lach number for a
family of max thrust turbojets. Shown for comparison is the equivalent perfol~nce of a family of
t.urbojets with a compressor pressure ratio of
twenty. Conditions are as in Figures 5.8.1-5.8.3,
namely y ~ 1.4, To = 222.2 K, h = 4.4194(l07)J/kg,
Cp = 1004.9 J/kg K, TA = 7.
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Compressor Pressure Ratio for
Haximum Thrust

3

A well established and relatively simple method
of increasing the thrust level of a turbojet is to
"afterburn" ill the duct following the turbine outlet.
The additional enthalpy addition coupled with the
nozzle pressure ratio provides a substantial thrust
augmentation, though at the expense of an increase

in specific fuel consumption. The mechanical
arrangement and related station numbering are
indicated in Fig. ·5.11.1
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Specific Thrust Versus Flight Hach
Number - Hax Thrust lurbojet

The related compressor pressure ratio giving
maximum thl~st is shown in Figure 5.10.3. Note
that each max thrust turbojet graph must tel;ninate
where rr~ ~ 1. This occurs when Tc = 1 giving from
Eq. (5.10.1) Tr =~. Hence
(5.10.5)

Figure 5.11.1

The Turboj et with Af terburning

Wh"ll the entire cycle is considered ideal,
all the component r~lationships of Sec. (5.2)
remain true and in addition We note 1TAB = 1 •
Usually the maximum temperature attainable in the
afterburner is substantially higher than that
attainable in the primary combustor because of
the restriction placed upon the attainable temperature in the primary combustor by the presence of

the turbine. Figures 5.11.2 and 5.11.3 indicate
the thermodynamic cycles appropriate for the ideal
afterburning turbojet.
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Equations (5.11.1) to (5.11.5) may now be
combined to give

The similarity between this expression and
that obtained for the turbojet without afterburning
(Eq. 5.6.10) is evident when it is noted that the
minimum value for TAAB that occurs for no afterburning is (TAAB)min = 'A't' With this substitution
Eq. (5.11.6) reduces immediately to Eq. (5.6.10).
The power balance between compressor and turbine
remains unchanged, so that Eq. (5.6.11) remains
valid, namely:
T

= 1 - -L (T -1)
t
'fA
c
The expression for the fuel to air ratio in
the primary burner also remains as before (Eq.
5.6.14). The fuel to air ratio for the afterburner
is obtained from an enthalpy balance across the
burner to give
,

T

;'fAB h =

(~ + ;'f + ~fAB)CpTt -(~ + ~f)CpTt
e
;,

f AB =

or

Temperature-Entropy Diagram, Ideal
Afterburning Turbojet

5.12

5.11.1 CYCLE ANALYSIS OF THE IDEAL AFTERBURNING
TURBOJET
Again assuming, 8S in Sec. (5.6.2), that all
component efficiencies are perfect, that the gas
is calorically perfect, that the exit static pressure is equal to the ambient pressure and that the
fuel to air ratio in both primary combustor and
afterburner is much less than unity, we have:

u

= 1;"" = aoHo (-;/-

(~)

Inputs:

TO(K)[OR], y, h(J/kg) [BTU]
Ibm'
BTU
Cp (J/kgK)[lbm o RJ. TA, TAAB , TIc' Ho

Outputs:

;!;" Ns

- 1)

F (

U

o

To

/k) [ F
1bf]
g g-;h' Ibm/sec '

o

(kg fuel/sec) [Ibm fuel/sec]

TOT

(5.11.1)

kg

air/sec

Ibm

air/sec

Equations:
R =

.Y::!.
~

2

2

C m /s k [R =
p

1. I
ft 2
~ Cp (2.505)(I04)sec2 'RJ

(5.12.1 )
(5.12.2)

2

= _-i (~)

IYRT

(5.11.2)

Ho

We now write

'r
(5.11. 3)

O

m/s [ft/sec)

=1+.Y::!.H2
2
0
.Y::!.

(5.12.4)

'r
TA

(5.11.4)

2
[{Y-I
T

r c t

(5.12.5)

(Tc-I)

2
TAAB
J/2
a [ { - - - - (T 'f ,-1)
-H]
o Y-I Tr' cTt
r c t
0

Hence with Eqs. (5.1.1), (5.2.2), (5.2.4) and

l'

(5.12.3)

,c = TIc Y

't = 1 - -

(5.11.4)

-= T

(5.11.7)

S(k /Ns)[lbm fuel/hr]
g
Ibf thrust '

o
Where as before,
u 2
T
H

T"AB-'A Tt)

SUMMARY OF THE EQUATIONS, IDEAL TURBOJET
WITH AFTERBURNING

f
F

Specific thrust

h

5

Combining Eqs. (5.6.11), (5.6.14) and (5.11.7)
then gives • •
_ mf+mfAB _ C/o
f TOT ill
h ('AAB-Tr)
(5.11.8)

s

FigU!' 5.11. 3

fAB::
ill

C T
---LQ. (

(5.11.5)
5-11

'AAB

TTT
r c t

(T ,

r c

T

t

-1) }1/2 -H
0

II

(5.12.6)

NOTE:
i.

The minimum allowable value for

We may obtain the analytical expression for
the compressor pressure ratio giving maximum thrust
by noting with Eq. (5.12.5),

T"AB = T" T t •
C T

f TOT = -E~ (TAAB-T r )

(5.12.7)
(5.12.B)

at the maximum

He~ce

5.13

EXAMPLE RESULTS, IDEAL TURBOJET WITH
AFTERBUlUHNG

1

_ 'r
'"

We consider a turbojet to fly at a flight
Mach number of t>1O, with the conditions y = 1. 4
4.5357(107)J/kg[19,500 ~~~j,

h=

TO

233.3 [420 0 Rj,

C
P

1004.9 J/kgK[0.24 BTU/lbmORj, T"

=7

, 'AAB

and

o

(2, ·-1)

or

c

1T C max thrus t

= B.

Figure 5.13.1 compares the performance of the

In the example given above we obtain

turbojet over a range of compressor pressure ratios

operating with and without afterburner.

[/mo

F/~

j

Ibf
Ibm/sec

5(10 5 )
Ns/kg

V-

80
70

700

60

600

50
40

~

i

\--

~

500

t'-.,

'"

o

20

10
1T

~

['."
~

f'--"

efficiently with no afterburning, but was to engage
in combat with hIgh thrust and relatively efficient
afterburning fuel consumption,

3.5

1.2
3.3

2.9

I~':>.' ~

compressor pressure ratio would be near a suitable
compromise for an aircraft that was to cruise

1.3

3.1

ITAB off

400
300

-

5.11,

THE TURBOFAN InTH SEPARATE EXHAUST STREAMS

1.1

5.14.1

CYCLE ANALYSIS OF THE IDEAL TURBOFAN WITH
SEPARATE EXHAUST STREAMS

1.0

The methodology of cycle analysis, as described in Sec. (5.6.1), will again be applied.
When applying the cycle analysis, we must now
account for the thrust of both the primary (core
engine) and secondary (fan) streams, and must note
that the turbine power output will now be equated
to the power input to both fan and compressor. We
again assume tha t all component eff iciencies are
perfect, that the gas is calorically perfect, that
the fuel to air ratio in the combustor Is much less
than unity and that the exit static pressures of

2.7
0.9

2.5
2.3

30

22,84

It would appear then that such a value for

3.7

~
900
1-7'~ on
BOO

90

1T c max thrus t

kg/Ns

1000

100

[Sj

40

C

both primary and secondary streams are equal to
the abmient pressure. The nomenclature and notation

Figure 5.13.1

are as in Fig. 5.1.1 and Sec. (5.1),

Effect of Compressor Pressure Ratio
on Performance, Ideal Turbojet with
Af terburner

The total thrust may be written as the sum of
the thrust contributions of the two streams to give

As predicted, the addition of afterburning
leads to an increase of specific thrust at the
expense of an increase in specific fuel consump-

tion. It is of interest to note the location
of the maximum in the specific thrust when
afterburning is present. By formally taking the
derivative of the specific thrust with 'c

or

(Eq. 5.12.6), it is evident that the maximum occurs
when the product 'r'c't reaches a maximum. Such
a maximum occurs when

1Tr1T c1T t = Pt /po
5

= Pt

/p,

that because

f TOT

Here we have introduced
m

c

Mass flow rate of the primary stream

m

c

Mass flow rate of the secondary stream

a

= ~ = By-pass ratio

1

5

reaches a maximum and it is evident (and obvious)
that the maximum thrust occurs when the nozzle
pressure ratio reaches a maximum.

(5.14.1)

He note also

2

is a function of '''AB and 'r

.

m

(and CpTo/h) only, the maximum in thrust corresponds

1

to the minimum in specific fuel consumption!
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SECONDARY S'rREAM

The specific fue.l consumption then follows from

We again have

(5.14.2)

Now write

T '

t9

~

T ' (1 -I- Y-2

Pt~ ~
With Eqs.

1

9

P9' (J.

+ r~!.

H

9

.or

~)

= T t
0

T

r c

~

H/)Y-l

(5.14.11)

(5.14.3)

,

Combi'lation of Eqs. (5.14.1) and (5.14.7)(5.14.4) (5.14.11) then gives the fol10;llng summary of
equations.

Po1Tr1Tc'

(5.1.1), (5.2.2), and (5.11,.4)

5.14.2

Sm!HARY OF THE EQUATIONS, IDEAL TURBOFAN,
BY·-PASS RATIO PRESCRIBED

(5.14.5)
Inputs:
So that

(5.14.6)

T '
9

F
(Ns/kg) [ F
lbf]
;J;"~
g(m +ill )' IbmlS;:U: ,

Outputs:

1

We might note here that this result could have
been obtained more directly by noting P ' ~ Po and
9

9 , ~ So ,hence
9

\ ' = To'

2

0

1

2

S(k /Ns) [lbm~uel/hr]
g
1bf thrus t '

Equations (5.14.2),

f ~J.t.1-,,11~~~ __ ~_
kg primary air/sec

(5.14.5), and (5.14.6) then give

(5.14.7) Equations:
PRIHARY STREAH

C (2.505)(10') ~-J
p
sec' R

1:--1
y

(5.14.12)

The relationships for temperatures and pres-

sures, here, are exactly as previously obtained
for the turbojet (Sec. 5.6.2), so we may write

u

T

(~- 1) = {_2_ -~_A_(T T

Ho

U

a

T

y-1 Tr Te r e t

o

_1}1/2

T

- Ho

(5 , 111, 8)

For this ideal cycle the power output from
the turbine will just equal the power input to the
fan and compressor. We hence obtain

T

~ C (T
1 P

t,

-T

ts

) = ~ C (T
1 P

t3

-T

t2

) -I- ~ C (T ,-T )
2 P t,
t2

,

Tf

1

t
F

;;, -hit
1

[ft/sec)

(5.l4.13)

(5.14.14)

(5.111.15)

"

c

T
c

m/s

l-1-Y:l.M2
2
0
y-1
y
c
y-l

r

T
POWER BALANCE

IYRT o

0

2

,y-

(5.14.16)

c
T
r

+

[(T -·1)
c

Ti-

a(T '-1)]
c

~liao
2
= Ha [{Y-1 TT
r c

(5.14.17)

(T T T _1)}l/2
ret

or
- H

o

T

hence

T

t

= 1 -

-'TA='

[(T -1) -I- a(T ,-l)]
c
c.

a[{~l

+

y-

{T T '_1)}l/2_ H II
reO

(5.14.18)

(5.14.9)
Ibf
Ibm/sec

(To obtain British units of

in

SPECIFIC FUEL CONSillfPTION

meters/sec would be replaced by
should be given in ft/sec)

An enthalpy balance across the combustor gives

(5.14.19)

or

(5.14.10)

s = ___f - F (HD.)(;;'~)
I

1

[S

3600f
(I-:{J,)

]

(--.!-~)
g (m +m )
a

I

2

(5.14.20)
5-13

5.14.3

It can be seen from Eq. (5.14.18). that this
relationship shows that when 'the by-pass ratio is
such as to give minimum specific fuel consumption
(for the ideal engine) the thrust per mass per
second of the primary stream is one-half of the

BY-PASS RATIO FOR HlNIMUH SPECIFIC FUEL
CONSUMPTION

It would be desirable to select the by-pass
ratio a, to give the minimum specific fuel consumption possible for given prescribed operating
conditions (TO,M ), design limits (T ) and design
A
O
choices (ITc,IT '). It is evident from Eqs. (5.14.18)
c
- (5.14.20) that the minimum value for Swill

thrust per mass per second of the secondary stream.

This somewhat surprising result follows primarily
because when the efficienc.y of energy transmission
between the two streams is very high, the propulsive efficiency of the engine is improved by expendoccur at the maximum value of the expression
ing most of the ener8Y in providing momentum to
the denser (cooler) secondary stream. It should
be noted that when component losses are present,
{_2_l (, ,,_1)}1/2_M +a[{_2_ (, ,'_1)}1/2_M 1 the optimal thrust per mass per second of the
1'-1 'r'e
r c t
0
1'-1 r c
0
primary stream is a much higher fraction of that
of the secondary stream. (Usually larger than
Taking the derivative of this expression with
unity. )
a we obtain
The optjJnal by-pass ratio may be obtained from
Eq. (5.14.17) to giv~
1
3't

<r-i)'A aa

+ [{_2_ (, , '_1)}l/2_ Mol
1'-1

2 'A
1/2
{1'-l:r:r ('r'c't- 1 )}

r c

(5.14.25)

r c

o

at minimum

(5.14.21)

S

The expression for the thrust, Eq. (5.14.18)
may be simplified with Eq. (5.14.24) to give

From Eq. (5.14.17) we find

F*

..--.- =

a,
_t =
aa

m-tm

t

I

_ .....!: (t '-1)

'A

1+2a* [{_2_ (T , '-1) }1/2-H 1 (5.14.26)
ao 2(1+a*)
1'-1
rca

(5.14.22)

c

These equations are summarized in the next
section.

Equations (5.14.21) and (5.14.22) give an
equation for that value of 't identified with

5.14.4

the minimum specific fuel consumption. Thus,
denoting by an asterisk the particular value of
the property leading to minimum specific fuel
consumption we find

SUl1HARY OF THE EQUATIONS, IDEAL TURBOFAN,
BY-PASS RATIO OPTIMIZED

Inputs:

2
'r('c' -1)
,*=_1_+
1
[---"---"----. 1
t
tr,c
2(1'-1),1.
{_2_ (, t '_l)}l/~M
1'-1
r c
0
(5.14.23)

Utilizing this value of

2

Outputs:

~
Thf
(Ns/kg) [g (m -hD) Ibm/sec]'

~

m-hD
1

0

2.

1

2

S*(k /Ns)[lbm fuel/hr l
g
lbf thrust'

't*' we then find

kg fuel/sec
f kg primary air/sec'

....L, (,
1'-1

r

c

'-1)

....L

y-1

r c

(, t

r c

1

The first five equations are identical to
Eqs. (5.14.12-5.14.16), then

0

'-1)

_2(, r -l)-H0 {_2_
1'-1
y-1

[{_2_ (, , '_1)}1/2_ M

1'-1

1.

r c

(, ,

r c

'-d/l!rM0 2

[

1

0

_1_, (t '-1)
2
y-l r c
1
{_2_ (t t '_1)}1/2_M
1'-1
reo
(5.14.27)

'-1) + M 2_ 2M {_2_ (, , '-1) }1/2]
r c o o 1'-1
r c

[_2_ (, t

2 1'-1

[{_2_ (t t '_1)}1/2_ H

1'-1

r c

F*

0

m-hD

.
{_2___1._ (t t t *_1)}l/2_H

1'-1 t ,

r c

1.
2

r c t

I

1

1+2a*
2

= a o 2(1+a*)

0

1

1'-1

'-d/2_M

reO

]

(5.14.29)
(To obtain British units of

r c

[{_2_ (t t

tt

0

[{-L (t t '_1)}1/2_ M

1'-1

(5.14.28)

1

t

or

*

Equations:

[{_2_ (, , '_1)}l/2_H

1'-1

a

(5.14.24)

1b!~;ec'

meters/sec would be replaced by
should be given in ft/sec.)
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ao
32.174

BO

in
where

ao

(F/m)

(5.14.30)
f

S*

[S

3600f

*
(Ha ){g

)

S*(10 5 )

Ns/kg
15
a*

F*
(til +til )}

*

kg/Ns
300

3.5

!\

(5.14.31)
5.14.5

30
a*

140

25

120

15
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o
o
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1
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2
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/
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\

~

2.0
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/
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o

3
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Figure 5,14,1, Specific
Thrust and Specific Fuel
Consumption Versus Flight
Mach Number

2.0
The strong effect of flight at increasing Mach

80

~.\

numbers is very evident in these curves.

60 f---I'-t---j---i 1. 9

"- ........
1

5

200

Figure 5,14.3 Optimal
By-Pass Ratio Versus
Flight Hach Number

100

\

5

o

"

EXAMPLE RESULTS - IDEAL TURBOFAN WITH
SEPARATE EXHAUST STREAHS

As an example of the use of the performance
equations we consider the effect upon the performance parameters and the optimal by-pass ratio
of variations in the by-pass pressure ratio.
S* (105)
(F/m)*
Ns/kg
kg/Ns

20

10

3.0

\

012

1.5

11

40

r--

,2.0
c

20 .......--'----'----' 1. 8
2.5
1
1.511 ' 2.0

2.5

Figures 5.H.5 and 5.14.6 indicate that
increasing
has a similar effect upon the
optimal by-pass ratio and specific th'rust as does
Figure 5.14.2 Specific
reducing the flight Hach number. (Conditions
Thrust and Specific Fuel
Consumption Versus By-Pass assumed are as above with Ho = 2). This is true,
Pressure Ratio
of course, because an increase in TA gives an

T"

c

Figure 5.14.1 Optimal
By-Pass Ratio Versus
By-Pass Pressure Ratio

Conditions assumed for these calculations were

y = 1.4, To = 233.3'K[420'R), h = 4.4l94(107)J/kg

increase in turbine power capability. The slight
increase in specific fuel consumption with

T"

would appear to negate the thrust advantages of

[19,000 BTU/Ibm], C = 1004.9 J/kgK[0.24 BTU/lbm'R),
p
= 6.5, Ho = 2. I t is apparent that a

lIc = 20,

Thus, even

though the optimal by-pass ratio reduces sharply,
the much reduced power capability of the turbine
causes a reduction in the specific thrust. It can
be seen that it is most important that a designer
be aware of the intended flight regime if he Is
to be able to properly choose his design variables •

T"

going to higher turbine temperatures, However, it

should be noted that not only would the engine be
smaller (particularly the core engine), but the
specific fuel consumption will actually tend to

trade-off between high thrust per frontal area
and low specific fuel consumption occurs. This
decrease with increasing TA when component
clearly reflects the increase of propulsive effilosses are ,included,
ciency with a decrease in fan exit velocity (loWTf ').
, *
c
(F/m)
The enormous optimal by-pass ratios occurring for
Ns/kg
the very low by-pass pressure ratios do not in fact
occur when losses are considered (Chapt. 7).
The
6
130
effect of losses is to much reduce the optimal
a*
fraction of energy to be supplied to the by-pass
~
120
5
stream.

/

a*, S* and

The variations of

F*

with

m+til
I

I_-

4

2

flight Hach number are shown in Figs. 5.14.3 and
5.14.4. The conditions assumed are as above with
the additional value 11 ' = 2.0

3

c

2
1

a

/

II

I

90
80

i

-/

2.5

I
/

~

70

5.5

6.5

7.5

Figure 5.1iJ. 5 Optimal
By-Pass Ratio Versus T"
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110

100

V

4.5

~

4.5

5.5

6.5

2.0

1.5
7.5

Figure 5.14.6 Specific
Thrust and Specific Fuel
Consumption Versus T"

-

As a final example of the ideal turbofan with

5.15.1

separate exhaust streams we consider the effects

CYCLE ANALYSIS OF THE IDEAL TURBOFAN
WITH mXED EXHAUST STREAl1S

of varying the by-pass ratio from the optimum
value. Conditions are as assumed in the above
examples, and the results are illustrated in
Figure 5.14.7.

F/;'

2

Ns/kg

\

200

C __
IIIII~ I'C_~_'II\_

--\

1\

180

\--

160

'\

140

\

2.3
2.2

\

~

120

a*

o
Figure 5.14.7

1

3

2

2.1

~ /

100

2.0

I~
4

Figure 5.15.1

1.9
5

Specific Thrust and Specific Fuel
Consumption Versus By-Pass Ratio

This figure illustrates that a truly optimal
choice of by-pass ratio might be other than that
leading to the minimum specific fuel consumption.
Thus for example note that by selecting a = 3
rather than a* = 3.91 , a 21% increase in specific
thn,st can be obtained at a penalty of a 1.5%
increase in specific fuel consumption. When the
engine size, weight and cowl diameter are all
considered for the installation effects, it is
probable that a by-pass ratio lower than that
corresponding to a* would be selected.

5.15

=~'1~1~171'-3--4--5----~7;:

o

220

THE IDEAL TURBOFAN WITH MIXED EXHAUST
STREAHS

(5.15.1)
We again have

(5.15.2)
and may write
T

and convenient to duct the primary and secondary
streams through a common exit nozzle.

tg

T (1
9

+ .Y::!.
2

(5.15.3)

M 2)
9

-L

In the

event that little mixing of the streams occurs
the analysis of the preceding section would
remain valid. In many applications, however,
"forced mixers u are used to greatly enhance the

The Ideal Turbofan with tlixed
Exhaust Streams

\ole again assume all efficiencies perfect,
nozzle exit pressure equal to the ambient pressure, that the gas is calorically perfect and
that the combustor fuel to air ratio is much less
than unity. The specific thrust may hence be
written

In many installations, particularly in aircraft with body mounted engines, it is suitable

mixing of the streams.

3'

p tg

= p 9 (1

+ .Y::!.
2

H 2) y-l ~
9

(5.15.4)

An enthalpy balance gives

Several benefits may

accrue from mixing the streaU1S, such as improvements in the performance parameters and reductions

m C T + m C T ,~(;. + ;. )C T
1 P ts
2 P t3
1
2
P t.

in the exhaust jet noise.
In order to analyze the behavior of a turbofan with ideal stream mixing, we will assume the
presence of an "ideal constant area mixerll.

or

Tt •
1
- - = - - {or T

To

l-h:t

A

t

+ aT

'(

r c

'}

(5.15.5)

An

ideal constant area mixer is defined as a constant
area mixer with no sidewall friction. Analysis
of such a device provides us with the outlet stagnation conditions as a function of the two sets of
inlet conditions. When the outlet conditions are
known the performance of the engine can be
determined.

Combination of Eqs. (5.15.1-5.15.5) then
gives

5-16

The power balance between compressor, fan
and turbine remains unchanged, so T
is still
t
given from Eq. (5.14.9). In Sec. (5.15.2) we
will obtain the ratio Pt/Pts ' so note here

The equation for the mass £10\"
may be >Tritten in the form '

Eq. (2.18.1).

3', 5 or 7)

(5.15.12)

Pt9
Pt9 Pts ~ lTclTt
Pta' = Pts p;~ = Pts

rr;;-

(5.15.7)

Noting from the enthalpy balance that

T

The expressions for f and S remain as in
Eqs. (5.14.10) and (5.14.11). These equations
will be summarized in Sec. (5.15.4).

Tt
--U.
T

ts
an equation for

5.15. 2 THE IDEAL CONSTANT AREA MIXER

1

,

+ a-.!.L

Tts
_-:--:--"-"-_

_

-

1

M7

(5.15.13)

+a

can be obtained by combining

Eqs. (5.15.11 - 5.15.13), and may be written in
the form
T

,

(1 + a)(l + a -T~)
A"

ts

f(M)

f

-............

7

................. - - - -",,"

Pta'
Tt ,'
---P

where

As

(5.15.14)

P ts

Tts

This is once again of the same functional
form for the Mach number as occurred in the solution for the heat interaction at constant area,
Sec. (2.17.4), so we may write
M • = 1 _ M1+1I]

1-'2yf+1I

7

Figure 5.15.2

The Constant Area Mixer

1I

where
We may consider Pts ' Tts ' Ms ' Pt ,' , Tt ,' ,
and a to be prescribed. The common static pressure at the splitter, p , can then be obtained
directly from

= 1I-2(y+l)f

Following solution for

7

y+l

{(l+a)(Ha

.Y=..!
"

P • Y

[(...J::2)

= y-l

P

P

As

+ .Y=..! M

Tt s

1

+.Y=..!
2

2

,2 (Y-1)M
7]
...2. _ _
I_
11 '
H HA,fA
's
7,
S

(5.15.16)

•

The equations of this section are summarized
in Sec. (5.15.3).

5.15.3

Equation (2.18.1) for the mass flows may be
utilized to give
A ,

1

.Y=..!
2

-l]=-[(~)
y-l P
ts

(5.15.9)

J.... =

T

-.£i)i/2 [

from which we obtain
2

M ,the other down-

stream variables follow directly. Thus, Eqs.
(5.15.12) and (5.15.13) may be combined to give

(5.15.8)

M2

(5.15.15)

rr:; M
a/? --L
Tts

M,'

SUMMARY OF THE EQUATIONS - IDEAL CONSTANT
AREA MIXER

.-(.Y=..!)

P

(---.U)

Pts

2Y

(5.15.10)

~:=.u
, T

Inputs:

ts

P ts

The momentum equation may be written as

Outputs:

H

,ex

,M
S

7

A (p +p u 2 )+A • (p •+p ,u .. ) = A (p + p u 2)
55

or

S5

3333

7777

Equations:

Ap(l+yM 2)+A ,p ,(l+yM ,2) = A P (l+yM 2)
SS

5

33

3

77

7

(5.15.11)
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.Y=..!

p, y
[(---.U) {I
y-l
P

= _

2

ts

+ Y=.!
2

M 2 }-1]

s

(5.15.17)

(5.15.18)
(5.15.30)
(Ha)

~

(1 + a TtS)

.--K.=
m+lil

(5.15.19)

I

2

2

a [{ y-1 (1 - ---=1'--.--::-1)(1,,1 +al 1 ,)}1/2_M ]
o 1+a
Jl.Y=-!.
t
reO
1 1 '(~)Y
(5.15.31)
r C Pta'
here
f::,

1l-2(y+l)f

a

(5.15.20)

f::,(l+f::,) 1/2
M? ~ [1 - 1-2yf+f::,]
T

,

{(1+a)(1+a ~)}

+

1

(5.15.21)

1/2

M

A,

1 + .Y::l M • 2(y-1)
l+.Y::lH
2

?

2
5

I

Inputs:

To(K)[ORl. y, h(J/kg)[~!~],

Outputs:

m-1,1,

F

F

(Ns/kg)[g (tb
2

1

3600£

=

F

(l+a){g (tb +;li)}
012

2

(5.15.33)
5.15.5

SUMHARY OF THE EQUATIONS - IDEAL TURBOFAN
WITH MIXED EXHAU ST STREAMS

I

[S

(5.15.22)

5

5.15.4

f
=---F
-(1+a) (m +tl. )

S

z]

2

M

t-

(5.15.32)

--1±L

J.. [

t\

1bf
(To obtain British units of Ibm/sec' a o in meters/sec
ao
would be replaced by 32.174 where ao should be
give.n in ft/sec.)

0

+tl. )'

I

~!PLE

RESULTS -

IDF~

CONSTANT AREA MIXER

In order to compare the performance of fully
mixed streams and separate streams, we will consider
the "gross thrust" capability of the two cases. By
gross thrust we mean t,at thrust that would occur
if all the momentum of the exit streams contributed
entirely to thrust. We thus write

Thf

Ibm/sec]'

2

for unmixed streams

(5.15.34)

for mixed streams

(5.15.35)

S(k /Ns)[lbm fue1/hr] f
kg fuel/sec
g
1bf thrust'
kg primary air/sec
Noting that for all cases (Sec. 2.14)

y-1

Equations:
u • =

e

R D.Y::l C m2 /s 2 K [R =.Y::l
y Cp (2.505)(10') ~l
sec,oR
y
p
(5.15.23)
ao

= hRTo

m/s

[ft/sec]

..h.. RT
y-1

p

t

[1 -

(~)
Pt

Y
(5.15.36)

)

it follows immediately that

(5.15.24)
{l-

T

r

=1+.Y::l M 2
2

(5.15.25)

0

.Y::l

1:l
T

c

-

'IT

c

T,

(5.15.26)

Y

P

{(1+a) (l+a -ll) [1- (~)
Ptz

Y

\5

= 1Tc '

Tc '

(5.15.27)

T

.T

t

a

[(T

1"

'IT

a

t

Pt9

....r

1 -

..:L
y-1

1

t

c

-1)+a (T '-1) 1
C

(5.15.28)

1/2
(5.15.37)

1:l
y

J}

Equations (5.15.17 - 5.15.22) and (5.15.37)
allow direct calculation and comparison of the ideal
constant area mixer performance with non-mixed
stream performance. As an example we consider a
a = 2 ,M = 0.5 and y ~ 1. 4 , and

mixer with

5

investigate the effects of varying the temperature
(5.15.29)

{--- is then obtained from the equations for the
Pt5
ideal constant areS mixer, Sec. (5.15.3). Note

r
T

ratio

,

, stream pressure ratio

ts
pressure ratio ~
Pt5
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!u'
Pts

and exit

F

un
Fmix
1.01
1.02

./

1.00

~

.99

p

Pe = .6
Pts
Tt3'= 1
T

.98

.97

=0

p'

~ 5-

p

p;:-

.85

1

.8

,6

1.01

\\
\
\

.94
.4

As a final example we note the eUect of
varying the inlet Hach numbers of the mixing
streams. We consider the case a : 2 ,

~
Tts

= 1 ,

~=
Pts

0.9 ,

.4

~=
Pts

O.S

-----

.6

.5

.7
M

Figure 5.15.4 Effect of
Variation in Stream Temperature Ratio and Exit
Pressure Ratio, Ideal
Constant Area Mixer

It can be surmised then, that real mixers
(including viscous losses) may show signs of
performance gains when used with nozzles with
large expansion ratios and in which substantial
temperature differences between the two streams
exist. It should be noted that "forced mixers"
are being considered very much for transport
aircraft, where. the promise of performance benefits is not substantial. In such cases the
prime motivation for the use of mixers arises
from the hope of substantially reducing the jet
noise.

"--

0.99

.2

Several trends are evident in Figs. 5.15.3
and 5.15.4. Thus note that a mixing benefit
occurs only when there is a difference in stagnation temperatures in the streams. This is because
the Etagnation pressure losses identified with
mixing will cause a decrease in thrust unless one
of the streams has a higher stagnation enthalpy,
with consequent possible benefit of equalizing
the enthalpies. It is to be noted also, that
when the exit pressure is further reduced, the
penalty identified with stagnation pressure
loss in mixing is reduced, because the overall
pressure ratio is so large.

~

1.0

Tta , /Tts

Figure 5.15.3 Effect of
Variation in Stream Pres-sure Ratio, Ideal Constant
Area Mixer

f--

Fmix

~
1

.95

.95
.90
Pta'/Pts

~

0.6

~,

t3'

.96

~=

~

F

Figure 5.15.5

.8

.9

1.0

s

Effect of Variation in Inlet Mach
Number, Ideal Constant Area }!ixer

He note here that increasing the Hach number
at entry to the mixer reduces the losses. This
might at first appear anomalous because one might
expect interactions at low Hach number to be less
vigorous.

Mach number

It is apparent, however, that as the
M
decreases, the pressure at the
s

splitter plate increases, leading to a lower value
of M, • Thus the relative velocity. difference
3

M decreases, leading to the greater
s
mixing losses predicted by the ideal analysis.
I t should be noted that when skin friction losses
are included, there will be all opposing effect
because of the Mach number squared dependence
of the skin friction losses. (Sees. 2.16 and 2.17)
The design of a real mixer ,,111 involve the optimal
choice of the design parameters including not only
the effects just discussed, but including also
consideration of the many installation effects.
increases as

5.15.6

EXAMPLE RESULTS - IDEAL TURBOFAN
EXHAUST STREAHS

WIl~

MIXED

To compare the performance of turbofans with
and without mixing, We consider a turbofan with
by-pass ratio, a , equal to two. Other conditions
will be as those given for Fig. 5.14.7, that is:
y = 1.4, To = 233.3°K[4200R], h = 4.4194(10 7 ) J/kg

[19,000 BTU/Ibm], Cp
1Ic

BTU
1004.9 J/kgK[O.24 lbmoR],

20, 1Ic' = 2, T" = 6.5, No = 2 •

The analysis utilized to obtain Fig. 5.14.7
yielded 'r
I.e, Tc = 2.3535, Tc' = 1.2190,
T

t

= 0.50387, and ITt = 0.090807.

These values

utilized with the equations of (5.15.3) and (5.15.4)
then give

~=

1. 0564. Finally Eqs. (5.15.30) Pts
(5.15.33) yielded for the turbofan with mixed streams
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S = 2.l0(10-s)kg/Ns [.741

With Eqa. (5.1.1), (5.2.2), and (5.l6.4)

lb~~~r]

(5.16.5)
F
m+ill
I

(mF+ill

= 190.8 Ns/kg [g
2

0

1

)

lbf
19.46 lbm/sec]

2

Combining Eqa. (5.16.3) and (5.16.5) gives

These values are to be compared with the following values for the unmixed case
2.14 (10- 5 )kg/Ns [.754
F

~

F

+ill
I

=

187.5 Ns/kg [g (m +ffi )

o·

2

1

lb~~~r]

(5.16.6)
so that with Eqs. (5.16.2), (5.16.5) and (5.16.6)
we obtain

lbf
19.12 lbm/secl

u,

2

M (---'1.. - 1)

o uo

Thus the ideal mixer, in this case, provides
a thrust and specific fuel consumption improvement
of almost two percent.

Primary Stream

5.16

sures, here, are exactly as previously obtained

(5.16.7)

The relationships for temperatures and presTilE IDEAL TURBOFAN WITH AFTERBURNING

for the turbojet with afterburning (Sec. 5.11.1),

A cycle that somewhat combines the high thrust
per frontal area of a ttlTboj et at high Mach number
while providing respectable specific fuel consumption for subsonic cruise conditions is the turbofan
with duct burning. The turbofan would utilize duct
burning (burning in the secondary stream) for supersonic cruise, but would cruise subsonically without
duct burning. In many cycles, the fan and compressor
require so much power extraction from the primary

stream that the turbine outlet pressure is greatly
reduced. The resulting low primary nozzle pressure
ratio renders primary stream afterburning unattractive. In the following analysis, however, the pos-

so we may write

Power Balance
The power balance between fan, compressor

and turbine remains as for the turbofan without
afterburning, (Eq. 5.14.9) so we may write

l-~~

sibility of primary stream afterburning as well as
secondary stream afterburning will be included.
5.16.1

CYCLE ANALYSIS OF THE IDEAL TURBOFAN WITH
AFTERBURNING

It is again assumed that all component
efficiencies are perfect, that the gas is calorically perfect, that the fuel to air ratio in all
combustors is much less than unity and that the
exit static pressures of both prim.ary and secondary
streams are equal to the ambient pressure. The
nomenclature and notation are as in Fig. 5.1.1 and
Sec. (5.1).
The expression for the total thrust remains
as given by Eq. (5.14.1), thus:

'X

[(T -1)
c

+a(~

c

,-1)1

(5.16.9)

Specific Fuel Consumption
The specific fuel consumption could be obtained
by writing an enthalpy balance for each burner
separately and then summing the separate fuel consumptions. It is more direct, however, to write
an enthalpy balance across the entire system and

to equate the energy addition in the burners to the
overall enthalpy change. Thus
m C T ~ C T ,-(~ ~ )C T
1 pt.
2 pt.
1
2
P t2
or

~f~fAB~fAB'
m

(5.16.1)

CT
J....Q.
h [ 'XAB+a'XABrCl+a)T)

(5.16.10)
Secondary Stream

The specific fuel consumption then follows from

We again have
S

Now write
T

' ~ T ,(1
t g.

l
+ .Y::l
2

H

r::1
P

tg

,

R

P ,(1
9

+ r:.!
2

•

~)

c

TO 'XAB'
(5.16.3)

5.16.11)

F

+m )

(1+a) (m

(5.16.2)

1

2

These equations can then be summarized as in
Sec.(5.l6.2). I t can be noted here, how3ver, that
in fact this analysis contains most of the preceding analyses of this chapter as special cases.
Thus note that if a duct burning turbofan with no
primliry stream burning is to be considered, '
need only be replaced by its minimum value,
AAB

M

2) Yap 11 1f '
9'
0 r c

(5.16.12)

(5.16.4)
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If no duct burning is present, 'AAB'
replaced by its minimum value,

5.16.3

must be

EXAMPLE RESULTS - IDEAL
AFTERBURNING
.

Tu~BOFAN

WITH

As an example of the effect of afterburning,
we consider the family of turbofan engines considered in Sec. (5.14.5) that gave the results of
Fig. 5.14.7. Here, we again consider the addition
If a turboj et is to be considered (>lith or wi th- of burning in the secondary stream such that
out afterburning) the by-pass ratio, a , must be put T
, = 7.5. Conditions are hence y = 1.4,
AAB
equal to zero, and finally if a ramjet is to be COnTo
233.3'K[420"R), h = 4.4194(10 7 )J/kg[19,OOOBTU/lbml,
sidered, a must be put equal to zero and also
(5.16.13)

TIc (or Tc) must be put equal to unity.
5.16.2

C
1004.9J/kgK[0.24 BTU/lbm'R), 1Tc = 20, TA = 6.5,
p
M = 2 and 1T' = 2. The results are indicated in

SUMMARY OF THE EQUATIONS, IDEAL TURBOFAN
WITH AFTERBURNING

o

c

Fig. 5.16.1.

F/;"

Inputs:

Ns/kg
700

I-

600
Outputs:

F

-;;;-~ (Ns/kg) [g (1~
1

2

0

F

-tID )'

1

2

1bf
Ibm/sec)'

~

+ a[{_2_ 'AAB' (T
y-1 'rTc'

T

NO A
2.0

-4---

100

r c'

,_1)}1/2_M
0
r c t

(T T

_1)}l/2_ H II

(To obtain British units of

o

Figure 5.16.1

1bf

~lb~m~/Ts~e--c

• ao in meters
a
o
32.174 where a o

C T

f TOT = ~ [TAAB+aTAAB,-(l+a)Trl

(5.16.15)

f

TOT
= --=~F=----

1.0

(5.16.16)

1

2

a

3

4

Specific Thrust and Specific Fuel
Consumption Versus By-Pass Ratio,
Duct Burning Turbofan

The figure illustrates the very substantial
increases in specific thrust that can be obtained
by the use of duct burning. The results suggest,
also, that i f high thrust levels are to be attained
for given flight conditions, whereas efficient
cruising is desired for other (lower thrust) flight
conditions, the duct burning turbofan shows promise
of affecting a reasonable compromise.

(1+ct) (li, +;;, )
1

o

(5.16.14)

0

per second would be replaced 1>y
should be given in ft/sec.)

S

r--'

,

[{_2_~
1+ct
y-1 'r 'c T t

_0

2

LAB

'" '-------r---..

200

The first six e'quations are identical to
Eqs. (5.14.12-5.14.17), then:

1

...(.-'

3.0

300

Equations:

m -hn

4.0

400

kg fuel/sec
kg primary air/sec

a

~

500

S(k /NS)[lbm fuel/hr l
1bf thrust'
.g

-.---L.- =

V-

~
__L

2

NOTE: In these equations the minimum values of
'XAB and TAAB , to be considered are
(5.16.17)
(5.15.18)
If either of these minimum values is used,
the calculation corresponds to ehe case where
bUrtling is not present in the respective afterburner.
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CHAPTER 6
LIST OF SYHBOLS
The symbols are listed in alphabetical order,
first in the English alphabet, then in the Greek
alphabet. Subscripts and superscripts are then
given. The equation, figure or section in which
the symbols are first introduced is indicated in
parentheses. Often the symbol will be defined in
the text just preceding or just following the
equation or figure.

Ratio of temperatures (Sect. 5.1)

T

-

x

- Function (Eq. 6.4.8)

Subscripts
A

- Uninstalled (Eq. 6,1.8)

Where appropriate, the location of the intro~
duction of the symbols is referred to in previous
chapters.

D

- Drag (Eq. 6.4.5)

e

- Exit (Fig. 6.1.2)

A

- Cross-sectional area (Eq. 6.1.3)

f

~

C

- Specific heat (Sect. 2.6)

i

- Inlet (Fig. 6.1. 2)

ds dv

- Volume element JFig. 6.1.1)

e

- Polytropic efficiency (Eq. 6.3.2)

F

- Force (Eq. 6.1.1)

H

~

h

M

~

Area element (Fig. 6.1.1)

Fuel (Eq. 6.4.1)

Also ideal (Sect. 6.3.1)

- Stage number (Eq. 6.3.7)
m
p

- Mechanical (Table 6.7.1)
- Installed (Eqs. 6.1.3, 6.1.11)

s

- constant pressure (Sect. 2.6)
- Stage (Eq. 6.3,11)

- Enthalpy (Sect. 2.6)

t

~

- Heating value (Eq. 6.4.1)

u

- Universal (Eq. 6.4.3)

- J1ach number (Eq. 6.1.19)

v

- Viscous (Eq. 6.1.1)

o

- Far upstream (or ambient) (Eq, 6,1,3)

Force defined in Fig. 6.1. 8

- Holecul~r weight (Eq. 6.4.3)

m - Mass

Stagnation quantity (Sect. 2.16)

- Far downstream (Fig., 6.1.4)

flow rate (Eq, 6.1.5)

add

~

Additive (Eq, 6.1,9)

N

- Number of stages (Eq. 6.3.7)

P

- Pressure (Eq. 6.1.1)

R

- Gas constant (Eq. 6.4.3)

int - Internal (Fig. 6.1.2)

s

- Entropy (Sect. 2.7)

CB

- Centerbody (Fig. 6.1.2)

T

- Temperature (Eq. 6.1.19)

DA

~

ext - External (Fig. 6,1.2)

Additive drag (Eq. 6.1.18)

Special symbols defined in Fig. 6.1.8

- Time (Eq. 6.1.1)

co, c, L, n, s
u

- x-component of velocity (Eq. 6.1.4)

u

- Vector velocity (Eq. 6.1.1)

V

- Velocity (Fig. 6.1.8)

y

- Ratio of specific heats (Sect. 2.6)

Subscripts previously defined in Sect. 5.1

fi

- Function (Eq. 6.4.9)

fiq

- Heat interaction (Fig. 6.4.1)

6w

- Work interaction (Table 6.7.1)

n

- Efficiency (Eq. 6.3.1)

n

- Product (Eq. 6.3.9)

n

- Ratio of pressures (Sect. 5.1)

p

- Density (Eq. 6.1. 1)

b, c, d, n, r, t

Station numbers (Fig. 5.1.1)
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CIIAPTER SIX
COHPONENT PERFORHANCE
It should be noted here that the vector area
element, ds , is defined to be positive when
directed out,,,ardly. Thus, the pressure force from
the surface onto the fluid must have the negative
sign identified with it. We will be considering
the engine operating in steady-state conditions
(or "quasi-s teady-state'~, so the integral denoting
the volumetric accumulation of momentum with time
"'ill be zero.

In this chapter the behavior of the engine
components including the non-ideal effects will
be described. The performance of the various
components will be described in terms of "figures
of merit", which will allow cycle analyses including losses to be efficiently carried out. It
should be noted, however, that both the accurate
quantitative estimation of such figures of merit,
and the design of the components to reduce the
losses, are very demanding processes and absorb
much of the industry effort. Prior to considering each individual component, we first consider
the expression for the overall thrust of the
engine when losses are present. It will be found
that both internal and external losses will be
present, and an optimal design would be such as
to minimize the combination of all losses.
6.1

The thrust equation may then be written
(6.1.2)
Application to Engine

THE THRUST EQUATION

General Momentum Equation

Volume Element dv
Figure 6.1.2

Figure 6.1.1

Pressure and Viscous Stresses on
Engine

It has been agreed to define the thrust of
the engine as the net force resulting from all

General Control Volume

the pressure and viscous stresses, less the

external viscous drag. This lOeans that the
external viscous forces will be considered to be
drag and will be included in the airplane drag

The momentum equation for a control volume
may be written in the form:

as far as "accounting ll goes.

Force on volume of fluid =

We desire the axial component of force only,
so define dA as the axial projection of an area
element. The thrust, Fp , is defined as being

Rate of production of momentum
or

positive in the negative X-direction, so that
applying Eq. (6.1.2), and referencing Fig. 6.1.2
we obtain for F

Pressure force + viscous force =

Rate of accumulatIon of momentum

p

+ Rate of convection of momentum

F

through boundaries
Each of these terms may be represented by an
appropriate area or volume integral, but for
simplicity of presentation we will write the
viscous force simply as Fv
The above word

+ Fv Q..1.
at !!!pudv + !!puu'ds

f

e
i

(p
int

- fei

int

-p )dA-F
0

-f

v int

(Pext-po)dA-Fv

CB

ext CB

(p
-p )dA
(6.1.3)
ext 0
ext
here int refers to surfaces wetted by fluid
passing through the engine
ext refers to surfaces wetted by fluid
passing outside the engine
ext CB refers to that portion of the centerbody
protruding forward of the inlet plane

equation can then be written:
-!!pds

P

(6.1.1)

6-1

It is clear that direct evaluation of the
internal viscous and pressure forces would be hopeless, so we relate the internal forces to the

changes in fluid properties occurring from inlet
to exit of the engine. To do this we consider the
effects of the internal forces acting inward on
the fluid. The forces acting on the fluid bet-

~.Ui+(Pi-P 0 )Ai+Jext CB(I' ext-I'0 )dA+Fv Cll=+~ 0u+(~1'
-p )dA
0 J ext 0
1.

o

(6.1.6)

and hence with Eq. (6.1.5)

ween inlet and exit will now include the pressure
and viscous forces acting on the interior engine
parts. Thus, again applying Eq. (6.1.2) we obtain

(6.1. 7)

We now write

-F

+
v int

Ieiint(p int-p) dA + I. (p i -p
0

2

- Ii pu dA+

Je

1-

0

) dA -

fe (p -p )
e

F = ~ u -~ u + (I' -p )A
eeOa
eOe
A
dA

0

2

Dadd

fi(p tp)dA
o ex 0

D
ext

I:

(6.1.4)

pu dA

(6.1.8)

=

We note here that the first two terms are
identical to the Same pair of terms appearing in
Eq. (6.1.3). The effect of the minus sign that

then

(p

ext

~xtPo)dA

= additive

(6.1.9)

drag

-

external
drag

(6.1.10)

-D
F = F -0
p
A add ext

(6.1.11)

would appear because of the difference in direction

of the outwardly directed area element is cancelled
because F
was defined to be positive in the
negative x£direction. For simplicity in writing
the equations we assume conditions are one-dimensional at entrance and exit to obtain, by combining Eqs. (6.1.3) and (6.1.4)

It is usual to term
FA
the uninstalled
thrust and
Fp
the installed thrust.
6.1.1

INTERPRETATION OF THE TERNS APPEARING IN
THE THRUST EQUATION

Equations (6.1. 8-6 .1.11) are in a suitable
)dA form for design purposes, but they are at first
PextPo
difficult to interpret. Thus, for example, it at
ext ell
first seems peculiar that a pressure integral OVer
_ F _ Je
_
dA
surfaces external to the engine (O-i) could have
v
i (Pext po)
(6.1.5)
anything to do with the forces on the engine. The
ell
ext
addItive drag term and externaldr-g term are interdependent, however, and we can learn something about
This form is not particularly useful, because
this interdependence by considering a "perfect
not only is it difficult to determine u
without
engine ll , that is an engine with no external viscous
i
drag
or form drag.
quite detailed engine information, but u
and
i
hence the pressure integrals over the centerbody
and exterior change with a change in design of
the inlet. It would be bet ter to rela te F
to
p
,- ------- - - - - - the flow conditions far upstream, and to do this
we consider the control volume shown in Fig. 6.1.3.
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Figure 6.1. 3

Control Volume for Approaching Flow

Figure 6.1.4

Again assuming one-dimensional conditions at
entrance (and far upstream), we find with application of Eq. (6.1. 2)

---

I

1_ _ _ _ _ _ - - - - - - - - - - - - - - - - - - - -

External Fluid Control Volume

We now consider the momentum equation for all
the fluid flowing external to the engine. Because
the flow is perfect (no shocks, no boundary layers)
the fluid conditions externally are identical at
o and 00 • The pressure is Po around the external
contour, and we choose the contour to be a stream-

line so that no momentum 1s convected through the
6-2

perimeter. The momentum fluxes through the ends of
the control volume are equal because the velocities
are equal, so that the momentum equation reduces to

the simple statement that the sum of the pressure
integrals over all the internal surfaces must be

zero.

Thus
D

add

+

D

ext

+

i

Je

(p

ext

-p) dA
0

o

(perfect flow)
(6.1.12)

It can be seen then that for a correctly
expanded nozzle (p = p , jet parallel to the
main stream) and f6r pe~fect external flow

,- - ... -~~~~-~~-~)----------------
--;/::~~ -: '

(6.1.13)
and

(6.1.14)

It is evident from Eq. (6.l.13) that when
evaluating the drag terms for a real inlet the
additive drag and external drag must be evaluated

Figure 6.1.5

most carefully, because the net drag can be the
difference between two quite large terms.
(Note,

6.1.2

of course, that in such a case the external "drag"
would be negative.)

ONE-DIHENSIONAL CALCULATION OF THE
ADDITIVE DRAG

For simplicity, we consider an inlet without
external centerbody, so obtain from Eqs. (6.l.6)
and (6.1. 9),

It is common practice to break the external
drag into two components, Dw ' the drag associated

with the "front end" of the engine, and

Flow into Inlets

Db ' the

drag associated with the back end. This is
usually a reasonable approach because often lip
separation dominates near the inlet and boat-tail
drag near the exit •• Assuming this division is
meaningful we can interpret the terms by considering the engine to be very long and parallel
in the middle. In this case, perfect flow would
give us Po etc., at the middle, and the same

(6.1.17)
An additive drag coefficient
defined in terms of the inlet area
C

Dadd +Dw = 0

(perfect flow)

Db+ r{Pext-Po)dA = 0

(perfect flow)

can be
by:

D

Q

. DA

argument as led to Eq. (6.l.l2) would lead to

C
DA
Ai

add
1/2 Pou 2A

o

Noting that mi
(6.1.15) Eqs. (6.l.l7-6.l.l8)

(6.1.18)
i

mo= PouoAo

we obtain from

and

The negative forebody drag required to cancel
the arlditive drag arises from the suction near the
leading edge of the inlet. This is "'hy supersonic
or
inlets, with their sharp leading edges, have a large
"additive drag penalty" when operated at mass flows
(6.1.19)
other than their design mass flows because their
sharp leading edge prevents the suction from
occurring (Fig. 6.1.5). Note that the additive
The flow from far upstream to the inlet may be
drag penalty for the supersonic inlet is much
considered to be isentropic, so that the separate
more severe than that for the subsonic inlet, even
terms of Eq. (6.l.l9) may be evaluated as follows:
though the additive drags (in the figure) are
identical.
From Eq. (2.18.l)
Similarly, separation from the trailing body
of the engine prevents the diffusion that would
lead to large "forward thrusts", giving boat-tail
drag.

1

+ .Y::l
2

-I.±L

M

22 (y-l)

0)

(6.1.20)

(6.1.21)
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in Borne Hay obtain the (net) inlet drag accurately.
One method of determining inlet drag is to heavily
instrument a given cowl \<rlth static pressure taps,

(6.1.22) and then to integrate the axial force implied by
su<;h measurements.

(6.1.23)

Pressure Taps \~~~
------, "

Thus, when the "design Mach number" (that Mach
number existing at the inlet plane for the given
engine setting) is known, the drag coefficient
can be obtained as a function of the flight Mach
number. We may note that when the flight Mach
number is equal to the design Mach number the
inlet just swallows its projected image. As n
result no curvature exists in the entering streamtube 'and the additive drag is zero. Figure 6.1.6
shows the behavior of the additive drag coefficient
with flight Mach number for an inlet with design
Mach number, Mi ' equal to 0.6 (y = 1.4).

C

Stagnation
Point

-

0.24
0.20
Figure 6.1. 7

0.16

\

0.12
0.08
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The internal flm' must also be simulated
accurately in such a technique in order to giye
the proper additive dL"ag and corrE<ct boat-tail-

\

\

r\
C ~\
DA

0.04

o

Instrumented Cowl and Stagnation
Streamline

"

\-

[;DA
~~

\
~~

&

V

,,/

~V

jet ·interactions. Even assuming correct internal
flml simulation the location of the contact point
of the stagnation streamline must be very accurate.ly
determ1ned) and the upstream shape of the streamline
and pressure at eech lor:ation accurately estimated
through the use of a compressible flow calculation

(Ref. 6.1).

It is evident that the one-dimensional approxi0.8 0.9 1.0 mation for the additive drag will have serious
shortcomings in accuracy for several reasons.
Jirstly, as is evident from Fig. 6.1.7, the proFigure 6.1. 6 Additi'Te Drag Coefficient Versus
jected area of the stagnation streamtube increases
Flight Hach Number
abruptly in the immediate neighborhood of the cowl.
It is in this regime that the one-dimensional
It should be noted here that the very large
estimate of the static prcnsure'is poorest, because
drag coefficients occurring for low Mach numl;ers
the Jocal static pressure is approaching stagnation
do not, in fact, correspond to extremely large
pressure whereas the one-dimens1.onal estimate of
drag forces, because the reference dynamic pressure, the static pressure will be that corresponding to
the Nach number for one-dimensional flo," through
1/2 pou02 , is itself rapidly decreasing as the
the area Ai' The location of the area. Ai'
flight Mach number decreases. For a given referitself is not precisely determined. because in the
ence pressure Po' the drag force will be proone-dimensional approxjmation it is consistent to
portional to M02C
, and as can be seen the
assume Ai is the minimum area of the inlet,
DA
drag force does not increase as severely at
whereas in a two-dimensional calculation Ai would
small Mach numbers as does the drag coefficient.
be that area within the locus of stagnation points,
The results do serve to emphasize, hOvlever t that
and would change with operating condition.
the additive drag itself may be quite large,
whereas the net drag of the inlet could be very
Several methods have been devised for simusmall.
lating the internal flo\1 behavior in ordH to
determine nacelle drag. Reference (6.2) describes
SOME REALITIES OF THE DETERHINATION OF
6.1. 3
a method suitable for directly measuring the net
INLET DRAG
nacelle drag of the front portion of the cmd,
(The lip)
It has been emphasized in the preceding
section that inlet drag must, in some cases, be
determined as the difference between two large
quantities, the additive drag and the external
pressure drag. If various cowl shapes are to be
compared for their drag characteristics, we must

o

0.1 0.2

0.3 0.4 0.5
Mo

0.6 0.7
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turbulent with no separation present. Similarly
the aft end separation characteristics could change
markedly from subscale to fullscale testing.
It is hoped that' the comments of this section
will sound a warning that when the great accuracy
required in practice is to be obtained, much attention to detail and subtlety of thought is required!
6 •2

THE INLET

He now concern ourselves with the internal
behavior of the engine, and consider first the inlet.

V

n

_ _P_s_ _--->-

..

H

Shocks

,

V\LVv

~nFEMon

Figure 6. 1. 8 Wind Tunnel Test of Inlet Model
The authors show by utilizing a force balance
similar in nature to those considered in Secs. (6.1)
and (6.1.1) that the lip drag DL' is given in terms
of the directly measure able quantities indicated in
Fig. 6.1.8 by

Figure 6.2.1

DL'

Internal Losses in an Inlet

= mro(vn-vro)+An(Pn-ps)+A4(Pc-pro)+As'(ps-pc)-H

Inlet losses arise because of the presence
(6.1.24) of wall friction, shock waVes and regimes of
This method has the advantage of simple data
separated flow. All of these loss mechanisms
reduction but has <everal disadvantages. Each
result in a reduction in stagnation pressure so that

separate measurement must be made with extreme
accuracy because, once again, the desired term,

(6.2.1)

the lip drag, can be very small compared to the
Virtually all inlets are adiabatic to a very
individual measured terms. The method also includes
high degree of approximation, so we have
the lip skin drag, so strictly speaking does not
directly obtain the desired additive drag plus pro(6.2.2)
file drag, only. Finally, the lack of jet simulation
precludes the measurement of the complete cowl drag.
It is important to note that a major problem
with inlets centers about the lack of one-dimenA device that has been utilized extensively
sionality of the flow. The shock system and wall
to determine cowl drag is the "Powered Nacelle"
friction lead to areas of reduced stagnation pres(Ref. 6.3). This device utilizes an air driven
sure at exit from the diffuser. The static pressure
turbine to power a fan, and as a result succeeds

in simulating the internal flow quite ,,'ell. Data
reduction usually is carried out by utilizing many
surface static pressure taps and computing the additive drag from a two-dimensional computer program.

is very nearly constant across the diffuser exit,
so a reduced stagnation pressure corresponds to a

reduced axial velocity. Such a reduced velocity
will cause the rotor blade to encounter a SUdden
increase in angle of attack with consequent

Sometimes the changes in drag for different inlets
have been measured by utilizing a thrust balance.

possibility of blade stall. In addition. the
shock system is unstable and produces time varying

In such cases great care must be taken to exactly

match the powered fan settings from test to test
in order to duplicate the thrust contributions.
Use of the thrust balance also includes the external
skin friction drag which can confuse measurement of
the profile drag.

fluctuations in stagnation pressure.

These non

one-dimensional effects are thoroughly discussed
in Chapter 13.
6.3

THE COMPRESSOR

Compressors are. to a high degree of approxiIn con~on with all subscale models, the powered mation. adiabatic. so that the work interaction
nacelle has problems with correct Reynolds number
across the compressor per mass is just equal to
simulation. The problem is particularly aggravated
the change in stagnstion enthalpy per mass. We
with inlet testing. because the only phenomenae that will assume that the gas is calorically perfect
lead to net drag are the'presence of shock waves
across the compr~sBor. and will consequently be
or regions of separation. (Remember the skin drag
easily able to relate the temperature change to
is excluded.) It is easily possible, particularly
the desired pressure change. There are in fact
for a relatively sharp edged inlet, for a small
three related definitions of efficiency of Use
scale model to have a laminar separation bubble
in describing compressor behavior, each of which
occur in the regime of rapid recompression followis described in the following sections.
ing the acceleration around the lip, whereas in
the full scale inlet the boundary layer could be
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6.3.1

THE COMPRESSOR EFFICIENCY, nc
The compressor efficiency is defined by

ideal work interaction for a given pressure ratio
nc=actual ;ork interaction for a given pressure ratio hence
rTtli _ 1)
lTtz
= Tci-l
T
)
- T-l
~i
_ 1
c
(
Ttz

If we may now assume that

is constant

Y -1

_c~_

Ttl
T • =
t

Y -1
-L-

1T Yc - 1
c

~c

over the range of interest (this is similar to
assuming that each stage efficiency is the same),
Eq. (6.3.4) may be integrated immediately to give

The ideal process is an isentropic process so
that from Eq. (2.14.10)
Yc-1
Y -1
c
Pt Yc
Tt'! = (--u)
1T ~
c
T
P tz
tz
hence

(6.3.4)

(6.3.1)

P

Y
-1
_c__

yce c

(--'.1.)

, or

Ptz

T
c

1T ycec
c

(6.3.5)

Equations (6.3.1) and (6.3.5) then give an
equation relating n ' e
and the compressor
c
c
pressure ratio, 1Tc •

Y -1

_c_
1T Yc - 1

Thus, for example, i f the desired pressure
ratio is given and the compressor efficiency estimated, the stagnation temperature ratio and hence
required work interaction may be obtained.
6.3.2

THE

CO~WRESSOR

POLYTROPIC EFFICIENCY, e

c

C

This relationship is plotted in Figure 6.3.1

This efficiency, which is related to the compressor efficiency, is defined by
e

c

ideal work interaction for a given
differential pressure change
.actual work interaction for a given
differential pressure change

0.95

no
0.9

The concept embodied in the use of the polytropic efficiency is that if we may assume that
the stage efficiencies are constant throughout a
given compressor, (it will be shown shortly that
the stage efficiency is very nearly the polytropic
efficiency) then by assuming e
is a constant,
c
the effect of increasing the compressor pressure
ratio (by adding stages) upon the compressor efficiency may be estimated. Thus, when conducting a
cycle analysis the most appropriate compressor
pressure ratio may be selected.

"'-- '---

0.85

c

0.75

0

5

Figure 6.3.1

(6.3.2)
The Gibbs Equation, Eq. (2.8.2) gives

t

t

= dh t _..1..
P

but for the ideal process
obtain

dp

t

dS

t
ti

= 0

---

:--

c 1.4
~0.9

0.8

We may write

T ds

(6.3.6)

so that we

Thus, writing dh = CpdT
we obtain from
t
t
Eqs. (6.3.2) and (6.3.3) together with the equation
of state
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15

20
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40
c
Compressor Design Efficiency Versus
Pressure Ratio
11

It can be seen that the compressor efficiency
goes down with increase in compressor pressure ratio
for a given fixed value of e
It must be emphac
sized here that this behavior of compressor efficiency with pressure ratio reflects the estimated
behavior of a family of compressors designed to
different pressure ratios (and hence incorporating
different numbers of stages). Such a curve in no
way reflects the expected behavior for a given
compressor operating off-design.
6.3.3

(6.3.3)

10

THE COHPRESSOR STAGE EFFICIENCY

The compressor stage efficiency is defined in
a completely ana1agous manner to the compressor efficiency, Sec. (6.3.1), except that the reference
pressure ratio is that of the stage itself. Thus

(11

n

) YC - 1

cj

£nx =Ntn(l-1.)

T

j

cj

1

-

N

(6.3.7)

= --'------,,--

C

i«

thus, noting

Y
-1
_c_

1
=l>

for

N very large

N(-1.+

hence in the limit of large

Here the subscript j refers to the jth
stage of N total stages.

.)

N

N

y = - tn X

We now consider

To relate the stage efficiencies to the compressor efficiency we note
yc-l
Y
1 + --L {(11 ) c - I}
nc
c
j
j

Thus as

and hence
T

=

T

~

C

(T t ) 0

N

= II

N

= II

1"

j=l c j

becomes large we havey -1

[1

j=l

+ --L{(1I
nC

j

y -1
c

Y
) c_ l}l (6.3.8)

[1

cj

YNN
1
{1-1I c }I ... [1-- {c
ns

_.1..
ns

tn

_c_
Yc
c
})N
N

11

Yc-l

Thus

Yc-l
(6.3.9)

Yc- l
II
II [1

+ _1_

j=l

nc

Y

{(11

j

)

C

[1

11

c

N
= II

j=l

Yc'\

+ ~ tn 1Ic
y -1

_c_

l} 1- 1

Ycns

cj

... etn 1Ic

Equation (6.3.9) gives a method of predicting
the efficiency of a compressor from the (possibly
measured) efficiencies of the individual stages.
lIote of course that

j

N

Yc- l

Hence for

cj

N

Y
-1
_c__
Yn

11 c s

c

N large, Eq. (6.3.11) approaches

Y_c_
-1
11 Yc _ 1

(6.3.10)

11

I

nc - -"y;=:~_TI--

"

In the special case where all stage efficiencies
(n )' and stage pressure ratios are equal, Eq. (6.3.9)
s
reduces to the special form

~-

11

c

(6.3.12)

1

But this expression is identical to that
obtained for nc versus e c ' Eq. (6.3.6)
indicating that ns'" e c as N becomes large.
As an example calculation, say a sixteen

(6.3.11) stage compressor of

1Ic = 25

is to be constructed.

We wish to estimate the compressor efficiency from
the measured stage efficiency n
We have
1/16
s
1Is ~ 25
= 1.223, and say ns is measured at
6.3.4

RELATIONSHIP BETWEEN THE COMPRESSOR, STAGE
AND POLYTROPIC EFFICIENCIES

0.93.

Then from

Y -1

....s....

Equations (6.3.6), (6.3.9), and (6.3.11) give
analytical relationships between the various definiUons of efficiency, but it should be of interest to
see if ns formally approaches e
as we let the
c
number of stages, for a given pressure ratio, get
very large. (That is the pressure ratio.per stage
approaches a differential pressure ratio per stage.)

11

Y
c

s

-1

First note the relationship that if
l_Xl/N c

i ' then

we have
X = (1 -

~f
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=-0.932

here.

We get two estimates for n
from Eqs. (6.3.6)
and (6.3.11), to give nc =.897 cor .896 respec-

When considering changes in the thermodynamic properties Cp and' y , it should be

tively. It can be noted that if we simply assumed
and utilized
e
was equal to the measured n
c
s
Eq. (6.3.6), we would have found nc = .895.

remembered that these two properties are related.
Thus we note

The point of these manipulations is that use
of the polytropic efficiency allows rapid estimation
of the compressor efficiency. In addition, for
very rapid preliminary estimates it is sufficient
to assume the polytropic efficiency is equal to the
stage efficiency and then to utilize Eq. (6.3.6)
to e'stimate llc'
6.4

THE BURNER

The burner is usually approximated as having
adiabatic combustion because no heat transfer is
assumed at the boundaries.

There are two measures

of the burner performance, incomplete combustion
and stagnation pressure loss. The burner efficiency, llb ' is defined as

R
C = -.::L R = -.::L ---E.
p
y-l
y-l M

here

R

u

M

(6.4.3)

universal gas constant

= molecular "weight"

Thus, if the chemical reaction in the combustion chamber causes the vibrational modes to
be excited but does not cause appreciable dissociation, and if in addition the rather small
percentage of fuel addition does not significantly
change the molecular weight, then M would be
approximately consta~t. In this case, a reduction
in Yt is directly related to an increase in
C by the formula
Pt
(6.4.4)
This approximation will be used throughout
Chapters 7 and 8.

(6.4.1)
6.4.2
where

ONE-Dll!ENSIONAl ESTIMATION OF THE BURNER
STAGNATION PRESSURE RATIO

h = "heating value" of the fuel

We now consider the effect of flameholder drag
and enthalpy increase at finite Mach number on the
stagnation properties in a combustion chamber.
m = fuel mass flow rate
f
For simplicity we consider a constant area duct
and assume that the drag may be estimated by
The stagnation pressure loss arises from two
effects, the viscous losses in the combustion chamber relating the drag loss to the incoming dynamic
pressure. (Such an analysis tends to be most
and the stagnation pressure losses due to enthalpy
suitable to the description of flow in a constant
addition at finite Mach number. These effects are
area afterburner.)
combined for the purposes of performance analysis
in the burner stagnation pressure ratio TIb ' where
~t

= stagnation enthalpy

C T

P

t

(6.4.2)
As with the inlet there are many important
limitations brought about by the lack of onedimensionality of the flow (hot spots). These
effects, which are thoroughly discussed in Chapter 20
appear in the preliminary cycle analysis only
indirectly through the required reduction in
average combustor outlet temperature,

6.4.1

L

<::

3

Ttlt

THE BEHAVIOR OF THE THERMODYNAMIC PROPERTIES
ACROSS THE COHBUSTOR

In the cycle analysis to follow in Chapter 7,
it will be assumed that the gas prior to the combustor is calorically perfect with properties C
Pc
Yc etc. Similarly the gas following the combustor

Flame Holders

Figure 6.4.1

<
<
<

4

f

Z

Constant Area Combustion Chamber

To simply analyze the combustion chamber
behavior, we assume the gases to be calorically

will be assumed calorically perfect with properties
C ,y etc. In very high temperature engines this
Pt
t
latter assumption is not highly accurate, and it
should be understood that if highly accurate results
are required, resort should be made to the use of
real gas tables. The tendencies, and even magnitudes
(provided Y is selected in the appropriate range)
t
of the relatively simple calculations to follow, are
quite suitable for preliminary cycle analysis.
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perfect at entrance and exit to the chamber,

and in addition assume that the mass addition
of fuel is extremely small compared to the air
mass flo>1. The momentum equation may then be
written

from which
p
P [1

p U 2

U 2

+ -L.L
P,

3

(1

+ -"-'-1

P [1
,

Q

p.

(6.4.5)

or

.

The state equation and continuity equation
(p u = p u ) may be combined to give

,, ,

1
'r = 1.128, and '~(15)(3.5)(.905)

Here

T 2

(-t) (t, P4)
P,
,

2

=

Q

U 2

P2

a

a

so

Tt,/T t , · 2.637.

yields the results of Figure 6.4.2.

eu 4} eP4}

hence
P 2 Y

Y

(.i) Yt

t

M,.2

,
yMT
Pa
c c a

1.0

~

=

(6.4.6)

0.95

We also have

0.90
(6.4.7)

~

/v

~

/ ~

0.85

,05

0

,10

M 2(1+_t_ M 2)
t

,

Figure 6.4.2

- X

2)2

,

0.4

I-0.3

1'\

.20

0.2
0.1

o

,25

M

Combining Eqs. (6.4.5-6.4.7) then gives

Y -1
424

,15

,

}I.

7

/
0.80

(1+y M

2.354,

Direct calculation then

Combustor Stagnation Pressure Ratio
snd Exit Mach Number

It'is evident from Figure 6,4.2, that for

(6.4.8) these conditions the inlet Mach number must be
restricted to a value of O. 15 or less if the comThis is an equation for

,

M

bustor pressure loss is not to become excessive.

in terms of the

This restriction to low required Mach numbers,
particularly in afterburners, can lead to design
limitations upon the required burner cross-

upstream variables and prescribed stagnation
temperature ratio Tt,/T t , ' This is once again

sectional area,

of the same functional form for the Mach number as
occurred in the solution for the heat interaction
at cOnstant area, Sec. (2.17.4), so we may write
M

,

= 1 _

6.5

6[1+h]

1-2y tX+h

where

THE TURBINE

Unlike compressors, modern turbines are
almost always cooled, at least in the first
several high pressure stages. Cooling is
accomplished by passing air directly from the

(6.4.9)

compressor to the turbine blades where anyone

of several cooling methods may be employed. (See
Chapter 19J The "accounting" of cooling losses
Following solution for M ,the desired
is best carried out by considering the cooling
stagnation pressure ratio, nb ' is then given by
air and mainstream air to be a combined multiple
stream
adiabatic flow. This method of accounting
Yt
for cooling losses is described in detail in
y -1
Y -1
Chapter lB. In this section the so-called adiabatic
{l + _t_}1 2} t
P
efficiencies will be described, and estimation of
2,
......!L
(6.4.10) the effect of cooling will be considered to be
Yc' P
a
separately determined.

,

Y -1

Y -1

{1+_c_ M 2 }C

6.5.1

a
is given by Eq. (6.4.5).
2

where

p,/p,

As an example calculation we consider an air-

craft flying at Mach number 0.8 with compressor
pressure ratio nc = 15. We are given Tt,/To = 7,
Yc • 1.4, Y • 1.3, e = .905 and CD • 1.5, so obtain
t
c

THE TURBINE EFFICIENCY, n t

The turbine efficiency is defined in a manner
analogous to that of the compressor efficiency to
give
a

nt
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Bctual work interaction for a given pressure ratio

ideal work interaction for a given pressure ratio

It can be Been that the turbine efficiency
increases as the turbine design expansion ratio
(1/1l ) increases, This occurs hecause that energy
t
that is not extracted in a given stage because of
inefficiencies remains partly available to the
succeeding stages.

The ideal process is isentropic so we obtain

THE TURBINE STAGE EFFICIENCY

6.5.3
(6.5.1)

Y -1

1-(11 )_t_
t Yt

6.5.2

The turbine stage efficiency is defined in
a completely analogous manner to the turbine
efficiency, Sec. (6.5.1), to give

THE TURBINE POLYTROPIC EFFICIENCY, e t

I-T

tj

(6.5,4)

Again, analogous to the compressor polytropic
efficiency we define
et

actual work interaction for a given
differential pressure change

= -cid"'e-"a"'l=w-"o"r-"k=i-=n"'t-=e-r"'a-"c"t"i"o"n=f~o=-r=a'-""g=-i-v-e-n
N
II T
j=l tj

differential pressure change
Thus we write
we obtain

yt-l

N

{1-(1I

I-II [l-n
j=l

tj

)

Y
t

}]

tj

(6.5.5)

or
Hence if we may assume

e

to be approximately

t

In the special case when all stage efficiencies

constant" integration gives

(n ) and stage pressure ratios are equal, Eq,

s

(6.5.5) reduces to

(6.5.2)

or

Yt-l
l-[l-n

Equations (6.5.1) and (6.5.2) then give

I-T

nt

t.

6.6

1.00

Yt =1, 3
e =0.9
t

THE NOZZLE

1T

15

20

25
1/1l

Figure 6.5.1

t

For convenience we include in the nozzle
stagnation pressure losses, all those losses
occurring from the turbine exit to nozzle exit.
Thus we write

V
10

Y
t

The major loss mechanisms of a nozzle are
usually identified with the pressure imbalance
at exit caused by over or underexpansion. The
degree of over or under expansio~ is often selected
for the best balance of internal (exit pressure)
and external (boat-tail drag) losses. In any case,
the boat-tail losses are separately accounted for
when the cowl drag is determined and the effect
of exit pressure imbalance is included in the
expression for FA' Eq. (6.1.8).

This relationship is plotted in Figure 6.5.1.

5

(6.5,6)

(6.5.3)

t

/
0.9 0

t

= ---=----'Y'--t--c:l --

1-11

1-11 Yt

0.95

s

YN N
{I-(1I ) t }]

30

35

40

t

Turbine Design Efficiency Versus
Pressure Ratio

(6.6.1)

n

For engines without afterburners

1In

is

usually very nearly unity (0.99 or larger), but
when the flameholder ducts are present 1In can be

6-10

much lower
present 7T

In some cases of afterburning the nozzle
may be cooled with compressor air, in which case

When afterburning is
can be estimated by the analysis

(~0.97).

n

it

of Sec. (6.4.2).
Usually nozzles are very nearly adiabatic, so
will assume

we

T

6.7

n

~lOuld

be necessary to consider a two stream

analysis. Such an analysis is straightforward
conceptually, though somewhat tedious algebraically,
and ,;ill not be included in thIs document.

(6.6.2)

= 1

SUMNARY OF COHPONENT FIGURES OF MERIT

The loss mechanisms and their measures
considered in the preceding sections may be

summarized as in Table 6.7.1.
COHPONENT
INLET

IDEAL BEHAVIOR

ACTUAL BEHAVIOR

ISENTROPIC, HENCE

,

Td=I, 7T d=I
COHPRESSOR

ADIABATIC, NOT
ISENTROPIC, HENCE

"FIGURES OF HERIT"
7Td

Td = I, 7Td f. I

ISENTROPIC, HENCE

ADIABATIC, NOT ISENTROPIC
7T

-t:.w = CpcT
m

tz (Tc-I)
y/(yc- l )

7T

c

llc =

-t:.wm= CPcTtZ(Tc-I)

7T

= T
c

c

NO STAGNATION PRESSURE
LOSS, COMPLETE COMB
7Tb

=1

(~f)C Tt -~C T
P4

TURBINE

4

= ~fh

P 3 t,

ISENTROPIC

- I

c

=

7T

STAGNATION PRESSURE LOSS,
INCOMPLETE COMB

"b

lIb f. 1

11

b

a

(Yc-l)/ycec
-1

c

(~f)C:Qt Tt~ -~CpcTr j
milt

(~~f)CptTt4 =~CpcTt3 +~~fh
ADIABATIC, NOT ISENTROPIC
1-T

t:.w

= CptT (I-T )
t
t4

twm

= CptTt4 (I-T t )

llt =

= T
t
t

Yt l (y t- I )

lI

1

t

= [1--

(1-, )]
llt
t

Y/(Yt-I)

(y -1)/y
[I-n (I-"t t
t)]
t
Note: Cooling to be
considered separately
T
t

NOZZLE

ISENTROPIC
T

n

= I, If

n

ft

ADIABATIC
= 1

T

n

Table 6.7.1

= 1, 11

n

T

1

Component Figures of Merit

6-11

t

l-T

t
1/c t

nt =
I-T

11
n
.l

t

(y t -1) Iy t
1-11

lI

I

(y -1) Iy
c
c_ 1

7Tc
11

-

T
c

y I(y -1)
= [1+l1 ('c- I )] c
c
c

1
(y -I)/y
c
c_I]
Tc = 1+-["
11
c
C
BURNER

(y c- l ) Iy c
c

t
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ClIAPTER 7
LIST OF SYMBOLS
The symbols are listed in alphabetical order,
first in the English alphabet, then in the Greek
alphabet. Subscripts and superscripts are then
given. The equation, figure or section in which
the symbols are first introduced is indicated in
parentheses. Often the symbol will be defined in
the text just preceding or just following the
equation or figure.
Where appropriate, the location of the introduction of the symbol is referred to in previous
chapters.

A

- Uninstalled (Eq. 7.2.1)

c

- Core (Eq. 8.4.10)

f

- Fuel (Eq. 7.2.2)

g

- Gearbox (Eq. 7.4.11)

m

- Mechanical (Eq. 7.2.11)

p

- Constant pressure (Sect. 2.6)

t

- Stagnation quantity (Sect. 2.16)

Power (Eq. 7.4.18)
A

- Cross-sectional area (Eq. 7.2.1)

a

- Speed of sound (Eq. 7.2.4)

C

- Specific heat (Sect. 2.6)
- Work interaction coefficient (Eq. 7.4.3)

core - Core engine (Eq. 7.4.9)
PROP - Propeller (Eq. 7.4,12)
1

- Core stream (Eq. 7.3.1)

2

- Fan stream (Eq. 7.3.1)

F

- Thrust (Eq. 7.2.1)

f

- Fuel to air ratio (Eq. 7.2.2)

go

- Gravitational constant (Sect. 7.2.2)

AB, b t

h

- Heating value (Eq. 7.2.13)

0-9

M

- Mach number (Eq. 7.2.3)

Superscripts 1

m

- Mass flow rate (Eq. 7.2.1)

- Fan stream (Fig. 7.3.1)

p

- Pressure (Eq. 7.2.1)

- Conditions at minimum specific fuel
consumption (Eq. 7.3.33)

R

- Gas constant (Sect. 2.12)

S

- Specific fuel consumption (Eq. 7.2.15)

T

- Temperature (Eq. 7.2.3)

u

- Velocity (Eq. 7.2.1)

a

- By-pass ratio (Eq. 7.3.2)

y

- Ratio of specific heats (Sect. 2.6)

n

- Efficiency (Eq. 7.2.11)

n

- Group defined in Eq. 7.3.35

rr

- Ratio of pressures (Sect. 5.1)

p

- Density (Eq. 7.2.3)

~

- Ratio of temperatures or enthalpies
(Sect. 5.1)

Subscripts previously defined in Sect. 5.1

7-U

C, d. n, r J t, A
Station numbers (Figs. 5.1.1, 7.2.1)

CHAPTER SEVEN
NON-IDEAL CYCLE ANALYSIS
7.0

INTRODUCTION

In this chapter >1e again apply cycle analysis
to several example engine types. The methodology
will remain as in Sec. (5.6.1), the only difference
between the results of this chapter and Chapter 5
arising because of the non-ideal component processes
assumed, and because of the use of different thermodynamic properties follo>1ing the primary burner and
afterburners. The notation will be that already
introduced in Sec. (5.1).
7.1

NU}lliRICAL SOLUTION OF EQUATIONS

Newtonian iterati~n is sometimes unstable,
but it is fortunate in the examples to follOW, that
provided a suitable first guess for the desired
variable is made, Newtonian iteration, or the
simpler functional iteration, (next section) is
stable in all examples considered herein.
7.1. 2

FUNCTIONAL ITERATION

A simple form of iteration related to Newtonian
iteration is functional iteration. We now assume
we have a transcendental equation of the form
x

In several of the examples to follow, desired
variables appear in transcendental equations. Many
iterative techniques are available for-the solution
of such equations. The numerical complications of
such techniques have been greatly reduced with the
advent of small computers with branching and looping
capability, so that graphical techniques,_ etc. are
no longer necessary. In the following, two well
known techniques are described.
7.1.1

c

f(x)

(7.1. 5)

This may be formally converted to a form
suitable for solutipn by Newtonian iteration by
defining
F (x) = x-f (x)

hence from Eq. (7.1.3)

NEWTONIAN ITERATION

(7.1.6)

We consider a transcendental equation of the
form
(7.1.1)

Now we consider a jth estimate of

x to be

Xj

and desire a method of estimating a next (closer)
estimate, x + ' Tl'e function F(X + ) is expanded
j l
j l
in a Taylors series to give
F(X + )
j l
Here
function

F(X )+ (X +1- Xj) F'(X )+ ... (7.1.2)

c

j

j

F'(x )

j

by

x j +1
F(x) = 0 • we may approximate

F(Xj + l ) as being
Xj is not far from x j +1 we may
ignore the higher order terms in the series to give

zero.

Also, if

F(x,)
X + exj - ) Newtonian Iteration(7.1.3)
F'-(x' j l
j

Equation (7.1.3) gives a method for obtaining
the next estimate for the solution to the equation,
x + ' in terms of the previous approximation. In
j l
practice the process would be continued till
(xj+l-X ) was less than the desired accuracy.
j
It is sometimes convenient to approximate the
derivative of the function by a finite difference
form, say
F ' ( Xj ) ~~

(7.1. 7)

This extremely simple form would then be
Herated till (xj+l-X ) is less than the desired
j
accuracy. This form is very simple and convenient,
but is suitable only when If' (X ) I « 1 •
j
7.2

x, evaluated at the value Xj

is to be close to the solution of

Now i f

x + = f(x ) Functional Iteration
j
j l

means the derivative of the

j

F(x)

Now, if the function f(x) is slowly varying
X. then f' (x ) may be ignored compared to
j
unity. In that case Eq. (7.1.6) reduces to
in

=0

F(x)

F(x +O)-F(x -6)
j

20

j

(7.1.4)

here
would be a suitarly small quantity. The
advantage of utilizing such an approximation is
that if a computer is to be programmed to utilize
Newtonian Iteration, only a sub-routine to calculate
the function F (x) itself need be supplied, it not
being necessary to provide a separate subroutine to
calculate the derivative.
7-1

THE TURBOJET

We will now develop the performance equations
for the turbojet. It will be assumed that the
gas is calorically perfect up to the compressor
outlet, with properties Y ' Cpc etc. The gas
c
will also be assumed calorically perfect following
the burner with properties Y ' CPt etc. If an
t
afterburner is in operation, the gas following the
afterburner will again be assumed calorically perfect with properties Y , CpAB etc. It will be
AB
assumed that the gas constant remains unchanged
throughout so that Eq. (6.4.4) (or equivalent for
CPAB and Y ) remains valid. All components will
AB

be considered to be adiabatic (no turbine coolin~
and the efficiencies of compressor and turbine
will be described through the use of constant polytropic efficiencies. Finally, the effects of gas
leakage and the use of draml-off air for auxilliary
power will not be included. The reference stationa
are indicated in Fig. 7.2.1.

and

Also note
Figure 7.2.1

C

Turbojet Reference Stations

~T

~ = _SAB

The analysis to follow will be developed in

)'AB
YAB- 1

To

a form suitable for use whether or not an afterburner is present or in operation.

P9

CYCLE ANALYSIS OF THE TURBOJET WITH LOSSES

7.2.1

Equations (7.2.9) and (7.2.10) allow determina-

The expression for the uni11s ta11ed thrust is
as given by Eq. (6.1. 8). That is ',ith the station
numbering of Figure 7.2.1.

F = ~ u -~ u
A

g900

+

(p -p

)A

tion of the principal terms in the expression for
the specific thrust, except that the turbine pressure ratio t ITt' must be obtained from the power

(7.2.1)

909

balance between turbine and compressor.
write:

Because gas leakage and the use of auxi11iary
air is being ignored, we may write

;, C

° Pc (1' t, -T t2 )

mg = TIlo +~f+~fAB= mo(l+f+f AB )

(7.2.10)

p (-y-)
(3) AB

(7.2.2)

Dividing by
obtain

=

(~+r~f)Cp 11 (1'

°

t

m

t,

-T

We thus

ts

)

moCPcTo ' and rearranging we

Also note
(7.2.11)

and then
(y -l)e
t

T

or
1
u
Po l'
... (p -p)A = (l+f+f AB )
2 u flu (1--)-2mo
gOg
Yc' 0
9
0
P9
To

-+-j

(approximately unity) for most gas turbine engines.
However, by retaining 11m in the equation "e pro-

In this last expression we have utilized
Rg = Rc
Equations (7.2.1"7.2.3) then give
FA

vide a convenient method of accounting for auxilliary
power take-off.

1

u

= ao[(Hf+fAB)(Mo

-;;~) -Mo+(l+f+f AB )

Finally. expressions are obtained for the fuel
to air ratios from the enthalpy balances across
the appropriate burners. Thus,

u
~-)
0 U

y (M
c

o

PRIMARY BURNER

p
x (1-.-2.)]

(7.2.4)

~ o Cp cl' t3 +11b;'fh

P9
u 2
Y R T
H 1 (1) = All All J

o

0

YcRc

To

H

2

(7.2.12)

It should be noted here that the mechanical
efficiency, nm ' will normally be very high

(7.2.3)

mo

t

t

Dividing by
obtained

(7.2.5)

9

f =

Then noting

7-2

(;, ~f)r.P T

o

;'oCPcTo

1).- Tr1c

h11b
CpeTo - 1).

t

til

and rearranging, there is
(7.2.13)

AFTERBURNER
(;'Ofuf)CptTt/nAB;'fABh

1

= (;'ofuffufAB)CPABTte

Dividing by ~ Cp T
is obtained
0
c 0

Tr

and rearranging, there

Yt
= , (y t -1)e t
t

'ff t

(7.2.23)

~= Po 'ff 'ff 'ff

(7.2.14)

P9

~
The specific fuel consumption may then be written

P9

r

d

=

To

c;;:;:; TAAB

(7.2.25)

P
/AB-\
(~) YAB

Pg

NOTE:

If no

TAT

t

YAB would be put equal to CPt' and Yt •

arranged in an order to allow direct calculation

of the desired performance variables in terms of
the imposed flight conditions, design limits,
design choices and component efficiencies. The
7.2.2

is present, then

after~urning

should be put equal to
Equations (7.2.1) to (7.2.15) may now be

(7.2.24)

c 'ffb 'ff t 'ffn

Cpc

(7.2.15)

equations are summarized in the next

(7.2.22)

' t = 1- nm (Hf) i), (Tc -1)

(7.2.26)

f AB = (Hf)

section~

SUM:-!ARY OF TilE EQUATIONS, TURI:OJET HI Til
LOSSES
(7.2.27)

a [(1+f+f
o

~

P , T;\, T),AB' 'ff c '
0

FA
FA
.--- (Ns/kg) [g m
mo
o 0

Outputs:

,

Y -1
" l + _c- M 2
2
0

Y -1
Yc

r

.s::

't

c

r

Y -1
_c_
tc = Tfc

Yce c

3600(f+f

f+fAB

7.2.3

c

(7.2.17)

(M

9 )

0;'o

(7.2.28)

1bf
Ibm/sec' ao

a
o

32.174

in

where

ao

[s

FA/g

AB

m0

o

)

]

(7.2.29)

EXAMPLE RESULTS - TURBOJET HITIl LOSSES

As a first example we consider a turbojet
to be designed for flight at Mach two without afterburner. A range of possible pressure ratios is
considered, and the following characteristics were
assumed.

TO " 233.3°K[4200R]
(7.2.18)

Y

= 1.4

c
Cpc " 996.5 J/kgK[0.238 BTU/lbmOR]

Yc
Y -1
7f

Yc

meters/sec would be replaced by
should be given in ft/sec.)

= _c_ Cp (2.505) (10')

o = ,Iy cRcTo m/s [ft/sec]
r

u

0

o

etc.

(7.2.16)
a

0 u

(To obtain British units of

lbf
1bm/;;C]

S = F/mo

Y -1
= _c_ C m2 /s 2 K [R
Y
Pc
c
c

) (M --1.) _ M

0

Equations:
c

AB

(1+f+£ ) T
+_
AB
0

M

S(kg/Ns) [Ibm fuel/hr] f, fAB
lbf thrust'

R

T
--1.

u

(7.2.19)

Yt = 1.35

CPt = 1098.2 J/kgK[0.262 BTU/1bmOR]
'ffd = .9425
(7.2.20) 'ff = .98
b
'ff " .99
n

(7.2.21)

'\

" .97

e

= .92,

nm = .99
e
7-3

c

a

t

.91

.89

p/po = 1
h = 4.5357(10')J/kg[19,500 BTU/Ibm]
T), " 7.7

F/;'
Ns/kg
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Figure 7.2.3

-

20
Tf

30

1.0

1.5

Effect of Exit Pressure Variations
on Specific Fuel Consumption

It is apparent from Fig. 7.2.3 that variations
in the pressure ratio p,/po in the neighborhood

3.0
10

----

3.5

"

of

40

c

Figure 7.2.2

1\

0.5

~
~

S(10 5 )
kg/Ns

S (105)
kg/Ns

p /po = 1

do not strongly affect the specific

fuel consumption. It is hence of great importance
to consider this mild sensitivity of S to p,/po

Effect of Compressor Pressure Ratio
and Efficiency on Performance,
Turbojet with Losses

Figure 7.2.2 indicates that the general trend
of the performance of the turbojet with losses is
quite similar to that of the ideal turbojet depicted
in Fig. 5.8.1. The most notable difference in
trend is that when losses are present a minimum
exists in the specific fuel consumption, whereas
in the ideal case the specific fuel consumption
continues to decrease with increasing compressor

when designing a nozzle so as to select that nozzle
giving the best combination of internal and external
performance.
In order to assess the effects of afterburning,
an engine was considered with the same characteristics as that considered above but with the addition
that ee
0.92, nAB = 0.96, ITn = 0.96 burner on,
A

~

burner off, T;.d 8.8, and

0.98

YAB = Yt •

Figure 7.2.4 shows the results.

pressure ratio.

S(10 5 )

F/;'

If the engine was to be used without afterburning, the designer would again be faced with
the choice of selecting a low thrust, large pressure ratio, 101' sl'ecific fuel consumption engine
as compared to a high thrust, low pressure ratio
high specific fuel consumption engine. Another
aspect of the designers dilemma becomes apparent
when comparing the curves obtained for the two
different compressor efficiencies. Thus, for
example, if a designer chose a compression ratio
of 30 for use in a supersonic transport hecause
his compressor design group had promised a compressor with e = 0.92, and then the group delivc
ered a compressor with e = 0.89 , it can be
c
seen that the choice of Tf = 30 would be quite
inappropriate. That is, ~uch a compressor would
be of a higher pressure ratio than that leading
to minimum fuel consumption. Thus, the designer
would have a compressor that ;18S heavier (and more
expensive.) than that leading to a minimum specific
fuel consumption, he would also have lower thrust
per frontal area, and finally he would have an
acute need to change his location of employment.

kg/Ns

Ns/kg
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Figure 7.2.4

the effect upon specific fuel consumption of
varying the exit pressure for an engine with
Tfe - 16, e ~ 0.92 and other parameters as given
c
above.

R:

~

300
The effects of nozzle off-design can be
investigated by considering the engine to have the
same parameters as those indicated above, but to
have various values of p ,/po
Figure 7.2.3 shows

---

i/

(

20 Tf

3.5

3.0
c

30

Performance of Turbojet with
Afterburning

40

7.3

THE TURBOFAN

The performance equations for the turbofan will
be developed with the same, or equivalent, assumptions as utilized for the analysis of the turbojet,
Sec. (7.2). The equations will be developed to
allow for both primary stream afterburning and/or
secondary stream afterburning. Only the case of

Y

T

= T ,(1

t9'

9

-1

+ ~ H 2)
2

9'

Cpc
o CPAB '

T

---T

"AR'
(7.3.3)

separate exhaust streams will be considered here,

as it is hoped that the techniques of cycle analysis
as developed herein together with the results of
Sec. (5.15.1) will enable the interested reader to
rapidly generate an analysis for the mixed stream
esse if so desired.

7.3.1 CYCLE ANALYSIS OF THE TURBOFAN WITH LOSSES

(7.3.4)
(7.3.5)

here

Hence noting
there is obtained

PRIHARY STREAH

U
o

UJ

1'1'

~

II

5

IIIIIC

---

6

~
------------1/11.1

3

4

<

I---Y;=-I

7

8

9

The relationships of Sec. (7.2.1) leading to
Eqs. (7.2.9) and (7.2.10) remain identical for use
in the description of the turbofan primary stream.
The expression for the turbine temperature ratio
must be modified, however, to include the effect
of power extraction by the fan. We thus write for
the power balance of fan compressor and turbine

~I Cpc (1' t 3-T t , )~2 Cpc (1' t 3' -T t2 ) ~ nm (~I ~f) CPt (T t4- Tt~
,Dividing this expression by
rearranging, there is obtained
Tr

1

~ Cp l' • and
I
c 0
'

1-'\,,(1+£) T" [(Tc-l)f<I(Tc,-l)]
Figure 7.3.1

Turbofan Reference Stations

Yt

The expression for the uninstalled thrust
can be written as the direct sum of the primary
stream and secondary stream thrust contributions
to give

2 0

9

also,

1f

t

~ T t (Y t -1)e t

(7 •3• 8)

Expressions for the fuel to air ratios are
obtained by considering enthalpy balances across
each of the burners. The expressions for the
primary burner and afterburner remain exactly as
given by Eqs. (7.2.13) and (7.2.14). For the
secondary afterburner we obtain

(7.3.1)

- m u +(p ,-Pe)A ,

(7.3.7)

9

This expression can then be manipulated in a
'manner completely analogous to that of Sec. (7.2.1)
to give

~2 CpcTt3'~fAB,nAB,h
Hence, dividing by
we obtain

=

(~'~fAB,)CPAB,Tta'

~ Cp T
2
C e

and rearranging,

(7.3.9)

Finally, the specific fuel consumption is
obtained from

+

(l+f

AB

1

T ,

P

,) _--"--_ _ - L (l---2..)J) (7.3.2)
u,
To
p 9'
Yc (He -L)
u

(7.3.10)

e

SECONDARY STREAH
Equations (7.3.1-7.3.10), (7.2.9), (7.2.10),
The temperature and pressure relationships for
the secondary stream may be written
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(7.2.13) and (7.2.11.) completely describe the

desired performance behavior of the turbofan. The
equations are summarized in a form suitable for
calculation in Sec. (7.3.2).

SUMMARY OF THE EQUATIONS, TURBOFAN UITH
LOSSES, BY-PASS RATIO PRESCRIBED

7.3.2

(7.3.22)
Inputs:

(7.3.23)

BTU
BTU
CPAB' (J/kgK) [Ibm oR] , h(J /kg)[ Ibm]'

(7.3.24)

NOTE: If no secondary stream afterburning is present, then 'AAB' should be put equal to 'rTc' •
Outputs:

Also, CPAB' and 'fAB'
and Y
c
S(kg/Ns) [Ibm fuel/hr] f f , f ,
1bf thrust' , AB
AB

would be put; equal to

Cpc

etc.

(7.3.25)

(7.3.26)

(7.3.11)
8

0

T

11

r

D

m/s

[ft/sec]

Y -1
=1+_c- M 2
2

•

r

fYcRcTo

0

,) Yc
Y -1

Tr

(7.3.12)
(7.3.27)

(7.3.13)

(7.3.14)

C

Y -1
c

(7.3.15)
(7.3.16)
(7.3.17)

- Mo+(l+f

AB

1
~
Po
,) ----"--- T ( l - - ) ] }
u

T)o

Yc (Mo

(7.3.18)

Po
pep
1Tr 1Td
9

T

lIc lib TIt TIn

Cpc
CPAB

fH AB-lufAB t

s

FA

(l-1u)

T;I,AB

-1

= _-'-""'--_ _

To

YAB-1
P
(--)
(-"-'-) YAB

(7.3.28)

7.3.3

ao

should

(7.3.29)

(.it +.it )
1

(7.3.21)

[S =

in meters/

m sec,

sec would be replaced by 32.174 where
be given in ft/sec.)

(7.3.20)

9

Pg ,

(To obtain British units of ~ aD
0

~

0

lbf

8

(7.3.19)

I

2

OPERATION WITH CONVERGENT EXIT NOZZLES

In the usual subsonic transport application of
separate stream turbofan engines, no afterburning
NOTE: If no primary stream afterburning is present, is utilized and the pressure ratio across both the
then TAAB should be put equal to 'A't' Also,
primary and secondary nozzles is not very large.
It is usual therefore to employ convergent, only,
and YAB would be put equal to CPt and Yt
nozzles. In such cases, i f the nozzles are choked,
we have:
Pg

7-6

and

~=
p

It then follows that
u 2
u 2
a(M 2)
a(M 2)
o U
o U
o
o
aa
aT
t

(7.3.30)

9

aT

t

au

Thus with Equations (7.3.35) and (7.3.18) it
follows directly that

(7.3.31)

u

2

a(Mo -2.)
U
o

1.

aa

II

-l/e
t)

T

t

(7.3.36)
(7.3.32)
Equations (7.3.33-7.3.35) and (7.3.36) may
then be combined to give a single equation for the
turbine temperature, ratio, Tt* , leading to
Equations (7.3.31) and (7.3.32) would then be
minimum specific fuel consumption.
utilized in Eq. (7.3.28) to give the specific thrust.
l-e
Note that the expressions are valid for a convergent
_(_ _
t)
I
nozzle only when Pg and/or Pg' are larger than po'
I
e
~~~__
Tt * = IT Tt * t + 2(y c-I)T
If Eqs. (7.3.31) and (7.3.32) predict that Po is
A
larger than

p

9

or p , , the given nozzle will not
9

be choked, and in such a case the exit pressure
should be taken equal to Po'

7.3.4

(7.3.37)

BY-PASS RATIO FOR MINIMUM SPECIFIC FUEL
CONSUMPTION

Particularly with engines for transport aircraft, it is appropriate to select the by-pass ratio
to give the minimum specific fuel consumption
possible for given prescribed operating conditions,
design limits, design choices and component efficiencies. We thus consider a non-afterburning
turbofan engine with nozzle exit pressures matched
to the ambient static pressure, and note from Eqs.
(7.3.29) and (7.3.17) that the minimum specific
fuel consumption will occur where (l+a)(Fj(ml+ffi~)
Equivalently (from Eq. 7.3.28)

reaches a maximum.
we take

f

a

;-;;-r.
[(1+f)/(M

It can be noted here that when the ideal conditions assumed in Chapter 5 are inserted in the
expression, the equation reduces to that given by
Eq. (5.14.23). In fact, the right side of Eq.
(7.3.37) varies quite slowly with T * ' and as
t
a result the equation can be solved very simply by
utilizing functional iteration, Sec. (7.1. 2). A
suitable starting guess for the iteration is
obtained by taking e = I to give
t

~)

0 U

u

- M

0

+ aIM0 -L-M}l
U
0

Following solution for Tt*' the related bypass ratio, a* , follows directly from Eq. (7.3.7)
Taking the derivative, and rearranging slightly, to give
there is obtained
o

o

a*

Here the asterisk will be used to denote quantities with values appropriate to give the minimum
specific fuel consumption, S* .
We note from Eqs. (7.3.18-7.3.20) and (7.3.22),
with TAAB = TAT t , YAB = Yt and Po = Pg that we may
write

(7.3.34)
Here we have defined for convenience
Yt-l
IT :; (1fr1fd1fc1fb1fn)~

(7.3.35)

7-7

(7.3.39)

The equations may be summarized in a form
suitable for calculation as in the next section.

7.3.5

SUMMARY OF THE EQUATIONS, TURBOFAN WITH
LOSSES, NO AFTERBURNING, EXIT PRESSURES
MATCHED, AND BY-PASS RATIO OPTIMIZED

BTU
BTU
CPt(J/kgK)[lbmoR 1, h(J/kg) [Ibm]'

FA
m+ffi

Outputs:

1

variation in by-pass pressure ratio on the optimum
by-pass ratio and on the performance parameters.
In order to emphasize the effects upon the design
configuration of changes in component efficiencies,
three engines are considered, (1) a perfect engine,
(2) an engine with high component efficiencies, and
(3) an engine with low component efficiencies.
Flight Mach number was taken to be Mo = 0.9, and
the component efficiencies for the three engines
taken to be

FA
1bf
(Ns/kg) [g (m +ffi ) 1bm/secl.
2

0

1

2

S(kg/Ns) [Ibm fue1/hr] a*, f
1bf thrust'

etc.

Equations:
The first seven equations are identical to
Eqs. (7.3.11-7.3.17), then:
Yt- 1

1

1

= (TIr TIdllc llblln )T

j[

(7.3.40)

1

1

1

1

1

1

1

1

2

.99 .99 .98 .98 .98

3

.96 .96 .95 .95 .96 .98 .87 .86 .86

1

.93 .93 .92

(7.3.41)
In addition it was assumed that the exit pressures are matched (p , = p = p ), and that h =
9

9

0

4.4194(l07)J/kg[19,OOO BTU/Ibm],
(7.3.42)

[O.241~!YR], To = 233.3'K[420oR],

epc

= 1004.9 J/kgK

T" = 7.71andYt = 1.35.

*
The resulting values for optimal by-pass ratio
2
a ,versus the by-pass pressure ratio, TIc' , are
r c ,-l)
---=----"-u-,---] (7.3.43) shown in Fig. 7.3.2.
T (T

n(M....L-M)

m

0

U

T

r

0

o
('c,-l)

32

li

28

\

24
(7.3.44)

*

*

-:rr

c

\

~

a*
20

This equation requires iteration to determine
T (utilizing ,
as the first guess), then:
t*
to
1
~ (Hf)(l-T t *) '"
(7.3.45)
a =
(, ,-1)
T ,-1

~

16

(

'c-

12

c

8

'"

i"-,

""""'" ~

~

'~

r--

J'-.,

1:::"

~l

i'- 2

1-)--3

4
(7.3.46)

o
1.1 1.2

*

FA
.L

ao
u
U,
= l~* [(Hf) M -2.. - M +a (M ....L-M)]

• .L

Illl TW

~

Z

0

U

o

0

0

U

o

Figure 7.3.2

1.3

1.4 1.5· 1.6 1.7 1.8
TIc'
Optimal By-Pass Ratio Versus By-Pass
Pressure Ratio

0

(7.3.47)

Several tendencies are immediately notable.
It is clear that the optimum by-pass ratio for a
given n ' can change dramatically with changes
c

lbf
Ibm/sec' a o in
ao
meters/sec would be replaced by 32.174 where a o
should be given in ft/sec.)

of fan pressure ratio. This again emphasizes the
designers problem in that he must have accurate

s

select his engine configuration. The very large
by-pass ratio indicated to be optimum (as compared
to present day practice) result because of the very
high turbine temperature capability assumed, and
further because the turbine cooling air penalty has
not been inel uded.

(To obtain British units of

= _ _-,f~_ _

*

(Ita ) (m

=

component performance estimates in order to correctly

(7.3.48)

FA

+ffi )

1

7.3.6

[S

in component performance, particularly at 1moJ' values

2

EXAMPLE RESULTS - TURBOFAN WITH LOSSES

As an example study We consider a "core engine"
with llc a 25, and investigate the effect of

7-8

Even when the by-pass ratio is selected to be
optimal for the given component efficiencies. the
penalties in performance for the component inefficiencies are substantial ss is evident in
Fig. 7.3.3.

to the "old" turboprop engines (approx. 100/1 ).
There are several reasons why the turbofan
engines became much more popular than the turboprop

8(10 5 )
kg/Ns

engines, and it is wise to raview such reasons so
that we can comprehend why similar concepts are

3.8

again gaining in popularity. A major reason for
the success of the turbofan was its high (subsonic)
Nach number ca-pability.

3.2

lTc'~ 21.3
1.4

2.6

~

1.';

-.:,.ti

r-

2.0

onset of high Hach number effects is reduced by
the diffusion withln the inlet duct. In addition,
the individual blade loading can be much reduced
by utilizing many blades, and the cowl much reduces
blade tip loss~s.

-

1.4
0.8
20

40

60

80

120

100

liIO

160

F/:n Ns/kg
Figure 7.3.3

Turbofan Performance

Similar results for higher Hach number flight
are easily attainable, though of course, the optimal
by-pass ratios are lower and appropriate fan pressure ratios higher.
The selection of appropriate compressor pressure ratios and fan pressure ratios is aided by a
figure of the form of Fig. 7.3.4. Clearly, if
specific fuel consumption was the dominant concern,
the appropriate values would be IT = 40 (or greater)
and lTc' = 1. 3 (or less). However, cwe note that at
IT

c

In a turboprop, the pro-

peller tip Hach numbers become very large when the
flight Hach number approaches about 0.7, and the
resultant loss in propeller efficiency limi ts the
turboprop use to Ho < 0.7. With a turbofan, the

= 40, the specific• thrust is 68, 86, and 102

A further important benefit of conventional
turbofans is that they require no gearbox to reduce
the tip speeds of their relatively short blades.
(Note, of course, that uGually a turbofan engine
has multiple spools.) Turboprop gearboxes have
to date been heavy and subject to reliability
problems.
Finally, the high tip speed of the turboprops
led to high noise levels, both in the airport vicinity and within the aircraft at flight speeds.
Recent studies of the very high by-pass ratio
engines have, however, suggested some compromise
designs that show high promise. Thus, if a by-pass

ratio of (say) 25 is selected, the corresponding
co",l could have identified with i t weight penalties
and drag penalties that do not compensate for the

benefits of the inlet diffusion and of the reduction
in tip losses.
by-pass ratio,

(Ns/kg) for lTc' = 1.3, 1.4, and 1.5 respectively.
The very low specific thrust identified with the
low fan pressure ratio could dictate a choice of
higher lTc'

By considering thls "in between ll
(sometimes termed a "prop-fan"), the

required shaft speed reduction will be reduced with
the result that a lighter and simpler gear box may
be utilized. Finally, the effects of tip losses
and noise production may be somewhat curtailed by
utilizing many (about eight) of the smaller diameter

8(10 5 )
kg/Ns

blades, and by sweeping the blades to reduce the

1.7

relative Hacll numbers. An additional benefit is
available in that the blades may be made variable
pitch which will allow high propeller efficiencies
to be maintained over a wide operating range.

1.6

It will be recalled (Sec. 5.4) that the propulsive efficiency of a thruster was

~

np = u +u

1.5

9

where

0

flight speed and

u

9

= "jet speed".

This expression is appropriate for a propeller,

1.4
18

22

26

30

11

34

38

also, and serves to emphasize that we

42

propeller (to reduce

c

•

,~~ant

for a given thrust

u

a large
F =

9

"0»

if the propulsive efficiency is to be
Variation of Specific Fuel Consumption m( u9 with By-Pass Pressure Ratio and Comhigh. The propulsive efficiency, np , represents
pressor Pressure Ratio
the ideal limit of the propeller efficiency defined
by
7.4
THE TURBO-PROP OR PROP FAN
power to vehicle
(7. 1•• 1)
npROp = power to propeller
In recent years renewed interest in highly
efficient flight transportation has spurred investi- Thus,
Fu
m(u-u)u 1 m(u 2_u 2)
gation into "very high by-pass nltio fans. II Cycle
Figure 7.3.4

analysis indicates that such by-pass ratios (for
subsonic flight) could approach those corresponding
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n

PROP

= __
0_::

'hop

9

0 L~

0

1m(u 2 _u
2

9

0

2)

W

__o_=

PROP

-

Here

W
pROP

1.
and

Tlr.

2

=

is the propeller power input

CORE ENGINE

;'(u 2_u 2)
9

W
pROP

Y -1

Y -1
=

P = P (1 +_t_ H 2) t
t9

Tlr.

l

We have

0

2

9

(7.4.5)

9

represents the power output of the propeller and

to the fluid stream (in the "axial" direction)
divided by the power input to the propeller.

Y -1

T =T (1 +~2 H 2) = T '[,'[

.

t9

9

9

0

(7.4.6)

A t

Then with
and again defining
Thus we expect the propeller efficiency to
increase with propeller size simply because the
Y t-l
ideal propeller efficiency (that is, the propulsive
(Tf Tf Tf Tf Tf ) Y t
II
(7.4.7)
efficiency) increases as more mass is handled. This,
r d c b n
of course, relates the propeller efficiency and the
"by-pass ratio". It, should be noted that i f the
propeller size is increased to the extreme, T)L will i t foll0"s directly (just as for Eq. 7.3.34) that
begin to decrease because of high Hach number losses
in the outer portion of the blades.
CYCLE ANALYSIS OF THE TURBOPROP

7.4.1

(7.4.8)

It is appropriate in analyzing the turboprop
class of engine to consider the work interaction

Thus

with the vehicle, rather than the thrust. To
facilitate this we introduce the '';,ork interaction
coefficient," C, defined by
total work interaction with the vehicle!

F

0

1

mass of air through core engine

C

u

;ore = a [(Hf) M ~ - H ]

m

core,
(7.4.3)

0 U

(7.4.9)

0

o

The work interaction coefficient for the
Cc ' is then given by

It is usual with turboprop engines to have the

core stream exit nozzle unchoked, sO the pressure
imbalance term will not be included in the expression for the thrust. We consider the numbering
stations indicated in Fig. 7.4.1, anj proceed with
the analysis in much the same way as with the previously considered engine types.

u

[1+f)11

o

~- M ]
llO

0

u

or

C = (Y I)H [~1+f)H ~-H]
c
c0
0 U
0
o

It may be noted here, also, that
given by Eq. (7.2.13).

(7.4.10)
f

is still

PROPELLER OUTPUT

3

4

5

The net work interaction of the turbine with
the gearbox input shaft per mass of core engine air,
may be written

9

11111cJ..'11-,-,,1~~1
Hence the work interaction with the propeller
per mass of core engine air is

GEARBOX

(7.4.11)
here

Figure 7.4.1

Turboprop Reference Stations

We will want to select the turbine expansion
ratio to give optimal performance, so again utilize
the concept of polytropic efficiency. Thus we have

ng = efficiency of the gearbox

The work interaction coefficient for the
propeller, CpROP , is then given by
CpROP = npRopng[T)m(l+f),X (l-'t)-'r('c- l )]

0.4.12)

Yt = ,

Tf

t

lIe
t

t

(7.4.4)

The total work interaction coefficienL, C is
simply the sum of the core and propeller work
interaction coefficients, hence
C = CpROP + Cc
(7.4.13)
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The work interaction coefficient can then be
determined when the "work split" between core engine
and propeller is decided upon. (This will determine
't)
Analogously to the case with the turbofan
engine, we may determine an optimum value of ' t
that corresponds to minimum specific fuel consumption, but before doing so, it will be useful to
relate the work interaction coefficient to more
familiar quantities. Thus we note that the >7ork
interaction per second with the flight vehicle is
given by the two expressions Fu and CpcTOm1C
o
Hence equating these expressions,
Specific thrust

F
=...-m

The equation for
the form

An equation for

follows by combining

(7.4.14)

~

l-e t ) 1
-l/e ,
x [1 + ( e
If T t* tj

Similarly, the specific fuel consumption
foHows from

In British units these expressions become

This equation is very similar in form to the
equivalent equation for the turbofan, Eq. (7.3.44),
and is also easily solved using functional iteration.
A suitable starting guess is obtained by taking
e = 1 , to give
t
y -1
M '
=.1 + _c
_ _-,-_o,,---_ _~

,
to*

(7.4.16)

3600
fuo Ibm fuel/hr
778 CpcToC Ibf thrust

(7.4.22)

t

(7.4.15)

=

't*

Eqs. (7.4.8) and (7.4.21) to give after some
manipulation

1

S

't*

(7.4.17)

2

TA (nPROpngnm)'

(7.4.23)

It might be noted here that the by-pass ratio
does not appear in these calculations. This is
because the propeller size (and hence by-pass ratio)
will be determined once " * and hence the work
t
interaction coefficient, epROp , is obtained. The
propeller will be sized to give the desired propeller efficiency.
SUHHARY OF TqE EQUATIONS, TURBOPROP WITH
OPTIHAL WORK DISTRIBUTION

7.4.2

A further parameter often used in describing
the performance of propeller engines is the power
specific fuel consumption, Sp' where

II

Inputs:
kg fuel/sec
f
Sp= watts to vehicle = C~
pc 0
In the British system

Sp

Ibm fuel/hr
sp = horsepower
to vehicle

(7.4.18)

is defined by
= 2545 f

CpcToC

(7.4.19)

1m

Outputs:

I

SELECTION OF THE OPTIHAL TURBINE TEHPERATURE RATIO
Turbopropeller or prop-fan engines will be
designed primarily to be low specific fuel consumption engines. Thus, we select T
to make S a
t
minimum, or equivalently we locate the maximum of
C. Thus, from Eqs. (7.4.10), (7.4.12), and (7.4.13)
we obtain

(N /k ) [F
lbf)
s g &T Ibm/sec'
0

1

S(kg/Ns) [i~; fuel/hr) S (kg/Ws)[lbm/hr)
thrust' p
HP'
C, Cc '

CpROP'

etc.

Equations:
y -1
R = _c_ C
m'/s'K
c
yC
Pc

yc- l
ft'
[Rc = -y- CPc (2.505)(10') sec,oR)
c
8

0

/y cRcTo

m/s

+

Ho'

[£t/sec)

(7.4.24)
(7.4.25)

y -1

1:

= 0

when

+

r = 1

Yc
Yc- l

(7.4.20)
1f
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r

= T

r

(7.4.26)

(7.4.27)

Y -1

,

TO = 238,9 K [430 0 R]

.....Lm

IT

C

Yce c

(7.4.28)

c

Y

Y -l
t

Yt = 1.35

Yt

II= (lTrlTdlTclTblTn)

c = 1.4

Cpc = 996.5 J/kgK [0.238 BTU/lbmOR]

(7.4.29)

CPt = 1098.2 J/kgK [0.262 BTU/lbmOR]
h

(7.4.30)

4.5357(10')J/kgK [19,500 BTU/Ibm]

lTd = 0.97
lTb = .98
IT

n

x [1

+ (

l-e t ).!.
II
e

-l/e t

't*

= 0.99

' \ = 0.98

2

(7.4.31)

]

'\n

t

npROp= 0.83

This equation requires iteration to determine
(utilizing ' t * as the first guess), then:

o

ng

= 0.99

e

= 0.90

(7.4.32)
e

(7.4.33)

f =

= 0.95 (power take-off assumed)

c

t

= 0.90

'A

= 6.05

Mo

= 0.8

Table 7.4.1

(7.4.34)

= (y

C

c

c- I)M0 [(l+f)(M0

u
J) - M ]
U

o

0

(7.4.35)
(7.4.36)

Parameters Assumed for Turboprop
Example

With the values assumed in the table, a range
of compressor pres sur ratios was considered, and

the thrust and specific fuel consumption corresponding to the minimum fuel consumption at each value
of the pressure ratio obtained. Figure 7.4.2
indicates the results. It is interesting to note,
also, that at the minimum specific fuel consumption
(lT = 24.5), the ratio of propeller thrust to core
c

thrust was 8.04.

F/:n
Ns/kg
1150

(7.4.37)

\
(7.4.38)

-

1100
S

f

p = CpcToC

(7.4.39)
1050

7.4.3

~

~\

\

EXAMPLE RESULTS - TURBOPROP

\

K

il

An engine suitable for use in an eight to ten
passenger business aircraft was considered. The
parameters assumed were those listed in Table 7.4.1,
and the values reflect the somewhat modest values
it is reasonable to assume for such small, high
reliability engines. The relatively high propeller
efficiency has been taken from estimated propeller

\

.9

1000

1 ,8

\
"\

1 .7

\
950

performance when modern transonic techniques are

used in the blade design.

1\

I

o

4

8

12

16

20

24

1 ,6
28

32

1Tc

Figure 7.4.2

Specific Thrust and Specific Fuel
Consumption Versus Compressor

Pressure Ratio for Turboprop with
Opt;lmum Turbine Temperature Ratio.
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It is of interest to note that when th~ turboprop of the above example is compared to a turbofan
also optimized to minimum specific fuel consumption
(with TIc' = 1.4), and with the same parameters
where appropriate, the turboprop shows an approximately 13% improvement in specific fuel consumption.

7.5

SUM}~RY

AND CONCLUSIONS FOR CYCLE ANALYSIS

In the preceding sections, equations capable
of describing the expected on design behavior of
several different engine types were developed. The
intent was twofold in the sense that it is hoped·
the reader will have gained an understanding of
the methodology of cycle analysis, as well as an
appreciation for the actual behavior of the several
engine types considered. The very simple examples
of the analyses considen,d iII this chapter are
quite suitable for pr~liminary design purposes,
but it should be realized that more exacting
analyses should be utilized if further accuracy
is desired. The principal limitations of the
analyses considered here aris~ because of the
restriction to calorically perfect gases, because
of the lack of inclusion of the penalty paid for
utilizing cooling air (see Chapt. 19), and
because of the lack of inclusion of the effects
of power and air take-offs to operate auxiliary
systems. All these effects can be included in a
straightforward manner utilizing the same conceptual approaches as already utilized in this
chapter, but at the cost of considerably more
algebraic complexity.

is handling high density air (and hence is relatively
small), and is located in front of the necessarily
large combustion chambers.
The design of other components is also affected.
Thus, if the inlet efficiency is high as well as the
turbine inlet temperature, preliminary cycle
analysis indicates that the "optimal" by-pass ratio
will be very large. (With a low by-pass pressure
ratio) Though such large by-pass ratio engines
look attractive from the point of view of low
noise and high propulsive efficiency, the aircraft
can be penalized by the requirement of enormous
landing gear to accommodate the very large diameter
engines.
These and similar design interactions must all
be considered in a successful aircraft design
(Chapter 9), and if the design is to be successful,
accurate estimates of the component efficiencies
and an accurate description of the aircraft flight
requirements must be available early in the design

The very large number of possible input
variables in the several example summaries make
it difficult indeed to even attempt a comprehensive
presentation of the effects of parameter variations.
It is of interest, however, to note some of the

design trends observable today, the reasons for
which are easily shown by utilizing the preceding
analyses. It is evident that the industry is spending considerable effort attempting to increase the
turbine inlet temperature. The prime benefit for
a turbojet that arises from such an increase is in
the increased specific thrust •. The turbofan
engine also benefits from an increase in turbine
inlet temperature ~ecause the increased work
capability of the turbine causes the optimal bypass ratio (for minimum S) to increase (giving
better propulsive efficiency).
Important related changes in the design of
other components also occur when an increase in

turbine inlet temperature is attained. Thus,
generally a higher compressor pressure ratio will
be utilized, to give higher thermal efficiencies.
The burner will usually have to be increased in
cross-section because the increased burner outlet

temperature will cause increased losses in stagnation pressure unless the burner inlet Mach number
is reduced. As a result of these combined effects,
we find the later stages or even large compressors
becoming excessively small, and the burners themselves becoming excessively large. Because of
this discrepancy, some modern designs incorporate
a single stage centrifugal comp-ressor following
an axial compressor.

The centrifugal comp,ressor

has the advantage of being rugged and not so subject
to such things as tip losse3 as the several stages

of axial compressor it replaces. The traditional
disadvantage of a centrifugal compressor (large
cross-sectional area compared to inlet capture

are) is now not significant because the compressor
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process.
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CHAPTER 8
LIST OF SYNBOLS
Subscripts

The symbols are listed in alphabetical order,
first in the English alphabet, then in the Greek
alphabet. Subscripts and superscripts are then
given. The equation, figure or section in which
the symbols are first introduced is indicated in
parentheses. Often the symbol will be defined in
the text just preceding or just following 'the
equation or figure.

c

- Corrected (Eq. 8.1.5)
- Core (Eq. 7.4.10)

Where appropriate. the location of the introduction of the symbal is referred to in previous
chapters.

m

- Nechallical (Eq. 8.1. 3)

p

- Constant pressure (Sect. 2.6)

R

- Reference (Eq. 8.1.7)
- StagnatIon quantity (Sect. 2.16)

A

- Cross-sectional area (Eq. 8,L1)

PROP - Propeller (Eq. 7.4.12)

a

- Speed of sound (Eq. 8.1.10)

STP

C

- Specific heat (Sect. 2.6)

F

- Thrust (Eq. 8.1.10)

- Core stream (Eq. 8.2.1)
- Fan stream (Eq. 8.2.2)

FAT - Fixed area turbojet (Sect. 8.1.2)
f

- Heating value (Eq. 8.1.12)

M

- l1ach number (Eq. 8.1.10)

m

- Mass flow rate (Eq. 8.1.1)

.

N

Subscripts previously defined in Sect. 5.1

Fuel to air ratio (Eq. 8.1.12)

h

AB, b,

0-9

Rotational speed (Eq. 8.4.1)

p

- Pressure (Eq. 8.1.1)

R

- Gas conatant (Sect. 2.12)

S

- Specific fuel consumption (Eq. 8.1.13)

T

- Temperature (Eq. 8.1.1)

u

- Velocity (Eq. 8.1.9)

VAT - Variable area turbojet (Sect. 8.1.3)
a

- By-pass ratio (Eq. 8.2.3)

r

- Group defined in Eq. 8.1.1

Y

- Ratio of specific hea ts (Sect. 2.6)
- Ratio of pressures (Eq. 8.1. 6)

n

- Standard temperature and pressure (Eq. 8.1. 6)

- Eff iciency (Eq. 8.1.12)
- Ratio of temperature.s (Eq. 8.1.6)

11

- Ratio of pressures (Sect. 5.1)

~

- Ratio of temperatures or enthalpies (Sect. 5.1)
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Ct

d, n, r, t,

Station numbers (Figs, 5.1.1, 8.1.1)

CHAPTE[( EIGHT
ENGINE OFF-DESIGN PERFOPJ·1ANCE

B.O

INTRODUCTION

In the previous chapter, cycle analysis

\';(18

applied to several example engine. types in o'J':"der
to predict the expected performance of such engines
as a function of design choices, design limitations
or environmental conditions. The various results
obtained fire henc.e to be interpreted as i:he. expected

The station numbering is indicated in Fig.
8.1.1, and we again utilize the notation introduced in Sec. 5.1 and utilized throughout Chapters
5-7. Equation (2.18.1), together with the assumption of choked flow at stations I. and 8 allows us
to \-vrite

behavior of a fDmily of engines as it vlOuld behave

under the various imposed conditions.

,

In this

and

m

chapter, v7e consider the related problem of how a

given engine (designed for certain prescribed conditions) will beh.1ve at conditions other than that
for which i t Has designed.

here

m
e

(B.1.l)

-'l±L
2 2 (Y-l)

Off-design performance analysis can be considered to be of tHO classes, the first being that
where no component performances are available so
that the component efficiencies as functions of
operating conditions must be estimated, and the
second class being that "'There the components have
been developed and test.:!d so that the component
characteristics are available. The former class
of analysis is used in preliminary estimates of
engine off-design performance, whereas the second
class is used for more exact estimates of the
expected performance of an engine thnt is approaching completion of construction. Both classes of
analysis Hill be considered in the following.

8.1

OFF-DESIGN ANALYSIS OF THE TURBOJET

r " IY (y+i)
By equating

m

,

and m

e

there is then obtained

(8.1.2)

He may note at this point that the area ratio
will be prescribed (by the control syst~n),
e ,
and TAB will be prescribed by the afterburner
setting. TIAB will change relatively little, 80

A /A

the area ratio setting and afterburner setting
He DOW consider the simple case where both
the turbine entrance nozzle and primary nozzle
are choked. This puts algebraIcally simple restrictions on the various relationships, and is in fact
true over a wide operating range for modern turbojets. Further simplifying assumption; consistent
with those of Chapter 7 will be made. Thus, the
gases will be asswned to be calorically perfect
both upstream and downstream of the burner,
turbine cooling "ill be ignored and no power
take-off or air take-off will be considered. In
addition, we will. here ignore the fuel to air ratio,
f. compared to unity, and will ignore the variation
of Y and CPt with power setting. These additional
t
assumptions introduce little inaccuracy because we
will in fact be looking for the ratios of desired
quantities to their design values, rather than for
their absolute values.

determine the ratio

(6.5.1), lTt

Ttll2/TIt

We note from Eq.

is a unique function of

T
and the
t
turbine efficiency, so if the turbine efficiency
does not change much over the operating range.
Eq. (8.1.2) becomes a single equation for T
t
As an example we note that for
and hence TIt

a conventional turbojet "ithout afterburning,
and A
remain fixed.
(Hhen afterbllrning is
e
,
TIAB
present A is varied so that A ---- remaing
A

.

~;

6

cons tant. ) For the conventional turboj e t, then,
the turbine expansion ratio remains ve.ry nearly
constant over the entire operating range~
(The
only change in 7T
arises becau::~e of change.s in
.)
t·
t

n

Hith

deterPlined from Eq. (8 1. 2),

Tc

may be obtained from the expression for the power
balance, Eq. (7.2.11)

1

2

3

4

5

6

(8.1.3)

}I-~i~::::--~-:?'J

L-,..--",-+.II--;--I""'11-;--;l-lllc--+;--;-ill-.t-1

He note here that

tA

is not nOH the design

limit turbine inlet enthalpy divided by the smbi~nt
enthalpy, hut rather is the selec,,,d turbine inlet
enthalpy divided by the ambient enthalpy. Thus
tc (and hence 1fc) is determined by the throttle
Figure 8.1.1

settIng (T ,)' environment (To), and flight
t
condition (T ) .
r

The Turboj et

8-1

.

THE MASS FLOW

(The most obvious example is that occurring in a
conventional engine where A and A are fixed.)

It will be necessary to determine the variation in mass flow rate in order to determine the

variation in thrust.
assumption f « 1)

,

When the locus of the points of such an

Ive thus write (with the

mc vs 1Tc

relationship is plotted on a graph, the resulting
lIne is termed the compressor operating line,
Fig. 8.1.2.

m

2

P

or

TfTTTT7T

m

1f

A

C

~.-.!t_

(8.1.4)

db r c Ira ~

2

TIlE CORRECTED />lASS FLOW
The corrected mass flow, m , is defined as
the group

C

(8.1.5)
Figure 8.1.2
where

ill

= actual mass flow at the plane of interest

Compressor Operating Line

It is usually most convenient to obtain the
off-design behaviors in terns of the ratL> of
the desired parameter to the value of the parameter
at on design~ Denoting the reference, or on design,
quantities by a subscript R, we obtain from

Eq. (8.1.6)

(8.1. 7)
here

STP

refers to Standard Temperature and

pressure so that

PERFORMANCE PARAMETERS

PSTP = 1.013(10

5

)

We now consider the behavior of the performance
parameters when the engine is operated off-design

N/w'[14.69 lbf/in 2]

In order to simplify the equations algebraically
we will assume that the nozzle exit area is varied

P9

so as to keep
It can be noted from Eq. (2.18.1), that a
given value of corrected mass flow corresponds
to a partIcular value of the Mach number at a
given reference area. Thus a particular corrected
mass flow corresponds t'.) a particular engine face

~

continue to assume

Po

,and ill adjition He

f«

1.

We also restrict our

attention to ncn-afterburning turbojets so that
Hith T)'AB n T).T
we obtain from Eqs. (7.2.24)
t
and (7.2.27)

Hach number for a given engine.
With Eq. (8.1.4) we obtain

(8.1. 8)

Y -1

_(_t_)

P

[_2_
Y -1

c

(8.1.6)
of

It is to be noted, that when the "schedule"
A/\ is known, T
is fixed by Eq. (8.1.2)

P

0

(8.1.9)

\l

0

~ - H )

0 U

(8.1.10)

0

o

from which, with Eq. (8.1.4)

(M

ITc

}]1/2

9

•

9

It is then apparent from Eq. (8.1. 6) that the
corrected mass flow is a unique function of the
compressor pressure ratio and the chosen area
scheduling. If the area scheduling is related
directly to the compressor pressure ratio then

Yt

The equation for the thrust becomes
•

(assuming no afterburning is present). The chosen
area ratio A /A
and T
(henct! 1f ) thus fully
a 1+
c
C
determine T)./Tr as is apparent from Eq. (8.1. 3).

mc and

A t

{1-(~)

F = m(u - u ) = rna (H

t

a unique relationship exists between

T T

o

u
-i_H)
U

o

0

R

(8.1.11)
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With the assumption that

f«

1 , or equiva-

hn
b

lently that - - » " , we have froID Eq. (7.2.21)
cPeTo
"
cpcTo
f ~~ ('A-'r'c)

(8.1.17)

(8.1.12)

Y -1

1

Then we obtain from
and (8.1.12)

S

f

,

=~

r

=1+_c_11

2

and Eqs. (8.1.10)
1T

S

(8.1.18)

, y c I(y c -1)

r

(8.1.19)

r

,c

(8.1.13)

SR =

2

0

EXIT AREA VARIATION

'IT

(8.1.20)

+

[1

C

y I(y -1)
c
c

nc (tc-I))

(8.1,21)

It has been assl'1l1ed that the nozzle exit area
will be varied in a manner to keep P9
Po' As
discussed in Sec. (6.1), it is important to know
the exit area variation so that installation
penalties (boat-tail drag) can be estimated. We
may thus write, utilizing Eq. (2.18.5)
Yt+l

Y

A

--1~

A

I
y -l 1 2
t
rt(-z,y-)

(~pto)2 t

u

--~y-_71---- 'IT

{Ft)~-

8

t

, 1/2 (M 2 - H )
(~)
0 Uo
0

'lTAB
n

'A

(H

~

o Uo

- H)
0

R

(8.1. 24)

The schedule of

,

variation is separately

A

S

(8.1.25)

SR =

prescribed, so that the exit area variation may be
obtained from
(8.1.15)
These equations and appropriate subsidiary
equations are summarized in a ,manne.r suitable for

y _1 1 / 2

A

t

-.1.=

A

sequential solution in Sec. (8.1.1). Following
Sec. (8.1.1) several example cases are considered.

r t ( 2y t )

SID-!I1ARY OF THE EQUATIONS, OFF-DESIGN
TURBOJET (Non-Afterburning)

8.1.1

A,

Inputs:

Po

To

A'p'TJ
OR
oR
oR

TreRt

(8.1.26)

6

(8,1.27)

and both

the reference values and off-design
(8.1.28)
A

values of

-t,, Ho ' lid' 'lTb , 'lTAB , lin'
8.1. 2

, n ,
A m

T

nc' nt
A

III

To date, no main propulsion turbines have been
11

used that incorporate a variahle turbine inlet

i

.L , ~ , ----L ,
, _c_ ,
FR SR A,R m
cR lIcR 'lTtR

Outputs:

c

TilE FIXED AREA TURBOJET (FAT)

area (A).

•

Such "convention3.111 turbines are also

usually coupled with a nozzle of fixed area, A

6

Equatiocs:

1/2
T t. _____,-,,.----:-, _

1
Y/(Yt- l )
[ 1 - - (l-T )]

nt

except when an afterburner is utilized. However,
it is custowary to design (-l primary noz.zle variable
throat so that when the afterburner is in operation

(where appropriate, valid for both
design and off-design cases)

A

A

~
A,

•

is varied just such as to keep the engine

(8.1.16) operating at its original setting. It can be
seen fron. Eq. (8,1.2) that this would require

t

8-3

A
e~

to remain

We now utilize the

cons~ant.

Tt

results of Secs. (8.1. 4) and (8.1.1) to estimate
the off-design behavior of a fixed area turbojet
(FAT) operating without at terburner.

.s

(8.1.35)

T tR

(B.l. 36)

The equations of the preceding sections can
be simplified considerably in this special case,
for we see from Eq. (8.1.2) that

T/ 12

(8.1.37)
=

(8.1.29)

const.

lit

(8.1.38)

We now make the further assumption that (many
of) the component efficiencies 1:emain constant in
the regime of parameter variation -v!& are to consirier.
This is a very convenient numerical approximation
for illustrative purposes, and the. results obtained

(8.1.39)

utilizing this simplification still reveal the prinu
cipal effects of the off-design behavior which result (Note the formula for (M ~)
is identical, but
primarily from the changes in propulsive efficiency
o U R
o
R quantities to be used)
and thermal efficiency, rather than from cbanges in
component efficiencies.

If greater accuracy is

desired, the more complete equations of tees. (8.1.1)
may be utilized.

T

1/2

[T~)

With the assumption of constant turbine efficiency, we find that the turbine expansion ratio
remains fixed. We may write from Eq. (8.1.3) then,
that

u

(H

o

M )

,...j, U

0

o

R

(8.1.40)

T 1/2

(+)
OR

Utilizing this relationship, and further
assuming that T\m' Ilc' Il t , TIn' lIAB , and ' \ remain
constant, the equations of Sec. (8.1.1) may be
simplified and re-ordered to give the following
summary.
SUMHARY OF THE EQUATIONS, OFF-DESIGN FAT

T

.!.. ,

Outputs:

FR

A

m

A,R

mcR

engine held at fixed altitude and Hach number.
Parameters assumed are

lT

~ , -.L , -.-£. , _c_

SR

11c = 0.88, Il

t
11 cR = 20, TAR

lIcR

Y-l

TrR = 1 +

T

Ho~ , TIrR

Ho

Yc

=

1.4, Y

= 0.98,

= 0.8.

t

~

1.3,

~

Q

1,

= 0.99, lTd = 0.97,
n
Figure 8. L 3 shows
lT

versus thrus t.
y/(y-l)
(8.1.31)
c

"'" T e e

r
= 1

= 7,

lTb

= TrR e

1.10

y / (y -1)

cR

= 0.9,

the resulting variation in specific fuel consumption

Equations:

T

(8.1.43)

As an example. calculation, we consider an

TAR' MOR ' lTd' TA, M0

T

-1 1/2

[T cc~ I)

Inputs:

+ ...L {lT
Ile

eR

(y -1)
e

Or

(8.1.32)

c_ 1 }

(8.1.33)

SIS

R
1.05

Iy
1.0

\

l"- I---

0.95
0.90

0.20.3

-

0.4 0.5 0.6
F/FR

0.7 0.8

0.9 LO

(8.1.34) Figure B.1.3 -E_ versus 2~ for a fixed area turbojet.
SR

R-4

FR

It is evident that the specific fuel consumption
at first decreases <lith decrease in thrust, but later
increases at very reduced thrust levels. This
behavi.or is of enormous importance in determining
the proper sizing of an engine for use in such
things as a high performance fighter. It is often
desirable to have such a fighter have a subsonic
IIferrll capability, and in such a. case the engine

could be required to operate at very low thrust
levels. I f the engine is very large, such low
thrust levels could be well on the "back side of
the SFC bucket".

At lower

thrust levels, however, the decreasing thermal
efficiency (caused by decreasing 11 c), coupled with
the. sUlall output compared to the component losses,

,

C

,,

= 1.80, A,/A sR=

1.42 .

It is at first surprising that the thrust
decreases as little as indicated, particularly when
the large reduction in pressure is considered. The
prime reason for the relatively small decrease in
thrust is that the reduced compressor inlet temperature reduces t.he compressor power requirement to
sustain a given pressure ratio. Thus, because
the turbine inlet temperature is fixed, the turbine

As a final example of off-design performance
of a fixed area turbojet, consider the problem of
designing an engine for an aircraf t capable of
flying at Hach number three that is to be able
to take-off under its own power. Thus we consider
an engine with 1IcR = 9, at HOR ~ 0, and with

"
8
/

4

0.6 0.7

0.8 0.9

To/TOR ~ 0.759, PO/POR = 0.162 and Mo ~ 3. Other
conditions are as in the preceding examples.
Straightforward calculation then gives 1Ie
3.34,

I,D

;'/;'CR
Compressor Characteristic, Fixed
Area Turboj et

Figure 8.1.4

to the changes experienced in going from Sea level
to 40,000 ft. altitude,) StraightforNard calculation
yields F/FR = .3 1,5, S/SR = .900, mc/mCR = 1.57,

fuel consumption, even though the propulsive

12

0.3 0.4 0.5

given in the preceding example. (Note these ratios
of To/TOR and P/POR correspond approximately

efficiency has decreased.

/'

o

To/TOR = 0.759

and take all other values as

at 1.8 times the sea level value of compressor
ratio, and it is possible tha t the engine would
have to be throttled back at altitude. It is,
of course, the high compression ratio that is
primarily responsible fot reducing the specific

/'"
11

0.162

compression, with consequent increase in corrected
mass flow and hence thrust. There is some question
whether, in fact, the compressor could be operated

_.

16

=

has the power capability of providing much higher

causes the specific fuel consumption to rise.
Figure 8.1. 4 8hOl{S the related compressor characteristic as the thrust is decreased.

20

Po/PaR

1Ic/1IeR

It should be noted that it is the increase in
propulsive efficiency. that causes the original
reduction in specific fuel consumption.

We consider the case where
and

K

me/meR = .541, F/FR ~ 0.841, S/SR = 1.15 , and

A/AsR
5.01, 0)
Finally, the substantial contraction required
of the exit nozzle to keep the exit pressure balanced
It can be seen that when an engine is to be
is shmrn in Fig. 8.1. 5.
used in an aircraft ,nth such an extreme operating
range, the restriction to fixed A and A presents
•

1.0

0.9
As/A'R
0.8

[,.,/

V

engine would have to be operated with substantial
overexpansion in the nozzle at take-off and substantial underexpansion at cruise. The large
reduction in compressor pressure ratio, with
corresponding reduction in corrected mass flow,

would be difficult to achieve, and would probably
imply the use of compressor bleed at the. cruise
condition. (Sec. 8.4.2)

/

0.50. 20 . 3

Figure 8.1.5

Thus it is hard

to imagine hu\-, such a huge exit area variation
could be accomplished, and i t is probable that the

L

0.7
0.6

,/'

a very serious design problem.

/v ----.

6

0.4 0.5

0.6 0.7
F/FR

0.8

0.9

These simple calculations serve to emphasize
that the difficult task of designing an engine is
further complicated when the engine must operate

1.0

at more than one "defdgn point" for a substantia.l
time. Some of the restrictions are so severe,
that competing concepts to conventional engines

Exit Area Variation, Fixed Area
Turbojet

have gained interest as the demand for multiple
A second example of some interest is that
wherein an aircraft flys at the same Hach number
but at two different altitudes. We consider the
case where the turbine inlet temperature is held
the same so that

mission aircraft has grown. An exnmple of such
a concept is considered in the next section.
8.1. 3

THE VARIABLE AREA TURBOJET (VAT)

A concept of considerable interest to the
industry today is that of the variable area turbojet, or VAT. It is plfinned with such a machine
to make both the turbine inleL area variable (by
8-5
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SUHMARY OF THE EQUATIONS, OFF':'DESIGN VAT (Fixed

having movable turbine nozzles for example Fig.
8.1. 6), and the primary noozle variable.

TT c

J

H ' 1'0' Po and component ef f iciencies)
o

Inputs:

'\,

Yc ' y t' T)c' nt' T)m'

'f

TId'

n'

1f

c

TAR' H0' 'fA

Outputs:

A
A
F 2- _...ct_ _9.... l/lrt
, ,
,
,
FR SR A,R A R II;; ;;;

,

A
-.-i...

\R

Equations:
Y

T c

r

Figure 8.1. 6

Variable Area Turbine Nozz1'es

T

-1)

(8.1.47)

Y /(y -1)
t
t
(l-'tR)]
(8.1.49)

(8.1.50)

(8.1.51)

}le now consider a competitive engine in
which the turbine and primary nozzle areas al'C
varied in a manner to keep the compressor pressure
ratio and corrected mass flow constant. He note

that by so doing, not only will the thermodynamic
efficiency of the engine be maintained, but the
inlet airflo" will also be maintained, thereby
preventing excessive inlet spillage drag. The
required relationship for the area variation
follows directly from Eq. (8.1.7) to give

(8.1.52)

(Note the formula for

(M

u
-i)

o Uo R

is identical but

R

quantities to be used.)

1/2

(--)

c

(8.1.48)

C

In spite of the enormous complexity and
difficulty of developing such a concept, the
possible performance benefits are sufficiently
substantial that considerable research and development effort is presently being devoted to such
concepts. To investigate the possible performance
benefits, let us again consider the first example
of Sec. (8.1.2). In Sec. (8.1.2) the behavior
of an engine at fixed Bach number and altitude
was considered. It was found that the specific
f.uel consumption rose at lo~'" thrust levels) primarily because the compressor pressure ratio
decreased with thrust.

'A

I (y

(8.1.44)

TAR

(8.1.53)

Equation (8.1.3) also gives directly
(8.1. 45)

We thus find that this VAT is quite the opposite
to the FAT, in that the VAT has a variable turbine
expansion ratio but fixed compressor pressure ratio,
whereas the FAT has a varia.ble compressor pressure
ratio but fixed turbine expansion ratio.

TA

lIz

(---)

(8.1.55)

TAR

The required primary nozzle area variaU.on
follows from Eq. (8.1.2) to give

(8.1.56)
(8.1.46)

The remaining equations follow directly from
Eqs. (8.1.16)-(8.1.28). In the special case of
flight at fixed }lach nllmber and fixed altitude
(i. e., fixed Ho' T , po)' for example, the necessary equations may ge summarized as follm"s.
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(8.1.57)

"7
,..A. "4
/'
i~

0.90

.-

(8.1. 58)

U.J

Fi.gure 8.1. 8
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0.8 0.9 1. o
F/FR
A,/A,R' A,/AaR and A9/AgR Versus
0.4

0."5

0.6 0.7

I

F/FR ' VAT
As an example calculation, we consider an
engine with the sam.e on-design characteristics

nm
~d

=1, nc = 0.88, n = 0.9, ~b =
t
= 0.97, ~c = 20, TAR = 7, and

0.98,

Mo

TIn

A

and A

a

are required, and there is

~~Olne

question

I

as to \o.'hether the more extreme variations could be
attained in a Horking desi.gn. He note, hOHever,
the very much reduced area variation required of

= 0.99,

= 0.8.

f

It is evident that substantial variations in

as the engine considered in the first example of
Sec. (8.1.2). Thus we tah Yc = 1.4, Y
1.3,
t
Figure

8.1. 7 shows the resulting variation in specific

the exit nozzle.

fuel consumption versus thrust.

an area increase, in contrast to the severe decrease

Included for com-

parison 1.s the FAT result (Fig. 8.1.3) and also
the related turbine enthalpy ratio ').'

I

(Note this particular VAT requires

required for the FAT.)

As discussed in Sec. (8.1. 4)
this reduced exit area variation could lead to sub-

f

stantial benefits in reduced installation losses.

f

The required variation In turbine expansion

ratio is indicated in Fig. 8.1.9.

S/SR
1.10
1.05
1.0

SN

0.95

\

FAT

r"-.
6

""--

r- f-rs

f--I
~
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0.5
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-

V

0.6 0.7

0.8
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~ ----..,
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~VAT

0.9°0.2 0.3

\\

1 0 . 3 0.4
0.9

1.0

Figure 8.1. 9

0.5

0.6

f

I
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0.7 0.8

0.9

1.0

F/F
R
Variation in Turbine Expansion Ratio

F/FR
It is clear that at very low thrust levels
Figure 8.1.7

S/S R versus F/FR for a VAT and for
a FAT

The potential operating advantage for a VAT is
evident here in that the superior thermal efficiency
and propulsive efficiency of the VAT at part thrust
operation leads to substantial benefits in reduced

specifIc fuel consumption. A further benefit is
implied by the behavior of the turbine inlet enthalpy. Thus the more rapid fall-off with thrust
of the turbine inlet temperature for the VAT indicates the possibility that .less cooling air will
be required from a VAT dunng part throttle operation
than will be required for a FAT.
The required area variations for the VAT are
shol<ll in Fig. 8.1.8.

the turbine expansion ratjo compared to that
required at the on design point is very large.
This required variation of expansion ratio T,oJOuld
seem to imply the need for substantial research
and development to extend the capabilities of
present day turbines. It would also seem to imply
the use of a turbine vlith several more stages than

I

I

would be required for operation at high thrust
levels, so that the turbine would be capable of
supporting the required large expansion ratios at

low thrust levels.
Further potential operating benefits of a VAT
.
become apparent "hen flight at var~ous altaudes,
various Hach numbers etc. arc consldereu.. It is
these possible benefiLs that have stimulated
industry interest in the VAT as well as other
variable geometry engines, suc.h as the variable
by-pass ratio turbofan.
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Though the analysi., of other variable geometry
engines "ill not be included here, a brief description of some possible engine types "ill be given to
illustrate the extent of creative thought that has
been directed to the probhm of developing engines
with efficient multi-mission capability. In Ref.
(8.1) the annulus inverting valve (AIV) is described,
and many possible cycles utilizing the value are
considered. The valve has the capability of s,,,itching half the flow i t encounters front the inside of
an annulus to the outside, and vice-versa. Alternatively it can be operated so that the flow passes
straight through the valve. This capability offers
the opportunity of varyin" the cycle by-pass ratio
and by-pass pressure ratio to better suit the
required operating point. The valve in its most
simple utilization is illustrated in Fig. 8.1.10.

Figure 8.1. 11

Variable By-Pass Ratio Engine

The examples of variable geometry engines
cited in this section represent only a fel; of the
very large possible number of engine concepts
that deserve consideration, and the futu'C'e should
see extensive study of such advanced concepts.
The eventual development and production of such
engines will depend upon the many technical tradeoffs obviously present, as well as the enormous
economic trade-offs required.

8.1. 4

Figure 8.1.10

INSTALLATION EFFECTS

The example calcul,,;iolls of the preceding
two sections illustrated the variation of param~
eters with the "uninstalled l1 thrust, and the
specific fue 1 consumption based upon this value
of thrust. Hany of the major benefits of variable
geometry engines are identified with the reduction
of installation effects, however.

Annulus Inverting Valve

It is evident from Fig. 3.1.10 that the
AIV aIlo",s operation of the engine as a turbofan engine with 10t.,1' compressor pressure ratio,
or as a turbojet engine with high compressor
pressure ratio.
(In the latter mode, half the
inlet air is by-passed.) The design calculations of Chapter 7 indicated that flight at
low Hach numbers is best served by a turbofan,
.'hereas flight at high ~lach numbers is best
served by a turbojet. 'lhus, the AIV offers
the opportunity of substantially extending an
engine's efficient flight envelope.

When a high Hach number aircraft is flown at

low Mach number, the mass of air per second
s"allowed by the projection of the inlet area
decreases, but not in fact as rapidly as the
engine demand for aiT decreases. Thus, at low
flight Hach numbers the inlet must spill air,
and in the case of a sharp edged supersonic inlet,
substantial spillage lossE!s occur. It can be
seen then that the VAT, by maintaining a high
airflow demand, will much reduce such spillage
losses at lmv thrust levels.

Nany othe.r variable geometry concepts are
pOSSible, as for example the variable by-p().ss
ratio engine illustrated in Fig. 8.1.11.

A further installation benefit arises for
the VAT, because of the small required exit area
variation as thrust is reduced. Usually, the
In au engine such as that shown in Fig. 8.1.11, exit area when no nfterburning is present, even
a relativ81y simple diverting valve would be utilized with full thrust, is substantially less than the
to vary the amount of air by-passed. The required
main engine cross sectioI1F.ll area. This projected
adjustments for power split between fan and compres- area can lead to serious drag penalties and it is
sor would be supplieri through the use of a variable
important to design the engine aft end so that
area turbine nozzle at entrance to the low pressure
substantial sl:.~paration does not occur. v.1hen a
turbine. This latter configuration would have the
conventional engine (FAT) is operated at very low
added advantage that the variable area nozzles
thrust levels, the required exit al"ea closure is
would be operating in a temperature regime such
so substantial that the prevention of separation
that cooling would not be required, and hence the
is usually impossible, and as a reBul t large
required mechanical complexity of the movable
boat-tail drag penalties are incurred. The VAT,
nozzles would be greatly reduced.
Lecause of its continued handling of a large
mass flow rate which is delivered at eVer decreasing exit velocity, leads to a requirement of very
little area change. As a result the VAT shows
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promise of leading to much reduced aft end installation losses as well as reduced inlet 10s3es.
In conclusion, it should be pointed out that
the effects upon inst.allation losses for a VAT are
comparable to the effects upon uninstalled perform-

ance. Thus, the VAT like all competing concepts
should be evaluated in terms of the installed
behavior. This, of course, requires knowledge
of the inlet and aft end losses ;lh1ch must generally be obtahed from experiment. (Chaps. 9 and 26)
8.2

THE TURBOFAN OFF-DESIGN

When the off-design performance of a turbofan
is considered, a slight additjonal complication
arises in that the variation in performance of each
separate stream must be determined. In order to
aetermine these separate variations in performance,
additional information Llust be provided to describe

These three equations (and appropriate intermediate equations for the temperature and pressure
ratio in tenns of efficiencies) can be iterated
rapidly to determine the desired values. Thus, for
example, the iteration may be started by B.sstlming
Tc' = Tc'R in ~q. 8.2.2 to give a first estimate of
'ch'

This value is used in eq. 8.2.4 to estimate

at and an updated value of Te' is then obtained
from eq. 8.2.3. This process is repeated until
appropriate accuracy is attained. Following solution for these three variables, the remaining performance variables follol< in a straightforward
manner.
As an example we consider an engine with de·~
sign conditions Ho=2, 1T c '=1.5, 1T c =15, 0=1, T>.=7.2.
Calculation then gives

the IIwork splitH between the t,olO streams, of the

2.02

turbine output. To illustrate such a procedure we
consider a turbofan in I<hich the fan is driven by
its own low pressure turbine, and the high pressure
compressor 'is driven by the high pressure turbine.
'We introduce the intermediate location between the
two turbines as station 4a, and introduce the
obvious definiti.ons

34.7

1.4
1. 78
25.6

.661

.772

1.0

1.8
1.58
17.9
.916

2.2
1. 43

12.6
1.09

2.6
1.32
9.20
1.28

3.0
1.21,
6.94
1.48

These results indicate that variable geometry
should also be considered for use with turbofans.
Thus, it is evident that, for example, the by-pass
ratio increases ",-rith increase in flight Mach number. This tendency is apposite to the tendency
indicated for on uesign behavior. The variable

geometry engine already exhibited in Fig. 8.1.11
shows promise to alleviate many of these problems.
8.3
n

tL

=

(8.2.1)

The off-design analysis of the turbofan is
much simplified algebraically it, analagously to
the assumptions already utilized for description of
the off-design performance of the turbojet, we may
aesume the two exit nozzles to be choked, and both
turbine entrances to be choked. These assumptions
are valid over a fairly wide operating range for
flight at high Hach number, but the exit nozzles
will tend to undlOke at only slightly reduced power
settings at lOt' Hach numbers. An algebraic method
of handling the unchoked nozzle problem is illustrated in Sect. B.3.
For simplicity of presentation we consider the
example of fixed turbine inlet and fixed nozzle
exit areas. Analagously to the result of Sect.
8.1.2 it then follows that 'th' "th' 'tL' "tL are
all constant. A power balance between high pressure compressor and high pressure turbine then
leads to

(8.2.2)
Similarly a power balance betl<een fan and 101<
preesure turbine gives

OFF-DESIG~ &~ALYSIS

2

3

4

OF THE TURBOPROP

48

~r~lt(
Figure 8.3.1

Turboprop Station Numbering

We begin the analysis of the oEf··design performance of the turboprop by again assum:fng that
the entrance areas to both turbines are choked,
and that the turbine 'entrance areGs and the nozzle
exit area are fixed. The power balance bet\.,reen
compressor and high pressure tllrbine then gives
immediately
t/t r
(8.3.1)
'c -1 = ("c -l)R-(tA/Tr)R
In virtually all operating conditions of a
turboprop the exit nozzle will not be chokcd, and
we thus write from Eq. (2.18.1)

(8.3.2)

(8.2.3)
Finally, utilizing the mass flow equation in
both streams (as in Eq. 8;1. 4) leads to

~=
"R

J~

llchR [TCIR TAiTr
wch
TC' (T/Tr)~

Yt-l

2

[1+ -2- H<jl

(8.2.4)
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-(Y t +1)/2(Y t -l)
(8.3.3)

Eqs. 8.3.10 - 8.3.12 may be solved by func-

Equating these two expressions and rearranging

slightly there follows

tional iteration.

Thus, a8sume H9J calculate TIt'

't and then a new value of

}!9

from Eq. 8.3.12.

Continue till the desired accuracy is obtained.
Alternatively, Eq •. 8.3.10 and 8.3.11 may be
substituted directly into ~q. 8.3.12 to give a
quadratic expression for H 3 • The resulting equa-

We have also
P t9

=

Thus noting that
choked,

We

~

Pg

p-;-

Po

=

P-;

tion is very IDE'SSY, however, end in view of the
fact that the given three equations converge very

1fr1id"clTb1Tt1Tn

(8.3.5)
= 1 because the exit is un-

rapidly to appropriate accuracy (usually within
tl>,lO iterations), it would seem siI!J.pler to use the
above f anns.

have,

Uq 2

(Holf-)
o

2
= -- ,

'( c -1

"

), t

[1-(TIrTIdTIcTIbTItTIJ~(Yt-1)/'(t]
(8.3.13)

(8.3.6)

(8.3.14)
Equations 8.3.4 and 8.3.6, together with the
intermediate equa tion relating

1, t

an9

T

t

(Eq.

(8.3.15)

6.5.1) may be easily solved by functional iteration. With the thus determined values of Mg, TIt
and T t' the perform.:'lnce variables fo110'v directly. Utilizing the n_!sults of the. summary oE Sec.

(7.4.2), with Eqs. (7.3.22) and (8.1.4) the results
of the following summary are obtained.
Su}~Y

Inputs:

cc

(8.3.16)

c

OF THE EQUATIONS, OFF-DESIGN TURBOPROP

(8.3.17)

Ye , Yt ' npROp ', ngJ nm, ne , nt' nb , lTd'

(8.3.18)
TI b ,

F

r;J

Outputs;

1T cR '

S
ti, mc
SR' IDR' meR'

Equations:
T

T

1T

cR

= 1

+

t)"R' MoR '

T,,'

Ho

(8.3.19)

S

TTC

Y -1

_c_

Lnc

("eR Yc

(8.3.20)
-1)

(8.3.7)

(8.3.21)

(8.3.8)

C

(8.3.9)

C

1

1T

Y-1 2]
[1++H9

F/m
,u_
(F/m)R rnR

(8.3.22)

(8.3.10)

(8.3.ll)

As an example calculation we consider the
off-design performance of the engine considered
in Sec. (7.t~.3). The engine ollwdesign parameters
are listed in Table 7.4.1. We assume the engine

is operated at fixed altitude with fixcd turbine

H9R

inlet temperature and wish to obtain the variation of thrust and specific fuel consumption
with flight Hach number. As a simple approximation to real propeller efficiency variation
wj_th Mach number, n
is assumed to vary as in
pROp

[l]
'tR

Fig. 8.3.2.

(8.3.12)
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In what follows, the individual component
characteristics will be described, and the method of
combining these characteristics to obtain the pumping characteristics and then operating characteristic will be developed.

1.0

i-

0.9
llprop
0.8
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L..--- L..---

0.7 0.6
0.5 0

I
I

8.4.1

----: i--'---

~'lrhen a new compressor has been developed, it
will be subjected to a compressor rig test to
determine its performance capability. It is most
efficient to present the results of such a test
in terms of dimensionless or pseudo-dimensionless
variables. Routine dimensional analysis reveals
that we could e>..--pect the compressor pressure ratio
P /Ptz ) to be a functio~ of four dimensionless
t3
parameters vlhich could be taken to be the ratio of
specific heats, Y , the Reynolds number Re
e
the }lach number at the engine face and the ratio
of blade (tip) speed to speed of sound.

----

0.1

0.2 0.3

0.4

0.5 0.6

0.7

0.8

H

o

Figure 8.3.2

Assumed Prqpeller Efficiency

The results of the calculation are shown in
Fig. 8.3.3.
3.0

F

r--,---.----r---r--.---,---r--~

THE COHl'RESSOR CHARl,CTERISTICS

Experience has shown that variations in both
y c and fte have relatively little effect over much

1

2.5

O.S

2.0 1--!----1

0.6

of the operating range of the typical compressor,
so it is usual to present the performance in
terms of the other dimensionless variables and to
provide Y and Re cor~ections when necessary.
c
(Sec. 8.5) It is usual also, to utilize variables
related to the engine fact! Hach number and "blade ll
Hach BurnLer, rather than to use those variables
directly. Thus, as WclS shown in Sec. (8.1), a
unique value of engine face Hach number corresponds
directly to a unique value of corrected mass flow,
' and it is usual to utilize me as a "pseudoc
dimensionless" variable.

m
0.1,

1 Ol:---::--'-:-------::--'---:--::-'-:,---::-L-c:---::-'--::--::-"--;-0.1

0.2 0.3

0.4 0.5 0.6

0.7

Hhen a specific compressor (i.e., given geometry) is to be tested, it is apparent also that a
given blade speed occurs for a specific value of
rotational frequency, and that the reference speed
of sound can be taken to be propar tional to the
square root of the incoming stagnation temperature,
Tt2
Thus, it is customary to utilize the cor-

O. 2

0.8

Ho

Figure 8.3.3

S and F"

SR

versus Ho for a Turboprop

rected speed, N , as the second pseudo-dimensionless
e
~Therc.
Nc is defined by

R

variable,

The results inuicate that the prop-fan (or
turboprop) represents a very desirable engine for
use in low }lach nUffi"Jer aircraft, (H

a

< 0.8) pro-

N

vided that the high propeller efficiencies indicated in Fig. B.3.2 (particularly at the higher
Bach numbers) can be attained.

improved behavior at the design condition, com-

pared to a turbofan engine, and it can be seen
from Fig. B.3.3 that the high propulsive efficiency of a prop-fan engine leads to very high

8.4

,Ie

(B.I,.l)

here N is the. actual rotational speed (in
radians/sec for tIle S1 system of units, in RPM
for the British sy~tem). fJ is the dimensionless
temperature as already defined in Eq. (8.1.5).

Thus, as was shm.Jn

in Sec. (7.4.3), the prop-fan gave substantially

thrusts and
at low Hach
explain the
of advanced

N

c

The method of ob taining a "map" of the compressor characteristics js tllus to set a given
corrected speed for the eotnpressor (on a separately
dri\'en motor), and to vary the corrected mass flow
over the desired range by varying the exit valve
opening. By operating at an appropriate number of
corree tcd speed set tings, L1nd OVer an appropriate
range of corrected mass £lm·:s, the opera ting
behavior of the compressor OVer its entire range
may be determined.

1m., fuel consumptions when operated
numbers. These results further
renewed interest'in the development
turboprop engines.

THE USE OF COHPONENT CHARACTERISTICS

When the performance characteristics of the

various components are available, the combined
per formal1ce of the compressor, burner and turbine.
can be predicted. These combined characteristics,
termed th~ pumping characteristics, can then be
utilized to predict the overall engine performance.

Once a schedule of turbine area variation and primary nozzle area vdriation is selected, a unique
operating characteristic may be determined.
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A schematic diagram of a typical ~ompressor
tes t f.ileil i ty is shm.,rn in Fig. 8. '1.1, and
typical results are lndicaled in Fig. 8.4.2.

Compressor

Figure 8.4.1

IT

Figure 8.4.3 ' Rotating Stall Packet

Compressor Test Facility

Figure 8.4.3 depicts a packet of fluid which,
because of the large imposed pressure gradient,
has undergone a severe flo',., reversal. To the
surrounding fluid such a reversal region appears
to be a blnckage area, and the fluid divides to
by-pass the area. It can be seen in the figure
that the blades on the lower side of the stall
packet Are thus confronted wi th A flow of reduced
angle of attack "hereas the blades on the upper
side of the stall packet are confronted with a
flow at increased angle of attack. The result then
is that the lower blades tend to unstall And the
upper blades tend to go into stall, leading to
a net movement (or rotation) of the stall packet.

""

c

Operating
Line

Rotating stall, and its inception, Are of
enormous importance to the industry, because not
only cloes rotating stall cause the onset of limi ttng attainable pressure ratio in some portions of
the compressor characteristics, but the vIbratory
stresses set up in the blades can lead to very
rapid and catastrophic failure of the compressor.
Figure 8.4.2

Compressor Characteristics

The dotted line indicated in Fig. 8.4.2
repre8ents the liDlit of pressure ratio that can
be obtained for the given corrected speed. This
limit occurs when the pressure rise across the
compressor is so extreme that the blade loadings
reach levels that ceuse boundary layer separation
over substantial portions of the blades. In this
condition several forms of flow instability can
occur, principal among which are rotating stall
and compressor surge. These instabilities, which
are thoroughly describcd in Chapter 23, effectively
limit the attainable pressure ratio.
The mechanism of rotating stall is complicated indeed, but some understanding of the phenomenon can be attained fro," a relatively simple
.todel, as depicted in Fig. 8.4.3.

Surge is that phenomenon where a substantial
fraction of the compressor blades simultaneously
reach their limit,of load carrying ability. As
a result, flow breakdovtll occurs and the entire
compressor looses its capability of supporting
the overall pressure rise and massive flat·,
reversal occurs, The frequency of such reversals
is quite obviously related to the stora1~e volume
following the. compres~or as well as to the compressor behavior itself. Compt'essor surge represents a very serious design limi t, because when
it occurs in an operating engine, very often
engtne flame out occurs.

The distance between the operating line and
surge line, 8hm'" in Fig. 8.4.2, js referred to
as the surge margin, It usually happens that
the best engine perfonnnnce occurs ":hen the compressor operates near the surge line. This introduces a difficult design problem in that "appropriate" precautions must be taken to prevent
engine surge due to such things as severe inlet
flow distortions occurring (due, for example, to
operation at extreme angle of attack), to ingestion
of combustibles from gun rocket
firing (leading
to added combustion in the burner with consequent
pressure rise), to burner over pressuring from
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fuel surges during acceleration, etc. A careful
balance must be chosen between selecting an overly
large surge margIn with poor steady state performance, and selecting too small a surge margin with
inherent low engine safety.
8.4.2

A second technique to reduce the starting
problem is to utilize variable angle stators.
By varying the angle of the stators the angle of
attack to the rotor can be changed to nJore closely
approach the design angle, and because of this the
compression per stage can be improved. The effect
of variable Btators is hence to both reduce the
tendency of the front blades to stall and to reduce
the tendency of the rear blades to llindmill.

COHPRESSOR BEHAVIOR DURING STARTING

The third technique to reduce the starting
problem is to drive the compressor with mUltiple
spools. ThUD, the low pressure portion of the compressor will be connected directly to the low pressure portion of the turbine and the high pressure
por tion of compressor and turbine Hill be directly
connected on another lIspoolll.

I-~
I11I1II1II11I1

To High Pressure
Turbine

~-------

Figure 8.4.4

Compressor Section

Figure 8.4.4 depicts a typical compressor
section. It is apparent that the overall contraction in annulus area will he selected so that when
the compressor is on its design point the axial
velocity throughout ;rill be appropriate to match
the desi,;n angles of the many blades. When the
compressor is operated at a pressure ratio other
thsn the design pressure ratio, then, the ratio of
exit axial velocity to entrance axial velocity will
not be the same as "lhen the compressor is on design

because the density ratJo will be dependent on
the pressure ratio.
m,en the compressor is running at very low
rotational speed, as during starting, the first
Btage Hill tend to induce a flow at an appropriate
angle of attack to the first stage blades. As
the flow proceeds through the compressor i t will
then tend to accelerate because the low stage com-

pression ratios identified with the low rotational
speed will not introduce a sufficient increase in
density to compensate for the annulus area contraction. As a result, the axial velocity can become
very large near the back of a high compression
ratio compressor leading to "windmilling" of the
rear stages, and in severe cases leading to choking
of the flow. The net result is that during starting the early blade rows operate at high angle of
attack (hence tending to stall), the mid-blade
rows operate approximately on design, and thG rear-

most blade rows operate at low angle of sttack
(hence tending to windmill).
There are several design techniques available
to relieve these starting problems, some or all of
them being utilized in all modern high compression

Figure 8.4.5

Nultiple Spool Compressor

It can be noted that the same argument used to
explain the stalling and windmilling behavior of
the compressor can be used to explain the turbine
starting problem. Thus, by providing separate
spools, the (for example) high pressure portion
of the compressor will be allowed to match with
the high pressure portion of the turbine, both
components in fact operating closer to their
design point if allowed to speed up.
It is obvjolls that the re>quirement for these
additioual complexities increases as the design
p ..~essure ratio of the compressor increases which
tends to explain why modern engines usually utilize all thrf'e techniques described above~ Aircraft designed for operation over a ,>'ide Hach
number range (as considered in the example of
Sec. 8.1.2) are also required to fly with widely
different compressor pressure ratios at their
various fligbt conditions, and as a result may
even be forced to fly with compr£!ssor bleed when
cruising at a "design" flight Nach number. These
complexities, aud the demands that cause them ..
again serve to emphasize the need for design
ingetluiry in the development of modern engines.

8.4,3

THE TURBINE

CIL~RACTERISTlCS

The same reasoning that lead to the use of the
ratio compressors. The f1 rst technique 1s to utiparameters corrected mass flow and corrected speed
lize bleed valves. Bleed valves operate by releasfor the compressor. suggests that ~"e plot the tur..,
ing air from an appropriate stage in order to reduce bine pcrfonnance characteristics the snme way with
the axial velocity and thereby reduce the tendency
the simple exception that the refereoce inlet and
to windmill the rear stages.
exit quantities are now those at stations 4 and 5.
Utilizing this procedure. the reBults of a turbine
rig test would appear, typically, as those sho>Tn in
Fig. 8.4,6.
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.c,

~

=:--m

l+f

(8.4.6)
In the case where the turbine is choked, the
corrected mass flow
will be a constant (or

m

, Choke
I

C4

proportional to

for a variable area turbine),
and for sirnplici ty 't{e neM assume that this is the.
case.
(Note that i f this is not true i t is siD~ply
required to iterate to determine the value of melt.)

Limit

ill ,Ie,

The burne" characteristics will give

--;s,;-Figure

8~4.6

A4

tl

tion of

Turbine Characteristics

if

It is evident from Fig. 8.4.5, that in the case
of the turbine, an alternative presentation format
is desirable because so much of the desired informa....
tion collapses on the c.hoke limit line, whe.re in
fact the turbines most usually operate. A simple
method for displaying the desired information is to
multiply the corrected mass flow by the corrected
speed. This has the effect of moving apart the
separate corrected speed lines so that the efficiency contours, etc. may be discerned. (Fig. 8.4.7)

T

C2

/T

is specified)

t4 t2
function of

'\,

as a ftmc-

and the fuel to air ratio
IDC2

Thus,

f.

is specified as a

IT
(Note that the effecl of f is
c
small) but to bp.. exact we "wuld iterate upon its
value when 'I;.;e later determine more exactly what
value f actually has.) The relationship between
Tt4/Ttz' ire and m
may be indicated on the

e2

compressor performance map as in Fig. 8.4.8.

/

/

IT
C

efficiency

ffil8

C2 =~

m

Figure 8.4.8
Figure 8.4.7
8.4.4

Alternate Form Turbine CharacteristIcs

THE pmrPING CHARACTERISTICS

The group of the three components, the compressor,
burner and turbine Is termed the gas generator, and
the performance of the gas generator is represented
by the "Pllmping characteristics l l •
The pumping char~
aCleristics simply give the output variables (station
5) in terms of the input varinbles (station 2).

Once the compressor performance map has been
obtained in the m.nner indicated in Fig. 8.4.8,
the graph may be utilized to obtain lTc and
C2
when N//O; and \ / \ 2 are prescribed. We

m

note also that

= N

(1+f)~2

Cpc (T t ,-T )
t2

=

ll (l+f)C

m

Pt (Tt.-T ts )

From Eq. (8.4.3) we obtain (with

TIc

and

ne

T

t

=

T ··1
CPc
(/'L) (T -1)
c
ll (l+f) CPt
m
t2
1

l~------

Hhen

Tt /T t2
TI

e

,m

and

,n c
C2

N/lo;:-

(8.4.7)

are pre9 cr ibed

and hence

T

c

Fig. 8.1•. 8.

(8.4.3)

N//8; = N/18; (~)
This
t2
allmvs us to locate our position on the turbine
performance map (Fig. 8.4.9), which in turn provides tiS with the corresponding value of 7f

We then obtain

Tt

from Eq. (8.4.7)

T; 1/2
and

(8.4.5)

N//8;

from

t

m

c

l-1e

from

(8.4.2)

(8.4.4)

Pt, = Pt2 lTc ' \

may be obtained for a given

The equation for the power balance, Eq. (8.4.5)
may be rearranged to give

may obtain
C

Tc

location on the map because both
are provided.

To obtain the pumping characteristics from the
individual component characteristics, we utilize the
matching of mass flow, shaft speeds, stagnation
pressures and power requirements. For simplicity
we will consider the simple example of a non-afterburning, single spool turbojet. '-Ie then have:
N

Compressor Performance Hap

~/6/6

)
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T

~

T

t.

N//8;

Figure 8.4.9

Figure 8.4.11

Turbine Performance Map

The pumping characteristics then follow·by
noting

~=
Pt2

tit

The Fuel Air Ratio

GAS GENERATOR - NOZZLE HATCHING

8.4.5

The ptmlping characteristics allow determination

of conditions at station 5 in terms of those at

and

lf 1T!> 1Tc

t

station 2 when the corrected speed and the ratio
Tt4/Tt2 are prescribed. vlhen the gas generator is

coupled with a nozzle of pr2scribed throat variation
however, N/Iff; and T
are not separately
t
t2
prescribable. (Recall the results of Sec. 8.1
where it was shown that by prescribing the ratio
A~/A8 , a unique compressor operating line will be
determined.) For simplicIty we again consider the

/T

c,

case where the primrtry nozzle is choked, so that

the group m,IiJ;/A,o,
continuity then gives
A

,;,

is a constant.

Hass flow

10 . 10- 1

t- (1.0.'] R,6: 1 (l+f)

(8.4.9)

=

2

Noting that for the non-aftelburning case,
Tta = l' t s and also that pt/p t • = Pt/ Pt2 ITn
this expression may be written
A
-.1.=
A

(8. 1,.10)

2
1T

n

N/~

Figure 8.4.10

will be known as a function of the cor-

rected mass flow rate through the tail pipe and
nozzle, so that i f "e prescribe T t/Tt. and N/~
then

The Pumping Characteristics

Finally, the fuel to air ratio is determined
from an enthalpy balance across the combustor to
give:

,~.1ff;/6., p

t,

/p

.t2

,T

ts

hence

~

r;;: -

Cp ;
tc
-----:''-----''-''::--=:--

Tib h

CPt Tt4

(8.4.8)

c-T-CT
Pc

t2

Pc

t.

and

will

Fixed
Nozzle

CPt Tn
f

IT

all be determined from the pumping characteristics.
Thus AsIA, will also be prescribed. and a graph
of the form of Fig. 8.4.12 obtained.

A.
T

t2

~

T

Thus a relationship of the form of Fig. 8.4.11
may be obtained.
Note that unlike the results of Fig. 8.4.10,
the results of Fig. 8.4.11 are valid for only a
single specified value of Tt2

Figure 8.4.12

t.

Area Variation

ffi,en the desired schedule for the nozzle area,
As , is prescribed a unique Tt4/Ttl versus N/l8 z
curve is established.

8.5

This ,,110"8 determination of

LIHITATIONS ON THE ACCURACY OF COMPONENT
CHARACTERISTICS

It is important '~Then utilizing component characteristics to generate pumping characteristics, to
be mvare. of any accuracy limit.:ltions. The most
obvious accuracy lir.1itatious ..·;ill o'.:cur because of

a unique set of gas-eenerator, nozzle) pumping
characteristics as indicated in Fig. 8./,.13.

the inevitable instrumentation and recording
inaccuracles present in any test pTocedure and, of
course J every effort TIlUS t be made to minimize such
sources of error. Other sources of error, however,
arise ...,hen the effects of ignoring changes in

Reynolds number and the ratio of specific heats
are not included.

In many large engines, the effect of Reynolds
number. variations are, In fact, very small over
virtually the entire operating range of the engine.
It can happen, ho\.;ever, particularly in small
business-jet engines, that Reynolds number effects
can become substantial for flight at extreme altitudes. In the con'pressor, for example, it is

entirely possible that the flo;! over the first
blade row will become largely laminar with COnse-

T

t4

Figure 8./,.13

/T

quent onset of early (la:ninar) separation. Aside
from reducing the performance of the first blade
row, such separation causes veloc.ity miss-matches
at all succeeding rows .."ith consequent substantial
change in compressor performance.

t2

Gas Generator-Nozzle, Pumping
Characteristics

PERFOF}k\NCE PREDICTION WITH PIMPING
CHARACTERISTICS

8.4.6

In a similar ~]ay) operation at extreme altitudes can lead to very low Reynolds numbers at
the later turbine stages with consequent deteriora-

Once the gas generator-nozzle, pumping characteristics are available, the performance param-

tion in performance.

eters follow very directly from the equations for
the performance variables. Thus, with reference
to the summary of Sec. 7.2.2, the performance
variables may be obtained from the pumping char-

acteristic variables from the fol101;ing equations.
(Note that Tt./T
would be assumed and the
tz
flight conditions etc. "auld be knmm.)

~=

{TIrTI dll n

p.

T
--9.=

To

~

•

(8.4.11)

Ptz

p-(Yt-l)/Y t

T

'[

~ (..s.~)

r T

An entirely different phenomenon arises "'hen

operation at very high humidity is carried out,

.p

Po
p}

tz

(8.4.12)

P,

(Unless the blades had been

designed lIoversizcl' originally to prevent such
deterioration.) The point, then, is that i f operation over extreme Reynolds number ranges is to
be expected, appropriate investigations of the
effects of the Reynolds number variations should
be included in the engine test ·program.

Several effects arise when large amounts of water
vapor are present in the flow, including changing

the ratio of specific heats (so that the value of
corrected mass flow nt a choke c.ondition chEinges,
as does the refel-enc.e. speed of Bound in the corrected speed). tillen condensation (and Inter evaporation) occurs~ substantial effects arise because
of the release or absorption of the latent enthalpy

of evaporation.
As an example, if an inlet is considered. the
presence of water vapor causes three major effects
to occur!

(8.4.14)

1. Mass Continuity - The specific density of water
is so high that any droplets that form (due to thi!
lowered static temperature 3S the air accelerates
into the inlet) occupy effectively zero volume.

The result is that this aspect of condensation

1:
ill

a [(l+f) (M

o

allows the inlet to pass a larger mass flow than
it can without condensation.

u
--9.) - M

0 U

o

0

2 •.Stagnation Entha1J1Y.-I.ncrcase - When droplets
(8.4.15)

form, their latent tmlh<1lpy of vaporization is
released to the. surrounding gaB thereby increasing
the stagna lion temperature of the gas. This tends
to reduce the mass flow handling capability of the

inlet.
(8.4.16)

(Recall

m(!l/!f~)

3. Stagnation Pres~urc Decrease - The latent
enthafpy of vapol-i2·,;tion~---r;;1eased upon fonnation
of droplets, reduces the stagnation pressure, as

was pointed out in
8-16

th~

anolysis of Sec. 2.17.2.

This reduction in stagnation pressure tends to
reduce the mass flow handling capability of the
inlet. (Recall ill aPt )
The net effect of 1, 2 and 3 is that when
condensation occurs, less mass flow can be handled
by the inlet than could be when no condensation
occurs. Thus inlet testing (aDd engine testing)
at ground level on hot humid days can lead to
substantial variations in performance (greater
than 1% mass flow rate changes) and great care

should be exercised in applyiIlg data correction
procedures.

8.6.1
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INTRODUCTION

'l'he preceding chapters have emphasized the
development of analytical methods to describe
engine perfonnJTlce both on and off design. It has
been pointed out that the "installation effecLs"
could be a f paramount importance, and that any
engine design must include consideration of the
interactions between engine and airframe. ,·nlen
engine cycles and airfram('. concepts are analytically
integrated to defjne an ail-plane system, the engine
and airframe subsystems interact with one another.
Engine phYSical characteristics affect the size,
shape, vleight and balance of the airframe. Airframe characteristics affect the. installed performance of the propulsion system. The lIbest" engines
for a given airplane can NOT be identified until
the requi"ted installed thrust has been established
for the desired mission. Analytical and empirical
tools can be 'Jsed to esr:imate the required engine
size and airplane size to perEol'ln any desired
mission. FurthGr, the calculation can be used to
optimize the en:2,inc cycles and the aircraft geometry
for a mission and thus provide a quantitative
measure of the sensitivity of the system's performance to any changes in engine, airplane, or mission
description.
System matching requires that the installed
engine/airframe performance be evaluated OVCl.." the
entire operating range of Nach numbers and <lltitudes. The specified flight path elements and the
corresponding performance requirements for the
aircraft are referred to as the design mission.
Mis~ion analysis is introduced to evalu<lte engine/
airframe performance by suunning the increments in
fuel consumed and/or distance covered for the
specified mLss ion segments or legs. The performance is also computed at constraint points where,
for exmnplc , a particular acceleration, maneuverability or noise. level is required. If lhe design
objectives are not met l the candidate engine cycle
and airframe are resized and the process is repeated.
Several iterations are usually necessary to size a
candidate engine and airplane to meet the mission.
The objective of the design process, referred to as
optimization, is to compare satisfactory candidate
configurations and identify the one which beqt
satisfies the missi.on requirements. The digital
computer provides the means of quickly and e[fi~
ciently assessing large numbers of configurations.
While the computer is a povJerful tool, the quali ty
of the final airplane is dependent on the engineering jucgment applied in choosing candidates and 'bv
the accuracy of the analytical methods and the.
'
empirlcal expressions used to describe the engine
and airframe.
OVer a period of years, airframe and engine
manufacturers have compiled a large inventory of
experience 1;lhich has been used to carry out these
simulations. Routines vary within industry, and
on-going efforts l~cep ch.:mging the progrnm formats
and complexity in a continual quest for more. accurate and less costly computation techniques.
It is
not the purpose of this text to describe specific
current programs. Rather, this chapter presents
some examples of the basic procedures that are
fundamental to computer simulations of missi.on
analysis, design optimization and sensitivity, and
gas generator performance calculation.

9.1 MISSION ANALYSIS
9.1.1
Throughout Chapter 9 the symbols are defined
in the text where they are used. Commonly accepted
symho1s are used whenever possible.

Philosophy and LogIc

The mission which an aircraft is designed to
perform consists of a flight path >lith se'leral

distinct se.gments where specific pcrfonnance requirements must be ulet. Each of the mission segments
can be analyzed using Nevlton's lat'lS of motion. The
final condition resulting from calculation of one
segment becomes the initial condition for the next
segment. By combining the. various segments into an
appropriate sequence, any 111iGsion can be described.
Relationships must be provided to describe the
following for each segment:
1)
2)
3)
4)
5)

Lift and drag for the airframe
Engine cycle characteristics
Height bu ild-up and scaling rules
Inlet and nozzle performance
Interaction or installation effects

To begin the analysis, an initial 3.irplane
configuration must bE. specified. CustoI,larily, the
various disciplines contributing components to the
airplane supply initial weight and volume requirements. A configuration is produced which incorporates the various constraints into an aerodynamic
shape. This stage relies very heavily on past
experience and perceived benefits; The result
constitutes the "c.omdidate airplane." The wetted
area, volume distribution, ,,,eight, and drag are
then estimated. The design point for the engine
cycle usually corresponds to the most demanding
performance point or segment in a mission. The
engine operation is simulated for appropriate
altitude aud Hach number conditions chat'acteristic
of the mission with engine size (i.e., airflow
rate) determined from the required thrust. The
engine can then be resized if necessary by corrparing
the thrust obtained to thrust -required at other
operating conditions. Thus) the mission analysis
also requires scaling rules for changes in enging
dimensions and weigllt as a function of airflow.
}fission analy:;is is used to iterate on engine
anrl airplane size to satisfy mission requirements
for a fixed payload or to iterate on range with
trades in fuel and payload for a fixed ai.rplane
size. Normally, the most dem.:tnding mission or the
mission which results in the largest takeoff gross
weight (TOCH) is referred to as the design mission.
Once an engine and airplane are matched for the
design mission, a ff design missions can be. run
using the fixed airplane to ('stablish performance

or payload on other missions of interest. The
designer will usually choose an efficient computer
program which uses a minimum number of inputs to
simuJate the aircraft system to the desired accuracy~
The required accuracy and complication in system
description increases as an airplane concept proceeds from initial concept evaluation through final
design.

The fuodamentals of the process of combining
subsystems and assessment of the reSUlting systems
are the subject of the remainder of this section.
Increases in accuracy do not change the basic
approach, but only increase the complexity of the

compolle.nt and interaction descriptions.
a)

Fixed Hlssions, Variable Airplane Size.

Figure 9. ,. 1-1.

Mu!titechnology Computer Program Design

Repre3entation
The weight of the airplane is the sum of all
the cOfllponent \o,Teights, including payload and fuel,
as represented by Figure 9.1.1-1. The takeoff
gross v!(~ight is initially estimated for the airplane.
The engine is initially sized to produce the
required thrust to weighl ratio at each of several
points where Cl specific level of per[onuance is
required. Typical engine sizing points include:

maximum Hach number at specified (or best) altitude,
maximum speed at sea level, 'akcoff field lfl-ngth,
landing distance, excess power, and acceleration.
The airframe size and \"eight must be chosen to
provide necessary lift) maneuverability and fuel.
Starting with tilis initial engine and airplane
\veight estimate the fixed mission is Hflown" to see
if the periornwnce requirements are Irll't and to
compute the amount of fuel consumed. An iterative
process is then used until the airplane gross
takeoff weight is appropriate for the entire mission,
consuming all the fuel except for specified reserves.
b)

Fixed Airplane Size, Variable Hission

In this mode of operation, the airplane size
and 'Height are held constant while trading fuel and
payload weight. Usually, the capability of the
airplane is evaluated on several different mIssions
with different poyloads to develop a payload-range

curve.

This approach is used to evaluate candidate

engines llsing the criteria of best r,mge or largest
payload. Occasionally, this fonn of mission analysis is also used to evaluate neyl or modified air-

frames using existing engines.
9.1.2

Overview of Aerodynamic Force

Determination
Missions may be specified partially or completely; i.e., while the sequence of mission

segments is always specified, either the distance
traveled or the elapsed time may he taken as a
variable determined by the amount of fucl available.
For a given set of perfonuance requirements, an
aircraft can be sized to fly any desired distance,
up to the point of design divergence (zero payload)
if all major components (including the engine) are
appropriately .scaled. A mission is said to be
fixed when distance and altitude/Hach number requirements together ~·rith either distance or tin'e are
sp<'cified for all segments.

Engines must produce enough thrust to overcome
drag and the additional thrllst to provide the
deslred acceleration at each point in a mission.

Traditionally, the aircraft industry employs
separate. staff!'; to evaluate the propulsion system
and the aerodyn3mics of the airplane. Though it is
seldom necessary for the propulsion C'ngineer to
become involved in the detailed analysis of the
airpla!le aerodynnmics, it is important that he
understand the principa't drag sources. This is
becoming increas ingly important t.,rith the advent of
multi-mission alrcTaft) fighters, and supersonic

transports because of the substantial interactions
between the propulsion system and airframe.
This section presents a brief overview of,
airplane IHt and drag and sho,"s ho," to build-up the
drag polar \'lhich will be uscd to relate the airplane

weight and thrust requirements.
a)

LIFT
COEFFICIENT,
CL

Lift aud Drag

Dimensional annlysi8 can be conveniently
exploited to shov that the dimensionless force, CF ,
acting on a body inunersed in a fluid can be expressed
as a functj on 0 f three dimensionless parameters,
the Reynolds numbp.r, Ret the }!ach number, !-I, and the
ratio of specjfic heats of the fluid, y. He consider
here only bodies intf'rclcting wi th a it" , so '{ remains
approximately constant. Thus, if geomct rically
similar bodies are considered, the force relationship
may be written in the fnnn

9.1.1
where

C = f_" force coefficient
F
qA

A

=

~pV2
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Figure 9.1.2-2.

Variation of Lift Coefficient With Angle of
Attack for a Typical Array

Ct..
At large ()., airflm·, separation is experienced
and the lift curve be.comes nonlinear (see Figure
9_1.2-2) until a maximum lift coefficient value is
reached, at C
Beyond this point C decreases)

L
Lmax
either abruptly or gradua11y, d!:>pending on the
particular airfoil. This pllellOH1(~rlOn is called
IIstalling, II unJ the angle corresponding to C .
L
is called the stall angle. The angle of attat"Rx
resulting in zero lift i.s zero for airfoils wjth

F = force (component)
q = dynamic pressure

ANGLE OF

M~GlE

ZERO lIFl

=' Reynolds number

representative length, often the
mean w;i.ng chord

The most commonly used forms of eq. 9.1.1 are
those in which tIle forces considered are lift and
drag.
In these cases the coefficients are denoted
CL and CD' respectively.
Experiments detnonstrate
that Nach nurrber has much more influence on Cp than

does the Reynolds number in the cruise flight
regime of both subsonic and supersonic aircraft.
The vector integral of the static pressure
distribution over a surface is the net pressure
force. It is convenient to express this force as
acting at a point about which moments generated by
the force are zero (referred to RS the center of
pressure). Figure 9.1.2-1 SbOHS the pressure
distribution and net pressure force for a typical
airfoil section. The force is resolved into lift
and drag components which al"p perpendicular and

symmetrical cross-sections and negativA [or typical
wing cross-sections t-Ihich have camber.
For most airfoil.s, the relationship between
the drag coefficient and lift coefficient is approximately parabolic in shape, up to CLm~c-",and the
plot of C
L

VS. CD is called a drag pblar (Figure
The angle of attack associated with such
a curve inCT('aSeS as CL incn.'o.ses be low stall; and
for wiugs with camher, the minlCl1um Co value does
not occur at zero Ct. The drag polar foe a complete
airplane has a similar shape to that of the wing

9.1.2-3).

alone.
From the definitions of C and CD
L

9.1. 2

A tangent line through the origin on Figure

9.1.2-3 defines the C1. and Cn values for the maximum

lift to drag ratio. The tangent point locates the
angle. of nttack y.,thich produces the most lift for
the least drag.

parallel to the flight velocity vector.
Airfoils usually show a linear variation of
lift coefficient within a range of angle of attack,

_
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Figure 9.1.2-1.

FREESrHEA~\

PHESSURE

Airfoil Section Pressure Distribution and
Nomenclature Definition

Figure 9.1.2-3.

Typical Wing Drag Polar Showing Points of
Minimum Drag and Maximum LID

By extending the idea of a drag polar to
repreS€Ht the entire airplane) the relationship

between lift and drag combined with the equation of
motion for each flight segment is sufficient for
computing the thrust requirement for each increment
of a mission.
b)

Drag Polar Buildup

The thrust which the engines must produce for
each increment of a given missjon is dependent on
the following factors:
Atmospheric conditions:
Flight Hach number (H).

Altitude and temperature,

Average gross weight during the increment (CH) ,
Type of segment.
These conditions, togethet with the aircraft
drag polar are sufficient for mission analysis.
A drag pola:- for the entire airplane can be

angle is finite.

It can be shown that the effective

angle of attack is reduced by half the average
downwash angle (see ref. 9.1.2-1). This angle of
the incoming flo\-1 results in an additional component
in the drag direction referred to as induced drag.
The plan form of the wing also influences the induced
drag because of its effect on the £lverage dowlHvash
angle. An elliptical lift distribution results in
the theoretical minimum of itlduced drag (ref.
9.1.2-2). This distribution can be obtained by 1)
varying airfoil sections along the span t 2) using

the same airfoil section und an elliptical planform,
3) tlvist:ing the \<ling to vary the geometric angle of
attack along the span) or l~) using a combination of

these on a tapered planform. The effect of the
non-ellipt ical loading is ac'.counted for with a span
efficiency factor, e «1.0) Hhich should be maxi-·
mized within structural and design constraints.
The relationship between lift and induced drag
is

developed using the lift/drag relationships for

each of the components including the components'
interactions. In an effort to understand drag and
produce equations suitable for determining drag
polars, a methodology has been developed which
combines theoretical and empirical cleGg contributions into a drag "build-up.1I Truditionally,
subsonic drag is represented as the sum of parasite
(friction). induced (drag due to lift). and comp"essibility drag tt'rTnS.

The parasite drag term includes the skin
friction drag on the entire wetted area of the
airplane and tlle profile or form drag due to the
net force iu the drag direction arising from the
zero lift pressure distribution on the ",,"ing, body
and appendages.

Another factor traditionally

grouped with the parasite~rag, is interference
drag due to the changes in flow pattern that accompanies placing two bodies in close proximity.
(The
total drag on the two bodies generally differs (rom
the b'Um of the isolated drags on each body.

Depend-

ing on the configuration the inferred interference
force can act in the thrust or drag direction. The
parasite drag, CDp is, by convention, defined as
the minimum drag exper,ienced by an airplane.) Some
changes in drag also o<;cur as a result of the
change of the aircraft's geometrical orientation in
the flow field due to changes in angle of attack.
Such (small) change,! as are not attributable to the
changes induced in the flow field due to lift are

traditionally accounted for as an attitude dependent
term flen and are usually obtained from wind tunnel
tests.
defined for any given configuration CDp
is a constnnt which does not depend on lift or Hach
number. CDp changeR only \vith Reynolds number and
alterations to the ·configuration such as landinggear, flaps, and changes in external stores.

Is

9.1.3
where C
is the value of tlie lift coefficient
Lmin
when the. jnduced drag equals zero. The induced
drag is assumed to be independent of Re~10lds
number.

The sum of the parasite and induced drag
completely accounts for the drag in low speed
flight. A typical low speed polar is shown in
Figure 9.1.2-·4.
Notice that the parabolic form of
the drag polar is primarily due to the induced drag
term. Transport airplanes are usually designed so
that the minimum value of CD cOITesponds to the

required CL for a cruise condition.
As (light spacd increases, compressibility
effects become significant w.llen local sonic speeds
are reached by the air. Tb,e sudden rise in pressure
through the resulting shock waves necessary for
recompressing the high speed floH cause boundary
layer thickening and possibly separation resulting
in a general degradation 0 f lift a.nd an increase in
drag. A typical CL vs. Hach numbel' curve is shown
in Figure 9.1.2-5. An associated compressibility
drag curve) PigU1'e 9.1.2-6, show·s the onset of
!1drag rise" associated with shock induced separation.
The compressibility drag (CON) onset may be

delayed by sweepjn~ the . .Jing. If the critical or
initial drag rise Nnch number, HDR , is defined as

the flach number at which the CD

The portion of drag resulting from lift is

referred to as induced drag. In practice, induced
drag from components other than the wing is usually
small and is lumped into the 6 CDp ' A physical feeling
for induced drag may be obtained by considering the
flow over a wing with positive lift in subsonic
flow. For this condition, the air pressure on the

upper surface is less than the air pressure on the
lOl-ler surface. This pressure differential causes
air to flow toward the area above the wing and thus
form vortices which concentrate near the wing ti.ps.
The net effect of this vortex system is to create a

j

ncr eases by .002

above the low speed value, the effect of sweep
angle, A on drag r l,se Bach number for a typical
family of wings can be s"en from Table 9.1.2-1.

- - COp

If

i'CB<--l,...,...
PIt-..--

" " - LOW SPEED DRAG POLAR

~

\
I

downward inclination to the air behind the wing.

The influence of the transverse flow on the wing
depends primarily on its esrect ratio (AR~wing
span 2 hdng planform area).
In the limit of infinite
aspect ratio the transverse flm,;' would be absent.

For a finite aspect ratio. the average downwash

Co
Figure 9.1.2-4.

Low Speed Drag Polar Components
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Lift Coefficient Variation With Mach Number

A typical subsonic drag polar is sho,m in Figure
9.1.2-7.
The drag rise in high subsonic flow continues
through transonic flow. Depending on the configuration, a maximum drag coefficient i3 observed in the
transonic or low supersonic Nach numbe.r region.
An additional term, w"ave drag, is required in
supersonic flow. Wave drag replaces the subsonic
terms of profile and compressibility drag. Approximate equations describing the \vave drag on bodies
and planar surfaces are ~hown belO\v
1)

Bodies:

9.1.5
(
Length
\
\maximum equivalent diamete{j

DRAG RISE CURVE AT
CONSTANT<t.

2)

Plannar

CD

Surfaces~

: 3.05
W

Notice
number
number
flight

5/3

9.1.6

thickncss~
(.~--chord

5/3
cos 3/2·(A leading edge)

that these approximations are not Hach
dependent. The drag coefficient vs. Hach
for a typical supersonic aircraft in level
is as shmm in Figure 9.1.2-8.

MACH NUMBER

Figure 9.1.2-6.

Compressibility Drag Associated With Increasing
Mach Number for a Constant Lift Coefficient

Table 9.1.2·1. Drag Rise Mach Number Vs. Sweep Angle
Sweep. an~ measur~
distance between leading
and t!aiJ-ing edJl.E':,
(quarter chord)

Drag Rise Hach No.

~R

o<

25'

.55

25'<

30°
35°
40°

.60
.65

30'<
35'<
40°<

CD

.70
.75 (max)

FIgure 9.1.2·7. Drag Polar of a Subsonic Airplane. Showing
Contribution Due to Compressibility Effects

r--------------------------------The compressibility drag is affected to a small
extent by the airfoil 1 s thicknesf'i to chord ratio
and CL value. An empirical equation which gives
approximate compressibility drag for subsonic
airplanes has the form

where K1 and K2 are constants which depend on the
configuration (thickness to chord, sweep angle,
etc.).
Combining the various drag terms gives an
equation front which subsonic drag polar can be
plotted.

CD

-+-_____

........l _ _ _ _ _~-'

L -_ _ _ _

M

Figure 9.1.2·8. Representative Dmg Coefiicient Variation for a
Supersonic Airplane in Level Flight

More detailed analyses of high spe"d flight
indicate that CD at M ~ 3 can be below the maximum
value by as much as 25~~ depending on the

3)

The calculated CD' ):he flight condition, and
reference area, permit the airplane drag to be
computed.

The aerodynnmicist depends largely on three
sources for information pertaining to the drag
polar: similar existing airplanes, aerodynamic
component test, and scale wind tunnel testR. Hind
tunnel models are used to verify analytic estimates

4)

The net thrust is calculated to be the drag
plus additional thrust to provide linear
acc.eleration requirements for the flight
segment.

and to investigate certain design features for
which no data is available. The basic drag polar
is usually obtained for the complete airpL:m€ from
wind tunnel tests, although the drag so obtained is
not used directly because of the differences in

5)

The ""eight of fuel consumed by the engine to
produce the net thrust during the increment is
computed and the weight of the aircraft diminished by that amount.
(This is done for each
increment that the segment has heen divided
into.)

6)

The procedure is repeated by returning to step
I, with the newly computed weight and flight
conditions for the next mission segment.

7)

This incremental process is continued until
all fuel is used or the mission is compl ted.
IE the fuel aboard does not match the fuel
required for the mission (including reserves)
the airplane is resized and the computation
repl~ated .

8)

If the engine size (usually estimated initially
from a thrust to takeoff gross weight ratie)
does not ex~ctly provide the required thrust
at the most demanding point of the segment,
the engine size is altered and the entIre
computation is repeated.

configut"ation.

scale.

While the. shape and spat:.ing of the curves

relative to each other are used directly, the

intersection of the 10\>/ Bach number polar with the
Cn axis is obtained by olher means. Experience has
shown that Hind tunnel data will accurately predict
the polar shape and drag rise chilracteristic~ but
will not predict the basic drog level. Two major
reasons for this are Reynolds number effects and
the difficulty in accurately separating out the
drag and interference effects of the model suspension system.
The equat ions Rhovffi above t with appropriate
coefficients, are sufficiently accurate for most
preliminary design work dnd initial engine cycle
selection studies. As more detail is desired the
descript ivc equat ions i1 re improved through the lIse
of additional terms and modified coefficients.
Provision for the more accurate equ;:}tions is usually
the responsibility of the aerodynamicist and the
propubdon designer need only assure himself that
accuracy of the polar is compatible tvith that
required for his study.
Becallse the interactions bett;oleen the engine
and airframe are very strong, particularl)r in
fj,hter aircraft, detailed thrust/drag bookkeeping
is a substantial problem. Ch.:lpter 26 considers
thrust/drag bookkeeping in detail. The present
section avoids hookkeeping details in order to
provide insight into the method of mission analysis.
c)

Use of the Drag Polar for Mission Analysis

In order to clarify the use of the drag polar
for mission analysis" a routine airlift mission
will be 'considered. It is ('ommon in this case to
consider altitude cllunges witllin cruise mission
segments to be negligible, to assume that the
engine propulsive force and the drag act along the
same line t and to note that the lift acts at right
angle to the drag nnJ. to the aircraft's instantaneOllS velocity.
As a result, in non-accelerating
level flight the lift is equal to the weight. Hhen
the airplane is accelerating in the lift direction
(as \vould occur \vhen pulling out DE a dive, for
example) the lift must t of course, be greater than
the aircraft weight. IE the total lift is expressed
as a fraction of standard gravity, N then the
equation for the lift coefficient ca~ be generalized,

The unkno~ls rpmaining in the above procedure
are the characteristics of the mission segments and
thrust required for euch. These will be discussed
for the eight segments which _ommonly provide the
building blocks for a mission.
Hission Segments and Thrust Requirements

9.1.3
a)

Introduction

Hission segments ean be combined to define any
desired flight profile. II typical combat mission
profile is shown in Figure 9.1.3-1. The following
subsections provide a brief description of each
segment, standard assumption, and the appropriate
equa.tions for tlse in mission analysis ~ For further
details see References 9.1.2-1 and 9.1.3-1.
Comptltcr programs for m:isHion analY8.is break
each major segment of the mission into increments.
At each step the program calculates the airp1,lnc
weigllt cllange due to fuel consumption, reftle1ing,
and payload expenditure.
All of the methods of mission pcrionnance
analysis are based on the same fundamental laws of

®

®

ALTITUDE

CL

=

L

qs
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Nission analysis is an incremental progression through
the following steps for the number of segments into
which the mission h"1s been divided:

1)

2)

The weight, reference area, and flight conditions, are useJ to compute the required CL for
the first mission segment.
The drag polar and Hach number are then used
to determine the drag coefficient, CD.

SEGMENTS
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@
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TAKEOFF

®
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CLIMB
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SUBSON1C CRU1SE

®
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COMBAT
LOITER
LANDING AND TURUST REVERSE

RESERVES

CRU1SE SUPERSONIC

Figure 9.1.3-1.

9-7

@
([jl

DESCENT
MUNIT10N OR PAYLOAD DROP

Example Mission Profile

motion and flight mechanics; ho\vcver ~ one technique
(Reference 9.1.3-2) is particularly well suited for
the purpose of engine/airplane matching.

This

method will be emphasized in the following sections.
During mission analysis the range is not knOiYTl
a priori when calc.ulating climb and descent segments.
During cruise required range may be specified, or
maximized by assuming exhaustion of fuel allotted
for the segment. During loiter conJitilillS, no
range is credited, and fuel cOllsumption is computed
from maximum endurance con~·.;iderations (safe flight
speed, minimum fuel consumption.) The range for
any otner kind of segment cannot be specified (or
independently varied) because range for other
segments depend upon the flight path conditions
specified.
This flexitility allows the representation of

HORI ZONT A..!:i-

~--~-~---

l) ~ .02 (w- U

Figure 9. 1.3-2.

<>

Forces on Airplane During Ground Run

The acceleration can be evaluated using Ne'V{ton I s
1im·of motion (1: F = Ha = ~ a) and Figure 9.1.3-2.
g

virtually any mission profile. In addition, at any
point in the mission and for any segment, perfornance requirements and constraints can be specified. Typic.1l1 examples of these requirements
include: payload Dlay be added or subtracted,
external stores or tanks or weapons may be r£leased,
the "g" loading experienced by the airplnne can be
changed to any desired level (to simulate combat
conditions), the thrust of any number of engines
can be omitted to simulate engine-out, the wing
sweep may be varied, the specifjc exces~; pOvler
required for acceleration and climb can be specified
and maximum noise levels can be prescribed.
Although several engine sizing criteria must
be specified tn one mission, the most demallding
condition must be identified und used. Once the
size of the engine has been established, most
portions of the mission 'Will require only part
power. The fuel consumption is then deduced as a
function of thrust for eadl altitude an! Mach
number specified in the mission analysis program as
is discussed in Section 9.1.4.
b)

----~-=~~=::;:

Solving for a and substituting into equation
9.1.10 yields an expression for the takeoff distance
with the symbols defined as in the figure:

9.1.11

In order to carry out the integration the
variatton of thrust, weight , drag and lift with
velocity must be detennined. In general, thrust iA
n function of velocity, air temperature and pressure; ",eight is nearly constant for the ground run;
drag and lift are futlctians of velocity and air
deusity, as discussed in section 9.1.2.2.
\-lith_a tricycle landing gear t the airplane
attitude (i.e. u) will remoin constant during the
ground opt.'!ration, and CL and CD "Jill also rc-main
constant. Figure 9.1.3-3 sbows the approxim..qte
order of mllgnitude of the forces acting during a
takeoff run.
The time required for the ground run is

Harm-up and Takeoff
Ground taxiing and holding before takeoff

consumes fuel in an amount which can be calculated
from the power settings and time requirements
specified. Since the fuel consumeJ and resulting
weight changes do not contribute to the flight
portion of the mission, the required fuel weight is

dV
t

r

9.1.12

added to the takeoff gross weight of the airplane.
The additional fuel tank volume must be allowed for

in the aircraft size and shape.
The takeoff segment of the mission includes
the ground run~ rotation, and a climb to a ;,;tandard
height of 35 feet. The analysis of the takeoff
segment yields an estimate of the fuel used during
takeoff, and the size of the engine to pruvide

Equations 9.1.11 and 9.1.12 can be solved by stepwise integration.

In preliminary design the' above degree of
accuracy is not usually necessary and approximate
values arc often used. Wind speed is ignored and
equation 9.1.10 is integrated to give

takeoff within the desired takeoff distance.

For the ground Toll the relationship between
acceleration, 8 , velocity, V, distance, s, and
time, t, is of courSe ds = Vdt and a = dV /dt.
ds

= VdV
a

Thus

_----_...cT"f-I<lnUST

9.1.9

If a steady headwind velocity of VH exists,

.the ground roll distance , SC' may be obtained as an
FOAC~

integral over the velocity relative to the airplane,
Yr' by noting Vr = V + Vw
Then
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v,
Figura 9.1.3-3.

,",'here VLO is the required relative velocity for
lift off.

1).8

Relative Magnitude of Forces During Ground
Roll

a speed such that the distance to continue takeoff
and climb to a stipulated height is equal to the
distance reql1ircd to stop, tl,e total field length
is termed "balanced"", SR-L~22B and FAR part 25
where
is a representative constant acceleration.
s tipu1ate. using Cl. field 1 ength which is the greatest
With the assumption of u hQrizontal rum·my anti
of either the aceelerate and go distance, the
negligible aerodynamic drag during ground roll J an
accelerate-and-stop distance, or 115Z times the
appropriate value for
is
aI1-engIne-operating distance to a 35-ft. height.
Deta.iled takeoff calculations are generally
9.1.14
a = (~~~~.o)
W
• g
performed in d Uj(~rcte segments h'hich define the
o
distinct parts of the takeoff as shm\'ll in Figure
where W :i.s the initial brake release weight (and
9.1. 3-4.
usuallyO equals takeo if gross \.>leight, in miss ion
The drag poL)r used to compute the inc.rement
analysis) of the airplane and FN is the net thrust
in time and distance required to clear the 35 foot
of the propulsion system at .7Q7 VLO • The time
obstacle is often differetlt from that used for the
required is approximately VU/a.
(Note: The
majority of the mission. The appropriate polar
thrust J T t is the net thr1lst of the. propulsion system must include the drag penalty and lift benefits due
and Is interchangeable \lith FN. l' 1s commonly used
to flaps or other lift ullgmentation devices, as
by aerodynamicist to mean the net thrust required for well as landing gear drag. Detailed calculations
thE airplane t \-.'hi Ie FN i;:; used by the propuL~ion spec- require estimating the (. [feets of wind, flap setting,
ialist to mean either the net thrust per engine or
altitude., tcmper;tture, desired climbout rate, and
total net thrust.)
lift-off gross WE'ight. Preliminary mission studies
Several rules governing speed requirements for
use a nominal drag pol[lr penalty and aecount for
airplane control and engine out operation govern
the-temperature Blld altitude effects on engine
the lift off velocity in actual practice. For
performance, computed as changes from standard day
preliminary design, a lift-off sp~ed of 1.2 times
(unless the engine is I1EJat rated lf to the desired
the stall speed is a re~souable approxImation.
temperature in Hltich case the throttle is advanced
When conducting precise mission analysis the apprountil standard day th[11St is produced).
priate military or FAA rules should be u:-;ed.
The wl::~ight of ftH:~l consumed during takeoff is
Various field length deEinitL'Ds are in conunon
computed, knntdng lhe takeoff pO\,,('.r setting, TSFC,
usage. When field lengtb is a critical segment in
and tile time duration.
the airplane analysis, a consistent definition of
that length must be used.
For example, one criterion for evaluating a multiple engine commercial
c)
Thrust Available and Required
aircraft is the balanced field length: a lakeoff
calculated according to Civil Air Regulations,
SR-422, provides for a field length that satisfies
For an airplane in le"vel unaccelcrated f1ightJ
both the takeoff an41 accelerate-stop requirements.
the net thrust (F N) mllst equql d rag (D) and the
If it is assumed that an engine failure occurs at
lift must equal "eight (H). The lift and drag
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Balanced Field Length and Performance Segments

',,'-

coefficient equations can be rewritten for this
flight condition as
y
Q= 2"

6

P STD CD H2 S

9.1.15

2 S

9.1.16

W

Y
6= 2"
FN

6

=

PSTD CL H

D

9.1.17

"6

where 0 is here defined as the local freestream
static pressure divided by th\?: standard reference
pressure (PSTD = LOlJX(lO') N/m 2 or 2116 lbfl ft 2 ).
The equations describing the off design performance of various engines were developed in
Chapter 8.
It v!3s shown (see surruuClry of equations
in Section 8.1.1, for example) that Flo is independent of altitude if the ambient tPmperature, flight
speed, and the engine setting (turbine inlet temperature) remain constant. F!!~ is hence a convenient
thrust parameter, and the ratio \oll6 is used for
cOl1sis tency.
The above equations are applied to performance
computations as follows. The value of CL at a
given ~!/ 0 and nach number is computed from equation

9.1.16.

The CL and Hach number arc used to find the

appropriatE.! Cn from the drt1g polar y,lhich is then
substituted into equatloTl 9.1.17 to establish the
requ ired net thrust.
Selecting <l range of Hach numbers for a given
w/o results in il ~eries of points defining a curve
-which may bl~ plotted on axes of FN/6 and Hach
number. By selecting several values of Hill), a
family of curves may be obtained as in Figure
9.1.3-5. These curves define the T/6 which must be
provided by the engines to sustain level unaccelerated flight. Typical net thrust/,S available curves
from jet engines are superimposed on Figure 9.l.J-5.
The inten:;ections shmv the maximum Hach number that
can he maintained in level flight for each weight and

altitude.
For well designed high speed aircraft, the

Figure 9. 1.3-6.

Freebady Diagram of Airplane With Acceleration
and Climb

excess thrust will result in acceleration and/or
climb.
d)

Climb, Acc.elerltion and Descent

If excess thrust is available, it can be use.d
for climb and/or acceleration. N.:>wtonts lCl\.JS of
motion can be applied to this si tunt ion vIi th the
aid of Figure 9.1.3-6.
'[he gravitational force is resolved into
componen ts perpendiCllla r Clnd paralle 1 to the f I igh t
p.:1th. The inclination of the flight path to the
horizontal is ~, and the thrust vector is at an
anglc ~, to tile fligllt patll. The followiIlg analysis
presume~ that l":T is small enough (-'·15") Lo assume
that T'sin i 1T ;;. 0 and r·COSiL := T. The ~;mall angle
T
assumption is adequate for the m3jority of missions.
(In configurations using vectored thrust or at 11igh
angle of attack these contriblltions must be

includ8d. )
Resolving the forces along the flight puth
yields
T-D-\"'sin¢ =

.Ii ~V

Perpendicular to tIle flight patIl, the sum of
ttle forces is e<lual to llle centripelal (orce neces-

decrease in dynamic pressure with altitude increases
more than compensatcs for the increase in drag coefficient wit!, }Iach Ilumber; resulting in less dr~lg at
altitude for transonic and supersoIlic speeds than for
high subsotl tc spceus •. [lm,m at sea level.
At Nach n'umbers below the' intersl'ctions on
Figure 9.1.3-5 the .::Ivailable llet thrust excc~ds
that reqlltred for level unaccelerated flight and
ei.ther the throttle setting must be reduced or the

sary to ch,mge the [light path angle al n rate
d'~/dt

L-W cos'}

= !:I V oiJ.
g

In a climb d}/clt is

9.1.19

cit

es~cntial1y

zero nnd thus
9.1.20

This equation shows that in a climb, the lift
will be less than tile weight (;md thus the level
flight lift) by the factur cos;J~ tbe' balaT1c.c of the
weight is supported by a thrusl vector component.
This means tlwt ilt a particuLlr ~pced, tIlt, induced
dr;lg will be less tll:ln fit tIle same speed ill level

T

-g .. AVAILABLE

flight.
The reciuL'ti(Hl ill lift (and therefore drag)
,,:itl be greater for laq.!,l'r climb angles.
For
tr.:lnsport airplanes, under most conJi lions, the
climb angl~s are small .so tholt cos't1J is very close
to unity. Thus, the lift ,lnd drag during climb arc
practically ideTltical to thuse existing tlnder level
flight conditions, and the level flight drag polar
data for the airrl~ne can be used.
It is consistent
(or tllis npproxim3tion to lIse

w
"5
T
-;; REQUIRED

C

1.

- - - - - - - -MACH
- -NO,- - - - - -

=

~
qS

For fighter type aircraft missions

Figure 9.1.3-5.
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g cit

'~1ith

segments

cClJling for climb angl02s greater than 15°, the
effect of climb nngl~ on weight and lIenee drag must

Thrust Required qnd Available for Level
Unaccelerated Flight
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be considered. Occasionally, fighter and aerobatic
type aircraft missions will include. segments where
d~/dt is large and equation 9.1.19 must be used
without simplification.
Equation 9.1.18 can be rewritten as
sint

=!

1-1

[T-D- ~ ~ J
g dt

=

T-D
I;

1 dV
g dt

climb gradient

dh

or,

V sin~

dh

(T-D)V

9.1. 21

dt

= -1;-- -

Ii
dV
dt

and noting that

=

siu~

dh/
dt
-V--

D

CD

results in the climb gradient for unaccelerated
climb,

9.1. 28

(tan¢)V=CONST

Substituting equation 9.1.24 into equation
9.1. 27 results in the cl imb gradient for accelerated climb,

9.1. 23

dV dh
dh dt' i t follows

that

tan~

dh (1 + 'i .d.Y)
dt
g dh

9.1. 29

9.1. 24
Climb gradients are orten expressed in percent.
For level accelerated flight the equation of
motion becomes

The right side of the equation is the excess
thrust times velocity (excess power) divided by the
weight and is defined as the ssecific excess power,
Ps " The dimensionless term ~ n~ is all acceleration
g un
factor. When a climb is executed at a constant
true airspeed the acceleration factor is zero and
equation 9.1.24 becomes:

T-D =

!ig

a

9.1.30

or
9.1. 31

Rate of unaccelerated climb
9.1. 25

where!: is the acceleration gradient for level
g
flight.
Equations 9.1.28, 9.1.29 and 9.1.31 show that
the quantity

The specific excess power is one of the criteria by which fighter aircraft are evaluated and
mission constraints usually specify a minimum
level. Commercial transport analysis on the other
hand, follows a rule of thumb that if the candidate
airplane can climb at grenter thiln 1500 feet/minute
(average), the engines are oversized and tile configuration is likely to have excessively high direct
operating costs.
For slow acceleration rates the rate of climb
can be obtained in terms of ?-tach number by re\.Jriting
equation 9.1.24 as

can be used to measure climb or acceleration
performance.
In practice the climb gradients [or commerci~l
transports are spe~ified by rllies (ex. SR-422 and
FAR part 25) which state percentageB of climb
gradients required for 2, 3 or 4 engine transports
during climb, approach (descent) ~nd landing.
If the horizontal velocity, V , is plotted
H
against the vertical velocity, V ' a hodograph plot
V

9.1. 26
where a o is the speed of sound at standard condition,
and 0 -= T/To, the ratio of temperature to standard
temperature.
Haximum rate of climb for a given weight and
altitude will occur at the speed where T-D multi-

MAXIMUM RATE OF CLIMB
I
I

HORIZONTAL TANGENT

plied by the flach number is greatest. ;:;~s will be
at a speed slightly higher than that for (T-D)
The
.

9.1.27

W= cZ

9.1. 22

V dV
dt

tan~

Substituting equation 9.1. 25 into eqnation
9.1.27, and noting that

The rate of climb, dh/dt, is equal to the
vertical component of the flight velocity.

dt =

=

6

t

max

true airspeed at the maximum-rate-of-climb increases
with altitude; therefore, the airplane must .:lccelerate along the flight path to maintain the maximum
rate of climb. If tbe thrust rating cannot be
increased, the rate of climb will be reduced to
account [or this lack of acceleration, as seen from
equation 9.1.26.
Figure 9.1.3-6 shows that the sine of the
climb angle is £-quil1 to rate of climb divided hy
the climb velocity. V. The climb gradient is
defined as the tangent of the climb angle. For
small angles, the .siue of an angle if; approximately
equal to the tangent of the angie; therefore,

v

...J

V

MAX

f
(LEVEL)-,

5~--~-----~----
>=
HORIZONTAL VELOCITY COMPONENT
a:
w

>

Figure 9.1.3-7.
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Climb flodograph Showing Locations of Maximum
Climb Angle and Rate

I

r
~

!

r

which burn only about 3::< of their total fuel during
climb.) Figure 9.1.3-10 depicts the true airspeed
variation \rith altitude nE'cessary to fly at eithe.r
constant indicate.d airspeed or at the speed for
maxifirum rate of cl~nb. Above 36089 feet jet aircraft obtain the m;1ximurTI r;1te of climb at a constant
true .1 irspeed and h2t1Ce con$ t<lnt Nach number.
The 1'/0 available for climb decreases with
inCl'\;.:ilsing temperature. On a hot day the rate of
climb decreases and the time to climb, range and
fuel flow increase.
Excess power decreases as altitude increases.
The altitudes at \vhich the unJ.ccclerLlted rates of
climb are 100 ft/min and zero are referred to as
the service ceiling and absolute ceiling,
respectively.
The time required to climb to desired altitude,
hI' is

results. The radius vector from the origin to any
point on the curve is proportional to the flight
path speed and the angle from the horizontal is
equal to the climb angle,~. Figure 9.1.3-7
shows a hodograph typical 0 f full pmver perform~nce
where th8 distinction betvleen mil:{imum cl.i.fllb angle
(qi max ) and maximllm rate of climb arc delineated.
Figure 9.1.3··8 ("hio:\1 is not a hodBf,raph) displays
the speed for best climb angle and speed [or best
rate 0 f climb.
Altitude affects both the velocity and the
maximum rate of climb as illustrated OIl Figure
9~1.3-9.
(The assumption of constant 'Height is
appropriate for long range subsonic transports

HORIZONTAL TANGENT

I...~I

"'~ .$>
~0 0"'"
1..."0""
0~

I...~Q;'

~

~//

i

FO~

,PEED FOR
MAXIMUM
ClI~IB ANGLE

SPEED
BEST R.C.
r'

I

o
where dh/dt is .:l function of h as shovn in Figure
9.1.3-9. Computer programs convPlliently obtain the
tiITIe as a summation of small incrt"'mc.t'l.ts using the
average rate of climb wittJitl the increment.

,
V MAX {LEVELl--..

f'-----L-.-FL-I-G-H-T--P-A-T-H-'-V'ELOCITY (VI

..........

9.1. 33

t =

\

9.1.34

Figure 9.1.3·8. Speed for Maximum Rate of Climb and Speed
for Maximum Climb Angle

For precise computations care must he taken to
distinguish between pressure altitude and actual
alti tude on non-standard days.
The range during climb is the sum,nation of the
incremental values of VCOSI~ r:1.111tiplied by time.
During the climb segment of a mission the
engine is sized to produce or exceed the desired
rate of climb Dt the engine power setting provided
for climb.
An example mission analysis computer approximation for climb is shown in Figure 9.1.3-11.
Thrust, fuel flow, and drag are determined at the
midpoint « f each increment (0 and applied over the
increment to approximate time, fuel weight (WF) and
range (R). Five to ten incremf'nts usually provide
sufficient a~curacy.
DeBccnt ,calculation is identienl to climb
except the power required is l~ss than the power
required for level unaccelerDted flight.
To avoid
acceleration dur ing d~scent luw pO\.Tcr settings are
used and the drag polar is oftpo changed to represent the increase in drag and decrease in lift made
possible from spoilers or dive brakes.
If the
descent angle i:.-; less than 15°, the rnte of sink is
approximated as

• FOR A CONSTANT GROSS
WEIGHT CLIMB
_____ ~SEA LEVEL

OJ

:;:

:J
u
u.

o

w

~
a:

VELOCITY

Figure 9. 1.3-9.

Altitude Effects on Climb
IN/TIAl CRUISE MACH
NUMBER AND AL TITUDE

rate of sink

CONSTANT
MACH NUMBERS

v
W (1' average
TAUE
Al TITUDE

ov 2 cns
-

2cosa;-
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For commercial aircraft the descent rate is
specified for air traffic control convenience. In
general, descent analysis can be computed using the
technique of Figure 9.1.3-11, but with the altitude
and Hach number path calculated in descending
order.
Becallse the power setting nHlBt be very 1m.;,
in cases where descent is either a f'.mall portion of
the total range or the de.Gct~nt is flo\\Tf'l in a spiral,
preliminary mission analysis often credits zero
rang~ and zero fuel expenditure to the descent
B('gment.

TRUE AIRSPEEO

Figure 9.1.3-10. True Airspeed Versus Altitude for Climb
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GWJD.Vj + llH j
\ S
Vj

lltj =

TYPICAL CLIMB PATH

Time for any incremE!nt where GW j is found by
iteration with GW j = GW i • D.WFj

IFj·Djl

-2-

&YF j "" SFC j x 6t j x ~

Fuel used in any increment

ooj :Vi x 6t j
(

~~ \

t

ALTITUDE

Range for any increment

= IFj • Djl

Rate of climb for any increment

GW j
•

Al T, MACH AND PDWERSETIING IPSI
ARE GIVEN FOR EACH POINT 110 MAXI

( ~Vj

N

L

WF

+

Ii'lWFjl Total fuel

i"" 1

D. RANGE, FUEL, TIME, RIC AND GW
ARE DETERMINED ATTHE MIDPOINT
CONDITIONS OF DRAG, THRUST, MACH,
Al T 1i),r,M,HI

N

L
i

ILltil

Total time

(OOj)

Total range

IRef: 9.1.3·21

=1

N
RANGE

-+

1:

R

i= 1
• Descent is calculated with the Same procedure except that the attitudt' and mach
number variation are decreasing.

Figure 9, 1,3-11, Method of Climb (and Descent) Fuel, Range, and Time Calculation

Deceleration at constant altitude can be
represented with a descent segment. This can be
done by specifying a minimal descent of say one
foot per increment. When using an incremental
technique for any segment it is safest to require
monotonic increases or decreases in altitude/Mach
number to prevent division by zero.
Figure 9.1.3-12 illust~ates the use of increments to calculate the time, range, and fuel consumed during acceleration in level flight. To
accurately estimate acceleration small increments
of Mach number (0.05 to 0.10) should be used. In
the transonic region where the aircraft drag changes
rapidly very small increments should be used.
An acceleration segment can be used at any
point in the mission to meet constraints which may
size the engine or airframe but are not necessarily
a part of the design mission. If the aircraft, as
defined when it enters the acceleration constraint
segment, is incapable of fulfilling the constraint,
the program ~ill automatically resize the engine
and initiate computation from the original mission
start condition. li1hen the constraint is satisfied
the analysis proceeds ~ith the aircraft in a new
configuration. Because the design mission does not
include the requirement that the aircraft actually
fly this segment, but rather only be capable of
flying it if the need arises, the total mission is
credited' with zero' distance and zero time for the
constraint mission.
(It is assumed that should the
constraint. segment actually be flown by the aircraft

the aircraft will not proceed along the design
mission because of fuel constraint.) For example,
an airplane may be required to accelerate to a high
Mach number if an intercept is necessary. If the
design mission for the aircraft is to penetrate
enemy territory without making an intercept, the
intercept capability may be the most stringent
engine sizing criteria. To insure that the intercept could be made, if necessary, an acceleration
to the high Hach number, intercept and return to
base must be verified, but will not contribute to
flying the full mission requirement.
e)

Cruise

The fuel consumption is usually stipulated in
terms of fuel flow per unit thrust, commonly called
specific fuel consumption, SFC. The SFC of an
engine at constant flight Hach number decreases
with altitude up to a particular altitude (usually
between 30,000 and 40,000 feet depending on design)
and then begins to increase with altitude. The
best cruise condition produces the most range for
the least fuel consumption. Over a small increment
of range, i'lR, an airplane COnsumes i'lW pounds of
fuel. The mileage per pound of fuel, S, is
i'lR
i'lW

S

9.1. 36

(Note i'lVl is negative.)
ment becomes small
N

Mj

=

Minitiat +

r.6. Mj

i:= 1

i'IM
- ----.:

2

In the limit as the incre-

!:JM i = 0.10 or 0.05 depending on M j

(i ___ any increment)
(N __ number of increments)

N-l

GWj = GWjnjtial'

.dt j

TYPICAL ACCELERATION PATH

i

Vi x GWi

=:;

f~~WFI

Note that the GW at the start of each increment i~
used in ~ Eq below

,Time for increment

~

ClWF i = SFC i x Fjl

Fuel for increment

IYl j = Vi x At;,

Range for increment

IF'.:!?I=

o

Fj • OJ

T

Acceleration thrust margin

N

UJ

WF = L (AWFjl,

<!J
Z

Total fuel

i:: 1

;2

N

t
•

GIVEN MI, Mf, AND ALT

6.

MIDPOINT OF INCREMENT

o CALC INCREMENT FOR STEP INTEGRATION

=

L

(At;1

,Total time

\ARil

,Total range

i :: 1
N

R

=?:

1,50
MACH _ _

Figure 9. 1.3-12. Method of Acc!eration Fuel, Range and Time Calculation
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IRef: 9.1.3'21

dR

=-

S • dW

=-

~)
W

(W • S •

Hach number (Figure 9.1.3-13), tho ~Iach number
producing the moximum N' (LID) can be found.
The
maximum H' (LID) will occur at a slightly higher
Hach number than that associated with the highest
possible LID. For subsonic cruise, it is found
that maximum range occurs at conditions where
compress ibility phenomena a-re important; that is,
t"here the airplane experiences transonic drag rise.

9.1. 37

'\.;here the quantity H • S is referred to as the

range factor.
If the range factor for any incremel1t of a
cruise segment can be c:onsiderE!d constant, equation
9 .. 1.37 can be integrated and evaluated between the
initial weight, HI' and the final weight, f/2'
yielding
W

W • S • In

R

~

9.1. 38

W
2

By noting that

s

~

miles

--u;-:- =

hours

miles

9.1.39

-~

hour

the range factor can be rewritten in the more
useful

f

form

1

W • S = H • V • T'SFC

9.1. 39

For level unaccelerated flight:

the net

thrust is equal to ttle total airplane drag and the
thrust term, -T, in equation (9.1 .. 39) may be replaced

by the drag, D; the Dumerator may be multiplied by
L, the airplane lift, and the denominator by W, the
airplane weight, since the 1 ift and weight are
equal in this [light condition. Thus, an alternate
fann for the range factor is obtained ~

W'S

w.~
SFC

.!:
D

1

W=

V
SFC

The airspeed for optimum range occurs at the
airspeed corn:~sponding to maximum C !;2/C . Because
L
o
maximum '[/6 is indepedent of altitude (at high
altitude and fixed engine setting), the range
factor ",ill remain constant if flight nach number
and Hlo are held constant. As the weight is reduced
by fuel bUTIlOff the altitude must increase to keep
W/6 constant. Thus to maximize range, as the
weight decreases due to fuel consumption the altitude must increase to maintain a constant value of
W/6. Air traffic control requirements prevent
gradual change 0 f a1 t i tude (except on some very low
density routes), so in practice tIle desired gradual
altitude increase is approximated by changing
altitude in dlscrele climbing steps. This nonoptimal procedure can cause a fuel consumption
penalty on the order of J% in total fuel consumption
for a long-range sllbsonic jet tran~port.
Examination of equation 9.1.41 shows that
supersonic cruise airplanes call be dCHigncd for
long-range opcratioIl because tile high velocity can
offset high SFC and drag.
Figtlre 9.1.3-14 illustrates methods of represent in£; the cruise segment for computer mission

analysis.
If the range is specified the calculations
give time and fuel consumption. Alternatively, if
fuel bu rned is spec i f ied, the f'orres p~nding cruise
distance and time can be computed.
f)

Endurance or Loiter

9.1.40
Substituting 9.1.40 into 9.1.38 produces the
Breguet range equation

V
R = 8FC

L
lJ

If the SFC is nearly constant, then the air-

Haximum endurance implif~s stavlng in the air
for the maximum amount of time using the specified
amount of fuel. Haximum endurance OCC11rs at the
flight conditions corresponding to the hest eLlen
(i.e., the tangent to the drag polar \vhich passes
through thE' origin). Haximum endurance is used for
hold or loiter (for example, surv('illance). The
endurance portion of D mission is not considered to
contribute te the total mission rang(~.

plane will achieve the greatest level unaccelerated
range i f VoL/D (or HoL/D) is maximized.

g)

Figure 9.1.3-13 shm...s a CL versus C polar on
n
which lines hav(~ been drawn from the origin tangent
to the polars at various Nach numbers. The points
of tangency define the maximum LID for that Hach
number. By plot ting the identified II' (LID) vs.

A combat segment is often pictuH'U ;]S consisting of a series oE turning m;:}neuvers. The assumed
battle SCCIlnrio leads to a specificntion of combat
Nach number, altitude, power setting, and time

Combat

HIGH SPEED
MAXIMUM M (LID)

POLARS~

ci

;:;;-"

M (LID)

2
I
U

«

;;>

M

CD
Figure 9.1.3-/3. Determination of Maximum MiLlO)
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V

L

RF " Range Factor"SFC x 0" f (Alt. Mach. W)
RF determined for initial conditions and applied over R using Breguet
range equation:

R" ~

x

L

SFC
or

WI
- - =e

R/RF

W2

RANGE_,..

(-'!!I)"(flF)

x In

W
2

D

In(GW1)
GW 2

2
and l: AW"W ,W "W (1 .• · R/RF )
1 2
1
I

A new alt and RF are found at start of each increment and applied over
that increment, A/N, using brefJUct ran~ eq of method (1).

RANGE - . .

(3)

L-----<r---

t
ALT

Alt and mach optimized for max RF at midpoint conditions and applied
over R, using breguet range equation of method (1).

RANGE _

(4) ) - - - - ' < 1 1 - - - - -

t

Constant altitude optimize Mach for max RF at midpoint conditions and apply
over R, using Brcguet range eq of method (1)

AlT

RANGE--I>

t 1----4\;;:----

(5)

Mach given, optimize alt for max RF at midpoint conditiOfls and
apply over R, using breguet range eq 01 method (1)

AL T

RANGE - . .

't'C - ----."'- ., ""
~I-\

Con"

----.----....-- ~~o«
B. ..J I ~
N~

ALT

rr-

"~," .'m. ""

.m..",,,,,,, "..."."'"-"""'"",.

over that Increment. A breguet t::Iimbing cruise calc (11 is used for each
increment. This closely approximates a constant alt cruise if N ~ 15.

RANGE_

Figure 9.1.3-14. Cruise Methods
duration.

Ho range credit is taken.

The mission

derivation of equations are omitted because of the
similarity of the calculation procedure for the
landing segment to the procedure for the takeoff
segment a1 ready discussed.

analysis computes the fuel consumed over the time
duration taking into account changes in weight.
Since the power setting is specified, the fuel

consumption can be calculated directly for the time
of combat. The engine may be sized by the combat
condition if a specific excess power, PS1 is
specified.
h)

j)

Reserves

Reserves are simply treated as an additional
increment of takeoff gross weight or as a fraction
of the full fud load which is not expendable in
the nOlmal mission analysis.

Refuel or Nunitions Drop
Refueling. weapon expenditures and fuel tank

release are treated as weight Changes which some-

9.1.4

Engine Performance Representation

times affect the airplane drag polar.

i)

Engine performance is usually specified in
terms of thrust, fuel consumption and airflow rate.
Each of these variables may be used in a variety of
corrected fonn" (,rable 9.1.4-1). 02 and 8 2 are
compressor face total pressure and temperature
divided by reference values (2116 Ibs/ft 2 and 519.7°R,
respectively); while oamb and 0amb are ambient
static pressure and temperature at altitude, divided
by the reference sea level standard values.

Landing

The problem of detennining landing performance
is in most respects similar to the takeoff calculation, varying only in the treatment of tIle approach
and flare SlId in the consideration of auxiliary
stopping devices such as the speed brakes or 1nflight thrust reversers. Detailed analysis and
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Table 9. 1.4-1.

Variables Used for Engine Performance
Representation
FN"~'

THRUST

FUEL FLOW RATE Wp [W F/
AIR FLOW RATE

fuel flow rate at the required thrust interpolated
between given power lines at flight conditions "a"
and "b", and "c" and "d", respectively.

FN/b. mb • IFN/b.mb)/IFN/5.m~) ref

iV92lb 2}SFClv'B,rnb

WO' /W oV02lb 2 /

9.1.5

WOvo.;;;blb. mb

Of these choices the quantities boxed in the table
give the most nearly linear relationship with Mach
number and altitude. Thus their use is desirable
because it allows more accurate interpolation or
'extrapolation between specified conditions.
The calculation of engine performance at
representative flight conditions independent of the
mission, is shown schematically in Figure 9.1.4-1.
At each of the selected flight conditions, a complete power line is obtained for an engine with a
reference design airflow size. For this engine the
corrected fuel and airflow can then be computed for
any desired corrected thrust. Using

wo

FN
FN re f

9.1.42

the required engine airflow size can be scaled from
the reference airflow value so that the required
thrust at the most demanding flight condition
equals the maximum thrust available. At this new
airflow size, the power lines of all other flight
conditions can be scaled by the same amount, and
the part power fuel flow rate necessary to produce
the required thrust at any flight condition can be
calculated.
Linear interpolation is used whenever the
flight condition being evaluated falls between two
or four given points. For example, assume the
increment of a mission segment being considered is
at conditions represented by the point "g" on the
Mach number and altitude map shown in Figure 9.1.41. The type of mission segment being flown combined with the airplane drag polar determine the
required net thrust for the flight condition. The
fuel flow at "g" is found from interpolating the
fuel flow required to produce the same thrust at
points "e" and "f" where the altitude is different
from "g" and the Mach number is the same. Similarly
performance at points "e" and "f" are obtained from

AIRFLOW,
Woff

Propulsion System Installation

• W F/ly1I'b. mb )

Engine/airplane matching requires an accurate
evaluation of the interactions between the propulsion system and the airframe. The evaluation is
traditionally broken into inlet effects (Chapters
13 & 26) and nozzle/aftbody effects (Chapters 14
& 26).
Depending upon the accuracy desired from the
mission analysis, different techniques, are used to
evaluate the installation effects. For conceptual
and preliminary design evaluations, estimates are
usually based on past experience and limited
computations.
As the complexity of the analysis and the need
for accuracy increase, wind tunnel tests may be
required. Typically, a complete airplane model is
tested and the drag information is used as a baseline
or reference value. The inlet (and for,ward portion
of the aircrllft, i f necessary) is then tested in
detail and changes in drag which result from changes
in configuration or engine power setting are tabulated as drag increments relative to the reference
configuration. Similarly, detailed models of the
aftbody (usually from the maximum diameter aft) are
used to evaluate incremental -changes in thrust
minus drag due to change in configuration or power
setting.
Although much of this chapter discusses computer'simulations, the importance of experimental
evaluation of the interaction effects on engine/
airplane matching process cannot be overemphasized.
Hind tunnel and/or scale model remotely 'piloted
free flight testing is fi very expensive portion of
the aircraft system development process. Useful
results depend on comprehensive planning and careful
and accurate execution of tests. As the engine/
airplane matching process continues toward the
identification of optimum aircraft, the validity of
the estimation of the interaction effects must be
constantly reevaluated and updated.
9.1.6

Results of Mission Analysis

The mission analysis requirements, discussed
in the preceding sections, form the starting point
for a computer program with the logic shown in

~

.~
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ALT

~

FN/Ii

0

0

FUEL FLOW,
Wf

Vo'll
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0

0
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0

0

MACH

FN/Il
NET THRUST, FN/Il

Figure 9.1.4-1.
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INPUT REQUIREMENTS
]
• MISSION DEFINITION
• DRAG POLAR
• ENGINE PERFORMANCE ~
• INSTALLATION
.
'----,.-----'
INTERACTIONS

MODIFY GW
ENGINE SIZE
OR RANGEl
ENDURANCE

OUTPUT OFF·DESIGN
MISSION RESULTS:
RANGE/ENDURANCE
SPEED
DASH MACH NO.

ETC.

NO

MISSION SOLVED

YES
OUTPUT MISSION
RESULTS
AlP GROSS WEIGHT
ENGINE SIZE OR
RANGEIENDURANCE
GEOMETRY, DRAG

Figure 9.1.6-1.

Mission Analysis Process

Figure 9.1.6-1. As indicated, the iterative process
uses the specified drag polar, engine cycle, and

this condition, all other points in the mission are

calculated with the engine operating at part power.

priate engine airflow size and airplane gross

The fuel consumption is determined from the specific
fuel consumption at the appropriate part power
setting. \ofuen afterburning or varinblc cycle
engines are used the iterative. process must aCCouTlt
for the complexity of additional pararneter1:i in the

takeoff weight or maximum range (or endurance).

thrust-fuel-flow relatIonship.

scaling rules to define an engine/airplane match

which satisfies the mission.

This integrated

engine/airplane system represents the combination

which simultaneously meets the conditions of appro-

The engine is sized by the airflow required to
produce the net thrust for the most demanding point

of the mission in the following way.

The engine

performance relates the thrust per unit (or refer-

ence) airflow size for each flach, altitude, and
temperature used in the mission. The inlet and
nozzle losses and the installation-interaction
effects account for the difference between installed
and uninstal1ed thrust.

The maximum thrust avail-

The computation of airplane takeoff gruss
weight resul ts from a fixed range mission analysis.
Simulation of a specified mission with a given
engine cycle and size requires n specific fuel
quantity for a giveTl airplane size. Since the
weight of the airplane is the. sum of all the component weights, payload. and fuel, there exists a
unique size of Gcaled candidate airframe which will

carry enough fuel to be able to fly the required

able from an engine varies with the flight segment.
The hIghest power setting is usually takeoff power,
which can be used for 2 to 5 minutes. Slightly

mission range.

Im.;er power settings are. allowed for continuous
operation and a continuum of part power settings

As the airplane size changes so does the lift
and drag, which implie.s a changing reference area
(if polars are similar). The change in drag

exist down to an idle setting usually determined by
minimum air flow, fuel flow, or engine PRH acceleration requirements. Thus, when combined with the
scaling rules, the net thrust required at the most
demanding condition in the mission defines the

required airflow size which, in turn, fixes the
engine weight, dimensions, and full power fuel
Consumption. Hith the engine size fixed to meet

results in a change in thrust that hlust be supplied

and hence a different engine size and fuel consumption. The change in fuel consumption requires a
change in airframe size and the iterative loop

required to find lhe unique size of the candidate
engine and airplane continues until a match is
found to the desired degree of accuracy.

better. This section describes a process for
obtaining the hest engine/airplane match for a
specified mission.
Before the optimum can be
chosen it is necessary to decide by what criteria
.lIbest" can be defined.

If the final airplane is substantially different in size from the first guess the scaling laws

should be reexamined. The installation of the
engine should be reexamined to see that the engine
size has not so altered the airframe as to change

the drag polar. Finally, the interaction effects
must be reexamined.
Once the appropriate airplane weight and
engine size have been 'established the characteristics of the fixed configuration can be evaluated on

9.2.2

Figures of Herit

alternative (off-design) missions.

only be chosen once a criteria for its goodness has
been established, the commonly used selection
criteria, or figures of merit, are nut all that
obvious Llnd are often difficult to deftne quantitatively during a preliminary design study.

While it is obvious that the best airplane can

These missions

typically leave the distance or time of one leg
unspecified and the Tcmge or endurance of the fixed

aircraft is computed for the alternate operating
conditions. Off-design missions can also be used
to evaluate configuration changes, such as exterIlal
munitions, in which case the drag polar should be
alte,red.

Airplane selection procedures seldom seek the
aircraft which flies the mission bE'.st ~rithout any
regard for cost. The desired mission performance
and constraints Must be v/eighed against the cost of
o"t<r11ership. The total cost of purchasing, operating,
and rrulintaining the aircraft durinr, the entire
period of ownership, less the Linal resale value is

The end result of a design mission analysis is
the airplane weight and engine size. Off-design
computation provides additional information about
range, endurance, dash capability, etc. These
results can be uSf:'d to reevaluate the inputs but
the fiual result is one engine .3.nd airplane combination which can fly the specified mission. The

referred to as the 1if. cycle cost (LCC).

Equally

obvious, a 10vI cost system may lack mission effectiveness--that is, it might take too long to flv a
mission (low productivity), or it m.'3.y lack flexibility to fly off-design missions. This has C;lllsed
the Department of Defense to choose a:l optimization
criterion called cost effectiveness, a blend of
cost nnd mission effectiveness which must be formulated for each system t often using judgemental
fnctors. Defense budget constraints have forced
the military to balance the aircraft system effectiveness against estimated life eyele costs. Due
to the requi.rement for "crystal ball" estim-'1tes
needed for accurate life cycle costing, it is more
appropriate to say thnt life cycle cost ns n flgtlre
of merit is I.l goal toward which evaluation tech-

analysis indicates nothing of the qualily of the
cl10ice of engine cycle and airframe geometry.
Optimizing the choice of cycle and airplane
parameters is the principal tusk of the preliminary
design process tvhieh is discussed in the next
section. In preliminary design, mission analysis
is used repeatedly in order to identify the region
of optimum cycle and geometry characteristics.
Follmving the identification of these characteristics. mission an3.1ysi~ is again used during system
development. In tile latter application) tile output
is used to refine the airplane and engine characteristics to the next level of development which
carries requirements for increased accuracy.

niqoes are evolving.
Aircraft utilization has a significant impact
on the cos t of ownership. A typical commerc ia 1
aircraft will have an annual utilization of 3500
hours 'tolhile a military fighter will fly less than
350 hours per year. The research, development and
acquisition costs of a military aircraft are analogous to the depreciation costs of a commercial

transport.

The high utilization of the commercial

airplane de-emphasizes this cost relative to the

direct operating costs (DOC). For this reason DOC
is usually used as a figuie of merit in commercial
aircraft and fuel costs are a dominant contr Ibutor.
The best commercial aircraft' is therefore the one
that flies the desired mission usin~ the least fuel
or providing the most rnnge (ppr passenger seat
mile) while simultaneously meeting the noise and
emission constraints and having acceptahle reliability and maintainability.
Even though Lee or DOC are important figuresof-merit t they do not easily lend themsel ves to
engineering analysis. ThE·refore, engine/airplane
systems are usually optimized to !:iome. perforwance
figure of merit and the cost optimization is inferred indirectly. For example, takeoff gross weight
is used as a performance figure of m0rit because a
smaller airplane ShOllld cost less to build and
operate. This perceived, or inferred, minimum cost
is only valid if the optimization pruc~durc uses
consistent technology levels throughout. Traditionally, minimum engine takeoff thrust-to-weight ratio
was assumed to be a mVdsurc of goodness. Recent
analyses have shown, however, that in some cases
overall sysU:m performance and cost. nel'd not meet
this requirement. The high throttle ratio engine

9.2 OPTIMIZATION OF ENGINE/AIRPLANE MATCH

9.2.1

Introduction

Having discus~ed the process of sizing a
candidate engine cycle and "Heighing" a given
airplane geometry to meet the

requirement~

of a

specified mission, we arc now in a position to ask
if this was a good choice or if a different engine
cycle. and airplane geometry could do tbc mission
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concept, for example, sacrifices takeoff thrust in
favor of optimizing cycle characteristics in supersonic cruise as wi 11 be demonstrated by the example
in Section 9.2.8.
The propulsion

sy~tem

any solution slIr face by standard methods, a1 though
the so lution of a nOll-linear equa tion may be
required.

For any two independent variables, for example
compressor pressure rntio (CPR) and bypass ratio
(BP1..) , the perfonllance 0 f a dependent variable, say
takeoff gross weight (TOGloJ) can be determined. By
computing TOG~f for many combinations of CPR and BPR
an equation could be fitted to the points to represent TOGH as a continuous function of EPR and CPR;
the equation so obtained ('i:ln he represented as a
surfac.e (Figure 9.2.3-1). The form of the equation
is found by rt"gl'cssion techniques using the computed
points to obtain coefficientB for polynominal
equations representing the: surface. A second order
equi1tion for this example would have the form

has both direct and

i~rlirect impact on sygtem costs.
The direct cost
1.'3 due to engine development, procurement Hnd
support costs.
Indirect costs include the performance and installation characteristic;s which affect
the airplane size, takeoff gross \oTeight and mission
fuel. The, operating cost benefit of a bet-tel'
matched, ne~\'er technology engine must be ""eigl-ted
against the COost of development for a nei\· engine.
The decision to devc~op a nei., engine or use an
existing one for a ne~..r airplane reqtlires that the
direct and indirect operating costs be considered
along with the system effectiveness.

The date of initial operational capahil ity
(IOC) and mission requireMents define the level of
technology and thus the component ef f i.ciencies and
Heights available to rf'dtlce the cost of oHncrship
and improve system effectiveness. Occasionally
enRine/airplane natching has been used to identify
and prioritize advanced technology efforts.

where Cot C ••• ,.C are constants to be detennine9.
S
1

Other [igurc~ of merit lIsed in the milir-:1ry
arena are survivablli ty /vulnerabil itv, and npl't"ntional1y ready rates. Airplane systems evalu.8.tions
often optimize to a combination of factors over the
most probable mission mix.

A regression analYRis could he used to compute
thE' coefficients C Hsin£; a least sq~lareR fit to
l
the dltta points; goodness-of-fit statistics are
also c.11culated by t-rhidl suitability of the form of
the regression equation Cdn he judged.

The following section shows a pro~edure for
optimizing the engine/airplane match based on
performance figures of merit which can be evaltwtec1
by ,,-omputer. These fi gures of merit become dependent variables in the computer solution.
The m(lre
subjective figures of merit are not treated etlrtll~r.

Once tIle surface is established, the surface
fit polyno1!lials are interrogated by non-linear
optimization methods Hhich use gradlent vectors to
3earch for rnaxir:mm or 17linimum dependent variable
(TOI-;\oJ) v.11u~~s '...ri.t!dn the spl~cified boundaries of
eacll independent vilriable., Conceptually this
n.rnounts to plottIng contollr lines on the surface of
Figur(> 9.2.3-1 as shot-m in Figure 9.2.3-2) and
identifying the extreITlf' v;:}tues.
Tn this case, the
resulting miniMum 'IOCM is referred to as an unCOll-

9.2.3

Hethods of Optimization

Historically th~ s:election of an optir.lUm
engine and airplane combination was made on the
basis of experience. 'MiRRion analysis was conducted
on selecled engine cycles and aircraft geometries
and the best airplane select~d as the comb illation
that beRt satisfies' the figure of merit.
For
misHlons that arc similar to ones already bein~
flown it is possihle for experienc.ed designen; to
consider good candirl.:lte configurations. Historically, airplanes Jlave been designed in this manner.
Tv;o ,,,eakness('s of this apprnach are 1) the rel iance
6n tIle insight reqtlired by the designers and 2) the
tendency to perpetuate design philosophies without
dll~ consideration for a1 ternatives that nev.r technology may have made available.

FITTED SURFACE

DEPErIDENT
(TOGWI

INDEPENDENT 1 (CPRI

Figure 9.2.3··1.

The advent of computer assistance to the
desip,ner made it possihle to consider many more
desi~n alternativ('~, and has created a nC'~.,., prL'liminary design approach throughout the aerospace

Surface Fit Using Least Squares

, . - - - - - , - - - y - , --- ~~ESST ~~T
DEPENDENT
VARIABLE

indus-try. To provide insif,ht into the nature of
computer optimization the philosophy is presented
for one method, C'.urrently used in intlustry as all
operational preliminary design tool.

ICONSTArH

TOGWI

The procedure applies statistics tn indcppndent
cycle Bnd airframe VAriables to determine a minimum
numbel- 0 f miHslun an<11ys is cases t ha t rous t be 1'1111
to create parumetl"{c equations for the soilltions
for nIl variables ,1Il0 cOll}:traints under conE!iclf'ratio,n. These equations CHO be. considered to form
multivariant sllrLICeg as a f1lnction of the imlppendent variables. An optimum can then he ohtained on

-

UNCONSTRAINED
OPTI.\IUM
(MINIMUM TOGW)

INDEPENDENT 2 WPH)

Flgum 9.2.3··2.
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Lines of Constant Dependent Variable

Table 9.24-1.

Typical Independent Variables

~________~Ty~p~i_ca_l_i_n_d_e~~_n_d._e_nt_v~a._rl~ab~l~e5~________~
Engine

Fan pressure ratio
Bypass ratio

INDEPENDENT 1

(CPR,

Overall pressure ratio

CONSTFIAINED

T4

OPTIMUM
{MINIMUM TOGW
WITHIN
CONSTRAINTS)

Turbine nozzle area variation
Throttle ratio

INO[PENOENT 2 (BPA)

Exhaust nOZlle area ratio
Number of spools

Figure 9.2.3-3.

Constrained Optimum

Secondary

Number of stages

{

variables

Afterburning

Stage loading

strained optimum, or the optimum combination of IlPR
and CPR for the desired mission. Constraints such
as minimum specific excess pow~r (P s ) OT thrust
margin (Ttl) can be superimposed on the contour maps
after the tlnconstrained optinum i9 obtained.
Figure 9.2.3-3 shot-IS the choice of CPR and BPR
which provide optimum TOGH when design constraints
incl.ude PS>75 and T:·1'2.8. An advantage of this
technique is that since the constraints are placed
on the system after the regression analysis Is
r.ompleted, the constraints can be changed without
recomputatinR the optimization. This simple example,
drawn from Ref. 9.2.3-1, shows the optimization
process for two independent variables. The actual
optimization program uses the same procedure, solving
for the optimum as a function of a larger number
(10-20) of independent variables. Conceptually,
this amounts to a process of determining a quadratic
surfnce fit and contour mapping in multidimensional space. The solution is not difficult
on a large modet'TI computer, provided the number of
input values for each of the independent variable
can be restricted.

9.2.4

Hub/tip ratio

Airframe
Takr;off gross weight

Thrust/woight

Wing loading
Aspect ratio
Sweep angle

Wing thickness. ratio
Wing taper ratio
Operating weIght

Incr~ment

Mission radius

BOUNDED
OPTIMUM

CPR

Dependent and Independent Variables

Independent variables of most significance for
engines/ airplane matching are shown in Table 9.2.41. The engine variables identified as secondary in
the table are not commonly used excC'pt in exercises
concentrating on engine size and Height.
Table
9.2.4-2 displays dependent variables commonly used
as the performance figures of merit to be dptimi~ed.
In a given study, a surface fit and contour n~pping
is computed for each dependent variable. The
contour line values of one variable can be constrained to a specific value and cross plotted.
For example, the line of PS~75 on Figure 9.2.3-3
\tyag obtained from a contour map of P
s as a function
of CPR and BPR (FiRure 9.2.4-1).
By selecting the
appropriate contour line on the Ps map any value of
Ps can be used as a constraint on TOGW.

BPR

Figure 9.2.4-1.

Bounded (Box Limited) Optimum

Table 9.2.4-2.

Typical Dependent Variables

Typical

dependent variables

Trlkcoff gross weight

range factor
loiter factor
Fuel weight
Dash time required
Cruise

9.2.5

~!inimizing

Required Combinations of
Independent Variable ValueR

Rate of climb or climb gradient

Cruise mach/altitude engma out
performance
Specific excess power
Thrust m'lrgin

The number of mission analyses necessary tc
define an equa tion g1'o,," very rapidly Hith the
number of independent variables. If each of ten
independent variables js allmved to take on four
values to define the $urface shape, a total of
1,048,580 missions WOllld have to be calculated!
Fortunately, Btatistical methods can be \I~ed to
reduce this numher of combinations wit'hout
jeopardizing the validity of the results.

Takeoff roll distance

Service ceiling
Spotting factor ,airplane

size for

carrier handl in'Jl

--.---------------------------~
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One such technique is known as Orthllgonal
Latin Squares (OLS). OLS is u~ed to select the
values of each independent variable to provide a
sparse but uniformly distributed set of data points
to Hhich the curve fitting routines can be Ilpplied.
Reference 9.2.3-1 discusses the theory of OLS in
some detail. Here, it is sufficient to note that
hy applying OL5, the number of missions that must
be analyzed is reduced to HZ, HIlere N is the smalles t

trary constraint. Suppose, for example, fan pressure ratio (FPR) is an independent variable and the
range of values selected Has FPR = 2.5-4.5. If the
optimization

by the boundary val ue ini tiaUy specified. N,."
limits for FPR of say 1.5 - 3.0 can be specified
and after the optimization program is rerun, the

true optimum FPR may turn out to be 2.15.

variables are being analyzed, 121 (.11 2 ) missions
a function of the independent variables. For ten
independent variables each equation requires 66

remain valid.
Thus the boundary conditions on each independent variable are self correcting, but the designer
dCles not know if he has selected the most important
independent variables!

Experience has shm.;n that some

dependent variables are not a strong [unction of
all independent variables and the corresponding
coe.fficients may be insignificant. A least square
fit of the data to ten independent variables can
usually be done adequately with less than twentyfive coefficients and still define the proper
optimum engine/airplane combination. The logic
flow for finding the optimum is reviewed in
Figure 9.2.5-1.

9.2.7

Reexamination and Validation
The validity of the airplane configuration

jdentified by the computer optimization mUAt be
established since the real optimum configuration
rarely correspondf'l to one of the 121 configurations
computed through actual mission analysis. 'T'hereforc
the values of each of the independent variRbles
specified by the optimum are used as input values
to a mission analysis. If the value of the figure
of merit for sin~le mission analyses agrees with
that obtained from optimization, then some confidence in the optimum is justified. Because the

Boundary Values for Independent Variables

The COMuuter optimization technique selects
the combination of values for the independent

variables which represent the best engine/airplane
system combination measured in terms of a specified
figure of merit for the mission. If the optimum of
any independent variable equals its boundary value,
this value can be changed and the ortimization
rerun to see the relevance of thie possibly arb i-

surface (equation) is a least squares quadradic
fit, the values of the single mission analysis may
pot be on the surface~ particularly if the true

INPUT INDEPENDENT VAR IABLES
AND THEIr. BOUNDARY VALUES

.

J

SELECT VALUES FOR COMBINATIONS
OF VARIABLES. RESULTlr,G IN
MINIMUM COMPUTATION ILATIN
SQUARES)

•

EACH OF THE SELECTED COMBINATIONS
INPUT TO A MISSION ANAL YSIS
EXAMPLE 10 INDEPENDENT VARIABLES121 MISSION

+

BEST COMPROMISE
REQUIRES
SENSITIVITY
TRADES
~

REGRESSOR:
121 MISSION RESULTS USED TO DEVELOP
SECOND ORDER EXPRESSIONS FOR ALL
DEPENDENT VARIABLES IN TERMS OF 10
INDEPENDENT VARIABLES· SURFACE FIT

4OPTIMIZER:
SOLVES FOR CONSTRAINED OR
UNCONSTRAINED OPTIMUM FOR ONE
DEPENDENT VARIABLE

Figure 9.2.5-1.

This

feature of the technique leads the engitleer to an
optimum even if he is not experienced enough to
guess the limits for each variable appropriately.
Whenever the limits are changed, the mission analyses program should be reexamined to insure that the
geometry, scaling, and interaction relationships

must be calculated. Regression methods produce
quadratic equations for each dependent variable as

9.2.6

selected a best configuration

this FPR is really optimum or if FPR was constrained

prime number (or poy-rer of a prime number) larger
than the number of independent variables being
considered. For example when ten independent

coefficients.

pro~ram

"ith FPR = 2.5, i t is not possible to ascertain i f

Optimization Logic
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I

VALIDATION CHECK
RANGE REASONABLE?
REASONABLE OPTIMUM?
SCALING?
INTERACTIONS?

DESIGN MISSION

surface is a higher order polynOI;lial Ot' is discontinuous.
Fortunately, most confjgurations analyzed
na tc.:h re.ssonab 1y ~7ell near the opt i~um.
Computer optimizRtion i~J a preliminary design
tool whose main value is to q\lickly ohtain an
unbiased t::'st..imate of the lfneighborhood" in which
the real optimum configuration can he e:<pected.
The solution is I1nbiased only to t'llt~ extent that
the engine/airplane combinations in the m.ission
analysis are realistic. Thus the mission analysis
should he recxecuted to assure that scaling,
interactions, and geometries ~"ere appropriate, and
that the optimum is not artificially constrained by
the rattge of one or more independent variable.
Finally, it should be E'mpha.sizcd thLlt the optimum
can only he' defined for one independent performance
figure of merit. That is, the optimum engine/
airplane combination enn be found usin~ either
takeoff gross weight or sp'ecific excess pm.Jer as
the unconstrained figure of merit. Alternately, a
constrained optimum can be obtained for either
figure of merit wi th toc other constrained, but it
is not possible to use this technique to find the
configuration 'Hhlch simultaneously optimizes both
figures of merit.
9.2.8

SPECIFIED 1 /,f EOFF GROSS ',l;EIGHT '" 50,000 lbs
SUBSQNIC RANGE "- ~J>ECIFIED

SUPERSONIC RADIUS" OPEN
LOITER FUEL'" SPECIFIED
SUBSONIC M.6N[UVE A..::; SPECIFIED

FIELD lEfJGTH "'., SPECIFIED
ACCELERATJ:JN flME -< sPECifIED
AIRCRAFT VARIABLES - OPTIMIZED

Figure 9.2.8-1.

Medium Range Ground Attack Mission

figure of meri t to be optimized for a fixed gross
weight airplane. For each engine type an optimization Has conducted using airplane polars and configurations which properly accounted for scale and
installation effects.
(If flight to a specific
target at knmm ranf,c had been desired, takeoff
gross Yleight ~'wuld have been the optimization
variaLle.)
For the fivc- engine types under investigation,
the design bypass fatio, pressure ratio, and cruise
tllrottle ratios are presented in Figure 9.2.8-2; a
complete study would include these as indl'pendent
variables. The technology level, combustor exit
temperature, and cooling air requirements, for all
engines wen~ hel d const[;.nt. The fixed values shown
in the figure were chosen as representative for
each engine typE'. The lapse in thrust as a funct:.Jn
of Hach number for the chosen' engines is shoYm in
Figure 9.2.8-1. Figure 9.2.8-4 shows the relative
dimcnsionB of the engines which produce the same
takeo ff thrust.
These five fixed cycles affect the optimum
geometry of the airplane designed for maximum
supersonic cruise. "For each independent engine
cycle study, £lve airplane variables were analyzed

Example Hission

To illustrate the results of mission analysis,
engine/airplane optimtz~tion, and the impact of
mission constraint.s, .:1n example is presented for a
military airplane designE'd to perform a medium
range ground attack misslon*. The design mission
is sholm in Figure 9.2.B-l and consists of 1)
takeoff from a fixed maximum field length, 2) climb
to altitude for maximum subsonic cruise range
(during the fixed range subsonic cruise le~ the
aircraft is reqlJired to perform evasive maneuvers
of substantial I1 g l! force), 3) using afte.rhurning
(A/B) accelerate and climb to sup~rsonic cruise
altitude in minimum time, 4) level off at the
supf'rsonic cruise design tIach number, cruise into
hostile territory (with or without A/B) and perform
the radius mission, 5) returning from hostile
territory decelerate to· subsonic crllise, 6) loiter
for a fixed period of timp and 7) land.
Five dIstinct ~ngine cycle concepts were
analyzed to shm·, hov.' they affer.t the geOIDE'try of a
fixed "'eight airpl[1ne"rmd how the optimum aircraft
compared (with and withollt various mission constraints). The mission includes 3 relatively long
subsonic leg of fixed distance but does not fix .
the length of the supersonic range (tt.,ric-;-the
supersonic radills).
Supersonic range was [he

*Spccific !lumbers are not shown in the example.
the results are from an actual mission analysis
and all characteristics and constraint!'> are
respresentntive of current 5tate-of-th~-nrt in
military airplane design.
(Referenc.e 9.28-1).
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Maximum Supersonic Radius

appropriate to cvallinte tile merits of variotls
cngir\e conc~pts installed in an airplane of fixed
geometry.
Figur(' 9.2.8-7 shm-IS the relHrive supersonic
range ns a function of airpl:-ulC takeoff thrust to
weigl1t ratio. At caell T/W ti,e airplane v~rinbles
are optimized to produce curves t.Jhich represent the
JQci of c.onstrained optima (constrained hy T/t-!).
For each curve, a minimum T/H i~ ohtaint'd where the
constr:lil1cd optimum engine/airframe match can no
longer meet the seler.ted "gil Tllo1.nf'uvcr or AlB acceleration tjme as indicated hy th~ solid dots on
Figure 9.2.8-7. Figure 9.2.8-8 is a compiJrison of
constrained optim,'1 (dots).
From Figure 9.2.A-H the optimllm aircI'aft
appearf' to be t1 high lhrottle l".1.tio (HTI{) turbojet
which yieJds th£' lnHcst TIt.! and long('st range \vhile
meeting the .:lccl'lt'.ration 3nd maneuver requirementR.
In this case the field lcngth is not restricted.
If short field len~lhs are importnnt, Itigiler
takeoff T/~1 ratios are nec(>ssary. Airplilnes with
Til.,::; .9 produce takeoff field lengths representative of medium runge attack airer,aft. As shovTrl in

to give the optilllUm supcn;onic range. The independent variable5 and their boundary values are shown
on Fj?,ure 9.2.8-5. As descrihcd in Section 9.2, 49
mission analyses (the squi"1n~ of the prime numher
greater than the number of independent variables)
were run for each en~ine.
Each of the 49 had a
different combination of valups for the independent
variables as prescribed by the Lntin Square technique. A surface fit (rpgresBion analysis) then
provides the unconstrained optimum rangp and "contour lines" of configurations producing constant
values of range. These results can be used to
evaluate the effects of challging mission constraints
without rerunning the mission analysis.
Figure 9.2.8-6 ~hmvs the reslliting optimum
airplane for each engine type. The optimum is
constrained only by a C(ln~tant thrust to lveight
ratio. The optima \\fere not con!:>trained by field
lengtb nor acceleration reqtIin~ments. Notice that
each engine cycle rvqtlires a Sllhstllntially different
optimum airframe geometry. The wing loading vClries
from 115 to 135 lbs/ft 2 and the wing sweep varies
from 34' to 52'. Thus i t is evident that i t is not
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Optimum System Performance at Constant Acceleration and Maneuver Requirement
geometry, or variable burner by-pass which was not
included in this study.
If a fixed airplane geometry is chosen and the
engines are sized to meet given maneuver and acceleration time requirements, the relative engine
performance shifts and the duct burning turbofan
which was best Eor supersonic ranr,e becomes the
worst (Figure 9.2.8-10).
In the considerations thus far, the amount of
afterburning has been allowed to vary. T'lying
Bupersonic missions with turbofan cyclea requires
more A/B than with turbojets. If the infrared (IR)
signature of the aircraft over hostile territory is
considered the engines may be constrained to dry
(noe A/B) operations. Such a requirement applied
to the aircraft discuHsed in Figure 9.2.8-10 resulto
in the charac teris tics shown in Figure 9.2.8-11.
The fan engines cannot even perform the desired
mission under this constraint.
This example has illustrated that the eng;ne
designer cannot work alone. Optimum engine/airplane
matching cannot be accomplished unless an array of
both engine and ni;.:-frame variables are considered
together with mission rules and cons traints. The
next section will conside.r ways to evaluate the
sensitivity of the mission and aircraft to changes
in the variables and constraints.
1.2,------------

Figure 9.2.8-9, the required T/W ratios, necessary
to' produce reasonable takeoff distance J result in
a different engine providing the best supersonic
radius. The IlTR concept has moved from the best
choice to worst choice, Qecanse of the field
length restric t ion. This result is to be expected
because the concept of HTR engines is to design the
engine for supersonic cruise using a constant
corrected engine weight flow. The resulting engine
produces the required cruiBe thrust from an en~ine

that is smaller in length, diameter, and air flow
rate at low Mach number. As a result the takeoff
thrust is relatively low. This deficiency can be
somewhat offset by incorporating variable turbine
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If the optimum engine/airframe combination is
constrained by a customer, the penalties associated
with the constraint may be identified. In prelimi-

nary design the sensitivity of the aircraft system
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if moving away from the specified optimum will
decrease cost sufficiently to justify reduced
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9.3 SENSITIVITY AND INFLUENCE COEFFICIENTS

9.3.1

General

Sensitivity studies use influence coefficients
to measure the change of a dependent variable (y)
due to the change of a single variable (x) of
several independent variables. Influence coefficients therefore involve the use of partial derivatives:

I

.'!

2Y

y ax

y,x

= ~

a£nx

or I

y,x

=~

establish the priorities in technology development.
It can be a very costly decision to increase the
performance of an engine component. Sindlar
commitments are necessary from structures, aerodynamics, and production groups in the airframe
companies. Budget constraints necessitate that
the performance of only some of the components may
be advanced at the same rate. Priorities are
estnblished within industry and government in an
effort to find those. components whose development
will produce. the largest benefi.t to the system in

the given time period wi th the available funding.
Such decisions are best made when a priority of the
independent variables is established and the performance level available for a given expenditure
has been estimated.

ax

9.3.2
Dependent variables may be performance or cost
figures of merit, .~ile independent variables are
usually the design ?arameters. Examples of sensitivity studies commonly conducted during engine/
airplane matching include:
a)
b)
c)

The sensitivity of a configuration to the
proximity of the optimum.
The sensitivity to relaxation of a mission
constraint.
The influence of changing the level of
technology.

Item "a" is a logical extension of the optimization program. Using the optimum value of each 0 f
the independent variables as a central configuration, a careful analysis is usually conducted on
designs lying in a neighborhood near the optimum.
Hiss ion analyses are conducted on each combJnation
of independent variables in order to more closely
approximate the surface fit polynomials near the
optimum. Once the polynomials fit the mission
analysis results with the desired certainty, a
comprehensive sensitivity study can be done by
partial differentiation of the polynomial. Using
the simple example introduced in Section 9.2, the
influence on takeoff gross weight due to changing
bypass ratio or compressor pressure ratio can be
evaluated, i.e.,

a(TOGW)I
a(BPR)

or

CPR = CONSTANT

For military applica-

tions the results of sensitivity studies provide a
quantitative guide allowing the customer to establish the trade between the mission requirements he
foresees as important and the benefits. of relaxing
one or more constraints,
The other important use of sensitivity is to

a(TOGlY)I
a(CPR)

Importance of the Choice
of Independent Variables

Section 9.2 demonstrated that the optimum
engine/airplane combination could be selected for a
given set of independent variables and that the
boundary values selected for the variablcR were
self cQrrecting. Section 9.3.1 indicated that
required levels of component technology and trades
between performance and cost could be established

by analysis of the surface fit polynomial which is
obtained as a function of the chosen independent
variables. As a resu 1. t, independent variahles
could be ranked so that those havinp; the mOHt
influence could be emphasized. The choice of
independent variables, based on intuition, new
evidence, or past experience, must be m,1do prior to
optimization and sensitivity studies. [Jnfortunately,
there iR no method a f guaranteeing that an important
independent variable hns not been oVe1~looked. The
most important vari.J.hles, identified throll~h experi.ence, \-;ere shown on Tahle- 9.2.4-1. The occasional
importance of other variables is usually realized
during component design or mission 8t1<llyr;)s. If a
very strong variable has been ignored its influence
will be obvious if th:lt variable is chnng('(i for the
l1optimum" aircraft dcsip.n. Sometimefl. variables can
significantly influence the true optimulll aircraft
design 'even though they do not ShOt.l up as important

when the optimum (chosen using fixed value" for
these elements) is perturbed. Consider the following exampl e.

For a specified mission the optimum configuraBPR

=

CONSTANT

tion of a variable SHeep \-ling strategic bomber was

desi red.
The resul ting values may be nondimensionalized and
ranked according to their importance (influence) on
performance or cost. As a result of ranking the
independent variables and establishing the cost of
changing any of them the engine and airframe companies identify the areas where improvements will be
most beneficial. 'The customer or systems integrator
can also weigh the cost versus performance to see

The mission included both subsonic and

supersonic segments.

During the

sulH~onic

flight

the aircraft used a low altitude, terrain following
path which imposed a q loading constraint; a 2400
mile supersonic range and a fixed pay land were

specified. Three engine variables (fan pressure
ratiO, overall pressure ratiO, and turbine inlet
temperature) anti five airframe variables (takeoff
gross weight, takeoff thrust/takeoff gross weight,

!

UJ

abIes may vary accordingly. Therefore a different
aircraft configuration is implied by each point on
the curve. Each point is just the constrained
optimum range value (found by the optimization
proeess of Section 9.2) for constraints of TOGH and
FPR. Looking at the curve oE Figure 9.3.2-1 one
would conclude that range is sensitive to fan
pressure ratio and that the influence becomes
stron~es t as FPR moves atvay from optimum toward

\--~----'
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lower fnn pressure ratio.
Nm., consider the. importance of the nozzle
throat area schedule or the throttle ratio. Since
neither of these were considered as independent
variables, the sensitivity of range to either of
these must be evaluated externally to the optimization pt'ocess. This is done by fixing the optimum

~

i:l

~

~

~"
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FIXED SCHEOULE VARIABLES
'(TR" 1 05, AReA SCHEOULE ~ OISELECTEQ)\
2,000

in

aircraft (from Table in Figure 9.3.2-1) as a reference configuration; then, using mission analysis on
the fixed aircraft, establish the effect of variations in nozzle area schedule and throttle ratio on
range. Figure 9.3.2-2 shm"s the results. The
throttle ratio extremes were chosen to represent
the available range consistent with expected engine
technology levels. The nozzle schedule represents
the maximum dry nozzle throat area increase beyond
that used in the original optimum (nondimensionalized

.~------------~!~--------------~!
2.0

3.0

4.0

DESIGN FAN PRESSURE RATIO (FPRI

Figure 9.3.2-1.

Optimum Bomber Configuration Using Eight
Independent Variables

wing loading, wing

thic~less to chord ratio, Bnd
asp~ct rat io) WE're chosen.
The selected figure-ofmer! t vms the takeoff gross ,,,eight Vlhich the analySiR sho~Ted to he minimum at 275,000 pounds TOGH.

to fall bet\'Teetl -1 and +1). The values: of nozzle
schedule are not important, per se, but the results
Shovl that changing the nozzle throat area can

The table in Figure 9.3.2-1 shows the values of the
inde.pendent variables at that weight.
Suppose one would like to know the. sensitivi ty
of Bupersonic range to changes in desIgn or fan
pressure ratio. Recall from the mission analysis
that either the TOGH is evaluated for a given range
or the range is evaluated for a fixed TOGH. Therefore for the sensitivity study TDGW was fixed to
the optimum value, and des.ign FPR was calculated

produce slightly more range (0.5 - o. 8X) and that
throttle ratio has less effect than the area
schedule.
Three questions arise at this point;
'a)

away from the optimum "tillile the other six ipdepcndeot variables were allo",'ed to reoptimlze. The

resulting variation of range for the constrained
optimum airplane is plotted as a function of design
fan pressure ratio in Figure 9.3.2-1. For each
value of FPH, the range show'Tl is the best that can
be obtained [rom a 275,000 lb. airplane and the
val.ues of each of the other six independent vari-

b)

Is the airplane specified by the Table in
Figure 9.3.2-1 but "i th area schedule = .22
and throttle ratio;:: 1.15 (polnt HAlt in Figure
9.3.2-;n the true opcimum nirplnne?
Is the sensitivity of range to throttle ratio
and nozzle area schedule sufficient to imply
that the two variables have a strong enough
influence that they should have been included
as independent variables?
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c)

A final point this example illustrates is the
impact of technology level. The turbine inlet

If they had been included as independent

variables what would have been the configuration of the optimum aircraft?

ternpernture for both optimizations was 2!,.OO°F which
was the maximum value felt to oe reaBonable. One
might conclude from a sensitiVity study on turbine
temperature that inc.reasing 1'4 is very Ylorthwhile.
If the metal temperature in the turbine is as high
as possible for the method of cooling chosen, then
the only way to increase turbine temperature is to
increase the amount of compressor bleed air used
for cooling. The requirem~nts for additional bleed
air which affect engine size, ,\.,rcight and performance
may well menn that increasing T4 is not beneficial.
This trade between turbine temperature and bleed
air requirement to maintain metal temperature
limits is critical for missions requiring long
endurance at pat t povn:>.r. ThGse mis.sians fl~eqllently
optimize at relatively lov turbine ce:nperaturc for

When the best airplane is selected by the

optimization technique all independent variables
rotH: t be optimized at the same time.

The airplane

described in question 1 is therefore not necessarily
the best because eight of the variables \'1Cre fixed
before the other tt.;ro were introduced. Only a new
optimization using ten variables will establish how
the other variables change •.
Based on the results shown in Figure 9.3.2-2
the 0.8% increase in range is not usually sufficient
to justify the time and expense of running a new
optimization \\fith ten variables. HOvTever, if the

ten variable optimization is run the following
results are obtained. As can be seen on Fip;ure
9.3.2-2 the throttle ratio = 1.05 (original optimum)
aircraft vms very near the limit imposed by subsonic

fig" loading for terrain following, while the throttle
ratio = 1.15 is not affected by this limit.

The

results of the ten variable analysis are shown on

9.4 COMPUTER SIMULATION OF GAS TURBINE ENGINES

Figure 9.3.2-3 with the results of the original

eight variable optimization repeated for comparison.
If the FPR and 1'0(;\0/ are constrained to the same
values as for Figure 9.3.2-1, a new set of constrained optimum airplanes is produced which have
more range than those vlith fixed throttle ratio and
nozzle area schedules over the entire range of fan
pressure ratios. The new optimum airplane has l~%
more range, but Taore significantly, the engine and
airframe changed substantially. Note the change
in the fan pressure ratio and wing aspect ratio.
The advantage of using an optimization process
over merely comparing mission analysis r~sults can
be appreciated when one considers the experience
necessary to realize that 1T g" loading and nozzle
area schedule profoundly affect the optimum values
for wing aspect ratio and fan pressure ratio. For
these reasons it is recommended that the maximum
numbers of independent variables allo~oJed by time,
cost, and simulation technique be used whenever a

9.4.1

schem..,tically in Figure 9.4.1-1.

CONSTAAINED OPTIMUM SYSTEM
AIRFHAME
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Figure 9.4.1-2

displays a breakdown for the pl'rform;-lnce und weight
contributions to the matching pl·ocess. The figure
indicates that mission analysis ancl optjmi~ation
programs require inputs from aerodynamics and
s tructUTes ~ as well as propulsion. The propuls ion
contribution include.'> performance and wf'ight
analysis for the p,as generator, in1 et, (lXh2ust, and
their interactions. The previous chapters have
discussed the aerolhcnnodynal11ics 0 r- engines In
gent'ral. The chapters that follow 'I-.'ill d~vt~l{)p the
details of individllol components. Tilis section
demonstrates the usefulness of the computer 1n
combining the reSll1ts of detailed component design
with basic cycle analysis to ilccurately simulate
the performance of gas turbine engines.
The computer simulatioh to be described assumes
a quasi-steady state situation where ttle rates of
change of r·iach numberg, altitude, €!t1gine [{?tIt ~md
pOtver setting are as mImed small. Hhile thi!:; aS~';lImp
tion is sufficient for mission analysis, where the
flight profile is hroken intu i1 sprics of quasisteady conditions, it must be ar'knc)wledgpcl ttlat th~

preliminary design study for a new mission is being

T/W

Introduction

Engine/airplane matching has been ShOvffi to
require inputs from many disciplines as sho'.·m

conducted.

ENGINE

these reasons.
(This prabl em could be alleviated
by using a cooling system ;Iith throttling
capability. )
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~.
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Engino/Airplane Matching Disciplines

FINAL DESIGN
OPTIMIZATION

ENGINE MECHANICAL
DESIGN
GAS GENERATOR
SIMULATION
MISSION ANAL YSIS
INPUTS

Figure 9.4.1-2.

Engine/Airplane Matching (Summary of Considerations
for Engine Performance and WeightJ

performanc.e of the final aircraft will also depend
on the engine dynamics and controls, which are
beyond th€', scope of the present text.
9.4.2

Hethod

0

f Per for.manee Simulation

The computer simulates gas turbine engine
performance by an appropriate match Lng of components.
Two philosophies are common in engine simulation
programs. One incorporates a "generalized" engine,
say a three spool duct burning aftcrburning turbofan
engine, and provides a technique for elimination of
unneeded components. The other philosophy used by
industry and government for more than a decade,
allows the interconnection of components in a
building block manner to simulate any conceivable
combination of engine. components. The lattE'.T
technique is considered in detail. The generalized
engine will be "hown to be a particular preprogrammed
version of the building block technique which
simpli fies the >lork required by the user in order
to simulate most engines (Sec. 9.4.6).
For 8ny arbitrary choice of engine components,
power and airflow paths through the engine can be
drawn connecting the output of one component to the
input of the next component. The output/input
connection points are referred to as nodes. The
nodes do not have to connect physically adjoining
elements. For example the Hirflow path of a simple
turbojet has a node connec.ting the compressor and
burner and another connecting the burner and turbine
while the pmver path of the same engine has a
single node connecting the compressor and turbine.
Either design·or off-design engine performance
calculat ions are pcr formed on e,lch component based
on flight conditions input to the node in front of
the engine and information given the input node to
each component.
As each component calculation is

9-28

completed, all output flow properties and other
characteristics of that component are transmitted
to the next node. Connecting compo:1ents are therefore related to one another as functions of the
program inputs. system variables, and specified
component characteristics (equations and compon~nt
maps). The component calculat ions produce a sys tem
of coupled algebraic transcendental and p~rtial
differential equations to be solved.
One met bod is illustrated by calculatinil
design and Off-design performance of a single spool
turbojet engine.

9.4.3

Design Point Simulation

Tbe simulation of engine design point performance is a direct computation requiring that the
efficiency of each component be known.
The design
flight conditions (Nach number, altitude, and
temperature) und inlet mass flow are specified at a
node :In front of the engine. The schematic for a
single spool turbojet is sho,m in Figure. 9.4.3-l.
The primary airflow path is through nodes 1-2-34-5 and 6. The power demand path connects the
comprassor to the turbine through nodes 7 and 8.
The transmission represents elther gears or a
shaft. Compressor bleed is supplied t.o the turbine
through node 9 i f the air becomes working fluid in
the turbine and through node 10 i f bleed re-enters
the airstream from the trailing edge of the last
turbine stage. Hore complex cooling b1eed paths
can be specified if a detailed stage by stage study
is being performed. Bleed air can be taken from
intermediate compressor stages and reintroduced
through the leading and tralling edges of turbine
vanes Hnd rotors, as desired. Node 11 can be used
to aCCollnt for loakage through seals (similur nodes

EXTERNAL
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could be established to account for leakage from
any other component). In the example, the leakage
is assumed to be lost overboard without producing a
thrust or drag increment.
Bleed for air conditioning, anti-icing, avionics
cooling, etc .• is removecl.from the engine through
node 12 as a percent of the inlet weight flow.
Power extraction from the engine to operate pumps

the gross thrust, ideal exit velocity, and nozzle
exit are<1 arl' eomputed. Th(' design point solution
for the engine cvcle performance is thus complet~
and requires no iterat ion. The design point establishes thL' thl~t1noJynamic cyle and siz~~s the flow
pass.1ges through the engine.

9.4.4

Off-Design'

a.nd generators can be treated as a horsepower

addition to the .'ork demanded by the compre"sor
from the turbine. At times it is convenient to
specify the external work requirement as a c.onstant
percent of the turbine work available by subtracting
it from the transmission efficiency.
The input node values and inlet total pressure
recovery are sufficient to establish total pressure,

For off-design cycle calculntion~ the nozzle
throat area computed from the design case is
assumed unles~ a ney! value (simulating variable
nozzle area) is spe~lfied. The turbine temperatllTe,
T4 , must be tmpplied along \<lith flight conditions.
Off-design cycle calculations are iterative pcocesses reqlliring several guesses hefore all component
properti£'s can be established.
Using the example ttlrhujet, Figure 9.4.3-1,
the flIght conditions, inl~t recovery, and an
initial guess of inlet mass flow (Hin!) are neces-

PT, total temperature, TT' total enthalpy, hT' and

weight flow. W, at oode 2. These properties at
node 2, plus the compressor pressure ratio (PR) ,
adiabatic efficiency. and the bleed fraction
Bleed
Fraction

1-19

sary to establish the properties at node 2. Compressor datu (~\T/1'/P, PH, and n) can be determined
from tile Cn~p(eHROr map (illu~trnted in Figure
9.4.4-1) using values from node 2, iln(i a guess at
speed (N) and compressor ~rid lin~ (R). The corrected nwss [1m·, (H/l'/P) Is ohtained Ht the interfOeetion of thE' "R" grid J ine and the gllf'ssed value
of c.orrected SPf·l·d line nr/)"G). The mCiss flm...

+ WID + I'll + 1-112
HI

are sufficient to detenninc the compressor outlet

properties (PT.TT'!>T' and Hair remaining) at node 3.
Burner outlet properties at node 4 are determined from specified values of combustor exit
temperature (T4 ), fuel to air ratio (f/a), fuel
lower heating value (LHV) f and the total pressure
drop (lIP T ). Alternatively the rotor inlet temperature (RIT) may be specified and a short iteration
loop set up to establish the T4 which together with
turbine nozzle cooling aIr will produce the desired
RIT.
The turbine exit properties at node 5 are
calculated using the properties of node 4, the
cooling air from nodes 9 and 10, the work to
supply the compressor and extraneous work requirements, and the turbine adiabatic efficil".ncy. The
conditions at node 5 plus the nozzle discharge
cO"fficient (Go) and nozzle pressure ratio (PT5/P~)
are llsed to size the nozzle throat area. Following
the calculation of the nozzle ttlroat conditions,

(l.Jmt'lp) is calcl1l<lt~d ufiing the corrected mass flow
from the map and T t and P t at the compressor inlet
(node 2). Discrepancit-'8 in ma:'1S ElmoJ' rate are
merely not0d at this potnt for later iterative
correc tion. t1ap propert if'S n and PI{ are used to
calculate the compressor outlet properties at node 3.
The inputs to the burner (LHV. eP T • f/a). the
T4 estimate and the properties from node J are
sufficient to define the fuel flow requIred and all
other burner outlet prop2rttp~..; at nodE" 4.
The turbine sp('t~d is kno ....'!) (froni the guess of
N) and the turbine 'V.'ork reqlliremcTIt U\H) is obtained
from n pO~'ler bnlancp bE:·tueen turbine and compressor

*Adaptcd from the unpubl islwd . .·mrk of A. T. Yamagiwd,

and S. C. Rayl. BOeing Dn,'ument JJ6-41915-I,Oct, 1969.
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guesses must ne..xt be improved through iteration to
converge to thejr correct values. The method of
iterative solution illustrated is the matrix resid-

A = 1.0

/

A'" 1.1
t}

).0

uals technique of newton-Raphson.

-= ADIABATIC EFFICIENCY
R

~ 6.0
o

,R
/

~

/

~ S.O

~

~

13
1.'1

R ., 5
/R

16

~

g:

" (lIWC)

6 (6H )
C

'" 4 0

~~

8

The gllessed

va.riables Winl' N, and R and the mass flow residuals
I.1WC for the compressor, L\HT for the turbine, and
6Wnoz for the nozzle are used to form a set of
equations of the following form.
(The mass residual
is the difference between the calculated outlet
mass flow (from maps and equat iOllS) and the inlet
mass flow (arriving from an upstream component)}.

aH inl

a(MIT)
6(6W )
T

J.Or--r'__r

aW

inl

6W

3 (We)
" (6We )
in1 +~6N+~6R

3 (6I1 )
3 (6W )
T
T
+ - - - L\tl + -a-R- 6R
I\W
inl
riN

20
)0

80

or in matrix form
20
CORRECTED FLoww·./r,p

Figure 90404-1.

rl (tHe) rl (Hie)

Typical Compressor Map

and external pm·ler requirements. The turbine
pressure ratio (PR) is found hy an iterative
method. A first guess is made for the turbine
isentropic: discharge temperature (T ti ) to dctennine
the corresponding pressure r<'ttlo (PR) from Tinl to
T ti . The PR from this calculation iB used "lith the
turbine map (lower part of Figure 9.4.4-2) to find
the turbine efficiency ('f}). A calculated value for
h ti (exit) Is found by the equation: htJ = (h
tinl
6H/n). This calculated h ti is converted to T ti
(function of the fla and h ti ) comp~red with the
guess for T ti . \.Jhen the guess and calculated Ttf

a (6H'[') 8 (f.H ) rl (6H'[')
T
dHi n 1 -,w--- ;)1{--

3(6H ) ri(6H ) rl(6H )
N
N
N

3W in1

6)(

-3-"'- ;IR--

1.0,----------------------,
.9

~'I
! II

.8

values agree. the PR value from the last iteration
is used with figure 9.4.4-2 (upper plot) to obtain
the corrected mass flow (INT/p) at the turbine
inlet (at the intersection of PR and N/l"''G). The
turbine inlet mas,s flow (Hmap) is determin('d from

.6

the corrected mas~ [low from the map and Tt "and P
t
at the turbine inlet (node 4). The mass flow
residual at the turbine inlet is: 21Hl' == [t.J
rnap
\vnode 4]' The flmv properties at node 4, the
turbine 'VlOrk requirement (Ii.H)! and the turbine
pressure drop define the turbine outlet properties

150

.5

:f

1OO N

L _ __

_'_'_'6-"-____"-_
1.0

The throat area and dischRrge coefficient are
specified for the nozzle. The pr(:'ssure ratIo
across the nozzle is determined from tMoo?: =- (Heal -

DESIGN POINT

50

at node 5.

2.0

3.0

4.0

PRESSURE RA TlO !PRI

.90

Hoode 51. vlherf' '''cal is dctprmined ilt the throat.
The first pass throu~h the engine is thus complete.
The quality of off-design cycJe simulation computer
programs Is often dt;tprrninC'd by the efficiency with
which they converge to a solution. The NewtonRaphson technique described in the following section is an example of <1 convpl~gence methou.
In
practice. highly sophistieated iteration techniques
have been developed, and are described in the
literR.ture on numerical analysis.

50

,.

0::-

,86

~

<3

~

.82

100

.76

150

u

~

<{

~

9.4.5

rl (He)

dHi~ ~ --;)R-

N/vT

Newton-Rapllson Iteration

The off-design simulnt Lon of gas turbine
engine perform~mce required an initial guess for
the inlet t.•.'eigilt flm., Hinl.- RPH, Nt (if a geared
transmi~sion is liS0d tIle gear ratio mllRt be specified a priori), and comprt'ssor grid line, R.. These

.74 ' -_ _ _--'_ _ _ _....L_._ _ _-"-_ _ _ _-'-'

o

u

U

u

PRESSURE RATIO (PA)

Figure 9.404-2.
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Turbine Map Format

U

Returning to the or<iginal off-design problem.
the off-design thrust can be calculated, compal-cd
to the required value, and an iteration on T4
commenced.

The matrix partial derivatives
~

,aW

I
I

I

I
I
I

inl

a()
a()
• -;;--N
• and -;;--R
Q
0

all\,C

(6WC)2 - (6HC)1

;)[M

T

(LM )
T

2 - (6HT )1

I

I

and

I

calculated at the compressor turbine and nozzle,
respectively. Other partial derivatives are similarly developed with respect to the variables I'inl
and compressor grid line R. The values 6 (llW C)'
lI(6H ), and 6(lIW ) sre obtained from the base case.
r
N
The matrix is then solved for ,Mini' liN, and oR,
and the initial guesses for Hinl' N, and Rare
revised. These revised values are used in the next
iteration until the residuals (6HC ' lIl'T' 6HN)
satisfy the convergence criteria.

II

liN

dllW < (lIH )2 N
N
aij= 6N

~=

liN

(,IH )1
N

1

~

!

I

As demonstrated, the numher of guessed variables must equal the number of residuals in an offdesign calculation.
In general, the variables in the calculation
are those which must be estimated (guessed) to
initiate calculation. Common examples are inlet
mass flow, rotational speed, bypass ratio, burner
outlet temperature, work split relationships, etc.
Once lnput variable valUeS are guessed, residuals
are calculated at those components which must
satisfy a mass balance (compressors. turbineR and
nozzles) or speed balance (transmission),

The concept of generalized engines can provide
further savings in the time required to set liP an
engine simulation. For preliminary de~dg!1 studips,
non-dimensionalized maps can be prespecified for
each component to represent a given technology
level. For the representative state of the art,
defaul t values can also be preprogro.rnmed for component efficiencies and coaling bleed requirements.
As the desired precision increases from preliminary
design to the simulation of actual hardware, the
default component maps, design efficiencies, bleed
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The C;eneralized Engine and
Design Simulation

Any conceivable combination of components can
be simulated in a building block fashion using
nodes to connect airflow and power transmission
paths. Given the equations governing their behavior t uncommon components (regenerators, air inverter
valves, etc.), can be placed at any location within
the engine. Hhile this total flexibility is desirable in some situations~ a great deal of time is
consumed if the geometry has to be F";c!lerated anew
each time an engine simulation is desired. The
vast majority or aircraft engines are relatively
similar and a single geometry can represent them.
Consider the Ugeneralized" engine shoyn1 in
Figure 9.1•. 6-1. The figure represents a threespool, duct burning, afterburning turbofan, which
incorporates features Common to a wide varie.tv of
engines. By creating a computer prO~14am capable of
describing such a "general engine,!! hut including
the capability of excluding undesired componl:'!nts,
considerable savings in set-up time can be realized. The effective removal of lHF"';"Jnted compressor
or turbine components can be accomplishf!d simply by
setting their pressure ratio Rnd efficiency equal
to 1. The entire fan stream can be ignored by
specifying a bypass ratio of zero. Du~ts have no
effect if they have zero length and zero pressure
loss. Augmentors and duct burners can be eliminated by speci fying no fuel flow and zero pressure
drop. Often a program uses default values so that
the output temperature is set equ.1.l to the input
temperature for burners and iJ.ugmentors wIlen the
temperature of the downstream node is sp~cified as
a lower number than the incoming temperature.
Thus the simple turbojet of Figure 9.4.3-1
can be simulated by the generalized engine by
setting the following conditions: Bypass ratio
OJ pressure ratio and efficif"ncy =1 for LPC, IPe.
IPT and LPT: dummy nozzle length equal", .zpro and
area ratio =1: and augmentor exit temper2.lure -=..'f4'

(in the second column of the matrix) are obtained
by perturbing N by a small amount, "'N. to give

aij=

I

9.4.6

represent the first term approximation of a Taylor's
series expansion, and are determined numerically in
successive passes through the engine cycle offdesign equations. The first pass through the cycle
is used as a base case (the off-design case just
discussed). These initial guesses can literally be
guesses, or the values from the design case can be
used as a first guess. Succeeding passes (three
are needed for 'this matrix) are used to determine
the mass flot-! residual changes associated with
small changes in each of the guessed variables.
For example. the quantities

T..J-"---rL---,
-..

I

, DUMMY'
~,
, NOZZLE IAUG- ,
,
-' ___ ~MENTOR NOZZLE ,

__ _

C '

- - - . . J _ _ _ _ _ _ ..J

Figure 9.4.6-1.

Generalized Thermodvnamic Engine
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-1_7 ,'

requirements and leakages can be replaced with
values from test results t.vithout having to alter
the simulation program.
In addition to the thermodynamic analysis,
engine evaluation requires consid~ration of the
dimensions and weight. In one approach, a configurator will drmv out the entire engine~ This "paper"
engine can be measured and the weight can be obtained
as the sum of the historical 't.;reights of components
similar to those used for the design. Alternatively,
a computer program can be used to '!\veigh n and
"measurell an engi.ne us iug the thermodynamic cycle
results and a mix of empirical values, stress
analysis and material characteristics. Figure
9.4.6-2 ShOi<lS a schem.'ltic of a weight prediction
procedure for a compressor. Though the details of
mechanical design programs are beyond the scope of
this text, some general comments are in order.
The gas generator maximum diameter can be
established if the maximum airflow, C01"1preAROr (or
fan) hub-to-tip ratio. and compressor face Bac.h
number are known. Precise values of these varv from
configuration to configuration. Approximate preliminary design values can be defaulted because
each engine company tends to use hub/tip ratios and
flow per unit area vnlues that aTe consistent
"ithin the desired technology level and major types
of application. Compressor face Hac:h numbers are
typicnlly near 11 = 0.6. Hlth the addition of an
historicnlly derived case and flange thickness, the
maximum diameter can be estimated.
The length of the engine depends on the engine
type, technology level, the number of stages in
each COmpOTI0nt, the ducts required to connept the
flow paths between components, and the burner
length. The ntlmbl'r 0 f stages is determined by
specifying the work per stage that can be done by
the component within the specified state of th.a
art. The work per stage, which can use a default
value for preliminary studies, is divided into the
total work for the. component (as computed by the
thermodynamic cycle program) to arrive at· the
number of stages. The length of each stage is
found from empirical correlations based on diameter,
loading, temperature, and stresses.
Duct lengths are computed from empirical
values for acceptable turning and diffusion rates
and the radius changes necessary to connect the

0151<
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REQUIREMENTS

o=:?cD
GE 16/1382·1 FGT
SEPARATE FLOW FAN

C=
P&WA F O.B FGT

Figure 9.4.6-3.
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compo,-,ents. Bu'rner length is again empirical but
is governed primarily by burner type and the length
necessary to provide the needed residence time for
flame front propagation.
Complete mechanical design requires many
inputs including: thennodynamic inputs, work/stage,
hub/tip dimensions, blade pull stress, disc burst
stress, blade aspect ratio, temperature gradients,
load paths, etc. As a program incorporates mOre
actual design and stress methods instead of empirical correlations, the program complexity and,
hopefully, the simulation accuracy increase. While
industry a.nd Government are continually working to
increase the accuracy of the predictions, the
combination of a large ~mpirical data base and well
chosen correlation parameters provide useful data
for preliminary design work. The generalized
engine concept. Figure 9.4.6-1, applies very well
to mechanical design. For a desired tp.chnology
level. default values for correlation functions for
each component can be preprogrammed. The mechanical
design subroutines can thus be connected directly
to the thennodynamic cycle analysis. One such
prograrn~ used in industry, predicts the weight of a
wide variety 0 f engines to within +10% (Reference:
9.4.G-2)
The computer simulation of engine aerothennodynamic performance discussed in Section 9.4.5
specify nothing about the gas generator dimensions
or weight. The engine/airplane matching process
depends un the physical properties of the engine as
well as the performance, as shown in Figure 9.4.1-2.
Airplane weight and dra~ are influenced by the
engine dimensions, external shape, weight, and
center of gravity location. Consider, as a final
example, a tlach 2.7 fighter-type aircraft flying a
penetration mission (Reference 9.1.3-1). The shape
differences between candidate engines producing the
requ ired thrus t are shown in Figure 9.1,.6-3. The
effect of engine weight and dimensions on the takeoff gross weight required to fly a mission of
specified range is summarized in Table 9.4.6-1.
Change if) Required TOGW Due to Changes in
Engine Physical Characteristics

Physical
Characteristics
( Independent
~iableL

Schematic of Compressor Weight Prediction

GE 16/1382A FGT
SEPARf1TE FLOW JET

CuSTOMER CONNECT ICC)

Table 9.4.6-1

Figure 9.4.6-2.

cc

Change in
Engine
Characteristics

Resulting Change
in Airplane TOGH
Required to
Fly HiEsion

Engine Diameter
()fax)

10%

5%

Engine Length

10%

0.02%

Engine Height

10%

6%
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CHAPTER 10
LIST OF SYNBOLS
The symbols are listed in alphabetical order,
first in the English alphabet. then in the Greek

W - Dimensionless axial velocity (Eq. 10.3.11)

alphabet.

Wi - Group of Bessel functions defined in Eq.
10.3.24

Subscripts and superscripts are then

given. The equation. figure or section in which
the symbols are first introduced is indicated in
parentheses. Often the symbol will be defined in
the text just preceding or just following the
equation or figure.

w - Axial velocity component (Fig. 10.0.1)

- Work interaction (Eq. 10.1.1)

~fuere appropriate, the location of the introduction of the symbol is referred to in previous
chapters.

A

Yi - Bessel function of second kind, order i
(Eq. 10.3.20)
y

- Dimensionless radial co-ordinate (Eq. 10.3.11)

z

- Axial co-ordinate (Fig. 10.0.1)

"

.... Constant defined in Eq

- Constant defined in Eq. 10.3.16
- Cross-sectional area (Eq. 10.4.5)

a

- Speed of sound (Eq. 10.4.9)

10.3.17

C

- Specific heat (Sect. 2.6)

- Angle of swirl (Fig. 10.4.1)

c

- Chord (Fig. 10.1. 7)

- Relative flow angle (Fig. 10.1.4)

~

- Diffusion factor (Eq. 10.1.23)

- Constant defined in Eq. 10.3.17

11

- Dimensionless stagnation enthalpy
(Eq. 10.3.11)

h

- Enthalpy (Eq. 10.1.1)

Y

- Ratio of specific heats (Sect. 2.6)
- Constant defined in Eq. 10.3.17

n - Efficiency (Eq. 10.4.1)

1. G. V. - Inlet guide vane (Fig. 10.1. 2)

- Cylindrical co-ordinate (Fig. 10.0.1)
- Bessel function of first kind, order i
(Eq. 10.3.20) •

- Flow angle (Fig., 10.1.4)

.- Mach number (Eq. 10.1. 8)

p

-

m

- Mass flow rate (Fig. 10.1.1)

a

- Solidity (Eq. 10.1.23)

~

- Dimensionless stream function (Eq. 10.3.11)

p

- Pressure (Eq. 10.1.6)

~

- Stream function (Eq. 10.3.3)

R

- Tip to hub ratio (Eq. 10.3.11)

Q

-

- Gas constant (Sect. 2.12)

w - Angular velocity (Fig. 10.1.1)
Subscripts

M

Density (Eq. 10.1.11)

Dimensionless angular velocity (Eq. 10.3.27)

- Degree of reaction (Eq. 10.1.17)
e

- Exit (Eq. 10.1.23)

h

- Hub (Fig. 10.0.2)

r

- Radial co-ordinate (Fig. 10.0.1)

s

- Distance along meridional surface
(Fig. 10.0.4)

i-Inlet (Eq. 10.1.23)

- Spacing (Fig. 10.1.7)

m - Mean (Eq. 10.2.26)

- Torque (Eq. 10.1.2)

p

- Constant pressure (Sect. 2.6)

- Temperature (Eq. 10.1.6)

t

- Tip (Fig. 10.0.2)

T

- Group of Bessd function defined in
Eq. 10.3.23

- Stagnation quantity (Sect. 2.16)

u

- Radial velocity component (Fig. 10.0.1)

- Reference quantity (Eqs.10.1.8, 10.3.16),
also station (Fig. 10.1.2)

u

- Vector velocity (Eq. 10.3.1)

V

- Upstream (Fig. 10.1.1), also station (Fig.
10.1.2). also stream surface (Fig. 10.3.2)

- Velocity (Fig. 10.1.3)
2

- Dimensionless tangential velocity
(Eq. 10.3.11)
v

- Downstream (Fig, 10.1.1), also station

(Fig. 10.1.2), also stream surface (Fig.
10.3.2)

- Tangential velocity component (Fig. 10.0.1)

reI-Relative (Fig. 10.1.4)
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CHAPTER 10
ELEMENTARY THEORY OF BLADE AERODYNAHICS

10.0

Figure 10.0.1 shows the coordinate system and
the throughflDl; representation of the flow field.
It can be noted that the flow field identified with
~his approximation would be that approached i f the
blade row had a very large number of very thin
blades.

INTRODUCTION

In this chapter the relationships of the
desired performance. parame.ters to the related

compressor or turbine blade loadings (and resultant fluid flml angles) will be investigated. I t
is apparent that the flow field within an actual
turbine or compressor is enormously complex, and

it is desirable to create simplified models of the
flmlfields i f any understandjng of the physics of
the flm; processes is to be attained, or if any
analytical prediction techniques are to be
fomulated.

The solution to such a flo'l field would give
the axial and tangential velocities throughout.
Figure 10. O. 2 shoHs typical axial velocity profiles
that could occur at stations 1 and 2 of Fig. 10.0.1.

Though several extensive efforts to model
\

the flow through an entire compre'5sor or turbine,

\

in its entirety, (including transonic effects,
boundary layers, wakes, etc.) have been attempted,
and have met with some partial preliminary success,
it is more common to model the flow field as a

,,
\

\
\

r

\

"sum" of less complicated parts. We will briefly
describe relatively simple flow fields, and will

\

I

\ I

\1\

then consider the various separate pieces.

:\/0

In order to analyze '1hat appears at first
to be an almost incomprehensibly complicated flow
field, i t is customary to model the full three
dimensional flow field as a compilation of ttlree
two-dimensional fields. These fields may be
termed the "throughflow field", the IIcascade field"
(or blade to blade field), and the "secondary flow
field". Each of these fields is described in the
following paragraphs.
THE THROUGHFLOW FIELD

This flow field is considered to arise because
of the influence of all the blades in a row (or
rows). The effects of individual blades are not
considered, and hence the combined effects of all
the blades in the ro'l are obtained by assuming

1 --.,.- I '
CD
I

I
I
I
I

'

"

'
'

"

w

Typical Axial Velocity Profiles

Figure 10.0.2

When axial velocity profiles of the form
indicated in Fig. 10.0.2 at station 2 develop, it
is apparent from continuity that a dO'IUward flo'l
of fluid must occur. 111u5 a typical "streamsurface ll (to be more carefully defined in Sec.

10.3.1) could appear as depicted in Fig. 10.0.3.

the blade forces to be I1smeared Dut'l in the azi-

muthal direction. Mathematically, this process
is accomplished by replacing the blade surface
pressures by volumetric (and continuous) body
forces, As a result of the simplifications contained in this mod~l, nO e variations occur,

r- Stream Surf ace
--- -":.::: ---

::.:::::::.::.

and the throughflow flow field is hence twodimensional 'lith variations occurring in the
radial (r), and axial (z) directions.

--,

_ ...

I

,

- - - -: ~ "::::.:: =.

,

t

I

')'
\

-r-

\

I
,

I

,,-

Blade Row

,

/

I

Figure 10,0.3

-_":--"

....... -

Typical Streamsurface

The throughflow field can be considered the
parent flow field of the cascade and secondary
flow fields, and because of this should be calculated with considerable accuracy. For this rea-

.

son, a somewhat extensive description of through-

flow calculation techniques is given in Chapter 11.
Figure 10.0.1

Coordinate System and Throughflow
Representation
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THE CASCADE FIELD
In order to estimate the flot, behavior in the
neighborhood of individual blades, a maridional
surface such as that indicated in Fig. 10.0.3
would be expanded ("um,rapped") and the individual
blade profiles considered. (Fig. 10.0.4)

Figure 10.0.4

have a lower velocity with respect to those surfaces than does the fluid in the "free stream"
(external to the boundary layer). As a result
the imposed pressure gradients (created because of
tbe curvature of the free stream) will deflect the
fluid within the boundary layers from regions of
high pressure to regions of low pressure. Figure
10.0.5 indicates the possible secondary flows existing within a stator ro·". (Note that the blade boundary layers on a rotor would tend to be centrifuged out'. . .ard, whereas the excess pressure existing
at the outer annulus tends to deflect the stator
blade boundary layer inward.)

Meridional Projections of Blade
Profiles

When the meridional surface of Fig. 10.0.3
is unwrapped in this 'lay, a two-dimensional flowfield in the 6 and meridional (almost z) coordinates is obtained.

Figure 10.0.5

If the curvature of the

strearnsurfaces in the throughflow field (Fig.
10.0.3) is not too great, the pressure gradients
across such streamsurfaces need not be considered,

and hence the individual "strips" may be considered separately. (Hence the term "strip theory").
By considering a number of such strips, suitable
blade profiles can be determined for a selected
number of radial stations on the blade, and the
complete blade shape necessary to describe the
full three dimensional blade can be obLained by
fairing in the desired profile shape.
Numerical methods ruay be utilized to calculate
the flow field in this plane (including the boundary layers), but classically the most widely used
method is to run cascade tests to obtain the blade

performance data. It is to be noted that in
general the flow between an example pair of streamsurfaces in the throughflO1< field encounters a

Secondary Flows Within a Stator Row

Seconcary flows a10 notoriously difficult to
analyze, but in spite of this, considerable progress has heen made in the analysis of secondary
flot.,s in both compressors and turbines. T!1e
te.chniques of analysis for compressors are substantially different than those for turbines.
This is becHuse in compressors, the adverse pressu·ce gradient leads to low wall shears t so the

flows can he analyzed fairly accurately ignoring
the viscous shearing terms. (The presence of the
viscous shearing terms is Included implicitly in
the assumed entrance velocity profile.) The literature of this class of secondary floy1s iB quite
extens;.ve, and the interested reader 1s encouraeed
to obtain several excellent recent studies (Refs.
10.1, 10.2, 10.3).

When secondary flm,s in turbjnes are to be

change in cross-sectional area. As a result great
care must be taken when the corresponding cascade

considered, the large favorable pressure gradients
existing over much of the blG.cle surface and annulus

test is conducted, to include the effects of the
axial variation in flow cross-section and its
related effect upon the stremrr.·dse pressure variation. It is to be further noted that the effect
of the cascade sidewall houndary layer build up
must also be accounted for in order to properly
simulate the strearnvise pressure variations. The
cascade flowfield is more fully described in
Chapter 12.

walls leads to thin boundary layers wi th high

TilE SECONDARY FLOW FIELD
The third of the three two-dimensional flow
fields considered to comprise the full threedimensional flow field of an axial turbomClchine
is the secondary flow field. This field exists
because the fluid near the solid surfaces will

shearing rates and consequently high shear stresses.

As a result (three dimensional) boundary layer
calculation techniques must be employed.

These

techniques are further discussed in Chapter 18.
10.1

THO-DIl1ENSIONAL INCOHPRESSIBLE flOW THROUGH
BLADE ROWS

In this section we will relate the cha~ges in
fluid velocity, induced by blflde rows. to the
changes in fluid thermodynamic properties. The
discussion pertains to the cascade field, but for
the prescnt, on.ly the far upstream and far downstream conditions will be considered. In this 'lay,
deSCription of the details of tl,e flo," in the
vJciniry of the blades will not be necessary, but
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rather only the changes in fluid properties will be
required. The more difficult problem of obtaining
the necessary blade geometries to efficiently induce
the assumed velocity fields will be addressed in
later sections.
10.1.1

(10.1. 5)

It is to be noted that no restriction to ideal
flow was implied in the development of this equation,
the only restriction being that the flow be adiabati~

11lli EULER EQUATION

It would J of course, be hoped that in a compressor

the work interaction would occur in a primarily nonviscous mauner so that after diffusion (i11 a stator
row) the effects of the work interaction" would appear

We now consider the behavior of a single
streamtube as it passes through a rotor row. The
geometry and nomenclature of the interaction are

indicated in Fig. 10.1.1.

primarily as a pressure increase rather than

For the purposes of

a8

a

(static) temperature increase. Equation 10.1.5,
however, is applicable no matter what the compressor
efficiency.

this section, it is not necessary to know the

details of the interaction within the volume
indicated by the dotted lines in the figure.
Rather we require only stations 1 and 2 be suf-

THE PERFECT FLUID APPROXIMATION

ficently far removed from the region of rotor

When the flow of a perfect fluid is considered,

interaction that the flow may be considered time
independent and in addition it is assumed that
the entire process is adiabatic.

we may relate the stagnation pressure ratio to the

stagnation enthalpy ratio because the entropy remains
constant. Thus, utJ.lizing Eq. 2.16.6 we find

(10.1.6)

rW
t",u .
z

These forms follow because we are considering
a calorically perfect gas. Thus, with Eqs. 10.1.5
and 10.1.6 there follows

e,v

perfect
fluid
(10.1. 7)

w

We now introduce reference quantities denoted
by a subscript, 0, where such quantities are

Figure 10.1.1

aS8~med

to be the uniform values of the given quantities
found in the approaching flow far upstream. The
stagnation enthalpy does not change prior to the
blade row so we may write

Streamtube Geometry and Nomenclature

We define I"" as the work interaction per
unit mass that the streamtube undergoes as it
passes through the rotor, and for convenience

define I1w to be positive for a work "input".
The first law of thermodynamics then gives (for
this adiabatic flow)
or
(10.1.1)

(10.1.8)

The work interactioll from the rotor is transmitted to the streamtube from the input shaft by
the torque of the blades. Denoting that portion
of the torque identified with the streamtube as
oT , and the angular velocity of the shaft as w,
we have the po'.er input to the streamtube given by
power input = woT

Equations 10.1.7 and 10.1.S then give

[1

+

(Y-l)M '
0

U'
l+X::l
2
0

(10.1.2)

..:L
~ {(rv),-(rv)l}ly-l perfect
o

fluid
(10.1.9)

The torque on the streamtube, itself, is
equal to the rate of production of angular momentum,

so that with the mass flow rate through the streamtube denoted om, we may write
aT ~ [(rv),-(rV)llam

(10.1.3)

The work interaction per unit mass is just the
power input divided by the maSB flow rate, so from
Eqa. 10.1.2 and 10.1.3
~w =

oT
w om = w[(rv),-(rv)ll

p

.E
Ptl

~ 1 "

y M '
_--,0,--:_ _

1

+ r2.
2

H'
0

w'",
0

{(rv),-(rv)d

perfect
fluid
(10.1.10)

(10.1. 4)

Combination of Eqs. 10.1.1 and 10.1.4 then
gives the famous Euler momentum equation.

If we now restrict our attention to cases where
the amount of turning is small, this expression may

be approximated by retaining only the first term in
the binomial expansion of the right hand side. Thus

It is to be noted that Eq. 10.1.10 would also
be valid in the case of small Mach ntlmbers. In such
10-3

becomes an inconvenient reference

quantity, and i t is more appropriate to reference
the "dynamic head", POw02. Thus noting
pw 2
pw 2 p
yM 2 =~=~--.!Q.
o
Po
Ptl
Po

o

- 0

~
L-_---=l~ 1

I.G.V.

~ rotor
2

it follows that

stator

3
3

1
Pt,-Pt) '"
(1
p w 2

o

y-l

+ -2-

, y-1
Ho)

w
;;;z

{(rv)z- (rv»)

}

o

0

(10.1.11)

perfect fluid, small turning
In the limit as

Mo

approaches zero we obtain

the relationship for incompressible perfect flow
which may be written

Figure 10.1.2

Blade Rows and Station Numbering

INLET GUIDE VANE (I.G.V.)

Pt.-Pt) _ ~
(10.1.12)
p W 2 - W 2 [(rv),··(rv)tl
o 0
0
perfect, incompressible fluid

The flow approaching and following the I.G.V.
ro'. is illustrated in Fig. 10.1.3. The notation for
the angle of turning. velocity components and magnitude of the velocity is indicated in the figure.

The expressions represented by Eqs. (10.1.5us to calculate the changes in
stagnation enthalpy or in stagnation pressure, in
terms of the imposed changes in swirl velocities.
Each form of the equations should be used only in
the regime for which it is valid, as indicated
beside each expression. It is to be noted from
Eq. (10.1.5) that no change in stagnation enthalpy
can occur unless the blade row is moving. This
situation is quite obvious when it is realized
that without a moving surface, no \olOrk interaction with the fluid would occur. (Eq. 10.1.4)

10.1.12) allow

A similar result to that for the stagnation
enthalpy occurs in the case of the stagnation pressure of a perfect fluid. When losses are present,
however, the accompanying entropy ,gains will superimpose a stagnation ~ressure decrease upon the flow
processes in rotor and stator. CEq. 2.16.6)
Thus.

the stagnation pressure rise through the rotor will
not be as large as it would be if the fluid was
perfect, and there will be a decrease in stagnation
pressure as the fluid passes through the stator.
10.1.2

VELOCITY TRIANGLES
Figure 10.1..3

It was seen in the previous section that
desired property changes are brought about by
inducing swirl velocities with the rotors and
stators. In this section we consider the resulting vector triangles of the fluid velocities in
order to gain an appreciation for the fluid field
the blades and vanes must create. The blade and
vane angles Will, of course, be closely related to
the fluid flow angles. The flow is considered to
be two-dimensional only. and is considered to be
approaching the first roW from afar with conditions
denoted by the subscript, o.
We consider the flow
past three rows, an inlet guide vane row, rotor and
stator.. The rows and station numbering are
indicated in Fig. 10.1.2.

Flow Past an Inlet Guide Vane Row

An inlet guide vane row tends to be unique
amongst all the rows in a compressor, because in all
compressors with I.G,V. rows built to date, the
static pressure decreases across the row.
The
reason for this can be inferred from Fig. 10.1.3,

where it is evident that the magnitude of the velocity has increased upon passage throllgh the row.
The 1. G. V. row is not moving. and hence no increase
in stagnation enthalpy occurs} and for an ideal
fluid. no chsl1ge in stagnation pressure will occur.
As a result" the increased magnitude of the velocity
will have 8ttetldant with it, a decrease in static
pressure.
It is conceivable that a severe expansion
in the annulus side ""'a11s could be incorporated,

so that the axial velocity could be reduced to a
Bufficient extent to cause tIle overall velocity
magnitude to redlJCe. but this has not been incorporated in any design to date. (ThNe ,muld seem to
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be no reason to do 90.)

Because of the overall

favorable pressure gradient imposed across an
1. G. V. row, the tendency of the vane boundary
layers to separate is much reduced, and as a

result very high turning can be introduced by a
single I.C.V. stage.
ROTOR
When the air departs the I.G.V. it has a
velocity
angle

81

VI = /VI 2+W1 2 , which i9 directed at an
from the axial

itself, has a velocity

~irection.

wre

e '

The rotor

and hence sees a

relative velocity at inlet given by
(10.1.13)

The air is then turned within the rotor to
the relative velocity V
' so that the velocity
re12
in the absolute frame (the laboratory system of
coordinates),
is given by

V2 ,

(10.1.14)

Figure 10.1.5

Rotor Row Composite Diagram

STATOR
The stator accepts the flow departing from the
rotor and turns it to a more axial direction.

'l'hese velocity relationships are indicated
in Fig. 10.1. 4.

By

reducing the swirl velocity in this way the magnitude
of the total velocity is also reduced, and the static
pressure increases across the vane row.
In those
designs \o,1here the stator returns the velocity vector
to that found at entrance to the rotor, the stage

V

re11

Figure 10.1.4

is said to be a repeating stage. The stator velocity
relationships are indicated in Fig. 10.1.6.

Flow Past a Rotor Row

The information displayed in Fig. 10.1.4 can
be more compactly displayed by utilizing a compos-

\

ite diagram wherein both entering and leeving velocity diagrams are shown superimposed. Such a dia-

Figure 10.1.6

gram is indicated in Fig. 10.1.5

10.1. 3

Flow Past a Stator Row

PRESSURE RELATIONSHIPS ACROSS BLADE ROHS THE DECREE OF REACTION AND THE DIFFUSION
FACTOR

The change in stagnation properties across
blade rows \Olas invf>stigated for various limiting
conditions in Sec. (l0. 1.1). It is the purpose
of a compressor stage to raise the stagnation
pressure 8S much as possible and as efficiently

as possible.

[n addition it would be desirable to

have the mass flow rate per cross aecti00al area
be as largE' as possible so as to reduce the ~equired
compressor cross sectional area to the minimum

possible. These desired design goals create
several conflicting requirements and limitations.
I t is evident from Sec.

(10.1. 1) tha t a

large stagnation pressure rise would require a
large amount of turning in the rotor, and hence

also in the stator to return the velocity vector
to (approximately) that entering the rotor. This
large turning introduces two related deleterious

effects.

Firstly, the large stagnation pressure

change introduces a related large adverse static

pressure gradient. This imposed static pressure
gradient enchances the probability of boundary
layer separation on the blade. Secondly, the
large required blade curvature leads to high
blade aerodynamic loading with related very low
values of minimum static pressure on the blade
~uction

side.

As a result the suction side bound-

ary layer must surmount a local severe adverse

pressure gradient which nas already been made
worse by the superimposed static pressure gradient
due to all other blades in the row, as just described above.
It is apparent (Eq. ]0.1.9) that the attainment of high pressure ratios will be aided by 'the
use of high blade speeds and high axial Hach numbers,
but each of these techniques has its own limitations.
It is obvious that the blade speed will be limited
by mechanical stressing considerations, though it

is notable that great strides in this direction have
been made in the last two decades. (Blade speeds
have increased from approximately 300 mls to
approximately 500 m/s.) Both increasing the blade
speed and increasing the axial Hach number lead
to large relative Hach numbers on the blades, and
if carried to excess can lead to large shock losses
in the stage.

It can be seen that in an axial compressor,
where

rl

the square of the blade speed are related to the
centrifugal compressors with their large change in
radius from inlet to outlet. Equation 10.1.16 is
equally valid for stators as well as rotors, where
of course, in the case of a stator the equation

simply degenerates to the statement that the stagnation pressure does not change

21

(

,

Equation 10.1.16 is in a useful form for
design purposes, because it makes evident that we
may estimate the change in static pressure across

an axial compressor rotor row, simply by observing
the fluid behavior in the relative coordinate
system. (Fig. 10.1.15) As was evident in the discussion introducing this section, the effect of
static pressure increase is of paramount importance

upon the operating limit of a blaee row, and it is
evident tha t it would be desirable to have such a
static pressure increase across a stage nearly

evenly divided between the rotor and the stator.
A measure of this static pressure split is the
degree of reaction, OR , defined
the following.

in

DEGREE OF REACTION OR
The degree of reaction, OR , is defined as
the static pressure rise across the rotor dividerl
by the static pressure rise across the stage. Thus,

- 12 p(wr,t= Ptl

1 Ap

or

(10.1.17)

APstage

P

stage

i

APstage

s

1

~

w{(rv),-(rv),}

P

A
_ 1 AV'
Pt stage 2
stage

-t

(Ii/-vI 2)
(10.1.18)

P1 APstator

(10.1.19)

It follows that

OR = 1 -

V'22.-V3 2
----V, '-V;'+2w{rv),-(rv)I }

incompressible,
perfect flow,
small radius
changes

- 12 p(wr,)' (10.1.16)

(10.1.20)

reI

A repeating stage is one for Which, by
definition,
VI a V, , ao that noting WI = w3 ,

OR
reI

1 _ APstator

rotor

In the caee of incompressible perfect fluid
flow and nearly axial flow, we may write (utilizing
the station numbering of Fig. 10.1.2)

,

Here we have introduced the relative stagnation
pressure as Seen by the rotor, Pt re 1 ' which is
defined by
Pt

Ap

APstage

(10.1.15)

'reI

an ideal

p v, +w, )-pW(rvn

Straightforward manipulation of this equation
leads to the alternate fonn
Pt

aCI'OSS

stator row.

snd

PI +

This, of

accounting of Tlenergyll stored against the centrifugal forces, and can be of dominant importance in

We have from Eq. (10.1.12), for the twodimensional case, (with Po = p)
p, + 21 p (v, , +w, , )-pW(rv),

r2 ) the relative stagnation pressure

course, is simply Bernoulli's equation for the
relative coordinate system. The terms involving

OR _

It is the function of a designer to make as
optimal a choice as possible of the various COnflicting requirements, and some simplified design
aids have been developed to help in the various
choices. Two coefficients often utilized in the
design of axial compressors or turbines, the degree
of reaction and the diffusion factor, are defined
in the following. Each coefficient is related to
the behavior of the static pressure change across
the blade rows, so prior to defining the ~oef
ficients, we first investigate the behavior of
the static pressure. For simplicity we consider
the incompressible perfect fluid case.

~

across the (ideal) rotor does not change.

- p + %p{w' + (v-wr)'}

=1

V22.- Vl 2.

- 2w{ (rv) ,,_ (rv)-;-} incompressible, perfect
flow, small radius changes,
repeating stages.

WI

~ W2

(10.1.21)

An even simpler form results if the radius
change is so small that it does not effect the
angular momentum difference. In this case, we have
with rl = r~ ~ r

(for blades with extremely long chords for example),
but the factor is veri convenient to utilize so that
possible problem areas can be pinpointed.
10.1. 4

OR _ 1 -

incompressible, perfect flow,

2wr

no radius change, repeating

The geometry of the. flow through the blade rows
was discussed in Sec. 10.1.2. It is often of use to

stages

obtain expressions for the pressure change, degree
(10.1. 22)

DIFFUSION FACTOR, D
This factor was developed in an attempt to
describe both the effects of imposed axial pressure gradient and of blade turning angle. (It is
more fully developed in Ref. 10.4 and in Sec.
17.5.3.1.) It is intended to be a measure of how
highly loaded a single blade row may be considered
to be. It is defined by

of reaction and diffusion factor in terms of the
fluid flow angles, because the flow angles themselves
can be fairly directly related to the blade angles.
In particular, the relative velocity departing each
row will have a relative angle not far from the blade
geometric angle. In fact relatively simple empirical
rules are available to estimate the difference of the

relative flow angle and blade angle at exit to the
blade row (Chapt. 12), so in the following we obtain
the desired relationships in terms of angles 8 1 ,
a2 and 0 3 •
•

(10.1.23)

D

here

RELATIONSHIPS IN TERMS OF FLOW ANGLES

V = magnitude of the relative velocity at
e
exit to the blade row

For simplicity of presentation we consider the
incompressible perfect fluid case. Thus Eq. ~0.1.12)
may be utilized to give with the relationships apparent from Fig. 10.1.5, namely
(10.1.24)

Vi = magnitude of the relative velocity at
inlet to the blade row

(10.1.25)

and hence

6v = magnitude of the change in tangential
component of velocity across the blade
row

a

a

aolidity

_

=

lIPt
--~ ~
'lOWo

chord
c
spacing - B

Wr 2 ~
wr 2 W2
wr 1
( - ) - [ - - tan 82 +-;Wo

"'0

Wo

0

WI

w

tan 6 1 1

0

incompressible, perfect fluid
(10.1. 26)

These relationships are s.hown in Fig. 10.1.7.

In the special case where no change in axial
velocity or radiuB occura, this form reduces to
lIPt
--2 -

Powo

wr~
(-)

Wo

wo
[1-- (tan a 2 + tan 8 1 )]
wr

(10.1.27)

incompressible, perfect fluid, rl = r2 = r, "I = w~ - Wo
In Sec. 8.4.2, it was painted out that when a
compressor i3 operated at low rotational speeds
(during starting, for example) the front blades tend
to operate with a low axial velocity to blade speed
ratio, as compared to the design speed ratio. It
can be seen from Eq. (10.1. 27) then, that a further
complication will arise. in that the stagnation
pressure rise near the tip of a finite length blade
will tend to be larger than that near the hub. This
is because the flow angles 62 and 0, tend to be
relatively insensitive to flow velocity, and because
a2 and 8 1 , at all radii, would be chosen to be
appropriate for the design condition, at off-design
when wolwr decreases, so does the effect of the

Figure 10.1.7

Geometry and Velocity Chaeges
Across Blade Row

A typical maximum value of D obtainable for
a given family of blade profiles is about 0.6. This
value should not be exceeded substantially or it can
be expected that flow separation will occur. Such
limiting values of the diffusion factor are usually
obtained from cascade tests (Chapt. 12). Such
limiting values can vary substantially in some cases

second term in the brackets of Eq. (10.1.27). As
a result of the larger work interaction at the tip
of the blades, the static pressures can become so
excessive that a region of reverse flow can possibly
exist. (Fig. 10.1.8) The fluid contained within
such a region of reverse flow can rapidly have its
temperature raised (by the work interaction with
the blades) to such an extent that blade melting
can occur: This is yet another reason why the
techniques mentioned in Sec. 8.4.2 for preventing
excessively low axial velocities must be employed.
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sec
1-

D

rotor

{l+ [wr _ tan 611,}1/2
Wo
(10.1.36)
incompressible perfect flow, small radius changes

~--

FInally, we obtain an expression for the stator
diffusion factor by first noting
(10.1. 37)

Figure 10.1.8

Recirculating Flow Region

(V )

i stator

= w2{l

+

[~W~22

tan S2)2}1/2

(10.1. 38)

wr,-w, tan p, - w, tan 6,

(10.1.39)

-

We may obtain from Fig. 10.1. 5 the relation-ships

I::.v
(10.1.28)

stator

These equations may then be substituted ir.to Eq.
(10.1.23) t~ given an expression for the stator
diffusion factor.

In the special case where no

(10.1.29) ,change in axial velocity or radius occurs, there is
obtained
(10. L 30)
Equations (10.1.20), (10.1.24), (10.1.25) and
(10.1.28-10.1.30) may then be combined to give
wr
OR = l-{w,' [1+(",,' - tan

Il,) ')-'''3 'sec'6 ,}

wr

2

2

{l+[wr_ tan B,12}1/2

Wo

(10.1.40)

Several tendencies for the. degree of reaction

and diffusion factor become evident in these expressions. We note from Eq. (10.1.32), for exa~ple,

Wr
Wr w
(~ tan p, + _.--1. --1. tan 6 1 ) J}
2

1-

7

"

2", '[ (~) -

stator

(incompressible, perfect flow, small radius changes

{w' sec' 6 1 -w' sec' 6 +
1

D

W2

that in the case of a repeating stage with "symmetric

blading" (8,

W2

(10.1. 31)

~

8 1 ), the degree of reac lion is one

half, no matter what the ratio of blade speed to
axial velocity. 11113 means, for such a stage, that

the static pressure rise would rem.,in equally split
between rotor and stator as the compressor was

In the special case where no change in axial
velocity or radius occurs, and the stage is repeat-

ing, this form reduces to
Wr _ tan P2 + tan 6 1
OR = 1 __w",o_ __
2 wr

(10.1.32)

Ilthrottled ll •

When the compressor is throttled

(outlet flo~l decreased leading to an ou.tlet pressure
increase), an increased pressure rise must occlir
across the stage. The effact of such an increase in
pressure rise is seen in Drotor and Dstatar which

both increase. as

"0

(incompressible, perfect flow, small radius changes,

10.2
Again utilizing Fig. 10.1.5 we obtain for
the rotor

wr/wo

increases.

This, of course,

means that the compressor is moving towards its
des ign limit.

FREE VORTEX FLOV!

We nOl, consider the effects of finite bl"de
height upon the required fluid flow angles. It
is apparent from the preceding sections that the
variation in fluid properties across blade rows is
a function of the blade velocity. Thus, when we

I::.vrotor = wr,-w, tan 8, -

WI

tan 6 1

(10.1.35)

Equations (10.1.33 - 10.1.35) may then be substituted into Eq. (10.1. 20) to give an expression
for the rotor diffusion factor. In the special
case where no change in axial velocity or radius
occurs, there is obtained

consider a blade of finite length, the blade velocity
will change substantially with radius, and the corresponding effects upon the flow field should be
determined. In most compressor designs it is
desirable to obtain the same stagnation pressure

rise across a stage, at all radii.

(Note if this

was consistently violated 1.n a multistage machine,
very large static pressure mismatches could occur
1""ith consequent recirculation regimes.)
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We shall consider the case where the change
in stagnation enthalpy across the rotor is a constant with radius, so that from Eq. (10.1.5) we
have
h

t2

-h

tl

aw[(rvh-(rv)d

= const.

Thus, a Itconstant work stage

ll

,

(10.2.1)

wr

1

lIPt

2

Powo 2

that is one for

which the work interaction per mass is independent
of radius, requires that the change in angular
momentum be the same for all streamtubes.

There are

many types of flows that could satisfy this requirement, but the simplest such flow would seem to be
that for which (for perfect, incompressible flow)
the axial velocity remains a constant with radius.
(We assume a parallel walled annulus.) It is

3

rt/r h

~

oR

~ Grm

(10.2.5)

rm

Here °Rrm and Grm refer to the degree of
reaction and solidity at the "mass average radius",
rm
The mass average radius is that radius that
has half the mass flowing within it and the hub,
and half flowing within it and the tip. In this
case of uniform axial velocity, we have

apparent from the requirement of mass continuity
that if no change in axial velocity occurs, no

radial flows will be induced. The radial momentum
equation then reduces to· the statement that the
radial pressure gradient is balanced by the centrifugal forces. That is

h

101
0

r

1;2;.-;-;

m

__

= /~_t h_

(10.2.6)

2

DEGREE OF REACTION
Equation (10.1.22) is valid for this case, so
that with Eq. (10.2.4) we have

(10.2.2)
The requirement that the stagnation pressure
be constant with radius gives
p +

So that

1 (w +v

~ =

ar

-

2

2

pV

dV
ar

)

= Pt = const.

(10.2.3)

Equations (10.2.2) and (12.2.3) may be combined to given an equation for v in terms of r
Thus noting that no changes in properties occur in
the axial direction (except within blade rows), we
may write
dv + !!!. = 0 , or
v
l'

rv

=

const.

(10.2.4)

It can hence be seen that a constant work
machine that has a constant axial velocity throughout, not only has the jump in angular momentum
across blade rows, 6rv t equal to a constant, but

also must have
regimes.

rv

itself a constant in all

Note, of course, that the IIconstant"

that rv is equal to, changes with passage through
each blade row. A machine utilizing blade rows
that induce this type of flow field is termed a
"free vortex" machine, and is said to be in radial

equilibrium throughout.

We will consider an

example free vortex calculation in the next section,

Denoting the value of
we note also

OR

at the hub by

'~,

(10.2.8)

hence
TANGENTIAL VELOCITIES

An expression for the difference in angular
velocities follows from Eq. (10.1.12) to give
v 2h

V1

h

1

lIP t

-;;---;-=wrpw-r
00

(10.2.9)

-.!loo
101
0

and from Eqs. (10.2.8) and (10.2.9) there follow8

and will consider flows of a more general form in
Sec. 10.3 and Chapt. 11.

10.2.1

E~\MPLE

(10.2.10)

FREE VORTEX CALCULATION

We now consider that several design variables
will be prescribed, and we wish to obtain expressions for hub and tip values of the design limit
parameters

(10.2.11)

Droter and Dstator ' as well as for

oR. In generating these expressions, all the
velocity components and relative velocity components necessary to determine the flow vector diagrams will be obtained so that the velocity triangles could be constructed if desired.
We consider a repeating stage, and assume we

have the following variables prescribed:

Equation (10.2.4) then gives

(10.2.12)

DIFFUSION FACTORS
D

v

v

r

(-2E. _ .....Lh)
Wo

v

v

Wo

Wo

r

'W

o

wr

wr h

..!".
r

~

oR

i rotor

[(wr-v I )2+W

0

wr

r

'I [(_h_ _

o

'10

2 )1/2

-.179

.558

.741

.552

0.7

-.350

.381

.590

.431

t

0\

5/7 ,

v h r
Wo

Example Results, Free Vortex
Design

Several important trends are evident in this

wr

Vi stator-

Wo

r

rh

v h r
Wo

2

of reaction

a

2

'1
0

As expected

credence, because the larger relative dynamic pres-

sure would help to transfer momentum to the fluid
in the boundary layers and hence reduce the tendency to separate. The use of such negative swirl

2

[1 + (..2.h'.-h) ]1/2
Wo

is raised to 0.7.

in excess of 0.55 leads to values of VI that
are negative. As a result large relative velocities
with the rotor occur, so that in spite of the
increased static pressure rise, the diffusion
factor reduces. This result is not without physical

r

0

r

°Rrm

the stator hub diffusion factor is r~duceu (to .670),
but the rotor tip diffusion factor i8 also reduced
(to .540)! The explanation for tlds unexpected
behavior lies in the fact that the introduction
of a degree of reaction °Rrm (for this geometry)

[w 2+v.2)l/2 _

v

Thus, for example, it is

apparent that the large value for the diffusion
factor found at the hub of the stator for the low
blade speed case indicates that such a blade row
is too heavily loaded. lne designer of such 8 ro"
degree of reaction so that the rotor tip will become

h + 1]1/2
h
w [(---~--)
o

both cases.

as highly loaded 8S the stator hub. A rather
peculiar result appears to occur when the degree

r

V
= [(wr- v 2)2+w 2)1/2
e rotor
0

=-1 ,

would have several options open to him. Perhaps
the most obvious change should be to increase the

~

h + 1)1/2
J.!!._)

rh

stator.

0.5

example calculation.

E

D

tip

Table 10.2.1

(constant chord (10.2.14)
length)

V

stator,

hub

and with Eq. (10.1.23)

The relative velocities for use in this expression follow by reference to Fig. 10.1.5 and may be.
written

D

tip

Wo

Y - - --r---Y(10.2.13)
....1
2<rr -"'- ....1(constant chord
wo
m r h '10
length)

r

h

rotor,

hub
_

"0

(-.l.h _ JB.)

h

D

rotor,

In order to Obtain values for the diffusion
factors, some assumption must be made with regard
to the behavior of the solidity. It is clear that
the spacing s "ill be propor tional to the radius.
The chord length can be tap~red in a variety of
ways, but for illustrative purposes it is sufficient to consider the chord length constant. In
such a case we obtain

r

in actual aircraft engines would. however, introduce

V

e stator

pOBsible shock losses because of the large relative
Hach numbers. It might be noted par"nthetically,

[w 2+v3 2 ]1/2 =
0

v

wo[l

r

however, that the use of such negative swirl could
hold promise in helium compresnors (Eo~ use in gas

2

+ (_..Lh .-h) ]1/2
"0

(10.2.15)

r

Equations (10.2.6) through (10.2.15) give the
desired design limit parameters in terms of the
design input variables listed in Eq. (10.2.5). As
an example we consider the values

~pW 2 0 • 9 ,
o

and

0

We consider two values of the blade speed, namely
~ 0.5 and 0.7
Direct calculation leads

wrh/wo

to the results shown in Table 10.2.1 .

cooled nuclear reactors) where the Hacb numbers are
extremely low.
It is obvious that if the designer could
utilize materials that allowed a higher blade
speed, he could decrease the diffusion factor,

as indicated by the result for the higher blade
speed case. If this option was not available to
him he might choose to reduce tbe tip to hub ratio,
thereby preventing the large negative degree of
reaction near the hub. This option carries with it
the undesirable side effect of reducing the mass
flow per cross sectional area capability of the

compressor.

Another option available would be to

decrease the stagnation pressure rise per stage,
bu t this of course would lead to the requirement
of more stages for a given compressor pressure rise.
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It is apparent that the free vortex design
carries with it some unpleasant design restrictions.
Thus the related rapid change with radius of the
degree of reaction cauSes the blades to be loaded
so that the stator hub requires very high diffusion
as does the rotor tip. Note that the very large
turning required in the rotor at the hub leads to
such an acceleration that the static pressure

actually decreases across the rotor at the hub, for
this example. (Note o~ = -1) This means that the

The virtue of considering conditions far from
the blade rows, is that.any radial flows will have
ceased, because the flow "ill have become parallel
to the containing annulus. In this "ay we obtain
ordinary differential equations for the flow properties. At this stage we "ill not be ableta
estimate how long i t takes the flm; to approach
this condition of "radial equilibrium", but good
estimates do follow from the results of the throughflow theory, Chapt. 11.

stator must undergo an extreme pressure rise in order

to return the fluid velocities to those entering the
stage (as required for a repeating stage). A design
of this sort that places the design limit so strongly
at the limits of the blades is quite undesirable
because, in effect, the remaining portions of the
blades are relatively lightly loaded even when the
stator hub and rotor tip are loaded to their limit.
In the following sections we consider alternate
flow s,Tirl distribu tions that reduce the disparity
in loading along the blade length, but it should be
noted that the tendency for the rotor tip and stator
hub to be diffusion limited remains to some extent
in all designs. As a result, the allowable stage
loading is a functio3 of th~ tip to hub ratio, with
the smaller tip to hub ratio a110<l1ng the at tainment
of larger stage pressure ratios. A designer, then,
can be faced with the choice of providing a large

10.3.1

THE STREA11 FUNCTION

We here introduce the stream function, W, and
include for future convenience, the possibility of
axial variations in fluid properties. We still
consider incompressible flow. only, so that the
continuity equation may be written

'l'U

=

a

(10.3.1)

In cylindrical coordinates this becomes

(10.3.2)
This latter equation is identically satisfied
if we introduce the stream function, W, defined by

cross sectional area compressor of fewer stages,
versus a small cross sectional compressor of many

stages. The appropriate choice often depends on the
selected airplane mission. (Chapt. 26)

10.3

(10.3.3)

w = -

RADIAL EQUILIBRIUM FLOWS

An equation for

W follows

by conSidering

the normal derivative of the momentum equation

(Chapt. 11 and Sec. 10.3.2), but before developing
such an equation. let us first consider a physical

In the preceding section, it was seen that the
very simple free vortex theory led to large variations with radius of the degree of reaction. As a
reSult, the free vortex distribution led to blades
with excessive diffusion factors at the rotor tip
and at the stator hub. Other swirl distributions

interpretation of the quantl-ty 1jJ •

must hence be investigated, and as a result, ttle

Surface

effects of radial flows must be considered.
A very simple limiting case of flows in which
radial flows exist, is obtained by conSidering
conditions very far from the blade rows. We again

Surface 1

assu.me perfect incompressible flow, and conaider

conditions in a parallel walled annulus, as shown in
Fig. 10.3.1.

Figure 10.3.2

L Blade Row
Typical Stream Surfaces

Figure 10.3.1

Parallel Walled Annulus

Flow in an Annulus

Figure 10.3.2 shows an nnnulus boundf?d by two
"mer idional surfaces". A meridional surface is

defined

as

a surface through which no fluid passes.

We may calculate the IDf3Sfl flow rflte convected between the two meridional stJrfaces in-either·of the
alternate ways

or

Ii, = -pr:J(21TrdZ) = -2np(I/!2-Ij!,l

"
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(10.3.4)

(see Fig. 10.3.3)

Thus the mass floy] rate between the surfaces

is proportional to the difference in streamfunctions of the surfaces. It follo~s then that if
Tji2 ~ Tjil, there is no (net) flow through the sur-

W =~
Wo

face, so that a constant IjJ denotes a "streamsurface". If the equations of the streamsurface

are known, the velocity components follow from
Eq. (10.3.3).

y =L
r
h

.

V =...Y..
Wo

,

R=

,

'I' = --.-:L
Wr 2
o h

,

h

t
Wo

H = --2

~.
r

(10.3.11)

h

THE EQUATIONS FOR RADIAL EQUILIBRIUM FLOWS

10.3.2

It is apparent from the Euler equation (Eq.
10.1.5), that the stagnation enthalpy does not
vary along streamlines that are external to the

blade rows. Similarly, it is apparent from Eq.
(10.1.3) that the angular momentum also does not

Y

_JV! = 1
l w ;; Wo

vary along streamljnes that are external to blade
rows. Because of this) it is convenient (particularly in throughflow theory, Chapt. 11) to consider the stagnation enthalpy and angular momentum
to be prescribed functions of the stl-eamfunction,

R

_ W,w

V,v

The prescribed function will, of course, be
determined by the history of blade loading that

Tji.

Y

y,r

1

the streamtube has encountered.

We note from Eq. (10.3.3), that for the case
of no axial variations, we may write

- _ 1. .'!1i!.

w-

r dr '

or.!LU.
d~}

= _

....L .!LU.
wr

dr

(10.3.5)

This transformation is of particular utility

Figure 10.3.3

when we consider variations in the stagnation
enthalpy and angular momentum, because as pre-

viously described, these quantities will be given

Routine substitution of the variables of
Eq. (10.3.11) into Eq. (10.3.10) leads to

as functions of the streamfunction.

For this case of perfect flow, there is no
change in entropy throughout, so the Gibbs equation, Eq. (2.8.2), gives

1. dp

dh =

1 dId'!'
dH V M
dy) = d'l' - Y dt'

Y dy (y

(10.3.6)

P

The differential change in stagnation enthalpy
may be written
dh
so

= dh + wd" + vdv
t

1. dp
P

= dh

t

- wdw - vdv

1

~

p dr
or

-r1

=

r- =

dh t

~ -

convenience we assign the streamfunction on the

(10.3.13)

We note also
W= -

1 d'l'

y

(10.3.14)

dy

so obtain (noting that

W= 1

dh

v dry

r#

(10.3.10)

This is a second order differential equation
for the streamfunction lJ!, in tenus of the prescribed stagnation enthalpy and angular momentum.
It is, in general, non-linear. There are several
linear solutions of the equations corresponding to
blade loadings of design interest, however, and

such special cases will be considered in the next
It is most convenient to consider a nondimensional form of Eq. (10.3.10), so we introduce

far upstream)
y=R (r=r ) (10.3.15)
t

(10.3.9)

Utilizing Eq. (10.3.5) we then obtain

section.

The related boundary conditions are obtained
by first noting that we may prescribe the streamfunction within a constant. Thus, for future

(10.3.8)

dw
dv
w dr - v dr'

dw
....L __t _ Y Cl drY}
dr = - rw dr
r rw dr

(10.3.12)

hub, 'l'h '

(10.3.7)

Because the flO\, is in radial equilibrium, the
radial momentum equation remains as in Eq. (10.2.2),
so that we find
v2

Nomenclature for Radial Equilibrium
Flow

Equations (10.3.12 -10. 3.15) prescribe the
mathematical problem.
10.3.3

SOLUTION OF THE RADIAL EQUILIBRIUH
EQUATIONS

Equation (10.3.12) may be integrated for any
arbitrary prescription of Hand yV (as a function of '1'), but particularly simple forms arise
i f we consider forms for "'hich Hand (y'l) 2 are
quadratic in'!'. Thus, for such flows, Eq.
(10. J .12) reduces to a linear equation in 'I' and
a

solution

functions.
given by
10-12

can be obtained in terms of known

We thus consider

Hand (yV)2

to be

It is convenient to note that

(10.3.16)

VI (aR) = 0

(10.3.17)
In these expressions. A • HO • a • Sand C

WI (a). and

UI (a)

WI (aR)

(10.3.25)

With these relationships it can be easily
checked that Eg. (10,3.22) satisfies the boundary
conditions. 'l' = -1/2 on y = 1 and 'i' =- R'/2
on y = R

are constants which may be selected at the
designers discretion. We note
dH = A

d'l'

When the parameter

a

is equal to

zero~

the

expression Eg. (10.3.22) becomes indeterminate.
For this case, rather than taking the mathematical
limit of the expr€ssion~ it 1a simpler to return

to Eg. (10.3.12), which for the case

a

=0

becomes

d (.! d'l')
y dy

dY

yA + ~
2y

(10.3.26)

Successive integration gives
With these expressions we obtain from Eq.
(10.3.12)
yA +

1
Y
(as

(10.3.27)

6

The constant Cl and C2 are again determined
through application of the boundary conditions
Eg. (10.3.13) and (10.3.15). The solution may be
written in the form

+ 2)

(10.3.18)
We note that the inhomogeneous portion of
this equation may be integrated immediately to
give

'l'

(10.3.19)

(a=O)

The homogeneous portion of the solution can
be recognized as consisting of a linear coo,bination of Bessel functions of the first and second
kinds. and of order one. Thus
(.'!'.) = CIJj(ay)
y hom.
.

+ CzYj{ay)

INTERPRETATION OF THE PARAHETERS
Equations (10.3.22) and (10.3.28) provide
the solution to the equilibrium flow for a rather
general s>11r1 and enthalpy distribution leading
to linear solutions of the governing equation.

(10.3.20)

It is of interest to interpret each of the param-

eters ~, Bt 6, and A, individually, however.
To do so we consider the flows prescribed for
the cases where all parameters but one are zero.

and hence
'l' = ClyJI (ay) + C"YY I (ay) +

a~

y' +

~ + 2~'

FREE VORTEX FLOlI (8)

(10.3.21)
The constants

Cl and C2

(10.3.28)

are noW determined

by applying the boundary conditions, Eqs. (10.3.13)
and (10.3.15). After straighcforward but tedious
manipulation we find

When

A, a and 0

are all zero, we see from

Eq. (10.3.17) that the angular momentum is constant wi th y ,(yV ~ S), which is of course a free
vortex distribution. Equation (10.3.28) then
reduces to

A

'l'

S

1

<5

-[az-+Ci+ 2a' +2 1

-[a~

e

R' +

+ ~2 y, + 13. +
a

/)

a + 2a'
a

yV I (ay)
VI(a)

R'

'l'=_r
2

YW I (ay)
01 (a)

+ 21 R

-.L,
2a

hence
(10.3.22)

• (free vortex)

1>1

(10.3.29)

Thus, for a free vortex distribution, the

axial velocity remains unperturbed, just as previously establi£hed in Sec. 10.2.

Here we have introduced the notation

SOLID-EODY-LIKE ROTATION (a)
(10.3.23)

IVhen

A, Band /)

are all zero, E'l. (10.3.17)

reduces to

(10.3.24)
yv = -

here i is an integer
10-13

a~'

(solid body like)

(10.3.30)

It is evident fro~ Eq. (10.3.22) that a
perturbation in axial velocity will be present
for this case. I f we investigate the case where
very little swirl is introduced (a small), we may
Bay that the variation of axial velocity with
radius will itself be small. (This may be verified
by calculation from Eq. (10.3.22).) In such a

I t thus follo'ls tha t i'£ all terms in the
expression for angular momentum are to be included,
when £10"-1 across a ro tor is considered, the desired
linear form for the stagnation enthalpy cannot be

utilized.

If the "approximately constant swirl"
term is excluded, hOT,ou,.;ver \"e may wri te

case we have

-JY

0/ =

ywdy -

I

t "-~

(small
swirl)

(10.3.31)
n[ --a2 '¥+S2- (-al '1'+81»)

We then have

(0

0)

(10.3.39)

and hence
(small swirl)

(10.3.32)

H
02

Thus, for small swirl this sldrl distribution

n

01

+ (B,-81)n

(10.3.40)

and

approximates that corresponding to a "solid body"

swirl.

Such a distribution is sometimes termed

A2

a forced vortex.

AI- ('l2-al)n

(10.3.41)

In a compressor, we generally desire little,
APPROXll1Al'ELY CONSTANT SHIRL (0)

A, a and

When

if any, variation of stagnation enthalpy with
radius, so it is usually appropriate to exclude
variation of the parameter a across a rotor

are zero, Eq. (10.3.17)

reduces to

yV

(_o,¥)1/2

=

(approximately
constant swirl)

row. We note, however, that the solid-bady-like
component of swirl may be introduced by the stator
(or inlet guide vane row), >lhich hence gives us
another parameter to utilize for design purposes.
In the next section a detailed example solution
is considered.

(10.3.33)

We may again argue that for small swirl, the
perturbation in axial velocity may be expected to
be small (see Eq. (10.3.23», so that 'I' will be
given approximately by 'I' = _y2/2. Hence
V::

!I:2

10.3.4

EXA}WLE RADIAL EQUILIBRIUM CALCULATION

In this section we consider an example ca1cula_ion for a rotor-stator pair. The pair will be
a repeating stage, with constant work interaction
with radius (A = 0) and with no "approximately
constant swirl" term (5 = 0). For this special
case, the solution of Eq. (10.3.22) reduces to

(10.3.34)

Thus for small swirl, this swirl distribution
approximates a constant swirl velocity.
VARIABLE STAGNATION EllTHALFY (A)

a YU (ay)
S
R yW (ay)
.§.
I
0/ = -(S+-2) ~~ UI(O) - (-+-"-)
R 2 ~--a UI (a) + a

When a, S and
are zero, there is no swirl
in the flow, and because the flow i8 in radial
equilibrium, no static pressure variation with
y will be present. Thus, we note from the Gibbs
equation dh a Ids + lip dp· 0 , and hence
dH ~ d(-;-) + Wd'J
wo
Thus with

= l,dW

dH = Adr

c

(10.3.42)

The derivatives of Bessel functions may be
obtained from any standard mathematics book (ref.
10.5 for example). We note here the general
relationship

(10.3.35)

-AyWdy , it follows that

dW
dy = -Ay

(10.3.36)

This result is c0nsistent with Eq. (10.3.28),
which simply emphasizes that for this case, any
change in stagnation enthalpy must be supplied
by a variation in the axial velocity.

(10.3.43)
Hence in our notation

The stagnation enthalpy <Jill be changed only

aYUo(ay)

across rotor rows, so we see from the Euler momentum equation, Eq. (10.1.5), together with Eq.

(10.3.11) and the definition

and

n = wrh/wO

(10.3.44)
(10.3.37)
Thus

Thus, in terms of the parameters introduced
in Eqs. (10.3.16) and (10.3.17),we find
H2- H I

c

u (ay)
Wo (ay)
( o+Q.) _0_ _ + (1l.+aR) - ,., 2 Ul (a)
R 2 UI (a)

n[{-a2'¥+S,)2_ 02 r}1/2
- {(_aI9+s l )2_8 I rJ 1 / 2 )

(10.3.38)
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(10.3.45)

We now consider ~H ~ H,-HI, n, 131, Rand grh
to be prescribed, and arrange the equations in

not acquit''' an advantage because of increased
relative velocIty at the rotor tip (where Hach
losses could be important). Straightfon,ard
calculation gives.

order to calculate the various velocity components

as well as the diffusion factor at stator hub and
rotor tip, and the degree of reaction at hub and
tip.
SUMMARY

DSTAT,HUB = .689(.741)

.~ = -.352 (-1)

D
, TIP
ROT

'R

=.606 (.558)

t

=

.803 (.714)

(l, a, 131, R, (Jrh' Y

Inputs:

~H,

Outputs:

VI(y), V2(y), WI(y), W,(y), DSTAT . , HUB ,
DROT.,TIP, '~, 'R t

The comparative values for the free vortex
case are shown in parentheses. It can be seen that
the introduction of a rather small amount of solid-

body-like swirl has helped to reduce the stator
hub diffusion factor substantially (even t:hough
the value is still rather large). Figure 10.3.4
shows the related equilibdum velocity profiles.

Equations:

13,

=

131 + M
(l

(10.3.46)

8
a yU I (ay)
S aR yWI (ay)
--+-.
'l' =-(fl+ 2 ) a U, (a) - ("[+2) a UI (a)
a

(10.3.47)
1.0

a
W = (fl+ 2 )

Uo (ay)
3 aR Wo (ay)
u, (a) + (R+2) UI (a)

il

(10.3.48)

0.8
V = 1. [-a'l' + fl J

(10.3.49)

y

=

V

eSTAT,HUB -

(10.3.51)

+ V 2 ]1/2

(10.3.52)

[W

2

hI

hI

(10.3.53)

= [W:2 +

«(lR-Vt2)2]1/2

V
D = (1 - ...!'.)

Vi

(10.3.54)
(10.3.55)

Note, also, i t has again been assumed that the
solidity is inversely proportional to the radius.)
(J.0.3.56)
'R

t

• 1 + Z;H [W 2 + V 2 - W 2 - V 2 1
Ll
t,
tl
t2
t2

/

-W,

~~

0.2
I<- (WI-I)

-.4 -.2

o

o

Figure 10.3.4

.2

.4

.6

.8

1

\' ~
1.2

1.4 1.6

Radial. Equilibrium Velocity Profiles

These results give a relatively quick esti~ate
of the flow profiles to be expected between blade
rows and may be utilized for simple approximate
design calculations. The behavior of the throughflow flow field (which includes the axial variation
of the fluid properties) will be investigated in
Chapter 11.
THE EFFECTS OF COHPRESSIBILITY

10.4

(Note Eq. (10.3.55) may be used for both stator
hub and rotor tip. The appropriate values for
Ve and Vi follow from Eqs. (10.3.51-10.3.54).

Vt
0.4

II

\
~\
\

0.6

vi

(10.3.50)

VeROT,TIP

R-l

/

ViSTAT,HUB

\

x:.l

(Note Eqs. (10.3.47 - 10.3.49) may be used for any
value of y and stations 1 and 2 (with 8 = 81 or 82)'
It is convenient also to employ the relationships
of Eq. (10.3.25) as .1<,11 as the relationships
(Ref. 10.5) .)

2
[Wh'2+ Vh ]1/2
2

\

\

In modern axial flo« turbomachinery, the
pressure ratios found across typical stages,
particularly across turbine stages, are so large

that the effects of variation in fluid density
cannot be ignored.

In order to consider such

compressibility effects. we again consider the
pseudo two-dimensional flow of a perfect gas
across a blade row. The Euler equation, Eq.
(10.1.5) relates the change in stagnation enthaJ.py
across a rotor row to the blade angular velocity

(10.3.57)

As an example calculation, the case /',H ~ 0.9,
(l ~ 0.5, a ~ 0.15, ~l = -0.4, R = 17, a rh = 2 was
considered. This case is closely comparable to
the first case considered in Sec. (10.2.1). Thus,
the geometry and "stage loading" considered Bre
the same, and the tip swirl velocity at inlet to
the rotor is very nearly the same (.0472) here,
compared to .0378). This configuration then does

and change in fluid angular momentum.

This change

in stagnation enthalpy is, of course, the total

change in stagnation enthalpy for the stage, so
we may write from Eqs. (6.3.7), (6.5.4) and (10.1.5)
with the stage efficiency written nCj , for the
compres"or and
nc w

[1

ntj

for the turbine

+?-=
{(rv)z-(rv)dl
t,

Yc
Y -1
C

(compressor)
(10.4.1)
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To analyze the effect of this compressible
limitation on the maximum attainable swirl, we
consider the flow of a perfect fluid through a
turbine nozzle rm.,. (Fig. 10.4.1)

(turbine)

(10.4.2)
In these eXpressions, in each case conditions

at

1

are those at entry to the rotor and condi-

tions at

2

are those at exit from the rotor.

Eq. (10.4.1) is different frolll the previously
obtained Eq. (10.1.7) only in that the effect of
the stage efficiency has been included. We lllay
again introduce the upstream reference quantities

denoted by a subscript
manner to Sec. (10.1).

0

,

and obtain in a similar

(compressor)

(Yt-l)M

O

/-(1

(10.11.3)

~~Wl = VI cos Cl

-.l_
2

w
"W-y {(rv),-(rv)2}j
o

T]tj (1 +Yt;l Mo 2)

(turbine)

=

VI

Y -1

Figure 10.4.1

t

VI

sin Cl

Turbine Nozzle Row

The approaching flow is assumed to be uniform and

(10.4.4)

swirl free, and the cross-sectional areas at
inlet and exit, respectively. are denoted Ao
and Al • We then have

Simple approximate forms follow from these
equations for the case of small turning or small

Mach number by Simply expanding the bracketed
terms to only the first term in their binomial

POWOAo= P1 V1AI

Continuity

expansions.

10.4.1

T y-l

TURBINE AERODYNAHICS

Isentropic

Enthalpy

Firstly, the extreme

favorable pressure gradients allow very high blade
loadings before the local adverse pressure gradients on the blades approach values leading to
boundary layer separation.

(10.4.6)

(j-)

o

The aerodynamic and engineering limitations
of turbines are of a substantially different nature
than those' of compressors.

(10.4.5)

cos ex.

1

T (1 +:t:lM ')
o
2
0

Tl (1

+

¥

HI')

(10.4.7)
These equations may be combined to give

The expansion ratio

can. in fact, be limited by choking of the downstream flow. The materials problem will clearly
be aggravated as the blades are submerged in a
high temperature corrosive environment.

Hodern

blades ara cooled, which ~n itself adds greatly
to the complexity. both from the gas dynamic and
stress point of view. (Chapter 19)

hence

In turbines it is possible to be confronted
with a design trade-off between mass flow capability and power output per stage. The mass flow
per cross sectional area increases as the approach
axial 1-Iach number approaches unity, and the work
interaction per mass increases as the nozzle out-

let swirl velocity increases.

It will be shown

(10.4.8)
We wish to find the mflximum value of the swirl
velocity for a given approach Nach number, Mo
Thus noting

shortly that the maximum work interaction for a
single stage occurs when the entire static pressure drop occurs across the stator, the function

of the rotor then being to remove the kinetic
energy identified with the swirl component of
velocity with no further static pressure drop.

we find

There tends to be tv-lQ restrictions on obtaining
high swirl velocities. Thus, i f the flow Nach
number becomes too large severe shock losses .:.an
occur, and it also happens that a maximum possible

swirl occurs because the flow will choke.

VI
[_

Saiofl ClJ' = ___
1 + y-l
M~
' H 2
2 __
1 + y-l HI' 1
2

This

1 + Y-l

latter restriction is a function of the approach

2

u

2 '"'1
"
[~+:r-lH'

Mach number, and conflicts with the desired high
mass flow capability.

2
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0

J

2/ (y-l)
Mo'

(10.4.9)

The derivative of this equation with respect
to MI' may now be taken and equated to zero.
After some manipulation it follows that
(h

A'

o

-h

= -21 (V I sin

)
t 2 max

1 + 1=1 M 2 (y+1)/(y-1)

(-2.) [

M 2

to

2

~ 1

1

I

1 + 1=1 M 2

Al

2

(10.4.10)

(y+1)

a'lmax =

A 2 (y-l) / (Y+ll]

(11 -AO)
o

I

-----'--

0

2+ (y-1)H

Equations (10.4.8) and (10.4.10) then give
immediately that the maximum possible swirl occurs
when
(10.4.11)

(max. swirl)

o

2

hence

A 2 (Y-l) / (y+1)

h

(y+l) (M _9.)
0 Al

t

(h~) =
to max 2+(y-l)M

(10.4.14)

2

0

If the efficiency of the turbine stage, ntj ,
It is clear then that the maximum swirl

can be estimated, the related stage pressure ratio
can be approximated by

occurs when the dmmstream axial Mach number is
unity, or in other words, when the flow chokes.
The maximum value of the swirl velocity follows
from Eqs. (10.4.9) and (10.4.10) to give

-.::L

(~)

=

_L
[1- (ht2)
Jl
ntj
to max

[1 -

p to max

•
( VI sin a]

--- = - 2
l ao max Y-l

y-1

h

p

(10.4.15)

-1,'

[1 + 1=l M

AO =

Example results from the ease

°

2

= 1

and

y

= 1.3

are

ShO>lU

AlII

in Fig. 10.4.3

A 2(y-l)/(y+1)

ill (Me AO)
2

1

I

(10.4.12)

Figure 10.4.2 shows the dimensionless kinetic
energy of the swirl component plotted versus
incoming Mach number. (A = Al ' Y = 1.4)
o
VI sinn 2

-~. I
\ !/

\ (-a-)

°2.5

3

2.0

1.5 1\

1

_\

1.0

\

.5

o

o

~

Figure 10.4.3

.'
"'-....

0.2

'-.......... r--

0.4

2

o

=YRT

°

=.rB.

0.6 M 0.8

Maximum Swirl Kinetic Energy

Cp

Tto

T
p

to

we have with Eq. (10.4.12)

y-1

l+1=1M
2

.--. 7
'--

r----

.4

6

.5

Stage Pressure Ratio Versus
Axial Hach Number

identified with an axial
choosing Mo = 0.5 and y

h
2

°

ar~a

change.

Thus,

= 1.3 , the results of

Fig. 10.4.4 are obtained from Eqs. (10.4.12)
and (10.4.14).

T
_0 C

.1

'"

8

number to unity unless 11n axial area change is
incorporated, and of course, turbiIles usually
have increases in cross-sectional areas in the
axial direction. A measure of the effectiveness
of incorporating an axial area variation can be
obtained by noting the increase in maximum swirl
ve]ocity attainable and decrease in enthalpy ratio

1.0

The related stage pressure ratio identified
with a nozzle row producing this maximum swirl
may be estimated by noting that the work interaction per mass for the stage will he equal to
the kinetic energy identified with the swirl.
(Note that the rotor simply removes this kinetic
energy with no further pressure drop.) Thus with

a

II

I---

It is apparent that the power extraction
from the fluid will soon drive the axial Hach

°

Figure 10.4.2

o

)

/

(10.4.13)

to
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and hence
(10.4.16)

1.6

It is clear that the maximum work interaction per mass for the given pressure drop will

1.4

vI sinet

---,&0

1.2
1.0
.8

./

L

occur when the rotor leaves no residual swirl
(v, = 0). At this condition v, = 2wr , and we find

---~ --

from Eq. (10.4.16)

/'

(10.4.17)

~ ----

r

h

THE RELATIVE STAGNATION TEMPERATURE

t2

h tO

~

The relative stagnation temperature, or that
temperature that the gas would achieve if brought
to rest adiabatically on the rotor, is of great
importance because it determines what the heat
transfer loading to the blade will be (Chapt. 19).
Defining Tt
as the relative stagnation tempera-

-

.6

1.5

1

2.0

2.5

3.0

AdAo
Figure 10.4.4
10.4.2

r
ture as seen by the rotor, we may write

Enthalpy Ratio and Maximum Swirl
Velocity Versus Area Ratio

THE HIPULSE TURllINE

C T
p

t

r

An impulse turbin2 stage is defined as a
turbine stage in which the entire static pressure drop occurs across the stator.

= C T +
P 1

t [w 2+(V -wr)2]
1

1

(w '+v 2) +l[ (v -wr)2-v ']
- Cp T+!
, 2
I
2
I

Equivalently,

of course, the impulse turbine stage is a stage
with degree of reaction zero.

Because no pressure

drop occurs in the rotor, the relative velocity
in the rotor will not change if the fluid is
assumed perfect. A typi~al velocity diagram
would hence be as indicated in Fig. 10.4.5

hence

T
tr

Tt-;- =

1 -

_1_ [v '_(v - wr)2]

2C T

P t,

,

I

(10.4.18)

In the max work impulse turbine case,
v 1 = 2wr , so that
max "ork impulse
turbine

(10.4.19)

Thus it can be seen that because the blades
are retreating from the flow, the relative stagnation temperature is reduced.

This effect can

be quite significant, and allows the rotors to
operate at higher stress levels than might at
first be expected. For example, with T , = 1600 K,
t
wr = 400 m/sec ,C - 1250 J/kg K it follows that
T
p
tr
T = 0.88. Hence, the effective stagnation
t,

temperature is reduced 192 K because of the blade
wr

I

---I

movement.

10.4.3

THE REACTION TURBINE

The reaction turbine stage is defined simply
as a turbine stage in which the degree of reaction
Figure 10.4.5

Velocity Diagram for an Impulse
Turbine Stage

The Euler momentum equation gives

Cp(Tt,-T t ,)

oJr(v,-v,)

=

It is apparent from Fig. 10.4.5, that for
this case where the axial velocity has not
changed across the rotor, that 5, = -8, and hence

,

v -

WI

r.:

is other than zero.

As an illustrative example

we consider a stage for which the velocity triangles are those that would give 'R - 0.5 if the
flow was incompressible and perfect. It is to be
noted that when losses are prescnt and the Mach
numbers are finite the static pressure behavior
will not strictly correspond to 'R = 0.5. As a
further simplification '''8 consider no change in
axial velocity, and assume a symmetric diagram as
illustrated in Fig. 10.4.6.

,

U.1r-v
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It can be scen from the summary of Table
10.4.1 that for a giv~n "heel speed, the impulse
turbine has· a larger work interaction and e>..o-periences a lower relative stngnation temperature on

the rotor than does the 50% reaction turbine.
(Note that the lower relative stagnation temperature could allow operation at a slightly higher
wheel speed.) These advantages for the impulse
turbine do not corr.e without penalty however, as

the stage efficiencies tend to be 10l.er than those
of the reaction turbines. This is because the
Mach numbers (and hence frictional and shock
losses) tend to be large in impulse turbines,
and also the rotors operate without the benefit
of an ambient favorable pressure gradient.

Figure 10.4.6

In practice,impulse turbines are often used
in very high thrust to weight engines where their
enormous work capability is of direct benefit in
reducing the reqhlired number of stages and hence
weight. In some cases, the first few stages of a
turbine will have impulse blading so that the
number of stages requiring cooling will be reduced.
Transport aircraft, which require highly efficient
engines, will usually have blading with thirty to
fifty percent reaction.

for a Reaction

Because of the assumed symmetry of the ~elocity
diagram, it follows that v, = wr - VI , so that the

10.5.1

Euler moment.um equation becomes

10.1
(2....L - 1)
wr

~

10.2

Ttr

10.4.4

of Internal Flow. Sovran, G., edt

Elsivier, Amsterdam, 1>67, pp. 238-269.
max work "50%" reactIon (10.4.20)'
turbine

10.3

COHPARISON OF THE IMPU1.SE TURBINE AND
"50%" REACTION TURBINE

Systems,!! University of Cambridge t Depart-

10.4

Johnsen, 1. A. and Bullock, R. 0., eds.,
"Aerodynamic Design of Axial Flow Compressors," HBshington, U.S. NASA SP-36, 1965.

10.5

Cray, A, and Hathews, G. B., LTreatise
on Bessel Functions and Their Applications
to Physics, Dover, 1966.

It is of interest to note the comparison
behavior of the impulse turbine and 50% reaction
turbine. The behavior of important parameters i9
compared in Table 10.4.1.

Parameter
T

- --1l..
Ttl

T

tr
rt,

1

Item
work
interaction
increment in
rotor temperature

Hawthorne, W, R., "Secondary Vorticity in
Stratified Compressible Fluids in Rotating
ment of Engineering, Report No. CUED!ATURP~/TR6J, 1974.

1 __(wr)' max work "50%" reaction (10.4.21)
2CpTtl
turbine

1

Hawthorne, W. R., "The Applicability of
Secondary Flow Analysis to the Solution
of Internal Flow Problems," in Fluid
~1echanics

Equation (10.4.18) is valid generally, and
hence here reduces to

~c

J

Vol. 5, 1973, pp. 247-279.

Again restricting our attention to the case
where the maximum work interaction occurs, which
as before corresponds to no residual swirl remaining in the flow, we.note vI ~ wr , and hence
1 - Tt , =
l'
C l'
tl
P tl

Horlock, J. H. and Lakshminarayana, B.,
"Secondary Flows, II Ann. Rev. Fluid Hech~

V

C (T -T ) = wr (v -v ) = (wr)2
P tl t,
I'

REFERENCES

Impulse

Impulse

Reaction

IJ'Jr)~

High

LO'o;

High

Low

2(wr)2
CpTtl
_3(wr)':
2C T
p tl

CT
P tl
_

~wr)2

2C T
P t

LON

Comparative Turbine Behavior
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50%

I

efficiency
Table 10.4.1

-
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Reaction

High
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CHAPTER 11
LIST OF SYNBOLS
The symbols are listed in alphabetical order,
first in the English alphabet, then in the Greek

Y

P

- Bessel function of the second kind, of
order p (Eq. 11. 4 .11)

alphabet. Subser lpts and snperscrip ts are then
given. The equation, figure or section in which
the symbols are first introduced is indicated in
parentheses. Often the symbol ,;ill be defined in

y,x

- Dimensionless co-ordinates (Eq. 11.4.1)

the text just preceding or just following the

a

- Constant defined in Eq. 11.4.5

equation or figure.

- Constant defined in Eq. 11.4.5
Where appropriate, the location of the introduction pf the symbol is referred to in previous
chapters.

y

- Ratio of specific heats (Sect. 2.6)
- Small distance (Eq. 11.2. 1,)

An

- Constants defined by Eq. 11.4.29

Bn

- Constants defined by Eq. 11.4.31
- Specific heat at constant pressure
(Sect. 2.6)

E

on

- Density CEq. 11.1.1)

Orthonormal group of Bessel functions
of order One Eq. (11.4.23)

- Torque (Eq. 11.3.1)
- Transformed streamfunction (Eq. 11.4.27)
- Dimensionless streamfunction (Eq. 11.4.1)
Streamfunction (Eq. 11.1.15)

- Unit vectors in cYlindrical co-ordinate
directions (Eq. 11.1.8)
- Vector body force (Eq. 11.1.2)

F

f

- Component of

R

- Dimensionless enthalpy (Eq. 11.4.11)

h

- Enthalpy (Eq. 11.1.3)

J

- Bessel function of the first kind, of
order p (Eq . 11.4.11)

P

- Dimensionless angular velocity (Eq. 11.4.6)
w

(Eq. 11.1. 9)

M

- Group defined by Eq. 11.3.9

m

- Mass flow rate (Eq, 11.1.16)
- Unit vectors in natural co-ordinate
system (Fig. 11.1.2)

- Pressure (Eq. 11.1.2)

R

- Tip to hub ratio (Eq. 11.4.1)
- Gas constant (Sect. 2.12)
- Co-ordinates in cylindrical co-ordinate
system (Eq. 11.1.5)

s

Entropy (Eq. 11.1.3)

T

Temperature (Eq. 11.1.3)

T (i.)
n

Function defined by Eq. 11.4.34

w

- Vector velocity (Eq. 11.1.1)

U,V,W

- Dimensionless velocity components

Il.1.~G)

A

- Axial (Eq, 11.3.7)

d

- Conditions at (or across) tIle actuator

disc (Eq. 11.2.2)
h

Hub (Eq. 11.3.2)
- Region of flow (Fig. 11.4.1)
- Number of actuator disc (Fig. 11. 4.1)
- Heridiona1 direction (Eq'. 11.1.17)

N

- Total number of actuator dies (Fig. 11.4.1)

r,e,z - Component in given direction (Eq. 11.1.3)
- Stagnation quantity (Scct. 2.16)
- Tip (Eq. 11.3.2)

o

(Eq. 11.4.1)

u,v,w

- Vector vorticity (Eq.

Subscripts

- Time (Eq. 11.1.1)
u

- ConstB11t defined in Eq. 11.4.5
- Angular velocity (Eq. 11.1.13)

i
p

r,e,z

Components of the vorticity (Eq. 11.1.26)

Group of Bessel functions (Eq. 11.4.12)

of order zero (Eq. 11.4.26)
z

- Eigenvalue (Eq. 11.4.13)

<,n,s -

- Orthonormal group of Bessel functions

E

er,eo,e

- Constant defined in Eq. 11.4.5
A
n

- Velocity components (Eq. 11.1.5)
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- Reference quantity (Eq. 11.1.15)

CHAPTER 11
THROUGHFLOW THEORY
11.0

,

INTRODUCTION

Du = F - ~ Vp
Dt

In an early paper (Ref. 11.l)Wu formulated
the basic concept of representing the inviscid
three-dimension"l flOl, field as the sum of two
separate two-dimensional flowfields. These two
separate flm., fields were composed of surfaces

(11.1. 2)

Vh -

1p

Dh

l~ = T Ds

Vp

TVs

(11.1.3)

also

located in the blade to blade direction (sl
surfaces) and surfaces lying in the hub to tip
direction (s2 surfaces). The solution to the
flowfield composed of these combined t,;o-dimensional Helds would formally require an iterative

Dt - p Dt
11.1.2

solution, since the solution for either surface

(11.1.4)

Dt

THE CONVECTIVE DERIVATIVE

requires the knowledge of the shape of the other
The convective derivative, represented by the

surface.

operator (u'V) , may be expanded as
In
blem is
for the
ing the

practice (Refs. 11.2, 1],,3, 11.4) the prosimplified by taking appropriate averages
blade to blade diLection, and then assumflow to be axisymmetric. In this way, the

B2 planes become meridional surfaces and the
expressions for the derivatives alon~ and normal
to such surfaces are easily represented in terms

a v a
a
a;
+ rae + w h

(11.1.5)

It is important here to retain the partial
derivative with respect to S , because eVen though
the fluid properties have no S variation (because
of the assumption of axial symmetry), the coordinate
directions themselves change with O. Thus we

of the derivatives in the radial and axial
directions.
When the complete throughflow equations are
considered, the variations of the fluid properties
in the axial direc tion are included. It is to be
expected then that the radial equilibrium solutions obtained in Chapter 10 will again appear as
the asymptotic limits of the far upstream and
far downstream flows.
The equations will be formula ted in a manner
that allows the inclusion of compressibility and
entropy variation effects. However, the solution
of the resulting rather general equation must rely

upon the application of advanced computer techniques which cannot reasonably be reported in
detail in this document because of space limitations. Sec. 11.6 briefly describes some of the
various calculational methods available and provides references for further reading.
11.1

-

(u·v) ~ u

note in particular

(11.1. 6)

(11.1. 7)
Utilizing equations 11.1.5 -11.1. 7, the
convective derivative of the velocity vector may
be expanded into the components:

(11.1.8)

THE THROUGHFLOW EQUATIONS

In the following we develop equations appropriate for the description of the (axisymmetric)
throughflow. The viscous stresses in the fluid
will not be included explicitly, but a general
"body force" , F , (see list of symbols. page ll-ii)
will be included. It is possible to utilize this
general body force to artifically introduce the
effects of viscosity (Ref. 11. 2), but in any case
we will be primarily considering the flowfield
external to the blade rows, and it is consistent

with throughflow theory to consider the viscous
effects to be negligible in this region. The

11.1. 3 THE EQUATION FOR THE TANGENTIAL HOHENTUlI
The equation for the tangential momentum

follows immediately by taking the scalar product
of E<]. (11.1. 2) with Os ' and utilizing Eq.
(11.1.8) to giVe
Drv

Dt

=

r(f

e

_lllE.}
p r

(11.1. 9)

00

It is to be noted that the tangential body

effects of viscous stresses within the blade row

force existing in this expression may include a
viscous as well as non-viscous term. The equation

will appear implicitly in the variation of entropy
in the direction normal to the streamsurfaces,

may be interpreted to explain the mechanism by

and also in the effective body force of the
related blade forces. (Sects. 11.2 and 11.3)

which angular momentum is introduced into the flow.

Thus, if We consider perfect flow through an actual
blade row, no body forces exist and the angular
momentum is imparted by the pressure forces of the
t

11.1.1

THE CONSERVATION EQUATIONS

blade row. Clearly, i f the contribution of such
pressure forces to a control volume between repetitive streamlines of n cascade, external to the

When vector notation is utilized the continuity, momentum and Gibb 1 s equations may be written

cascade is considered (Fig. 11.1.1, Case A) the
streamsurfaces cannot support a pressure change,
and the (net) angular momentum cannot change. Once
within the blade row, however, the blade surfaces

(11.1.1)
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m,en cons idering the terms in the second pair of
brackets we note that because the body force term
is identified with the blade forces, the product
tirel'l! represents the effect of the frictional

can support the pressure change, and the angular
monetum changes. (Fig. 11.1.1, Case B)

forces alone. (Note that if there was no frictional stress, F would be perpendicular to the
relative velocity giving ureiF ~ 0 .)
The term

~rei F

is hence the sole source of

entropy generation, so we note as with Eq. (2.15 .• 6),
that the terms in the second pair of brackets also
cancel. There is thus obtained the vector form of
the Euler turbine equation:
Drv

(11.1.13)

Dt
2 -11.1. 5

1

PI

Figure 11.1.1

When the throughflow limit of the equations
is taken, the replacement of the group

lliP.

PrEssure Stresses on Streamsurfaces

p r

It can be noted here, that the formal mechanism for obtaining the throughflow form of the
equations is to replace the term

ao

l~ru) +~= 0

r

in Eq. (11.1.9) by an equivalent (artificial)
body force fa' In this way the e dependence
of the properties is removed. The relationship
between this artificial body force and the torque
and forces existing On the blade is further developed in Sec. 11. 3 .
11.1.4

as

by an equivalent body force allows consideration
of not only the axisymmetric form of the equations,
but in addition, the time dependent terms do not
contribute. Thus the continuity equation may be
written

l liP.
p r

THE COI1PRESSIBLE FORM OF THE STREAM
FUNCTION

or

(11.1.14)

az

This equation is identically satisfied if
we introduce the compressible form of the streamfunction, ~ , defined by
pu

THE EULER TURBINE EQUATION

The vector form of the Euler turbine equation
(see also Sec. 10.1.1) may he obtained directly EY
taking the scalar product of Eq. (11.1.2) with u
and adding the resu It to Eq. \11.1. 4), to g1Ve

= po

r1 ~
az

pw = - Po

rl~
3r

(11.1.15)

In these expressions p
is a suitable
reference density. It folloSs, just as in the
development of Sec. 10.3.1 for the incompressible
form of the streamfunction, that the maos flow

Dh t
1 a
- D
--~-~+u·F+T-"'.
Dt
p at
Dt

rate between two streamsurfaces,

m,

is related to

the streamfunction by

(11.1.10)

The velocity may be written as the sum of
the velocity relative to the blade, u
' and
rel
the blade velocity, wr ee to give

(11.1.16)
11.1.6

THE NATURAL COORDINATE SYSTEM

The streamtube surfaces form natural coor-

dinates for throughflow studies, and lead to the
introduction of a coordinate system with directions
~ (normal to stEeamtube surfaces), e (meridional
i
component) and ee (tangential). This coordinate

Combination of Eqs. (11.1. 9), (11.1.10). and
(11.1.11) then gives:
Dh t

Dt

=

an
P1 {a;.+

wr

(1 an)

rae}

system is depicted in Fig. 11.1. 2 •
D
D
+ {urel,F + 'I D~} + w ; ;

The velocity vector in the natural coordinate system has components. given by

(11.1.12)
It can be noted that the expression within
the first pair of brackets represents the pressure

u

perturbation as viewed by an observer fixed to the
rotating blade. Under normal circumstances where
the pressure perturbations are created by the

blades themselves, this group of terms is zero.

11-2

(11.1.17)

(11.1.24)

or

EQUATION FOR THE TANGENTIAL VORTICITY

11.1.7

The Euler momentum equation and the conservation of angular momentum equation describe the
behavior of the angular momentum and stagnation
enthalpy along stream surfaces.

It can be expected

that the essence of the tl<O dimensional problem
lies in the variation of properties across stream
surfaces, so to thIs end we investigate the rate
of change of properties normal to stream surfaces.
The steady state form of the momentum equation
(Eq. ll.l.Z) may be added to Eq. (11.1.3) to give
'lh

Figure 11.1.2

v~

+ ;;; x U

= TVs

+F

(11.1.25)

In obtaining this expression the vector
identity

Throughflow Coordinate Systems

The meridional velocity,

t

-2

, is related to

u

(U.V)UQV

Z

the cylindrical velocity components by

+WXU

has beel' utilized. This in turn introduces the
vorticity
defined by

w,

(11.1.18)
(11.1.26)

and the unit vectors are given in terms of the
cylindrical coordinate quantities by
Utilizing Eq. (11.1.20) it follows from
vector expansion that
(11.1.19)
(11.1. 20)

Thus expand1.ng the vcr tid ty into its components there is obtained

The scalar magnitude of the differential
difference dn occurring for a differential displacement dr is given by

(11.1. 27)
(11.1. 21)

An equation for the tangential vorticity,
n , follows by taking the scalar product of
Eq. (11.1.25) with ti , and utili::ing Eq. (11.1.27).
Thus

This may be related to the corresponding
change in the streamfunction by utilizing Eqa.
(11.1.15) to give
dn = __1_ Po
rv! P

(2!t

or

dr

+ 2:J!.

ez

dz)
This expression may be written as an equation
for the streamfunction ~ , density ratio plP
o
and prescribed variables (h , s, rv, F) by
t
utilizing

(11.1. 22)

The unit derivative in the direction normal
to the streamsurfaces, (n.v) , is thus given in
terms of the streamfunction as

n

and Eqs. (11.1.15) and (11.1.23) to give

(11.1. 23)

This same derivative in cylindrical coordinates follows directly from Eq. (ll.l.Z0) and
the definition of the operator V (in cylindrical
coordinates) to give

= eu _ ew
az ar

-1 n·F + .£...
v~
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P0

r

"
ah t
[-- T ~ - .Y. ~l
e~

e~

r

aljJ

(11.1. 29)

A second matching condition may be obtained

The density ratio follows from Eq. (2.14.10)
and the perfect gas equation of state to give

by considering the radial momentllll\ equation.

Thus,

noting that by the assumption ofaxisYI,uJletry no
e derivatives of fluid properties are present, and
combining Eqa. (11.1. 2) and (11. 1. 8), there is
obtained

1
s-s
_1_
s-s
y-l _ _ _
0 [ h _1 (W2+u2+v2)]Y-l _ _ _
0
(....!.)
e
R =
t 2
e
R
2
2
2
To
h _1(w +u +v )
to 2
a

(11.2.3)
Utilizing Eq. (11.1.15) this expression may
be rearranged to give
This equation is noW integrated froln an
infinitesimal distance, 0 , upstream of the disc to
an infinitesimal distance dD'lnstream of the disc.
rt is to be noted that no terms on the left side
of the equation can become infinite e;{cept, possibly 1
those involving an axial derivatJ.ve. Thus, integratior. over the infinitesimal distance (noting PI'
is constant) gives

- (h

t

-

~
(rv)2]
2r2

= 0

o ~
3z dz

(11.1.30)

f

Equations (11.1.29) and (11.1.30) constitute
two coupled, highly nonlinear, equations for the
strearofunction in terms of the reference (0) conditions and the prescribed quantities F, h , s, rv •
t

11. 2

Utilizing Eq. (11.1.15) there is then obtained

p0 1
[ P

The presence of the body force term, F , in
Eq. (11.1.29) complicates the solution for the
throughflow considerably. A useful approximate
so1utfon can be obtained by considering all the
forces to be concentrated in an infinitesimally
thin disc, the actuator disc. The forces are
chosen to have the same integral effect upon the
tangential momentum, stagnation enthalpy and entropy
as would the axially distributed forces of the
actual blade rows. (Sec. 11.3) The result is then
that the body forces themselves do not appear in
the resulting equations, but the effect a of the
blade forces appear as matching conditions acrosS
the (infinitely thin) blade row. The approximation can be made as accurate as desired by taking
a number of actuator discs to simulate a single
blade row.
The equation for the streamfunction, Eq.
(11.1.29), thus reduces to

(11.2.1)

fO

f dz
r

(11.2.4)

The integral on the right side represents
the effect of tile total radial forc" of the blade
row at the given radius of the actuator disc. In
many applications the radial force of the almost
radial blades is very small, and Eq. (11.2.4) is
often approximated by

[.ll:tJ
p 3z d

=

0

(11.2.5)

Equations (11.1.30), (11.2.1), (11.2.2), and
(11. 2. 5) together with the boulldary conditions
that the stream function is prescribed on the containing walls (or that the pres"ur" be constant
on the boundL.1g streamline in the. cage of a free
streamline) constitutes the matlwm3tical statement
of the problem. In Sec ..11.4 an example solution
for incompressible flow will be presented, and
methods for calculating compressibility effects
will be described in Sec. 1l.5.
Before proceeding
to the calculational examples, hm'lever, vIe first
consider the relationships of the overall torque
applied to the blade row and the overall axial
force on the blade row, to the reSUlting changes
in fluid properties.
INTEGRAL RELATIONSHIPS

An equation for the tangential momentum was
developed in Sec. 11.1.3, and the equivalence of
the body force field utilized in the throughflow
approximation, and the pressut"8 fteld existing on
the actual blade surfaces was discussed. The
relationship between the equivalellt force field
and the torque on the blade (taken about the axis)
may be determined by noting that the differential
contribution to the torque of an annular volume
21Tr dr dz is given by:

Because in the actuator disc appro'Ximation
the blade row is taken to be infinitely thin,
the continuity of mass ensures that the value of
the streamfunction on one side of the disc is

identical to that at the same radial location on
the other side of the disc. This simple relationship may be written

0

1
PW

-0

11.3

THE MATCHING CONDITIONS

=

l:tl

r azJ d

THE ACTUATOR DISC

[1j»d

f dz
r

(11.2.2)

where the notation [] refers to the jump in the
value t,f the quantity, and the subscript d refers
to conditions at the disc.
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(11.3.1)

The torque upon the entire blade row is then
obtained by integrating from the blade leading
edge to trailing edge (zl to z2) , and from the
hub radius to tip radius (r to r ) . Hence:
h
t
Z

TI_2 = 2n

J2

fr t
r

ZI

p

r2 fa dr dz

(11. 3. 2)

h

The throughflow form of the tangential momentum equation, Eq. (11.1.9) gives
(11.3.3)
'-- r

h

1

By adding rv times the continuity equation
(Eq. 11.1.14) to this expression, there is obtained

pr

f

a

= 1 {d(pur)(rv) + d(prw)(rv)j
r

or

02

(11.3.4)

Figure 11. 3.1

Axial Forces

Equating the rate of production of momentum
to the force applied to the fluid, i t follows that

When Eq. (11.3.4) is substituted into Eq.
(11.3.2), the resulting expression may be integrated

the upstream directed force on the blade row and

immediately to give with Eq. (11.1.15)

annulus wall, FA ' is given by:

2np

- 2np

{r

o

o

r

J

~t

~

[CrY)

(P

+ pw 2 ) hrdr} 2 -

h

{r
r

t

h

(P

+ DW 2 ) 2nrdr} 1
(11.3.7)

"~en

)d'~

-(rv)
22

t

FA

ZI

h

the actuator disc limit is considered,
becomes the force on the blade row alone. It

is convenient to write this expression in the torm

In this expression the first integral vanishes,
because the value of the streamfunction does not

change along the hub or tip (i.e., d~ = 0 on
r or rh)' There is hence obtained a relationship
t
that is itself obvious from first principles when
the relationship between the streamfunction and the
mass flow (Eq. 11.1.16) is recognized, Thus

r
t

~h

- hp

[CrY)

-CrY)
22

)d'j!

o

[CrY)

-(rv)
Z2

)dm

M is defined by
r

N =

t

Jh

(11.3.9)

r

brium form of the solutions, which we may do because
M \-lOuld stay constant in a parallel walled annulus
until all radial flows vanished. The expression

tip

r
it,ub

where

(11. 3. 8)

It is clear from the way M has been defined
that H will be constant with axial position i f
the walls are parallel and no blades are present.
(Recall that the flow was assumed to be nonviscous
outside the blade rows.) The quantity H is most
easily evaluated by considering the radial equili-

(11.3.5)

ZI

Then noting from Eq. (11.1.16) that
M
dm, we have
TI_2

FA = 2nPo[H]

(11.3.6)

ZI

When the desired angular momentum distribution
with streamfunction is prescribed, the resulting
torque on the blade row can be immediately determined from Eq. (11.3.5). It is to be noted that

for M can be manipulated in the follo,dng manner
(noting u = 0 in radial equilibrium)
H

theIe is no need to obtain any of the detailed flow
informat:lon through the blade row. The overall
torque depends only upon the overall change in
angular momentum through the blade row.

AXIAL FORCE IHPARTED TO THE BLADE ROI,
The axial force on the blade row and containing annulus walls may be obtained by considering
the control volume shown in Fig. 11.3.1.

Noting

and utilizing the radial equilibrium form of Eq.
(11.2.1), Eq. (11.3.10) may be written
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The mathematical statement of the problem is
completed by prescribing the desired distribution
of stagnation enthalpy and angular momentum with
strearnfunction. A particularly simple and instructive set of solutions is obtained when forms of
Hand yV leading to linear forms of the equations are considered.

We thus consider (as in

Sec. 10.3.3) the special forms given by

When the stagnation enthalpy; entropy and
angular momentum are prescribed, all terms in this

(11.4.5)

integral may be evaluated (;lith solution of Eqs.
(1l.l-30) and (11.2.1) ) and the integral obtained.
In the following section simple explicit solutions
are obtained for special forms of the blade loading, and for these cases evaluation of the integral
is very straightforwar-d. It may be noted here that
when the flow considered is perfect and incompressible, the group
..E.. + 1.2..
Po
2 Po

(11.4.6)
(11.4.7)

;;2

is identical to the stagnation enthalpy, h
11.4

It follows from the Euler momentum equation
that

Here 111 is the nondimensiona1 angular velocity (wrh/wo) of the rotor row located at
where j = 1 •

t

EXAMPLE SOLUTIONS

Equations (11.4.2-11.4.7) constitute the
mathematical statement of the problem. We begin
the solution by inc.orporating Eq. (11.4.5) into
Eq. (11.4.2) to give

As an example set of solutions we consider the
simple case of flow of a perfect, incompressible
fluid in a parallel walled annulus. As indicated
in Fig. 11. 4 .1, there are N ac tuator discs
located at x = Xj (1 < j < N), and N+ 1 regions
i(O ~

of flow in regions

i s N) •

(11.4.8)
11. 4.1

i-O

J~

..

i21 i=2

~

j-1

j=2 j-3

SOLUTION OF THE HONOGENEOUS EQUATION THE NATURAL EIGENFUNCTIONS

We now consider solution of the homogeneous
form of Eq. (11.4.8) by separation of variables.
Thus Hubstitute

i=N
j=N

~

• yE(y) Hx)

Y
'--

------ -

------ -

into Eq. (11.4.8) to obtain the two ordinary
differential equations
d 2 .j>

Figure 11.1,.1

dx 2 - (A2-af)~

Actuator Discs and Nomenclature

It is most convenient to consider the nondimensional form of" the equations so we again
utilize the dimensionless variables introduced
in Eq. (10.3.11). Thus with the addition of a
dimensionless axial variable x, we define:
-

here,

V=~

w o w0

~=~
W0

'

r

h

2

liI

-

=

aR _ V

of

y

M
of

W0 2

(11. 4 .11)

(1 4

1 . .2

In order to satisfy the boundary conditione
that so/lax be zero on the hub. one of the constants may be chosen such that
(11.4.12)

)

In order to sBtisfy the remaining boundary
condition that s,/ax be zero on the tip, only

The boundary conditions are

V=-Z1

on

y=l

and

~

R2

= -2

selected values - the eigenvalues - of the separa-

on

tion constant :\ can be allowed.

y = R

ponding eigenvalue, An.

The matching conditions are

[l!] =
ax j

0

We thus obtain a

family of solutions, each solution haVing a C'orres-

(11. 4.3)

and

is the separation constant.

terms of Bessell functions of the first order, and
may be wri t ten

t

r
z
_ ~
y=;-,xe-,R(11.4.1)
h
rh
rh
With the restric.tions listed above, and with
the introduction of theee new variables, Eq.
(11.2.1) reduces to

1y ~
+.1...
(ll!)
ax2
ay y ay

\2

(11.4.10)

The solution of Eq. (11.4.10) is obtained in

h

W=J:'..

(11.4.9)

= 0

2
d E + 1 dE + (\2 _ .l...)E = 0
dy2
Y dy
y2

These eigenvalues follow

from solution of the equation

(ll.4.4)

(11.4.13)
A series approximation to the value of

is given on page 261 of reference 11.5, and
JDay be written
11-6

\

n

~n

nrr
• R-I [1 +

R-12 3

(R-1

4

(~) BR - ~)
9

(11.4.21)

21(R 3_1)
{128R3(R-l)

I

+ 64 R2} + ... )

(11.4.14)

to obtain:

This series is quite accurate, the third term
reaching a value of only 0.015 for the case R = 3,
This set of values corresponds to about
If a
higher accuracy be desired for exceptional cases,

(11.4.22)

n = 1.

the largest correction expected in practice.

Eq. (11.4.3) is easily solved by iteration.
The cons tant Cremains arbi trary because the
functions E have yet to be mul tiplied by the still
to be determined functions 1>. Because there is
an infinita set of the functions 9 and E we now
write the solution for ~ in the form
~.

I

n-l

This suggests the convenient choice for the
constant C3 as that value which will render the
functions orthonormal. ,·Ie thus define the orthonormal set of functions E (A Y) by:
1n n
J 1 (A y)Y 1 (A ) •. Jj (A )YjO, y)
(y) = ~...1!...

E

In

n

n

12

n

11

1,/2

JI (\R)

~ (x)y E

n

n

J'

[(JI(An)
- - - }2-

(11.4.23)

(11.4.15)

(y)

In

These functions have the property that

here the subscript n denotes the eigenfunction
corresponding to the eigenvalue An' and we have
(YEln(y)Elm(y)dY

introduced the add ad subscript l'in the function
E
to indicate that the Bessel functions with
1n
:~::;~nt
\y contained in <)n are of first

ft

0

n

of m

a

1

n

a

m

(11.4.24)

In addition we may note from Eq. (11. 4 .10)

It is a very useful result that the functions
Eln(y) are orthogonal, which can be shown directly

(11. 4.25)

from the two integral formulae (Ref. 11.6, page 146)
Also, it may be noted that

-

1
yZ (ay)Z (Sy)dy = ~2 [SyZ (ay)2 j(Sy)
p
p
a -"
p
p-

J

1.

_<I.. (yE

Y dy

-ayZ

(ay)2 (Sy»)
P-j
P

11.4.2

J

+ Z2p-I (oy) 1
In these expressions

(11.4.17)

Z (ay) and
p

Zp (Sy)

0

(11.4.26)

m~ n

SOLUTION OF TilE INHOHOGENEOUS FORH
OF THE EQUATION

suggests we now consider the '~(x)
transformed variable defined byn

refer

CIJp(ay) + C2Yp(ay)

=

(y)

The emergence of the orthonormal functions
Ejn(y) from solution of the homogeneous equation

~n (x) ~ fR1

or

C3Jp(Sy) + C4 Y (By)
It then follows directly,
p
with Eqs. (11.3.22) and (11.3.23), that

h(RYEj n (~ ny)E Im(Amy)dy

n on

(11.4.16)
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y[Z (ay)]2dy ~ L...2 [Z 2(ay) _fl'. Z j(ay)Z (ay)
p
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y pP

to any groups of the form
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to be a

'f(y,x)E j (y)dy
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Obviously the inverse of the transformation is

(11.4.18)

L$

V(y,x) =

n=l n

(x)yE

1n

(y)

(11.4.28)

Thp transformation of Eq. (11.4.8) is now
taken by multiplying the equation by E (y) and
1n
integrating between y = 1 and y - R. The
several terms appearing are evaluated as follows.

-Jj(A )Yo(~ R»)2- 1.2
n
n

(Jon
(~ )Y j (>, ) -J j (), )Y (A »)2)
n
non
(11.4.19)

rR

we define

A

or

A =
n

n

J1

y2E

jn

(y)dy =
.

Equation (11.4.19) may be greatly simplified
by noting from Eq. (11.4.13)
Y1 (An)

J 1 (A' )
n

YI (An R) = J 1 ('nR)
and the relationship (Ref. 11. 6, page 144)

(11. 4. 20)
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R2E
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(R)]
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With the definition of Eon(y) • and with'
Eqa. (11.4.20) and '(11. 4. 21). this expression may
be rearranged to give

here there has been introduced
n

~+ a aa X + ±~ are satisfied. The coeffi
ax
dents C (i) and 0 (i) are to be determined from

Now define
n

-

B

1
1

E (y)dy
In

~

1

3:"n

n
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(l)-E

on

(R)]

Bn

(i)

On'

J1 (\)-J 1 (An R)
{J 1 2(A )-J12(>. R)}1/2
n
n
n

[~;J -0 gives immediately that

The condition
(i-I)

i1

-'r-

n

the matching conditions at the discs, Eq. (11.4.4).

With Eqs. (11.4.20) and (11.4.21) this becomes
2

i

n

We note that the boundary conditions

(11. 4. 30)
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disc then gives the set of equations

_n_ _
(0)
nn

'fRy..l.. (! 1!)E

defined by

n (i) _ IA 2-a 2

n

T (1)
n

C (j) cos h[ (n (j-l) (x -x

oy

) ]-c (j-l)
j-l
n
+ T (j-l)
n (j-1) sin hln (j-l) (x -x
)]
n
n
'n
j j-l

n

. - H.non,
E (Y)'I'] R- A 2fR'!'E (y)dy
1
n 1 In

n

c

n

"::.').

j

(j+l)_C (j) cos hen (j) (x
'n

n

n (j)sinhln (j)(x

'• .:. -.!! [E (1)-R2E (R) ]-A 2~
20n
?n
nn

n

n

-x)]
1 + T (j)
-x)]
n

j+1

j+1

j,

C (N) COB h[n N-1(x.._A.. ) ]-C (N-l)
n
'
n
N N-1
n
+ T (N-1)
(N-l)
(N-l)
n
nn
sinh[nn
("N-"N-l)]

,The last term in Eq. (11.4.8), a 2,!, transforms
i
directly to a 2$n' so that combining Eqs. (11.4.8)
i
and (11.4.30 -11.4.33) an equation for $ is
obtained.
n
d 2$

dxf

-

(A

2_a 2)$
nin

D

-().

2_a 2)T (i)
nin
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Though unwieldy in appearance, this coefficient matrix is diagonally dominant and tridiagonal,
and is solved extremely rapidly on a computer.
Once the coefficients have been determined, the
values of $n follow from Eq. (11.4.35), and
the values of '!'(x,y) from Eq. (11.4.28). The
tangential velocity then follows directly from

(11 4 34)
••

v- ~
The solution to Eq. (11.4.34) consists of
exponentials. and is conveniently grouped in the
forms

o

(0)

~ (0)

n

(11.4.37)

and the axial velocity from
1 3'1'
~
W- - - - - L A . (x)E (y)
Y 3y
n-l n n
on

,

_n__ exp[n (0)

(-ai'l' + ai'

x < Xl

(11.4.38)
).

11.4.3 THE RADIAL EQUILIBRIUM LIMIT OF THE
SOLUTIONS
Very useful summations are obtained by noting

••

that ~ecause the T (j) are independent of x.
n
the portions of the eigenfunction expansions with
coefficients T (j) correspond to the radisl

n

n

"N

< X

equilibrium solutions already obtained in Sec.
(10.3.3). Thus with A of Eq. (10.3.22) replaced
by -Wi (see Eq. 11.4.6) it follows that

(11.4.35)
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'

(11.4.44)
Utilizing the dimensionless radial equilibrium
form of Eq. (11.2.1) together with Eqs. (11.4.5)
this expression may be manipulated to give
In the case where
gives

r

n-1

a

i

- 0 , Eq. (10.3.28)

T (i)yF_ (y) _ - W8i y4 + r"'i (R2+1)-1] i!..
n
J.n
4
2
O):i
_-R2
(11.4.40)
8 .

Integration then gives

The summations relate principal contributions
of the summations to the determination of the
atreamfunction. Similar summations are obtained
for the axial velocity from the relationship

d~ •
,W- - 1y dy

Thus, it follows directly from

Eqs. (11.4.39) and (11.4.40) that
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•

SOLUTION FOR A SINGLE ROW

The equat:ion set (11.4.36) allows rapid computer evaluation of the fluid velocities when a
large number of actuator discs exist in the annulus.
For small numbers of actuator discs.

(11.4.42)
11.4.4

EXPRESSIONS FOR THE AXIAL FORCE AND TORQUE

When the special forms of blade loading described by Eq. (11.4.5) are considered, particularly
simple forms of the integrals of Eqs. (11.3.5) and
(11.3.11) result. Thus, the dimensionless torque
may be written from Eq. (11.3.5) as

(11.4.45) .

The integral in this expression is easily
obtained in terms of elementary functions when
Eq. (11.4.38) (for '!') is used. The terms W
eR
and Wei refer to the equilibrium axial velocity
at tip and hub respectively, and follow directly
from Eq. (11.4.41). The dimensionless axial force
across the blade row then follows from

P r FA
2w 2 -.2~

and when

ai

however~

there

is some advantage to analytically inverting the
matrix to obtain explicit forms for desired quantities. The simplest imaginable case is that for
which only one disc is present, and for this case
the solution of Eq. (11.4.35) reduces to
C (1)

~n ~ n (0) exp(nn (0) (X-Xl») + Tn (0)
nn

The matching condition Eq. (11.4.35) becomes
simply
C (1)
_n
__
(0)

nn

hence, with Eq. (11.4.5), integration leads to

The dimensionless, incompressible and perfect
form of Eq. (11.3.11) may be written

+

c (1)
__
T (0) ___n
n
(1)
nn

+

T (1)
n

(11.4.48)

It is thus evident that the flow adjusts in
an exponential fashion from its far upstream
equilibrium condition as it approaches the actuator
disc, snd then exponentially relaxes toward its
far downstream value as it departs the disc. It is
apparent from Eq. (11.4.14) that An is given
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approximately by

Closer investigation
R-l
of the terms (Ref. 11.7) indicates also that a
i
must be quite small compared to Al if reverse
flow is not to occur. Thus is can be seen that
the slowest decaying harmonic of the series decays
approximately as

n

-"Ix-xII

exp (R_l

)

aU (ay)

A T (I)E

A • ..!!!...

n n.

on

(y) _ _0_ _
2U1 (a)

2U1 (a)

then with Eq. (lL4.34)
A
-A 2 A
T (0) __ .J!.
T (I)
n
n
n
2 • n
-~T
n

,away from the

row. This can be a useful approximation when
attemping to estimate upstream effects.

so that

The final forms of the solutions will be
summarized below, but before doing so it will be
of value to note that when conditions at the blade
row are considered, the terms may be regrouped
somewhat to ensure more rapid convergence of the
summational terms. This is particularly useful
because the disappearance of the exponential decay
terms in the summations causes a much slower convergence of the summational terms. A familiar
result from linearized theories is that the streamfunction at the disc would be one-half of the far
upstream and far downstream value. We thus utilize this result to write'

c

aRW (ay)
+ -:::-="0",,,,_
_ W..

Thua

(I)

n

+

11 (0)
n

The tangential velocity follows from Eq.
(11,4.37) to give'

with Eq. (11.4.48), this may be manipulated to
giVe

.V - 0

V __ S!'i'
Y

x < Xl
X > Xl

T (0) +T (I)
n

x •

n

Xl

+

The axi.a1 velocities follow from Eqs. (11.4.38),
(11.4.41) and (11.4.42) to give
2

W - 1+a2

A A

r n (A ~n )
n-1 n n n

eXP(An(X-X\»)

X < Xl

(11.4.49)
The second group in this expression will
always be found to be very small, and further
will be found to decrease with increasing n
much faster than the terms

C
n

~

lin

As a particular example we consider a uniform flow approaching a stator which introduces
a "solid body-like" rotation. In terms of the
above parameters we then have

11 (I) _
n

and
t"

L.

n-l

T (0) y E

n

In

(y) __

T (1) yE (y)
n
1.n
- -

h. 2-a 2 =n
n

n

r2 .- '1'-..
""ii'lTa) -

- rAT (o)E (y) - 1 - W_ ..
n-1 n n
on

- '1'..

Example values for the dimensionless velocities
have been calculated for the case where R - 3 ,
a - 0.B4. The results are shown in Figs. 11.4.2
and 11.4.3 •
The results indicate that for this rather large
swirl introduced by the stator, subst~ntial perturbations to the axial velocity profile are introduced.
The resulting streamsurface shapes and ambient diffusion or acceleration can now be obtained to determine the overall flow field in which the blade row
is imbedded. These results in turn will allow the
establishment of the correct cascade geometry to
determine the cascade flow field.
Examples with more blade rows are relatively
easily obtained, though 'if more than two blade rows
are conSidered, the analytic inversion of the coefficient matrix, Eq. (11.4.36) becomes very messy
algebraically. It is much easier to simply program
the matrix and numerically invert it. More complicated example solutions are provided in Refs. 11.7
and "11.8 ,
11-10

1.0

the obtained values for ~ in Eq. (11.1.30). Eq.
(11.1.30) is then solved (iteratively) to determine
a new set of values for the density, and the coupled iteration process continued till convergence
is obtained. Simple Newtonian iteration is usually used to solve Eq. (11.1.30) for the density
ratio. Thus, from Eq. (11.1.30) we may write

z
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Then we may write
(11.S.2)
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where
Figure 11. 4.2
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Axial Velocity Profiles
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We note thai:
[2h -v 2] - [2h+u 2 +w2 ] . 2h[1 +~Mm2] (11.5.4)
t
here Mm is the meridional Mach number.
Equation (11.5.4) may be combined with Eq.
(11.5.3) to give
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It is evident from integration of the Gibbs
equation (Sec. 2.8), however, that

V

Figure 11.4.3 Tangential Velocity Profiles
11.5

ADVANCED PROBLEMS IN THROUGHFLOW THEORY

The example solutions illustrated in Sec. 11.4
allow rapid calculation of the flowfields existing
in an annulus with many blade rows, but the solutions though quite instructive have incorporated
into them many limitations. Thus. it was necessary
to assume that the fluid was perfect and incompressible, that the blade loading (in terms of Hand yV)
was such as to lead to linear equations. and that
the annulus had parallel walls. More advanced
investigations allow some or all of these restrictions to be relaxed, so in the following sections
a brief description of some of the methods available for solution of the more general forms of the
throughflow equation will be outlined.
11.5.1

EFFECTS OF COMPRESSIBILITY

When the flow has substantial compressibility
effects, the full coupled equations. Eqs. (11.1.30)
and (11.2.1) together with the boundary conditions
and matching conditions must be utilized. In virtually all calculation schemes these equations are
solved in an iterative manner. with Eq. (11.2.1)
first solved (by finite difference or finite element techniques) with an assumed density distribution, and then the density "updated" by utilizing

and the equation for

p'

hence becomes

F' - -2(y-l)h ..£.. (l-M 2)
Po
m

(11.5.5)

It is thus evident that it is the meridional
Mach number (rather than the "total" Mach number)
that plays the crucial role in determining the
mathematical behavior of the solution. It is
evident also that Newtonian iteration will fail
in the vicinity of Mm = 1. As a result most
calculation schemes are limited to the description
of flows with meridional Mach numbers leas than
unity, even though the total Mach number may be
far in excess of unity. It i. to be noted that
because the density ratio itself is primarily
dependent on the total Mach number, very large
density changes can occur for flows with modest
meridional Mach numbers, so great care should be
taken to properly calculate the resulting density
distribution.
Hawthorne and Ringrose (Ref. 11.9) in an
early paper considered the perfect flow of a
calorically perfect gas through actuator discs
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contained within a parallel walled annulus. The
flow considered had a free vortex distribution,
but was considered to be compressible. The analysis,
which is one of the very few analytical treatments
(as compared to numerical) of compressible flows
in turbomachines, was carried out by linearizing
the equations. Both the radial velocity and
meridional Mach number, as well as the turning
induced by the blades, were considered to be small.
The results are very useful, because by restricting
the study to free vortex flows in parallel walled
annuli, the perturbations in axial velocity that
arise must be caused by the effect of compressibility alone. Example cases can be calculated with
ease because of the analytical form of the results
leading to easy phYSical interpretation of the
results.
Fu~ly numerical methods can usually be
categorized into one of three methods, i) streamline
curvature, ii) finite difference, or iii) finite
element. The streamline curvature method utilizes
an approximate method of solving the throughflow
equations (Refs. 1l.10-1l.13) and as such rests
somewhat between the radial equilibrium method,
and methods that solve the full throughflow equations. The essence of the method is that approxi~
mate forms of the stream tube curvature are assumed,
so that the describing equations become quite simplified. Various "curve fits" are assumed for
the several example solutions detailed in Refs.
1l.10-1l.13.

Finite difference methods, as might be
expected, incorporate finite difference approximations to the various derivatives appearing in the
throughflow equation. A finite number of "nodal
points" a e selected, and as a result a finite
aet of algebraic equations results to be sulved
for the values of streamfunction at each point.
This leads to the requirement to invert a sizable
matrix, and such methods are hence often referred
to as matrix methods. Wu (Ref. 11.1) in his pioneering work utilized a finite difference technique, and many investigators have utilized the
method since that time. Examples are given in
Refs. 11.14 and 11.15.
In common with most techniques, the finite
difference methods encounter computational difficulties when the meridional Mach numbers approach
unity. A further difficulty arises when curved
boundaries are encountered, because very complicated computational "stenciles" are required to
insure numerical stability. Davis (Ref. 11.5)
considers the flow in very highly curved channels
and· finds a fifteen point stencil is required to
adequately represent the Taylor series expansion
of the derivatives of the streamfunction. A
quasi-orthogonal finite difference net is introduced to aid the computation. It is to be noted
that the extreme curvature of the boundaries in
the Davis study are such as to render most streamline curvature techniques incapable of describing
the flow field. This is because the curvature of
the streamtube is very difficult to estimate in the
approximate way required for streamline curvature
techniques when such extreme boundary curvatures
present.

throughflow equations are derived in the (r,z)
plane and a Galerkin finite element method is
applied leading to a system of equations for the·
unknown streamfunction. The curved hub and tip
boundaries are well fit by utilizing high-order .
isoparametric quadrilateral·elements. The method
hence does not require approximation of the streamline curvature (with possible introduction of
numerical instabilities or errors), nor does it
require the use of complicated and extensive stencils with resultant programming difficulty and
possibly increased computational times.
Oates and Carey (Ref. 11.6) and Oates, Knight.
and Carey (Ref. 11.7) present studies which also
involve the use of a finite element approximation.
In addition, a variational functional, r , is
defined where

r ..

r riP
-..

here

P
e

hub

(P-P e +...e..
{U 2 +W 2})ydydz (11.5.6)
p
o

.

is a (dimensionless) reference pressure.

It is shown that when the formal variation of·
r , of , is taken, and put equal to. zero, the
throughflow equation, boundary conditions and all
matching conditions are automatically satisfied.
The method developed in Refs. 11.16 and 11.17 then
involves putting the discrete approximation (using
finite elements) of or equal to zero. A further
useful manipulation is introduced in that rather
than solving for w(y,z) , the equations are transformed to solve for y(~,z). By this artifice,
the flow domain is mapped to a rectangular domain
with IjJ = -1/2 and W = _R2/2 on the horizontal
boundaries. These several manipulations .lead to
a very efficient computational scheme.
Reference 11.18 gives a fairly recent extensive review and comparison of many throughflow
calculation techniques.
All the fully numerical calculation schemes
described above can include the effects of variations in hub and tip radii. Several analytic
studies to explore such effects have been carried
out, however, and offer the advantage of relative
simplicity in calculation of desired example cases.
References 11.2 and 11.19 consider a study that
includes the effect of variation in annulus radii
when both the wall slopes and the annulus contraction or expansion are restricted to be small. A
similar study is reported in Ref. 11.8. except
that the restriction to small contraction or
expansion is not. required though the small wall
slope must be retained. Finally, Ref. 11.20
describes the passage of swirling flows through
conical ducts. In all the investigations into the
effects of wall shape reported in Refs. 11.2, 11.8,
11.19. and 11.20, the flows are considered perfect
and incompressible.
I·

are

In the fairly recent past, finite element
methods have been developed in the hopes of circumventing some of the difficulties found in applying
finite difference techniques. Hirsch and Warzee
(Ref. 11.3) describe an investigation where the
finite element method is applied to the description
of flows in axial turbomachines. The compressible
11-12
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ClL\P'IER 12
LIST OF SYMBOLS
The aymbo1s are listed in alphabetical order,
firat in the English alphabet, then in the Greek
alphabet. Subscripts and superscripts are then
given. The equation, figure or section in which
the symbols are first introduced is indicated in
parentheses. Often the symbol will be defined in
the text just preceding or just following the
equation or figure.
Where appropriate, the location of the introduction of the symbol is referred to in previous
chapters.

p - Density (Eq. 12.3.3)
a - Solidity (Fig. 12.2.1)
~

- Flow turning angle (Fig. 12.2.1)
- Velocity potential (Eq. 12.3.2)
- Angle in complex

~

(~)

plane (Fig. 12.3.3)

- Stream function (Eq. 12.3.4)
- Parameter appearing in the transformation
function (Eq. 12,3.22)

&

- Distance from blade leading edge to
point of maximum camber (Eq. 12.2.1)

b

- Blade depth (Fig. 12.3.1)

C

- Chord (Fig. 12.2.1)

Subscripts

d.l.

- Differential length (Eq. 12.1.1)

.I.

-

ex,ey - Unit vectors (Eq. 12.3.11)
F
- Force (Eq. 12.3.9)

t

- Trailing edge (Eq. 12.3.27)

h

- Enthalpy (Eq. 12.3.7)

o - At location of the trailing edge (Eq. 12.3.25)

•

- Parameter defined in Eq • 12.2.1

P

- Pressure GFig. 12.1.1)

S

- Spacing (Fig. 12.1.3)

Superscripts

T

- Temperature (Eq. 12.3.7)

* -

u

- Vector velocity (Eq. 12.3.1)

V

- Magnitude of the velocity (Fig. 12.2.1)

W

- Complex potential defined by Eq. 12.3.17

z

- Complex variable • x + iy

a

- Angle of attack (Fig. 12.1.2)

a

-

r

- Circulation (Eq. 12.3.14)

y

- Camber angle (Fig. 12.2.1)

Yl

- Stagger angle (Fig. 12.2.1)

~

- Deviation angle (Fig. 12.2.1)

(Eq. 12.3.19)

- Ratio of masses (Eq. 12.1.3)
Gas angle (Eq. 12.1.1 and Fig. 12.2.1)

- Small quantity (Eq. 12.3.32)
- Complex variable - t +il)

- Vector vorticity (Eq. 12.3.1)

Leading edge (Eq. 12.3.27)

- Stagnation quantity (Sect. 2.16)

u,v.w - Velocity components (Eq. 12.1.1)

~

~

(Eq. 12.3.22)

11

- Complex co-ordinate (Fig. 12.3.3)

e,e'

-

Angles (Fig. 12.3.2)

e*

-

Blade camber angle (Fig, 12.2.1)

~

- Complex co-ordinate (Fig. 12.3.3)

- Average (velocity)
12.3.12)

(Fig. 12.3.2 and Eq.

Design condition (Eq. 12.2.1)

- Value of circulation placed at the origin
(Eq. ·12.3.38)

I
t
f
t

i
I
t

~

CHAPTER 12
CASCADE FLOWS

12.0

the cascade losses was desired, a large number of
blades would be required.

INTRODUCTION

When the throughflow flow field (Chapter 11)
has been determined, the blade profiles necessary
to induce the desired fluid conditions can then be
(approximately) determined by consideration of the
cascade flow field. As previously discussed (Sec.
10.0), a cascade flow field is obtained by "unwrapping" the desired meridional surface that has been
determined from the throughflow analysis. The
required blade geometries necessary to give the
desired flow turning efficiently for the particular
"strip" considered, are then obtained by experimental and/or theoretical consideration of a quasitwo-dimensional configuration such as that indicated in Fig. 12.0.1.

Adjustsble Side Walls
Tailboard

It is apparent that the approximation to exact
periodicity can be aided somewhat by shaping the
sidewalls to approximate the expected approach
streamline shape. In practice this is rarely
attempted, because the shape of the approaching
streamline will, of course, vary with loading on
the cascade. "Tailboards", as indicated in Fig.
12.0.1 are sometimes used to reduce the effects of
external flow interaction at the sidewalls.
The number of blades utilized in a given
facility cannot usually be greatly incre'ased
because of the resulting small size of the blades
(1f the solidity is to be maintained at the desired
value), Excessiv~ly small blades create difficulties in that it becomes difficult to maintain the
appropriate range of Reynolds numbers. Further,
when detailed flow information such as the surface
pressure distribution is gesired, small blade sizes
lead to great instrumentation difficulties.
In spite of these many difficulties, the
results of careful cascade tests remain a most
important source of information for evaluating
the performance of, and determining the detailed
flow behavior of the many candidate blade profiles
considered for use in turbomachinery. It should be
recognized, however, that even "routine" cascade
tests should be carried out with a great deal of
care.

Air
Suppll

12.1
Instrument
Slot
Figure 12.0.1

Typical Cascade Wind Tunnel

It should be noted that because the meridional surface will, in general, have a streamwise
varying cross-sectional area (with its attendant'
imposed pressure gradients), the cascade wind
tunnel.should be constructed to impose this
desired area variation. This is by no means a
simple experimental task, because the upper and
lower walls will have to be adjusted (in a curved
fashion) to include not only the area variation
actually occurring in the throughflow, but in
addition corrections should be made for the growth
of the wind tunnel sidewall boundary layers.

Pt2

Pt ] .98~--~----------~r-----~
.96,1----'------;-----1

Even when the streamwise variation of the
cross-sectional area is well approximated, a further
problem of considerable difficulty remains. Thus,
it is apparent that the flow is (very nearly)
periodic in the actual (annular) blade row, so it
is important that enough blades be incorporated in
the two-dimensional cascade to ensure that the
required periodicity occurs over the middle (test)
blades. In reference 12.1, the results of considerable discussion on this matter were reported,
and specialists' estimates of the minimum number
of blades required ranged from five to fifteen
for subsonic cascades and three to nine for supersonic cascades. The required minimum number of
blades was considered to depend somewhat on the
purpose of the tests, so that for example, if the
surface pressure distribution only, of a blade was
to be determined, relatively few blades would be
required. In contrast, if an accurate estimate of

Flow
Deflection
Distance Along Cascade

Figure 12.1.1 Variation in Stagnation Pressure
and Flow Deflection
The detailed information obtained from the
instrument traverses can be presented in the

form indicated in Fig. 12.1.1. Each setting of
inlet incidence angle and Mach number will have
identified with it one such graph.

1~-1

£

CASCADE LOSSES

When a cascade has been successfully con$tructed to minimize the problems discussed in
the preceding section, the performance can be
determined by traversing stagnation pressure
probes and yaw meters across the exit plane.
~Blade Trailing Edge
"
Pos i tions

g

£l.CM

Customarily, the detailed information contained
in Fig. 12.1.1 is averaged in one of several ways

that the effect of variation in angle of attack
can be presented in a single graph such as that
shoWn in Fig. 12.1. 2.
-
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A measure of the expected size of the effect
of averaging techniques can be obtained from a
simple example. Thus, We assume a simple abrupt
wake to be imbedded in a flow which otherwise has
experienced no stagnation pressure decrease.

20

2
1

--

As a result of the difficulty of interpreting
mass flow averaged pressure losses, it has been
suggested (Ref. 12.2 for example) that "mixed out"
values of the pressure loss be used to compare the
performance as determined from different cascades.
The mixed out value corresponds to that value of
the pressure loss that would exist if the fluid was
sllowed to fully mix in an ideal (no sidewall friction) constant area mixer (Sec. 5.15.2). It is
also pointed out in Ref. 12.2 that the results will
hsve to be carefully interpreted no matter what
averaging method is used, because the blade wakes
will have a substantial interaction with the following blade rows.

S

+-- )-'" .

./

o

5

10

15

Ptl

S

-J____

Angle of Attack a

Figure

l2~1.2

Variation of Average Stagnation
Pressure Loss and Turning Angle
With Angle of Attack

Pt2

A common form of averaging is that of mass
flow averaging. Thus, for example, the gas exit
angle, a2 , would be obtained in terms of the mass
flow averaged tangential momentum and mass averaged
axial momentum. Thus:

tan

az -

Simplified Stagnation Pressure
Profile

Figure 12.1.3

Denoting the ratio of the mass flow with stagnation pressure decrement to the mass flow without
stagnation pressure decrement as a (So as to
directly utilize the results of Sec. 5.15.2), we
may write for this simple case

(12.1.1)
liP

Similarly, the mass flow averaged pressure loss
would be obtained from

t

mass av

Ptl-

• P

P

1

- HU
(l

tl

(l-~)
P
tl
(12.1.3)

(12.1.2)

It is evident, particularly in the case of
the mass flow averaged pressure loss that considerable difficulty will arise when the results of
different cascade measurements are to be compared.
This is because ~Pt as defined by Eq. (12.1.2)

The mixed out stagnation pressure losses for
this simple flow may be calculated by utilizitlg
the results of Sec. 5.15.3 directly. As an example
we consider the case with Mach number of the high
pressure stream Ml equal to 0.6, a • 0.2 • y • 1.4
and stagnation temperature ratio of the two streams
equal to unity. (Of course.) There is obtained
P

will change (for the same cascade test) with the
distance from cascade exit at which the measurements are taken. This problem is present even if
the cascade wall losses do not intrude into the
measurement region, because the wake mixing process itself introduces further entropy gains.
12-2

tL
P tl ,

~P t mixed ou t
P

0.95
0.9
0.85
0.8

.0090
.0197
.0336
.0625

q

liP

t mass av

P tl
.0083
.0167
.0250
.0333

Secondary flow in compressors is particularly
amenable to analysis because to a good approximation tbe viscous stresses may be ignored in the
region of the blades.' This is an allowable approximation because the adverse pressure gradient imposed
by the blades moves the flow towards separation

These simple calculations indicate that it

is very important indeed to be aware of which
averaging technique has been utilized for a given
data set, and in addition at what location was
the measurement traverse taken. Note that an
alternate way of looking at this problem is to
realize that if two data sets were compared where

with consequent low viscous stresses.

The effects

of viscosity are, of course, implicitly present
in the distorted entry profile that has been developed by the long approach flow over the annulus
walls. It is to be noted that the high favorable
pressure gradients found over much of the turbine
blade profile leads to thin boundary layers that
must be analyzed using (3-D) boundary layer
techniques.

one set of measurements has been taken far down-

stream (where conditions approach mixed out) and
f.P t mass av
found to be .0333, and then a second
P
t

set of data taken in close proximity of the cas6P
ss av = .0333
cade exit which also had
t

7

t

Cascade tests are necessarily conducted with
single rows of blades, so the effects of upstream
blade rows (particularly moving blade rows) cannot be simulated. The effects of shed blade wakes

the second cascade would in fact have almost
double the losses of the first.
In an actual turbomachine the various loss
mechanisms are quite interactive. Thus, the flow
profiles departing one blade row affect the losses
produced in the following row. In addition losses
occurring on the annulus walls and at the blade
tips affect the total losses produced within the
blade row, and are themselves influenced by the
blade losses. It is.the hope in representing the
entire flowfield as a compilation of three twodimensional fields that knowledge of the "pure"
cascade flowfield will allow accurate estimates to
be made of other losses. Thus, for example, when

can be substantial however, and several extensive

studies to describe the flow interactions have
been conducted. Ref. 12.4 extends the analytical
models of the early references of Refs. 12.5 and
12.6, and provides experimental verification of
the analytical predictions. A more recent study
is reported in Ref. 12.7 where a method of directly
estimating the stagnation temperature profile
following a stator in terms of the rotor blade
loss factor is presented. The latter study has
particular utility in the description of flow in
high Mach number stages.

determining the performance of a cascade, every

effort is made to remove the influence of the
cascade wall losses from the data.

In summary, it should be noted that the

Later, however,

the losses experienced in the turbomachine at the
annulus walls will be estimated with the help of
tbe cascade results.

various losses occurring in turbomachines. other

Several major flow interactions that occur
have been classified and. attempts made to analyze
tbem. An important example of such flows is
termed the secondary flow. Secondary flows have
been thoroughly reviewed in Ref. 12.3, where many
example applications of secondary flow analyses
are described. With regard to their applicability
for use in the analysis of flows in turbomachines,
secondary flow analyses are particularly useful
in describing the flow through compressor rows.
Figure 12.1.4 depicts a distorted flow profile
as could be produced by the annuli walls, approaching a stator row. When fluid with such a profile
enters the pressure field of the blades the low

however. appears as the Ilparentl! flowfield for all

than two-dimensional profile losses, described
above are not those to be found in a cascade wind
tunnel investigation. The cascade flowfield,
these secondary flows, just as the throughflow
flowfield appeared as the parent flowfield for the
cascade flowfie1d. The results of cascade studies
are hence of utility not only in determining the
blade losses, but also in establishing the cascade
f10wfield so that the secondary losses can be
estimated.
12.2

CASCADE NOTATION

Typical cascade notation is illustrated in
Fig. 12.2.1.

momentum air is turned more ("overturned") than

the high momentum air, leading to the secondary
flow patterns indicated.

Figure 12.1.4

Secondary Flow Patterns

Figure 12.2.1
12-3

Cascade Notation

In Fig. 12.2:1 we have

assumed to be of depth
function of x alone.

subscript 1 • inlet condition

b, where

b

is a

subscript 2 • outlet condition
$ • flow angle
y • angle of blade camber line

Yl • stagger angle

e'" •
4> •

blade camber angle·

n - Y2

flow turning angle

61 - $2

s

6 • deviation angle = 62 - Y2

a - angle of attack

= 61 - YI

w - "axial'" (x) velocity
v • magnitude of the velocity
S • spscing

C • chord

Figure 12.3.1

a • solidity • ~

Cascade Coordinate System

It is apparent that if vorticity is to be
present in the flow field it must be directed
perpendicular to the cascade plane. With ideal
(isentropic) flow assumed, with uniform properties
far upstream, Eq. (11.1.25) then gives directly

When presenting the data, as already depicted
in Fig. 12.1.3, it is usual to depict the stagnation pressure loss in a dimensionless manner,
such as

(12.3.1)

It is customary to describe an airfoil shape
in terms of its thickness distribution about a
prescribed camber line. The camber line is often
taken to be of parabolic shape (which reduces to
a circular arc profile as a special case). Many
attempts have been made to relate the blade camber
angle and other geometric properties of the blade
to the deviation angle. (See particularly Ref.
12.8, Chapt. 6.) A quite convenient approximate
form has also been suggested (Refs. 12.9 and 12.10)
to relate the value of the deviation angle at
design conditions, 0*' , to the blade geometry and
flow exit angle at design 62*' The suggested
relationship is
(12.2.1)

but because ; must be perpendicular to u, w
itself must be zero. It is thus possible to
define a potential 4>, such that
u •

V';

(12.3.2)

The quasi-twa-dimensional form of the
tinuity equation may be written

.lieill
ax +. ~
ay -

0

con~

(12.3.3)

Utilizing this equation, a streamfunction
may be defined by the relationships

III

u - pb

ay ,

v •

-Ill
pb ax

(12.3.4)

The condition that the vorticity is zero,

au av
ay - ax •

0

(12.3.5)

then gives an equation for the streamfunction
which may be written
in this expression a is the distance from blade
leading edge to point of maximum camber and 62*
is to be measured in degrees.

(12.3.6)

By utilizing this approximate relation, the
blade turning angle necessary to introduce the
desired flow turning can be easily estimated.
12.3

As in Sec. 11.1.7, a subsidiary equation for
the density may be obtained by utilizing the isentropic condition. Thus

CALCULATIONAL METHODS

We now consider the quasi-two-dimensional
flow in the cascade plane. Figure 12.3.1 illustrates the coordinate system. The flow will be

...2...
P1
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Noting that the forces on the two streamlines
depicted are equal, and that continuity ensures
that the axial (x) velocity remains unchanged, the
~ntUm equation gives

and hence with Eq. (12.3.4)

Fx .. ~ I-P~)S6b

(12.3.9)

Py " PU(Vl-v2)S6b

(12.3.10)

(12.3.7)
and

Utilizing Bernoulli's equation to relate the
pressure difference to velocity differences, the
vector force may then be written

Equations (12.3.6) and (12.3.7) are two coupled
nonlinear equations for ~ and p in terms of the
far upstream conditions and the prescribed area
variations. When the flow can be approximated as
incompressible, the equation for the streamfunction
reduces to

V2~

•

(12.~.11)

Thus the magnitude of the force, F , is
given by

1 db It (incompressible)

(12.3.8)

b dx ax

F • pS6b(vI-V2)V~

where

The solution to the above equations is usually
dependent upon the application of fully numerical
techniques, though analytical methods have been
applied in special cases. Refs. 12.11 and 12.12
report upon a study of incompressible flow with
area variation. A perturbation analysis is carried
out in which it is necessary to restrict the wall
slope to be small.

v +v 2
I
212
V.. -- .£(....L..!.)
2
+u}

Noting that
v +v
2 1
tan e .. ~

..

tan

e'

it can be seen that the force
to the velocity V"" where

A method that applies conformal mapping techniques to two dimensional (db/dx a 0) transonic
flows is described in Ref. 12.13. This paper
represents a recent application of a highly developed analytical technique. In conformal mapping
techniques, the cascade geometry is transformed
to a geometry that is much more simply analyzed
(either analytically or numerically), and the
results of the analysis in the simple plane are
then transformed back to the more complex plane.
Because of the utility of such techniques, the
next section considers a relatively simple example
problem that leads to an exact solution for the
flow field.

-

V", ~

"21

-

(12.3.12)

F

is perpendicular

-

(Vl+V2)

(12.3.13)

The circulation about the contour follows
immediately to give
(12.3.14)
so that just as with an isolated airfoil, there
is obtained
(ll.3.15)

12.3.2 THE COMPLEX POTENTIAL
12.3.1 TWO-DIMENSIONAL, INVISCID, INCOMPRESSIBLE
FLOW
When the case of flow of an incompressible,
inviscid fluid in a strictly two dimensional
channel is considered, the equations describing
the flow field simplify greatly, and in fact both
the velocity potential and the streamfunction
satisfy Laplace's equation. As a result. the
very powerful techniques of complex variable theory
can be used, including the technique of conformal
mapping. Before embarking upon a formal analysis
of the problem, however, it is instructive to
first consider the force relationships and circulation relationships for a two-dimensional cascade.
Figure 12.3.2 depicts the flow through such a
cascade.

YLx

~~F
-----------:l
e
__

~~_----

T..'

l'~'

..'~

,...... ~

I

.

Figure 12.3.2

(12.3.16)

The streamfunction also satisfies Laplace's
equation. as may be seen directly from Eq. (12.3.6)
for the case of incompressible flow with constant
flow depth, b. We thus define a complex potential
W , by
W" •

+

i1/l

(12.3.17)

and note that

P2:S

------:1

/----::;;:id
~

When, as in the case of frictionless twodimensional flow through cascades, the flow may
be considered irrotational, a velocity potentialmay be defined as in Eq. (12.3.2). The continuity
equation, Eq. (11.1.1), then gives for incompressible flow,

(12.3.18)
If the complex potential is to satisfy
Laplace'. equation. it must be a function of
z ;; x+iy only. Thus we may write

___I
_

e

aw dWaz
ax"
dz' ax •

I

V2

dW
dz

but from Eqs. (12.3.2) and (12.3.4):

Flow Through a Two-Dimensional
Caacade
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(12.3.19)

,
u

,

.,ll.l!l!.
"ax 3y

, v

.11._l!l!.
ay
ax
"'!'~!t

..

and hence

in the brackets of Eq. (12.3.22) is the complex
conjugate of the first. Thus the imaginary part
of the expression must be zero (or a constant),
and hence the circle is mapped onto the x-axis in
the z-p1ane.
A further property of the transformation is

.!lli. _

u-iv

(12.3.21)

dz

In the following sections, a transformation
function is introduced to allow solution for the
complex potential, W , (for special cases of the
cascade geometry), and once W is obtained, the
velocity components may be obtained directly from
Eq. (12.3.21).
12.3.3

THE CASCADE TRANSFORMATION

In order to illustrate the use of conformal
mapping techniques, we consider a transformation
that maps a cascade of straight line airfoils
onto a circle. The resulting flow in the "circle
plane" is relatively easy to analyze, and the
cascade mapping function allows the flow in the
circle plane to be mapped back into the "physical"
plane. This is a relatively simple example of a
highly developed analytical technique which has
been extensively reported elsewhere. (See Refs.
12.14 and 12.15 for example)
The transformation function to be investigated

evident in that the points 4 = ±etjl map into ±w
in the z-plane. It can be seen also that the
mapping is mUltiple valued by considering the
mapping in the neighborhood of the point
e$
Thus, consider the behavior of the related point z

,=

,=

as we proceed around the point
e~ in a small
circle of radius r . That is, we consider

snd change
from 0 to 2~ radians. It is evident from Eq. (12.3.22) that all the logarithmic
terms return to their original value except the
term containing e~-,. Thus denoting the difference of the final and initial values of z as
z2-z1 ' there is obtained

hence

is

Z2-z1 - - iSe~iB = - S sin B- is cos B

(12.3.23)

tjI

.tn~l
etjl:-lh
(12.3.22)
We will show that this function takes a unit
circle in the , plane and maps it into a straight
line cascade in the z _ plane, with geometry as
indicated in Fig. 12.3.3. It is to be noted that
for notational convenience, the geometry has been

rotated so that the flat plate airfoils are horizontal in the z _ plane.

Thus, the transformation from the
to the
z-p1ane is not unique, but rather a given point in
the ,-plane can be reproduced n-times in the
z-p1ane simply by going qround the point
, -

e~

(or

, - -etjl)

n-times. Each point is removed from the previous
by the vector -s sin B - is cos B which leads to
the geometrical relationship indicated in Fig.
12.3.3. The ~-plane may be considered to consist
of an infinite number of Riemann-sheets, each

sheet mapping to a given strip in the z-plane. The
z-plane itself can be considered a two sheet plane
because both the inside and outside of the unit
circle map into the same strip in the .-plane. We
will consider only the mapping of the exterior of
the circle, however.

'n

We have shown that Eq. (12.3.22) transforms
the unit circle to a series of straight line airfoils in the z-plane. The airfoils are staggered
at an angle of

B , and have a spacing of

magnitude S, Tn order to determine the airfoil
chord in 'terms of the properties of the mapping
function, we locate the transformation singularities

which co-cur at dz/dZ; = O. (It is' at these singularities that the transformation is not conformal,
and hence the angle of the circular profile is not
conserved in transforming to the z-plane.) We thus
note;

Figure 12.3.3

The Cascade Transformation
After some manipUlation we then obtain

To verify that Eq, (12.3.22) has the desired
transformation properties, we first note that on
the unit circle (wh'ere

,a ei~)

t 2 _ t 2.

, the second term

o
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eiB+W + e-(iB+w)
e -i8+tjI + eiB-tjI

(12.3.24)

This concludes our investigation of the properties of the transformation. In the next section
the behavior of the flow field will be considered.
It can be noted here, however, that the effect of
the tranformation has been to bring upstream and
downstream infinity in the x-plane, into the proximity of the circle in the ,-plane. When circulation about the circle exists, then, the angle of

It can be noted that the numerator and deno~
ina tor are complex conjugates and hence, of course,
the singularities exist on the unit circle in the
,-plane. A more convenient form of Eq. (12.3.24)
is obtained in terms of the angle to the location
of the (rear) singularity, to ' where

~ • e ito •
o

,=

flow in the proximity of
±e W(z = ±ro) can be
affected. Thus, unlike the case for an isolated
two-dimensional airfoil, the angle of turning of
the fluid can be made other than zero.

There is thus obtained

12.3.4
hence

i tan to

or

~

o

=i

.tan

• tan-1 [tan

e tan h 1/1

e tan h 1/1 1

THE CASCADE FLOW FIELD

Figure (12.3.5) depicts aspects of the flow
field in the coordinate system being presently
considered.

(12.3.25)

The location of the b~ade leading edge in the
,-plane follows immediately by noting ~tan(~o+n)
tan ~o ' and hence the leading edge singularity
occurs at ~o + 11 •

A location, x , on the blade in the ~-plane
may be determined by writing , - ei~. Upon
sutstituting into Eq. (12.3.22), and after some
manipulation, there is then obtained
211x _ cos
9

e ~n{cos h IjJ + cos

cos h 1jI- cos

p} + 2 sin B tan- 1 {ssiinn h ~}

~

~

(12.3.26)
The location of the blade trailing edge is
then obtained by inserting the value of ~o from
Eq. (12.3.25) into Eq. (12.3.26), and the leading edge follows with ~ =~$o + 11 to give
x~

•

\~e

-eXt

then obtain, with

lIC
B ~ {'lain
2s • cos
n

+ sin

e tan-1

h 2 1/1

+ coa
sin h 1jJ

{

2

e+

C =

2x t '

cos B}
Figure 12.3.5

sin B
lsin h2 1jI + cos 2 B
.

Cascade Velocities

The mean velocity, Vro ' was preViously defined
(12.3.27)

This expression relates the parameter 1/1 to
the solidity a = cIs'. Thus, when the solidity
is prescribed the equation may be solved (iteratively) for 1jI, and the appropriate transformation
function determined. Before considering the behavior of the flow field, one last characteristic of
the transformation will be observed. Thus it is
noted that the pOint ,,,,, ro transforms to

in Eq. (12.3,12), so we may write for the mean
complex velocity
(u - iv)oo= Vroe-ia
Equation (12.3.14) gave the circulation in
terms of the blade spacing change and tangen tial
velocities, which here may be written
/J.v

=.J:..
2S

(12.3.28)

Thus, the desired far upstream and far downstream complex velocities may be written

hence

dWI = V e -ia _ i r i S
dz _'" ro
29 e

z => 9 (n +i) (sin B+ i cos S)

Thus ,-~ transforms into points midway
between the blades.

(12.3.30)

+

Figure 12.3.6 indicates these incremental velocity
relationships.

---+----y39
-1
+ 5/2 /2

- - - - - -----::7.;:.:--=
+
Figure 12.3.4

Location of

-

, .. ~

in the z-Plane
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Combination of Eqs. (12.3.32) and (12.3.34)
then gives

then with Eq. (12.3.29),
A • V 8e-i (0+6) - i 1:.
(12.3.35)
2
In a similar manner, placing a source of
strength B at the location
e W , and satisfying Eq. (12.3.30) leads to

,=

B - -V 8e-1(0+6) - i

..

:l'igure

Relationships

In order to create the desired velocities at
upstream and downstream infinity, as prescribed in
Eqs. (12.3.29) and (12.3.30), we investigate the
flow behavior in the circle plane in the vicinity
of the points ±e~. Thus, by placing (complex)
sources at these points, the flow at ±= will be
affected in the physical plane. It will then be
necessary to adjust conditions in the vicinity of
the circle in the c-plane in order to satisfy both
the boundary condition of no flow through the
circle, and the Kutta condition at the trailing
edge of the blades in the z-plane. It is to be
noted that the adjustments to match the boundary
condition and Kutta condition can be carried out
without further affecting the flow properties at
z - %- ,because dz/d, approaches infinity as

~ approaches ±e* (i.e., as z approaches infinity) so the only terms that will contribute to
dW/dz at z - ±= are those which cause dW/dC
to also approach infinity. The only terms that
lead to dw/dC approaching infinity as C
approaches

±e*

located at

c·

arise from the complex sources

1:.
2

(12.3.36)

With the two sources at locations , . ±elji ,
we have a complex potential, F(C) , in the ,-plane
given by

A complex potential satisfying the boundary
condition for flow around the circle can now be
obtained by adding a complex function of the form
of Eq. (12.3.37), but with i replaced by -i
(where i appears explicitly), and with C
replaced by l/c. This result (known sa the circle
theorem, Ref. 12.16) follows because the added function becomes the complex conjugate of F(C) when
C is on the unit circle, and hence W is zero
on the circle. (And, of course, the circle is ,
hence a streamline.) Finally, a circulation r" is
added at C a 0 (which does not violate the boundary conditions) to give the complex potential in
the ,-plane, W. Thus

sv~ ~i«(l+B) tn ~
i.L tn(e 21ji_ r2 )
./,
411
'

W - -2- e
11

e~-c

±e*

We now place a complex source of strength

A at C - -e* , so that the complex potential in
the vicinity of the source,

Ws _' may be written

(12.3.38)

W _. ~ tn(c+e~)

(12.).31)
s
To investigate the behavior near the source

we write c· -elji + 5 , where
and obtain
dWs _

d'f •

A
2'/1

1

+
Iji
, e

a

is very small,

(12.3.32)

(12.3.33)

, . -e>jJ

that is at c· ±e- W • Figure 12.3.7 indicates the location and strength Qf all the singularities in the circle plane.
te>jJ •

A
2'/15

From Eqs. (12.3.22) we note

In the vicinity of
this approaches

Investigation of this expression reveals that
application of the circle theorem has introduced
further singularities at the conjugate points of

(where

oS . .

0)

(12.3.34)

'It is evident that, as must be the case, the
total source strength is zero. The net r.irculation
about the circle is r*. and the net circulation
about the entire field is r*-r. It will be
recalled that when the ,-plane is entirely traversed at infinity, the image point in the z-plane
simply traverses a point midway between the blades.
Obviously the circulation about such a point must
be zero, so we require r*· r. The expression
for the velocity potential in the circle plane may
hence be written:
SV
tjJ
• ,+e-1jI
W. ---~ [e- i (a+6)tn ~+ e i (a+8) ~n_>jJ
2'/1
elji-c
C-e
ir

e2W_~2

411

e2tjJc2-l

- -tn ----

12-8

(12.3.39)

Source

Sink

SV.. cos (a+S)

SV.. cos (a+8)

~/

'-/

/>

/~
e

-e
Circulation

Circulation

- 2"r -S'{, sin(a+S)-

- 2'r +SV",sin(a+8)

Figure 12.3.7

,

Singularities in the Circle Plane

The complex potential given by Eq. (12.3.39)
describes a flow field that, when transformed to
the z-plane, matches the upstream and downstream
conditions as well as the boundary conditions for
flow around the blades. To complete the description of the flow field it remains to determine an
appropriate value for the circulation r. Such
a condition is obtained by applying the Kutta
condition that the velocity not be infinite at
the trailing edge of the blades. At the location
of the trailing edge (where $ ~ $0' Eq. (12.3.25)
(12.3.43)

the derivative dz/d' is zero. Thus to prevent
an infinite velocity at the trailing edge in the
z-p1ane, f· must be chosen to put dW/d~- 0 at
Uo
I; - e
•

To obtain the complex velocity on the blade
i
,. e ' •

surface, we note that on the blade
and z · x , 90 that

Taking dW/dl; from Eq. (12.3.39), and putting
i
, - e ' , the complex velocity components for the
flow on the circle are obtained, to give after some
manipulation.

(12.3.44)
dx/d, may be obtained directly from Eq. (12.3.26).
Thus it follows that
dz
i2S e-i,
cosh!/! sinh ljI
d,-sin2$0 ( sinht!/!+cos 28

n

- cos, sinh 1/1 sin (a+S) 1 + r sinh 21/1}
(12.3.40)

sin(,o- ,)
(sinh21j1 + sin 2 ,) sin S cos 8

It can be seen that as required, u - 0
The
r
Kutta condition requires u, ~ 0 when $ - '0
We have from Eq. (12.3.25)
sin

sinh !/! sin S
'0 . .sinh
, cos
2!/! + costs

41 0 •

The velocity on the blade surface follows
directly from Eqs. (12.3.43) and (12.3.45) to give

cosh ljI cos S
-;.~~~=~;::
{sinh2!/! + cos 2 S

dWI
• dW [M(l
dz blad~ dl; d~

V",

(12.3.41)
The value of circulation necessary to satisfy
the Kutta condition, fK ' then follows to give

sin Scos S [cos Ssin(Il+8)

2SV", sin a

rK

-

-;.::;:::;:;:===;;::
(sinh 2!/! + cos S

cos

(+)

cos

(+1

- sin Il cos '0

(12.3.42)

2

When this value of the circulation is substituted into Eq. (12.3.40), it follows after some
manipulation that

(12.3.45)

, -,

(12.3.46)

To complete the description of the flow in
the cascade plane, the various flo'" angles will
be obtained. With reference to Fig. 12.3.5, we
12-9

note the relationships

exhibit the tendencies of the flow fields existing
on real geometries.

lJ.v
V.,cos(a+8)

As an example calculation Fig. 12.3.8 shows
the deviation angle (a2) versus angle of attack
(a]) for three values of blade stagger angle and
two values of the solidity.

a

tan(a+8) - tan(a2+8)

a

tan(al+8) - tan(a+s)

(12.3.47)

Equations (12.3.28), (12.3.42), and (12.3.47)
then lead to
Isinh2", + cos 2a + cos 8
)
Isinh2", + cosz8 (cosa) + sin 8 sin a

a] _ arc tan[dn a

7
a
6
5

'rIII

1

4

a-~/

8-0

/

/

V ,'i

L

/

a=~

2

~

12.3.5

a, QS'

Inputs:

a,

~

8=0

~

SUMMARY OF THE EQUATIONS - CASCADE
TRANSFORMATION

1

'"~

L

// V
IL/ V .- .- ... ""
...
-""
,,"''" -:.- -- -

3

These equations complete the desired description of the flow field. They are summarized in a
form suitable for calculation in the next section.

'J.4

5

10

15

20

30

25

a]

Outputs:

Figure 12.3.8

Equations:
1fC
Isinhz1f,.+ cosz8 + cos 8
2S - cos8 tn
sinh '"

It is apparent that the reduced blade loading
existing for the case of high solidity greatly
reduces the tendency of the flow to depart from the
angle of the blade trailing edge. The deviation
angle also varies strongly with stagger angle, with
large stagger angles causing increases in deviation
angle. It is evident from Fig. 12.3.9 that increasing the stagger angle leads to geometrical separation of the blades. so that the pressure fields of
the blades do not interact as much at higher stagger

-1

+ sin 8 tan

'0 - arc
x

Ca

211

sin' a

tan (tan S tanh "')

cosh", +cos P
-1~)
cIs [cos 8 in cosh ",-cos ~ + 2 sin8 tan sinh '"

1

Deviation Angle Versus Angle
of Attack

angles.

,+,

cos(+)
1
[cos8sin(a+8)-sinacos$
sin 8 cos 8
0

~

( 0-

~ I
)

cos --2-)

,,

a2 - arc tan[sin a

12.3.6

,

"

,

EXAMPLE RESULTS - TWO-DIMENSIONAL STRAIGHT
LINE CASCADE

,

The equations summarized in the preceding
section lead to rapid computation of the performance variables of this ideal straight line cascade.
The results are useful for detecting design trends
of real cascades, and in fact techniques to relate
the performance of more complicated (and more realistic) geometries to an equivalent straght line
cascade have been developed. (Ref. 12.15 for
example) The singularity in fluid velocity remains
at the blade leading edges, but the fluid velocities
at blade locations away from the leading edges

,

,

/

/

/

,,

,,

/

,'--,
.-

/

'

, -,
/

-*,'-,,-'-,,' /
F

IsinhZ!/I + cosza - cos 8
I
IsinhzljI + cosza (cos a) - sin a sin a

,
/

,

,,

,

-'---'

Figure 12.3.9 ' Cascades at Two Stagger Angles
cIS - 0.5
It is of interest to note that this effect of
increasing stagger angle is not as limiting at it
might at first appear. Thus, the example calculations nf Sections 10.2.1 and 10.3.4 indicated that
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~equired

turning angles near the blade tips
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NOMENCLATURE
SYlIlbols:
A

CD
CfMIN
D
FD
FMAX
g

h
K
L

M

"'N6PNdB

I
I

II
I

PT
p
q
R

S
SFC
T
TT
V
X

a
y
~

e
lIc
lid

(The use of a consistent set of units is
assumed.)

Subscripts:

Area
Inlet drag coefficient, FD/qoAMAx where
~ refers here to maximum nacelle

AVG
CB
CW

cross-sectional area

EFF

Minimum value of wall friction coefficient
Diameter
Drag force
Maximum value of boundary layer separation parameter from compressibilityadjusted Stratford and Beavers method
Gravitational constant
Pressure altitude
Overpressure parameter, equation 13.1.7
Inlet length from highlight to fan or
compressor rotor leading edge
Mach number
Mass flow rate

F
IlL

Fan or

co~pressor

rotational speed

An incremental change in perceived noise
level in decibels
'
Total pressure
Static pressure
2
Incompressible dynamic pressure, (1/2)pV
Gas constant for air
Stagnation point
Specific fuel consumption
Static temperature
Total temperature
Velocity
Inlet fore body length
Angle of attack; bypass ratio
Specific heat ratio for air
Corrected'total pressure, PT/PSTD
Corrected total temperature, TT/TSTD
Fan or compressor (total) pressure ratio
Inlet total pressure recovery

i

MAX
MIN
NS
net
S

SP
STD
T.O.
th
w

o

I
2

13-111,

<:,,,

~'1m.I

_ _ _ _ _ _ _ _ __

Average
Cowl bleed
Crosswind
Effective
Fan tip
Highlight, the inlet nOse point whose tangent
is normal to the inlet centerline
Inlet incidence; also refers to inlet highlight or capture area
Maximum
Minimum
Normal shock
Refers to net airflow available to satisfy
engine-related demand, i.e., inlet capture
flow less aircraft-related flow demands
Separation
Spillage
Standard sea level atmospheric value
Takeoff
Throat
Wall
Freestream
Engine spinner plane
Plane of. inlet diffuser exit and engine face

,,
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CONSIDERATIONS IN INLET/ENGINE INTEGRATION
13.0

INTRODUCTION

The manner in which the inlet and engine
designs are integrated plays a key role in determining the degree to which propulsion system and
aircraft operational goals are ultimately realized
in the production article. This is true for subsonic transport applications, as well as transonic
and supersonic installations, although the latter's
potential problems are generally more extensive.
Perhaps the leading example of this situation
occurred with the advent of turbofan engine installations in tactical aircraft during the 1960's,
when inlet/engine operational difficulties well in
excess of anticipated or tolerable levels were
experienced. Resolution of this prob~em involved
assessing the importance of time variant, or
unsteady, pressure distortion produced by the
inlet. This is a prime example of the multidimensional effects, mentioned in Chapter 6, associated
with inlet operation that can degrade installed
performance. In this particular case, the absence
of one-dimensionality extends to both dimensions of
space (variation of flow properties over the engine
face at a given instant of time) and time (similar
variation, except as a function of time). As the
subject of measurement and evaluation of time
variant distortion is specifically developed in
Chapter 23, which deals with engine stability, it
is sufficient to say here that this problem revolutionized integration of the aircraft and propul8ion system, introducing a necessary complication
that has continued to the present.
Lack of an effective program to i~tegrate the
aircraft inlet and engine during their development
phases can result in unacceptable aircraft performance, as reflected by one or more of the following
figures of merit:
•

Range/Payload

e

Maneuverability

e

Weapons Delivery and Gun Firing

•

Engine Life and/or Maintenance Costs

Since the desirability of successfully blending the inlet and engine seems self-evident, its
accomplishment may appear straightforward. In
practice, however, various impediments exist during
-the development cycles. For example, component
performance may be emphasized at the expense of
obtaining the best overall integrated system
performance, in order to meet or exceed contract
guarantees. rhus "component optimization" may

result in "system suboptimization" in terms of
aircraft capability. This somewhat natural tendency can be amplified by the multiorganizational
structure that generally prevails during inlet and
engine development - customer, airframer, and
engine manufacturer. In addition, cost and time
considerations may strongly shape the available
- development integration effort.
The ensuing discussion will develop the
elements of a successful inlet/engine integration
program. These elements include careful definition
of the required inlet and engine operational requirements, consideration of the various ways in which
the inlet and engine may interact to influence the
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other's design, several phases of developmental
component and system testing, and frequent information exchange supplemented by formalized, periodic
meetings between cognizant aircraft and engine
design personnel. The potential need for modification of individual component performance goals/
guarantees, based on demonstrated or projected
capabilities ,with the purpose of maximizing overall
aircraft performance, must be kept in mind during an
ongoing development program. This chapter should
convince the reader that more than serendipity is
required for achievement of a successful flight
test demonstration. Rather, a successful flight
test demonstration is characteristically the product
of at-least three to four years of concentrated,
well-coordinated effort between aircraft and engine
developers under ultimate customer cognizance.

13.1

ELEMENTS OF A SUCCESSFUL INLET/ENGINE
INTEGRATION PROGRAM

The first step in embarking on the design
integration of the inlet/engine combination, as
with any design task, is establishment of the
functional requirements to be placed upon the
design. These are primarily dictated by the
desired aircraft capability, toward which end all
aspects of the propulsion system development must
be responSive. Basic component performance levels
must sometimes be compromised, when necessary and

where feasible, to achieve this overriding objective. Once initiated, the individual inlet and
engine design efforts must consider the interactions that will inherently exist, such that
various pitfalls in achieving a harmonious installation are avoided. These factors can be increasihgly
investigated during the development phases, which
involve various component and system tests. However, a point is generally reached, during this
period but well before first flight, where the
design configurations must of necessity be "frozen",
to facilitate efficient fabrication. Thus, design
modifications must be made under some time pressure,
often without complete knowledge of all pertinent
factors. Integration planning must consider this
fact of life so that development activities are
structured to provide a maximum of needed information to the designers at a time When configuration
flexibility still exists. Provision for frequent
transmittal of informatiorr and coordination between
the aircraft, engine and customer organizations,
together with periodically scheduled audits to
review progress and adjust future plans as required, are keystones of success in this endeavor.
The following remarks will elaborate upon the
considerations just set forth. Due to the complexity of the subject and the wide range of configurations with singular operational requirements, the
discussion is not intended to be all-inclusive.
Rather, it should serve to illustrate the kinds of
factors requiring attention to produce a successful
inlet/engine interface.

13.1.1

DEFINITION OF SUBSONIC INLET/ENGINE
OPERATIONAL REQUIREMENTS

Specification of operational requirements for
the inlet ana engine is largely driven by the
intended aircraft capabilities. For example, a
subsonic transport will spend a dominant proportion
of its flight time at cruising speed and altitude,

JE

with the main objective b~ delivery of a specified paylosd over a certabnrli8tanec-";F~'" ,,'
,-.wl:,Tn >. '.'
M
within some allowable total' fuel consumpticli. ",', .. ~,: or/. -, O
1LThis is the classic example of a (primarily) sin. ~ '-""f'STD' RTSTD'
~-
-1 2 2(y-l)
gle design pOint application. By contrast, the
(1 +
last decade has witnessed the emergence of mili(13.1.2)
tary aircraft designed to multimission capability.
These roles may include high speed/low altitude
hence for y • 1.4, R - 53.34 lbf-ft/lbm-oR and
penetration, transonic maneuvering, and supersonic
inserting the standard temperature and pressure,
dash to fulfill the vehicle's intended objectives.
Such specifications strongly impact the propulsion
system's design and operating conditions. Requirelitre
M 3 lbm/sec ,
.ents typically facing subsonic instsllations are
M - 85.386
discussed next. It is understood that some of
(1
+
0.2
~)
these are mandstory for the basic vehicle success,
while others are less crucial and may be traded to
(13.1.3)
some extent in the interests of overall capability.
The prioritization involved is beyond the scope of
so that the specific corrected flow is a function
this discussion, but it must obviously be addressed
only of Mach number, for a given specific heat
in an actual development program, via figures of
ratio. This relationship may be tabulated or
merit or ranking criteria appropriate to the
plotted to facilitate computation. A plot is
particular application.
shown in Figure 13.1.1; it illustrates the familiar
maximization at the sonic point. For convenience,
The areas deserving attention in developing a
subsonic transport type of installation may be
'.. %/6A
loosely categorized and explained as follows.
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'PLIGHT CONDITIONS PRODUCING HIGH INLET INFLOW
INCIDENCE
There are several common flight conditions
that involve large incidence of the flow approaching the inlet lip, relative ,to the inlet axis.
Poremost among these are takeoff rotation and
climb, and landing approach. Other less common
but design-significant pOints are takeoff during
crosswind and takeoff climb with a failed engine.
Such conditions must be examined because they
typically result in a rapid acceleration and
deceleration of the flow as it proceeds around the
inlet lip, raising the possibility of flow separatiOn during the flow recompression due to the
adverse pressure gradient. Flow separation can
degrade vehicle performance, either through
decreased inlet pressure recovery and/or increased
flow distortion causing compression system surge
and possibly flameout in the case of internal flow
.eparation, or increased inlet drag for external
flow separation.
The inlet mass flow ratio developed in
Chapter 6 is the parameter that best describes the
approaching flow pattern. For ease of computation
the mass flow ratio may be expressed as
Ao
Ai

(m2~/~2)(o2/oo)

-(mre/OA)o (Ai)

(m2~/o2) (lIJ
- (mre/OA)o (Ai)
(13.1.1)

in which there have been utilized the facts that
the inlet compression is adiabatic (62 = 60 ) and
typically no mass transfer occurs in a subsonic
inlet (m2 ~ mO)' The inlet pressure recovery lid
is generally within 1% of unity for most subsonic
installations and may be neglected without major
effect in most preliminary studies. The specific
corrected flow term in the denominator of Eq.
(l3.I.l} may be expressed, utilizing continuity,
the perfect gas equation and the relationships
for stagnation temperature and pressure in terms
of Mach number, as follows:

13-2

O~

__

o

~~

1.0

__

~

____

2.0

~

____

3.0

~

4.0

)I

Figure 13.1.1

Specific Corrected Flow Versus
Mach Number for y = 1.4.

the subsonic inlet area Ai is generally defined as
the highlight value, i.e. the projected area at
the point where a normal to the inlet axis is
tangent to the inlet nose, as shown in Figure
13.1.2. This terminology eliminates the complexity of determining the stagnation point location for a variety of operating conditiona, which
would be impractical.
For subsonic inlets, the numerical value of
Ao/Ai is a direct indication of the general incidence of the flow approaching the inlet. Referring to Figure 13.1.2, a value of unity means that
the inlet is capturing its projection in the
freestream and the stagnation point will occur at
the inlet highlight, for level flight. Ao/Ai
less than unity indicates flow is prediffusing in
the freestream such that an outward flow incidence
occurs; this is generally the Case for cruise
flight speeds. Conversely, Ao/Ai will exceed
unity at low flight speeds and moderate to high

p9wer settings, such that an inward flow incidence
develops with the stagnation point on the outer
portion of the lip.

v_
o

Inlet

f

• Takeoff Rotation and Climb
• A /Al > 1, a. > 0

o

A

o

IA

1

A

A fA

o

1

o

< I

Inlet

i

Pltn View

• ero ••wind Takeoff
• Ao/Ai > 1, "Elf> 0

Figure 13.1.2

Dafini tion of Inlet Capture Area,
Ai' and Characterization of Flow
Incidence Approaching Inlet via
Mass Flow Ratio, Ao/Ai

The specific operating conditions mentioned
previously are schematically represented in Figure
13.1.3 in terms of the' approaching flow incidence.
These situations add the effect of a velocity
component normal to the freestream to the basic
mass flow ratio effect. The top three conditions
(tskeoff rotation and climb, landing approsch, and
crosswind takeoff) involve a mass flow ratio greater
than one that is accentuated either by a non-zero
pitch attitude or a prevailing ground wind normal
to the inlet axis. This introduces the possibility
of internal lip flow separation with attendant
performance degradation and reduction in engine
stability mar~in that may lead to compressor surge,
blade damage or life reduction, and possibly
burner flameout.
An example of low-speed flow incidence
requirements for a STOL (Short Takeoff and Landing) installation, the YC-14 AMST candidate, is
given in Figure 13.1.4, from Reference 13.1. It
shows the manner in which measured and calculated
inflow angles for several limiting flight conditions were combined to define a required incidence
angle envelope in terms of airplane velocity. In
sddition, a line of constant total pressure distortion for the ultimately selected inlet lip
Shape is also included to indicate that none of
the operating conditions will exceed the distortion limit, simply expressed in terms of (FTMAX PTMIN)/PTAVG' It should be noted that the YC-14
employs an upper wing surface blowing powered lift
eystem for lift augmentation, with an over-the-

A

o

• Takeoff Climb with Falled Engine
• Ao/Ai < 1, Cl > 0

Figure 13.1.3

Schematic Illustration of Key
Operating Conditions Involving
Relatively Large Flow Incidence
Approaching Inlet Lip

wing engine installation. Other lift augmentat.ion
concepts, such as blown flap, with an under-thewing engine location, develop a different wing
circulation and attendant upwash characteristics,
such that somewhat different magnitudes of inlet
inflow angles are produced. However, the results
of Figure 13.1.4 illustrate the general procedure
involved in defining the required inflow envelope
for a high incidence subsonic installation.
The STOL inlet incidence represents an
extreme requirement and is considerably more
severe than comparable requirements for CTOL
(Conventional Takeoff and Landing) transport
aircraft. For example, a CTOL maximum liftoff

13-3

C~~_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _~_ _ _ _ _ _ _ _ _ _ _ _-'~~Mm__~~~____________________________~

the projected flow ineidence, including the actual
pitch angle plus local flow field effects such as
wing upwash, as well as the engine flow demand
range, e.g. flight idle to takeoff, over which
these incidence levels may be encountered. If
necessary, increasing inlet nose bluntness and/or
internal lip contraction (highlight-to-throat area
ratio Ai/Ath) will extend the inlet capability, at
the expense of a larger nacelle. Similar considerations apply to the crosswind takeoff, condition.

Shaded Symbols Denote Measured
Inflow Angles
'
Open Symbol s Denote Calculated
Inllow Angles
•

Flaps Up Stall
2 Engine Landing Maneuver

6,

Takeoff Power - Crosswind
power Of! Stall
1 Engine Landing Maneuver

o

(Max. g
,6

V

~

1.63)

(I.3g)

., 2 Engines Operating, Wing

n

The inlet performance decrements caused by
flow separation for this inlet are shown in Figure
13.1.6 for a flight speed of 80 knots. Indicated
pressure recovery penalty is about 5% at takeoff
power, and the pressure distortion is roughly
doubled from the levels obtained with maximum angle
of attack (50·) takeoff.

Stall (Landing Flaps)
1 Engine Stall (Landing

Flaps)

o
D
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2 Engine Landing - Normal
2 Engine Takeoff
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Figure 13.1.4 Representative STOL Inlet Design
Requirements. per Ref 13.1
ineidence is on the order of 20·. compared to the

40 to 50· characteristic of STOL applications.
Experimentally determined inlet separation
boundaries for a typical STOL application from
Reference 13.2 are shown in Figure 13.1.5 to
illustrate the problem for low-speed. angle-ofattack operation. ~These data show that the unseparated angle of attack capability of a given inlet
is a function of engine corrected flow demand
(i.e •• inlet throat Mach number) and flight speed.
The selection of an inlet design must consider both

o
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OTHER OPERATING CONDITIONS AFFECTING INLET/ENGINE
INTEGRATION

---!t-__:_--1
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Flow Range

Depending upon the particular installation.
one or more of the following conditions may impact
the inlet/englne interface.

Flow
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The fourth condition of Figure 13.1.3. takeoff
climb with an engine out, involves the possibility
of external inlet surfaee flow separation. It is
mentioned here because it can be a key constraint
on sizing the external inlet cowl for a commerical
transport. This situation arises because of the
need to certify a minimum climb gradient cspability with an engine out, in order to obtain sufficient altitude to dump fuel and return to the
airfield landing pattern. The incremental drag
that can result from an external inlet of insufficient thickness to maintain attached flow at the
extremely low mass flow ratios characteristic of a
windmilling engine, say 0.3. can preclude the
attainment of this required minimum climb gradient. Data from Reference 13.3 are shown in
Figure 13.1.7 to illustrate this point. While
these data require extrapolation to estimate the
windmilling spillage drag. in actual practice
appropriate data would be acquired to facilitate
this phase of the design.

degrees

M

o.9sl---H--+--'-,t----t-:-

Dynamic Instrumentation

60r-~a~S_tTe_a_d~Y_-_STta_t_e__I_nTs_t_ru_m_e_n,t_a_t_io_n-,

....

"'11

0.6

0.8

1.0

Average Inlet Throat Mach
Number at "2. = 0 0
1

Inlet noise suppression requirements can
significantly affect inlet design and installed
performance characteristics. Two major suppression mechanisms have been extensively investigated:
(1) placing sound absorbing material in the inlet

Figure 13.1.5 Experimentally Determined STOL
Inlet Separation Boundaries at
Angle of Attack
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Figure 13.1.8 Example of an Inlet Employing Four

Drag Coefficient

and (2) accelerating the flow locally to transonic velocities to aerodynamically block the
forward propagation of pressure waves generated
by the engine compression component. The combination of treatment and acceleration suppression
has also been employed and is termed "hybrid", to
denote the dua1',suppression modes.

:::::o~
% of
I

Rth

Thro~t Mach

100

Bm.!rul absorbing mat<rrid is use~ dotU< the
diffuser walls of the current wide-body commercia1
aircraft, placed outside of perforated liners.
Depending upon the magnitude of suppression required, the need for'acoustic absorption material
may drive ~he inlet, 1ength'beyond that required
solely to fulfill its aerodynamic diffusion function. As a result, alternative means of introducing this material into the inlet have been
studied, such as concentric rings, Figure 13.1.8.
Naturally, such devices add inefficiency, due to
the additional: surface area aI)d wakes genetated,
that must be traded against their acoustic merit.
They may also compromise inlet flow stability at
high incidence conditions, with attendant engine
operational problems. Use of absorption material
itself leads to an increase in wall friction,. due
to its inherently rougher surface, relative to
smooth wall nacelle construction.
Acceleration suppression affects inlet/engine
performance, via the increased diffusion resulting
from the elevated throat velocity. The acoustic
suppression obtained via flow acceleration may be
explained by considering the radial Mach number
distribution existing at the inlet throat plane.
A typical profile is shown in Figure 13.1.9. Wall
curvature, together with mass flow ratios greater
than one (generally prevalent at the acoustically
significant low flight speeds), create a zone of
above average velocity adjacent to the inlet wall.
Since the compressor rotor tangential velocity is

Distribution
I

°0~--.....L--:1J...0;:-----~2.0

APNdB

0.7

Figure 13.1.9

1.0

Relationship Between Local Inlet
Flow Acceleration and Noise
Suppre ssion

obviously highest at the tip, this region of greatest
noise generation is naturally suppressed most effectively by the locally supersonic inlet, throat, which
will not permit upstream propagation of compressorgenerated waves (noise). Depending somewhat on lip
shape, an average throat Mach number above 0.7 is
generally required to obtain some me~surab1e.acce1er
ation suppression, with the suppresslon magnltude
rising at an increasing rate with Hth'

Some experimental investigations of variable
geometry systems have been made, based on variable internal inlet contraction to provide sonic
or near-sonic flow. In such cases, approach
flight condition airflow demand is increased
through variable exhaust geometry, using either
a fan rig or engine, e.g. References 13.4 and 13.5.
The sonic inlet reported in Reference 13.5 is
shown in Figure 13.1.10. These tests have been
restricted to static conditions and slave hardware, such that flight effects and control

and weight of these inlets remain as development
items prior to inclusion of this concept in a production installation. Similar considerations apply
to the numerous other variable geometry concepts for
acceleration suppression, such as expanding or
translating centerbody, vanes, rings, and duct grid.
Foreign object ingestion is a topic of past and
current interest that can relate to the inlet/engine
installation via the need to control the in1et/
ground vortex formed at low forward velocities.
When present, the ground vortex can cause dust and
heavy object ingestion, thereby eroding the compression system, which in turn degrades performance
and component life, and increases maintenance costs.
Ground vortex formation requires wind shear and is
schematically represented in Figure 13.1.11. Various devices, generally involving the use of compressor bleed air directed outward from the lower inlet
lip in some fashion, have been evaluated for their
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potential in eliminating or reducing the vortex ingestion characteristics. These devices are directed
toward eliminating the stagnation point-, which typically occurs on the ground, that is inherently
required for vortex formation. The Boeing 737 has
such a system available and in use in relatively
remote areas with unimproved runways. In addition,
there are indications of current interest for other
exist~ng installations, to aid in engine performance
retention via controlling compressor blade contour
erosion.

Rth

71.6
TAKEOff

WIDTH OF WEDGE AT APPROACH /
lnROAT IS 1.3, RADIUS IS 0.65 oJ

c. Front View

Figure 13.1.10

Schematic Representation of Inlet!
Ground Vortex Formation

Representative Contra"cting Cowl
Sonic Inlet Test Configuration

system requirements were not addressed. With
those qualifications, the tests have shown the
contracting cowl concept provides a workable
means of inlet noise suppression for moderate to
high bypass ratio turbofan engines. This requires that the implementation of the high diffuser area ratio at approach be carefully considered to ensure that flow distortion does not exceed engine tolerance. The additional complexity
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Inlet flow distortion occurring during thrust
reverser oper~tion on "ground deceleration ca~
controlled to some extent by inlet/engine placement, although the reverser type and discharge'
flow pattern and the aircraft operating procedure,
e. g. cut-off aircraft speed and engine power
setting, which control the penetration characteristics of the reversed gases, are usually the
primary means 9£ avoiding excessive distortion.
The flo~ disturbances experienced in th~ reverse
thrust mode result from ingestion of the reversed
exhaust gases, either self-ingestion or crossingestion from an adjacent engine", and, therefore,
can include variations in total temperature.as
well as pressure; both of these properties can
also experience fluctuations with time, owing
to the chaotic, turbulent motion of the ingested
flow pattern.

OTHER CONSIDERATIONS
Additional factors that are not directly
associated with the functioning of the inlet/
engine but must be considered in any overall
installation study are cost, weight, reliability,
and maintainability. The items just discussed,
such as acoustic absorption material, incremental length, duct obstructions, and variable
geometry with its associated control system,
should readily suggest tradeoffs that must be
made in those areas prior to ultimate configuraation selection.

13.1.2

DEFINITION OF SUPERSONIC INLET/ENGINE
OPERATIONAL REQUIREMENTS

Although, in principle, many of the subsonic
applications' considerations also apply to transonic and supersonic inslallations, additional
complexity is realized in practice by the latter,
due to the more extensive flight placard and to
the impact of the inlet shock structure on flow
stability and inlet-engine flow matching. Additionally, the local supersonic inlet f10wfield
includes considerable upwash and outwash as a
result of the inlet's proximity to the fuselage
and wing and is considerably more sensitive to
inlet placement than a typical subsonic installation. There are also some additional factors
given increased importance by the generally
closer integration of the inlet and engine with
the aircraft itself, such as boundary layer diversion to minimize the amount of low energy airflow
entering the inlet. Finally, the predominantly
military nature to date of transonic/supersonic
aircraft imposes other requirements on the inlet/
engine combination.
INLET/ENGINE OPERATIONAL PLACARD
The flight placard dictated by the particular
aircraft mission has a major effect upon inlet/
engine operation. The generalized tactical fighter
placard shown in Figure l3.1.l2a provides a framework for discussion of the various demands that can
be placed on the system. Flight along line A requires that the aircraft operate at or near peak
lift coefficients, due to the low dynamic pressure (q) available to produce lift. This results
in relatively large aircraft pitch and inlet lip
flow incidence angles that can produce high
inlet pressure distortion. Generally, the engine
must be able to tolerate this distortion since
the inlet lip is usually less blunt than on
typical subsonic inlets to allow reasonable supersonic drag. The lip shape is a compromise between drag and distortion during maneuvering.
This situation can affect compression system

blade design, and may influence the ultimate
selection of the engine operating line to allocate
sufficient margin for surge-free operation. The
intersection of lines Band C, or peak Mach number,
is generally the inlet design point. Here, inlet
recovery 'and drag as well as other determinants of
engine thrust are given much emphasis, and tailored in conjunction with the aircraft drag polar,
to ensure that the vehicle can meet or exceed its

design speed. Lines C and D define the locus of
maximum ram conditions and, therefore, are significant to the design of both (he inlet and

Figure 13.l.l2a

Typical Tactical Fighter Placard

-15

+15

Ail'craft Yaw Angle.
df.:grccs

Figure l3.l.l2b

Representative Supersonic Inlet
Maneuver

D~sign

ReqUirements

limiting design conaitions from the standpoint of
sufficient maneuverability, due to engine stability considerations. As previously mentioned,
the fuselage and wing can produce local inlet
flow angles which differ significantly from the
aircraft measured angle of attack and yaw. For
this reason, supersonic inlet tests are usually
conducted with at least a partial forebody and
wing simulation to produce inlet flow fields
typical of the actual aircraft operation.
ADDITIONAL DEMANDS ON INLET FLOW CAPACITY
There are several potential sources of airflow demand, other than the engine requirement,
that can affect inlet design and operation.
These flow rates are typically small relative to
the engine t s and are often termed Itsecondary"

flows for that reason and for distinction. Examples include engine periphery and/or exhaust
nozzle cooling, electronic eqUipment cooling, and

boundary layer bleed from inlet ramp or spike and
internal cowl surfaces (for prevention of separation
in the adverse pressure gradients and especially at
shock wave impingement locations). The extent and
manner in which these flows are removed from the

inlet and ultimately exhausted can greatly affect
the efficiency, unifor~~ty, and stability of the
engine inflow, and this subject must, therefore,
receive commensurate attention during development of

the propulsion system and will be discussed later in
this chapter.

engine structure and the engine cycle, since they
represent pressure and/or temperature extremes.

CONSIDERATIONS RELATED TO SHOCK STRUCTURE STABILITY

The aircraft combat arena is denoted by the box E,
which in practice may be fairly extensive. In
this region, severe angle of attack and yaw can
confront the inlet (Figure 13.I.l2b) and produce

Two phenomena associated with stability of
the shock structure inherently present in a supersonic inlet require consideration during inlet
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Recovery Versus Mass Flow Ratio, Showing Operating Regimes for a Mixed
Compression Inlet

system definition. One is inlet buzz and the
other involves the location of the terminal (normal) shock in a mixed compression (supersonic
flow deceleration occurring both external and
internal to the inlet duct) inlet. Figure 13.1.13
illustrates these situations in the framework of
a pressure recovery/mass flow ratio map. Figure
13.1.14 compares the mi~ed compression inlet and
two other possible supersonic inlet types, classified according to whether supersonic diffusion
occurs external or internal to the duct or both.

ession

~ssion

become reestablished. As a consequence of the
boundary layer reestablishment the inlet re-starts
thereby beginning the cycle agatn. Analytical techniques have been developed that allow approximate
determination of the buzz boundary, but experimental
investigation for each design configuration is
required for detailed definition of buzz onset and
magnitude. Although the buzz region of Figure
13.1.13 is shown in the context of the unstarting
(terminal shor.k expulsion) of a mixed compression
inlet, buzz can also occur with an all-external compression inlet design. The obvious concerns here
are the degraded pressure recovery and increased
flow distortion, both spatial and temporal, during
the buzz cycle. Typically, during development of an
inlet, extensive efforts are made to preclude the
buzz regime from intersecting the expected engine/
aircraft operating zone.
When operation near the inlet/engine design
point is considered, inlet sizing and terminal
(normal) shock stability become of critical importance. The desire for peak efficiency, which would
occur if a throat Mach number of one could be maintained, must be compromised in practice by operating
a mixed compression inlet with the terminal shock
located somewhat downstream of the throat. Typically the terminal shock Mach number will be maintained in the range of 1.2 to 1.3, whereas the
throat Mach number will be in the range of 1.1 to
1.2. Operation in this mode is termed supercritical
operation. Generally the percentage of total pressure loss across the shock is taken as an indication
of both the inefficiency accepted and the corresponding stability margin for shock retention.
The latter effect occurs because when the inlet is
operated at substantial supercriticality, the terminal shock has latitude to move upstream at the
impetus of a sudden externally impos~d pressure
pulse (e.g. reduction in total inlet flow demand or

~l Compression
Figure 13.1.14 Comparison of Supersonic Inlet
Diffuser Types
Buzz is a low-frequency, high-amplitude
pressure oscillation that is linked to shock/
boundary layer and/or shock/shock interaction
at relatively low inlet mass flow ratio. An
example flow condition leading to buzz is
that wherein a shock wave impinging on the
boundary layer causes the boundary layer to
sepsrate which in turn causes the (mixed compression) inlet to unstart. When unstarted,
the shock that initiated the separation will be
disgorged, hence allowing the boundary layer to
13-8
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upstream Mach number) without entering the upstream converging duct segment and then emerging
from the inlet duct (unstarting). More forward
terminal shock locations are impractical because
of inherent lack of shock stability in a converging duct. In practice, atmospheric nonuniformities, such as wind shear and thermal gradients, are responsible for occasional variations

in aircraft flight }~ch number that affect the
nominal terminal. shock position.

An attendant penalty for inlet shock positioning with mixed compression inlets is the need
for variable geometry and control systems. This
need will vary depending on the specific aircraft
performance requirements, such as maximum speed,

acceleration, and maneuverability. However,
such features can include variable ramp angle(s)
or spike position (axial.or radial movement),
variable cowl lip angle, variable throat area
and diffuser area distribution, shock position
sensor, and variable bypass system, together
with the boundary layer control previously
mentioned. The ultimate design will bear heavily
upon the nominal inlet system efficiency and the
relative likelihood of encountering situations
that tax the engine's available surge margin.
,For these reasons, a mixed eompression inlet requires mechanical complexity and a sophisticated
control sytem. Both of these add weight relative to an external compression inlet.
For perspective, we should note that the bulk
of supersonic inlets that have been developed have
employed all external compression, with the notable
exceptions of the SR-7l, XB-70, and United States
SST. The mixed compression inlet shows substantial
performance advantages over all external compreRaion inlets when flight at high Mach number
(M > -2) is considered. Future mixed compression
inlet development will probably be restricted to
applications whose maximum Mach number and/or
time at supersonic cruise can justify the additional complexity, weight and cost.

An all internal compression inlet has been
excluded from practical consideration until
flight Mach numbers reach 4 to 5.

be obtained with flowpath lining or duct obstructions. It is found, however, that the required
material thicknesses are large enough to require
the suppression material to be part of the duct
structure, as opposed to an inserted panel. The
engine compression system itself may be designed in
a manner' to reduce RCS, by choosing appropriate blade
angles, blade numbers, and possibly blade materials
(e.g. nonmetallic composites). Potential implications of the foregOing RCS suppression concepts for
the inlet/engine design integration problem are
obviously significant.
The possibility of inflow temperature distortion exists due to several features of some military
applications. These include ingestion of exhaust
gases on V/STOL installations, missile/gun gas ingestion, and steam ingestion for catapult-launched
vehicles as on naval carriers. Investigation, particularly of the V/STOL situation, has shown hot gas
ingestion to be highly configuration dependent; and
significant variables include inlet location and
shielding potential, wing design (especially vertical position and proximity to the inlet), and
number and spacing of exhaust nozzles. In addition
to possibly influencing these installation design
features, ingestion may impact the compression
system via the necessity for interstage bleed and/or
reduced operating line for additional stability
margin.
The subject of temperature distortion has
received attention in its own right and is discussed
further in Chapter 23. We note here that it can be
expressed in terms of an equivalent total pressure_

distortion and also that it can be a significant
factor in downstream compression

component~,

depend-

ing upon its rate of attenuation and its spatial
relationship with respect to any pr~ssure distortion
with which it may coexist.
OTHER CONSIDERATIONS
Factors such as cost, weight, reliability, and
maintainability assume additional importance as the
aircraft design speed increases, due to the increased nominal and maneuvering pressure loading,
more extensive operational placard, and increased

MILITARY APPLICATION CONSIDERATIONS

An application of emerging military interest
is the "stealthY" type of aircraft. This designation generally connotes the suppression of all
"observables", which include noise, radar cross

section (RCS), and infrared radiation. The first
two items concern the inlet, while all three may
pertain to the exhaust system. Having already
discussed inlet noise suppression in connection
with subsonic inlets, only RCS reduction will be
considered here. The principles involved are
somewhat analogous to acoustics. in that the

propagation of waves is central to the concept.
When radar, rather than acoustics, is considered,

however, the frequency range of 'interest is of
the order of Gigahertz (10 9 Hertz). RCS reduction may be effected in two principal ways - by
employing absorbent material and by exploiting
geometrical shapes that lead to cancellation of
the reflected waves, or to shielding of desired
components. Significant inlet geometric variables include line of sight blockage of the inlet cavity/engine face from the observer, plus
shape and size of the opening. Indications are
that variations in shape can have a more pronounced effect than (allowable) variations in
8i~e.
Suppression by absorption can conceivably

complexity due to need for geometric variability
and control systems plus more intimate interaction
with the adjacent vehicle flow field. Optimization of these features with those previously outlined is complex, but it must be addressed on some
rational basis, consistent with the needs of the
particular application, for the realization of
effective mission performance.

13.1.3

ENGINE IMPACT ON INLET DESIGN

Having just discussed the major factors that
may direct the design integration of the inlet and
engine, let us nOW consider the way in which several engine characteristics impact design of the
inlet component. This Viewpoint will then be
reversed in the following section to address the
effect of the inlet on the engine design process.
INLET SIZING
One of the most fundamental considerations in
the design process is selection of the inlet size,
or intake area. For a subsonic installation, this
is a relatively straightforward task, for a wide
airflow range can be accommodated by a fixed
geometry intake, since the engine compressor can

propagate pressure disturbances forward into the
freestream as a means of "signaling
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the need for

• flow rate variation. Thua the throat, or minimum, area becomes the major determinant of inlet
flow capacity. Inlet drag, weight, and coat increase with size, aD the objective is to satisfy
the maximum engine flow requirement with the
smallest possible throst area that is consistent
with the desired internal performance (recovery)
and stability (pressure distortion). Several ramifications of this statement deserve discussion.
First. the maximum engine flow demand is influenced not simply by the largest nominal corrected
flow in the engine operating envelope, but also
by engine-to-engine airflow variation, which may
run 1-1/2 to 2% from nominal. Further, flow
increments arising from foreseeable engine thrust
growth in a particular installation must be anticipated, so that installation redesign and retooling
will be avoided. Second, practical considerations
preclude sizing the throat to operate at-its theoretical maximum flow capacity, Mach 1. Both flowpath curvature and boundary layer growth act to
reduce the maximum achievable one-dimensional
throat Mach number below unity; a typical value is
Q.85 to 0.90. In addition, some margin from this
actual choke point is necessary because, near
choking, a small variation in flow rate produces a
disproportionately large change in performance.
In practice, a small increase in engine flow demand will cause an abrupt drop in total pressure
recovery as well as a jump in diffuser flow distortion and turbulence. For this reason, existing inlets have generally been sized for maximum
throat Mach numbers of 0.75 or less. This situation is represented schematically in Figure
13.1.15. Third, even this nominal practical value may need to be reduced to satisfy operating
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Subsonic Inlet Sizing Consideration.

raquirements, like takeoff rotation and crosswind
takeoff discussed in Sec. 13.1.1, where significant local flow acceleration further reduces the
inlet flow capacity, or "effective" throat area.
Finally, as the throat area is reduced to achieve
a higher throat Mach number, the amount of diffu.ion required is correspondingly increased. This
necessitstes a longer diffuser section for s given
allowable diffusion rate. Thus, there is a tradeoff- between inlet diameter and length.
Once the foregoing considerations have been
resolved, the required throat area is obtained
from the following relation:

(m/S2 /d 2) (d 2 /d,th)

(13.1.4)
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where 52/5th is the reciprocal of the diffuser pressure recovery and may be considered unity for preliminary sizing studies. The throat specific corrected flow mi9TdA is a function of the desired
throat Mach number, as developed in Sec. 13.1.1, and
may be obtained from Eqs. (13.1.2) or (13.1.3) or
from a plot of these, such as Figure 13.1.1.
For a supersonic applicstion, inlet sizing is
more complex. The inlet shock structure prohibits
operation at a mass flow ratio greater than one.
Indeed, variable geometry is required even to
approach unity mass flow ratio across the supersonic
range, due to the variation in oblique shock angle
with Mach number. Therefore either the shock structure or throat area can limit ~he airflow in a supersonic inlet. The supersonic inlet mUst be able to
pass the'largest flow demanded by the engine throughout the flight envelope. Engine flow-versus flight
Mach number will typically behave as shown in Figure
13.1.16, decreasing at higher Me due to achievable
corrected speed (N/I92) reduction for a given mechanical speed (N) limit as corrected ram temperature
(62 ~ 60 ) rises with increasing Mach number. Again,
the total engine flow demand should include engine
tolerance and secondary demands such as engine cooling and nozzle flow.

:"2Je;,)
(~, Bngine
Demand

o
FlguN 13.1.16 Typical Engine Corrected Airflow
Demand Variation with Flight
Mach Number
The inlet supply characteristic must then be
for comparison with the engine demand.
For this purpose, the inlet supply available to the
engine should be the total inlet flow minus boundary
layer bleed, sub critical spillage, and all other aircraft related flows, such as electronics and cabin
cooling and engine bay purge. The factors entering
into determination of the inlet airflow supply are
illustrated in Figure 13.1.17. For supersonic
flight, the flow ingested by the inlet will be less
than that contained in the projection of its area
Ai' unless the shock-generating surface(s) is oriented to place the oblique shock wave(s) on the cowl
lip. Subsonically, the inlet cannot supply the full
area Ai due to the phySical limitation of throat
area when the ramps are collapssd to their mechanical
limit. Variable ramp scheduling with flight Mach
number is possible and is a feature used on many
aircraft. However, the practical ramp variation is
limited by considerations of shock detachment, buzz,
and throat area sizing required for terminal normal shock control. Therefore, supersonic (or supercritical) flow spillage will generally occur, at
least at off-design Mach numbers as shown on parts
(a) and (b) of Figure 13.1.17. In addition, a certain amount of bleed will be required supersonically
for boundary layer control. Removing these effects
results in the net supersonic inlet supply indicated
in these figures. During subsonic and transonic
operation, at flight Mach numbers below the oblique
shock detachment value, throat choking is the counterpsrt of supersonic spillsge and bleed. A reprelentative engine demsnd schedule is also shown in
de~ermined

ww%',
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Bypa ••

be feasible to incorporate variable inlet geometry as a way of reducing the extent (Mach number range) and magnitude of the excess flow.
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Figure 13"1.18
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Figure 13.1.17 Elements of Inlet Airflow Supply
Determination
part (b) to indicate that any excess flow must
either be bypassed [as shown in (a») or spilled
aubsonically (subcritically) behind the terminal
ahock, which will move forward of its position
ahown in the figure to effect this. Combining
the net inlet supply mass flow ratio with a
typical recovery schedule (c) result; in the
net specific airflow supply as follows:

e2~/02) =(~~)

x

Totsl'
Mo
Engine
Required

G;) G: )
x

(13.1.5)

net

where the specific corrected flow mle/oA has been
previously discussed, and °0/02 is the reciprocal
of the overall total pressure recovery. (Ao/Ai)net
is the mass flow ratio of the net inlet airflow
available to satisfy engine-related demand, i.e.
it excludes other demands such as boundary layer
bleed and subcritical spillage. The resulting
lupply characteristic will appear similar to that
of Figure 13.1.17 (d).
The inlet sizing procedure then consists of
determining the required capture area as a function
of flight Mach number via the following equation:

A_ m216:/0
22_
i

(m216:/5
)
2 2

Engine Flow Demand
Available Inlet
Specific Airflow

(13.1.6)

Ai
The largest capture area required, considering all
pertinent Mach number/altitude combinations, is
the necessary inlet size. A comparison of the
raauleing inlet supply and engine demand characteristics where the inlet size is set by the maximum Mach number condition is shown in Figure
13.1.18. Depending upon the application, it may
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In1et/Engine Flow Matching for a
Supersonic Cruise Sizing Point

The excess flow must either by bypassed, via a
duct leading to the engine exhaust nozzle or
through overboard eXits, or spilled around the
inlet. Additional drag forces arise from the
failure to employ the captured flow to produce
thrust. These remarks also apply to the need
for flow dispersal at reduced power setting
conditions or in an engine out situation. Failure to size the inlet large enough to supply the
engine with sufficient physical airflow is selfcompensating to a certain degree. Since compressors and fans tend to be constant corrected
flow devices (changing with speed), the normal
shock adjusts itself to provide the desired corrected flow. This is accomplished by drawing the
terminal shock to the lip and setting up another
normal shock in the diffuser which +owers the pres,sure recovery and therefore increases the corrected
flow to the require" value. Two problems arise whenthis happens: (1) Large pressure distortion levels
are usually produced and (2) A loss in net thrust
can result from an undersized inlet, since engine
thrust is a function of engine physical flow and
inlet pressure. For these reasons, inlet sizing is
undertaken with extreme care to ensure inlet/engine
flow matching compatibility.
Although the supersonic inlet is usually faced
with a throat area restriction on airflow capacity
only while operating subsonically, the lip shapes
required for good supersonic ex~ernal performance
can introduce significant internal losses at the
high mass flow ratios characteristic of low-speed
flight, Reference 13.6. If the ramps are already
collapsed to their mechanical limit to provide maximum throat area, auxiliary inlets are often utilized
to improve performance. These may take the form of
discrete slots, located around the periphery of the
nacelle slightly forward of the engine face plane,
and incorporate cover doors externally and internally that are actuated, via either pressure differential or mechanically, to expose the required
opening. Figure 13.1.17 indicates this feature
schematically. By utilizing such cover doors, the
required corrected airflow can be inducted at a
higher overall efficiency, because the auxiliary
inlet reduces the flow demand and associated losses
far the main inlet, but does not suffer from the
losses identified with flow around supersonic lips.
INLET BUZZ AVOIDANCE
Minimum engine airflow demand must also be considered in inlet design and development, in order to
~reclude inlet buzz occurrence.
As discussed in

Sec. 13.1.2, this phenomenon occurs at low inlet
mass flow ratios and is characterized by low frequency, high amplitude pressure fluctuations that
are detrimental to engine stability and structural
integrity. A goal of the inlet development phase
is to arrive at a configuration whose buzz boundary
is removed from the minimum propulsion system flow
schedule by an appropriate margin, as indicated in
Figure 13.1.19. To aid this achievement, the inlet

where
pressure rise caused by the
passage of the surge-induced
wave as it propagates into the
inlet duct

t.p

duct static pressure and Hach
number at engine spinner prior
to surge.

Minimum Engine and
propulsion-Related
Airflow Demand

Effective Area Ratio (~ff)
Equals Nominal Sea-Level
Static Bypass Ratio Reduced
5~ for Each Fan Stage
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bypass system previously discussed and shown in
Figure l3.l.l7(a) is usually sized to pass sufficient flow to avoid inlet buzz under a failed
engine situation.

Figure 13.1.20

Predicted Hammershock OverPressure Correlation for Inlet

Duct Structural Design

Thus, an assessment must be made of the engine
airflow rate that will prevail due solely to ram
flight effects, when the rotor is windmilling or is
locked. Then the bypass capacity must account for
the remaining flow needed to preclude encountering
the inlet buzz boundary and provide any desired
margin.

These characteristics are partially based on
measurements for bypass ratios (a) from 0 to 1.37,
with the higher bypass ratio curves based on an
analytical solution to a transmitted shock wave flow
model.
INLET CONTROL SYSTEHS FOR FlOW STABILITY

The inlet duct's structural design must consider the condition providing the largest internalto-external surface pressure differential. This
situation is likely to arise during a severe
engine surge at high d~namic pressure, when a transitory flow reduction occurs, followed by transmission of a strong positive pressure pulse forward

Several needs for a mixed compression inlet
control system were noted in Sec. 13.1.2 and may be
briefly summarized here. They arise primarily due
to the need to maintain the terminal shock in a
stable position, and to prevent boundary layer separation. Control of shock Hach number value, and
hence location, is required for stable and fairly
efficient inlet performance and is necessitated by
such destabilizing effects as variation in engine
power setting/flow demand, intended aircraft flight

from the compression system. This phenomenon is
often termed hammershock O\rerpressure, in reference to the suddenness and severity of pressure

speed change, atmospheric nonuniformities, and aircraft maneuvers. A flow bypass system, variable
inlet geometry, boundary layer bleed, and a throat

rise. The initial overpressure pulse is generally
followed by successive damped pressure cycles,
resulting in application. of an oscillatory static
pressure loading on the inlet duct surfaces.

Mach number sensor are elements of a general control system. Some of these elements are shown in

INLET DUCT DESIGN FOR ENGINE SURGE OVERPRESSURE

The analytical framework presented in Reference 13.7 to describe the overpressure phenomenon
indicates that it is, in general, a function of
the overall compressor pressure ratio, the inlet

duct static pressure and Hach number, and the
engine bypass ratio. Figure 13.1.20, from Reference 13.7, shows a typical correlation obtained
for the overpressure in terms of a parameter

6p.

K·

PI

H 1.26 = f
1

(

~c' n

)

(13.1.7)

simplified fashion in Figure 13.1. 21, together with
the types of interactions between the cockpit and
airframe, for a translating centerbody type of inlet.
Use of these particular features depends on the
specific vehicle performance requirements discussed
in Sec. 13.1.2, such as flight speed and maneuverability, which will strongly influence the inlet
type and allowable complexity. However, even an
external compression inlet generally requires con-

trol provision for Inlet bleed flow, bypass flow,
and ramp scheduling. The complexity of an active
terminal shock positioning system is not required.
13.1.4

INLET IMPACT ON ENGINE DESIGN

Several aspects of the inlet's behavior are
worthy of consideration relative to design of the
engine, particularly the compression components.
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Figure 13.1.22

Schematic Representation of the
Typical Need for Engine Airflow
Tailoring, Transonic Inlet Sizing
Point

In practice, the amount of flow mismatch reduction is constrained by considerations of cycle
performance and component operational limitsw For
the turbofan, an additional barrier is imposed by
the need to match stream static pressure at the

juncture of the hot core and cool bypass flows.
Accordingly, fan speed and flow must be reduced
at higher Mach numbers to achieve the pressure
balance, with the possibility of trading subsonic
performance for some additional supersonic flow capbility via modifications to the basic cycle.
Figure 13.1.21

Inlet Control System Pressure

ENGINE AIRFLOW DEMAND TAILORING

An alternative to accepting the smallest achievable residual supersonic flow mismatch via the means
just discussed is as follows. Referring again to
Figure 13.1.22, engine A's supersonic flow could be
reduced via speed cutback, as long as full thrust is
not required, per the transdnic sizing assumption.
Engine B's flow schedule could be matched via use of
an auxiliary inlet, to provide subsonic/transonic
flow, together with a downsized primary inlet.

If the inlet configuration and operating
characteristics are defined early enough in the
propulsion system design phase, some tailoring
of the engine airflow schedule is possible. The
incentive for closely matching the inlet supply
and engine demand ·airflows is minimization of
inlet spillage and/or bypass system drags, which
can contribute to upgraded aircraft performance

In addition to the foregoing maximum power consideration, a need exists to reduce the installation
losses that arise during part power operation; this
is especially important for mixed (supersonic/
subsonic) mission aircraft. While the afterburning
turbojet and mixed-flow augmented turbofan engines
share this problem, the latter type has been selected
as the best current powerplant for such applications.

Measurements and Schematic In-

terface. Diagram
To an extent, they are the complement of the engine factors affecting the inlet design discussed
in Sec. 13.1.3.

in terms of maneuverability, range, or acceler-

ation, as desired for a particular vehicle
mission.
Two possible engine/inlet flow matching situations are indicated schematically in Figure
13.1.22 for a transonic sizing point. Designated
as the propulsion-related airflow requirements
associated with two engines, A and B, the flow
demand will typically differ from the inlet
supply; the potential for either over- or
under-supply exists. In this illustration, flow
mismatch occurs in the supersonic regime as a

result of the assumed sizing point.

Depending

on the aircraft mission and associated engine

type (turboj et or turbofan), limited flexibility
exists to shift the engine demand schedule to
better fit the inlet supply, through such means
as varying the turbine temperature or varying
the exhaust area. As developed in Chapt. 8, if
variable geometry techniques were to be em-

ployed, considerably more flexibility in airflow matching could result.

The part-power installation losses consist of after-

body drag, due to increased boattail angles associated with reduced variable exhaust nozzle area, as

well as inlet spillage. These losses are qualitatively indicated in Figure 13.1. 23 in terms of their
associated descriptive parameters. The resulting
typical performance decrements are shown in Figure

13.1.24 in terms of specific fuel consumption. for
Mach 0.9 operation of an aircraft with Mach 2.5
capability. Considering that modern fighter engines must be so oversized to meet combat maneuver-

ability requirements that they typically operate at
only 40 to 60% of maximum dry thrust for altitude
cruise at Mach 0.8 to 0.9, significant inlet and
nozzle drag penalties can exist.

To date, these

effects have prevented the fullest realization of
multimission capability.
A concerted effort is currently underway in
industry and government organizations to identify
and develop feasible new engine concepts for the
flexible, efficient performance required by future
supersonic military and commercial vehicles. Inherent in the desire to combine the best features
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Schematic of Variable Cycle Engine
Concept

The VeE's improvement of supersonic flow
matching is shown in Figure 13.1.26, relative to
~~Ir~~------------~

40

60
" Dry

80

100

Thrust

rigure 13.1.24 Representative Installation Losses
for Kach O.9/36K ft Operation of
a Kach 2.5 Aircraft with a MixedFlow Turbofan Engine
of the current leading subsonic (turbofan) and
supersonic (turbojet) single-mission powerplants
is the need for a variable cycle engine (VCE),
which in turn requires variable geometry and more
complex component arrangement than existing
engines.

1.0

Reference 13.8 discusses one ongoing VCE concept development effort, and also recounts in detail the performance characteristics of turbojet
v·ersus turbofan engines and traces various VCE
developments of the past 10 to 15 years that have
led to the currently pursued concepts. Some
essential features of these VCEs are illustrated
schematically in Figure 13.1.25; three compression components are interconnected to each other

via bypass ducts, in addition to the normal
transition ducts. This allows a wide range of
component airflow combinations, so that the
effective engine bypass ratio can range from
near zero (turboj et) for good supersonic performance to the high values needed for efficient
subsonic cruise. In addition, total airflow
demand can be held constant at a cruise Mach
number while bypass ratio and thrust are modulated so that inlet flow matching, and, hence,
installed performance, are improved. Variable
turbine and exhaust system geometry can also be
utilized to control the flow split.

Figure 13.1.26

2.0

Improvemenl in Maximum Supersonic

Airflow Capacity with Advanced
Variable Cycle Engine
typical turbojet and turbofan engines. Since the
supersonic flow increase is available while h~lding
subsonic flow constant, it is clearly benefic1al
from a flow matching standpoint. The partial power
matching gains described in the previous paragraph
are indicated in Figure 13.1.27. Reduction of both
inlet spillage and afterbody drag will result, as
schematically indicated in Figure 13.1. 23. Hith
this capability, the basic cycle can be oriented
toward maximum thrust requirements and yet arrive
at more balanced, mixed mission performance.
SURGE MARGIN ALLOCATION FOR ANTICIPATED DISTORTION
The general topic of engine stability analysis
is discussed in detail in Chapter 23. Accordingly,
the objective of this section is to provide an overview of the basic effect of distorted inflow on a
compression component and indicate the impact distortion may have on engine design and performance.
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as manufacturing tolerances, variable stator
accuracy and response time, casing/blade clearance increases and airfoil contour deterioration
with age, and Reynolds number at appropriate
points in the flight placard. The maximum tran-

Inlet Flow
100

sient operating "line", or lo.cus of maximum oper-

ating points, is elevated from the nominal
steady-state operating line by engine component
tolerances and by fuel control margin required

90

for acceleration and deceleration, compressor

bleed effects, afterburner lightoff transients
and thrust modulation effects, and control mode
effectiveness, especially for more complex engine
systems.

Turbofan

The shaded region between the degraded surge
line and the maximum transient operating line of
Figure 13.1.29 represents the surge margin available to tolerate distorted inflow in the compression system. The fundamental impact of nonuniform flow entering the engine is that a change in
the nominal velocity field affects the flow incidence on the blading and may lead to locallY stalled
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·Figure 13.1.27

Improvement in Subsonic Part Power
Flow Matching Via Variable Cycle
Engines for the Same Cycle Parameters

A typical compression component aerodynamic
performance map may be represented as shown in
Figure 13.1.28. The operating line is established
by back-pressure characteristics set by turbine
and exhaust nozzle areas, and is selected to
achieve required engine performance levels (Sects.
8.1 and 8.4). It is therefore adjustable, at the
expense of performance in the case of a reduced

(lowered) position. The surge line represents
the limit of stable operation and is by definition
fixed for a given configuration and operating condition.

~

"

Figure 13.1.29

Cumulative Representation of Degraded Surge and Operating Lines
for a Compression Component. Lead-

ing to Reduced Stabi 11 ty Margin for
Inflow Distortion
regions or, in the limit, to complete surge of a
component. Other possible undesirable effects include aeromechanical excitation that can reduce

blade life or cause catastrophic failure. Depending
on transmission of the inlet distortion through the
compression system, creation of a turbine inlet

temperature profile that locally exceeds nominal
levels may occur so that either turbine component

life is degraded or performance must be derated.

DeSign Phase)

1

Performance is reduced by average burner temperature
reductions. Actual installed compressor inlet

~----------------------------__

o

Figure 13.1.28

velocity fields can be quite complex, with axial,

Typical Aerodynamic Performance
Map for Fan or Compressor Component

The nominal operating and surge lines of Figure 13.1.28 are subject to various degrading
effects that act to decrease available surge margin, which is related to the difference in their
respective pressure ratios. Figure 13.1.29 is a
Simplified representation of this situation. The
stall line degradation results from effects such
13-15
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radial, and circumferential components superimposed
on the nominal compressor velocity vector. In
practice, flow distortion is expressed in terms of
total pressure variation, since this is more readily
measurable than velocity.

The detailed effects of pressure distortion on
compressor flow stability are complex and not com-

pletely understood. They depend heavily upon the
flow pattern shape, i.e. magnitude, circumferential
and radial extent, and location of the distortion
(hub versus tip), and upon compressor geometric and
aerodynamic deSign features such as stage loading,

aspect ratio, and solidity.

However, the net result

of a distorted flow is primarily to effectively
lower the undistorted surge line of a compression component; a possible secondary effect is reduction of component efficiency. If this surge
line degradation exceeds the available amount, an
impasse is reached at which point in the development cycle one or more of several options must be
exercised. Such options include inlet distortion
reduction via modified design or operating point,

tion discusses the basic objective of such an effort,
together with a brief histarical background of some
problems that have arisen from lack of an effective
integration program; the current and projected role,
of analytical methods in aiding inlet and compressor system development; and the progressive cornplexity and integration of the various types of
test programs leading to confirmation of the production vehicle's capabilities.

engine compression system design changes, reduc-

tion or reallocation of the other previously
mentioned factors degrading surge margin, redefinition of aircraft operational goals, or acceptance of some type of performance penalty such
as range reduction.

13.2.1

The essential feature, then, of surge margin
allocation is determination of an amount such that
the inlet/engine combination provides both adequate
performance and reliability. Insufficient margin
results in engine surge and power reduction that,
at best, curtail the aircraft's operational envelope and, at worst, compromise vehicle safety.
Alternately, excessive surge margin represents

foregone propulsion potential that prevents
efficient realization of the full aircraft performance capability.
EFFECTS OF INLET BUZZ, UNSTART, AND HAMMERSHOCK
INTERACTION
The transient pressure characteristics of
inlet buzz and engine surge-induced hammershock,
mentioned in Sec. 13.1.3 in connection with inlet
duct structural design, are also significant
inputs to the engine mechanical design. The inlet buzz pressure frequency spectrum must be
carefully defined to ensure that none of the
engine's rotating or stationary structural
members have resonant frequencies in the range

An effective integration effort for a supersonic
installation normally requires 5 to 6 years, beginning with analytical design studies leading to an
increasingly ~ophisticated series of tests to evaluate inlet and compression component characteristics,
singly at first and later together. A general experimental program directed at development of a stable
inlet/engine system is shown in Figure 13.2.2. These
test features will be discussed in more detail in
subsequent sections of this chapter.

of the predominant buzz frequencies. Similar
considerations apply to the case of inlet unstart. In addition, the pressure signature
resulting from interaction of the inlet and
engine during a hammershock incident must be
factored into the compressor design, since it
affects the rotor axial force as well as bending and torsional blade loading.
13.2

BACKGROUND AND BASIC CONSIDERATIONS

The complexity of inlet/engine interaction is
so extensive that, in the past, many unforeseen
inlet/engine compatibility problems have arisen at
advanced times in the development schedule. Frequently, resolution of major system compati~ility
shortcomings has been forced well into the fli2ht
test program. Figure 13.2.1 from Reference 13.9 indicates the difficulties and ultimate solutions for
some military vehicles during the 1954-1967 period.
In addition, operational problems have occasionally
occurred,during initial service of commercial transports. This experience has demonstrated that it is
generally more cost effective to integrate design and
development of the engine and its interfacing aircraft components, such as the inlet, through a formally structured series of steps, such that flight test
is merely a final'system demonstration built upon subscale and full-scale inlet and compressor component
development. The incremental costs associated with
more extensive and sophisticated development programs are mOre than justified by reducing the outlay
that would have been created by the aftereffects of
a less thorough effort. Such aftereffects may include increased development costs during flight
test, delayed system availability, and derated performance capability of the final production aircraft.

VALIDATION OF INLET/ENGINE SYSTEM
A subsonic application generally requires a
shorter period of less extensive testing follOWing
the design phase, depending somewhat upon the particular application and applicability of the various design requirements discussed in Sec. 13.1.1.
Experimental development and design validation
techniques are currently utilized more heavily

Having set forth the factors that affect
the inlet/engine design integration, we can now
consider the manner in which integration of the
inlet and engine into an effective propulsion
system is undertaken and confirmed. This secOpotutional
Sy.stem
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the effect of the boundary layer displacement
thickness to recalculate the potential solution,
and, thence, a further boundary layer solution.
This procedure is repeated until convergence is
obtained. Convergence is assessed by some limit
on local velocity changes between successive
iterations. Analytical results obtained in this
manner closely duplicate test measurements, provided that separation does not occur. The onset
of sepsration can be well predicted by this technique, however, so that the range of applicability of the analytical results can be determined.
Example results are indicated in Figure
13.2.3 (from Reference 13.11) where the agreement
between the analytical prediction and the experimental results is seen to be close (except at
the inlet highlight, X/L = 0). Inlet flow properties
are "equally well predicted for circumferential locations other than the windward side, Reference 13.12.
An example of the capability of boundary layer separation prediction is given by Figure 13.2.4 from
Reference 13.2. Here, inlet wall pressures measured
at various angles of attack in a wind tunnel test
were used as input to two boundary layer analyses
(Reference 13.13). Their separation parameters,
FMAx and CfMIN respectively, are plotted against
measured proximity to separation, 0s-ai' The critical values predicting separation, FMAX = 0.5 and
CfMIN s 0, are asymptotically approached in most
cases as the separation point, as-ai = 0, is
neared.

Figure 13.2.2 Example of an Inlet/Engine Stability Development Test Program
than are analytical methods. This largely reflects gaps in present day analytical capabilities, as for example, where complex inlet
geometry (i.e., three-dimensional), highly
vehicle-integrated, is involved. Similar shortcomings exist in detailed understanding of the
interrelationship between compressor design variables and distortion sensitivity, component
interdependence, and transient performance with
distorted inflow. However, these and other
areas are receiving attention on a broad front
and it is reasonable to project that analytical
methods will become a more significant factor in
the inlet/engine development process during the
next decade.

The foregoing capability serves well for
most current subsonic inlet configurations,
which are axisymmetric or nearly so. Efforts
are underway to develop analytical tools for
general three-dimensional potential and viscous
flows that will eventually include interactions
between inlet and ad~acent aircraft flow fields,
shock waves and boundary layers, and inlet turbulence effects.

The structure of a program to develop and
validate an effective inlet/engine subsystem
will be discussed in more depth in the following
sections.
13.2.2

ANALYTICAL EVALUATION OF INLET AND ENGINE
OPERATION

To the extent of their capabilities, analytical methods are extremely useful, because they
allow evaluation or screening of alternative concepts and facilitate determination of component
performance sensitivity to various design parameters of interest. This information can usually
be obtained at a lower cost than that which
Would be required by an analogous experimental
program. The following discussion is intended
to outline some current and projected capabilities in three areas: inlet aerodynamic design,
modelling compression system response to distortion, and inlet/engine dynamic analysis.
INLET AERODYNAMIC DESIGN ANALYSIS
At present, analytical methods are available
with the capability of providing solutions to
flow about two-dimensional bodies (i.e. axisymmetric or planar), including the effects of angle
of attack. The resulting (three-dimensional)
solution can be improved by introducing a boundary layer analysis to determine the viscous
effects. The boundary layer analysis (which is
strictly valid only for2-D flows) utilizes the
potential flow solution to provide the necessary
"free stream conditions" required for the boundary
layer solution. This process can be continued by
modifying the apparent body dimensions to include
13-17

Supersonic inlet design analysis applies to
both supersonic and subsonic diffuser components.
The former includes the boundary layer bleed system mentioned in Sec. 13.1.2. The method of characteristics is utilized in supersonic diffuser
analysis for two-dimensional configurations.
Iterative viscous calculations are utilized and
bleed flow effects are considered in subsequent
calculations. For a detailed discussion of
supersonic and subsonic diffuser design considerations, the reader is referred to Chapter 26.
Current supersonic and subsonic diffuser analytical capabilities are generally limited to twodimensional shapes for design purposes; this is
somewhat restrictive considering the wide variety of supersonic inlet geometries. Effort is
underway to develop the ability to analyze angle
of attack effects for design of axisymmetric inlets. In addition, three-dimensional subsonic
diffuser programs are being widely pursued to
analytically address the general asymmetric configurations associated with buried engine
installations/offset inlet ducts plus crosssectional transition sections necessitated by noncircular inlet entrances. The flowfield complexity
of typical supersonic inlets thus suggests that
their dependence on experimental development methods
will continue to be somewhat greater than that of
subsonic inlets for the foreseeable future.

testing can eventually be used to correlate and fine
tune the model. to verify that the model can be used
to direct subsequent demonstrator component scaling and/or minor resizing that are typically required for production hardware. The dynamic simulation model. then. is a tool that can be used in
component and system stability studies as well as
general performance evaluation. In terms of inlet/
engine integration for example. it could encompass
- inlet installation, inlet geometry control. bypass
system. and engine compression system. Successful
application of such a tool in its early stages can
lead to identification and resolution of interface
problems prior to construction of actual hardware.
13.2.3

ENGINE DEVEL~PMENT TEST ELEMENTS FOR
INLET INTEGRATION

As indicated in Figure 13.2.2, an effective
engine development program aimed at achieving Compatibility with the aircraft inlet centers on the
compression system and proceeds through several
phases. Initially, the effort addresses basic fan
and compressor operation under clean and standardized distorted flow conditions and may investigate
some blading geometric variables. Then. as inlet
development proceeds in parallel, the compression
.system development progresses to evaluating the
specific inlet's distortion. both steady state and
dynamic. as well as other transient behavior.
Finally. the inlet and engine are often tested together in large propulsion wind tunnels. outdoor
facilities, or flying test beds for direct interaction effects. This is generally the last step
prior to flight testing of the actual experimental or prototype aircraft, which is discussed
separately in Sec. 13.2.5. A representative engine development test sequence oriented toward
integration with the inlet system is shown in
Figure 13.2.5 as a framework for the following
discussion of these specific test elements.

as indicated in Figure 13.2.5, the fan and compressor will be tested singly, and possibly together in a dual setup. to allow component interactions to be studied. The components are externally powered to desired speed and a variable
area discharge valve is used to throttle them so
that the complete operating envelope, i.e. up to
surge or mechanical operating limit, can be mapped.
The initial builds will be devoted largely to clean
(undistorted) inlet flow conditions to obtain basic
aerodynamic and mechanical performance data. Some
fundamental distortion patterns. and/or selected
inlet distortion patterns if available, may be
examined. To produce inlet pressure distortion,
local area blockage is introduced upstream of the
test component via wire screens so that the· desired
nonuniform total pressure field exists slightly forward of the component's first stage. Fundamental.
or standard. pattern types are often used so that a
particular design's distortion tolerance can be
directly compared with experience on other systems.
These include circumferential patterns, termed "one
per rev" in the case of the 180· contiguous spoiled
sector shown in Figure 13.2.6, and radial distortion
where a complete annulus of low pressure flow is
produced. generally at the tip or hub region of the
blade. Refinements of these simple screens are
often used, such as variable extent, graded level
(multiporosity screening, as opposed to a uniform
screen), and "mixed" patterns combining circumferential and radial distortion.
Generally, a second build of the compression
system will be required, as shown in Figure 13.2.5.
This test will be aimed at either mechanical and/or
aerodynamic design modifications. as may be required
to achieve the required capability. Examples of
design features" one or two of which may be perturbed at this point, include axial spacing, stage
stall margin. stage work. blade solidity, blade
aspect ratio. blade tip clearance, radial energy

Bxceed
DeSign

First
Flight

Goals

Time

o

Do Not
Achieve
Duign
Goal.

Temperature
Pressure
Combustor and
Self-Induced
Ground Static
Test of Inlet
and Eniine

Clean and SteadyState Distort ion
Figure 13.2.5

F - Fan

C - Compres SOl'
D - Dual (Fan +
Compressor)
B - Engine

Representative Engine Compression System Test Sequence for Inlet Integration

COMPRESSION COMPONENT TESTING WITH DISTORTION

distribution. variable stator scheduling. and interetage bleed. Initial or additional aircraft inlet
patterns will be evaluated at this time. generally
for key operating conditions like takeoff rotation.
crosswind takeoff. subsonic and supersonic cruise.
and extreme maneuvering conditions. as applicable.

The test programs shown in Figure 13.2.5
~ypically follow the "exploratory development" or
resesrch and development" phase, which consists
o~ aerodynamic and mechanical design, blade tests
in cascade arrangement, and perhaps a limited
amount of single stage testing. At this point.
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interaction. This inlet is highly integrated with
the aircraft fuselage and wing (Figure 13.2.8).
Since successful engine operation is commonly
achieved despite the known presence of transitory
inlet flow effects such as turbulence, vorticity,
and swirl, the concept of disturbance frequency is
essential to determination of the significance of
any unsteady flow phenomenon. Experimental evidence
indicates when the period of the disturbance approaches that of one fan or compressor revolution,
the engine will respond to or "see ll it as a steady
condition, since essentially all its blades will
have experienced the same condition. Conversely,
if the disturbance frequency is high enough, or
its period short enough, very few of the blades
will experience it and presumably there will be
negligible effect. Thus we conclude that there
is a critical frequency band in which timevariant inflow can significantly affect compressor flow stabil,ity.
'

Figure 13.2.6

Circumferential (l/Rev) Distortion

The approach used on the TF30 was to make compressor inlet total pressure surveys with sensors capable of responding to frequencies somewhat beyond
This type 9f testing defines the quantitative
effect of steady-state distortion on compressor sta- the compressor l/r~v rotational value. Thes~data
bility and efficiency. Stability or surge margin is revealed the existence of "instantaneous l1 distortion
determined from knowledge of both the clean and dis-, well in excess of the corresponding steadY-9tate contorted surge line locations, as represented in Figditions. When pressure signals (filtered to an appropriate frequency) were used as input to the
ure 13.2.7. In this manner the sensitivity, or reduction in surge margin relative to distortions of
steady-state distortion index or descriptor, the
sensitivity of the TF30 to instantaneous distortion
was confirmed (Reference 13.1'7).
Screen

Surge Pressure Ratio
Lost due to Inlet
Distortion

Clean (Undistorted)
Surge Line

Surge Line with
Screen Distort ian

Figure 13.2.7 Compressor Map Showing Effect of
Inlet Distortion on Surge Margin

various magnitudes, extents, and locations, is directly obtained.

UNSTEADY FLOW EFFECTS
i

U,\til. the mid 1960' s, the foregoing effort represented the major extent of assessing in1et/engirie
stability with distorted inflow. Time and financial
constraints, as well as the more viable payoff potential. of performance improvements, 'as opposed to the
negative connotation of operational limit~tions,
combined to temporarily orient the aircraft/propulsion system development toward the attainment of
greater integration and performance levels. However,
the introduction of the TF30 augmented turbofan
engine into the mu1timission F-111 aircraft resulted
in unexpected engine surges that significantly reduced its operational capabilities or usefulness.
After some investigation, the real importance of

unsteady pressure distortion was realized. The
cause was a complex combination of vehicle flow
field variation with aircraft pitch attitude, boundary layer ingestion and shock wave/boundary layer
13-20

1;bi1e this approach faci1itiated ex post
facto identification and resolution of "the F-111
problem, its applicat~on to the early stages of
subsequent integration activities, while certainly wqrranted, has greatly complicated development testing. Currently, the need exists to
measure unsteady pressures during inlet testing
and also to determine their effect on compression
system stability. While development of analytical compressor modelling techniques is underway,
as described in Sec. 13.2.2, use is being made
of test devices that simulate inlet dynamic behavior or' introduce controlled pressure variations in order to advance understanding of 'this
phenomenon. Such test equipment may use variable
ramp or choked plug features, or a device to generate variable sinusoidal planar pressure waves.
Figure 13.2.9 depicts a device that produces
broad spectrum turbulence. References 13.18 and
13.19 address the quantitative assessment of unsteady pressure disto~tion's impact on turbomachinery, including the allocation of surge
margin, in some detail. This task is quite complex, owing to the wide variety of disturbances
that may be present, singly or in concert, at
the inlet/engine interface. Examples of potential destabilizing transient influences include:
•

Ramp-type changes in throttle setting,
inlet or engine geometry~ or attitude.

•

Viscous effects such as shock wave/
boundary layer interaction, transitory
flow separation, and vortex shedding.

•

Engine-generated pressure waves caused
by rotating compressor stall, combustor
instabiiity, aerodynamic mismatch between
compression components, and interactions
between the engine and its control system.
Acoustic wave propagatlon, or resonance,
within the inlet cavity.
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As indicated in Sects. 13.1.1 and 13.1.2,
temperature distortion produced by ingestion of
hot gases from adjacent aircraft systems can
also degrade engine operation. Reference 13.20
describes an investigation of spatial and unsteady temperature distortion conducted with a
turbofan engine, using a hydrogen fueled burner
as a temperature distortion generator. Figure
13.2.10 from this report is a sketch of this
device. Results showed the high pressure compressor to be more sensitive than the fan to
this type of distortion, with the primary variables affecting stability being the magnitude
of spatial temperature distortion and the timerate-of-change for unsteady distortion.
The foregoing types of compression component
or engine testing with unsteady pressure and temperature distortions have been confined mainly to
systems for supersonic applications, where the
likelihood of occurrence and severity are gen-

Figure 13.2.10

Dl.storll.on
Generator

" , - Fuel Injector
and Flame Holder

Unsteady and Spatial Temperature
Distortion Generator for Engine
Compression System E valua tion

erally greater than for subsonic systems. Subsonic
installation operating conditions producing potentially significant unsteady distortion are generally
evaluated initially by defining the inlet dynamic
distortion in a model test and later by testing the
inlet and engine directly, as discussed next.

INLET/ENGINE TESTING
Several means exist for evaluating inlet/engine
interactions prior to flight testing the actual aircraft. They include propulsion wind tunnels, outdoor static 'testing, and use of a flying test bed.
The role of each of these activities, with some
examples, wiil now be briefly discussed.
13-21

Several large propulsion wind tunnels ate in
place at AEDC and NASA centers to test full-scale
inlet and engine insta11atio~s over a portion of
the design flight envelope. Currently, evaluation of pitch and yaw conditions is somewhat re-

stricted due to tunnel blockage considerations.
Promising efforts are underway to develop inlet
flow field simulation techniques to extend tunnel
capability in this regard. However, this type of
testing still provides valuable information on installed inlet/engine compatibility and, when
conducted roughly one year prior to first flight
as shown in the timetable of Figure 13.2.5, it
allows some lead time for design modifications
to resolve any problems that are evidenced.
This type of facility is devoted mostly to supersonic applications.

Figure 13.2.12

Outdoor static facilities have been used for
early evaluation of basic static operation, as

well as simulated takeoff rotation, crosswind
takeoffs, and compatibility with thrust reverser
deployment. The Peebles facility of the General
Electric Company's Aircraft Engine Group is an
example of such a test site. It includes a wind
generator employing an array of motor-driven
fans that produ'ces wind velocities of up to
approximately 120 kts. The engine orientation
relative to the wind direction is fully variable
allowing simulation of takeoff roll (0' orienta-'
tiou), takeoff rotation (15-20'), static crosswind (90'), and tailwind (;l80') starts. Figure
13.2.11 shows a typical crosswind test arrange- .
ment for a subsonic installation in this facility.

DC-10jCF6 Installation on B-52
Flying Test Bed

types of testing are conducted:

inlet model tests,

~ith engine f+ow simulated via a vacuum system or

propulsion simulator; and inlet/engine tests. The
latter category was discussed in Sec. 13.2.3 and
will not be further developed here, except to note
that static inlet/engine tests 'are especially meaningful for supersonic installations due to the distortion that generally prevails during takeoff. In
addition, the model test discussion in this section
is restricted to the internal flow factors that
directly impact engine performance and operation,
such as recovery, distortion, and buzz.

External

performance integr~tion is excluded here but will
be discussed in Chapter 26.
Initial inlet test models are usually small
scale, to mtnimize model and wind "tunnel costs.

Typical scale range is 5 to 15%, with a nominal
value of 10% in Figure 13.2.13. Factors influencing the model scale besides cost and available
tunnel size are minimum instrumentation size re-

quirements and requirements for Reynolds number
simulation. Both the amount and type of instrumentation desired are significant. Hiniaturization of instruments is limited and expensive;
therefo~e, installation access and inlet internal

flo" area blockage must be considered.

Require-

ments for unsteady pressure sensors and associated

Figure 13.2.11

Peebles Facility Crosswind Test
Arrangement

Flying test beds involve the use of an existing aircraft as a vehicle for mounting and f1ighttesting a developing engine installation, which
may either replace 9ne or more of the existing
engines or be mounted elsewhere on the aircraft.

This test mode has been exercised in the development of many systems, including the DC-10/CF6,
C-5A/TF39, and 747/JT9D, which used a B-52; the
S-3A/TF34, on a B-47; and the 7.27/JT8D, on a 707
aircraft. Figure 13.2.12 shows the DC-IO/CF6
installation and its B-52 Flying Test Bed, in
which the right inboard pair of existing engines
was replaced.

INLET DEVELOPHENT TEST ELEHENTS FOR
ENGINE INTEGRATION
A representative schedule of supersonic
inlet development test programs is shown in

Figure 13.2.13 as a counterpart of the Figure
13.2.5 engine test sequence. In general, two

electronic acquisition equipment are affected by
the frequency range over which accurate response
is needed. As discussed in Sec. 13.2.3, experience has shown that pressure fluctuation frequencies at least as high as the engine rotational
speed are significant in terms of engine stability
determination. Therefore, for similar geometry
and Hach number, similarity requires that a model
test must rave a frequency response capability
that is related to the full-scale value by the
reciprocal of the model scale. With typical engine
rotational frequencies on the order of 100 to
200 Hertz, a 10% scale model requires response on
the order of 1 to 2 KHz. The trade between the
foregoing factors is complex, but it must be
resolved.

The first test is useful in providing an
indication of inlet distortion trends that serve

to "ballpark" the magnitude of th~ integration
task ahead. Timely information interchange be-

tween airframe and engine manufacturers is nec-

essary during this and subsequent test phases to
facilitate this evaluation and direct the design
modifications required to achieve compatibility
between inlet distortion and engine tolerance.
In terms of the Figure 13.2.13 sequence, "hich
is oriented toward a supersonic application,
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Representative Inlet Development Test Sequence for Engine Integration

subsequent tests increase in size and/or complexity as the inlet system becomes increasingly
well-defined. More of the aircraft components
adjacent to the inlet will be simulated for direct vehicle flow field interaction effects,
such as fuselage forebody, wing, and adjacent
nacelle, if applicable. This is crucial for
evsluation at maneuvering conditions. Other
inlet features such as controls, bleed, and
bypass systems will be included or modelled
more realistically as time progresses. Examples
of other supersonic inlet variables that are
characteristically evaluated during some portion of the model program include diffuser
length and contouring, throat section length,
duct axis offset, and auxiliary inlet placement
and contouring. Corresponding subsonic inlet
test variables include internal lip contraction
Ai/Ath' leading edge bluntness, diffuser design,
and the auxiliary inlet arrangement. Finally,
the amount of unsteady pressure instrumentation
generally increases as the model test phase
proceeds.
Completion of the inlet model tests should
produce a well-resolved inlet aerodynamic design
with a good start on definition of distortion
characteristics that will be presented to the
engine. The ensuing inlet/engine ground and
wind tunnel tests then serve to extend the inlet
model results, within facility limits, by determining the integrated operational characteristics
(including buzz) prior to flight testing the
actual vehicle. At this point, the bulk of the
integration effort has been completed. Achievement of most, if not all, operational and performance goals should be visible, with acceptable
trades
minor design modifications already
identified to resolve the most marginal area(s).

c,

FLIGHT TESTING:

13.2.5

THE ACID TEST

The evaluation of engine/inlet integration
is just one of many flight test objectives. If
test elements such as those described in the
preceding sections have been utilized, the flight
test should mainly confirm characteristics already
demonstrated. Operational situations either not
amenable to prior simulation, or predicted as marginal, represent the most likely problem areas.
Examples of the former type of condition could include transient maneuvers and weapon firing. The
actual assessment of success in inlet/engine integration is relatively simple. The main criteria are
surge free operation over the complete aircraft
flight placard and engine survival without structural
damage following an intentional supersonic inlet
buzz cycle, providing the aircraft meets its broader
goals, such as range/payload and maneuverability.
Generally, this entails provision of sufficient
diagnostic instrumentation in at least one inlet/
engine to allow resolution of any difficulties that
may occur during the flight test program. Key
instrumentation features include a compression system
face total pressure survey as well as unsteady wall
pressure sensors at several stations through the
inlet and compression systems.
Following the initial flight test, production
experience must be monitored, as manufacturing variations, engine deterioration with age,
or altered usage may adversely affect some aspect of
in-service capability.
aircra~t
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VARIABLE CONVERGENT-DIVERGENT EXHAUST NOZZLE AERODYNAMICS
14.0

INTRODUCTION

The exhaust nozzle is a very important component of the overall engine propulsion system. The
sensitivity of the net thrust delivered by the
engine to nozzle performance is higher than any
other engine component. For this reason, it is
extremely important to obtain the highest possible
nozzle performance with due consideration for
nozzle cost, weight, complexity, and reliability.
There is a wide variety of exhaust systems
which can be utilized. These are: the category
of fixed nozzles which includes the conic nozzle
and the high bypass, separate flow nozzles and
the category of variable nozzles which includes
converging-diverging nozzles, plug nozzles, and
nonaxisymmetric nozzles of all kinds and shapes.
The selection of exhaust system type is determined largely by a combination of engine, aircraft,
mission requirements, and trade studies. A
schematic of typical exhaust systems is shown in
Figure 14.1.
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Figure 14.1

Schematic of Typical Exhaust
Systems

Fixed conic nozzles are the simplest of nozzles. They have no moving parts and are used to
exhaust a single engine exhaust flow in a purely
converging exhaust duct. They are utilized primarily on subsonic transports, particularly on
Commercial applications of the older generation
straight turbojet or low bypass ratio fan engines.
The high bypass, separate flow, converging nozzles are also used in subsonic transport applications. However, they are compatible with the
neWer generation of high bypass, separate exhaust
engines, in which one nozzle is used for fan bypasa air discharge and one is used for core engine
air discharge.

~.'*i

Variable nozzles are required where the engine
cycle is such that large variations in nozzle exit
area are necessary. In virtually all cases, this
area variation is a result of afterburning engine
cycles which require area increases of 60 to 150%
from nonafterburning to full afterburning operation.
A few variable nozzle applications employ a converging nozzle only. They are used for applications
where aircraft Mach numbers are near but not much
above 1.0. By far, most variable nozzle applications utilize the axisymmetric, converging-diverging
(G-D) type. The C-D nozzle is most common with
afterburning engines because usually, an engine that
has afterburning thrust requirements is matched with
an airplane that must achieve superson!c Mach num-

bers.

Supersonic flight Mach numbers result in high

engine exhaust nozzle pressure ratios and, if a C-D
nozzle is not used, the engine exhaust gases cannot

be expanded efficiently resulting in a severe loss
in engine net thrust. The axisymmetric nozzles are
structurally efficient pressure vessels and, because
of their extensive use, have a tremendous technology

base from which to design. Even within the class of
axisymmetric C-D nozzles, there is a variety of
types. The older generation turbojets still in use
are characterized by requirements for bypassing varying amounts of inlet air around the engine to provide
engine cooling and good inlet recovery and engine
matching. This low pressure secondary air is injected back into C-D nozzles which are hence called
ejector nozzles. Ejector nozzles can also take air
on board from outside the nacelle directly into the
no~zle for better overall nozzle matching and these
are called two-stage ejector nozzles. For very high
Mach number aircraft (2.7 and above), the C-D nozzles can be very long with curved diverging sections.
For lower supersonic Mach numbers, the diverging
section is usually conical. For the new generation
high bypass augmented turbofan engine, secondary
air is not- utilized and the nozzles are simple C-D
geometries with primarily conical sections.
In addition to the C-D nozzle, the variable
plug n.ozzle has also been considered for afterburning engine applications. These are generally
heavier than the C-D nozzles and pose more difficult cooling conditions, but because of the kinematic/structural arrangement, the nozzle actuation

forces are low. Plug nozzles are characterized by
a "flatter" nozzle thrust coefficient curve which
gives high performance over a wider range of pressure ratios than a C-D nozzle. They are generally
applied for very high Mach applications with low
Mach requirements.
A final class of nozzles is that of the nonaxisymmetric variety. These are exhaust systems
which can be fixed but are most often variable and
are, by definition, nonaxisymmetric. Systems of
this type are considered when their need is dictated by unusual requirements imposed on the installation. Examples of such requirements could include thrust vectoring, wing lift augmentation,
aircraft survivability, or low drag, blended body
exhaust systems. Although there are no nonaxisymmetric exhaust systems currently in use, they are

becoming more important candidates for future aircraft applications because of more complex and
flexible aircraft system requirements. These systems
are generally heavier and less structurally efficient
than axisymmetric nozzles and, because of their current state of the art, the technology base is low.

In this chapter, the aerodynamics of and
design procedures for the variable axisymmetric
C-D nozzle will be described in detail. This
clsss of nozzle was selected for detailed illust~ation for several reasons. A prime reason is
that this class of nozzle has associated with it
variants. of most of the design problems associated
with all exhaust systems. Additionally, a substantial data base and high technology level
exists for the nozzles, leading to the availability of well-understood design criteria. Finally,
the fixed convergent and variable C-D nozzles
probably comprise more than 95% of all exhaust
systems currently in use. Because of the additional complexity of the variable C-D nozzle as
compared to the fixed convergent nozzle, it was
felt that considering the example of the variable
C-D nozzle would prove to be the most instructive.
This chapter discusses the aerodynamic design
considerations of the variable C-D nozzle which
appear most prevalent for current and near future

technology engines. These are bypass engines with
no secondary air, and which are compatible with
aircraft maximum Mach numbers of -2.5 or less.
Included in the chapter are discussions on how to
predict and assess internal performance and aerodynamic gas loads. Considered in the performance
aspects are nozzle flow coefficients and thrust
coefficients with breakdowns in basic nozzle
efficiency, leakage effects, cooling air losses,
and separation effects. Procedures are provided
for estimating aerodynamic loads of the primary
nozzle, secondary nozzle, and external flaps. It
is to be noted that the discussions are related
to analysis techniques, and that specific design
curves/criteria are limited.
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C-D Nozzle Geometric Parameters

Figure 14.1.2

C-D Nozzle Schematic

NOZZLE CONCEPT

The analyais approaches discussed apply to
(but are not necessarily restricted to) variable
area C-D nozzles of the type characterized by
straight flap, sharp cornered throats with little
or no secondary cooling air introduced at the
nozzle throat.

14.2
The nozzle flowpath geometric parameters
used consistently throughout are indicated in
Figure 14.1.1. Station S is the nozzle charging
station; i.e., all nozzle losses included in the
thrust coefficient (Section 14.2) are defined to
occur between Station S and the exit, Station 9.

PERFORMANCE PREDICTIONS

Two, dimensionless parameters are used to
measure exhaust nozzle performance: the thrust

coefficient and the flow coefficient. The thrust
coefficient is the ratio of actual nozzle gross
thrust to the ideal available gross thrust and
represents the measure of hozzle efficiency.

A cross section schematic of a typical single
actuation system nozzle is shown in Figure 14.1.2.
The primary nozzle is most often actuated by a
cam and roller system, whereas the secondary noz-

zle is most often actuated by a linkage system.
The linkage system shown is a very simple type,
but more complex systems can be designed which
provide different area ratio schedule characteristics (A9/AS vs AS). The choice of cam shape
and linkage arrangement depends on the requirements of nozzle throat area in combination with
the desired area ratio schedule.

F g Actual

(14.2.1)

F g Ideal

Referring to Figure 14.2.1, the ideal gross thrust
available to the nozzle is based on the total airflow supplied to the nozzle, the total pressure and
temperature at the nozzle throat, and the fuel-air
ratio at the nozzle throat.

14 -2

'l'hUII,
Fli

t(WActual' TTS' PTS ' FARS, Po)

(14.2.2)

We

(14.2.4)

Ideal

=WActual ~2g J(HS-hO)
g

Where:

WUL

Wactua1 - W7 + WL ~ Total actual flow
supplied to the nozzle
TTB
Total temperature of gas flow at the
nozzle throat, Station a
PTS - Total pressure at the nozzle throat,
Station B
Po
- Ambient pressure
FARa - Overall fuel-air ratio
g
- Gravitational constant = 32.174
ft/sec 2
Joules consbant ~ 77B.26 ft-lb/Btu
J
- Total enthalpy of gas at PTB and TTB'
BS
Btu/1b
bo
- Enthalpy of gas at fully expanded
pressure and temperature, Btu/lb

This parameter is not a measure of efficiency, but
rather it is a sizing parameter which allows the
nozzle physical area to be matched to an engine
cycle.
These parameters are used in the engine cycle
analysis to complete the engine cycle performance
assessment. For a given operating condition, the
baSic engine turbomachinery determines the flow conditions to the nozzle throat, Station B. These flow
conditions include the total flow W7, total temperature and pressure TTS and PTS' and fuel-air ratio
FARB. From these conditions, the effective flow
area at the nozzle throat required to pass the total
flow is determined. Using the flow coefficient, the
nozzle physical throat area AS is calculated which
then I1sizes l1 the nozzle for that operating condition. The nozzle geometry is determined from the
selected nozzle geometry schedule, and the thrust
coefficient is likewise determined from the geometry and the engine/nozzle operating condition.
The thrust coefficient is then used to calculate
the actual gross thrust produced by the engine at
tbe operating condition of interest.
14.2.1

Sta. 7

I

Figure 14.2.1
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FLOW COEFFICIENT

As previously stated, the flow coefficient is
the ratio of total actual flow through the nozzle
to ideal flow. The effective flow area required to
pass the actual.delivered flow is given by

!

I

I

WActual
Ae Actual

Total pressure losses due to mixing, tailpipe
friction, tailpipe liner drag, and afterburner
heat addition pressure loss up to the throat
are considered part of the mixer/augmentor
performance. The nozzle thrust coefficient
thus includes losses due to ~he following:

PTS

(14.2.5)

f(Vs ' PTSIPO)
Combinati~n

of the preceding three equation gives
(14.2.6)

friction. (moment un loss due to wall
friction in the nozzle)

AeActual PT8

(2)

angularity (momentum loss due to nonaxial flow at the exit plane of the
nozzle)

(3)

expansion (loss due to mismstch of tbe
nozzle exit pressure with ambient)

(4)

leakage

(5)

cooling air throttling loss

AS PTS

The flow coefficient is the ratio of total actual
nozzle flow to ideal nozzle flow.
W7 Actual

As

ms

ms/jT:;;

ms/As

Thus, the flow coefficient is identically equal to
the ratio of the effective flow area required to
pass the total actual nozzle flow to the nozzle
physical throat area. The required effective area
is determined from the engine cycle calculations
and the flow coefficient is used to calculate the
required nozzle physical throat area by substituting the expression for Waideal into the flow
coefficient equation.

(14.2.3)

W7Actunl

Ws Ideal

W7 Actual

,(T:;;,

PTS As ms

The ideal flow is calculated from the flow conditions at the nozzle throat (PTB, TTB' YS), the
nozzle physical throat area (AS)' and the overall
nozzle pressure ratio (PTS/P O). Using the continuity equation, this can be expressed as:

14-3

Finally,
W7Actual

.(T':;;

(14.2.7)

Depending on the particular engine cycle/
exhaust nozzle performance bookkeeping system
.elected, the actual flow in the flow coefficient
can include not only the flow passing through the
nozzle throat area, AS' but it can also include
primary nozzle leakage and, in some cases, bypass cooling air.
Wcooling

~

When the nozzle is "hard choked," the flow coefficient will reach a maximum value and remain constant with increasing pressure ratio. The level of
CDSMAX and the pressure ratio at which it occurs is,
for all practical purposes, a function of primary
nozzle half angle only as shown in Figure 14.2.4.
Note that at e • 0, the flow coefficient is still
less than 1.0; this is the effect of the boundary
layer.
1.00...---..---..---..-----,

W--.........7ac tual

---W
8

Figure 14.2.2

Flow
Coefficient,
CD8 Max

Nozzle Flows

Thus,
0.92~----+-----~----~----~

The leakage and cooling flow can be estimated using
methods discussed later and knowing each of these
flowa, a total nozzle effective area can be determined based on PT8' TTS' and mS as follows:
AeTotal Actual
Ws

&

=AeS

+ WLeakage

PTS ms

O.90~O----~lO~--~2~O----~30~----740

Primary Nozzle Half Angle,
Figure 14.2.4

Nozzle Maximum Flow Coefficient

+ ABLeekage + AeCooling

As + Wc~ol1ng .(T;;,

PTS ins

PTS ms
(14.2.8)

Thus,
Aes + ABLeakage + AeCoollng
As

(14.2.9)

Since the C-D nozzles in consideration are
assumed not to accommodate secondary air, the primary
and secondary nozzles are close coupled; there is
either a very small cooling slot at the nozzle throat
or none at all. With this arrangement, the C-D noZzle will behave as a venturi, and the drop-off in
CDS as pressure ratio is reduced will not occur. The
presence of the secondary nozzle will cause the
throst to remain sonic at low pressure ratios (below
1.9); for example, during an engine throttle back.
Since the flow coefficient is based on overall nozzle
pressure ratio, recall

The effective area at the nozzle throat comprises most of the total effective area. The leakage effective area is typically 1/2 to 1% of the
total and the cooling effective area is typically
o to 2% of the total. The ratio of throat effective area to physical area, AeS/AS' is less than
1.0 because of the loss of flow in the boundary
layer and the contraction effect of the nozzle.
A typical flow coefficient curve for an isolated
conic nozzle with no leakage or cooling bypass
flow will appear as follows:

2
Figure 14.2.3

3

4

Conic Nozzle Flow Coefficient
Figure 14.2.5
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C-D Nozzle Flow Coefficient

This occurs because, as in the case with a venturi
nozzle, the static pressure in the throat is lower
than the ambient pressure. Therefore, while the
flow function, mS, is based on the overall nozzle
pressure ratio PTS/PO' the actual pressure ratio
at the throat, PTS/PS8 is higher than PTS/PO and
as a result, the throat Mach number is higher
than the nozzle exit Mach number and passes more
flow than that calculated from PTS/PO'
The eventual peaking out at very low pressure ratios is a result of the fact that the
amount of static pressure drop in the throat
is limited by the nozzle area ratio. This
rise characteristic in flow coefficient can
be influenced by the size of the cooling slot,
the separation characteristics of the nozzle,
and the secondary nozzle half angle, a, all of
which can affect the throat static pressure.

Friction
\

Angulari ty
\
Expansion
C C W7Actual V
(P ' - Po) A9
C
= V A
g
9i +
S9l
f
g
W7Actual
\

®

(14.2.10)

g

- 4Cfg Leakage - ~fg Cooling Air
Loases

Throttling Losses

where:
Cv = velocity coefficient accounting for friction losses.
CA - angularity coefficient accounting for
angularity losses.

A baseline flow coefficient curve accounting for the throat effective area only is thus
defined from Figure 14.2.4 and analytical calculations. Since the flow coefficient to be
used in the cycle analysis can include the leakage and bypass cooling flows, the final flow coefficient would be that given previously:

W7 ac tual - actual total

ai~flow

supplied to the

nozzle.

Vgi

a

ideal velocity at the nozzle exit based
on Ag/AS, CDS, TTS, and FARS.

PS9! - ideal static pressure at the nozzle exit
consistent with V9i
nozzle physical exit area

v ® - isentropic or fully expanded jet velocity
based on PTS/PO, TTS, and FARS.
Basic nozzle aerodynamic efficiency includes the
effects of losses due to angularity and friction,
while expansion losses are attributable to "off
design" operation. These three losses establish ol
baseline nozzle thrust coefficient curve for a
typical C-D nozzle.
1.O~~~------~----L---------,

C

fg

C
fg

Figure 14.2.6

Adjusted C-D Nozzle Flow
Coefficient

It is important to recognize that for a
variable geometry nozzle, the flow coefficient
is not a measure of nozzle efficiency, it is a
parameter that sizes the nozzle to an engine.
The flow coefficient is simply used to determine
the nozzle area necessary to pass the required
engine flow. For this reason, flow coefficient
errors or discrepancies of 1/4 percent, which
are significant for thrust coefficients, have
essentially no impact on nozzle performance.

14.2.2

BASELINE THRUST COEFFICIENT

The thrust coefficient is the measure of
nozzle efficiency and accounts for all nozzle
losses. As described earlier, these losses include friction, angularity, expansion, leakage,
and cooling air throttling. The thrust coefficient equation showing these losses can be
written as follows:

Figure 14.2.7

C-D Nozzle Thrust Coefficient

The maximum thrust coefficient is the peak thrust
coefficient and occurs at a nozzle pressure ratio
where the nozzle exit static pressure, PS9i, equals
ambient pressure, PO. At this condition, the ideal
nozzle exit velocity, V9i, is equal to the fully
expanded velocity, V (s). Equation 14.2.10, without
the leakage or throttling losses, becomes

C

fg

=

C

v

C
A

W7Actual V
(P
g
91 +
S9i - Po) Ag
W7Actual
(14.2.11 )
g

'®

At the peak thrust coefficient condition, the ideal
exit static pressure is equal to ambient pressure,
PS9i - Po and, by definition V9i ~ V ®. Therefore

(14.2.12)

ThUI, the peak thrust coefficient ia the product of
the angularity and velocity coefficients. At any
other pressure ratio, the difference between the
Cfg peak and the Cf g is the expansion loss.

For practical engineering purposes, this 101.
is included in the angularity coefficient; thus,
the trends shown in Figure 14.2.9 represent an
angularity coefficient given by the equation,

14.2.2.1 ANGULARITY COEFFICIENT
loss
from
this
exit

The angularity coefficient, CA, is the thrust
due to the nonaxial exit of the exhaust gases
the nozzle. For a small element of flow,
coefficient is simply the cosine of the local
flow angle a.

1 r-R9
f
cos a j 21Trj dr
A9 r-O

C - -

A

+

1
W7 Actual V9i
g

(14.2.15)

The second and third terms in this equation are the
static pressure variation loss and velocity variation
loss (due to pressure variation) and are functions of
the nozzle geometry only.

V9 axial ~ V9 cos aj
CAj ~ V9 axial
V9

= cos

Figure 14.2.8

Nozzle

aj

An~ularity
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Since the exit angle aj varies from zero at the
nozzle centerline to a at the outer radius, the
overall nozzle angularity loss coefficient is
the integral of cos aj across the nozzle exit.
For the assumption of constant mass flow per
unit area;

Angularity Loss
Coefficient, C
A

a

1.00~~;:+======t====:l====~~~~.:

0.98

-""'_ _d::..=-____________ _

1 r-Rg

CA -

A

f
9 r=O

cos a j 21Trj dr

(14.2.13)
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1.8
2.0
Ag/A8

For the case of a variable mass flow distribution, the equation would be adjusted to include the mass flow variation. In theory, for
a nozzle of sufficient length such that the exit
flow angle follows a specific pattern (point
source flow), the angularity coefficient is
represented by the classical equation,
C _ 1 + cos a
A

2

(14.2.14)

Exhaust nozzles for practical applications,
however, are relatively short and do not allow
the angularity loss coefficient to follow the
above equation.
Analytical studies of the supersonic c-o nozzle
inviscid flow field have allowed the evaluation
of the angularity coefficient for a range of
practical nozzle geometries. Based on these
studies, the angularity loss coefficient can be
correlated with a and A9/AS as in Figure 14.2.9.
In real nozzle geometries, there is also a slight
loss in nozzle aerodynamic efficiency because the
exit static pressure is not equal to ambient
pressure acroas the entire nozzle exit area.

Figure 14.2.9

c-o

Nozzle Angularity
Coefficient

For nozzles with area ratio below l.l. the angularity
coefficient is typically 0.995 to 0.997 or higher,
but for higher area ratio nozzles, the loss can be
lor 2% such that CA = 0.9S or 0.99.
14.2.2-.2 VELOCITY COEFFICIENT
The velocity coefficient represents the effects
of boundary layer momentum loss caused by friction in
the nozzle. Because it is related to friction, this
coefficient is essentially a function of the secondary nozzle surface area, Mach number near the wall,
and Reynolds number. The Reynolds number effects are
generally very small. less than ±O.l% for typical
ranges of full scale nozzle operating conditions.
Since the wall Mach number distribution is a function
of nozzle geometry. the velocity coefficient can thus
be expressed uniquely as a function of geometry only.
Thus, the velocity coefficient, like the angularity
coefficient, can be presented as in Figure 14.2.10 as
a function of nozzle area ratio, A9/AS, and half
angle, a. This characteristic has also been evaluated analytically by inviscid flow field analyses and
boundary layer calculations.

i

I

Velocity
coefficient,
C

v

1.000.--------,-----,---"1

f

where we recall that. since the nozzle is assumed
f\1lly choked. mS = f(Y8). and.
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~

Figure 14.2.10
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C-D Nozzle Velocity Coefficient

It should be recognized that while angularity and velocity coefficients can be determined
separately by analytical studies, it is extremely
difficult and virtually impractical to determine
the individual coefficients by experimental
methods. The velocity coefficients typically
range from 0.992 to 0.997 and any reasonably
accurate experimental analysis would require very
precise pressure and flow angle measurements in a
supersonic flow field. However, as stated earlier,
since the peak thrust coefficient is the product
of Cv and CA. this product can be determined
experimentally rather easily with a carefully
controlled scale model nozzle test. Scale model
tests using strain gage force balance systems to
measure nozzle thrust can provide accurate measurements of thrust coefficients. Comparison of
peak scale model thrust coefficients with the predicted peak coefficient uSing the analytical Cv
CA product has shown agreement better than ±1/4%.
14.2.2.3

GENERALIZED PERFORMANCE

The angularity and velocity coefficients define the nozzle peak efficiency or maximum thrust
coefficient as discussed earlier. Once the nozzle
peak thrust coefficient has been defined, either
from Cv and CA curves or from a scale model test.
s baseline nozzle thrust coefficient curve is defined using basic one-dimensional fluid dynamics.
The equation for thrust coefficient presented in
Section 14.2.2 (less leakage and cooling air
losses) may be manipulated as follows to give

C

lg

W7
C C ~V
V A
~
91 + (P S91 - PO) Ag
W7Actual

A9/AS. CV' CA. CDS

engine cycle:

TTS. FARS

The resulting thrust coefficient curve, as shown in
Figure 14.2.7, now includes the losses due to friction and angularity in the ve10ci,y momentum (CVCA)
and the losses due to over or underexpansion in the
pressure-area term (nozzle pressure ratio and gas
properties) with the correct, full scale engine ·gas
properties.
It should be obvious that the thrust coefficient curve assumes constant geometry (A9/AS) and
constant gas flow conditions (TTS and FAR8). This
is a very reasonable assumption since, for val'fable
area C-D nozzles. A9/AS (which defines a and thus
Cv and CA) and CDS are unique functions of AS. and
TTS and FARS are essentially single valued functions of AS' Thus, for a given nozzle position or
AS, all six parameters are constant. To provide.
nozzle performance characteristics for an engine
cycle deck. a sufficient number of Cfg curves
should be generated to cover the nozzle operating
range of interest. For example, a typical area
ratio schedule for a C-D nozzle is shown in Figure
14.2.11 along with the operating ranges of interest
and the minimum number of geometries at which Cfg
curves should be defined.

WSi

7

vg1 + (P S91 - Po) A9
CDS WSi

PTS As

Reheat Power
Operating
Range

Ag/AS

®

g

Cv CA CDS

geometry:

®

g

C C CDS
v A

Since YS - f(TTS' FARS). the thrust coefficient
can be defined as a function of pressure ratio from
the following six parameters:

iiis

yfTTi

AS

v g1 + (PS91 - Po) A9

CDS PTS AS

ms

®
Figure 14.2.11
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C-D Nozzle Area Ratio Schedule

As previously mentioned, the Cfg curves
sssume a full flowing, fully choked nozzle. The
resulting curve must therefore be adjusted to
account for separation at low pressure ratio,
overexpanded conditions. In addition, any leakage
and cooling air throttling loss adjustments must
be made to these curves. These adjustments are
discussed in subsequent sections.' This entire
procedure is summarized on the flow chart in Figure 14.2.12.
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Primary Nozzle Forward Hinge
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Primary NOZZle Flaps and Seals
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0

Nozzle Throat Hinge
Secondary Nozzle Flaps and Seals
Nozzle Aft Hinge
External Nozzle Flaps and Seals
External Nozzle Forward Hinge

Figure 14.2.13
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Figure 14.2.12

14.2.3

DyIU.1cI)

C-D Nozzle Leakage Paths

consequence. With a cooling slot at the throat:
1) the nozzle cavity is probably pressurized with
coolinjl.air, 2) there is no throat hinge leakage
path (Q) as it is substituted by a cooling slot,
and 3) although only leakages GD, (bi, and ®
need be specifically calculated, leakages ~. ®,
(J) contribute to nozzle performance because they
affect cavity pressure level and the fraction of
total cooling air flow which comes back into the
nozzle through the cooling slot as opposed to
going overboard.

AdJUlt_Qtl;

- Separatton
- Leaka,_
- Coolin.. A1.t

Flow Chart of Calculation
Procedure for Generalized
Perfo~nce Curves

I

:
Control
~Volume

LEAKAGE LOSS CALCULATIONS

I
I

Nozzle performance losses due to gas leakage
out of the nozzle are inherent with variable nozzles and must be accounted for in performance
estimates. Since it is impractical and virtually
impossible to accurately simulate leakage areas in
a scale model test, these thrust losses must be

analytically calculated. The calculations require
the use of nozzle wall pressure distributions to
obtain gas pressure loading and a knowledge of the
effective leakage areas in the nozzle.
Various nozzle leakage paths which can be
encountered are defined in Figure 14.2.13. Note
that, with the exception of the primary nozzle,
the leakage flows can be in either direction;
this depends on the nozzle type and the operating
condition.
If a control volume is drawn inside the nozzle as shown in Figure 14.2.14, only those leakages which cross the control volume need be specifically calculated; these include leakages GD
through ®. The reaSon for this is that for a
nozzle with no cooling slot at the throat: 1) the
nozzle cavity is most likely unpressurized and is
essentiallY equal to ambient pressure and 2) the
external nozzle will not be designed to seal.
Thus, leakages ~, ®, and (J) are of no

l4-8

I

I
Figure 4.2.14

Nozzle Leakage Control Volume

Although leakages Q) and ® are shown to
occur in either direction, any flow leaking back
into the nozzle is generally neglected. The reason
for this is that, for a nozzle with no throat cooling slot, the flow will reenter the nozzle at a
pressure yhich is at or very near ambient pressures

and the thrust gain will be negligible. For a nozzle with a throat cooling slot, there will be conditions where a small amount of flow, which is significantly above ambient pressure, can leak back
into the main gas stream through the secondary flaps
and seals. However, since this leakage will be
coming into the main stream in a circumferential
direction, losses will occur in turning the flow
axially. Thus, for a pressurized cavity nozzle, a
theoretical thrust gain due to leakage flow from
the cavity into the nozzle will be very small and
can be assumed to be zero.

I
J

I

I

In order to calculate thrust losses due to
leakage, the effective area of the leakage flow
must be determined. Since this is extremely
difficult and impractical to calculate analytically, the leakage characteristics of various
sealing arrangements are obtained by tests of full
scale nozzle hardware. A typical setup for a
leakage test of a primary nozzle is shown in Figure 14.2.15.

Substituting into equation 14.2.18 and rearranging
leads to the following:

FLeakage WLeak

FLeakage '"Leakage PTr,eak A'"Leak

Metered Airflow

FS

Engine
Exhaust
Duct

(14.2.20)

Sealed for No
Leakage

Primary
Nozzle

Figure 14.2.15

Nozzle Leakage Test Setup

Since leakage losses are generally less than 1% and
because the flow function, m, will generally be
choked or near choked, assuming rnleak = rnS will
create an insignificant error in the calculation.
Therefore,
1Leak
Le ak
C
'"' (FLeak) (P
) (Ae
)
(, tg Leakage
FPC
A
S

i

!
I

!
I
;

m8 PTS Cos As

By measuring the airflow, the pressure and
temperature in the nozzle, and the ambient pressure, the effective leakage area can easily be
calculated as follows;

(14.2.17)

A'"Leak

TB

DB

8

(14.2.21)

Since leakage flow emanates from the boundary layer,
the total pressure of the leakage flow is approximately equal to the wall static pressure. The leakage thrust function, Fleak, will be based on this
pressure expanded to ambient pressure; i.ee,

where m

The effective areas can be plotted as a function
of the ap, PN-Pamb, across the nozzle.
In general, the performance loss calculation
due to leakage is handled as follows. Leakage
flow, Wleak,

whic~·crosses

A typical leakage loss calculation is thus performed in the following manner:
1)

the control volume, is

considered to be completely lost to the nozzle
with no thrust recovery. The loss in thrust coefficient is the ideal thrust of the leakage flow
divided by the nozzle ideal thrust; i.e.,

F g1 Leakage

gas constant y can be obtained from engine

cycle data.
2)

A nozzle geometry is determined consistent
with the cycle, and wall pressure distributions are estimated as discussed in
Section 14.3.

3)

From the wall pressure distribution and

(14.2.18)

F gi

For the specific operating condition of
interest, nozzle pressure ratio PTS/PO'
total nozzle effective area CDSA8, and

the cavity pressure, a pressure loading

is determined, fiP

By expanding the equation for ideal thrust, it can
be shown that:

(w,~) =

2YR

g(y-l)

1 -

[

1

Y-lj

Y

(P/P o)

=

4)

From the pressure loading, fiP, and appropriate leakage test data, an effective
leakage area is determined, Aeleak'

5)

From the nozzle pressure ratio PTS/PO and
leakage pressure ratio PSwall/PO, the
thrust functions FS and "leak are determined. The leakage flow y can be estimated with negligible error.

6)

The leakage loss is then calculated from
equation 14.2.21.

F

(14.2.19a)

PSwall - Pcav ' and

PSwall/PO'

(14.2.19)

where

=

a leakage pressure ratio is obtained,

14.2.4

COOLING AIR LOSS CALCULATIONS

Some C-D nozzles incorporate a cooling slot at
the nozzle throat to provide additional film cooling air for the secondary nozzle during reheat
operation. The cooling air typically is extracted
from the tailpipe liner cooling flow upstream of,
or at, the primary nozzle hinge, dumped into the
nozzle cavity, and exhausted through the cooling
slot as sketched in Figure 14.2.16.
Liner Bleed
Flow, W
LB

Since the total pressure. of the liner bleed flow
is very near mainstream total pressure. it can be
assumed that F7L = Fs' thus.

t:,Cfg Cooling
Air
Throttling

-

(

FCAV) (
Wc )
Fs
W7Actual

~

j ~

(14.2.23)

where:
TTL is the gas temperature of the liner flow
near the aft end of the liner.
WLB

~ctual

Slo t Cooli ng
Air, Wc

and We
il]actual

are specified by design
and are usually set
equal to each other.

TTCAV is an :stimated cavity temperature.
Figure 14.2.16

Nozzle Cooling Flowpath

Since the pressure level of the liner flow is
significantly higher than the nozzle cavity pressure, the cooling flow which is removed from the
liner experiences a pressure drop and is put back

YCAV

into the nozzle at a lower total pressure and,

thus, lower available thrust. Note that the liner
bleed, WLB, will dump i~to the cavity and will mix
with primary leakage air (and possibly secondary
leakage). As mentioned in Section 14.2.3, some
of the flow will leak overboard depending on the
sealing qualities of the external flaps and seals.
In the design of the nozzle, the cooling slot must
be sized to provide the desired amount of cooling
air, WC. at the estimated cavity air conditions.
The cooling air throttling loss should be
estimated as the difference in the ideal thrust of
the flow between the condition where it is extracted from the liner and the condition at which it
is put back into the nozzle; i.e .•

AC fg COOling
Air
Throttling

FCAV

=

(~,;:.r;)CAV
f(TCAV)

Note that if a scale model test has been conducted
with simulation of the cooling slot geometry, AS/AS'
cavity pressure level, PCAV/PT8. and corrected flow
ratio. WC/W7actual 'TTCAV!TTS' the recovered thrust
of the cooling flow is already included in the scale
model coefficient; i.e .•
Cfg Scale

Fg Primary Air + Fg Cooling Air

Model

Fgi Primary Air
(14.2.24)

In this case. the scale model data. after being
adjusted for full scale gas dynamics effect., as
,in Section 14.2.2.3, is corrected for cooling air
throttling by the equation,

Fgi Liner - Fgi Slot
Bleed
Flow

t:,C fg Cooling
Air
Throttling

LB
W
R,TL
T

-W---

7Actual

(14.2.2;;)

TS

In the cooling air loss analysis, the nozzle
cavity pressure, PCAV, is the most difficult parameter to estimate primarily because an analysis to
determin~ the pressure can be very complicated.
The
cavity pressure (and in fact the temperature) will
be a function of the flows going into and out of
the nozzle cavity.

(14.2.22)

The cavity pressure and temperature can be
estimated by performing a flow and energy balance
around the n0zz1e cavity control volume; i.e., for
the flow directions shown in Figure 14.2.17,

)

!

I
I

where

F
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i

i

~

.

j
!

than the design pressure ratio corresponding
~rea ratio; i.e.,

to the nozzle effective

PTS/PO Design
Po(nt

Flowing
Figure 14.2.17

Nozzle Cavity Flows

where

Flow Balance

At pressure ratios below the full flowing condition,
the flow field within the nozzle will deviate from
the design point flow field and adjust to satisfy
(14.2.26)

conservation of mass, momentum, and energy consis-

tent with the ambient pressure boundary condition.
Thus, the flow field will adjust to provide a
static pressure at the nozzle exit which is equal
to the ambient pressure. This flow field adjustment
is reflected as a static pressure distribution

change on the secondary nozzle which in turn affects
the nozzle gross thrust coefficient as shown in
Figure l4.2.1S. Thrust coefficient predictions defined from the procedure in Section 14.2.2.3 must be
Energy Balance

adju~ted at lower pressure ratios to account for

these pressure adjustment effects.

(14.2.27)

where H

total enthalpy of gas

The leakages will be a function of the individual
leakage path effective area characteristics, the
nozzle wall pressure and temperature distribu-

P5 wall

r;-

tions, and the nozzle cavity pressure and temperature.

As can be expected, the cooling slot area has
a significant effect on the cavity pressure level
and cooling slot flow, WC' The cooling slot area
schedule, AS versus AS, therefore must necessarily
be determined by a proper balance of nozzle performance (thrust recovery), nozzle gas loads, and
cooling requirements. This is accomplished by
continued feedback and interfacing of analyses by

Sta. 8

Sta.
Distance, X

mechanical and aero designers until an acceptable

slot area schedule is established. Because of the
small size of the cooling slots (1 to 3% of AS),
hardware tolerances can affect the cooling slot
area by a significant percentage and should therefore be included in the analysis. It should be
noted that the cooling flow, WC' in the final

Jx

Nozzle Curve
I

analysis may not be a constant percentage of

W7actual because of the performance and load trade
considerations. Since the additional cooling flow
is usually not required for dry operation, it is
advantageous to eliminate or shut off the bleed

,

flow, WLB, at these conditions and, hence, to

Flowing Curve

design the slot with this capability.

Design
Point

14.2.5

SEPARATION/OVEREXP&~SION

liP dA

EFFECTS

The generalized performance curves discussed
in Section 14.2.2.3 assumed a "full flowing" nozzle with no internal separation at low pressure
ratio. In reality, this condition occurs only
at nozzle pressure ratios which are at or higher

Figure l4.2.1S

Overexpansion Effects on
C-D Nozzle Aerodynamic
Characteristics

Referring to Figure 14.2.18, as the nozzle
pressure ratio is decreased below the design point,
a compression wave develops in the nozzle which
raises the static pressure to the ambient pressure
level. As the pressure ratio is further reduced,
the location of the compression wave moves forward
and its strength increases, affecting more of the
nozzle wall pressure distribution. This change in
wall pressure distribution can be integrated as a
pressure-area term to calculate the effect on Cfg
as shown. In general, this region of overexpansion
can be divided into four regions of operation which
are displayed in a simplified fashion in Figure
14.2.18.
Figure 14.2.20
Region I - In this region, the pressure rise at
the nozzle exit is very small. The resulting
pressure-area integration is minuscule with
'virtually no impact on thrust coefficient.
Region II - In this region, the compression
wave has increased in strength and has moved
forward affecting a larger portion.of the nozzle. The flow in the forward portion of the
nozzle is still supersonic, and physical flow
separation within the nozzle mayor may not
occur as in Figure 14.2.19.
Ambient Airflow

Reynolds number. Additionally, little reliable
model test data are available for analysis primarily because nozzles normally are not designed
to operate at these extremely overexpanded con-

ditions at important design points, and little
test data have been accumulated in the interest

of keeping test costs down. Thus, there are no
reliable analytical design methods currently available to accurately predict the real full scale
effects of separation/overexpansion on nozzle
perfonnance.

Some scale model data have been analyzed and
correlated as shown in Figure 14.2.21. This fig-

Most of Static Pressure
Rise Occurs in this ~

'.".'.

Thrust Coefficient Curve
Adjusted for Overexpansion
Effects

~--~:::::.-~""--

ure will provide a "minimum" thrust recovery estimate. In the real nozzle, the actual thrust re-

covery virtually will always be higher since leakage, discontinuities, profiles, etc., g~nerally
encourage more separation.

Figure 14.2.19

These, real.nozzle

effects will be different for each nozzle design,
and no design criteria for estimating these effects
are available.

Compression
Wave
C-D Nozzle Separation

Region III - This is a transition region where
the location of the compression wave moves

rapidly to the throat region during a relatively small pressure ratio change. This
region usually occurs around the minimum
thrust coefficient pressure ratios. Significant separation can still occur in this band
of operation.
Region IV - In this region, the flow is
attached and entirely subsonic, and the nozzle is performing as a diffuser.
It is emphasized that these regions are
described only in a general sense. They blend
and overlap from one to another and should not
be mistaken to start and end at discreet pressure
ratios. Additionally, each nozzle will behave
differently depending on nozzle geometry. Thrust
coefficient predictions, defined from the procedure in Section 14.2.2.3, must be adjusted at
lower

p~gssure

1.-1
Apeak- l

Figure 14.2.21

Separation Thrust Recovery,
Scale Model Data

ratios to account for these sepa-

ration effects as shown in Figure 14.2.20.

14.3

Unfortunately, this region of nozzle operation is the least understood and most difficult
to analyze. Experience has shown that real full
scale nozzle separation characteristics can be
greatly influenced by nozzle leakage, quantity of
slot cooling flow, wall surface quality, and
probably local flow field nonuniformities and
14-12

AERODYNAMIC LOAD PREDICTIONS
Nozzle pressure distributions are used by

mechanical designers to determine hardware struc-

tural loads and actuation system loads. These
loads thus effect detailed mechanical design,
weight, and cost and are, therefore, very important

estimates to be provided by the aero designer.

~.,p.,------

Internal pressure distributions can be estimated for the primary and secondary nozzle to cover
all nozzle geometries and operating conditions.
Although the external loads on the nozzle are
generally much smaller than the internal loads,
external pressure distributions should be provided
as best possible.
Pressure distributions can be obtained either
from scale model tests or from analytical methods.

~
5

Ps actuar> Ps one-dimensional

Scale model tests are more accurate; however, it is

not always possible to obtain test data, particularly early in a development program. The following sections define procedures to analytically
estimate nozzle pressure distributions.
14.3.1

Figure 14.3.2

Wall Turning Effect on Static
Pressure

effect, Section 2.17.2) occurring within the pri-

PRIMARY NOZZLE

mary nozzle, thus, the reference choke area A*

Pressure distributions on a simple conical
primary nozzle can be estimated by several methods.
There are a number of flow field analysis computer
programs in industry which can provide quite accurate estimates of wall pressure distributions.
However, since the flow consists primarily of a
subsonic accelerating flow, adequate accuracy for
preliminary estimates of the pressure distribution
can be obtained by utilizing the assumption of one
dimensional flow. From standard gas flow tables,
the local static pressure to total pressure ratio
can be obtained as a function of the local flow
area to sonic flow area. This technique is applied to the primary nozzle as in Figure 14.3.1.
Pressure distributions can be estimated using this
approach over any range of AS's using the appropriate ratio of specific heats, y.

will be continuously changing along the primary
nozzle.

As a result, the real static pressure

distribution will'be significantly higher than the
calculated pressure distribution. This can cause
a sizeable error as shown in Figure 14.3.3.

q

~--1.0

0.8

0.6

40%
Burning
Volume

Real Distribution with
PT Loss ,Correction
Onb Dimensional Calc or
/ " Scale Hodel Test

---~--

"

0.4'---+-----''---

Figure 14.3.3

Figure 14.3.1

One-Dimensional Static Pressure
Distribution Calculation

This approach however can produce errors in
several ways. A small error will occur at the
forward hinge point near the nozzle entrance,
Station 7, where the local turning of the flow
will not be accounted for with the one-dimensional
calculation. The actual pressure near the turn
will be slightly higher than that calculated
assuming one-dimensional conditions, the difference being dependent on the Mach number and turn
angle

at.

However, since this is close to the

hinge, impact on actuator loads is usually
negligible.
A second and more significant error can occur

for nozzle designs with unusually long primary
nozzles.

Afterburner Heat Addition
Pressure Loss Effect on
Nozzle Pressure Distribution

The error occurs at afterburning condi-

tions only and becomes larger at the high fuelair ratios. If the gas volume within the primary
nozzle is significant relative to the total afterburner burning volume (-20% or greater), then
significant combustion can take place within the
primary nozzle. Under these conditions, there is
a hest addition total pressura 1088 (Rayleigh line

14-13

The correction for reheat burning effects must
be applied to any analytical calculation and all
scale model data. For most applications, the primary nozzle is relatively short; thus, this effect
is very small, if not insignificant. However, it
should always be checked. The correction is a
simple Rayleigh line heat addition calculation.
Independent of the method used, pressure load
estimates should be prOVided to the mechanical
designer, as shown in Figure 14.3.4, at a sufficient number of nozzle AS area settings to allow
essy interpolation for AS' These CUrVP9 will be
independent of pressure ratio and, because of the

sharp corner throat, will apply for very low pressure ratios down to 1.5 or perhaps lower.

0.4r---r-----,---.,.----r----,
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Figure 14.3.4
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Generalized Primary Nozzle
Pressure Distribution
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Dimensionless Distance, X/OS

SECONDARY NOZZLE
Figure 14.3.6 Secondary Nozzle Gas Loads
Prediction of the secondary nozzle gas loads
Correction Factor
is not as straightforward as for the primary.
Because of the sharp corner throat, a sudden overthroat due to hardware stack-up tolerances. An
expansion of the flow immediately downstream of the
approximate correction due to the flow effect can
throat causes the pressure distribution to deviate
be made using the curve in Figure 14.3.7. This
significantly from that predicted by a one-dimencurve presents the change in throat static pressure
sional analysis as shown in Figure 14.3.5. The
amount of deviation is dependent on both the primary relative to a no-flow condition based on scale
model test data. The correction is applied as in
and secondary nozzle half angles and the amount of
Figure 14.3.S.
cooling slot flow, if present. Thus, reliable
analytical predictions can be done by only two
methods: semiempirical using test data and theoretical using computerized flow field equations.
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Figure 14.3.5

Secondary Nozzle Pressure
Distribution

For nozzles
scale model test
correlation with
This correlation

/
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V
0.5

1.0

Cooling Slot/Leakage Flow,

with no throat cooling slot,
data have shown a reasonable
a one-dimensional calculation.
is shown in Figure 14.3.6 as the

Figure 14.3.7

1.5

vr.:.-

2.0

W ___
_c
Tc

%

wsVT;' .

Cooling Slot Leakage Flow

difference between actual pressure minus the onedimensional calculation versus a nondimension-

a1ized length parameter. Note that the one-dimensional calculation includes a rough estimate of
boundary layer effects in the secondary nozzle
(0.995 factor) and the effect of nozzle flow coefficient, q~@. Inclusion of the flow coefficient
accounts for the primary nozzle half angle effect.
This curve can be used for an initial estimate of
full flowing nozzle gas loads.
Figure 14.3.6 can be used to estimate gas
loads for full flowing nozzles with no flow at the
throat. For nozzles with a throat cooling slot,
the wall pressure in the forward 20% of the secondary nozzle will be higher than the no-flow
case. Additionally, even nozzles with no cooling
slot will have some amount of leakage flow at the
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APS/P TS from Figure 14.3.7
Figure

Curve

Figure 14.3.8

Adjusted Secondary Nozzle
Pressure Distribution

This procedure can be used for an initial estimate of secondary nozzle, full flowing gas loads.
As with the primary nozzle gas loads, secondary
nozzle gas loads should be provided at a sufficient
number of geometries to allow easy interpolation by
~echanical designers.
Reheat total pressure loss
corrections made for the primary nozzle are not
necessary for the secondary nozzle, since virtually
no combustion takes place within this portion of
the nozzle. However, if pressure distributions are
obtained on a cold flow (y = 1.4) basis, an adjustment in secondary nozzle gas load estimates for the
effects of' changes in specific heat ratio should be
made. The error in the trailing edge pressure for
a C-D nozzle increases on a percentage basis with
increasing area ratio as noted in Figure 14.3.9.

~
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Figure 14.3.9

Specific Haat Ratio Effects on
Nozzle Pressure Distribution

Thus, although the difference in absolute
level appears small at first glance, on a percentage
basis the correction can amount to nearly 20%. A
~echanical designer must work with pressure differences, ~P, and this kind of error could be 20 to
50% of the ~P. It is therefore important to provide
the most precise load possible. If analytical load
predictions are made or if scale model tests are
conducted, the ratio of specific heat corrections
should be made along the entire secondary nozzle.
The adjustment is made by 1) converting the "cold
flow" pressure distribution to a Mach number and
then an A/A*, 2) assuming the "hot" A/A* = the
cold A/A*, and finally 3) converting the hot A/A*
to a Mach number and then a pressure distribution;
i.e. ,

Psi /
.,. Mi /
.,. Ai /
PTS/y=Cold
!y=cold
A* /y=Cold

Ail

:.-

A*

14.3.3

y=Hot

-+

MYr

y=Hot

PSi~
P
y=Hot

+--

T8

EXTERNAl LOADS

Nozzle external pressure distributions will
be dependent on many parameters including specific
nozzle geometry, overall propulsion system installation, local aircraft configuration including
control surface position, Mach number, and nozzle pressure ratio as well as Reynolds number and
aircraft attitude (angle of attack, yaw). Be14-15

cause of the large number of variables it is virtually impossibla to devise semiempirical parametric curves which could be used to provide an
initial estimate. External loads are obtained
either directly from a specific wind tunnel test,
indirectly by interpolating previous wind tunnel
test data from similar installations, or analytically by computer techniques.
By far the most accurate pressure distributions are obtained from wind tunnel tests of the
exact nozzle/airplane configuration of interest
at the appropriate operating conditions. Extrapolation or interpolation of this data is often
necessary to provide load estimates at all the
conditions of interest. In the absence of directly applicable wind tunnel data, pressure distributions can be estimated by using previous wind
tunnel test data or by analytical methods. When
using previous data, configurations and conditions which most closely resemble the nozzle of
interest should be used for load estimates. Computerized analytical methods can also be used to
predict external loads. This approach gives very
good results for two-dimensional or axisymmetric
configurations. However, for three-dimensional
configurations, which are most usually found in
practice, the local geometric variations, which
are difficult to simulate in the computer, can
have a significant effect on the local nozzle
pressure distribution. In eitber case, engineering judgment will be required to properly interpret and apply the information to define load
estimates.
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CHAPTER 15
FUNDAMENTALS OF COMBUSTION
15.0

INTRODUCTION

Background information necessary to the understanding of aircraft turbine engine combustion
systems is distinctly different from that applying
to diffusers, rotating machinery, or nozzles and a
separate discussion of fundamentals is warranted.
The purpose of this chapter is to review the
fundamental concepts important to aeropropulsion
combustion. Two additional chapters will consider
the practical application of this information to
mainburners (Chapter 20) and afterburners (Chapter

The information to be presented in this
chapter is organized into five further sections.
As might be expected, the first three consider
chemistry, thermodynamics, and gas dynamics. The
fourth involves discussion of combustion
parameters of importance to the combustor

designer. Finally, the combustion properties of
jet fuels are briefly described.
15.1

CHEMISTRY

21).
While large volumes can be written on the subject of aeropropulsion combustion, the scope of
this chapter is limited to highlighting key information. The difficult task of deciding which
information to include was accomplished by adhering
to the objective that the reader be provided that
material necessary for understanding the combustion
system's operating principles, performance parameters,

and limitations. The reader contemplating aeropropulsion combustion as an area of specialization
should develop a more thorough background and is
referred.to a number of readily available texts
listed in the bibliography to this chapter (Section
15.7.1).

Three combustion chemistry topics will be
discussed in this section. The fIrst, chemical
reaction rate, addresses fundamental concepts

vital to all of chemical kinetics.

Important

dependencies of reaction rate on thermodynamic
conditions, especially temperature, will be

addressed. The second topic, chemical equilibrium,
is of importance in relation to the understanding
of and ability to analyze high temperature combustion systems. Finally, the current understanding of practical hydrocarbon fuel combustion
chemistry will be reviewed. Understanding of the
sequence of chemical processes leading to H20 and
C02 production allows the explanation of many

practical combustion characteristics.

Studies of combustion involve interdisciplinary
investigations requiring consideration of three
normally separate topics: chemistry, thermodynamics, and ga~ dynamics. Interrelationships

15.1.1

between these areas, shown schematically in

relates the rate of a rea ...:tion, or the time rate
of change of the reactant species concentration,
to the concentrations of reactive species. This

Figure 15.0.1, require combustion engineers and
scientists to develop·a fundamental understanding
of each topic. A number of sub-topics in each of
these areas have been listed to further describe
the broad scope of subject matter involved. Each
of these subjects will be addressed in this chapter.

Reaction Rate

One of the most basic concepts of
chemistry involves the law of mass action which

can be illustrated with the use of the following
generalized chemical reaction:
sA + bB

~

cC + dD

(15.1.1)

In this example, a moles of molecule A combine
with b moles of molecule B to form c and d moles
of products C and D. The reactant stoichiometric
coefficients of the atomic balance equation (a
and b) are also called the reaction "molecularity".

The law of mass action states that the rate of
reaction is expected to be proportional to the
product of the concentrations of reactant species

raised to their respective stoichiometric coefficients. For this example, the rate of forward
reaction, rf, would be:
(15.1.2)

The brackets, [ ], correspond to the molar

concentration (moles/volume) of the molecular
species indicated. k f is the rate coefficient for
the forward reaction.

Figure 15.0.1

The Interdisciplinary Nature
of Combustion Technology.

Note that the rate of forward reaction,
rf' could be representative of either rate of
'disapp~arance of the reactants A and B or the rate
of formation of products C and D. These four
rates are interrelated by the stoichoimetric
coefficients a, b, c, and d. For example, if r f
were representative of the rate of disappe.?rance

of A, the following relationships would be valid:
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(15.1.3)

The variable t represents time.
There is analytical justification for the observed reactant concentration dependencies of the
law of mass action. An analysis based on the
assumption that product formation can only occur
after collision of reaCctant: molecules predicts
the same concentration dependencies as described
in Equation lS.1.2. The rate coefficient in
Equation lS.1.2, kf' appropriately converts the
results of collision theory to yield the units of
reaction rate. In addition, kf accounts for
reaction rate dependencies due to variations in
molecular energy levels and in the geometrical
orientation of colliding molecules.

with the pre-exponential factor taken as temperature independent (i.e., not including the ~
dependence) is called the Arrhenius equation •
Equation 15.1.4 itself is said to be the modified
Arrhenius relationship.
It should be noted that the rate dependency
given by Equation lS.l.4 is only correct in cases
where the written stoichiometric equation
represents the entire sequence of events leading
to product formation. As will be discussed in
Section lS.1.3, combustion of a practical hydrocarbon fuel involves many complex chemical reaction steps before formation of final products, C02
and H20. In cases where the stoichiometric
equation does not describe the entire reaction
sequence, the dependencies of the reaction rate on
reactant concentration may not correspond to the
molecularity and even fractional "reaction orders"

may be observed. Nevertheless, the form of
Equation lS.1.4 is valid for each individual
reaction step of the complex sequence.
1'5.1. 2

For many reactions of importance to combustion
systems, kf is a strong function of temperature.
The temperature dependence of the molecular collision rate is minor (Tl/2) and has only a small
influence on kf. The predominant temperature
dependence is a result of the necessity for molecular collisions to occur with sufficient "force"
to overcome any energy barrier necessary for
reactant molecules to undergo conversion to pro-

ducts. Physically, the formation of an activated
complex is assumed to be necessary for successful
conversion of coHid'ing reactants to products.
The height of the energy barrier, the energy
necessary to form the activated complex, is often
termed the activation energy, Ea' Not all of the
colliding reactant molecules will have sufficient
energy and only a fraction of the collisions will
be successful. Since molecular energy distribution
can be described by Boltzman statistics, the
fraction of collisions which are successful is
exp(-Eaf/RT) where R is the universal gas constant
and the subscript refers to 'the forward reae tion.
The geometrical misalignment of reactant
molecules during collision can also prevent conversion to products; only a fraction of the
collisions occurring with sufficient energy will be
successful. Consideration of the "steric factor"
is a final necessary aspect in analysis of the
reaction rate coefficient. This factor can be
thought of as a means of compensating for collisional inefficiencies due to the peculiarities of
geometrical alignment necessary for successful
reaction.

An important expression for reaction rate is
obtained by combining the reaction rate coefficient
dependencies discussed above with Equation lS.1.2.
The forward rate of the general reaction described
in Equation lS.l.l is:
rf •

-tl&
dt

Chemical Equilibrium

As a reaction like that described in
Equation lS.l.l proceeds, changes of concentration
with time occur as illustrated in Figure 15.1.1.
When the concentrations of products C and D
become significant, backward or reverse reaction

(i.e., conversion of products back to reactants)
can become important. The rate of backward
reaction, rb, may be analyzed in the same manner
as in the case of forward reaction (Equation lS.l.2)
to yield the following relation:
(15.1.5)

z

o

~

~

aJ

u

z

8
TIME
Figure 15.1.1

Concentration Variations During the
Course of a Reaction.

In recognition of the existence of both
forward and reverse reactions, the more

(15.1.4)
where Cf includes the steric factor and the
necessary constants to convert collision rate to
reaction rate. The strong exponential nature of

kf

aA + bB

the reaction rate dependence on temperature was

first recognized by Arrhenius.

appropriate convention for expressing the general
chemio,a1 system described in Equation 15.1.1 is:

t
kb

Equation lS.1.4

15-2

cC + dO

(15.1.6)

co + 1/2

02 t C02

\'15.1.12)

Because reverse reactions always exist to some
extent. concentrations of A and B will eventually
decrease to some finite, non-zero values such that
rates of forward and reverse reactions are equal.
These equilibrium concentrations are the asymptotes of Figure 15.1.1. Note that the more
general case where the reactants concentrations
a~e not in exact
stoichiometric proportions has
been illustrated in Figure 15.1.1 which corresponds
to the situation of a large excess of reactant A.

Mathematical treatment of these equilibrium
relationships is often simplified by the use of
the water gas reaction:

The equilibrium concentrations can be
determined from Equations 15.1.2 and 15.1.5. At
equilibrium, the rate of disappearance of reactant
(Equation 15.1.2) will be entirely balanced by the
reactant formation rate (Equation 15.1.5). Consequently, the equilibrium condition is rf = rb or:

It should be noted that this is not a third
independent l:elationship but a linear combinat ion
of Equations 15.1.12 and 15.1.13. Partial
pressure equj.librium constants for each of thet 3e
three reactions are illustrated in Figure IS.!' 2
(data from RHference 15.1 have been utilized).
Note the relative temperature insensitivity of
the water gas equilibrium constant.

H2

+ 1/2

02

t

(,15.1.13)

H2 0

(I! ;.1.14)

(15.1. 7)

1~r-~---------------------------Rearranging yields the following useful expression:

(15.1.8)

Because kf and kb are functions of temperature
only, Equation 15.1.8 provides a convenient means
of relating equilibrium concentration to mixture
temperature. The ratio kf/kb is known as the
equilibrium constant based on concentration. Kc.
An additional equilibrium constant based on mole
fractions, Kx. can also be developed.

/

CO+%Ot" CO.

An even more familiar means of characterizing equilibrium involves the partial pressure
equilibrium constant, Kp. Partial pressure is a
concept in which the total mixture pressure is
envisioned as a sum of pressure contributions
from each of the mixture constituents. The partial
pressure of each constituent is the fraction of
the total pressure corresponding to the mole
fraction of that compound. The equilibrium constant defined in terms of partial pressure is:
(P ) c (P )d

C

D
Kp • -(p...!:....)a-(--'p""")7"b

A

(15.1.9)

B

where PA. PB. PC' and PD are the partial pressures
of each constituent. By convention. these pressures are always expressed in atmospheres when
used in equilibrium chemistry calculations.
Both Kc and Kp are functions of temperature
only. The temperature dependencies can be deduced
from Equations 15.1.4 and 15.1.7:
[A]a [B]b Cf

[C]C

T~exp(-E af /RT)
[D]d

Cb ~exp

=

(-Eab/RT)

(15.1.10)

which can be reduced to:

IL ___

Consequently, the equilibrium constant may have a
strong. exponential temperature d~pendency.
In hydrocarbon-air combustion applications.
two equilibrium relations are of paramount importance. They are the dissociations of C02 and H20:
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Figure 15.1. 2

Equilibrium Constants for Important
Dissociation Reactions.

Since the maximum chemical energy is
released fr',m a hydrocarbon fuel upon conversion
to C02 and 'H20, dissociation of either of these
products results in a decrease of energy
released. As will be shown in Section 15.2,
equilibrium flame temperature is strongly
influenced ·by dissociation. Because of the temperature sensitivity of the equilibrium constants,
dissociatioll is more pronounced at higher flame
temperature". Figure 15.1. 3 illustrates the
effect of final mixture temperature on dissociation
using the example of stoichiometric combustion of
a CnH2n type fuel with air at one atmosphere. The
influence of final mixture temperature on CO and
H2 concentration in the combustion product is
pronounced.
15.1. 3

Hydre.carbon Chemistry
The

(15.1.11)

~

2000

1800

s(~quence

of events occurring during

combustion of a practical hydrocarbon fuel is
extremely complex and not understood in detail.
Major aspects of hydrocarbon combustion chemistry
involve hydrocarbon pyrolysis and partial oxidation to H2 and CO, chain branching reactions
resulting in H2 consumption, and CO oxidation by
radicals generated during chain branching. Each
of these reactiDn steps is schematically illustrated in Figure 15.1.4. Note that the chronology of
these processes is schematically indicated by the

en?

flow of mass through the reaction steps.
process is individually described below'.

and oxygen concentration.

Each

rr:tW

Edelman's result is:

5.52 x 108T
P .825

"0, .

[02]exp(-24,400/RT)

2f I.

whereoconcentrations are expressed in moles/cc,
T in K, and P in atmospheres. The activation
energy of 24,400 is in the units callg moleoK.
Although this expression has proven to be useful
in some combustion models, additional effort is
required to determine chemical kinetic differences
between hydrocarbon fuel types and to study
pyrolysis mechanisms in mixtures. Further, the
interface between fuel pyrolysis and carbon
particulate formation requires additional study.
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(15.1.15)
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The products of pyrolysis are reduced
state compounds (RSC). Oxidation of these species
is better understood than their formation. The
important oxidation reactions for the reducedstate compounds are of the general form:
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Figure 15.1.3

Equilibrium CO and HZ Concentration
Dependence on Temperature

RSC + OR = OSC + RR

(15.1.16)

where RSC
reduced-state compound
OR = oxidizing radical
OSC = oxidized-state compound
RR ~ reducing radical.
The rate of oxidation of the RSC may be assumed
to be given by the appropriate Arrhenius controlled
mechanism.
While reactions of the nature described by
Equation 15.1.16 playa role in consuming the H2
formed during the pyrolysis prbcess, many gross
characteristics of hydrocarbon combustion are a
result of other chemical reactions which involve
"chain branching." This type of reaction
sequence involves the production of additional
radical species during the process. In the case
of the H2 oxidation process, the important
chain branching reactions are:

Figure 15.1.4

Hydrocarbon Combustion Chemistry
Schematic.

Pyrolysis is the term given to the process
by which fuel molecules are broken into smaller
fragments due to excessive temperature and partial
oxidation. This molecular destruction is accomplished during the first phase of the combustion
process. The predominant resulting products are
hydrogen and carbon monoxide. Little detailed
information is available concerning the chemistry
of these processes for practical fuels--large
hydrocarbons with molecular weights of 50 to 200.
It is well-recognized that hydrocarbon. structure
and its influence on the pyrolysis cherr,istry
affects the combustion process.

H2 + 0 ... H + OH

(15.1.17)

H + 02 .... OH + 0

(15.1.18)

Note that in either reaction a single radical (0
or H) results in the production of two radicals
(H + OH or Oll + 0). This type of reaction has
the potential of producing large quantities of
radical species. In portions of the combustion
zone having high H2 concentration) radical species
can reach levels far in excess of equilibrium.
During this process, OH radicals also participate
in RSC reactions (Equation 15.1.16) to produce
H20 from Hz.

For e}:ample, low

fuel hydrogen concentration leads to excessive carbon particle formation in the early stages of
combustion.

Carbon monoxide consumption is controlled
by the following RSC reaction:
CO

Edelman (Ref. 15.2) has developed a singlestep quasi-global model to characterize the pyrolysis and partial oxidation of any practical hydrocarbon fuel.

His approach is to chai::'acterize the

kinetics of the numerous complex chemical reactions
resulting in production of Hz and CO by a single
reaction step. An Arrhenius type expression has
been fitted to experimental data involving variations in temperature and pressure as well as fuel
15-4

+ OH .... C02 + H

(15.1.19)

Since the activation energy of the reaction
indicated by Equation 15.1.19 is generally low
(only a few kcal/g-mole) the carbon monoxide
oxidation rate is predominantly influenced by OH
concentration. As previously noted, this quantity
is controlled by the chain branching mechanism.
Nevertheless, a common method of approximating
radical concentration in a RSC reaction involves

assuming local or partial equilibrium. This type
of approach has been used in CO oxidation studies
by Howard et al. (Ref 15.3). Because the functional relationship between equilibrium OH concentration and temperature is exponential (Equation
15.1.11), an Arrhenius like dependence can be
written for a quasi-global 02 + CO reaction in
the presence of H20. Howard, et al. determined:
_

~ = ko[CO][02]~ [H20]~

(e)

-30,000
RT

(15.1.Z0)

TABLE 15.1.1:

(1)

CaH16 + 02 ~ ZC4HaO

(2)

C4HSO + 02

~

HOZ + CO + CH + C H
2 4
3

(3)

CSH16 + OH

~

HZCO + CH + 3C H
2 4
3

(4)

CH 3 +

dt
where k is a constant = 1.3 x 1014 cc/mole sec.
This as~umption is not necessarily in conflict
with the knowledge that higher-than-equilibrium
free radical concentrations may be produced by
the reactions of Equations 15.1.7 and 15.1.18.
CO oxidation is much slower than H2 consumption
reactions are largely complete. However, gas
turbine combustion systems do employ recirculation

and the suitability of this assumption for that
application is not straightforward.

connected.

Experience has shown that combustion

characteristics influenced by the principal heat
release processes (e.g. flame propagation) are
correlated by considerations of Equations 15.1.19
and l5.l.Z0. On the other hand, those characteristics dependent on fuel breakdown/pyrolysis (e.g.,
ignition delay) are better correlated by consideration of Equation 15.1.15.
The above discussion provides only a
simplified description of the complex chemistry
of hydrocarbon combustion. Additional detailed
treatment has recently been undertaken in efforts
to predict pollutant emissions from combustion
systems. Table 15.1.1 illustrates one of the
more complex schemes which has been utilized in
Reference 15.4.

~

H 0 + CO + H
2

(7)

CZH4 + 02

~

2H CO
2

(S)

C H + OH
Z4

~

CH

(9)

CH

15.2.1

The first law of thermodynamics. energy
conservation, is an important factor in any
flowing, constant pressure combustion systems,

Z

+ OH

+

CH

+ CO

3

(12) ZH + M ~ H2 + M
(13) ZO + M+ 02 + M
(14) OH + H + M + H 0 + M
2
(15) H + 0z

+

° + HZ

+

(16)

OH +

°

OH + H

(17) H + HZO

+

HZ + OH

° + HZO

+

20H

(19) CO + OH

+

COZ + H

(lS)

(20) HOZ + M + H + 0z + M
(Zl) HOZ + H

t

ht
hs
f/a
~

+

hs

ZOH

+(f;~a+ 1) ~ + ~~

(15.Z.l)

total enthalpy (Kcal!kg)
sensible enthalpy (Kcnl/kg)
mass ratio of fuel tp air

chemical energy (Kcal/kg fuel)

u

flow velocity (m/sec)

J

mechanical equivalent of heat
4lS6 ~le
Kcal

their natural state at 25 0 C. The energy required
to accomplish any reaction can be calculated by
algebraically summing the heat of formation

approximated by both main burners and afterconservation of total enthalpy. In this case,
total enthalpy includes sensible (or thermal).
chemical, and kinetic contributions.

contributions of products minus reactants.
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;

+ H

4

energy addition necessary for constant pressure
formation of a compound from its elements in

Adiabatic,

burners of gas turbines, can be analyzed using

<~ ..

CH

+ H CO
2

3

Most frequently, standard heats of formation are used to determine the chemical energy
released during a combustion process. The
standard heat of formation, hf' represents the

Energy Release and Flame Temperature

analysis of combustion systems.

~

+ HZ

3

HZCO + OH

(10) C2H4~ C2H2 + HZ

where:

methodology used in calculating flame temperature.
The second addresses important flame temperature
dependencies in the practical situation of jet
fuel/air combustion.

~

CH3 + 0z

15.2 'THERMODYNAMICS

flame temperature dependencies, and describes

HZCO + H

H CO + OH
2

h

This section is intended to describe the
thermodynamic relationships of importance in
evaluating the effect of chemical energy release
in combustion systems. The first subsection highlights application of the first law of thermodynamics, offers straightforward evaluations of

~

(5)

(11) CZH

The production of H20 and especially C02
through the RSC reactions described above results
in the release of a great deal of energy. Consequently, the rate of consumption of CO and the
predominant energy release rate are strongly

°

(6)

and, in non-recirculating systems, occurs pre-

dominantly after the chain branching H2

Hydrocarbon Oxidation Kinetics
Scheme (From Reference 15.4)

re-n=m -'Wjl-'WS5cwrmsmrnmznrnr

(Ah r '2S 0 C - EXi(hf'i - E~ (hf'j
where:

me rztw

mfz'iWf?-wtffS"Rl

(lS.2.2,

Ahr - heat of reaction at 2S o C
Xi - stoichiometric coefficients
of product compounds
Xj - stoichiometric coefficients
of reactant compounds.

If Equation lS.2.2 is applied to a complete oxidation process of a hydrocarbon where all fuel
hydrogen is converted to H20 and all fuel carbon
is converted to C02' the heat of combustion, Ah c ,
will be calculated. Note that this result is
normally a large negative value (i.e. the reaction
is strongly exothermic).
The amount of heat required to accomplish
a reaction, Ah r , is a function of reaction temperature. Heat required at temperature Tl , rather
than 2S o C would be:
(Ahr'Tl - (Ahr '2SoC _
(h sp - hSr)Tl - (h sp - h sr '2S 0 C

(1S.2.3)

where hsp and hsr are the product and reactant
sensible enthalpies. Heaes of combustion are
generally greater (i.e. less energy is released)
as temperature is increased.
With the important exception of the afterburner nozzle, the kinetic contribution to total
enthalpy in gas turbine.combustion systems is
relatively small. In such a case, the relationship between the energy released due to combustion
and the final flame temperature is:

It can be shown that the solutions for Equations
15.2.5 and lS.2.6 and Equations lS.2.3 and 15.2.4
are identical.
The case where a hydrocarbon fuel is
completely reacted to C02 and H20 results in the
maximum achievable flame temperature, as the
maximum energy is released upon formation of these
products. Note that this can only be achieved for
a lean mixture (i.e., more oxygen necessary than
required for stoichiometric reaction). Conversion
to H20, C02' and CO is often assumed for rich
mixtures, as the conversion of H2 to H20 is much
more rapid than CO oxidation (see Section lS.1.3).
The temperature that would result if the reaction
were complete is defined as the "theoretical
flame temperature." Because of incomplete
combustion, energy losses, and the effects of
C02 and H20 dissociation, the theoretical flame
temperature is never~chieved in real combustion
systems. Nevertheless, consideration of this
simplified flame temperature concept reveals
important trends dictated by the first law of
thermodynamics.
Equations 15.2.4 and 15.2.6 relate temperature rise to heat release due to combustion. For
a given amount of energy release it is apparent
that the final flame temperature will increase
with initial temperature. Secondly, since for
lean mixtures the heat released will be proportional to the amount of fuel burned per mass of
mixture, it is implied that T2 will increase
directly with fuel-air ratio. However, when the
mix·ure ratio exceeds stoichiometric CO, and
possibly H2 and unburned fuel, will be present in
the exhaust products and a decreasing flame
temperature trend will result. ~onsequently,
this analysis indicates a maximum flame temperature for stoichiometric conditions. These trends
are illustrated in Figure 15.2.1. Rather than
considering· fuel-air ratio, the equivalence
ratio, ~, has been used in this illustration.
Equivalence ratio is the fuel-air ratio of consideration divided by the stoichiometric fuel-air
ratio:

(15.2.4)
~

where Cp is the temperature-dependent specific heat
of the combustion products and the heat of combustion at temperature Tl is calculated using
Equation 15.2.3. In this flame temperature
calculation, the heat generated in forming combustion products at temperature Tl can be envisioned
as an energy source for constant pressure heating
of the combustion products from Tl to T2'
The term f in Equation 15.2.1 is a temperature invariant representation of a fuel's chemical
energy. It may be calculated using the following
relationship:

The concept of chemical energy in conjunction with
Equation 15.2.1 provides a second method for
determining final flame temperature (Ref. 15.1).
Conservation of total enthalpy, for the case
where kinetic contributions are negligible,
results in the following expression:
(15.2.6)

lS-6

_ ili-

(15.2.7)

(f/a'stoichiometric
Values of ~ less than unity correspond to lean
operation while those greater than unity correspond
to rich combustion.
Accurate flame temperature prediction
requires consideration of dissociation effects and
variable specific heats. Iterative solution of
at least four simultaneous equations is involved.
The equations are:
a)

stoichiometric chemical equation (mass
and atomic conservation)

b)

energy conservation

·c)

C02 dissociation

d)

H20 dissociation.

Additional equilibrium relationships may be added
to improve accuracy and predict concentrations of
NO, N02, 0, H, OH, N, etc. Note further that the
water gas equilibrium equation is usually substituted for either c) or d) to simplify
mathematical procedures (see Section lS.1.2).
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In addition, note that dissociation causes the
peak flame temperature to occur at slightly rich
conditions.
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Figure 15.2.1:

Theoretical Flame Temperature
Dependence on Equivalence Ratio.
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Figure 15.2.2:
A number of methods of solving these
equations are practical. One technique involves
assuming a flame temperature and calculating
species .concentrations using the equilibrium
relationships. The values are then used to check
for balance of the energy equation. Additional
guesses and iterations are made till a temperature
is deter~ined such that the conservation of energy
is satisfied within acceptable limits.
Because of the involved nature of these
calculations, detailed tabulated results and
computer programs have been established to assist
combustion scientists and engineers. Some of the
early tabulated calculations are the subject of
Reference 15.5 whiie the most popular of currently
available computer programs for this purpose is
described in Reference 15.6.
15.2.2

1.0

Important Flame Temperature Dependencies

This sub-section presents calculated
flame temperature results of practical importance
to turbine engine combustion. Important variables
to be examined are fuel-air ratio, initial
pressure and temperature, and mixture inert
concentration.
The simplified relationship between
calculated constant pressure adiabatic flame
temperature and mixture ratio shown in Figure
15.2.1 is significantly altered when the detailed
effects of dissociation and specific heat variations are included. This is illustrated in
Figure 15.2.2 which shows results for combustion
of Jet A with air at BOooK and 25 atm (representative of modern combustor inlet conditions at 100%
power operation). The difference between theoretical and actual flame temperature as the mixture
ratio approaches stoichiometric is due to the
presence of significant CO and H2 concentrations
at the higher temperatures (see Figure l5.1.3).
15-7

Effect of Equivalence Ratio on
Adiabatic Flame Temperature.

An understanding of the influences of
initial pressure and temperature on flame
temperature is important t~ the combustion
engineer, as testing is frequently accomplished
at scaled operating conditions. Figure 15.2.3
illustrates the relationship between stoichiometric flame temperature and inlet temperature at
a pressure of 25 atmospheres using Jet A fuel.
Note that only one-half of an increase in inlet
temperature is translated to flame temperature at
these conditions. Again, the non-linearity is
primarily due to the strong temperature dependence
of the equilibrium constants for C02 and H20
dissociation. The effect of pressure is illustrated
in Figure 15.2.4. An increase in pressure at
constant initial temperature results in an increase
in flame temperature. This dependence can be
explained by examining the form of the H20 and C02
dissociation equations. In both cases, dissociation requires an increase in the total number of
moles of product. The physics of the eqUilibrium
process, as embodied in Equations 15.1.8 and
15.1.9, cause an increase in pressure to result
in a shift to less total moles of product --' in
this case less dissociation. The increased
amounts of H20 and C02 in the combustion products
result in greater flame temperature.
Consideration of main combustor exit
temperatures can be somewhat simplified from the
complexities of the foregoing discussion. Most of
the variations discussed with respect to Figures
15.2.2 - 15.2.4 occur at the highest values of
flame temperature. Since main burner exit
temperatures are generally below l7500 K, the inlet
temperature and pressure effects of dissociation
are far less pronounced. Figure 15.2.5 illustrates
the relationship between fuel-air ratio and total

temperature which may be used for any pressure at
flame temperatures less than l750 0 K.
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Pressure (Working Chart).

Another important factor influencing
flame temperature is oxygen concentration. Two
very important instances of combustion with an 02
concentration less than that of air are vital to
the combustion engineer. While a gas turbine
engine main burner encounters air with approximately
21% 02 in actual operation (preheating being
accomplished by the compressor), testing is
sometimes conducted using vitiated air -- inlet
temperature requirements are satisfied by precombustion rather than compression or indirect
heating using a heat exchanger. The other very
important example of vitiated combustion is, of
course, the afterburner. In this case, some of
the energy previously added by the compressor and
main burner combustion has been extracted by the
turbine.- Consequently, temperatures in stoichiometric zones of the main combustor significantly
exceed maximum achievable temperatures within
the afterburner.
A means of evaluating the effect of
vitiation on flame temperature is to consider
oxygen availability. Vitiated combustion is
characterized by abnormally high H20 and C02 concentrations and lower 02 concentrations.
Therefore, the effect of vitiation is to reduce
the amount of fuel per mass of mixture which can
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15.3.1

be stoichiometrically burned; reduced final flame
temperature would be predicted by Equations
15.2.4 and 15.2.6. Figure 15.2.6 illustrates the
effect of reduced oxygen concentration as a function of the degree of vitiation. These calculations were performed with combustor inlet
conditions of 900 0 K and one atmosphere pressure,
values typical of turbine exit conditions. The
results include the effects of dissociation.

Premixed Laminar Flames

The lIimplest situation involving
simultaneous treatment of combustion and
dynamics is the premixed laminar flame.
case, a react.ion front proceeds through
uniform mixtulCe of gaseous fuel and air
constant propagation speed. An analysis

a
with a
of the

mass, momentum, and energy conservation

equations

gas
In this

governing this case (called the Rankine-·
Hugoniot analysis) predicts two types of' solutions.
First, the reaction front can proceed irlto the
unburned gases supersonically. The vel{)city of
the burned gas,es with respect to the re'lction
front can be e:ither subsonic (the de ton, ~tion case)
or supersonic <the supersonic combustio· n case).

Secondly, the J~eaction front can procee d into
the unburned gases subsonically. In th is case,
the burned gas,~s must also be subsonic, as the

--
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2000
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supersonic CaSl3. would violate the secor ld law of

thermodynamics. Subsonic flame propag"tion is
also called de.flagration.
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While t:he Rankine-Hugoniot eqm .tions
predict the exLstence of deflagration ,and relati'Jn:"
ships between I:he properties of burned and
unburned gases, the analysis does not allow
calculation of the propagation velocit >', SL'
Prediction of S:L requires considerati{ m of heal:
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This temperatu rll relationship is sim;,lar t,~ that
for reaction r.ote (Equation ·15.1.4) "xcept for the
factor of 2 in the exponential denom inato r.
Equation 15.3.1 is consis tent with e mpir'Lcal
flame propagat ion dependencies on fu .el ,dr ratio
as shown in Figure 15.3.1; the highe st propagation velocity is at approximately ~ = 1, where
Tf is at its maximum value.
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(Ref. 15.8). Practical jet fuels,
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expected to be.have in a manner

Effect of Vitiation on Stoichiometric
Flame Temperature.

GAS DYNAMICS AND DIFFUSION PROCESSES

The influences of gas dynamics and diffusion
of species and heat on combustion are extremely
complex. Rather than treat these involved
processes in detail, this section intends to
explain the impact of these phenomenon in turbopropulsion combustion and to outline the general
approaches utilized to model these processes in
turbine engine combustion systems. The topics of
consideration include premixed laminar flame
propagation, diffusion-controllcrl combustion,

the fuels desc.ribed in Figure 15.3.1. The
pressure dependence of flame propa gation is not
straightforward. In mixtures witi' , burning
velocities be:low 50 em/sec, SL dec :reases with
increasing pr"ssure. Between 50 ,.nd 100 cm/sec
SL remains approximately constant
Above
100 cm/sec SL increases with incr.easing pressu.re
(Ref 15.8).
Acros s the reaction fron' t a substant· lal
d~crease

in gas densities occurs. Consequer Itly,
mase conserva.tion requires a suI: ,stantial inl.:rease

in velocity.

This acceleration results at

the

expe nse of some pressure drop a cross the. f· rant.

The pressure drop is:
(15.3.2)

effects of turbulence on combustion processes, and

the perfectly stirred reactor.

where y is f:he ratio of initi,.l gas sp ecHic
heats, Tl is the initial temp erature f md a is the
speed of sound in the initial . mixture.
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enters the combustion zone through a central tube.
A laminar diffusion flame, the shape of which is
governed by the ratio of fuel to air flow, is
established in the combustion zone.
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Flame Velocities of Pal:affin-Oxygen
Mixturea 'at One Atmospllere Pressure
and Room Temperature.

·.this quanti ty represents the minimum pressure drop
(usually les s tl',an 17.) a combustion sy stem can
experience in 01 :der to accomplish a gi ven energy
r,llease.
Values 0 'f laminar flame propagation are
usually no great er than 5 m/sec. Sinc e reference
Helocities in mo. dern combustion turbin e engine
systems are genel rally greater than 25 In/sec, lamimu flame propag.ltion is not considered a predomina nt mode of comb ·ustion. Other modes ()f combustion
in"olving diffusi on control, turbulent mixing, and
the establishment of zones approaching perfectly
stil'red reactors EIre necessary.
15.3. 2

Diffusion Controlled Combustion,

In many prl lctical devices the f'uel and a1.r
are not entirely pI 'emixed prior to comb.,s tion. I.n
these C{lses, reacti ons take place in flame zones
where th e influx of oxygen and fuel occur at a rHte
correspol,ding to th. > stoichiometric rat:lo. In
laminar f 'lows, the n lechanism for transport of fur!l
and oxygel' into thea e zones is moleculal' dHfusi'Jn
and these types of s) 'Istems are called di ffusion
flames.
.
Coron. 'on exampl es of laminar diffusion flames
are the cand. te, a kerl :)sene lamp, or a mSl'.:ch; in
each case th., fuel an,d 02 do not premix prior to the
flame. An ap preciati. m for the nature 0': diffe,sion
flames may be gained t 'y examining the ea"ly wor'k of
Burke and Schu mann (Re f. 15.9) which was pubHElhed
in 1928. Expel 'imentaL ly, they utilized a systelm
similar to that shown j ·.n Figure 15.3. 2a. Fuel
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Figure 15.3.2

Diffusion Flame Characteristics.

Burke and Schumann's analysis constituted
the first successful treatment of laminar diffusion flames, and it continues to represent the
approach taken in modern work. They modeled the
flame as an infinitely thin sheet into which fuel
and oxygen flow in stoichiometric proportions,
All heat release from chemical reaction occurs at
this surface. This approach is equivalent to the'
assumption that the chemical reactions are
infinitely fast compared to the diffusion processes
which, therefore, control the burning rate. In
order to mathematically prohibit an infinite
gradient of fuel or oxygen at the flame surface
(which would indicate infinite flux into the
surface) it is necessary to require both fuel and
oxygen concentrations to be zero at the surface.
This concept of concentration and temperature
profiles is illustrated in Figure 15.3.2b.
Important differences between premixed and
diffusion flames center around the existence of
the flame sheet. In the case of the premixed
flame with no flame sheet, temperatures achieved
correspond to that for contant pressure combustion
at the premixture fuel-air ratio and the burning
rate is controlled by the chemical kinetic rate
and flame temperature (Equation 15.3.1). However,
in the case of laminar diffusion flames, combustion
always occurs at stoichiometr.ic conditions at the
flame sheet and the burning rate is controlled by

molecular diffusion. Moreover, the temperature at
the flame does not generally correspond to the
premixed constant pressure stoichiometric flame
temperature. The thermodynamics at the flame sheet
are strongly influenced by the rates of heat and
mass transfer near the flame (i.e., mass and
temperature gradients) and are not calculable
through the use of a simple energy balance.
The simplifying assumption of an infinite
chemical reaction rate can be eliminated through
the utilization of a much more sophisticated analysis. The primary effects of including finite
reaction rates are prediction of a flame of finite
thickness, lesser gradients of concentration and
temperature at the flame, and lower peak flame
temperatures. While more accurate prediction of
near-flame characteristics is achieved by the more
sophisticated analysis, many important properties,
notably burning rate, are predicted nearly as well
with the less elaborate approach.
The instance in which the classical thinflame theory of diffusion flames is of importance
to turbine combustion systems involves fuel droplet
burning. While many combustion engineers question
whether droplet combustion occurs under the high
temperature and turbulent conditions characteristic
of high power operation, it would be likely during
starting and idle operation. In this case, vaporization is caused by heat transfer from a flame
surrounding the liquid droplet, assumed to be at
its boiling temperature. The gaseous fuel proceeds
to the flame and stoichiometrically reacts with
oxygen diffusing radially inward from the surroundings. Analysis of this situation, similar to the
Burke and Schumann analysis discussed above, results
in the following burning rate prediction:

(lS.3.3)
where d is the fuel droplet diameter at time t, do is
d at t • 0, and k is a constant. This relationship,
known at Godsave's law. predicts fuel efforts through
variations in k (Ref. -15.10). The influence of
convective velocity, air temperature, and oxygen
concentration can also be included in determination
of the value of k. Note that this relationship is
also applicable to droplet evaporation without
combustion, the difference being a smaller value
of k.
The foregoing discussion addresses the
simplified concept of fuel droplet combustion
wherein the process of each individual droplet is
assumed to be independent and the fuel is comprised
of a single hydrocarbon component. In reality,
the situation is far more complex; droplet interactions and complications of multi-component fuels
cause significant departures from the simplified
case discussed above (Ref. 15.11 and 15.12). The
combustion engineer should utilize empirical
information when available. Recent data are
presented in Reference 15.12.
Diffusion-controlled combustion will also
occur in the cases where fuel droplets have vaporized but not mixed with surrounding air, thus
forming fuel-rich pockets, or where the gases from
a rich primary zone mix with secondary air. Many
of the performance characteristics of present day
combustors confirm the existence and importance of
such processes. However, the diffusion controlled
reactions in practical gas turbine combustion
systems cannot be simply treated by clsssical laminar
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diffusion flsme theory; turbulence effects are
extremely important and the effects of turbulent
diffusivity must be included. These will be
discussed in the following subsection.

15.3.3

Turbulence Effects

Previous discussions of both premixed and
diffusion controlled combustion have concentrated
on laminar systems. In practice, however, the
presence of turbulence has an extremely important
influence on both premixed and diffusion controlled
combustion.
The rate of flame propagation in a premixed
system is greatly enhanced by turbulence. Most
available information on this subject has been
developed to improve the understanding of turbulent
flame propagation in afterburners. However,
turbulent flame propagation information is currently
of additional importance, as low emission combustors
employ a highly turbulent fuel-air mixing and
vaporization zone prior to combustion (see Chapter
20). An important consideration in such systems
is the possibility of "flashback" or turbulent
flame propagation upstream to the fuel injection
point.
Lefebvre and Reid (Ref. 15.13) have
reviewed important turbulent flame propagation
literature. The relationships shown in Table
15.3.1 have been cited as representative of the
understanding of turbulence effects. The
important parameters influencing turbulent flame
propagation, ST are:
u' - the fluctuating component of gas
velocity.
y

- parameter describing free stream and
flame generated turbulence intensity.
= turbulence length scale.

Generally speaking, the turbulent flame velocity
can be the order of the turbulent velocity, u',
far exceeding SL'
Turbulence also causes increased burning
rates in diffusion flames (Ref. 15.iS). Analyses
for turbulent diffusion flames are similar to the
laminar case but use an artificially high
diffusivity constant. Physically, the increased
fuel/air mixing is explained as due to forced
mixing of small fuel ~ean or fuel rich-elements of
gas by turbulent forces. These small elements of
gas are called eddies. The analytical adjustment,
called eddy diffusivity, accounts for the enhanced
mixing at the reaction front. This approach is
taken as a convenience and is based on empirical

correlations rather than fundamental principles.
The importance of turbulence on many
practical aspects of turbine engine combustion has
recently been highlighted by Mellor (Ref. 15.19).
He proposes a simplified model for main burner
combustion in which important processes are assumed

to occur in a highly turbulent diffusion flame
stabilized by a recirculation zone behind a bluff
body (see Figure 15.3.3). His analysis, based on
characteristic times for turbulent mixing and
chemical reaction and focusing on the shear layer
mixing zone, has been shown to be successful in
correlating a number of combustion characteristics
ranging from exhaust pollutants to stability.

TABLE 15.3.1:

Investigator

Turbulent Flame Theories (From Reference 15.13).

Conclusions

Re1ationshi2s

Damkohler (Ref. 15.14)

Shchelkin (Ref. 15.15)

_me 115 Z"TWrWffflW

ST = SL + u'

ST is independent of turbulence

At high velocities this
approaches ST a u'

scale. At high velocities ST is
determined solely by turbulent
velocity.

ST ~ SL[l + (U'/SL)2].5

In agreemnt with Damkohler.

At high velocities this approaches
ST = u' .
Karlovitz (Ref. 15.16)

For weak turbulence ST = 5L + u'
For strong turbulence:
ST a SL + (2S Lu,)·5

ST is independent of turbulence
scale.
Laminar flame"speed is most
important parameter.

Where:
u'

.~(:~ - )
\

Scurlock (Ref. 15.17)

ST

= SL[l +

C3(y/t)2].5

ST is dependent on laminar flame
speed and turbulence scale.

Where: y is dependent on approach
stream and flame generated turbulence;
i is the turbulence scale; C is a
3
constant.

----

(15.3.4)
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where the bars indicate average values. Table
15.3.2 indicates (Ea/RT)-2 for different values of
Ea and T. Turbulence can be expected to play a
significant role in all cases except those
involving low activation energies «20 Kcal/g mole)
and high temperatures (>2500 o K). Because of the
obvious difficulties in accomplishing temperature

RECIRCULA TlON
ZONE

or concentration measurements on the time and

Figure 15.3.3:

length scales of interest to this subject, only
limited empirical information is available to
provide further explanation of this complex
phenomena.

Simplified Representation of a
Turbine Combustion System.

15.3.4

A final aspect of turbulence to be discussed
here involves its effect on chemical reactions.
During fuel-air mixing as well as in the reaction
zone, the individual turbulent eddies can have
widely differing values of fuel-air ratio and
temperature.

Because reaction rates are very sensi-

tive to these variables (Equation 15.1.4) the
turbulence characteristics can strongly influence
15-12

Perfectly Stirred Reactor

The perfectly stirred reactor (PSR) is
defined as a combustion region in which reactant
and product concentrations as well as temperature

are completely homogeneous (Ref. 15.21, 15.22).
The fuel-air mixture entering the reactor is
assumed to be instantaneously mixed with the combustion products. In principle, this immediately
increases the temperature of the entering reactants

far beyond the initial state and provides a
substantial and continuous supply of chain carriers

TABLE 15.3.2:

~

I

Importance of Turbulence to Chemical
Reactions -- Values of (E /RT)-2
a
100

~ -::moIe

1500

T(OK}
2000

2500

10

.09

.16

.25

20

.0225

.04

.0625

40

.0052

.01

.0156

60

.0025

.0044

.00694

80

.0014

.0025

.0039

=.il:
::I

10

60

EI~ 40

which are of paramount importance to hydrocarbon
combustion (See Section 15.1.3).
Reaction rates per unit volume are maximized
in the PSR. Stabilization characteristics of
practical systems -- primary zones of main combustors and regions behind f1ameholders of afterburners -- are often modeled using PSR analyses.
A simp1ifie,d version of the analysis presented in
Reference 15.22 results in the following dependence
of the reaction rate on key parameters:

exp(-Ea/RT )
R

(15.3.5)

where: V - reactor volume
m • mass flow rate into the reactor
n • total reaction order
TF • adiabatic flame temperature for complete
reaction
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Figure 15.3.4

Perfectly Stirred Reactor Operating
Conditions.

temperature chemical kinetic studies. Equation
15.3.5 also indicates the beneficial effect of
higher values of TR on stabilization. This can
be achieved by higher initial mixture temperature
(as shown in Figure 15.3.4) and/or an equivalence
ratio closer to untty. Figure 15.3.5 illustrates
the dependence of the well-stirred reactor
stability region on equivalence ratio. Consequently,
combustor designers strive to create primary zones
which promote stabilization with an approximately
stoichiometric fuel-air mixture ratio.

TR • PSR temperature
Tu •

temperature of entering
(unburned) mixture.

initi,~l

Figure 15.3.4 illustrates the relationship between
mass burning rate and reactor temperature. These
re9ul~ correspond to a case where n - 2, Ea = 40
Kcal/g mole and stoichiometric combustion of a fuel
yielding TF values of 2550, 2500 and 2400 0 K for
Tu values of 1000, 800, and 600 0 K. Equation 15.3.5
yields three solutions for any value of m/Vpn __
only the two highest TR solutions are indicated in
Figure 15.3.4, as the lowest TR solution, while
atable, is not of practical interest here. The
mid-TR solution is also of academic importance,
as it is unstable. Considering only the highest
TR soluUon, the anal.ysis indicates that the
adiabatic flame temperature for complete reaction
is only achieved at flow rates approaching zero.
Further, -a maximum value of m/Vpn is indicated and
blowout is expected if a further increase is
attempted.' Typically, this PSR blowout point is
imminent when the temperature rise above inlet
conditions is 75% of that corresponding to
complete combustion.
The exponential nature of reaction rates
(Equation 15.1.4) is directly reflected in
Equation 15.3.5. For this reason, perfectly stirred
reactors have been extensively utilized for high
15-13
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Equation 15.3.5 can be rearranged and
cimp1ified while maintaining the most important
temperature characteristics to yield the following
relationship:
(15.3.6)

This relationship provides some guidance in
developing a parameter with which the volumetric
heat release of practical combustion systems may
be judged. Following the units of Equation 15.3.6
a specific heat relea~e rate parameter, SHRR, has
been established for aircraft gas turbine combustors with the units of energy/time-pressurevolume. This topic is discussed further in Chapter
20.
15.4

COMBUSTION PARAMETERS

Three important combustion parameters will
be discussed in this section. Descriptions of
combustion efficiency, flame stabilization, and
ignition phenomena are included.
15.4.1

Combustion Efficiency

Perhaps the most fundamental of all combustion performance characteristics is the
combustion efficiency, nco This parameter is
defined as the fraction of the maximum possible
energy which has been released during a combustion
process. For the case of constant pressure
combustion, nc can be expressed as:

n •
c
(h

(15.4.1)
)

sp T2 ideal

- (h

)

sp Tl

An excellent approximation of nc can be
made by assuming that the product specific heat
is independent of temperature:

of such' testing usually involves reduction of the
remaining combustion inefficiency and relatively
small temperature measurement errors can cause
large uncertainties in the determined inefficiency.
Consequently, exhaust gas analysis has received
wide acceptance as a means of more accurately
determining combustion inefficiency. Exhaust
concentrations of species containing chemical
energy (predominantly carbon monoxide, unburned
hydrocarbons, and hydrogen) must be determined.
Inefficiency may then be calculated using the
following equation.
XCO(Ahc)CO + ~C(Ahc)HC + ~2(Ahc)H2
1

(T 2 - T1)ideal

(15.4.2)

In cases where significant acceleration occurs
during the combustion process, total enthalpy or
temperature must be used in Equations 15.4.1 and
15.4.2. Further, the ideal value of TZ in
Equation 15.4.2 or (hSP)TZ in Equation 15.4.1 is
that corresponding to the calculated equilibrium
flame temperature. Consequently, the consideration of dissociation effects is vital when
temperatures are in excess of l650 0 K.
In cases where the temperature is below
l650o K, combustion efficiency 'can be related to
operating and fuel parameters as follows:
(15.4.3)

where Cp is an average specific heat and (Ahc)f
is the Iuel heat of combustion.
In practice, nc can be determined by
measuring the actual TZ' This method, however,
presents Some difficulty in cases where combustion efficiencies are above 90%. The objective
15-14

(

(15.4.4)

where Xi is the mass fraction of species i, and
(Ahc)i is the heat of combustion of species i. The
numerator of this expression represents the unused
chemical energy per mass of exhaust while the
denominator represents the chemical energy per
mass of the initial fuel-air mixture.
Another common means of expressing Equation
15.4.4 involves the use of the emission index,
EI, which represents the mass of CO, hydrocarbons,
or H2 in the exhaust per 1000 mass units of fuel.
In this case the equation reduces to:

(15.4.5)
Note that in cases where the combustion
temperature exceeds 16500 K, Equation 15.4.4 and
15.4.5 must be modified to account for the amounts
of CO, hydrocarbons, or H2 which are present due
to equilibrium dissociation. The calculated
combustion inefficiency should correspond only
to that CO, hydrocarbon, or H2 which is present at
concentrations levels in excess of equilibrium.
15.4.2

(T 2 - Tl)actual

fla

+ fla Ahc)f

Flame Stabilization

Not all fuel-air mixtures are capable of
supporting sustained combustion. The equilivalence
ratio, temperature, and pressure conditions
within which combustion can be sustained in a
quiescent, gas-phase system are defined as the
flammability limits. Figure 15.4.1 illustrates
the existence of both fuel lean and fuel rich
limits for a kerosene-air system. While these
limits are dependent on pressure, experimental
configuration, and the existence of a quiescent
system, the fundamental concept of flammability
limits is invaluable as it defines the widest
possible regimes of combustion. Flammability
limit data for some typical hydrocarbons are
indicated in Table 15.4.1. It is noted that
variations in the limiting equivalence ratio are
not substantial for the lean limit, that of
primary practical importance to the combustor
designer.
Flammability limits are sensitive to
mixture temperature. Correlations have indicated
the following approximate relationships between
the mixture equivalence ratios for the lean and
rich limits (~L and 0R) and initial mixture
temperature (Ref. 15.23):
0L(T2) - 0L(Tl)

-9.2 x lO-4(T2 - Tl)

(15.4.6)
(15.4.7)

10
,

6

~

limits within which combustion will be stable are
dependent on design detalls. An example of the
onset of instability in a premixed fuel-air
system is found in the stabilization process for
a turbulent flame at the tip of a bunsen burner.
The blow off characteristics of such a system
have been successfully related to the velocity
gradient near the bunsen burner rim.
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TABLE 15.4.1:

Flammability Characteristics for a
·Kerosene-Type Fuel in Air at
Atmospheric Pressure.

To reduce the possibility of instabilities
in flowing premixed systems, flameholders and
primary zones are often used. In either case,
the stability of the system is achieved by
creating a region of violent recirculation and
thorough mixing. Such a zone approximates the
perfectly stirred reactor (PSR) "hich provides
maximum stability for a flowing system. Fuel
and air flow distributions are intended to
provide a near-stoichiometric equivalence ratio
in this region to maximize stability. In many
cases, especially the flameholder, the portion of
the flow intercepted by the recirculation zone
is small and the predominant heat releasing combustion mechanism involves reactions within the
shear laver which hOllnn,c:;: the recirculation zone
(see Figure 15.4.2). The PSR portion of the flow
can be thought of as providing a continuous pilot
to sustain the shear layer combustion region.

Flammability Limits in Air at
Atmospheric Pressure and Room
Temperature (From Ref. 15.23).
fLAMEHOlDER
\

Eguivalence Ratio
Fuel

Lean Limit

Rich Limit
fUlL + All

n-Paraffins
Methane
Propane
Butane
Pentane
Hexane
Heptane
Octane
Isoparafins
2,2-Dimethylpropane
2-Methylpentane
2,2,4-Trimethylpentane
2,2,3,3-Tetramethylpentane

.53
.53
.60
.58
.55
.63

1.56
2.51
2.88
3.23
3.68
3.78

Benzene

~ZO~Y-,~;~:
IUCTOI

~AYl'

~"'-

.60
.54
.55
.66
.53

2.01
3.42

.45
.52
.46

6.76
2.47
2.94

.50
.61

2.75

Figure 15.4.2

Physical Processes in Flameholding
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Aromatics
Toluene
Ethylbenzene

.

SHU.R.

~--0'
\ STtlllD ~
--............

~L'Y!'

Olefins
Ethene
Propene
I-Butene

-

~..

~

.50

Substantial pressure differences may also be observed
if the test container is sufficiently small for wall
quench reactions to be of importance.
Often a flowing system will not be capable
of sustained stable combustion under temperature,
pressure, and equivalence ratio conditions within
the flammability limits. In practical systems, the
15-15

Blowout of these systems can be
envisioned as occurring in two phases (Refs. l5.2~
and 15.25). First the less stable shear layer
becomes unable to sustain itself as flow is
increased and will extinguish. As previously
implied, this results in the elimination of the
predominant heat transfer source and causes the
combustion efficiency to drop to nearly zero.
The recirculation zone, being more stable, will
continue to operate until {mIVpn)max is reached
(see Figures 15.3.4 and 15.3.5) at which time
this region will also blowout. Since it
represents a minor heat release factor, this
final blowout point is of secondary interest.
15.4.3

Ignition

By definition, ignition is possibly only
for those fuel-air mixture conditions within
the flammability limits. The entire region
within the flammability limits must be further

divided into two sub-regions separated by the
spontaneous ignition temperature (SIT). This
parameter is usually determined using a standardized
test procedure where a liquid fuel is dropped into
an open air container heated to a known temperature.
The spontaneous ignition temperature is d~fined as
the lowest temperature at which visible or audible
evidence of combustion is observed. Typical
values of SIT are listed in Table 15.4.2. Note
the trend towards reduced SIT as the length of a
n-paraffin chain is extended. Further the impact
of side methyl groups in the case of iso-octane is
to increase SIT to a level consistent with an
n-paraffin of much lower·-molecular weight. Because
-these data are specific to a particular experiment,
direct usage of these data as hazard criteria is
not advisable. Most importantly from the combustor
designer's standpoint, SIT variations due to
pressure are significant. SIT decreases rapidly
until approximately 2 atmospheres with apparently
small changes above this pressure (15.20).
TABLE 15.4.2:
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767
678
558
534
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491
479
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511
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Figure 15.4.3

Above the spontaneous ignition temperature
the key combustion characteristic is the ignition
delay time. This parameter is defined as the time
lag for a given fuel-air mixture to achieve
significant reaction. Zero time may be defined as
the incidence of initial mixing (as in a flow
reactor) or of near instantaneous heating (as in a
shock tube). While there are many ways to define
the onset of significant reaction (dT/dt, ~T/~Tmax'
etc.), the important point is that the ignition
delay is exponentially related to initial temperature, Tl:
(15.4.8)
Because the ignition mechanism is not dependent on
final flame temperature, ti~n is not strongly
dependent on mixture ratio within the flammability
limits. However, a strong dependence on pressure
is usually observed. Ignition delay times for
typical fuels are illustrated in Figure 15.4.3.
Below the spontaneous ignition temperature,
an additional heat Source must be utilized to
allow temperatures to locally exceed the SIT.
The most common method of achieving this is the
spark discharge. The necessary amount of energy
release to achieve ignition is called the minimum
ignition energy (MIE). The quantity varies very
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Ignition Delay Times for Practical
Fuels.

significantly with equivalence ratio as shown in
Figure 15.4.4 for the caSe of vapor fuel-air
mixtures. It is important to note that the
minimum condition is not always at a stoichiometric
mixture ratio. For heavy fuels the minimum occurs
closer to ~ = 2. Other important variables
include initial mixture temperature and pressure.
Finally, in the more practical case of liquid fuel
spray-ignition, the extent of fuel vaporization is
vital to ignition characteristics. Rao and
Lefebvre (15.27) have shown that liquid fuel
droplet diameter has a powerful influence on
minimum ignition energy.
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The most fundamental of all fuel characteristics is the heat of combustion or heating
value. This empirically-determined parameter
represents the energy released per mass of fuel
upon complete combustion when both initial and
final temperatures are nearly 25 0 C. The actual
experiment involves a combustion bomb pressurized
with pure oxygen immersed in a well insulated
water bath. The temperature rise of the water
(usually only a few °C) is determined and the energy
necessary to cause this increase for the entire
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oct
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100

~

system is determined. This value, which is
calculated as negative for exothermic combustion
reactions, is the constant volume higher heating
value.

50

Since the experiment is performed at 25 0 C,

0

condensed water from the combustion products

within the bomb provides additional energy
release which is included in the constant volume
higher heating value. The measurement can be
corrected to yield the constant volume lower
heating value (6h c )v which corresponds to the
energy which would have been released if the water
in the combustion products had remained in the
vapor phase. The constant pressure lower heating
value (6h c ), which has been previously discussed
in Section 15.2.1, can then be calculated:
(15.5.1).
where np and nR are· the number of moles of gaseous
products and reactant, T is initial or final
temperature (approximately 298°K), and J is the
mechanical equivalent of heat. Values of 6h c and
heats of formation for typical hydrocarbons and
jet fuels are shown in Table 15.5.1.
While heat of combustion differences among
hydrocarbons are relatively small, changes in
volatility are substantial. Fuels can range from
methane (boiling point of -161 0 C) to heavy liquid
hydrocarbons containing napthalene (boiling point
of 2l1 0 C). In non-aircraft turbine applications,
future fuel candidates include even residual oils
(which have non-volatile components). Common
aircraft turbine fuels, however, are a blend of
many hydrocarbons and their volatility is usually
characterized by a distillation curve as shown in
Figure 15.5.1.
The chemical composition of common jet
fuels is extremely complex. The hundreds of
hydrocarbon types present are often categorized
into three groups, paraffins, olefins, and
aromatics. Paraffins are the straight chain or
cyclic saturated molecules like propane, butane,
or cyclohexane. These are generally very clean
burning fuels (low soot formation). Olefins are
characterized by the presence of a carbon-carbon
double bond as occurs in ethylene. These compounds
are suspected of causing gum and stability problems
in jet fuels. Aromatics are molecules containing
unsaturated ring structures. These may be single
ring (e.g. benzene) or polycyclic (e.g. napthalene)
in nature. The combustion of aromatic fuels is
likely to cause problems associated with carbon
particle formation, flam£ radiation and exhaust
smoke.
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Distillation Characteristics of
Common Jet Fuels.

A final important fuel characteristic from the
handling, crash hazard, and tactical vulnerability
standpoints is the flash point. This parameter is
empirically determined using a controlled temperature container partially filled with fuel. A
small flame is passed over the fuel/air mixture.
The minimum temperrture at which some evidence

of ignition is observed is defined as the flash
point. It has been demonstrated that this
temperature corresponds to conditions where the
equilibrium vapor/air mixture above the liquid
fuel is at the lean flammability lImit. This
characteristic is illustrated in Figure 15.4.1.
15.5.2

Common Jet Fuels

Three jet fuel types are in wide use
throughout the free world. JP-4 is the fuel used
by the air forces of NATO, including the United
States. Jet B, a fuel nearly identical to JP-4,
is used by Canadian commercial airlines. These
fuels can be grossly represented as a blend of
kerosene and gasoline. The high volatility of
JP-4 results in a vapor pressure of 'about 0.17 atm
(2.5 psia) at 3l0o K (IOOOF), and a flash point of
approximately -25 0 C.
Jet A is the kerosene-based fuel used by
most of the world's commercial airlines, including
the United States. It has a much lower volatility
than JP-4 resulting in a flash point of about
52oC. Because of the reduced probability of
post crash fires and the reduction of combat
vulnerability, the NATO nation air forces are
considering conversion to JP-8. This fuel is nearly identical to Jet A-I, a commercial fuel similar
to Jet A in all respects except freeze point (-50 0 C
versus -40 o C for Jet A). The combustion characteristics of JP-8, Jet A, anrl .Tet A-I ""e virtually
identical.
The unique problems associated with shipboard jet fuel use cause the U.S. Navy to use a
third fuel type, JP-5, which has an even higher
flash point (>63 0 C).

_emerine-em

TABLE 15.5.1:

~

Formula

Methane
Ethane
Propane
n-Butane
Isobutane
n-Pentane
n-Hexane
n-Heptane
n-Octane
2, 2, 4-Trimethylpentane
n-Nonane
n-Decane
n-Tetradecane

CH4
C2H6
C3H8
C4HlO
C4HlO
C5H12
C6 H14
C7 H16
CSHlS
CSHlS
C9H20
ClOH22
C14 H30
C16 H34
C35H72
C2H4
C3H6
C4 HS
CSH16
C5HlO
C6H12
C6 H6
C7 Hs
CSHlO
CH30H
C2H50H
C3H70 H
C4 H90H
C2 H2
H2
C
C
C
CO
CH2.02
CH1.92
CH1.94

n-Hexadecane

n-Pentatriacontane
Ethylene
Propylene
Isobutene
Octene
Cyclopentane
Cyclohexane
Benzene

Toluene
,,-Xylene
Methyl alcohol
Ethyl alcohol
Propyl alcohol
Butyl alcohol
Acetylene
Hydrogen
Carbon (solid, graphite).
Carbon (coke) to CO2
Carbon (coke) to co
Carbon Monoxide
JP-4
JP-5
JP-8/Jet A/Jet A-1

Heats of Combustion and Formation
(From Reference 15.1)
Molecular
Weight
16.04
30.07
44.09
58.12
58.12
72.15
86.17
100.20
114.22
114.22
128.25
142.28
19S.38
226.43
492.93
28.05
42.08
56.10
112.21
70.13
84.16
7S.11
92.13
106.16
32.0
46.0
60.0
74.1
26.04
2.016
12.01
12.01
12.01
28.01

The physical and chemical properties of
these fuels are illustrated in Table 15.5.2.
Yearly consumption figures for 1974 have also been
shown.
15.6

SUHMARY

This chapter has reviewed fundamental
concepts necessary for the understanding of aeropropulsion combustion. Two additional chapters
will consider the practical application of this
information to mainburners (Chapter 20) and afterburners (Chapter 21). Huch of this chapter has
reflected the theme that the subject of combustion
involves interdisciplinary study of chemistry,
thermodynamics, and gas dynamics.
Key topics to the study of combustion
chemistry are reaction rates, equilibrium considerations, and the mechanisms of hydrocarbon-air
combustion. The Arrhenius relationship, which
describes the basic dependencies of reaction rate
on pressure, temperature, and concentration, has

been highlighted and its impact on combustion
systems has been described. C02 and H20 dissociation
15-18

-lIh c

Constant Pressure Lower

Heating Value (cal/gm)

lIhf
Heat of Formation
(cal/S!!!)

11,946
11,342
11,072
10,925
10,897
10,744
10,685
10,643
10,611
10,592
10,5S7
10,567
10,515
10,499
10,573
11,264
10,935
10,759
10,556
10,458
10,376
9,588
9,680
9,748
4,802
6,447
7,388
7,936
11,518
28,651
7,826
S,077

-2,080
0
0
0

2,46~

0

2,413
10,389
10,277
10,333

476
458
428

1115
739
563
513
541
573
551
535
523
542

-445
-116
60

-150
-31
-55

and the water gas relationship are the primary
equilibrium considerations. Current understanding
of hydrocarbon combustion has been reviewed.
This complex process can be envisioned as a
sequence of events involving hydrocarbon pyrolysis
and partial oxidation to Hz and CO, chain branching
reaction resulting in Hz consumption, and CO
oxidation by OH radicals generated during chain
branching.
Combustion thermodynamics involves relating
energy release from fuel consumption to combustion
product effects.

For constant pressure systems, the

first law of thermodynamics implies conservation
of total enthalpy across the reacting system.
Using this relationship, definitions and methods
of calculating flame temperature have been offered.
Theoretical flame temperature, calculated assuming
no dissociation, has been used to explain the
effects of initial temperature, fuel-air ratio,
fuel type, and extent of vitiation. Hethods of
more accurate flame temperature calculation,

including dissociation effects, have been presented
and the above-described effects were illustrated.

~~.' !"~~);;€~
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rABLE 15.5.2:

Important Jet Fuel Properties

JP-4

JP-8 pet A-I}
Spec
Typical
Reqm't
Value

JP-5

Property

Spec
Reqm't

~

Vapor Pressure (atm)
@380 C (lOOoF)

.13 - .2

.18

.007

.003

60.

169.

182.

Initial Boiling Point
(OC)

Typical

Spec
Regm't

Typical
Value

End Point (oC)

246

288

265

Flash Point (OC)

-25

>49

52

288
>63

65

<20

16

<25

16

Aromatic Content (% Vol)

260

<25

12

Olefinic Content (% Vol)
Saturates Content
(% Vol)

<5

1

1

1

87

83

83

Net Heat of Combustion
(cal!gm)

>10,222

Specific Gravity

0.751 - 0.802

U.S. Yearly Consumption
(l09 gal)

10,388

>10,222

10,333

>10,166

10,277

.758

0.755 - 0.830

0.810

0.788 - 0.845

0.818

5
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Gas dynamics and diffusion processes
affecting combustion have been described. Premixed
laminar flames have been discussed and the dependence
of propagation rate on temperature and especially
fuel-air ratio have been highlighted. In the case
where fuel and air are not initially mixed, rates
of fuel and oxygen diffusion into the flame region
control the burning rate. Key properties of
diffusion flames and ~ethods of analyzing laminar
systems have been reviewed. The impact of
turbulence on premixed and diffusion flames has
been discussed. In the case of premixed systems,
flame propagation rates are enhanced. In the case
of diffusion flames, combustion zone mixing rates
are increased, resulting in greater burning rates.
Finally, a model of the ultimate turbulent system,
the perfectly stirred reactor, has been offered.
In this system, mixing rates are instantaneous
relative to chemical kinetic effects and uniform
temperature and species concentration exist
throughout the reactor. This perfectly stirred
reactor analysis has indicated important dependencies
of such a system on temperature, mixture ratio, and
combustion kinetics.
Combustion parameters of importance to aeropropulsion have been reviewed and explained using
the fundamental information regarding chemistry,
thermodynamics, and gas dynamics presented in
earlier sections. Parameters which have been
reviewed are combustion efficiency, flame stabilization, and ignition. Combustion efficiency has been
defined and related to both exhaust temperature and
species concentration. Flame stabilization has
been discussed relative to the definition of
flammability (which applies to a quiescent system),
8S well as to the basic processes occurring in
flameholder or primary zone regions. In the latter
case, the roles of the recirculation and shear
layer zones have been highlighted. Ignition has
been discussed in terms of spontaneous ignition
temperature, ignition delay time, and minimum
ignition energy.
Finally, the important combustion characteristics
of jet fuels have been defined and discussed. These
include the heats of combustion and formation,
volatility and distillation characteristics, and
15-19
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flash point. The properties of current jet fuels,
JP-4 (or Jet B), JP-8 (similar to Jet A), and
JP-5, have been tabulated.
15.7
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Introduction
In this chapter the term "boundary layer" is

applied very loosely in the generic sense of a
shear layer ~hich is not necessarily thin, rather
than the quite precise terminology usually implied
in classical external aerodynamics. Excluded from
this very broad category of flows are shear layers
whose behavior can be adequately described by
assuming the transport of momentum or energy across
streamlines of the mean flow is quite negligible.
The present chapter is devoted to describing the
concepts and procedures which are available to
allow the prediction of the behavior of these
"boundary layers" in the diverse and special circumstances found in turbomachinery.
In view of the crucial role of boundary layers
in setting loss levels, heat transfer rates and
operating limits, there can be no doubting the
desire of the turbomachinery designer to understand
and predict the behavior of these boundary layers
as they are influenced by flow and geometric
changes. Despite this desire, boundary layer prediction schemes are not, with minor exceptions, at
present in extensive use in practical design systems. Real engines have been found to introduce
complexities which cannot be allowed for in the
prediction schemes and which subsequently dominate
the flow behavior. Fortunately, it appears that
in the near future this rather sad state of affairs
will be changed, due to the combined development of
efficient methods for solving multi-dimensional nonlinear systems of psrtial differential equations
together with recent advances in the modeling of
turbulent transport processes. In the subsequent
sections a hierarchy of techniques will be evolved
all based on using modern computers to effect the
.olution. The particular turbomachinery application of the various techniques will be introduced
together with their current status and shortcomings
and. since many of the techniques are still being
evolved, a prognosis for their eventual success
will be given.
In developing the solution hierarchy it is
first convenient to divide the problem into its two
major constituents, firstly the problem of developing then solving the set of equations purporting
to describe the problem at hand and secondly the
problem of describing the turbulent transport of
momentum and energy to some reasonable degree of
accuracy for that problem. The first part of the
problem can be broken down further on the basis
that certain physical approximations greatly simplify the numerical process of solving the set of
equations. In particular the neglect of streamwise diffusion in the equations is usually a very
good approximation. When this is followed by the
assumption that the pressure forces csn be approximated either locally by mass conservation, i.e.,
a blockage correction, and/or without an a priori
knowledge of the boundary layer behavior, the governing equations for time averaged steady flow are
greatly simplified, and can be solved relatively
easily by forward marching procedures. Thus a solution hierarchy is developed based first of allan
one. two. and three dimensional marching schemes
followed by techniques in one, two, and three space
dimensions which cover problems which do not permit
the aforementioned simplification and require both
upstream snd downstream boundary conditions to' be
sstisfied. Turbulence models are treated separately,
although in the literature often a given model is
associated with a particular scheme. As a practical
matter the various turbulence models are usually
interchangeable.
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Turning to the special problems which arise as
a consequence of the operating mode of the gas turbine, it turns out .that the inlet conditions to
many components of interest are often unsteady and
more often than not contain total pressure and
total temperature variations, usually distributed
in a highly three dimensional manner. In a time
averaged frame which could either be rotating with
the blades or stationary on a stator or vane, such
unsteadiness can be viewed as "inlet turbulence"
with, in some instances, both ordered and random
components in the motion. It is to be expected
that the response of the flow to this "inlet turbulence" would vary depending on the composition of
the turbulence. Primary measures of turbulence
such as rms intensity and/or some spatial scale
would only be expected to give some sort of zeroth
order estimate of its effect. Within the device
itself blades and vanes are noticeably more cambered than is usual with conventional wing sections
(see Fig. 19.2.1). This camber leads to the possibility of curvature effects on the turbulence
structure within the boundary layer itself, but
fortunately in all but film cooled turbine blades
the effect of curvature on the turbulence structure
may probably be of secondary importance when compared to other unknowns. However, the camber and
the consequent large amounts of flow turning, such
as occurs in the turbine, can cause the annulus
wall (hub and casing) boundary layers to overturn
within the blade or vane passageway leading to pronounced boundary layer migrational effects which
can eventually result in streamwise vortices of
considerable strength (see Fig. 19.3.2). Streamwise vortices can also be produced in the region of
vane or blade intersection with the annulus wall
boundary layers, the so-called horse shoe vortices.
The appearance and the·subsequen~. fate of such
streamwise vortices appear to have a considerable
impsct on the aerodynamics and heat transfer rates
within the device and their presence usually signifies that conventional boundary layer concepts
are no longer valid. These and related problems
are discussed in Chapters 18 and 19.
Insofar as the operating conditions of the compressor and turbine are concerned it appears that in
modern compressor technology the aim is to obtain
higher loadings, leading to the airfoils working
closer and closer to a catastrophic flow breakdown
(stall) somewhere in the machine. It turns out that
the operating limits of highly loaded stages are
very difficult to predict and stage performance
appears only loosely related to the two dimensional
airfoil boundary layer characteristics. These
facts have led compressor designers to place comparatively little reliance on boundary layer calculations and to develop a correlation approach
based on rig tests. Turbines, on the other hand,
accelerate the flow and consequently the problem of
operating close to stage stall is mitigated. However, as is pointed out in Chapter 18, separation
can still be a problem even in turbines. Further,
the local heat transfer on the vanes or blades are
of considerable design interest and dominated by
the boundary layer. In view of ;:11" relative success
of two dimensional boundary layer analyses in predicting the heat transfer rates in the turbine,
turbine designers have come to place a greater reliance on boundary layer analyses. More recent developments in turbine teChnology such as even higher
turbine inlet temperatures,film cooling, and higher
work extraction levels per stage have led to a commensurate interest by designers in developing and
using apprppriate analyses. In particular the
higher work extraction levels and the accompanying

zc

high levels of flow acceleration cause extended
regions of transition from laminar to turbulent
flow (and vice versa) which are discussed in Chapters 18 and 19. The various practical film cooling schemes introduce three-dimensional effects
and the higher turbine inlet temperatures make it
necessary to know with some precision the intrablade hub and casing heat transfer distributions.
The foregoing problems are in many ways much
more difficult to treat than the boundary layer
problems encountered in external aircraft aerodynamics. The wide variety of possible configurations open to the turbomachinery designer and the
probable impact of the boundary layer on any
selected configuration, leads one to suspect that
the correlation, i.e., extrapolation approach, would
be both uncertain and expensive. Further development of boundary layer analyses seems entirely
justified even if it only results in an improvement
in the correlation approach to the design of turbomachinery.
In the subsequent sections attention is first
of all devoted to both integral and finite difference procedures for predicting the two-dimensional
blade or vane boundary layers. Here the aim is to
provide the means of estimating the airfoil section
loss coefficient and the detailed distribution of
heat transfer coefficient around the airfoil. This
is followed by a discussion of the axisymmetric
pitch sveraged equations and the procedures available for solving this set of equations and their
role in predicting the pitch averaged, i.e., circumferentislly sveraged hub and casing boundary
layer behavior. Next the rather limited role
played by conventional three-dimensional boundary
layers in turbomachinery will be introduced anc
the available schemes, both integral and finite
difference, discussed. The much enlarged capability of what is here termed the extended three dimensional boundary layer procedures, sometimes
termed (rather euphemistically) the parabolized
Navier-Stokes equations, will then be described
and the problems of this concept discussed. The
difficulties arising from boundary layer separation are then introduced ar,d the status of the
very limited number of schemes for treating this
problem as rigorously as possible reviewed. Finally the problems of turbulence modeling and the
current approaches to this most difficult of topics
will be reviewed. Each topic is discussed from the
point of view of the special problems of turbomachinery applications and the aim is to give the
reader guidance in selecting an approach, concept
or procedure which would be suitable for his particular problem.
16.1

Two-Dimensional or Axisymmetric Boundary
Layers

The turbomachinery designer has a very profound
interest in vane and blade boundary layers from heat
transfer and loss pOint of view, as is emphasized in
Chapters 18 and 19. 'Further, the flow in the various ducts and the r~.ulting total pressure losses
are of a similar considerable interest. In spite
of the often very noticeable three-dimensional variations present in both of the foregoing instances
and largely as a result of the absence up until now
of better simulations, two-dimensional and axially
symmetric boundary layer analyses have been applied
to these problems. In the present section both
integral and finite difference techniques for predicting the two-dimensional vane boundary layer
behavior will be discussed. Finally the additions
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required to describe axisymmetric flow, both swirling
and non-swirling, will be introduced.
16.1.1

Integral Methods for Predicting the Blade
Boundary Layers
In view of the highly satisfactory status of
methods which directly and numerically integrate the
boundary layer partial differential equations of
motion, it seems at first sight incongruous at this
point in time to dwell upon the so-called integral
procedures for predicting boundary layer development.
The arguments against the further development or
application of integral,methods seem very persuasive.
Direct numerical treatment of the governing partial
differential equations of motion can now be performed routinely, and, in view of the general availability and comparatively low cost of modern computers, quite cheaply compared to, say, the cost of
engineering man hours. The potential cost savings
of integral procedures are dependent upon utilization and code construction and in some applications
an order of magnitude reduction in an already small
computing cost is not a significant factor. Ease of
use is not usually a deciding factor either, since
a number of the direct numerical procedures have
been made to operate, upon user request, with the

same identical input as integral procedures usually
demand, together with such features as optional automatic grid selection. The direct procedures, by
virtue of their not requiring the a priori adoption
of velocity, temperature and turbulence profile
families, certainly contain less empiricism than the
integral methods, and, thereby focus attention upon
the essential problem of the turbulent boundary
layer, that is adequate specification of the turbulent transport mechanism. Finally, it is claimed by
their protagonists that the direc~ procedures are
much more general and flexible with regard to such
items ss boundary conditions and inlp.t profiles_ so
that such features as heat transfer, wall transpiration, rough walls and film cooling, for instance,
may be readily incorporated into the procedure, subject Bolely to the accuracy of the boundary layer
approximations and the turbulent transport model.
In spite of the foregoing, however, a case for
the continued development and application of integral
methods for predicting boundary layer behavior in
some instances does exist. It is now becoming apparent, for example, that a whole category of flow
problems arise where a rapid and often iterative
estimate of the boundary layer growth is required ss
a sub-task in a procedure for predicting, say, the
pressure field in or around a body. In such instances;
provided the required degree of accuracy is attainable, the potential cost savings of the integral
procedure might be very considerable and hence desirable. Although the cost savings attributed to the
integral procedures are usually thought of as arising from the reduced use of the computer, the engineering labor required to code and debug an integral
procedure can be one or more orders of magnitude
smaller than that required by the better direct
numerical procedures. However, since detailed listings of a number of satisfactory direct procedures
are available in the open literature, the code construction cost savings may not be realized. Also,
it does not follow that the use of empirical information, such as velocity profile families, necessarily degrades a prediction, and this is only the case
when the empirical input is inaccurate or inappropriate and parameters of interest depend on the
empirical input. It is true, however, that the
necessity of supplying this additional empirical
information does limit integral techniques to those
problems where such empirical information exists

and haa been auitably correlated. Here the degree
of collapse to which the empirical correlations
must adhere is dictated solely by the user's overall required predictive accuracy. and this. of
course, is the user's perogative to decide. It
does seem clear. however, that. for instance. the
displacement thickness over a smooth shock-free
two-dimensional unseparated airfoil without heat
transfer at high Reynolds numbers may be predicted
quite satisfactorily by a number of simple integral
procedures. If now the problem is changed to estimate the heat transfer to the same airfoil with a
rapidly varying wall temperature distribution typical of those encountered in gas turbine operations.
few, if any, of the currently available integral
procedures could be relied upon to provide an
acceptable prediction of the heat transfer rate.
The reason for the failure in the presence of heat
transfer is the inadequacy of the .presently available temperature profile families when the wall
temperature varies rapidly.
In the subsequent discussion an attempt will.
be made to delineate those areas where integral
methods at present might be expected to be inaccurate as a result of the inadequate additional empirical information required, relative to direct procedures. At the same time, some integral procedures
possess characteristic features which are of considerable importance in the convenient application
of the procedure and these desirable features will
also be emphasized. Also certain integral procedures can be fashioned to permit incorporation of
turbulence models of the same type as are currently
being developed for the direct numerical procedures.
Such festures are obviously attractive and they,
too. will be emphasized in the .subsequent development.
16.1.1.1

The Momentum Integral Equation

As is well known, the basic technique of deriving an infinite family of integral momentum equations from the partial differential equations of
motion consists of mUltiplying the partial differential equations by a factor ynum and integratir.g
the equations in the coordinate direction normal
to the wall. When n - m m 0 the von Karman momentum integral equation is obtained. and if the external flow is varying slowing in time compared to the
typical turbulent velocity fluctuations (McDonald
and Shamroth. Ref. 16.1) this equation can be
written for compressible flow neglecting the Reynoldl
normal stresses as

oRIB

and

16.1 (3)
Given the external velocity distribution Ue{x,t)
and external density field Pe{x,t" from an inviscid
calculation of the flow round the body displacement
surface, the momentum integral equation relates the
three thickness parameters and the skin friction.
Obviously additional relationships must be supplied
to form a determinate system. Before proceeding to
develop the required additional equations some obser~
vations seem appropriate. Firstly. the axial momentum integral equation is not particularly controversial and most investigators have made it a point
to base their analysis upon this foundation. Some
authors include the Reynolds normal stress terms
but this seems to be quite optional and to date has
not proven to be a particularly crucial item, except
possibly near separation where, in any event. the
conventional boundary layer analysis is in diffi~
culties. Evans and Horlock (Ref. 16.2) have pointed
out that unless the integration is carried out far
enough into the free stream. the fact must be taken
into account that the skin friction term on the
right hand side of the momentum integral equation is
actually the net result of the wall stress minus the
apparent Reynolds shear stress -u 'v ' at the Y = 6
point where the integration is terminated. In principle this does not cause any difficulty with the
momentum integral equation since it is evident from
Eq. (2) that the upper limit on the integration can
be arbitrarily large for the defect thicknesses
defined there. Problems can arise however with the
auxiliary relationships if they involve integral
thickness parameters which do depend on the location of the boundary layer edge. The problem manifests itself principally in flows where the velocity
profile tails off very gradually into the free stream,
such that there might be a factor in excess of 1.25
between the point at which the local velocity
•
equaled .99 of the external stream (y = 6. 99 ) and the
point at which the local velocity equaled .995 of
the free stream (y = 6.995)' This long tail seems to
be a characteristic of flows with a significant
amount of free stream turbulence present, i.e., Tu·
{u'2)1/2/ue > .03. The implication here is that boundary layers with this .characteristic long tail should
integrate out to where the Reynolds apparent shear
stress is negligible compared to the wall stress. This
was the approach adopted by McDonald and Kreskovsky
(Ref. 16.3). As an alternative an estimate of the
Reynolds stress at some convenient thickness can be
made and this approach was adopted by Evans and
Horlock (Ref. 16.2)
Finally it is observed that the momentum integral equation is independent of any assumption about
the form of the mean velocity or temperature profile
and is equally valid for laminar. transitional or
fully turbulent flow. This fact is convenient in
applying the momentum integral equation and leads
one to seek. where possible. auxiliary equations
with this same formal detail profile independence
property. Detail profile independence permits the
overall technique to be constructed so as to be
valid for any type boundary layer flow and places
the flow distinction mechanism in the more eaSily
isolated region of turbulence model and profile
specification.

16.1 (1)

where

8.

and H is the shape factor given by

1o8 -pu- (1 -u,u)- dy
POUt

16.1 (2)
16-3

16.1.1.2

Skin Friction Laws and toe Mean
Velocity Profiles

Turning to the auxiliary relationships to be
aupplied, the great majority of methods specify,
often explicitly, a skin friction law which relates
the integral thickness parameters 9,0* etc., to the
akin friction coefficient cf' Typical forms of
these explicit relationships are discussed by Nash
(Ref. 16.4) for incompressible turbulent flow and
an apparently quite satisfactory relationship is
derived by Nash and Macdonald (Ref. 16.5) for turbulent compressible adiabatic flow. Several other
aimilar quite satisfactory explicit relationships
are available in the literature for compressible
unseparated flow in a pressure gradient on a smooth
wall without heat transfer. 'Less satisfactory,
however, are the skin friction laws for flows with
heat transfer when either the free stream or the
wall temperature is varying rapidly. As an alternative but equivalent process to' assuming an'explicit skin friction law, and as a result of the near
wall dependence of velocity on wall friction, a
skin friction law may be obtained as a by-product
'of the assumed velocity profile fsmily, to be discussed in detail subsequently. This latter practice is much more consistent with the overall
analYSis, although not necessarily any more accurate and, of course, it does demand a velocity
profile be adopted which depends on the wall
friction. Certainly obtaining the skin friction
from the assumed velocity profile makes a mechanical process of the extrapolation of the skin
friction law into compressible flows with pressure
gradients, or any other flow where the skin friction measurements to correlate are sparse, and is
the procedure recommended by the present author
at this time.
Turning now to the question of mean velocity
profile correlations, first of all in turbulent
incompressible flow, three broad classifications
of approsches can be discerned. In the
first of these, now largely abandoned for turbulent flows, a simple polynomial representation of
the mean velocity profile is proposed, usually of
the type velocity proportional,xo yl/n where n is
some exponent, perhaps even an integer, which
could vary with the boundary layer condition.
Experience has shown that for all but the crudest
of estimates the simple polynomial is inadequate.
Fortunately much better representations are possible and this leads us to the second category
where the correlations are based on the law of
wall with an allowance for a departure from the
logarithmic region in the far wall region. The
best known formulation of this type is that due to
Coles, and experience has shown his correlation to be remarkably accurate for a wide range
of unseparated low speed flows in both favorable
and adverse pressure gradients (Coles and Hirst,
Ref. 16.6). Coles (Ref. 16.7) suggests a profile
of the form given here for flows with surface
transpiration as
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Bo is Simpson's (Ref. 16.8) blOWing intercept taken
ss 10.805 and K is the well-known von Karman constant
and Co is the additive constant in the law of the
wall, taken as .41 and 5.0,respectively by Coles
for smooth walls.
IT is the wake strength parameter (Coles, Ref. 16.9) and Eq. 16.1.(4) may be
integrated to give the desired integral profile
thickness parameters. It is also clear that if the
profile is evaluated at y = 0 where u = u e ' a skin
friction law is obtained. The strength of the wake
component, IT, may be eliminated from a knowledge
of the integral thickness parameters. The skin
friction relationship is apparently quite an awkward
transcendental formulation; however, if necessary,
it is easily and very efficiently solved by a
Newton-Raphson scheme. Another shortcoming of the
Coles profile as presented is that it is not continuous all the way to wall and is only valid outside
the viscous sublayer, say for y+ > 50. Coles does
however present corrections to the various integral
formulae to account for the neglect of the sub layer
and, if needed, Waltz (Ref. 16.10) has constructed
a version of Coles' profile which is continuous, all
the way down to the wall. Also it should be noted
that Coles' profile does not have zero gradient at
the point where y = 0, although this discrepancy
is usually not significant in normal profile usage.
In the third and final category considerable
emphasis is placed on the local equilibrium hypothesis to obtain velocity prOfiles. To understand
this' concept it is necessary to recall that an
equilibrium boundary layer is a boundary layer which
in a normalized sense exhibits velocity profile
similarity as it develops downstream. These normalized and similar (self-preserving) profiles are
functiona only of a non-dimensional pressure gradient
parameter 8. where B = 6*(dp/dx)/tw and their
existence in an equilibrium turbulent flow where B
is constant was demonstrated by Clauser (Ref. 16.11).
(A slight Reynolds number effect is to be expected
for these turbulent equilibrium profiles as a result
of the viscous sublayer and superlayer, but it
generally may be safely neglected.) The local equilibrium hypothesis simply asserts that non-equilibrium boundary layers, characterized by non-constant
values of the pressure gradient parameter B. have
velocity profiles that may be described by some,
as yet undetermined, equilibrium boundary layer
velocity profile, regardless of the streamwise rate
of change of the pressure gradient parameter. To
determine the appropriate equilibrium boundary layer
it is necessary to note that, as Clauser observed,
equilibrium velocity defect profiles are of the form
u.-u _ I(y/S)
uT

./1- consJ.

16.1 (6)
Clauser further suggested useful integral parameters
G and I for instance, where
G
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and obviously an infinite sequence of integral shape
parameters can be defined to relate the various
commonly used integral parameters arising from the
integral moment equations to equilibrium parameters.
It follows that in an equilibrium boundary layer
specification of the pressure gradient parameter B
immediately determined the profile shape f(y/o) and
the sequence of shape parameters G, I, etc. follow.
Indeed Nash (Ref. 16.12), for example, has correlated the available experimental and theoretical
equilibrium profile information to obtain the relationship between the shape parameter G and the
I -

Id(y/S)

-

parameter

e in

the form

G. 8.1(,9+1.81)"1. 1•7

16.1 (8)
and of course a similar relationship may be developed for the other parameters, I, etc. The local
equilibrium hypothesis then suggests that given
anyone of the infinite sequence of shape parameters G, I, etc., all the others in the sequence
are determined as belonging to that particular
equilibrium boundary layer. The a parameter thus
is no longer to be interpreted as the pressure
gradient parameter but merely as a characterizing
independent parameter of the velocity profile. The
actual shape of the profiles may be obtained from
several sourcea, such aa the calculations of Mellor
and Gibaon (Ref. 16.13) or by examining the measured equilibrium flows. Usually the detailed
definition of the velocity profile is not required
in the prediction scheme and the velocity profile
only aervea to provide a relationship between the
various integral thickneas parameters. The user
therefore can evaluate the required integral relationships in advance and express tne results in
simple look-up tables or in polynomials with G or
a as the independent variable.
In normal usage it is much more convenient to
omit the e parameter altogether and evaluate the
required profile relationships with the shape parameter G as 'the dependent variable, as did Michel,
Quemard and Durant (Ref. 16.14) for instance.
Nash's skin friction law (Ref. 16.4), previously
mentioned, waa evolved in the foregoing spirit
from equilibrium concepts proposed initially by
Clauser (Ref. 16.11) and later developed by Rotta
(Ref. 16.15). The,general technique is closely
re1Ate~ to the well accepted technique for predicting laminar boundary development whure
the appropriate equilibrium information is obtained
from the Falkner-Skan solutions.
In the practical matter of accuracy there se,ems
little to choose between the Coles' profiles and the
local equilibrium profiles. Both representations
have been used with considerable success by differing authors; however, on balance this author has
found the Coles' representation more convenient in
view of its analytic profile specification.
Insofar as the effect of compressibility is
concerned the satisfactory development of two parameter incompressible velocity profile families has
led to the search for a transformation technique
which will reduce the compressible problem to an
equivalent incompressible problem for which the
existing correlations would be adequate. Two broad
categories of approach have been pursued in this
area and the first of these exploits the fact that
since the integral approaches usually only demand
a relationship between integral thickness parameters,
the detailed profiles can be ignored and essentially
empirical correlation techniques developed to map
integral thickness relationships from incompressible
to compressible flow. The well-known reference
temperature methods (see for instance Rubesin and
Johnson- Ref. 16.16, or the Appendix to the paper
by Coles- Ref. 16.17) provide a very simple mapping
of this type which might be useful in certain
restricted applications. The second broad category
of approach is much more ambitious and here attempts
are made to define a point by poi~t mapping of the
velocity profile and develop the required integral
thickness relationships and skin friction law as a
consequence of the pOintwise mapping. Two techniques have emerged from these efforts, both of
which seem to have been sufficiently auccessful to
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justify their consideration for use in calculation
schemes. The first mapping ia one based On the
obaervation of a number of investigatora, for instance Waltz (Ref. 16.10), that when expressed in
coordinatea not containing local density (or equivalently local temperature) either implicitly or
explicitly, the velocity profiles become fairly insensitive to Mach number. Winter, Smith and Gaudet
(Ref. 16.18) show this to be true in the usual logarithmic region for their measurements at Mach 2.2
when they used the kinematic viscosity and density
evaluated at the wall 'temperature in the usual law
of the wall formulation for velocity. Subsequently
Winter and Gaudet (Ref. 16.19) showed the wake component for their conditions also to have a Mach
number independent shape. The results of this very
simple mapping are quite encouraging particularly
for low Mach numbers, but at the present time caution must be advocated since to date little in the
way of detailed' evaluation of this concept in flows
with pressure gradient has been carried out.
The second mapping has been more thoroughly
evaluated and is based on a transformation originally
developed by Van Driest (Ref. 16.20) from mixing
length arguments for the law of the wall region of
the flow and subsequently found by Maise and McDonald
(Ref. 16.21), following an observation by Coles
(Ref. 16.22), to yield a surprisingly accurate collapse of a wide range of compressible adiabatic
constant pressure boundary layer profiles including
the wake region of the boundary layer. More recently
Mathews, Paynter and Childs (Ref. 16.23) demonstrated
that this same profile formulation gave reasonable
results in adiabatic compressible flow in adverse
gradients. The transformation was derived by Van
Driest from the mixing length hypothesis together
with the Crocco temperature profile assumption.
Using the usual assumption that in a transpired
bound~ry layer the local shear stress T is given by
T· TW

+ puv w

16.1 (9)
the suggested form of the velocity profile for the
compressible transpired boundary layer may be readily derived as
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IT is the conventional wake component and C is an
additive constant. With negligible transpiration,
i.e., vt«
B their is no ambiguity and ensuring
that at low Mach numbers the conventional law of the
wall is returned requires that

where Co is as defined in Eq. 16.1(5). However with
significant transpiration present determinin~ the
additive constant Cbecomes quite involved and in
view of the uncertainty of the effect of compressibility on Simpson's blowing intercept Bo the topic
is best left for future investigation.
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In the definition of y+ and uT the kinematic viscosity and density are evaluated at the wall temperature which, although it gives reasonable results,
it still is a fairly arbitrary choice of temperature.
The consequent skin friction law follows immediately
by evaluating the profile at y • 0, just as in incompressible flow.
Recently a number of investigators have investigeted the various suggested forms for the cOmpressible velocity profile and skin friction law at
hypersonic Mach number, where of course the Compressibility effect is accentuated. Hopkins et al.,
(Ref. 16.24) and Owen snd Horstman (Ref. 16.25) for
instance found the Van Driest relationship given
above performed acceptably for adiabatic flow and
better on average than the wall temperature procedure mentioned earlier. Finally it is noted that
quite satisfactory mean velocity profile predictions
have been made by the numerical procedures using
turbulence models which reduce to the same mixing
length model that Van Driest adopted in developing
his transformation. It seems plausible that provided the actual temperature profile is reasonably
close to the Crocco distribution assumed by Van
Driest, then the Van Driest mapping would be satiafactory, and in view of the more recent confirmatory experimental evidence, the Van Driest mapping
is the recommended procedure to obtain the compressibility effect on the mean velocity profile
and skin friction in turbulent adiabatic flow at
the present time. In view of the poor predictions
of the velOCity profiles in the presence of heat
transfer, noted by Maise and McDonald (Ref. 16.21)
and others, the application of the Van Driest" transformation to flows with heat transfer must be viewed
with caution for the present and here the temperature profile may well be the culprit.
Before leaving the topic of compressibility
effects on the mean velocity profile however, mention must be made of those transformations that
have their roots in the Stewartson-Illingworth
transformations which have proven so useful for
laminar flow. This latter type of transformation
seeks to obtain a rigorous mapping of the governing partial differential equations into an equivalent constant density system. The Van Driest
transformation introduced earlier is of course also
a transformation, but not in the same sense as
implied here, since no attempt is made in the Van
Driest formulation to reduce the governir.g partial
differential equations to an equivalent constant
density form. The velocity profiles in the Van
Driest sense could also be regarded simply as empirical correlations. Coles (Ref. 16.26) has reviewed
the status of the rigorous transformation approaches
for turbulent flow and suggested some improvements.
However, even Coles' improved formulation suffers
from observable defects (Maise & McDonald, Ref.
16.21). The central problem is that these rigorous transformations imply a relationship between
the apparent Reynolds stresses in the two fields.
At one time it. was felt that when a transformation
was obtained which could properly relate the mean
profiles in the two fields, the resulting Reynolds
stress mapping would, as a consequence, be valid.
Unfortunately for this approach it turned out,
because of the apparent validity of Horkovin's
hypothesis (Ref. 16.27) much easier to determine
the effect of compressibility on the Reynolds stress
than to obtain a rigorous reduction of the compressible equations of motion to an equivalent
incompressible form. Indeed a satisfactory rigorous transformation technique for the turbulent
boundary layer apparently does not yet exist.
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Turning now to-wall roughness, it turns out
that with a little effort profile families based on
the law of the wall generalize readily to sccount
for wall roughness effects. The generalization
follows since the direct effect of surface roughness is felt only in the Vicinity of the wall and
that further from the wall the flow is independent
of viscosity and scales on the wall stress, but is
relatively independent of. how that wall stress is
generated. Indeed, as Coles (Ref. 7) points out, it
is virtually impossible to determine whether the wall
was smooth or rough by examination of a velocity
profile given in the defect form of (ue-u)/U T
f(y/O).
Similarity considerations lead to a roughness scale
k+ - kur/v w and the observed roughness effects are
contained in the additive constant of the velocity
profile C which is now symbolically written C(k+) •
Co~~ut. The constant C(k+) is a function of
the geometry of the roughness and data for various
geometries has been correlated by a number of'investigators. For the time being it is necessary to
restrict attention to the case of zero transpiration
and here following the suggestion of Clauser (Refe.
16.11, 16.28), for instance, the incompressible
Coles'profile may be written
3

I
IT
u·· 71n y' + Co + K 2( I. - cos Ty/8) -6u'-

16.1 (12)
and as a result of the observation that the fully
rough wall profile scales on u+ vs. f(Y+/k+),
there results for k+ > 70 say

16.1 (13)
where Cr is a constant for a particular geometry of
roughness and on the basis of experimental investigations Dvorak (Ref. 16.29) suggests the correlation
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with
CZ·17.35
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16.1 (15)
where ), is the ratio of the total surface area to
the roughness (wetted) surface area. Typically for
Nikuradse's sand grain roughness Cr is near -3.4.
For roughness heights in the intermediate (transitional) range of 5 < k+' < 70 it is necessary to fair
the Aut parameter down to zero in some reasonable
manner as k+ is reduced below 70. Note that ~ut
is always positive. As before in dealing with the
additive constant C it is supposed that wall temperature effects are allowed for by evaluating any of
the temperature dependent parameters appearing in
the roughness relations, at the wall temperature.
The assumption that the compressible defect profile
remains unaltered by the wall roughness appears very
logical based on the incompressible arguments, and
indeed Chen (Ref. 16.30) has found this to be the
case using Young's (Ref. 16.31) measurements, as can
be seen in Fig. 16.1. Lastly, it is observed that
Simpson's (Ref. 16.8) blowing intercept Bo which
determined the additive constant C for smooth wall
transpiration would not be expected to hold for
rough walls and to date this problem has not been
resolved.

16.1.1.3

The Temperature Profile

In developing the governing integral equations
the local density appears under the integral sign.
Excepting the case of incompressible flow with small
temperature differences it becomes necessary to
determine the variation of density across the
boundary layer. Since to the boundary layer approximations the static pressure is constant across the
boundary layer. the gas law gives the product of
local density and local temperature as constant.
and so the problem becomes one of specifying the
local temperature. There is little doubt however
that the specification of the temperature profile
across the boundary layer has been and is, the
least satisfactory a~ea of the overall problem of
predicting the boundary layer behavior by an
integral technique. It seems clear that if the
mean velocity profile had been as poorly characterized as the mean temperature profile, investigators would have long since abandoned simple
integral procedures in even greater numbers than
have, done so at present. The difficulty is implicit
in the solution to the problem adopted by Dvorak
and Head (Ref. 16.32), who, for heat tranafer in
low speed flow, computed the development of the
velocity profile sufficiently accurately for their
purposes via the very compact simple integral
scheme due to Head (Ref. 16,33). However, in order
to obtain a commensurately accurate solution of the
energy equation Dvorak and Head felt obliged to
resort to a finite difference technique with an
assumed turbulent effective Prandtl number and they
performed the integration of the energy equation
with velocities and turbulent shear stress obtained
from the momentum integral calculation. Clearly
Dvorak and Head did not consider any temperature
profile family known to them at that time adequate
for the purpose of predicting heat transfer in the
presence of a· pressure gradient. However, the
overall prognosis now is not quite as bleak as the
preceding remarks might lead one to believe. For
instance, Green (Ref. 16.34) was able to successfully extend Head's scheme to compressible flow
with adiabatic walls'. I t follows therefore that
the required and actual accuracy of the temperature
profile is dependent on the flow situation and in
order to clarify the areas of application and the
various computational strategies it is necessary
to review the entire question of determining the
boundary layer temperature.
Starting with the energy equation in the form
.R dp
__ dH
dH
a
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where H is the stagnation enthalpy defined in the
usual manner as

Where in spite of its shortcomings an effective
conductivity k t times the temperature gradient
has been used to represent the velocity enthalpy
transport correlation. Recalling the definition
of the effective viscosity v t ' the energy equation
may be rewritten as
dH dp
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and the laminar and turbulent effective Prandt1
number have been introduced where

16.1 (20)
Note that the introduction of the turbulent effective Prandt1 number is not in itself controversial
if the relationship given above is simply regarded
as a definition of the turbulent Prandt1 number.
As will become eVident, the usual mode of operation
is, of course, quite the inverse and in a calculation scheme a turbulent Prandtl number distribution
is often specified and the above relationship
interpreted as a definition of the turbulent
effective conductivity k t • Viewed as a method of
determining the turbulent effective conductivity
the concept of a well-behaved turbulent Prandtl
number is best regarded for the time being as an
acceptable working hypothesis subject to very
similar limitations as the mixing length hypothesis undoubtedly is for determining the turbulent
momentum transport. Various definitions of the
turbulent Prandtl number can be adopted for instance
based upon whether the transport of static or
stagnation enthalpy is used. Here static enthalpy
has been adopted and Oweq and Horstman (Ref. 16.25)
found that this Prandtl number was much less sensitive to Mach number than that based on stagnation
enthalpy. The usual arguments for the similarity
of the transport mechanism for heat and momentum
for a gas in both laminar the turbulent flow leads
to the assumption of unit laminar and turbulent
Prandt1 number. If this is done the energy
equation further simplifies and as Crocco pointed
out for laminar flow and later Young for turbulent
flow, by inspection it can be seen that the_ _
_
condition of constant stagnation enthalpy, H ~'H~ = "w
satisfies the energy equation. Constant stagnation
enthalpy cannot allow for wall heat transfer but it
does give perhaps the simplest temperature profile
for an insulated wall. Actually as Crocco pointed
out a more general profile can readily be determined
from the energy equation by assuming that the
stagnation enthalpy H is some undetermined function
of local velocity alone, i.e., H = f(u). If this
(similarity) assumption is introduced into the
energy equation and the result compared with the
momentum equation it can be seen that if the axial
pressure gradient is negligible. solutions of the
assumed form can be obtained if d2 f/du 2 = O.
Integrating twice and introducing the wall and free
stream boundary conditiona gives the profile

16.1 (17)
aince for the usual gas turbine applications the
apecific heat at constant pressure may be taken as
constant. The total apparent heat flux Q is
defined as

16.1 (lB)

16-7

16.1 (21)
which is the well-known Crocco quadratic temperature
ptofi1e. The Crqcco profile allows for wall heat
transfer and it·,has been widely used in calculation
schemes and its limitations will be discussed in

detail in a moment. Note that if the Crocco profile
is differentiated to give the temperature gradient
at the wall the skin friction Cf and Stanton numbers
St can be introduced to give the relationship

!!L.J...
c, P,

16.1 (22)

where the Stanton number is defined as

16.1 (23)

hat since it was assumed that Pr = Prt = 1
in deriving the temperature profile, the Stanton
number-skin friction relationship given by Eq.16.l(22)
should have the Prandtl numbers set to unity.
Normally this is not done, but in any event the
ratio 2S t /Cf is termed the Reynolds analogy
factor.
Now having covered the preliminaries the various
commonly adopted profile strategies can be reviewed.
The first observation is that the assumption of
constant stagnation temperature, although very
convenient, can only be valid for insulated wall,
if at all. Secondly the wall temperature is
generally observed to fall below the free stream
stagnation temperature so that if a wall recovery
fae tor r is defined as
T

-r

r· T'-T'

• •

16.1 (24)

experimentally the recovery'factor in turbulent
flow over an insulated wall is generally found to"
lie between .8 and .9, This fact obviously cannot
be allowed for within the framework of a constant
stagnation enthalpy.
The next level of sophistication is obviously
the Crocco quadratic temperature profile, and this
profile has been used extensively in calculation
achemes. The Crocco profile does at least allow
the wall temperature to reach its recovery value,
but it will be recalled that the derivation would
appear to restrict its use to boundary layers in
thermal equilibrium (T = feu) alone will suffice
for a definition of thermal equilibrium at this
time) in the absence of streamwise pressure
gradients. In view of the lack of suitable alternatives various authors have used the Crocco
profile outside the region where it was observed
to be a reasonable approximation to the temperature
within the boundary layer. For insulated walls the
results were not too unreasonable but there seems
little justification for the use of che Crocco relationship in flows with heat transfer and pressure
gradients. The observed results show the Reynolds
analogy factor to vary widely from the value near
unity deduced from the Crocco relationship and
observed in constant pressure boundary layers in
thermal equilibrium. In light of this there
have been a number of attempts to derive modified
Reynolds analogy factors but none seem at this
point to be satisfactory. The search for a modified Reynolds analogy factor is motivated to a
considerable degree by its convenience in application. If such a factor could be found, it would
allow the heat transfer to be computed after the
fact from a knowledge of skin friction. In this
manner the heat transfer may be computed without
overt solution of the energy equation, although of
course the solution is implied in the statement
16-8

that the enthalpy is a function.of local velocity
alone. While one might overlook measured turbulent
Prandtl number being .. lightly different from unity,
the requirement of negligible axial pressure
gradient gives cause for concern and the assumption
of enthalpy-velocity similarity is positively
alarming. The latter assumption is obviously
violated when the wall temperature varies in an
arbitrary manner, such as on a cooled turbine blade.
The high accelerations present on the suction side
of a turbine blade jeopardize the axial pressure
gradient restriction. The more recent experimental
evidence is quite unambivalent. Boundary layers
developing in the absence of heat transfer or
pressure gradients eventually reach an equilibrium
state where the temperature distribution is
adequately described by a Crocco type relation.
However, even in the absence of pressure gradients
boundary layers which are, or have baen, subjected
to severe temperature variations possess temperature
profiles which do not agree well with the Crocco
relation until after a recovery length which could
take many boundsry layer thicknesses of development.
The controversy over the temperature profile on a
wind tunnel nozzle wall vis-~-vis the same profile
measurement on a boundary layer grown in an
essentially insulated flat plate (see Ref. 16.35
for discussions on this point) is a clear indication
of the combined effect of favorable pressure
gradients and wall temperature. The nozzle temperature profile is markedly different from the Crocco
distribution and recovers very slowly even when the
wall is maintained at its adiabatic temperature.
Rotta (Ref. 16.26) has reviewed a number of the
measurements and suggested that in spite of the
measurement difficulties there were many instances
where he felt it could be concluded that the Crocco
distribution performed poorly, particularly in the
presence of heat transfer. As a corollary, obviously
the simple Reynolds analogy factor in many cases
failed to predict the heat transfer. Dvorak and
Head (Ref. 16.32) evidently agreed with Rotta and
were led to the numerical scheme discussed earlier
to obtain their temperature profile. The only
positive counters that can be made to date to the
preceding are the observations that first of all
s Van Driest type relationship obtained using
mixing length arguments and a Crocco temperature
relationship correlates well with the skin friction
measurements on insulated and hot or cold walls
over a wide Mach number, wall temperature, and
Reynolds number range (Hopkins, Ref. 16.37).
Secondly, calculation methods which use a Crocco
temperature relationship usually perform quite as
well on insulated non hypersonic wall boundary
layer growing in an arbitrary pressure gradient
as those techniques which solve the energy equation
directly. Here again the users subjective judgment
on acceptable accuracy enters and the existing
evaluations have not normally proceeded much beyond
the usual integral thickness parameter comparisons.
Little in the way of evaluation has been done in
similar flows with heat transfer but it seems
abundantly clear that while integral thickness
parameters mayor may not be adequately predicted
by an integral technique, the hest transfer will
not be acceptable if obtained from a simple Crocco
temperature profile, especially for gas turbine
applications.
As a result of the dissatisfaction with the
Crocco distribution for certain applications (for
which it really was never meant to apply), remedies
have been sought by a number of investigators.
Of particular note, Cousteix, Houdeville and Michel
(Ref. 16.38) developed an analogous treatment for

the temperature field to the local equilibrium
concepts previously introduced for the mean velocity
profile. In their treatment Cousteix eta1., developed
profile families of temperature (enthalpy) and
velocity from predicted equilibrium boundary layers
over a range of Mach numbers, wsll temperature ratios
and pressure gradient parameters. As with the
velocity profiles in incompressible flow, the shape
factor G is used to replace the pressure gradient
parameter, 6.
Although here Cousteix et a1., base
the friction velocity uT appearing in the definition
of G upon a transformed (i.e., 'incompressible')
akin friction coefficient Cf and express Cf as a
function of Mach number, wall temperature ratio,
local Reynolds numbe, based on a boundary layer
integral thickness and shape parameter G. The
formulation is, therfore, somewhat awkward but as
with the Coles'incompressible skin friction law,
solutions csn readily b~ obtained by a Newton-Rsphson
process. Reynolds analogy factors are similarly
expressed and consequently the formulation of
Cousteix et al., does allow for the direct effect of
pressure grsdient upon the Stanton number in a
reasonable manner. The prinCiple shortcoming of
this procedure is that the equilibrium solutions are,
of necessity, obtained with a specified variation of
wall temperature. The pathological case of a rapid
variation in wall temperature, such as might occur
on a turbine blade in passing over a cooling
labyrinth, is still not properly accounted for in
this procedure. The interested reader can refer to
the original work for the detailed formulae.
the last technique which will be discussed here,
although not completely developed at the present
time, is very promising and apparently works well
in simple flows. The basic idea involved is to
develop a temperature profile analogous to the law
of the wsll - lsw of the wake profile for velocity.
the idea has considerable merit both from similarity and/or mixing length arguments if the concept
of & well-behaved turbulent Frandtl number is
tenable. A few preliminaries are involved and in
view of the faet that this approach has probably
the best chance of success, these preliminaries
will be explained in .detail. First of all a temperature law of the wall can be obtained using
mixing length or similarity arguments using the
previously introduced relationships
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and defining heat flux parameter QT analogous to

the friction velocity u. as

16.1 (26)
If it is now assumed that across the wall region of
the flow the local total stress T does not vary
(- TW)' the static temperature gradient outside the
viscous sublayer but within the fully turbulent
wall region of the flow is "written after a little
unipula tion as
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where it has been assumed that

16.1 (28)
• (and the relationship Vt ~ ~UT
Pw/-)1/2
P
has been
introduced. Using now the definition of stagnation
temperature ~d differentiating one obtains

16.1 (29)
and recalling the compressible law of the wall,
one can write
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and consequently the stagnation temperature can be
used to reduce the thermal equation to

16.1 (31)
with the consequent simplification when Frt
of
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and by comparison with the compressible velocity
law of the wall there results

16.1 (33)
the linear stagnation temperature - velocity profile
relationship thus derived is quite intriguing. It
follows immediately that the Van Driest compressible
velocity law of the wall can be used to describe
the stagnation temperature. However, for the
record, we can proceed and integrate to obtain
the stagnation temperature law of the wall directly.
First of all, the density ratio can be expressed
in terms of the stagnation temperature using the
linear velocity-stagnation temperature relationship
developed previously together with the assumption
of a negligible static pressure gradient normal to
the wall and this results in

16.1 (34)
where
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16.1 (35)
16-9

Now using a mixing length 1+ - Hy+ the temperature profiles integrate Qut to give

local apparent heat flux is give~ by Q - Ow - UTw'
Certainly the experimental evidence cited by Heir
and Rotta (Ref. 16.40) clearly favors the
o - ~ - UTw assumption used here.
Rotta (Ref. 16.41) developed a similarly
motivated but slightly different thermal law of the
wall starting from the relationship

16.1 (36)

As with the compressible velocity law of the wall the
profile given above can be reinterpreted as a temperature transformation of the form
T"
-0
•
y

-T III

~(-o)'
0
16.1 (37)

where T* is the transformed, i.e .• "incompressible"
value of stagnation temperature. Insofar as the
constants Co and BQ are concerned. Rotta (Ref.
16.36) previously suggested an intercept relationshiP. while not for precisely the same linear profile
as is given by Eq. 16.1 (33). nevertheless sufficiently close that it could be used herein. of the
form

16.1 (41)
Taking the accepted values .4 for R • • 5 for KT'
a value of 5.0 for Co smooth wall and a value of
4.0 for CT gives a net additive constant of zero,
although for the moment this fact will not be used.
If now Rotta's previously used parameter aq is
introduced. the static temperature profile at low
speeds in the region of t~e wall can now be written

~
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16.1 (42)
In developing his thermal profiles Rotta added
a wake contribution to the above profile of strength
B' and distribution 4.- 3lb)l/4 where

16.1 (38)
where
16.1 (43)
The strength of the temperature wake component B'
may be determined by evaluating the profile at the
boundary layer edge. that is
16.1 (39)
The remaining constant BQ takes on values identical
to the same constant in the mean velocity profile.
that is about 5.0. according to McDonald and Owen
(Ref. 16.39). A comparison of this temperature
profile to data is given in Fig. 16.2 and in this
zero pressure gradient flow the results are very
satisfactory. The similarity of the transformed
temperature profile to the mean velocity prompts
the hypothesis that a wake component of temperature
,might exist such that

2n( 1-
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16.1 (40)

where 6T i's the thickness of the thermal boundary
layer. Although the initial results are encouraging
(ss can be seen in Fig. 16.3) further evaluation of
this hypothesized profile is required. Initial
unpublished results by McDonald and Owen in pressure
gradient flows indicate that apart from an apparent
variation of Co with pressure gradient the proposed log law holds up quite well.
The compressible temperature law of the wall
given by Eq. 16.1 (36) is apparently not widely
known or used. Before going on, it should be noted
that the temperature profile given by Eq. 16.1 (36)
has been derived somewhat obliquely by assuming a
unit turbulent Prandtl number. An alternate derivation can be made by neglecting AQ in Eq. 16.1 (27)
and simplifying for small temperature differences.
The central point is that in the alternate derivation the assumption is made that the local apparent
heat flux Q is constant in the near wall region and
equal to the wall heat flux Qw whereas in the
derivation given here leading to Eq. 16.1 (36) the
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The reBulting profile was shown by Rotta to be in
very good agreement with some low speed data.
Actually Rotta was a little more general in his
derivation than implied by the above and he generated a temperature profile which did not necessarily
require the velocity and temperature to have the
same (logarithmic) functional dependence on y+.
Note that as given by Rotta the temperature profile
thickness cannot exceed the velocity profile thickness. and this might prove an embarrassment in a
highly accelerated flow.
Rotta has yet to apply this same concept to
high speed flow but several points do seem appropriate. Firstly Eq. 16.1 (42) does give rise to
a logarithmic stagnation temperature profile for
moderate to small stagnation temperature ratios.
af the form

16.1 (45)
or. if Rotta's wake contribution is added

16.1 (46)
and as before one could now replace the In y+ term in
the temperature profile by the compressible law of

the wall derived earlier. This poses an additional
minor problem however, since the compressible law
of the wall, it will be recalled, was obtained by
introducing the Crocco temperature profile to enable
the velocity profile to be obtained by integration
via the mixing length hypothesis. In more general
terms the mixing length analysis gives the velocity
profile as
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16.1 (47)
and the Van Driest law of the wall emerges when it
is assumed that the ~tatic pressure is constant
across the wall region and the temperature is given
in accordance with the Crocco profile. For modest
heat transfer rates and }~ch number, Rotta suggested
that the density ratio ~ould vary less than the
velocity in the law of the wall region, leading him
to suggest a compressible law of the wall of the
form
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16.1 (48)
and the experimental evidence leads one to believe
that this is quite a reasonable approximation. If
Rotta's form of the compressible law of the wall
is inserted into the stagnation temperature law of
the wall - law of the'wake profile there results
the relationship
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and as 'with the low speed static temperature profile,
the wake contribution B' is readily evaluated from
the assumed profile value at the edge of the layer.
Note that for an insulated wall the wake contribution B" is related to the recovery factor r
defined earlier. Meir and Rotta (Ref. 16.40)
present a number of measured st~gnation temperature
profiles plotted against MT = u (p I Pw) 1/2
in the
~ch number range 2.5 - 4.5 and the resulting linear
behavior is quite remarkable, as can be seen in
Fig. 16.4. A similar plot at low speed (Ref. 16.41)
also demonstrated the same linear behavior and, as
mentioned previously, the intercept (additive
constant) was close to zero. However, not surprisingly, in view of the kinematic viscosity temperature
dependence, the additive constant appears to exhibit
a local temperature dependence so that at high speeds

/3q ( C, - :. C) - .03 ,

Ilq -

-I. X10-'
16.1 (50)

The implication of the additive constant being
nonzero is twofold.
First of all, the absolute
magnitude is small but significant, it being
apparent that if the linear behavior were extrapolated back to zero velocity the temperature
intercept would give a temperature value of 0.97
as opposed to unity for zero additive constant.
Secondly, the velocity profile evidence would lead
one to believe that CT is exhibiting the dependence
on Bq as opposed to C, the velocity profile
intercept, although the evidence is not at all
conclusive. If it is the temperature intercept CT
that is varying, its variation is certainly very
16-11

large, going from a value of 4.0 to a value of 35.0
in the Meir-Rotta experiments. Rotta's calculations
at low speed indicate a modest variation of the
temperature intercept with eq the heat transfer
parameter, giving a value of ~ near 9 for a value
of B.q of -.03. I t would appear that CT was also
varying with some Mach number parameter to give
rise to the value of 35.0 when Bq was in the region
of -.001 at a free stream ~~ch number of between
2.5 and 4.5. Obviously, this point must be
clarified before extensive use of the temperature
law of the wall - law of the wake is to be recommended.
Several additional points should also be made
concerning the stagnation temperature law of the
wall. The first of these points concerns the
relationship to the Crocco distribution, which many
investigators have shown to be valid in certain
restricted classes of boundary_layer. A cursory
examination of the stagnation temperature law of
wall shows that the replacement of In y+ by Rotta's
suggested compressible law of the wall velocity
gives rise to a term in u+(p/Pw)1/2 which is
implicitly a non-linear u velocity term and is in
conflict with the simple u+ dependence which
would arise from the Crocco distribution. It should
be recalled from the section of the compressible
velOCity profile. however, that Winter, Smith and
Gaudet (Ref. 16.18) have shown a very simple law
of the wall not containing the (p/Pw)1/2 term g'ives
a reasonable representation of the insulated wall
compressible profiles in the low to moderate
supersonic ~ch number range. It is further
recalled that ~~ise and McDonald (Ref. 16.21)
obtained a satisfactory collapse of the insulated
wall velOCity profile data using the Van Driest
COmpressible coordinates which again differs from
both the Winter, Smith and Gaudet and Rotta
suggestions. The foregoing would seem to indicate
that the (p/Pw)1/2 term was not cau~ing a first order
effect in the insulated wall velocity profiles and
hence for non-hypersonic boundary layers with low
heat transfer rates it could be expected that the
stagnation temperature law of the wall profile
would exhibit a near linear velocity dependence,
consistent both with observation and the Crocco
relationship.
To conclude, although a logarithmic temperature
profile is observed in many cases in both the slope
l/KT and the additive constant CT show considerable
scatter even within a given experiment. Even though
the experiment is not easy to perform the quest Lon
must arise then as the validity of the hypothesis
on which the profile has been derived and/or the
departure from equilibrium arising from the thermal
history of the flow. To date neither of these
questions have been satisfactorily explored or
answered. It must be noted, however, that the
success of direct numerical schemes using mixing
length and turbulent Prandtl number concepts leads
one to suspect the other approximations should the
logarithmic profile not be observed. Obviously a
great deal of additional work remains to be performed
so that the temperature profile may be placed on the
same footing as the mean velocity profile. In the
interim the stagnation temperature law of the wall
using wake component, Eq. 16.1 (33), would seem
the procedure of choice, with perhaps a wake
component added. Of course the introduction of an
additional parameter, the wall heat transfer
parameter Bq, in both this profile and the profile
of Cousteix et aI., requires the introduction of an
additional determining relationship, and for this the
integral thermal energy equation will be introduced.
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The Integral Thermal Energy Equation

The integral thermal energy equation in determining heat transfer plays an analogous role to the
von Karman momentum integral equation and its role
in determining the skin friction. In the skin
friction case, the von Karman equation could be
used to determine the magnitude of the skin friction
after the fact if the streamwise behavior of the
various integral thicknesses together with the axial
pressure were known. In practice the equation is
not used in this manner, even if it were possible,
in view of the known inaccuracies inherent in this
approach, and instead the various integral thicknesses are related one to another and to the skin
friction by means of the assumed velocity profile
or equivalently by the skin friction law. In this
faahion the von Karman equation can be recast either
implicitly or explicitly as a differential equation
for the skin friction and the local skin friction
obtained accurately by streamwise integration. A
precisely equivalent treatment of the integral
thermal energy equation can be adopted and Cousteix
et a!' .. (Ref.16.38) provide a heat transfer (Stanton
number) relationship which depends on the local
flow and the various integral thickness parameters.
Use of the relationship of Cousteix et al., reduces
the integral thermal energy equation to implicit
differential equation for the wall heat transfer.
On the other hand a stagnation temperature law of
the wall with a Rotta type wake component allows
the integral thermal energy equation to be reduced
to an explicit differential equation for the heat
transfer.
the integral thermal en~gy equation is readily
derived by integrating the energy equation,
Eq. 16.1 (16), from the wall to the free atream to
g~e
.

16.1 (51)
where
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where 6H is termed the enthalpy thickness and the
Stanton number definition has been generalized to

16.1 (53)
In the above derivation the free stream stagnation
enthalpy is assumed constant although this assump-·
tion can readily be relaxed. Rotta's heat transfer
parameter (Ref. 16.41) introduced earlier is related
to th~ aoove defined Stanton number by
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The implementation of the energy equation is best
visualized from a predictor-corrector point of view.
At a givenstreamwise location with a steady
external flow the current values of the problem
parameters such as skin friction coefficient,
Stanton number, momentum thickness, etc., can be
used to integrate the momentum and energy integral
equations, to yield the values of the dependent
integral thicknesses at the next streamwise station.
These new level thicknesses can be used in collaboration with the mean velocity and temperature
profiles to yield new level skin friction, Stanton
number and all the other integral thickness parameters. Thus a corrector step can be taken where
the reqUired information can now be taken as the
average of the new and current station values.
16.1.1.5

Moment of Momeptum Equation

It is quite clear that the use of a two parameter velocity profile, either that based on Coles I
profile or that obtained from the local equilibrium
hypothesis, demands one more relationship in
addition to the momentum integral equation in order
to specify the second profile parameter, prOVided
of cou>se that one of the velocity profile para~ters does contain the skin friction.
Various
forms of auxiliary relationships have been employed
and a number are discussed by Rotta (Ref. 16.15)
and many examples are to be found in the Stanford
Conference Proceedings. The entirely empirical
auxiliary relationships will not be considered
further herein, mainly because they have been
largely abandoned by the research community as a
consequence of their inherent limitations which
are liable to be very severe in gas turbine applications. The remaining auxiliary relationships
are usually derived by taking integral moments of
the axial momentum equation. As mentioned earlier
this process is formalized by multiplying the
boundary layer partial differential equations of
motion by ynu m and integrating, either partially
or entirely across the boundary layer. When n ~ 1,
m • 0 the y-moment of momentum equation is obtained
and this equation has been used by a number of
authors quite successfully. When n ~ 0, m = 1
the kinetic energy integral equation is obtained
and again this equation has found favor with a
number of investigators. At one time it was felt
by a number of individuals that the y-moment
equation was to be preferred to the kinetic energy
equation in apite of the fact that the y-moment
equation does not integrate out neatly in terms of
the accepted integral thickness parameters until a
velocity profile is specified. Even then in
incompressible flow with a two parameter velocity
profile such ss Coles', the resulting differential
equation is quite clumsy. The argument against the
use of the kinetic energy integral equation was
simply that for many turbulent flows the velocity
varies slowly above the sublayer so that the
u-momentum equation has a tendency to approach a
constant times the momentum equation, which
ultimately wauld lead to indeterminacy when the
momentum and kinetic energy equations were solved
Simultaneously to predict boundary layer behavior.
In view of the apparent lack of difficulty experienced by users of the kinetic energy integral
equ'ation it would appear that these fears are
unfounded.
It turns out, however, that linear dependence
within the system of equations can and does occur;
that is, for some set of conditions, one of the
equations turns out to be a simple linear combination of other equations and the determinant of

s

the coefficients of the system goes to zero. The
difficulty is not restricted to systems containing
the kinetic energy integrsl equation but it does
in fact slso arise ~ith the y-momentum equation
under very similar conditions, notably near, but
not at, separation or reattachment. The problem
of linear dependence is explained, in detail by
Shamroth (Ref. 16.42), ~ho pOints out that no
phyaical significance should be ascribed to such
singular points since they pose no difficulty ,
to the direct numerical procedures. Shamroth also
suggests ~ays of dealing with the problem, ~hich
almost certainly as a result of occurring close to
the region ~here the predictions ~ould be expected
to be in considerable error, has long gone unrecognized. Certainly the most po~erful remedy to
the problem is Shamroth's suggested least squares
technique, ~hich is probably best viewed as an
alternate system to be used only when the existing
system in the region of a singular point, as determined by monitoring the determinant of the
coefficients of the system. When the determinant
becomes small, in a normalized sense, one can
develop N moment equation by integration from the
wall to the point Ly/N, L = I, N. A weighted
least squares averaging can then be performed to
reduce the N equations to one to replace the
offending linearly dependent equation. Obviously
if N is taken large there would be little chance
of encountering a system singularity, but at the
expense of greatly increasing the computer run
time. Certainly a less expensive answer and
possibly quite effective one would be to integrate
the appropriate moment of the momentum equation
out to say y - 6* and use it to replace the
linearly dependent y = 6 moment equation. Other
less expensive techniques could also be investigated.
One additional moment equation, the u- 2
equation, also integrates out quite easily and
after some manipulation can give a differential
equation for the displacement thickness. Weinbaum
and Garvine (Ref. 16.4'3) derived this equation and
obtained some very interesting conclusions from it
regarding the viscous analogue of the sonic throat.
Bradshaw and Ferriss (Ref. 16.44) also present a
version of this equation; however, they did not
attempt to use it in a calculation scheme. Although
not Singular at the wall, care must be taken with
the u- 2 moment equation to ensure the proper
limiting behavior as the wall is approached snd
since it offers no clear advantage for normal
boundary layer computation, it cannot be recommended
over the kinetiC energy equation at this time.
In summary then, if for no other reason than
the kinetic energy integral equation integrates
out to a convenient form without the introduction
of a specific velocity or temperature profile, the
kinetic energy integral equation is to be recommended for use, bearing in mind that linear
dependence may occur and must be guarded against.
The kinetic energy integral equation can be written
for a slowly varying time dependent external flow
as
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where the various thicknesses are as previously
defined but in addition
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16.1.1.6

The Turbulence Model

At this point it is worth recalling that the
appearance of turbulent correlation coefficients
in the time averaged momentum equations represents
the contribution to the momentum transport by the
turbulent motion. While not appearing directly in
the von Karman momentum integral equation, various
integral moments of these turbulent correlation
coefficients appear in the auxiliary equations
introduced earlier. For example, in the kinetic
energy integral equation, the term CD is called
the dissipation integral (more properl~ the
production integral), where p e ue 3CD = fo TaU/ay dy.
In general the specification of the dissipation
integral, or'some other integral moment of the
turbulent stress, is crucial to the overall
accuracy of the more general methods. There are
specific flows, however, where simplification is
possible, for instance when the turbulent transport
is negligible compared to the inertial effects, and
in such flows very poor estimates of the turbulent
transport can still result ,in acceptable predictions,
and consequently a degree of over-optimism concerning the general predictive capabilities of a
number of schemes. Also turbulence information is,
in fact, introduced into the system of equations
by two means, firstly via the various aforementioned
integral moments of the Reynolds stress and secondly
by means of the assumed velocity profile family.
Indeed, if it were possible to define an accurate
one parameter velocity profile with skin friction
as that parameter, the von Karman equation could
be integrated without introduction of any turbulence
model. After the fact the implied dissipation
integral could be recovered directly from the
computed solution and the kinetic energy integral
equation. Higher moment equations would eventually
allow the complete implied Reynolds stress distribution to be reconstructed. White (Ref. 16.45) has
in fact suggested such, a one parameter velocity
family and his suggestion may be recast slightly
and the hypothesized profile interpreted as a Coles'
profile with an assumed wake parameter IT - pressure
gradient parameter 8 relationship. White justifies
the one parameter profile on the grounds of
expediency in deriving a prediction scheme feasible
for hand computation. The defects of the One
parameter profile can have major consequences and
in cases where the assumed IT - 8 relationship is
inappropriate, White's method would be expected to
give overall poor predictions. A case in paine,
for instance, is the constant pressl1re recovery
from separation or near separation. Here the
observed wake component is initially very large
yet the pressure gradient is zero, a fact completely
inconsistent with the assumed IT - 8 relationship.
Such a recovering flow places a strong emphasis
upon the adequacy of the turbulence information as
it is clear that without a pressure gradient to
drive the flow, the rate of recovery is entirely

dictated by the extent of the turbulent momentum
transport and its ability to energize the flow near
the wall. Thus, restricted procedures which either
rely on an inertial effect dominating the turbulent
transport in some region of the boundary layer
(Stratford, Ref. 16.46, develops this concept very
clearly) or rely upon the assumed one parameter
mean velocity profile to furnish a sufficient
description of the turbulent transport (such as
White's, Ref. 16.45, procedure) will not be considered further as the restriction may in fact
result in quite misleading predictions for general
vane or blsde boundary layers.
The simplest method of obtaining the necessary
turbulent stress integrals is to correlate the
measured distributions and in this manner, for
example, Escudier and Nicoll (Ref. 16.47) developed
for incompressible flow the relationship
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which for many applications they found quite satisfactory. Interestingly, Escudier and Nicoll also
showed that over a fairly wide range of conditions
pertaining to attached boundary layers, the dissipation integral could equally well be deduced by
assuming the turbulent Reynolds stress was related
to the local mean velocity gradient by a simple
mixing length hypothesis, so that, for instance,
differentiation of the Coles' profile and specification of the mixing length could yield the
dissipation integral directly

16.1 (61)
where

16.1 (62)
and
, '1< l./K

16.1 (63)
This latter means of obtaining the required turbu_
lence structural information by making the same
detailed postulates as do the direct numerical
schemes, goes some way to countering the claim that
the direct numerical schemes are to be preferred
since they introduce the turbulence information in
a much more direct and easily identifiable .muner.
To continue, rather than perform the differentiation and integration demanded by the mixing length
formulation, the correlation given in Eq. 16.1 (58)
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is equivalent in incompressible flow and less timeconsuming in a calculation scheme. The mixing
length formulation, however, provides a straightforward, if laborious, means of obtaining the
effect of compressibility upon the dissipation
integral. This extenSion to compressible flow
follows immediately since the compressible velocity
profile is already supposedly available and Maise
and McDonald (Ref. 16.21) have shown that the mixing
length profile is not sensitive to compressibility
effects. Similarly, other features which can effect
the turbulence structure such as wall curvature,
that have been expressed effectively as a.change
in the mixing length (Bradshaw, Ref. 16.48) can
readily be incorporated into the evaluation of the
shear integrals.
The next stage in the development of a more
general stress integral relationship follows from
the observation that the simple mixing length
profile used by Escudier and Nicoll (Ref. 16.47)
and the equivalent eddy viscosity profile used by
Mellor and Gibson (Ref. 16.13) is really only valid
for equilibrium turbulent flows in the sense
previously introduced by Clauser (Refs.16.1l, 16.28).
A number of investigators, for instance Goldberg
(Ref. 16.49) and Bradshaw and Ferris (Ref. 16.44)
have measured in varying degrees the failure of
the invariant normalized mixing length or eddy
viscosity profile. The fact remains that equilibrium assumptions give reasonable results for a
large number of measured non-equilibrium boundary
layers and this observation testifies to the
validity of the local equilibrium hypothesis
(introduced earlier) for these particular flows,
even to the extent of determinirg the various
turbulent stress integrals solely on the basis of
some profile shape parameter such as G. In order
to decide when a local equilibrium procedure such
as that presented by Escudier and Nicoll might or
might not suffice, and here the subjective criteria
of the individual user must be acknowledged. it is
necessary to obtain some yardstick to warn of the
failure of the local equilibrium hypothesis. An
appealing technique would of course be some parameter characterizing the state of the turbulent
transport relative to the equilibrium transport
but obviously no local equilibrium prediction procedure CQuld return this information. One plausible
hypothesis which fits within the framework of a
local equilibrium prediction scheme is the suggestion that the further the boundary layer is from
actual equilibrium the less likely it will be that
the local equilibrium hypothesis would be valid.
Thus, as the calculation proceeds, the computed
value of say, the shape factor G(X) coulq be
compared to the equilibrium value of G(=G) which
would result ~rom the local pressure parameter SeX).
The value of G could readily be evaluated for
correlations of. equilibrium boundary layers such as
that given by Nash (Ref. 16.12) and reproduced here
as Eq. 16.1 (8). Again, it depends upon the user's
criteria of accuracy, but based on the Stanford
Procee.dings (Ref. 16.50) resu~ts~ i f in a local
equilibrium calculation (G - G)/G exceeded 0.5 at
some location, as a rough guide, an improvement in
the predictions might be expected in going to a
better, non-equilibrium, turbulence model.
Early attempts to improve the turbulence transport description to allow for non-equilibrium effects
for use in integral methods centered on developing
empirical rate expressions for the integral moments
of the turbulent stress, such as the dissipation
.integral or the stress integral, of the general form

..

simply to determine the rate of change of yet
another turbulence quantity, an integral of the
turbulence kinetic energy flux.
16.1 (64)
where COe is the local equilibrium value of the
dissipation integral which would result from a
Co - G relationship such as th~t of Escudier and
Nicoll (Ref. 16.49) given by Eq. 16.1 (59), and k
is an empirically determined constant of approximate
value .013/6*.
Relationships of the foregoing
type were suggested by Goldberg for the dissipation
integral, who incidentally proposed CD should be
used rather than CO e , but CDe does seem the appropriate choice, and for the stress integral by Nash
and Hicks.(Ref. 16.51). Such relationships are
obviously very convenient to use, add so little in
the way of computer logic or run time, and in view
of both the aesthetics and observed improvements,
their use would appear almost mandatory with any
of the existing incompressible local equilibrium
procedures. With an entirely empirical expression
such as Eq. 16.1 (64), the extension to say, compressible flow or flows with free stream turbulence
does pose possible problems which to date have not
been addressed.
As a further development, McDonald (Ref. 16.5)
was able to show that rate expressions quite similar
to the type suggested intuitively by Goldberg and
Nash could be developed from the turbulence kinetic
energy equation using turbulence structural similarity concepts advanced by Townsend (Ref. 16.53).
The turbulence kinetic energy equation is an exact
conservation equation governing the ki~~~ic energy
residing in the turbulent fluctuations and its
derivation from the Navier-Stokes equations is
given by Favre for compressible flow. As a result
of the exact formulation of the turbulence kinetic
energy equation and the approximate validity of
the turbulence similarity concepts invoked, it has
become a popular method of developing non-equilibrium
turbulence models with the potential for allowing
for some of the observed effects particularly
significant in gas turbine applications. To observe
how the turbulence kinetic energy equation may be
used in the integral boundary layer procedures
this equation can be integrated across the boundary
layer for non-hypersonic flows and flows where the
mean flow varies slowly with time compared to the
turbulent motion, to yield
-I 2

~

18

-

I

a

There are,of course,a large number of ways in
which simplifications and approximations can be
introduced in the turbulence kinetic energy
equation to convert it into an equation which would
control the development of the Reynolds shear stress
either implicitly or explicitly. As mentioned
earlier, McDonald(Ref. 16.52) and later Green,
Weeks and Brooman (Ref. 16.34) applied the turbulence kinetic energy equation along the locus of
the maximum stress occurring within the boundary
layer. After the introduction of Townsend's
structural similarity arguments, McDonald (Ref. 16.32)
developed a rate expression for the stress integral
appaaring in the y-moment of momentum equation
while, on the other hand, Green et al., constructed
an equation for the streamwise rate of change of
an entrainment coefficient. The principle difficulty with these approaches, which follows the locus
of the maximum shear stress, is that this locus
may be difficult to determine with the necessary.
precision.
Hirst and Reynolds (Ref. 16.55) introduce a
series of intuitive suggestions to reduce the
integral turbulence kinetic energy equation given
above to a differential equation governing the
streamwise development of the entrainment rate M,
where M is defined as
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but as with the entirely empirical rate equations
of Goldberg (Ref. 16.49) and Nash (Ref. 16.51),
although satisfactory for conventional low speed
boundary layers, difficulties arise in attempting
to introduce compressibility and curvature effects,
for instance,into the Hirst-Reynolds scheme.
A less intuitive analysis than those described
above has been developed by McDonald and Camarata
(Ref. 16.56), who followed Townsend (Ref. 16.53)
and Bradshaw, Ferris and Atwell (Ref. 16.57) and
defined structural parameters an' L together with
a mixing length i where
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and this permits the turbulence kinetic energy
equation to be written as
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16.1 (66)
The resulting equation is, like the von Karman
momentum equation, quite uncontroversial; however,
it is also quite unhelpful in fashioning a calculation scheme without the introduction of further
approximations. It can be seen, for instance, that
although the previously introduced dissipation
integral appears explicitly in the integral turbulence kinetic energy equation, it serves in part
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16.1 (72)
It i8 then further supposed that the diSSipation
length L can also be represented by a similar
piecewise linear distribution as the mixing length.
Since usually the mixing length is not too dissimilar from the dissipation length L in value,
the turbulence integral thickness parameters
appearing in the turbulence kinetic energy equation
can be written to a reasonable degree of spproximat,ion as

16.1 (70)
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and whe~e n is a nondimensional transverse distance
y/6+, 6 is arbitrary. Now on the basis of the
experimental evidence a dissipation length profile
and a one parameter mixing length profile are assumed
to be of the general form
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and the value of L~ can be taken to be 0.15 on the
basis of Bradshaw's measurements. For fully developed turbulence the structural parameters al, a2,
and a 3 are assumed to have reached a condition of
structural equilibrium characterized by constant
values of 0.15, 0.5, and 0.2 respectively, chosen
on'the basis of the available evidence. In accordance with Morkovin's (Ref. 16.27) hypothesis the
aforementioned structural parameters are assumed to
be independent of the direct effects of compressibility for non-hypersonic boundary layers. If
tbe ~Drzal stress terms are neglected, Eq. 16.1(69)
becomes sn integro-differential equation for wake
value of the mixing length t ~. This integrodifferential equation can be integrated in the
atreamw!a8 direction along with the other momentum
integral equation and the wake value of the mixing
length derived by a Newton-Raphson iterative scheme
once a value of $1, at the streamwise location in
question ia obtained. The process is described in
detail by McDonald and Fish (Ref. 16.58) who have
quite successfully used the scheme in conjunction
with a direct numerical procedure which solved
the boundary layer partial differential equations
of motion. Once a value of the wake mixing length
t~ is obtsined the various stress integrals can
be obtained directly from the assumed velocity
profile family and the mixing length hypothesis.
As formulated above, the integral ~urbulence
kinetic energy scheme has the disadvantage that the
dependent variable t~ appears in the kernel of an
integra-differential equation. The latter disadvantage is quite troublesome in an integral procedure which must execute rapidly or lose to the
generality of the direct numerical procedures. If
implementation of this type of scheme is contemplated, some consideration should be given to ways
of simplifying the integro-differential equation
even further and with this in mind it is observed
that the piecewise linear mixing length family
uaed by Escudier and Nicoll (Ref. 16.47) could also
be used in the integral turbulence kinetic energy
equation with a resulting major simplification.
The join point between the inner region of the
boundary layer where t . y and the outer region
where t ·1. is designated by 5j • Note that
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In this simplified system the wake mixing length no
longer appears under the integral sign, and the
interpretation now of the integral turbulence
kinetic energy equation as a differential equation
for the wake mixing length greatly simplified the
implementation of the concept. The resulting scheme
is still appreciably more complicated than the
simple rate expressions of Goldberg (Ref. 16.49)
or Nash (Ref. 16.51). However, the effects of time
dependency, compressibility, free stream turbulence,
wall transpiration and curvature are all accounted
for within a relatively simple framework (presuming
Bradshaw's (Ref. 16.48) correction to the dissipation
length L for the effect of curvature is accepted).
In view of the demands of the turbomachinery
enVironment, schemes such as the foregoing, based
on the turbulence kinetic energy equation or other
equations in the double velocity fluctuation set,
have much to recommend them.
The disadvantages of schemes based on the
turbulence kinetic energy equation are mainly that
a profile family for the turbulent shear stress
usually must be adopted, although if the assumed
profile is reasonable then little is lost. In the
foregoing scheme, by means of the mixing length
assumption the shear stress profile is related to
the mean velocity profile in a manner which does
appropriately recover the observed equilibrium
state. However, at the same time the assumed
profile does suffer from the discrepancy that the
Reynolds -stress will disappear precisely at the
same point the velocity gradient does. Boundary
layers with velocity profile overshoots, such as
film-cooled boundary layers, would probably therefore be subject to error, but almost certainly
other factors will be involved such that the errors
from the stress profile assumption might be inSignificant. A problem also can arise with the assumed
invariance of the relationship between the kinetic
energy and the Reynolds shear stress, for instance
when the shear stress changes sign but of course
the energy does not. Such consideratons give impetus
to the development of better turbulence models but
for the more conventional boundary layers the
assumptions given above are probably as accurate
as the assumed mean velocity profile.
Additional moments of the turbulence kinetic
energy equation could also be introduced to allow
a more complex stress profile to be used but it
must be acknowledged that at the pre~enC cimu churu
is neither motivation nor information to proceed in

this direction. A much more promising avenue for
future development would be to integrate the
equations governing the individual components
21-the turbulence kinetic energy, that is the
u'2, ~, and ;t2 equations, in conjunction
with the Reynolds shear stress equation
which governs the production of - u'v'. Such
a strategy alleviates some of the.more restrictive
aspects of the structural similarity hypothesis
previously invoked. A preliminary evaluation
by the present author of a four integral equation
Icheme which used Rotta' s hypothesis for the
partitioning of dissipation yielded very
favorable results.
As a final observation at this point it should
be clear, if it has not become so earlier, that it
shbuld be possible to take integral moments of any
of the current model partial differential equations
that describe the spatial development of the time
averaged Reynolds stress tensor. In this manner
eventually it should be pOSSible to construct
versions of these model systems suited for use with
the integral procedures for solving the boundary
layer equations. The additional capability attributable to these newer turbulence models would therefore become available within the framework of the
integral procedure, subject of course to the
limitations of the profile families, both of velocity
and turbulence.
16.1.1.7

Concluding Remarks on Two-Dimensional
Integral Methods for Blade Boundary Layers

In arriving at certain recommendations it seems
appropriate to mention briefly those particular
methods which demonstrate the various recommended
characteristic properties. To some degree this has
already been done in the previous discussion but
certainly it can bear repeating and re-emphasizing
here. A great deal of the work done on integral
methods for predicting turbulent two-dimensional or
axially symmetric boundary layers is summarized in
the 1967 Stanford Conference Proceedings (Ref. 16.50)
and only a comparatively small number of additional
contributions have been made since that time. It
is not the purpose Qf this section to exhaustively
review these various contributions but mer~ly to
point out certain desirable features and to cite
~ples where these desirable features have been
employed.
A convenient starting point is probably the
method due to Head (Ref. 16.33), since this particular method seems to mark the beginning of the
present era of more accurate boundary layer predictions. Head's procedure is, in the previously
introduced terminology, a local equilibrium
procedure in· that the implied Reynolds apparent
shear stress is uniquely determined by the local
mean velocity. The technique is sufficiently
simple as to be suitable for uae with a programmable
pocket calculator and its accuracy quite acceptable
for a surprisingly wide range of flows. The procedure was incorporated into a heat transfer
prediction scheme by Dvorak and Head (Ref. 16.32),
although in this case the resulting scheme was a
hybrid since the energy equatior-was solved by a
finite difference procedure after the mean flow
was obtained by Head's integral scheme. Later Head's
scheme was extended to compressible flow over
insulated walls by Green (Ref. 16.34) and for
transpired flow by Thompson (Ref. 16.59). Perhaps
with the exception of the heat transfer scheme,
any potential user would be well advised to
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inquire whether or not Head's scheme or an existing
development of it, might be adequate for their
purposes. Insofar as the heat transfer version of
Head's scheme 1s concerned, it seems, at least to
this author, that the hybrid heat transfer scheme
really doe.s not have such a grest deal to offer to
warrant its use compared to a full finite difference
scheme.

Most well constructed local equilibrium pro~
cedures do perform, or could probably be made to
perform, about as well as Head's method. However,
methods which use the integral kinetic energy
equation are particularly convenient in that they
have a simple form independent of the assumed form
of the boundary layer mean profile. A good example
of this type of method is to be found in the work
of Escudier and Nicoll (Ref. 16.47). As an additional feature, methods such as that due to Escudier
and Nicoll can parmit the direct use of the same
type of turbulence models as are being developed
for the direct numerical procedures. It follows
then that once the mean velocity and temperature
profile families are speCified, variables such as.
wall transpiration, wall roughness, free stream
turbulence and streamwise curvature can eventually
be allowed for in this type of method. Compared to
the direct numerical procedures all the constraints
of the integral procedures lie in the adop ted
velocity and temperature profile families. To
continue, Lubard and Fernandez (Ref. 16.60) developed a local equilibrium procedure which used the
integral kinetic energy equation for transpired
flows. Alber (Ref. 16.61) has developed an
impermeable wall procedure similar to the Lubard
and Fernandez scheme but for compressible flow.
Based on these precedents and the suggestions and
development given earlier in the present work, it
would be a simple matter to construct a compressible,
transpired, rough wall, integral procedure based
on local equilibrium concepts using the von Karman
momentum equation and the integral kinetic energy
equation. In view of good results previously
obtained with the various individual procedures,
such as synthesis of methods, would be expected to
be quite successful for boundary layers in near
equilibrium, with perhaps the compressible law of the
wall additive constant with transpiration being the
only questionable parameter over and above the mean
velocity and temperature profiles at the present time.
The next step in the hierarchy would be to
consider the departure from local equilibrium and
here an expression for the rate of change of the
appropriate integral of the turbulent stress, in
the spirit of Goldberg (Ref. 16.49) or Nash and
Hicks (Ref. 16.51) for instance, is very convenient
and would result in a trivial amount of coding and
increased computation. Turbulent lag equations
of the foregoing type, although presently only
developed for incompressible flow, do seem, at least
conceptually, to result in an improvement over the
local equilibrium procedures. Less empirical but
more laborious are the schemes whJ.ch use lag
equations developed from the turbulence kinetic
energy equation. The simplified version of the
lag equation developed by McDonald and Camarata
(Ref. 16.56) from the integral form of the turbulence kinetic energy equation which was presented
earlier, allows for compressibility, free stream
turbulence and, using Bradshaw's (Ref. 16.48)
suggestion, for streamwise curvature. In collaboration with what could be termed the synthesized
procedure described in the previous paragraph, the
simp'lified integral turbulence kinetic energy
equation would certainly typify the state of the

art of integral procedures for predicting turbulent

boundary layer development in 1975.
The final stage in the hierarchy of problems
which will be considered here is the problem of heat
transfer. It is clear from the literature that for
insulated wall boundary layers, a Crocco type temperature profile suffices to predict ,the effects of
compressibility on the integral thickness parameters.
It is also clear from work such as Rotta's (Ref.
16.36) that really none of the convenient so-called
Reynolds analogy factors, modified or otherwise,
can adequately predict the heat transfer with a
variable wall temperature in the presence of streamwise pressure gradients. These rather demanding
conditions are unfortunately precisely those
normally encountered in turbine blade design. The
preliminary indications are that a stagnation temperature law of the wall with a wake component such
as that originally suggested by Rotta (Ref. 16.41)
when used in conjunction with the integral thermal
energy equation might improve the current poor
status of heat transfer predictions by integral
methods. Lastly, while it is very possible that
heat transfer prediction for internally convectively
cooled turbine blades or vaneS might relatively
easily be made acceptable, it seems less likely that
film cooled components will be adequately treated
within the framework of integral boundary layer
prediction schemes. Even for the idealized case
of parallel slot injection of the coolant film, the
resulting velocity profiles are not well described
by the existing law of, ,the wall - law of the wake
concepts. At this point the research effort
required to further enlarge the mean velocity and
temperature profile families to encompass film
cooling taken together with the estimated success
probability, would seem to outweigh the increased
cost of the present day direct numerical schemes
which slready have shown their capability to handle
at least simple film cooling configurations. Thus
film cooled boundary layers almost certainly lie
outside the scope of present integral procedures
and will probably remain there for some time to
come.
16.1.2

Numerical Procedures for Solving the Boundary
Layer Partial Differential Equations

16.1.2.1 Motivation
In the light of the preceding discussion
caution must be advocated when using integral procedures for solVing the boundary layer equations
whenever profile families for the dependent
variables are either inadequately verified or known
to be inaccurate. It may well be that, in spite of
the known profile shortcomings, as a consequence of
the averaging out of the integral schemes, some of
the flow properties will be predicted adequately
for certain purposes. Unfortunately heat transfer
is usually a very demanding property to predict
accurately and one of very keen interest to turbine
designers. The problems which arise with two and
three-dimensional profile families in highly accelerated flows when the laminar and turbulent transport of heat and momentum are of a similar order
(or in a film cooled boundary layer developing on
a curved surface) can be euphemistically termed
"difficult". Numerical procedures which directly
solve the partial differential equations and hence
do not require this profile information therefore
become much more attractive when these particular
"difficult" problems must be treated.
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Another'very'valid reason for using a numerical
procedure for solving the partial differential
equations lies in the flexibility of the resulting
scheme. Changes in boundary conditions, higher
order terms, generalizations to include chemical
reactions, magneto-hydrodynamic forces may all be
incorporated with surprisingly little additional
work. In some instances,such as the flow in a duct,
the merging of shear layers causes perhaps only a
re-assessment and readjustment within the turbulence
model being us'ed within the numerical procedure;
whereas, in the integral scheme it calls for major
Teconstruction. Such developments are not'simply
mere possibilities but even at this present time,
clearly demonstrate the advantages of the numerical
procedures.
16.1.2.2

General Comments

In the course of the subsequent development,
frequent reference will be made to existing or
potential numerical procedures which could be used
to obtain solutions to the problem under discussion.
At this point it is worth observing that in the
present context a potential numerical procedure is
considered to be a technique which has shown promise
on simple problems, such as the transient heat
conduction problem in one space dimension. Since
the real problems are generally non-linear, coupled
and multi-dimensional with initial and boundary
conditions to be specified, there is a considerable
difference between a potential and demonstrated
capability and it is necessary to keep this distinction firmly in mind. In some instances, certain
of the candidate procedures have clear advantages
over others, provided the procedures can, in fact,
return the solution to the degree of numerical accuracy required by' the user. The potential advantages
in practice might be quite unrelated to the relative
cost of running the computer to obtain the solution.
To evaluate the relative advantages it is first
recognized that the engineer user has the choice of
',constructing a scheme based upon one of the more
promising potential procedures to solve his problem
or, of adapting an existing available procedure for
this purpose. The engineer user must therefore on
an ad hoc basis evaluate the relative economics of
the1Projected utilization of the possibly less than
optimum existing procedures weighed against the
engineering effort required to develop a new procedure embodying the better suited technique for his
particular problem. Since computer costs even for
the same computer vary from installation to installation dependent upon the computer configuration,
the degree to which the computer is utilized, the
accounting procedures used to obtain a charge rate
and to the actual charge algorithm itself which
weights the various internal processes and resources
within the computer, the relative computing economics can change dramatically from institution to
institution. While computing costs at a given site
may usually be projected with relative certainty,
the task of the engineer user in making the economic
evaluation is often plagued with major uncertainties.
In particular, the engineer user and more often than
not, the computational expert also, may not be
sufficiently knowledgeable of the problem or of
candidate techniques to accurately assess the labor
required to cast them into a working procedure, or
of their possible 'operational idiosyncrasies once
ready for use. Since the more complex techniques
can take many months of engineering effort to
develop into operational procedures, a judgment
error by either the computational expert or the
engineer user in the evaluation phase can have a
catastrophic economic impact.

l~ addition, it is sometimes the case that
~t~ the existing and the prospective procedures
~aht not behave in an acceptable manner for the

».'~1~~ar

application the user has in mind, and
tn~' fa~t might not be widely known or apparent
to the user in advance. Similarly, certain pro~ed~re8 ara user sensitive in operation and
considerable skill might be necessary with these
procedures to obtain satisfactory solutions. In
teeking information upon which to base a reasonable evaluation of the risk factors involved,the
dlliaent engineer is often further confounded by
the conflicting claims and observations made by
4ifferent authors regarding the operational
characteristics of certain of the procedures.
Several factors contribute to the generation of
the.e conflicting claims. Principal among theae
factors is the user sensitivity mentioned earlier
and this leads to a successful comoutation being
dependent on such user·selected it~ms such as
the computational mesh distribution and density
or the initial snd boundary conditions. Also a
factor is a sensitivity of many of the procedures
to computational detail and here the preCise
treatment of such items as non-linearities,
boundary conditions, or simply the ordering of
the computation can have a major impact on the
eventual outcome of the computation. Precise
details such as this are often not given in
archival journal publications, for among others,
the obviOUS reason of space limitation.
Naturally, such real and prospective pathological difficulties demand that the engineer be
thoroughly familiar with the existing candidate
procedures and that very powerful reasons must
exiat to justify the development cost of any new
and relatively untried procedure. There are,of
cours~valid reasons for embarking upon the prolonged development of a new procedure embodying
more appropriate techniques for solving the
particular problem. Unavailability or the general
unauitability of the existing procedures would be
key factors in such a decision. Here again, however, conflicting claims of suitability or
unsuitability are frequently to be found in the
l~tarature, often simply aa a. result of different
authors having differing constraints and standards.
The need to use the procedure on a computer with
very small high speed memory might, for instance,
eway judgment one way whereas the need for a
locally refined mesh, say to define the viscous
aublayer of a turbulent boundary layer, might be
a critical factor in another user's estimation.
Less tangible, but not trivial, is the consideration that, shOuld the engineer decide to develop
the relatively untried procedure himself, he then
ia fully aware of the numerous approximations and
prejudices incorporated into the procedure and is
then well equipped to further extend the procadure into other problem areas.
The foregOing is in part designed to caution
the engineer against a precipitous adoption of a
promising but relatively untried numerical scheme
for solving his particular problem. It is also
aimed in part at answering the oft heard question
of the computational expert who feels that he has
the most efficient algorithm for solving the particular problem under study, and who questions why
the engineering public continues to use what is to
hia a non-optimum method.
Before going on to discuss the actual uethods
available for treating the boundary layer equations
it i. necessary to develop some basic concepts about
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numerical methods in general. However, it is not
the purpose here to provide a broad introduction
into general numerical methods for solving partial
differential equations as there are some fine textbooks available on this subject. Only those topics
which would be appropriate to aid a potential user
in evaluating the numerical aspects of the candidate
procedure will be discussed here. In this regard,
three broad categories of methods exist for numerically solving the equations of fluid mechanics.
These being the finite difference, the finite element
end the spectral methods. In the main, the subsequent discussion concerns finite difference methods
simply because at the present time finite difference
methods are the furthest advanced in terms of fluid
mechanics applications. Hybrid techniques also have
made their appearance, for instanc~finite difference
methods may be viewed as a collocation technique
with the dependent variable represented by a polynomial. If now the dependent variable in one or
more coordinate directions instead is represented by
some trigonometric expansion such as a Fourier series,
the resulting scheme is termed a pseudo-spectral
method or hybrid pseudo-spectral method, depending
on the degree of finite differencing employed.
Indeed other related methods can readily be formulated using orthogonal polynomials or piecewise
polynomial splines to represent the dependent
variables in one or more directions. In the usual
spectral methods the trigonometric series used to
represent the dependent variable is introduced into
the governing equations by means of the Galerkin
technique, but at present the pseudo-spactral
methods seem about a factor two more efficient
than the spectral methods. Finite element methods
have been very successful in structural problems
where they have proven especially useful with
irregular boundaries. At the present time th~
application of the finite element procedure to fluid
mechanics problems is sparse and inconclusive.
Certainly in many applications the matrix inversion
problem obtained from the finite element technique
is identical to that arising from implicit finite
difference formulations so that such schemes must
have comparable computational costs. The claimed
attribute of finite element methods of ease of
treatment of irregular boundaries is obtained at
the expense of a non-trivial element construction
process. To this must be added the observation
that element shape and size variations can have a
detrimental effect on Bfcuracy so that it does not
at this point appear that the finite element
approach will be quite the hoped-for panacea for
geometric complexity. Lastly, in the present work
the usual Eulerian body fixed coordinate systems
will be considered as opposed to the Lagrangian
system where the coordinates move with fluid.
Lagrangian coordinate systems have considerable
utility for relatively uncomplicated time dependent
flows containing discontinuities but in the steady
distorted flow, at presen~ the mesh interpolation
problem appears to outweigh any benefit.

16.1.2.3

Order Accuracy

The simplest way to discuss or~3r accuracy is
in terms of.a truncated Taylor series. In setting
up a finite difference molecule the function value
at adjacent grid points can be related to conditions
at the grid point in question by means of a Taylor
series. The Taylor series may then be appropriately
truncated and an expression for the Qerivative at
the point obtained. The truncation term in the
Taylor series then determines the formal order
accuracy of the difference scheme. For example,
consider the three point scheme with a mesh spacing
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schemes tend to be difficult to work with in practice
due
their propensity to develop solutions with
undesirable features such as "wiggles". Without
doubt, improved higher order schemes will appear in
the future and will alleviate these problems.

of h and the continuous function f with single
valued finite derivatives

to
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·so by subtraction we have
f(x+h)-t(x·h)
hI
,
I'Cx)·
2h
+ 6 1/1(1)+'"

and hence the terminolo~ that if in the above
equation the terms in h and higher are neglected
the resulting finite difference representation of
the derivative is termed second order. A fourtn
order representation would be one where .the first
neglec ted term was h 4, and so on.. The second
order finite difference representation given above
is usually termed the first derivative second
order central difference formula. A one-sided
derivative is sometimes of use and from the foregoing in simplest form is written for a forward
difference first derivative as

It should be clear from the above that higher
order methods are not necessarily to be preferred
over lower order schemes. Accuracy can always be
obtained from the consistent lower order schemes,
computer willing, by mesh refinement. The question
is then simply the cost to the user of the required
mesh. Should this cost be prohibitive then a
higher order method or an alternative more efficient
lower order scheme might be the answer. In the
subsequent discussion of the various methods,order
accuracy, including the more subtle errors which
might arise from linearization and decoupling,·will
be touched upon but hopefully will not be overstressed.
16.1.2.4 Explicit and Implicit Methods
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I'(x). I(l+h)-f(x) •.
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h
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and clearly this is a first order approximation.
Frequently and erroneously the order accuracy
of a finite difference formula for the derivative
as defined above is appended to the solution procedure for the governin~ system of equations as a whole.
Clearly other factors can contribute to the errors
in the solution to the system of equations. Three
obvious sources of error which can swamp the errors
arising from the derivative formula are (1)
linearization errors arising from thp. non-linear
nature of the governing equations, (2) errors
arising from the treatment of the coupling between
the equations within the system, including the
boundary conditions, and (3) machtns roundoff
The first two of these three sources of error will
be discussed further later. In the subsequent
development,order accuracy will be appended only
to the difference formula and not to the overall
procedure. Machine roundoff cannot be ignored as
a possible source of error but usually this problem manifests itself catastrophically during the
initial development of the procedure, where
appropriate remedies must be developed or the
procedure abandoned.
It is observed that higher order difference
formulae are desirable in principle, and in some
cases represent the only reasonable alternative to
reducing the mesh to an absurd degree to obtain
accuracy. Several points must be noted, the Urst
being that to obtain the increased order accuracy
there has usually been an increase in labor. The
question must now be asked if it is not more
economic to use a lower order difference with a
more refined mesh. A number of authors for instance
have argued against methods of order greater than
fourth on this basis. Various ad hoc particularities can affect this judgment however, for instance,
in performing reacting boundary layer calculations
the chemistry computation could greatly overshadow
the fluid mechanics, thus driving one towards the
use of as few grid points as possible regardless
of the cost per grid point of the fluid mechanics
calculation.
Additional difficulties can be associated with
higher order methods, the obvious one being the
application of boundary conditions since more extensive spatial differencing in the region of the
boundaries would almost certainly be needed.
Further, it has been observed that higher order
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In the ususl steady turbulent boundary layer
equations, if the laminar transport is not neglected
with respect to the turbulent transport,the governing
equations are everywhere parabolic and upon specification of a turbulence model form a well posed
initial-boundary value problem. In certain cases
the neglect of the laminar transport can result in
a hyperbolic set of equations but this depends on
the precise nature of the model of the turbulence
transport. In either event the equations may be
solved by a forward marching technique, since one
coordinate direction will possess a time-like
property. In the subsequent discussion this
marching direction will frequently be termed the
time coordinate for obvious reasons. The numerical
methods for salving parabolic or hyperbolic equations
which form a well posed initial-boundary value
problem are usually termed either explicit or
implicit methods. In an explicit technique the
unknown variables are expressed at the advanced
"time" level entirely in terms of the known values
at the current time level together with the appro~
priate boundary conditions. Explicit schemes on
the whale tend co be conditionally stable. That
is, a stable calculation can only be obtained
provided certain limitations on the time step are
adhered to. In an implicit procedure the finite
difference representation introduces unknown
varisbles at both the advanced and the current time
level. Generally speaking, a procedure of this
type necessitates the solution of a set of simultaneous equations and this usually results in a
complex and time consuming procedure on a per grid
pOint per time step basis. Implicit methods are
usually stable for large time steps (although not
necessarily unconditionally stable) and are therefore. competitive with conditionally stable explicit
procedures when the physical processes are changing
on a time scale much greater than the marching step
permissible with the conditionally stable explicit
schemes. It turns out that the stsbility limits
of the better known explicit schemes can be very
restrictive in performing turbulent boundary layer
calculations, and consequently implicit schemes
have found considerable favor. Unconditionally
stable explicit schemes such as the DuFort-Frankel
scheme are available, but to date these schemes
have all been inconsistent. That is to say that in
the limit as the mesh is refined the truncation
error in the Taylor series expansion does not
dissppear for an aribtrary mesh spacing. In such
a scheme even given an unlimited computer the user
no longer has the ability to make the error as

I
I
}
[

.-all

.a

he wishes simply by mesh refinement.
Inconsistent schemes therefore hsve not been widely
uaed, although Pletcher (Ref. 16.62) for instance,
has not had any apparent difficulty in using a
DuFort-Frankel scheme on the boundary layer equations.
Predictor-corrector procedures have been
developed and these can be either of the explicit
or the implicit type, or of some hybrid of the two
types. Predictor-corrector schemes have become
quite attractive for three-dimensional boundary
layers and the prospect for treating aspects of the
non-linearities in the governing equations within
the predictor-corrector framework is appealing.

I

Lastly, the so-called shooting methods defy
description by the simple explicit-implicit terminology. In this and related techniques, the marching
direction is discretiZed first, reSUlting in a nonlinear ordinary differential equation which poses
a two-point boundary value problem. After linearization the ordinary differential equation can ,be
treated by a number of different schemes as an
initial value problem, for instance, in'perhaps the
most successful version of the shooting technique
a particular integral and a complimentary function
are generated by numerical integration. The outer
boundary condition then serves to determine the
arbitrary constant in the complimentary function,
and the solution of the linearized equation obtained
by adding the particular integral to the complimentary function. Unfortunately, iteration is
required if more than one outer boundary condition
is to be applied, as is usually the case in boundary
layer flows. Although successfully used for laminar
flows and some turbulent flows, the convergence of
the iteration involved in the shooting technique
is not particularly reliable for arbitrary boundary
layer flows and has now been largely abandoned in
favor of implicit methods. More recent developments of the shooting process such as parallel
shooting have apparently not been evaluated on the
boundary'layer equations.

II

In assessing the candidate methods for suitability'for one's own particular problem a definite
screening process can be suggested based on the
foregoing discussion. This process will now be
discussed in detail in view of its importance in
practice. Particular emphasis will of course be
given to the special problems which arise from
turbomachinery considerations.
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16.1.2.5

Finally, computer storage requirements and cO,ding
complexity together with estimated reliability and
prior experience may be factored in to complete
the choice of method.

To see how this process works in ~ractice,
consider the simple incompressible turbulent
boundary ~ayer momentum equation.

16.1 (74)
where the turbulent transport of ma~entum has been
represented by an eddy viscosity ~oefficient ~e'
NOW, based on experience with the simple transient
heat conduction equation

16.1 (75)
where .t is the time (marching) coordinate and K
is the thermal conductivity and T the temperature,
it is well known that most conditionally stable
schemes when applied to the simple heat conduction
equation given above exhibit a step size restriction of the form

16.1 (76)
In the linearized boundary layer problem the above
restriction approximately transforms into

16.1 (77)
and it is found in practice that this type of
restriction does indeed hold when these same
methods are applied to the boundary equations. Now,
Clauser has suggested that in the outer region of
an equilibrium incompressible turbulent boundary
layer

16.1 (78)
and this suggestion is in good accord with measurement. If now an equally spaced mesh normal to the
wall is introduced

Some Factors Influencing the Choice
of Numerical Method
4y·8/M

On the basis of the preceding discussion the
choice of the most suitable numerical method for a
given problem is an ~ hoc one. Perhaps the most
critical item is to estimate the rate at which
physical processes of interest can change in the
marching (or iteration) direction. This leads to
an estimate of the maximum step in the marching
direction that the changing physical processes
permit. This maximum physical step can then be
compared to the maximum computational marching step
that the various candidate procedures allow. The
number of computational steps required to march
the maximum physical step is thus estimated. To
now compare the various schemes an estimate must
be made of the computational effort required to
take one computational step. With this latter
piece of information the computational cost of
marching the maximum physical step can be estimat'ed
and used to eliminate some of the candidate schemes.
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16.1 (79)
where N is as yet the undefined number of intervals,
the viscous stability requirement reduces to

16.1 (80)
-and typically in a turbulent incompressible boundsry
layer, 0/0* - 6 so that there results in round
figures

16.1 (81)

IW"·'
It 1a obaerved that unfortunately the compuuu-aJ. _rching step decreases as the square
ot the number of grid points and this of course
..,ravates the problem of having to add grid
points for increased accuracy. Further, based on
observation, the physical processes change such
that axial steps of greater than or equal to the
boua4ary layer thickness would be desirable in a
co.putational scheme. It then follows that for
.are than about 14 grid points normal to the wall
in the boundary layer the viscous stability restricCion would force an axial step size of less than
tha desired boundary layer thickness. This would
DOt necessarily rule out schemes governed by a
Viscous stability criterion if the computational
coat per axial step or accuracy were sufficiently
better than competitive schemes taking a larger
azial step. Now, a significant portion of the
cost of marching one axial step goes into fOrming
the coeffiCients for the integration scheme and is
roushly independent of the type of integration, be
it an explicit or implicit formulation. Further,
~ry efficient matrix elimination schemes are
available to treat the system of linear equations
resulting from the implicit formulation. Thus on
balance, in practice, the implicit schemes generally
tend to be only a factor of two or three times
.are costly per axial step than the explicit schemes.
thus, superficially, the break-even point between
conditionally stable explicit schemes snd the
(nominally) unconditionally stable implicit schemes
for the usual boundary layer equations occurs at
rouShly 20 grid points normal to the wall.

wwr

and virtually ~reclude9 the use of sny conditionally
stable procedure.with a viscous stability limit
near~.
With· only a few exceptions computer central
memory storage Tequirements are not normally a
problem with implicit schemes snd if required out
of core storage can usually be obtained and the
cost factored into the evaluation. Coding complexity, sometimes raised as a factor against
implicit methods, turns out to be quite mythical,
as that portion of the complete prediction procedure
dealing with the actual integration can comprise
less than 15% of the overall coding. For this
reason nominally unconditionally stable methods
such as implicit schemes have found favor in
boundary layer prediction methods.

A second eommonly encountered stability
restriction is termed the Courant-Fredericks-Lewy
(CFL) criterion and considering the simple advection equation

16.1 (82)
the CFL criterion generally requires that
od'

TaS I .

16.1 (83)
which when interpreted in the boundary layer frame
of reference requires

Tba axial step restriction can·actual1y be a

tr..t deal more severe than the foregoing simplitied arguments indicate. Firstly, accuracy studies
have indicated that 40 or more grid paints normal
to the wall m~ght be required with a second order
differenee scheme to accurately define the boundary
layer in many Circumstances, particularly when skin
friction (or heat transfer) is important. (This
figure could .be reduced in some cases by fine tuning
the mesh distribution.) Secondly, the previous
arguments were based upon an equal mesh spacing
normal to the wall and the viscous stability
restriction is greatly aggravated if it becomes
necessary to try and define the viscous sub layer
of the turbulent boundary layer. The only alternative to defining the viscous sub layer by means
of mesh points is to assume the validity of the
law of the w~ll between the first grid point away
from the wall and the wall proper. However,
although the viscous sublayer is very thin, approx1aately SOl of the velocity change in the entire
boundary layer occurs across it, so it is a comparatively important region. Thus to date only
the remarkably wide validity of the law of the
vall has made the fitting of the profiles a viable
alternative to adding more grid points. Unfortunately, in a number of instances of critical
importance in gas turbine applications the law of
the wall is influenced by severe favorable pressure
sradiants and heat transfer (amongst other factors)
and such influences cannot readily be accounted for
as a simple correction to the law of the wall.
Indeed as was discussed in the section on integral
prediction schemes the whole topic of the thermal
law of the wall is much less secure than the
VIUocity law of the wall. Hence, in certain cases
~ better success has been obtained using assumptions concerning the turbulence structure than
as.uming velocity or thermal profile similarity
in the ~scous sublayer. Thus in gas turbine heat
transfer applications the desire to place grid
points deep within the· viscous sublayer is ~resent
16-22

16.1 (84)
and since v is small within a boundary layer the
CFL requirement generally does not pose as severe
a restriction as the viscous stability condition
diacussed previously.
16.~.2.6

Non-Linear Aspects

As has been observed earlier the boundary
equations are non-linear when expressed in
terms of the velocity variables, and some discussion of the particular problems arising from
this complication is required .. A change of variables can alleviate the non-littearities somewhat
but with a temperature dependent viscosity,
~ompressib1e flow or a turbulent effective viscosity,
no completely linear system can be achieved by a
change of variable. As a general rule implicit
methods with their eventual goal of a system of
linear algebraic equations make a formal linearization at some point inevitable if the· governing
equations are non-linear. The key point here is
that"inadequate treatment of the non-linear terms
can seriously degrade the overall accuracy of the
method. Two popular methods of dealing with the
non-linearities are to be found in the literature
In the first method finite difference operators are
applied to the governing equations and a non-linear
set of algebraic equations obtained. The non-linear
~et of algebraic equations can then be solved, for
instance, by a Newton- Raphson technique. As an
..alternative, the governing equations can be linearized by.some procedure and the finite difference
..operators then produce a linear algebraic system
vithout further ado. Explicit procedures can, of
cours~ be applied to exactly the same set of
linearized governing equations, however as a class
they do permit a Simpler process of linearization
as a result of ~he extensive use of the known level
~ayer

I

I

"luttou.

Iu the explicit schemes it is usual to
the problem in the so-called conservative
to~ of the governing equations, that is, as many
•• poeaible of the dependent variables are placed
vLthlD the derivative operator. For example, by
u.e of the continuity equation the streamwise
.omentum equation given by Eq. 16.1 (74) can be
l'eW1:1tten aa
f9~u1ate

16.1 (85)

+,-

i
••
(puvll_, }
II.,' (p .... l) + h l .,- "II [ - {(PUVl
-,-...,..,-',",_...,..,-'_,:"":,,
YI+' YI-,
I

(pu

_ { Pj+'-P' }
.).,-.)

I

+{ (I'.UY'I+1I2-(IL,u yll-'1Z } ]
(YI+'-YI_,1/2

j

16.1 (86)

I

16.1 (88)
and so obtain

and denoting X marching locations by the subscript
'j' end y locations by the subscript 'i' the
.omentum equation csn give, for instance, the
axplicit formula

I

Now obviously such a linearization is quite crude
and introduces a first order error in the solution.
A second and considerable improvement is to use
a Newton-Raphson process to obtain

and clearly the only remaining problem, since
everything at the j location is known and p (x)
given, is the determination of p and v and
this is accomplished by similar integration of
the continuity snd energy equations. The linearization problem has been effectively circumvented
by the explicit integration of the conservative
form of the governing equations. However, the
conditional stability problem of explicit methods
xemains.
There are. of

cours~other

advantages to using

& conservative form of the governing equations and

their use is not restricted to explicit schemes
(8ee Roache, Ref. 16.63). Here it is not proposed
to discuss this particular aspect in depth. Clearly
i f the two forms of the governing equations are
equivalent, then for a properly resolved flow the
same answer should be obtained from the conservative as the non-conservative system, to within the
truncation error. The preference for a particular
form, usually the conservative form, stems either
from the linearization simplification or from the
case where the flow is only marginally or poorly
resolved and here the truncation errors are large
and are often more palatably disguised within the
conservative scheme. For this reason when either
form can be used without prejudice, the conservative form is usually selected. Some procedures.
euch as the La~-Wendroff scheme, requi~e governing
equations written in a conservative fc.,,,,.
Returning to the question of linearization
with implicit schemes in addition to the two
previously mentioned approaches at least one other
etrategy has been evolved. This third approach
18 an !4 hoc process which examines an expression
and 1n each term the highest derivative for the
dependent variable is taken as the implicit term
and all others evaluated as a known coefficient
\llling either a previous station's information or
an estimate. For example, in the stresmwiae
momentum equation, considering incompressible flow
for the moment, the streamwise convective term
would be line~rized

16.1 (89)
where n is an iteration index. The concept here
is thst starting from an initial guess, perhaps
the previous X-station solution, a sequence of
linear problems can be solved until the non-linesr
terms are adequately represented. The point to note
with this process is that it can be time-consuming
and unrewarding in fact, to iteratively reduce the
errors ariSing from the linearization approximation
below the basic truncation error of the difference
scheme; for instance, why represent u 2 much better
than the streamwise derivative? This point is the
basis of noniterative linearization which will now
be developed in detail in view of the importance
of dmplicit methods in boundary layer theory and
the critical role of linearization in implicit
methods.
In a recent study Briley and McDonald
(Ref. 16.64) and McDonald and Briley (Ref. 16.65)
applied a noniterative linearization technique in
developing implicit procedures for solving the
multi-dimensional compressible Navier-Stokes and
reduced Navier-Stokes equations. The linearization
was based on a Taylor expansion of the nonlinear
terms about the known level solution. In order to
illustrate this technique and irttroduce the concepts
of the relationship of truncation error arising
from linearization to truncation errors arising
from spatial discretization, consider the nonlinear
ordinary differential equation

16.1 (90)
with exact solution ~ = ~(x). A centered difference
between levels n+l and n lesds to
...n+1 ... n
A_I
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The central problem of the linearization now is to
obtain a satisfactory representation of fn+1 which
contains only linear contributions from ~n+l.
This can be done by expanding about the n level,
as follows,
,n+' .,n+(

3~

t l1</o+~

:;,.)".

~</oz +o(l1"",
16.1 (92)

and again by expsnsion about the n level.
",n+'.",n+ AX

(-1t)" + l>~1

(

::tr

10(Ax'l

16.1 (93)
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Thus from Eq. 16.1 (93). the error in Eq. 16.1 (91)
arising from retaining only linear terms in the
representation of fn+! given by Eq. 16.1 (92),

16.1 (87)
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termed the nonlinear truncation error (NtTE), is of
the order
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whereas the spatial truncation error (STE) in
Eq. 16.1 (91) is of order (llx2/l2) qI'" (xi)'
Both truncation errors are of the same formal order
80 that in this example it is obviously inappropriate in general to proceed to improve only the
NtTE by say. a Newton -R.iphson- technique or a
predictor-corrector procedure, since the effort
involved is more effectively expended by decreasing
the step size Ax which would, consequently,
decrease ~ the NtTE and the STE.
Based on the results of the simple example
ehown above, several additional points are suggested,
notably that the ad hoc linearizations mentioned
previously could effectively reduce the order of
the truncation error of the overall method. Furthermore, an optimum situation is where the NtTE
and the STE are of the same order. Since the
overall truncation error is determined by the
lowest order error, the effort required to obtain
the higher order truncation error, be it NLTE or
STE, must be carefully weighed against the lack
of improvement in the overall method truncation
error. Should a case arise where the NLTE is the
determining factor, this error can be reduced in
the present linearization by taking additional terms
into account in the expansion about the known
time level. These additional terms may be evsluated in a number of different ways, by iteration
across a step, for instance. but once again care
must be taken to ensurp. that the result is worth
the effort. In this regard. the degree of
iteration consistent with the spatial truncation
error in the above linearization is quite evident.
unlike, for instance. some of the techniques for
solving the nonlinear difference equations where
careful establishment of the convergence criterion
(or number of allowable iterations) is necessary.
The procedure may be formalized for a typical
ey.tem with ~ a function of x.y

elimination without further manipulation. If
further, F(4)) were unity and G(4)) Were equal to 4>.
the conventional Crank-Nicolson scheme is recovered.
It is apparent from Eq. 16.1 (96) that if the pseudotime derivatives are themselves linear, then
second-order accuracy requires no more than a simple
Crank-Nicolson averaging of the transverse spatial
derivatives followed by linearization in the
manner of Ref. 64. If the pseudo-time derivatives
are nonlinear. such as ·occur in the conventional
boundary 1ayer,equations, then care is required to
maintain second-order accuracy. The problem
become~ apparent if, for the moment, attention is
devoted to the simple problem of Eq. 16.1 (90).
Here it can easily be shown that even with the
simplest of linearizations, i.e., that fn+l is
equal to f n , first-order accuracy in the pseudotime direction is obtained. Thus it is intuitively
reasonable to expect even a modest linearization
(spproximation) to f n+1 to do better than firstorder accuracy. Turning now to Eq. 16.1 (96), where
pseudo-time derivatives contain non1inearities, it
is obvious here that the simplest of linearizations,
H(4)n+l)
equal to H($n). completely destroys the
solution. Thus considerable care is required in
the case· of nonlinear pseudo-time derivatives. In
these circumstances, an advantage is obtained by
basing the linearization on an expansion about the
(n+J/2) level, as outlined below. and this yields
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further,
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and, of course. in Eq. 16.1 (97)(34>/3x)n+lI2 is
readily represented by a second-order accurate
finite-difference operator. The critical term in
the linearization is then (a4>/ax)n appearing in
the expression for (dH/d4»n+1!2, and this term must be
represented ~ a (n+l) level term in the
finite-difference operator. otherwise lineerity
would be lost. However. it is clear that in
Eq. 16.1 (98) a first order representation of
(a4>/ax)n is adequste to preserve overall secondorder acc~racy and so with a central difference for
(3~/3x)n+~2 and a backward difference for (a~/3x)n.
there results
""+'(</» -""1+) • of>"+'-+" fl dH Y'
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16.1 (95)
Centering between the n+1 and n pseudo time levels
and proceeding as in Eqs. 16.1 (90), (91), (92) and
(93) yields
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H(~) were simply equal to ~,the expansion
liven by Eq. 16.1 (96) is both linear and second
order, and could then be utilized in the implicit

If
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which is the desired expansion. The combination
of Eqa. 16.1 (96) and (99) then provides the linear
difference representation of the model equation,
Eq',16.1 (95), to second-order accuracy.
The foregoing linearization is readily applied
to the boundary layer equations using chain rule
differentiation and interpreting H. for instance,
aa pu 2 and 4> as pu v. In combination with either
a JIlu1ti-1evel difference scheme or by use of iteration, any order non_linear truncation error can
be obtained if desired. Again •. it must be clearly
stated that the marching linearization as preSented
above is conceptually quite different from the NewtonRaphson linearized system devel~ped ~s part of the
solution of the nonlinear equation. In the marchin~

..... by 1iD.ari%~ng about the previous station'a
iRo~ .olution the spatial discretization error and
qQQ~li~.ar truncation errore go hand-in-hand and
~fOV&~at8 in both are obtained by reducing the
"f~htag direction step.
Iteration, which only
~rove. the non-linear error (and perhaps stability),
~osts roughly the same as one marching step and
U poeaib're should be avoided.
Newton-Raphson (or
ClIllle1-l1aearization, as it is·sometimescalled). is
• technique for solving a non-linear equation, which
a8 8 by-product produces a linear system for
iteration. If one identified the first (known)
itlfant as the previous marching direction solution
and the second (unknown) iter ant as the current
.arching direction solution, then in many cases
identical formulae to the marching linearization
are obtained. As a result, many investigators
have not discriminated between marching lineartlation and Newton';'Raphson (quasi-linearization)
but without this discrimination the critical
relationship between spatial and non-linear error
is lost.
16.1.2.7 The Coupled System of Equations
In the usual boundary layer system of equations
the transverse momentum equation reduces to the
requirement that the static pressure be constant
across the boundary layer and this leaves the streamwise momentum equation, the continuity equation and
the thermal energy equation to determine the
velocity components, u, v and the density p.
Further it is clear that these three remaining
equations are coupled together in that all three of
the dependent variables appear in each of·the
loverning equations. The inadequate treatment of
this coupling can seriously degrade the quality of
the solution (Blottner, Ref. 16.66). Perhaps the
simplest coupling treatment is a Picard type of
iteration with the streamwise momentum equation
lenerally being regarded as an equation for u,
the energy equation giving P,. and the continuity
equation yielding v.
The three equations are then
solved sequentially using the most recent values of
the dependent variables. Iteration then serves to
couple the equations together. Blottner was able
to show that a very large number of such iterations
(grester than 10) was often required to obtain
overall second-order accuracy with second-order
spatial difference formulae with iterative coupling.

A much more attractive method is to introduce
a stream function ~ which identically satisfies the
continuity equation and the coupling remains only
between the energy and streamwise momentum equation.
Thi8 residual coupling is often handled in the
•• quential Picard manner outlined previously and
certainly in cases of high heat transfer rates or
at high Mach numbers one would expect a similar
large number of iterations would be necessary in
thi. Icheme for overall second-order accuracy.
Finally, of course, the system can be treated
directly as a coupled system and the matrix enlarged
to form a block banded system, see for instance the
pioneering work of Flugge-Lotz and Blottner (Ref.
l6.B~).
(see Ref. 16.66 for a bibliography). The
QOlt of lolving the complete coupled system is
quitl high compared to solving each of the equationa individually. However, considering the
number of iterations required in the sequential
proce.1 and possible convergence problems, the
direct coupled system becomes very attractive.
In two dimensions there does seem quite s lot to
be a8ined from eliminating the continuity equation
by 80me means or other, although the resulting
eOmplication of the streamwise momentum equation
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udght be significant. The continuity equation is
a first order equation with the momentum equations
being at least second-order and boundary conditions
on the continuity equation can p0ge a problem, so
that its elimination from the system can be advantageous from this point of view also. Unfortunately,
in three space dimensions the utility of the stream
function is greatly diminished since at least two
stream functions must be introduced to eliminate
the continuity equation.
16.1.2.8

Coordinate. Systems and Finite Difference
Grids

For a numerical solution of the boundary layer
equations the finite differencing could be applied
directly to the governing equations in primitive
variable form in physical coordinates. Clearly,·
however, difficulty would be experienced as the
boundary layer grew in the streamwise direction and
stagnation points would require special treatment.
At first sight it might appear that stagnation
regions could be dispersed with in. talking about
turbulent boundary layers. However, the stated
aim here. is to perform airfoil type boundary layer
calculations so that some treatment of the stagnation region is called for. One major attribute
of finite difference methods which it is hoped to
retain, is that the discrimination between the
boundary layer states can all reside in the
turbulence model and that one single scheme can
(conceptually) integrate the governing equations
from the stagnation point into the wake.
The proble@ is further compounded in turbulent
flow by having at least two length scales in the
direction normal to the wall, y+ and yM, where
y+ is the previously defined law of the w.all.
coordinate Y(Tw/pw)l/2/ vw and 15 is some outer
region thickness scale such as the boundary layer
·thickness. The problems of boundary layer growth
and stagnation points are generally treated by
means of a transformation of the governing equations
while the problem of multiple length scales is
usually treated by means of a non-uniform finite
difference grid. Both topics will be briefly
reviewed.
Insofar as transformations of the governing
equations are concerned, much of the early work in
laminar flow used the Crocco variables x and u as
independent variables with the shesr stress , as
dependent variable. This scheme has several
valuable properties, among them is the combining
of the continuity equation and streamwise momentum
equation, and this has distinct advantages from
the equation coupling viewpoint discussed previously.
In addition, by choosing equal increments in u,
the problem of the multi~length scale boundary
layer is treated without the need for a non-uniform
mesh. Unfortunately, this transformation does not
countenance double-valued velocities such as might
occur with a velocity profile overshoot, a common
occurrence in a film-cooled boundary layer. Consequently this transformation is not widely used
in turbulent boundary layer procedures.

As was mentioned previously, many authors
introduce the stream function and this can be done
as an independent variable in the von Mises form
of the equations. Here the advantages are similar
to the use of the Crocco variables but the doublevalued stream function problem is not permissible
in any event in the steady boundary layer system
of equations as it implies reverse flow. In the
von Mises system a singlllarity at the wall re~uires

careful handling; however, in many circumstances
the governing equations need not be solved at the
wall proper but can be structured such that the
first point away from the wall is the first location
the governing equations arB used. Thus the von Mises
fo~ is quite attractive although it does not remove
the problem of leading edge singularities nor grid
growth. Patankar and Spalding (Ref. 16.67), for
inatance, use this formulation in their widely used
turbulent boundary layer prediction scheme.
Other authors have used transformations of the
Dorodnitsyn-Howarth-Stewartson-Illingworth variety
which introduced a new normal coordinate stretched
by the local density. Use of this transformation
reduces the resolution problem with severe density
gradients; however, it does nothing for the stagnation point problem. This transformation is in
fact incorporated into the Levy-Lees transformation
which does have the property of removing the leading
edge starting point difficulty. The Levy-Lees
transformation is quite straightforward and is
particularly well suited to laminar flow due to its
close relationship to the laminar flow similarity
coordinates. This relationship obviously is of
less importance in turbulent flow where the laminar
flow similarity coordinates are not relevant and
such a formulation may even be at some disadvantage.
Be this as it may, the Levy-Lees transformation has
been used quite successfully by Cebeci and Smith
(Ref. 16.68) for both laminar and turbulent flow.
Now in all of the foregoing transformations
use may be made of known edge quantities to nondimensionalize variables. As an extension of this
process some authors use a transformation where the
distance normal to the wall is normalized by some
local boundary layer thickness parameter, usually
the "incompressible" displacement thickness
Such a transformation has the advantage
that it can remove the leading edge starting problem
and also ease the nonlinear problem since, for
instance, the stream function wl,p·e as a function
of y/&* does not change rapidly in the marching
direction, thus a prior station's solution provides
a very good approximation for treating the nonlinear
process. Grid growth is also more easily treated in
this frame. The principle disadvantage of this*
transformation is that the unknown thic!mess a at
the location where the solution is being sought is
required and this can be accomplished either iteratively (as part of a nonlinear iterative process)
or directly as part of the elimination process in
the solution of the banded matrix. This 6* transformation has been used successfully by Herring
and Mellor (Ref. 16.69) and McDonald and Fish
(Ref. 16.58).

0·.

is to have a.grid which allows roughly equal

increments in the variables p, u or pu, whichever
is the most demanding. As waS mentioned earlier,
use of the von Mises transformation greatly
simplifies this process in all but a few instances.
However, in general the first complication is the
a priori determination of what will be an adequate
grid for a given problem. The second complication
concerns the structure of the finite difference
formulation with a nonuniform mesh. Each of these
factors will be discussed in turn.
Taking the easier factor first, that of considering the effect of the nonuniform mesh on the
finite difference structure itself, it is noted
thst this problem only arises when the finite
difference molecule requires more than two grid
points. The Keller box method (Ref. 16.70), which
centers the solution between grid points, thus
very neatly circumvents the unequal mesh problem
since it is essentially a two point method. The
Keller box method does have certain other less
attrective features so that in general other
treatments of the unequal mesh problem might be
required. The very straightforward method of
simply devising unequally spaced difference formulae
by Taylor expansion or equivalently by Lagrange
interpolation does have the problem that unless
the mesh eccentriCity, i.e., ratio of adjacent
grid step size, is near unity,. a reduction in order
accuracy of the calculation will result. Blottner
(Ref. 16.71) has discussed this problem in detail
and sdvocates use of a transformation to determine
the unequal mesh difference formulae where
y • ICy')
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and in the y' space an equally spaced mesh is
used. Difference formulae are then constructed
by the chain rule
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and Blattner (Ref. 16.71) advocates a finite difference
approximation to the derivatives of the stretching
function f, with the second derivative evaluated
in conservative form, e.g.,
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In summary then, given the basic desire to
have one formulation which can encompass the entire
turbine airfoil boundary layer starting at the
leading edge stagnation point and ending in the
airfoil wake, the choice would seem to lie between
the Levy-Lees or &* transformation (or indeed a
combination of them both) with the use of a streamfunction in either case. Apart from the stagnation
region prOblem, (which has been circumvented by a
number of authors who simply start from a very
thin initial boundary layer of some assumed shape)
the von Mises transformation is also very attractive.

whereas Briley and McDonald. (Ref. 16.64) have
preferred with some success to differentiate an
analytic stretching function, notably the one
suggeated by Roberts (Ref. 16.72). Similar analytic
differentiation of the geometric progression form
of the distribution function used by Smith and
Cebeci (Ref. 16.73) and McDonald and Fish (Ref.
16.58) is readily accomplished. In practice given
the choice, the transformation process is to be
preferred for determining unequally spaced difference formulae, if for no other reason than to
ensure a smooth distribution of truncation error.

Turning now to the problem of distributing
the mesh points across the boundary layer, two
complicating factors in what would otherwise be a
straightforward process are observed. The aim here

Turning now to the second factor, that of
determining a suitable mesh distribution for a
given problem. here the various anproaches
exhibit little unanimity. The prOblem is greatly
simplified if it is not desired to define the
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sublayer, a course of action previously deemed unacceptable in regions of high heat transfer or highly
accelerated flows. Above the sublayer a very nearly
squal mesh suffices for the turbulent boundary layer and
the only problem is the growth of the boundary layer.
The growth problem may be treated by periodic
re-interpolation of the solution and is particularly
simple with an explicit scheme (Nash, Ref. 16.74). Two
stretching techniques in use to define the sublayer are
the previously mentioned geometric progression and the
Roberts'technique. In using either technique a minimum
step size normal to the wall is estimated, usually on
the basis of requiring a y~IN to be in the region of
two to four. In the geometric progression scheme the
number of grid paints felt appropriate to define the
boundary layer thickness serve to define the required
constant grid eccentricity. This selection process
usually assures a good grid for turbulent flow provided
the eccentricity is less than about 1.1. However, for
laminar flow the grid is almost certainly too refined,
but overall this rather conservative selection works
quite well in practice in performing airfoil boundary
layer calculations. Even so, McDonald and Fish found
it convenient to have a re-interpolation scheme available so that if necessary the grid can be restructured
during the course of a calculation.
In using the Robert~ technique two or more domains
of uniform but differing mesh sizes are identified.
Obviously in the boundary layer the two regions are the
wall and wake regions. The Roberts'scheme then distributes the grid points to smoothly. blend the various
regions. Again the desire to place say. three or four
grid points, below a ytof 15 determines the inner scale
while the total number of available grid points and the
overall maximum boundary layer thickness provide the
necessary information to prescribe the transformation.
Again in practice the laminar region of a typical
airfoil is probably overly described but the overall
problem does not usually lend itself to optimizing the
normal grid for the axial flow development. The most
feaSible approach at this point is to monitor the axial
development and should the mesh become too badly
distributed, perform a reinterpolation of the grid.
Excepting very high Mach number flows where the density
gradients near the outer edge of the boundary layer can
be appreciable, either the geometric progression or the
Robert~ scheme can lead to an acceptable grid.
Use of
a non-dimensional y -coordinate with a localized boundary
layer thickness scale as the normalizing agent does
greatly simplify the problem of having an adequate grid
for the entire·airfoil surface.

£irst grid point placed at a y+ or between
two and four. Subsequently it does not seem
.', advisable to allow the velocity to change from
grid point to grid. point by more than .05 ue
without redistributing the mesh. Given a
mesh of this degree of refinement it might be
expected that changes in heat transfer rates
could be held to less than approximately two
percent upon mesh refinement.
16.1.2.9

Starting Profiles

For an initial value problem of the
boundary layer type, information must be
supplied which either directly or indirectly
allows starting profiles of the dependent
variables to be prescribed. The vslocity and
temperature profile families for ~oth laminar
and turbulent flow discussed in the section
on integral methods have been widely used in
this regard. Without difficulty these profiles
can be used to specify the density and axial
velocity at some initial location. Difficulty,
however, can be experienced in determining
the variation of transverse (or spanwise)
velocity across the boundary layer. Examination of the continuity equation reveals that
this transverse velocity is a function of the
axial rate of change of the axial velocity.
Thus for consistency this transverse velocity
really should be obtained from some suggestion
as to· the axial variation of the axial velocity
profile. The various methods used in this
. regard will now be reviewed briefly.
Firstly, the problem can be resolved by
-setting the transverse velocity to zero at the
initial station, since ·indeed boundary layer
theory requires the transverse velocity to be
small in any event. Subsequently, quite rapid
changes in the predicted boundary layer
behavior can occur and this starting technique
cannot be recommended unless in the region of
interest the predictions can be shown to be
insensitive to the starting conditions. When
predictions are being compared with measurements,often it is desired (and the information
known) to match the initial rate of change of,
say, the displacement thickness to the observed
value. By integrating the continuity equation,
one obtains
Y

Lastly, it remains to define the term "adequate
grid" used previously and here only very general guidelines can be given. It should be clear at this paint
that the onus of determining whether or not a grid is
acceptable must lie with the user. in view of the ad hoc
nature of the grid selection process. It is quite- --unrealistic to expect the originators of the procedure
to provide a default mesh selection scheme which will
be adequate for all boundary layer problems. The user
must select a mesh, both normal and aXial, and determine
the variation of some critical parameter, such as skin
friction, with mesh refinement on a typical problem case.
Only when the critical parameter does not change to aome
acceptable degree of tolerance (user defined) can the
mesh be considered adequate. Subsequent cases must
still be examined to see that the solution remains
similarly distributed to the mesh rc~inement case. For
airfoil calculation an approximate guide might be to take
axial step sizes in the region of the boundary layer
thickness and this translates roughly into fifty to
sixty axial locations per surface. Normal to the wall
prior experience suggests something in excess of forty
grid points in a second or. lower order scheme with the
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so that the de·aired transverse velocity ve
the edge of the boundary layer at the initial
~ocation is known and by a simple axial iteration the transverse velocity profile shape
at the first computed axial location in terms
of, for instance, vlve vs y/o* could be used at
the initial location with the ve obtained
from Eq. 16.1 (103). Further, in cases where
the measured axial rate of change of displacement thickness is not known, some approximation
(such as the £lat plate value) for this rate
of change could be adopted.
As a straightforward development of the
foregoing technique it is often assumed that
in terms of certain similarity coordinates
the axial derivatives are negligible, i.e ••
a local equilibrium is assumed. Special
forms of the governing equations independent
of the axial coordinate are then obtained and

_________,-________________....•....

_=_lI~k:':~

the equilibrium values of all the velocity components found
iteratively by integration. This is in essence
the treatment used at stagnation points for, although
·tbt .tream function Iji or the velocities u and v might
b• • ero,lji/'e' ulu e and vlv e are still well behaved and
caR be derived from assumptions of the type

~y
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By u.e of the local equilibrium hypothesis both
&sial and transverse velocity profiles can be obtained
at the starting location. The iterative solution of
the similarity equations can be started from the laminar
or turbulent profile families described earlier. In
this mode of operation no additional information is
required by the finite difference procedures that would
be required to start the integral methods. This local
equilibrium starting technique has been used very
euccessfully in both laminar and turbulent flows by
Mellor and Herring (Ref. 16.69), Cebeci and Smith (Ref.
16.73) and McDonald and Fish (Ref. 16.58).

Lastly, some finite difference schemes, notably
aome of the Russian methods of splitting described by
Yanenko (Ref. 16.75) offer the prospect by careful
atructuring of not requiring an initial profile of
transverse velocity when applied to the boundary layer
equations. Such methods are multi-level in that severa!
intermediate level solutions are obtained in the process
of aerching one axial step. While the user might not
vtah to use such a scheme once the solutions were started,
ea a atarting technique they are very intriguing.

16.1.2.10 Ibe Current Status of Finite Difference
Boundary Layer Procedures
Unlike integral procedures for predicting boundary
'layer development, the status of finite difference schemes
tor solving parabolic and hyperbolic equations is changing
rapidly at the present time. For this reason it is not
proposed to review the available schemes with a view to
recommending some "best" procedure for the turbine problem.
Such a recommendation would doubtless soon be outdated.
Nor is it intended to describe anyone scheme in detail,
for to do justice considerably more apace would be required
than is available here. Instead some of the better known
current schemes will be revielied in the light of the
topics discussed in earlier paragraphs. Hopefully, by
following this same process the reader will be better able
to evaluate the suitability of the newer schemes that will
become available in the future. Again the pitfalls of the
relatively untried scheme must be cautioned against and
anyone contemplating such an application should read the
charming little essay on this subject by Moretti (Ref.
16.76). Finally little comment at this point will be made
on the various turbulence models incorporated into the
various procedures. Almost certainly the various models
are interchangeable and best reviewed separately as a
class.
If a start is made by ruling out any scheme that
cannot treat both laminar and turbulent boundary layers
for the simple reason that~extensive regions of both
types of boundary layers are found on turbine blaCes,
curiously enough the highly regarded scheme of BradshawFerriss (Ref. 16.77) must be discarded. Doubtless an
iapliCit version of the Bradshaw-Ferriss procedure which
·retained the laminar viscosity could be constructed (and
at this point probably has) and in thia state it would
be a much more practical procedure for gas turbine applications. In any event, the original Bradshaw-Ferriss
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code is probably best viewed ss a vehicle for
implementing a turbulence model snd not as a
general purpose boundary layer code. Nash
(Ref. 16.74) uses a modified version of
Bradshaw's turbulence model in an explicit
three-dimensional turbulent procedure but
with the same scheme he has performed a number
of laminar two_dimensional calculations
without difficulty. The major objection that
one would have to Nash's scheme for gas turbine applications would be that the conditional
stability ariSing from the explicit integration
would not allow the viscOUS sublayer to be
defined efficiently. Using the DuFort-Frankel
scheme, Pletcher (Ref. 16.62) developed an
apparently unconditionally stable explicit
procedure (in the usual linear sense) in
which the sub layer was defined without difficulty. Pletcher has successfully tested his
procedure on a wide variety of flows and the
usual objection to inconsistent schemes, that
of not being able to reduce the truncation
error beyond aome point for an aribitrary
mesh, although disquieting, apparently did
greatly influence his results as far as can
be determined. Coupling and nonlinear trtmcation errors might be expected to affect the
aforementioned procedures in gas turbine
applications however.
Turning to the implicit schemes, attention still is restricted to procedures with
a demonstrated capability for treating turbulent
as well as laminar flow. Thus, highly regarded
schemes such as the Davis coupled scheme
(Blottner, Ref. 16.78) and the fourth order
scheme of Peters (Ref. 16.79) will not be
discussed. Such schemes may well be the fabric
of the future but further discussion at this
point is probably premature. Rapidly becoming
one of the most widely used schemes, the
procedure of Spalding and Pa.tankar has much to
recommend it. In its original form only the
lack of a sublayer or stagnation point could
seriously be held against the procedure for
gas turbine applications. The lack of the
sub layer hss been removed by a number of
people, for instance Launder and Jones (Ref.
16.80) and a highly developed version widely
available from Kays et al. (Ref. 16.81) in a
form well suited for gas turbine use, with the
exception of the stagnation point treatment.
In this regard it is claimed by~ecko (Ref.
16.82) that starting the Patankar and Spalding
(Ref. 16.67) scheme for Bome arbitrary and
small boundary layer thickness is an adequate
treatment of the stagnation region. However,
should this fail to be satisfactory in some
instances, an acceptable alternative stagnation point treatment might be very costly
to develop.
Three widely available, highly developed,
and extensively tested schemes of quite similar
construction have been developed by Herring
and Mellor (Ref. 16.69), Cebeci and Smith
(Ref. 16.73) and McDonald and Fish (Ref.
16.58). In all three cases the procedure of
Hartree and Womersly is followed where the
streamwise direction is discretized first.
Originally Hellor and Herring then treated the
resulting two point boundary value problem by
a shooting technique but subsequently abandoned
this technique in favor of an implicit Gaussian
elimination process very similar to that developed by McDonald and Fish (Ref. 16.58). Cebeci
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and Smith (Ref. 16.73) used the Ch01e~ki ~rocess to treat
their implicit system of equations. All three methods
treat both the sub layer and stagnation points and have
optional equilibrium starting procedures. As a result
of their structure this type of method requires the nonlinear two ~oint bouodary value system be iterated out
to a fair degree of convergence to retain spatial stability. During this non-linear processing, grid growth and
equation coupling can be taken csre of.
More recently in an effort to improve the efficiency
of ~erforming routine bouodaFY layer calculations, presumably with the three-dimensional problem in mind, Keller
and Cebeci (Ref. 16.83) have applied Keller's so-called
box scheme. In this scheme the boundary iayer equations
are written as a nonlinear set of coupled first order
equations which are treated directly by a Newton-Raphson
process which gives riee to a block tridiagonal matrix
for elimination.
Only four grid points are used in this
scheme, hence the box terminology. Although with the
passing of time the first wave of enthusiasm for this
technique has diminished somewhat (Blottner, Ref. 16.66),
it does seem to be a very neat scheme for the
boundary layer equations and is marred really only by
its storage requirements. The technique has apparently
no problem at stagnation points and can treat the sublayer.
At the present time it is being extensively tested and
developed.
Although not so widely known as the' foregoing schemes,
Harris (Ref. 16.84) has developed a turbulent version of
the laminar scheme originally developed by Flugge-Lotz
and Blottner (Ref. 16.85) which apparently worked well but
is not widely used. Adams (Ref. l6.8~ developed a scheme
of quite remarkable similarity to that constructed by
Barris. Finally the strip scheme of Kendall (Ref. 16.87)
has fallen into widespread use for performing reacting
boundary layer calculations, for which purpose it has
been highly developed. Given the ready svailability of
other schemes with well documented capabilities, there
has not been any great incentive to pursue the application of Kendall's scheme for turbomachinery problems.
A number of the foregoing schemes are very widely
available and of quite similar nominal cspability. In
certain cases the choice would appear to reduce to evaluating the relative economics of the competing schemes,
since the schemes mentioned earlier all seem quite robust
in operation. Order accuracy considerations, which
might be expected to provide some guidance, are such
that in most of the schemes formal second order accuracy
is relatively easily attained by proper centering of the
acheme. However, in many schemes routinely a first
order difference in the axial direction is used to avoid
apatial wiggles which can remain undamped in some cases.
Thus the demonstrated ability to routinely use a second
order axial scheme and consequently use fewer axial steps
in a computation would be an attractive feature of the
selected scheme, but one which has not yet been clearly
attributed to any developed procedure. Hence, given that
the schemes all require about the same number of mesh
points, the point can be made that a large portion of the
cost of marching·one axial step is made up of forming
coefficients of the discretised governing equations and
is roughly independent of the precise details of the
integration scheme. Thus the great variations in quoted
run times among the various procedures, even given the
difficulty of establishing a common base for comparison,
must reside in the treatment of the nonlinearities and
coupling between equations. Rigorous treatments like
that in the Keller box scheme or the one used in the
Hartree-Womersly based schemes are obviously time-consuming
and very conservative in comparison to say, the sche~e of
Pdtankar and Spalding (Ref. 16.67) with its almost pathological avoidance of iteration. The question of adequacy
and accuracy can only be answered on an ad hoc basis and
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·it must therefore be the onus of the potential
user to satisfy himself that the solutions to
hiB problem are mesh independent to his required
- degree of accuracy. Clearly in the eyes of some
experts it will be necessary to use a much more
refined axial mesh, either that,or iterate at
given axial locatio~ for some demanding problems
with a method like Spalding and Patankar with
its cursory treatment of non-linearities and
coupling, than with the Keller or HartreeWomersly schemes. The ideal situation is one
in which the treatment of the coupling, nonlinearities and spatial differencing are all
accurate to the same degree, and Anderson
(Ref. 16.88) has tried to implement this
concept in developing a modified version of
the Keller box scheme. However, the key point
is that as obtained "off the shelf" so to
s~eak, the various suitable and similar schemes
might exhibit markedly differing run times for
a given problem. This run time variation would
be related to the degree of conservatism (or
lack of it) of the originator. Further, many
of the quoted run times are times required to
achieve a level of comparison with experiment,
not necessarily Some degree of mesh independence of solution.
At this point discussion of the finite
difference procedures for predicting the
boundary layer behavior. will be terminated.
Several good robust schemes are widely available and the prospects are excellent for the
development of even more efficient schemes.
16.1.3 Axisymmetric (Pitch-Averaged)
Boundary Layers
16.1.3.1 Motivation
In the turbomachine, the hub and casing
boundary layers, commonly called the "annulus
wall boundary layers" can, in a very simple
minded view, be thought of as swirling aXially
symmetric boundary layers and as such the
study of this type of boundary layer would
obviously seem worthwhile. That such a
simplified viewpoint necessitates s high
degree of compromise is well known. The hub
and casing surfaces are often not continuous
and frequently stationary surfaces lie adjacent
to rotating components. Leakage and coolant
flow often occurs through gaps in the surface,
but all these difficulties shrink to insignificance when compared to the effect of blade
or stator rows. Here the overturning of the
annulus wall boundary layers within -the blade
or stator row due to the mainstream deflection
and the periodic shedding of these large wakes
into the subsequent stages causes major effects
which cannot be rigorously taken into account
in any axially symmetric boundary layer analyses.
The difficulties involved in any more rigorous
approach are of course qUite daunting and this
has led to the development of the concept of
"pitch averaging". In the pitch averaging
approsch the azimuthal variations are expressed
as a mean value plus a small perturbation and
the equations of motion averaged in the
azimuthal directio~ The resulting equations
are quite as rigorous as the original unaveraged set and, as in the similarly treated
turbulence problem, the unknowns are now the
mean values and the correlation of the
perturbations or "fluctuation". The pitch

averaged approach has obvious value if the mean values
.and correlations can be approximated such that the
resulting averaged flow is reasonably well predicted.
The current indications are that indeed this pitch
averaging could be a very useful tool and this concept will now be developed. Much of the original
work on this topiC has been carried out by Horlock
and his co-workers with independent contributions by
Mellor and its application in an integral formulation
described in detail by Horlock and Perkins (Ref. 16.89)
and Mellor and Wood (Ref. 16.92).
16.1.3.2

The Governing Equations

with the metric coefficients hI. h2' and h3
giving the arc length ds by

Implicit in the form of the governing equations
ia a coordinate system. In developing integral
~ments of the governing equations it has long been
recognized that certain coordinate systems possess
major advantages over others. In particular streamline coordinates based on the local direction of
the inviscid flow at the edge of the boundary layer
greatly simplify the momentum integral equations.
This advantage disappears when the partial differential equations themselves are treated directly by
numerical methods and in this case the effort has
been to develop coordinate systems which allow the
solution to be obtained in some logical manner.
Anderson (Ref. 16.88) has pointed out that use of
streamline coordinates or approximations to them on
a local basis allows the governing equations to be
simplified since the velocities normal to the
approximate streamlines may be small, particularly
in internal flow where the flow is constrained
between two boundary surfaces. For his finite
difference scheme Anderson used the potential flow
streamlines as an approximation to the real flow.
Haat authors have also used orthogonal coordinate
systems although this is by no means necessary and
in the numerical schemes orthogonality can readily
be abandoned if a more convenient coordinate system
results. Starting then from the orthogonal system
of curvilinear coordinates originally due to Hayes
(Ref. 16.90) for the three-dimensional boundary
layer one has:

dst • h~d.! + h:dl+h:dl
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and it is in essence assuming that the local
boundary layer thickness'is small compared
with the principle radius of curvature of the
surface. Of the two possibilities, either to
Reynolds time average first then pitch average,
or vice versa, the usual precedent of time
averaging first is adopted. With the accepted
boundary layer approximations, the Reynolds
time averaging of the equations results in
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where the Reynolds normal stresses have been
neglected. SubsequentlY the stress terms
~ arr/ay - p ~ are written Tx. t etc. The
time derivatives are retained on tle supposition that the mean motion can still be allowed
to vary in time prOVided the variation does not
occur on a time scale approaching that of the __
turbulence. It has also been assumed that pw»p 'w'.
Anderson (Ref. 16.88) retains the hZ
metric in his derivation of the averaged
equations. Such a development might well be
important in certain applications but for the
moment the usual pracedant of HuttJuH Llill 1'2
metric to unity is followed (the thin shear
layer approximation). The pitch averaged
equations can now be derived by introducing

I
I

SUlD of some
pitch averaged quantity f and a perturbation f'
Svbl!qvently f' ~ill be assumed small relative
tD f. Jly definition

r o - I - t b fdz

~

I
!

where except the effective blade force terms. The
assumption of the thin blade also allows the upper
and lower surface gap coordinate rates of change to
be set equal, however for the moment this
simplification is not applied. The governing
equations are now expressed

the dependent variable f as being the
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x

where
could be any coordinate direction except z.
Now the governing equations are pitch averaged
dropping the Reynolds averaged overbars on all but
the Reynolds shear stress term. Now the single
overbar signifies the pitch averaged value of some
time mean quantity. The double overbar denotes
the pitch averaged value of a turbulent correlation.
The single overbar over a primed quantity denotes
correlation between perturbations from the pitch
averaged mean of some time averaged quantity.
Taking the streamYise momentum equation as an
example and writing g a Za - zb their results
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and in the usual manner the pitch averaged terms
can be expressed aa

and for example
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To recap, the single overbar signifiea the pitch
averaged value of some time mean quantity. The
double overbar denotes the pitch averaged value
of a turbulent correlation. The single overbar
over a primed quantity denotes correlation
between perturbations from the pitch ever aged
mean of some time averaged quantity.
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end 80 on. Clearly for low speed flow it seems
reasonable to neglect the density perturbation and
certainly the triple correlations will normally be
negligible in comparison with the double correlations.
This leaves the pitch avera ted equivalent of the
usual Reynolds shear and normal stresses. At this
point in the development little is known of the
behavior of these correlations and in applications
these terms are usually neglected or crudely approximated. It is to be hoped that the description of
~ese terns viII be improved upon in the future since
it is by no means clear at this stage that they can
be neglected. The remaining additional terms due to
pitch averaging arise from the forces on the blade
aurface and these too, although perhaps less controversial, are still the subject of some debate. The
tnviscid (but not necessarily irrotational) pressures
could be used for the blade surfaces. The stresses
on the blades Ta and Tb emerge as part of a
separate blade boundary layer calculation but in
many inscances their difference may be quite negligible. Finally of course the gradients of the pitch
averaged quantities in the azimuthal direction are
dropped. AdditiOnal simplifications such as assuming
the blades are thin allow the gap g to cancel every-

Having derived the pitch averaged equations,
as usual the choice of further integrating the
governing equations or of treating the partial
differential equations directly remains open.
During the initial stages of the development
of this concep~ the various authors wisely
chose to use the simple integral approach
(see Horlock and Perkins, Ref. 16.89, for a
discussion of the development of this approach).
Encouraged by their success Anderson (Ref.
16.88) developed a finite difference scheme
for solving the basic partial differential
equations of motion. Both.approaches will be
briefly reviewed. Again it is not the purpose
here to present in detail the various approaches
and the reader intent in performing calculations
should consult the original references. Here
the aim is to outline the approach and detail
its strengths and weaknesses.
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The Momentum Integral Approach

16.1.3.3

A straightforward integral normal to the annulus
vall of Eqs. 16.1 (120) and 16.1 (122) gives the
pitch averaged momentum integral equations. The
derivation is given in detail by Daneshyar (Ref. 16.91)
for instance. Various integral thickness parameters
can be introduced and the equations recast and, with
certain coordinate systems, simplified somewhat. Here
the analYSis will not be specialized to that extent
and it serves the present purposes sufficiently well
to present the integral equation in a comparatively
primitive form.

16.1 (124)

and so on. In this form the pitch averaged
momentum equations can now be made to look
exactly like the usual axisymmetric swirling
momentum integral equations with the addition
of force defect terms Dx and Dz •
Adequate
specifications of the force defects is therefore the key to the eventual success of this
type of analysis and this point will be returned
to in a moment. For the time being it is
observed that in addition to the problem of
determining the s treamwise velocity ii there
now arises the problem of determining the
swirl component w, commonly termed the cross
flow velocity, for which one additional equation,
the spanwise momentum equation, has already
become available (the continuity equation Can
be thought of as eliminating ~ from the
system). In the usual integral manner, prOfiles
of ii and w must be specified and additional
momentum equations constructed until the number
of equations is equal to the number of parameters describing the profiles.

Streamwise-Momentum
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and

Considering now the velocity profile family
problem, the strategy commonly adopted has been
to consider a streamwise velocity component
aligned with the direction of the edge inviscid
streamline and a cross-flow component normal
to this inviscid streamline direction. For
small cross flows it is argued that any of the
accepte~ two-dimensional profiles, such as that
due to Coles (Ref. 16.9) suffices for a streamwise profile, thereby also specifying wall
stress. Coles' profile, as discussed at length
earlier, is a two parameter family so that
immediately an additional integral equation is
required. Cumpsty and Read (Ref. 16.93) in the
related problem of the infinite yawed wing, for
instance, generalized Head's very simple
entrainment concept into three dimensions, and
subsequently Horlock (Ref. 16.94) has applied
an entrainment equation in the present problem.
For the cross-flow profile a vsriety of suggestions has been made, such as the variation
of Prandtl's profile made by Mager (ReI. 16.95)
or the well known polar profile due to Johnson
(Ref. 16.96). The Prandtl-Mager profile is a
very simple one parameter family of the form
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If now the original governing equations are
evaluated at the edge of the boundary layer and then
nominally integrated normal to the wall the resulting
set of equations can, by subtraction, be used to
recast the integral equations in integral defect form.
FollOWing Hor1ock and Perkins (Ref. 16.89) and
Mellor and Wood (Ref. 16.92) all of the contributions
from pitch averaging can be lumped together into
force defects of the type,
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where a w . is nominally the angle between the
wall streamline and the edge streamline. Being
a one parameter family (Bw) the Prandtl-Mager
profile requires that no additional equations
need be generated, probably explaining its
widespread use. Johnson's two parameter 901ar
profile has been shown to be an improvement
over the Prandtl-Mager profile. Wheeler and
Johnson (Ref. 16.97) however, noted in review
of this cross-flow profile problem that none
of the cross-flow profiles available at that
time, including some developments of the
Johnson profile, were entirely satisfactory
for their purposes. For this reasOn Wheeler
and Johnson (Ref. 16.97) went on to develop a
direct numerical scheme for the three-dimensional
turbulent boundary layer equation. Horlock and
Perkins (Ref. 16.89) argue against Wheeler and
Johnson's pessimism concerning the cross-flow
profile for the present problem Citing the
reason that in the passage a reasonable form
for the cross flow can be obtained from
secondary flow theory (Horlock, Ref. 16.94).

I

Borlock'8 profile is similar in many respects to
Johnson's profile and the necessary integrals are
liven by Lindsay (Ref. 16.98). For flows where the
force defects Dx and Dz are absent the set of
equations including Hesd's entrainment equation
can be solved without particular difficulty. Lindsay
(Ref. 16.98) for instance, has compared predictions
made using the Johnson profiles with the swirling
axi8~etric flow without blades or body forces,
measured by Hoadley (Ref. 16.99) and achieved moderate
success. Earlier calculations by Hoadley using the
Prandtl-Mager profile, probably fortuitously,
achieved slightly better sgreement.
Turning now to flows with azimuthal variations
the critical problem of the force defect integrals Dx
and Dz arises. The pressure on the blade surfsces
can obviously be determined from some inviscid (but
not necessarily irrotational) analyses. Estimates
of the gapwise variations in u and w can be made
from the same type of analyses and correlation
coefficients constructed using the mean flow averaged
variables as the normalizing scale. The problem with
this approach is that the variations within the
endwall boundary layers are likely to be significant
and possibly not well predicted by the preceding type
of approach. By trial and error Hor10ck and his
co-workers have found that fair estimates ofaxis1
blockage can be made by setting Dx - 0, presumably
as a result of the individual components cancelling
out (Daneshyar, Ref. 16.100). Horlock and Perkins
(Ref. 16.89) cite two different methods for determininl Dz • The first is based on a secondary flow
analysis (which also results in Dx = 0) snd the second,
due to Daneshyar, is semi-empirical. At this point
it seems clear that a very careful evaluation of
the accuracy and generality of the presen~ly available
.uggestions for the force defects Ox and Oz must be
made. If satisfactory 'forms for Ox and Oz can or
have been developed it would appear that even in
.pite of the known profile limitations a very useful
tool would exist where none is presently available.
Obviously endwall loss levels are important and any
means of estimating their level. and behavior ara of
keen interest to designers.
16.1.3.4 The Finite Difference Approach
Given the generally accepted difficulty of
adequately specifying the cross-flow velocity profile, a number of investigators, for instance Nash
(Ref. 16.74), Wheeler and Johnson (Ref. 16.97),
Harris and Morris (Ref. 16.101), Cebeci et al.,
(Ref. 16.102), have been led to develop finite
difference techniques for solving the three-dimensional turbulent boundary layer equations. The
loverning equations in the pitch averaged problem
are in fact the sicplest nontrivial form of these
same three-dimensional boundary layer equations,
that is the axisymmetric swirling boundary layer
equations, with the addition of (given) source
terms Dx and Dz •
No new numerical difficulties
over and above those normally encountered with the
three-dimensional boundary layer equations would
therefore be expected with the pitch averaged
equations of motion. Furthermore, the presence
of ths large cross flow, often found in practice,
leads to potential difficulty with an adequate
.pecification of even the streamwise velocity
profile family. Finally compressibility and hsat
transfer, features of interest to the designer,
lead to a general concern about all the profile
a.sumptions, thus paving the way for a numerical
ap~roach.
Naturally the direct numerical approach
would not have been embarked upon had not the
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simpler integral methods been. encouralingly
successful within their limited sphere of
applicability.
It follows immediately that all of the
"-available schemes for solving the threedimensional boundary layer equations could be
used in the simplified situation considered
here. Alternatively, the two-dimensional schemea
discussed earlier could be extended to incorporate a swirl equation. In either event almost
all of the previous discussion on numerical
methods for the boundarY layer equations applies
in the present instance with almost certainly
there being less interest in laminar flow or
regions of extended transition, both forward
and reverse,
Anderson (Ref. 16.88) appe~s to have been
the first to apply a finite difference scheme
to the pitch averaged equations of motion. In
Anderson's case the approach was an extension
of a two-dimensional scheme rather than a cut
down version of a three-dimensional scheme.
Three-dimensional schemes will be discussed
later in a separate section so no discussion
of the merits or demerits of various threedimensional schemes will be given here.
Initially, Anderson used a straightforward
explicit integration scheme with a law of the
wall fit to cover the region below the first
grid point. Difficulty with the law of the
wall in swirling flow together with the desire
to have a large number of grid points for
accuracy led to the abandonment of the explicit
scheme and-the adoption of an implicit formulation. In view of its many attractive features,
the Keller box scheme, (Ref. 16.70), was finally
selected. The inclusion of the swirl snd energy
equations, however, led to a very large demand
for storage with this technique, the problem
mentioned earlier in connection with the Keller
scheme. Also Anderson followed the linearization
concepts developed by McDonald and Briley
(Ref. 16.65) and linearized the governing
equations to second order, consistent with the
spatial differencing, without any iteration
such as that in the scheme used by Keller and
Cebeci (Ref. 16.83), thus effecting a substantial
savings in already modest computer run times. The
Richardson extrapolation, also recommended by
the originators, was not employed in Anderson's
modified version of the box scheme since in
general accuracy in skin friction below 1% was
not sought. Blattner (Ref. 16.66) recently
demonstrated with the box scheme the inadvisability of usin~ the Richardson extrapolation unless
extreme accuracy was being sought.
Turning to the question of the turbulence
model the penslty for use of the detailed
numerical approach is the requirement of specifying the 'x-~riati~f the turbulent
correlations iliVi and ti'W' •
As was mentioned
earlier, Horlock.and co-workers were able to
circumvent this problem by the use of a generalized version of Head "s entrainment law. At
a later stage the problem of three-dimensional
turbulence models will be examined in detail.
For the moment it is noted that for U'V'
Anderson (Ref. 16.88) used scalar eddy viscosity
with Van Driest's suggestion for the sublayer
followed by Prandtl's mixing length for the
wall region and finally he used Clauser's
suggestion for the outer wake like region. In
this concept, the extension to three dimensions
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of •••entially a two-dimensional model is achieved
by defining the eddy viscosity as

16.1 (130)
whare Q is the velocity parallel to the wall and .t
ia the scalar mixing length. Consequently,
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pitch averaged flow can be made if the vane
or blade forces are known.
In spite of the foregoing difficulties
the pitch averaged approach has a great deal
to recommend it, particularly when the alternative of either giving up or treating the
complete three-dimensional problem is considered.
Much work remains to be done at this point;
however, the design needs are pressing. The
approach clearly provides a bridge between
the simple through flow analyses and the more
exotic but at present incomplete threedimensional intra-vane or blade analyses.

incorporate u'v' and
16.2
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The scalar mixing length, here, takes on the appropriate
two-dimensional form in accordance with the Van DriestPrandtl-Clauser suggestion discussed previously.
Aside from a need to take a four point y averaged
value of the eddy viscosity e, the resulting scheme
worked quite well in practice. Averaging of the eddy
viscosity compromises either the claimed second order
accuracy of the scheme or the turbulence model, but
was necessary to obtain stability with the scheme.
A similar problem was treated in a like manner by
Keller and Cebeci (Ref. 16.83).
In dealing with the force defects Anderson now
had to contend with the detailed speCification of
these quantities across the annulus wall boundary
layers. Here Anderson utilized strip theory with
each blade or stator element treated two-dimensionally
as a plane cascade. The cascade performance was then
estimated either theoretically or from one of the
accepted correlations, both methods being available
in the code. In this way the hub to tip variations
could be obtained by stacking the two-dimensional
strips. Obviously alternative more comp1e~ schemes
to obtain the hub to tip variations can be developed
and incorporated into Anderson's scheme. Given the
encouraging results already obtained, such developments might be very rewarding and at the present time
a thorough evaluation of the force defect problem is
appropriate.

16.1.3.5
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Concluding Remarks on the PitCh-Averaged
Procedures

Insofar as formal pitch averaging is concerned
it must be emphasized that the resulting equations
are quite as rigorous as the three-dimensional equationa from which they were obtained. The simplification resulting from the decrease in dimensions1ity
of the problem has been obtained at the expense of
the loss of information on the details of the flow
in the eliminated dimension. No approximations have as
yet been introduced concerning the nature of this flow.
The situation is identical to the Reynolds averaged
equations of motion but almost certainly much more
tractable due to the less random nature of the flow
in the azimuth compared to the complex nature of
the time variations in a turbulent flow. The exp·ectations are therefore, that given reasonable estimates
of the azimuthal variations and hence the correlation
C.rm. in the equations, sccurate predictions of the
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Within turb~machinery three-dimensional
flows are encountered with unfortunate regularity,
both within the boundary layers and the free
stream. The term "free stream" being used· here
to denote a region where little diffusion,
dissipatio~ or production of turbulence occurs
but a region in which vorticity and turbulence
might still well exist by convection. Simple
three-dimensional flows such as that encountered
on conventional moderate and high aspect ratio
wings (the so-called boundary sheets) are not
usually found in turbomachinery applications.
End effects,such as the strut or rotor endwal1
interactio~are the flows of critical concer~
Such flows cannot be treated properly within
the framework of conventional three-dimensional
boundary 1ayer·ana1yses. This failure of the
conventional analyses may be seen in the previously introduced three-dimensional boundary
layer equations, due originally to Hayes
(Ref. 16.90). In the derivation it has obviously
been assumed that diffusion of momentum in one
direction only (in this notation, in the y
direction) is important. Clearly this assumption breaks down for instance in the vicinity
of a right-angled corner where diffusion normal
to both walls is Significant. Fortunately, the
extra diffusion terms do not change the basic
nature of the problem from an initial boundary
value problem treatable by means of a forward
marching procedure, providing that diffusion
in the·marching direction is still negligible
and that the elliptic character of the pressure
can still be largely suppressed or determined
a priori. The extra complexity of the corner
flow does, however, make solution of the system
by an integral moment technique an exercise
with a very low probability of success. The
equations embodying diffusion in both coordinste
directions are here termed the extended boundary
layer equations.
An additional feature of the extended boundary
layer equations concerns the absence of zones of
influence. To discuss this problem it is necessary to recall the work of Raetz (Ref. 16.103)
who firat investigated the properties of the
conventional three-dimensional laminar boundary
layer equation. Raetz pointed out that diffusion
only occurred in the direction normal to the
wall in the conventional system and that in the
other directions the equations were essentially
hyperbolic and therefore characteristic surface
would exist. As a result Raetz suggested an
"influence principle" would hold and that the
influence of the solution at any point would
be transferred to other points firstly by diffusion in the direction of the surface normal

through the point and then by convection along all
the atreamlines passing through this surface normal.
The zone of influence is then the region bounded by
the body surface. the boundary layer edge. and·a·pair
of characteristic surfaces: one. the surface normal
anvelope passing through the external streamline.
the other the surface normal envelope passing through
the limiting surface streamline. As a companion to
the ZOne of influence Raetz also suggested a "zone
of dependence" which ia bounded by the upstream edges
of the normal to the wall passing through the free
scream and limiting wall streamline which
intersect st the point in question. Only
conditions within the zone of dependence influence
the solution at the point in question and in turn
only the flow in the subsequent zone of influence
would be affected by the flow at the point.
Wesseling (Ref. 16.104) considered the zone
of influence problem from the point of view of the
conventional three-dimensional turbulent boundary
layer equations snd concluded that within this
system Raetz's influence ~rinciple would hold but
the possibility of a smaller zone in turbulent
flow than in laminar flow could not be ruled out.
The smaller zone would arise from the nearly
hyperbolic nature of turbulent transport normal to
aurface outside of the viscous sublayer. (Bradshaw
et al •• Ref. 16.57). The zone of influence problem
haa also been discussed by Wang (Ref. 16.105).
The zone of influence has obvious attributes
when boundary conditions are being applied. For
the conventional system. conditions on the initial
aurface and aubsequently on the edges of the
domain must be prescribed. The initial surface
conditions are discussed by Ting (Ref. l6.106)~nd
it follows that only a limited number of dependent
variables can be arbitrarily assigned starting
values in view of the need to have starting values
of the dependent variables which also satisfy the
governing equations. The usual course of action
.is to specify the streamwise velocity and either
by ±oplication or directl~its axial rate of
change. The Reynolds shear stress, the cross-flow
velocity and the corresponding cross-flow Reynolds
stress. and the density must also be specified: one.
the surface normal to the wall passing through the
external flow streamline. the other, the surface
normal to the wall passing through the limiting wall
streamline. The transverse velocity is derived from
the continuity equation and t.he variables specified
everywhere On the inlet surface. Edge conditions
pose a particular problem; but intuitively. outflow
along the edge requires no boundary conditions as it
is completely determined by the known interior flow
field. Wall surface and free stream edge condition
are assumed given. The central proble~ rests with
the unknown inflow edge conditions. Here the zone of
dependence principle becomes invaluable for it clearly
requires the effect of the unknown inflow boundary
information to remain within the zone of influence of
the inlet plane edges. Thus if the region of
interest is·outside the inlet edge zone of influence.
little concern for the unknown inflow boundary
information need be expressed. The conventional
three-dimensional boundary layer equations therefore can be very useful for· describing the boundary
layer flow on a wing surface where the inflow
regions near the wing root or tip hsve a limited
zone of influence. Unfortunately the converse is
also true and that is if the region of interest
lies within the zone of influence of the edge,
then the appropriate boundary condition information must be supplied. By the usual law of
perversity of circumstances. the root and tip
regions of wings. for instance, are regions of
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.great boundary layer incerest in view of their
major contribution co losses and co stall. Physically then within these important regions che
zone of iufluence principle is of little immediate
help and it is of no great concern that when
diffusion in the spanwise direction is allowed for,
aa it is within the extended boundary layer equations, the dependence principle is no longer
obtained. The extended boundary layer equations
can also have difficulty with inflow boundary
conditions but they do possess the major attribute
of being able to "turn the corner" and proceed to
close the domain. as in a duct, or to proceed to
a plane of symmetry where known information is
available for boundary conditions. Given the type
of problem normally encountered in turbomachinery
applications, the attributes of the extended
boundary layer equations are very impreasive.
~n

the subsequent section a very brief dissome of the better known methods of
predicting the conventional three-dimensional
boundary layer equations will be given. mainly
from the point of view of introducing some of the
major difficulties involved with performing threedimensional calculations. A more complete discussion of three-dimensional boundary layers has
been given recently by Nash snd Patel (Ref. 16.107)
and from the computational point of view by
Blottner (Ref. 16.78). ~n view of the limited
utility of the conventional boundary layer equations much more emphaSis will be placed upon the
development of the extended three-dimensional
boundary layer equations and techniques for their
·solution. Although major subjects in their own
.right._the problem of determining the free stream
and the geometric information will not be discussed
here.
cussion~f

~6.2.l

The Momentum Integral Approach

The.conventionsl three-dimensional boundary
layer equations have been presented earlier during
the development of the pitch averaged equations.
These boundary sheet equations ~ere also integrated
in the ·effectively normal direction y and can be
cast into a number of different forms depending on
the integral defect thickness parameters introduced.
Regardless of the precise form of the eauations
if an n-parameter profile family for the streamwise velocity u is introduced and an m-parameter
profile £or the cross-flow velocity w is introduced
then. since the transverse mass flux pv can be
determined £rom the continuity equation. at least
m + n + 3 .independent equations must be provided
to render the system determinate. The number 3
in the above expression arises from the need to
define the ·density P and the skin friction
components T.,x "and T WZ '
The problem of compressibility will not be directly addressed at
this point and it will be assumed that some energy
relationship exists to specify the local density.
The skin friction relationships will be addressed
-later. Of the required remaining m+n equations
~ising from the adopted mean profile families
the·£irst .integral moment of the momentum equations
provide two-equations and. aa has·already been
discussed at length in two dimensions. additional
moment equations are readily obtained at the expense
of introducing more information on the turbulent
transport mechanisms. The problem of generating
the additional moments of che turbulence will be
ueferred until turbulence models are discussed.
Alternatively additional equations may be derived
by introducing plausible physical arguments such
as Hea~'s entrainment hypothesis. With the foregoing as background the various procedures will be
evaluated.

fW

Consider the stresmwise profile first of sll.
Although not mandatory, frequently in integral
aethoda the direction for this velocity has been
chosen to be thst of the external streamline in a
plane locally parallel to the surface. In this
Cartesian coordinate system the cross-flow component
at the edge of the boundary layer wa ' disappears,
thus simplifying matters. If now tfie simple power
law profile is supposed valid for the streamwise
direction of the cross flow, the Prandtl-Mager
profile is' used. To recap, these are written by

" • u, (y/8 )lIft

16.2 (1)
Now since ~ is given, these profile families
introduce three parameters n, 0 and a, the angle
between the wall and free-stream streamline directions. Note that since the limiting streamline angle
a is a problem parameter, the skin friction determination is simplified since
1'• • (toSp)"I1'WI

16.2 (2)
and thus, only one skin friction relationship need be
specified, ususlly the streamwise component TWX'
Perhaps the simplest use of the foregoing set was by
Mager (Ref. 16.95) who assumed that the streamwise
component of wall shear was given by the very simple
Prandtl-von Karman Law for two dimensional flow.
Since the formulation now only uses three independent
profile parameters, one more than the number of
equations already on hand, Mager closed the set by
specifying that the power law exponent n was a
constant for some particular flow, and usually
ascribed a value around 7. For a simple flow Mager
achieved a very creditable degree of accuracy with
his prediction, due almost certainly to his use of
a value of n taken from the experimen t. The assumption of a constant power law exponent is now widely
regarded as being an oversimplification and as information on two-dimensional boundary layer behavior
increased over the years a number of investigators
have incorporated these developments into the three
dimensional framework following Mager's lead. Dring
(Ref. 16.126) later refined and developed Mager's
technique and applied his scheme to the turbine
endwal1 problem. Perhaps the next major development
occurred when Cumpsty and Head (Ref. 16.93) introduced Thompson's two parameter profile family
(Ref. 16.116) for the streamwise velocity profile.
Thompson's profile is in effect very similar to
Cole~ law of the wall - law of the wake profile
family introduced earlier. Retaining the PrandtlMager profile for the cross '"flow componen't left
Cumpsty and Head with one auxiliary equation to
specify, since the streamwise skin friction was
one of the parameters of the streamwise velOCity
profile. For the auxiliary equation Cumpsty and
Head chose to postulate that the rate of entrainment of free stream fluid into the boundary layer
was uniquely related to the shape of the streamwise velOCity profile in the same way as in twodimensional flow. To obtain the actual auxiliary
equation, the continuity equation is integrated,
(Eq. 16.1(124», and the terms representing the
free-stream entrainment rate collected and replaced
by the assumed relationship to the streamwise
profile. It is to be expected thst Cumpsty and
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Head's procedure would perform much more satisfactory with (vanishingly) small cross flow than
would Hager's procedure, as a general observation,
in view of the close relationship of the CumpstyRead scheme to Head's simple and very effective
two-dimensional boundary layer prediction scheme.
The relative behavior at higher cross flows is
not so apparent however, since it is by no means
certain that for these flows the power law profile
and other assumptions are inferior to law of the
wall - law of the wake concepts for the streamwise
velOCity profile under these particular conditions.
In any event the predictions shown by Cumpsty and
Head agree moderately well with their measurements
for certain integral parameters on an infinite
yawed wing.
In spite of the well understood techniques
for generating integral moment equations and the
tolerance of the concept of an isotropic eddy
viscosity even in some finite difference schemes
(to generate the integral moments of the Reynolds
stresses), there has been little attempt 90 far
to generate three-dimensional multi-parameter
integral schemes. Eichelbrenner and Penke
(Ref. 16.112) used a polynomial cross-flow profile
and essentially the u-moment of the streamwise
momentum equation, simplified someWhat. Horlock
(Ref. 16.94) and Lindsay (Ref. 16.98) used developments of Johnson's profiles together with Hesd's
entrainment concept. Smith (Ref. 16.114) followed
a similsr course to Cumpsty and Head and used
either the Prandt1-Mager profile or a simplified
version of Johnson's profile (the simplification
being that the apex of the Johnson's triangle is
assumed to fall at some fixed value of u+). Smith
trested compressibility by assuming that the
incompressible profile families hold ~n a
'y' coordinate stretched by the local density,
u/u, • ICy'/lI)
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16.2 (3)

and the density evaluated by a quadratic tempersture
profile and, follOWing Myring's (Ref. 16.111) lead,
abandoned external streamline coordinates. A very
similar study was subsequently undertaken by
Thompson and Macdonald (Ref. 16.113).
While not as demanding as the more complete
numerical approaches, solution of the coupled
nonlinear integral equations is not trivial.
Most people have tended to use a variant of the
scheme used by Y~ger (Ref. 16.95) who solved the
coupled integral momentum equations iteratively
and sequentially starting with the streamwise
momentum equation snd lagging the cross flaw information. Once again, unless the number of iterations
is small then the principle attribute of integral
methods, that of speed, is being squandered.
Thompson and Macdonald (Ref. 16.113) encountered
severe numerical problems with the sequential
iterative solution technique near separation
and in some regions of favorable pressure gradient.
Thompson and Macdonald (Ref. 16.113) thereupon
solved the problem by means of a coupled implicit
technique treating the nonlinear coefficients by
iteration. While no details of the ThompsonMacdonald algorithm are'given, it would seem on
the surface to be a very appropriate solution
technique.
Two obaervations can be made on the work done
to date. The first is that in general the level
of agreement between prediction and measurement
i8 poorer than that which is achieved by integral

techniques in two dimensions. The second is that none
of the existing three-dimensional schemes when applied
in two dimensions are more advanced than say Green's
••rsion (Ref. 16.115) of Bead's 'simple entrainment
. .thad. Clearly then for three dimensions there is
.uch room for improvement since the existing level of
agreement is in general not adequate even for loss
level estimates. In restricted classes of three-dimensional problems it would seem feasible to modify the
various assumptions such that for that particular
class of problem good agreement with measurement could
be ob~ained. The question that any user must answer
for his particular projected use, is the
investment of effort best spent in developing an
integral scheme further or are the mean profile
problems such that the effort is better invested in
a finite difference scheme? Insofar as the profile
assumptions are concerned Wheeler and Johnson (Ref.
16.97) and Nash and Patel (Ref. 16.107) show the
limdtations of the existing suggestions and,while
improvements can be made,it must be remembered
that each additional profile parameter introduced
to improve the profile description requires an additional equation be added to the system. Only if the
number of profile parameters is kept small do
integral schemes retain an attractive speed advantage over the completely numerical treatment of the
basic three-dimensional boundary layer equations of
motion. It must 'also be recalled that with the
existing integral schemes compressibility is at best
iiven a rather cursory treatment, the application
envisaged for these schemes usually being the subaonic wing problem where compressibility effects
are not 2arge. Significant heat transfer effects,
such as might occur on turbine blades, are as yet
DOt allowed for within the existing integral schemes.
A. a consequence of these problems with integral
procedures a number of investigators 'have be~n led
to develop finite difference methods for solving the
three-dimensional boundary layer equations. These
finite difference schemes would appear better suited
for general turbomachinery applications than existing
integral schemes, although still limited by the
boundary sheet approximations.
16,.2.2

The Finite Difference Approach

Largely evaded in the treatment by existing
integral methods is the question of the two Reynolds
atress components. This problem is inescapable when
the f10ite difference approach is considered, and
the problem will be discussed and current solution
techniques described in the section on turbulence
models. The remaining problems are the variety of
choices for the form of the equations and the
coordinate system, the stability and accuracy of
the numerical methods, the starting problem and the
previously mentioned inflow boundary conditions.
As in the discussion of integral schemes bath the
boundary layer edge conditions and the metrical
1oformation are assumed known. In actuality determination of both of these latter items might well
1ovo1ve more work than the determination of the
boundary layer behavior itself, but discussion of
them is inappropriate here.
Historically work on the three-dimensional
boundary layer equations has :'een concerned either
with the development of some innovative numerical,
scheme or with the description of the turbulent
transport in three dimensions. In the former case
much progress has already been made and in the
latter instance fairly simple numerical schemes
were adopted to expedite the description and
evaluation of the critical features of the turbu16-37

lent flow, again with an encouraging degree of
success. Presently second generation turbu2ent
boundary layer schemes are being evolved embodying
aspects of the more recent numerical developments •

In discuss10g the numerical problem of
treating the three-dimensional boundary layer
equations the previous section on numerical methods
for the boundary layer partial differential equations is relevant. In the present section the
additional special features arising 10 the case
of the three-dimensional boundary layer will be
'discussed in the same order of presentation as
was adopted in the earlier numerical section.
Starting with the choice of numerical method"yet
another stability parameter arises. Frequently,
due to the cross-flow velocity w, it is of the form
h,.Ax

y. ,\uAz
16.2 (4)
with .6x and 6z being the marching and spanwise
direc tions and hI and h3, the appropriate metric.
Krause et a1., (Ref. 16.109) have shown the
stability parameter y must satisfy certain
restrictions for many schemes. Perhaps the most
common restriction is th'at for a number of schemes
y must never be negative. The implication
being that, for these schemes, the crass, flow ve10ci ty
~
cannot be allowed to change sign (the spanwise
marching direction chosen to give w positive).
Certainly the cross-flow velocity can change sign
in flows of 'real interest, as evidenced by the
-measurements of Klinksiek and Pierce (Ref. 26.106)
in an S-shaped duct. Indeed much of the criticism
of Johnson's profile family (Ref. 16.96) was
directed at its 1oabi1ity to treat cross-over
profiles where the cross flaw changed siRn. It
wou2d seem then that the cross flow stability
parameter could prove catastrophically restrictive
10 some applications. Much less dangerous is the
other restriction sometimes encountered that
-l<y, for here at least the prospect exists of
reducing the axial step to satisfy the stability
requirement and on average -1 is not a particularly
small value of the parameter. Difficulties could
be expected when a small spanwise mesh was desired
simultaneously with a large axial step, a not
uncommon set of circumstances. Also it is possible
to have local flaw angles in excess of 45 0 so
that wlu can exceed unity and this again might
require the axial step be reduced. Unfortunately,
there is as yet no unconditionally stable scheme
available for the usual three-dimensional boundary
layer equations, (this observation will be qualified
in a moment) even implicit methods suffering in this
regard. In the extended boundary layer equations,
diffusion in the spanwise direction is retained
and several unconditionally stable schemes for the
lineari&ed system of equations are avai2able. The
converse is also true in that one of the unconditionally stable implicit techniques for treating
the extended boundary layer equations could be
reduced by neglecting spanwise diffusion. lfuen
applied to the conventional boundary layer equations, it is indeed probably best to think of the
procedure of Kendall et a1., (Ref. 16.125) in
this 2ight. This brings into focus the essential
difference of the extended implicit schemes and
the conventional implicit schemes. 1n the former,
both the spanwise direction and the normal direction are considered implicitly and boundary
conditions at either end of the spanwise sweep

are satisfied. In the latter case of the conventional boundary layer equations, only the normal
direction is considered implicitlYi an embarassment
if the initial value behavior of the spanwise sweep
is not obtained. In Hne with the foregoing, i t
8eema appropriate to term the case,where only the
normal direction is considered implicitly, a semiimplicit method and when both directions are taken
implicitly, a fully implicit method.

Insofar as the linearization process is
concerned no additional problems arise in three
dimensions. The problems of ad hoc linearizations
and coupling are emphasized however since nonnegligible product terms puw, for instance,
appear in the equations, calling attention to the
coupled nonlinear nature of the problem. The
cross-flaw velocity w is of course not necessarily
small and indeed a great deal of the difficulty
with obtaining even integral solutions has been
traced by Thompson and Macdonald (Ref. 16.113)
to the linearized sequential treatment of the
equations. Aside from the explicit formulations
(which retain all of their two-dimensional problems),
the process of a formal linearization followed by
a coupled solution of the governing equation would
seem to be a very powerful method of treating the
problem. Indeed a number of techniques of this
type, usually embodying a Newton-Raphson treatment
of the nonlinearities, are described in the review
by Blottner (Ref. 16.78).
In the early work on the turbulent equations
Nash (Ref. 16.74) worked with the primitive variables uvw, u'v' and v'w'
and treated the growth
of the boundary layer within the computational
domain by periodic reinterpolation. Stream function
approaches lose some of their attractiveness in'
three dimensions in view of the need to introduce
two such functions; however, a number of investigators, for instance Cebeci (Ref. 16.110), have
favored this approach again to achieve the simplification which arises from the elimination of the
continuity equation. In another approach Harris
and Morris (Ref. 16.101) used the square of the
normalized velocity defect to replace the normal
coordinate y; an~ while obtaining some advantage
from this type of transformation,clearly the
double value problem of streamwise velocity profile overshoot would be a major difficulty for
gas turbine applications. Apparently the addition
of the third dimension has not introduced new major
problems (or remedies), insofar as the dependent
variables are concerned, the problem is much the
same as in two dimensions. Grid stretching functions also have a major role to play, although, they
have not yet been widely used since a great deal
of the effort to date has been on laminar flows
where their use is not nearly so critical as it is
in turbulent flow. Again, in three-dimensional
turbulent problems the desire to place grid points
in the sublayer still exists particularly for
highly accelerated flows with heat transfer. The
viscous sublayer problem becomes even more accute
since the three-dimensional version of the law of
the wall is not nearly as secure as in two dimensions. Counter-balancing the desire to place grid
points in the sublayer is the increased cost of
doing so in three dimensions but, be that as it
may, an inadequate sublayer treatment is castle
building on a bed of sand.
.
Finally, insofar as coordinate systems are
concerned, these to date have been quite specifically tuned to the problem at hand. As a rule the
body surface is taken as one coordinate with the
16-.38

other two taken as convenient. The body surface not
lying on a coordinate can lead to difficult computer
logic and interpolation inaccuracies and hence is not
to be recommended. Orthogonal systems have in the
past often been selected but non orthogonal systems
are quite readily accommodated in finite difference
schemes and can be recommended should their use
simplify the computation significantly. More general
coordinate systems,not so specifically tuned to one
particular geometry,are being developed. The overall
problem is reviewed in detail by Eiseman,and McDonald
(Ref. 16.117). The least that can be done at presen~
is in constructing or modifying a computer cod~ the
metric information should be left arbitrary in the
main body of the code and set in some easily accessible
subroutine.

16.2.3

The Extended Three-Dimensional Boundary
Layer Equations

As was mentioned earlier the conventional
"boundary sheet" form of the three-dimensional
boundary layer equations only takes into account
diffusive effects in one coordinate direction. The
thin boundary sheet approximations have proven very
valuable but in a number of critical turbomachinery
problems some of the boundary sheet approximations
are not valid, for instance, the assumption that
spanwise rates of change are negligible when compared
to gradients normal to a wall is often violated. In
the extended boundary layer equations the spanwise
and normal velocities and their rates of change
are assumed to be of the same order. The usual
boundary sheet approximation is retained that the
streamwise rates of change are small when compared
to the normal and spanwise rates of change. Finally,
it is assumed, almost as a matter of definition, that
in the "boundary layer" the pressure field (or at
least the major portion of it) is determined either
without an !!. priori knowledge of the boundary layer
behavior or locally by means of mass conservation
without upstream propagation.
The extended boundary layer equations first
seem to have become popular in studies of hypersonic
boundary layers on finite flat plates. In view of
the flow complexity the approaches have, to date,
all been entirely numerical. Nardo and Cresci
(Ref. 16.124) treated the extended three-dimensional
laminar boundary layer equations at hypersonic speeds
and assumed that the pressure gradients were negligible. In subsequent work Rubin and Lin (Ref. 16.123)
were able to retain the pressure terms and still
treat the problem by forward marching in view of the
hypersonic speeds involved. No problems seem to
have arisen as a result of the locally subsonic
region of flow immediately adjacent to the wall.
HcDonald and Briley (Ref. 16.65) treated a viscous
supersonic jet using essentially the extended boundary
layer equations while rigorously retaining the
pressure terms. The aim of the work of NcDonald
and Briley was mainly to investigate the numerical
properties of their scheme without the complication
of pressure assumptions necessary in subsonic flow.
Subsequently Briley and McDonald (Ref. 16.118) applied
their scheme to compute the flow in a subsonic
rectangular curved duct which was in fact a model of
the turbine vane passage.
In 'a separate development Caretto, Curr and
Spalding (Ref. 16.122) devised a technique for
solving the extended boundary layer equations in
incompressible flow. Subsequently Patankar and
Spalding (Ref. 16.121) produced a simplified version
of the procedure of Caretto et al., and later Patankar,
Pratap and Spalding (Ref. 16.120) and Bergeles,

oo ...n

and Launder (Ref. 16.119) have applied
v.t.ton. of this simplified scheme to practical
'foble~ of turbomachinery interest. Neglecting
cu~bYlent triple correlations Briley and McDonald
(Ret. J.6.118) write the extended. turbulent compr •• sible three-dimensional boundary layer equations
tQ an orthogonal coordinate system as
Continuity

script in that direction. The
y-direction integration is essentially that of the normal to the
wall of conventional boundary sheet flows. The
molecule is written
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In this form the governing equations can be
seen to introduce two additional aspects relative
to the conventional boundary layer equations. The
first aspect is that additional Reynolds stress
information is now required and the second is.
a. has been commented upon earlier. diffusive
fluxes in both the normal and spanwise directions
now appear. Deferring discussion of the Reynolds
stress information until the section on turbulence
modeling, it appears at first sight that little
in the way of complexity has been introduced by
~etaining the second derivatives with respect to
the spanwise direction z, since first derivatives with respect to z were already present
and indeed with explicit schemes this is obviously
true. The complexity mainly occurs with implicit
schemes (provided the stability of the explicit
.cheme is not degraded) and is quite subtle and
i8 best explained by referring to the appropriate
finite difference molecule. The complexity also
n.ed. to be explained so that the correct relationship between the conventional and the extended
boundary layer equations can be established. The
~lecule is structured with the
y-direction out
of the plane of the page and j the running sub16-39

Presuming that the scheme is,~tarted and the
pressure given (this point will be returned to),
the streamwise marching direction is x and the
solution is desired at the i, j, kth point with
the entire solution already obtained at the i-I and
i-2 and k-l planes. The accepted techniques
advance in x all the y grid points at each z
station. The process is repeated in the direction
of increaSing z.
Since only first derivatives
in the z-direction appear in the conventional
boundary layer equations it is possible to structure
a ~-direction first derivative at the i, j, k -1/2
point of second order accuracv involving only one
unknown, the desired i, j, k tn point. It follows
that if the scheme is centered on the k-1/2 plane
the " and z marching step are accomplished simultaneously without. significant complexity. Indeed
centering on k-1/2 has been used to good effect
even with explicit integration schemes. The problem
of negative cross flows can at least be intuitively
explained by observing that as the scheme is marched
in z, a negative cross flow velocity w implies
information being transferred upstream against the
direction of integration, a situation well known to
be fraught with danger and not alleviated by any
implicit formulation unless this implicit direction
is in the direction of information transfer. This
thought is discussed in detail by Kendall et al.,
(Ref. 16.125), but for the moment the problem with
the conventional normal direction implicit formulation arises if a second derivative in the z -direction occurs, since such a derivative requires three
points in the z -direction as a minimum and in an
implicit scheme this introduces two unknown values,
the values at k and k+l,
complicating the z -step
considerably. The z -step difficulty now resembles
the problem of advancing a y -step and indeed this
resemblance can be used in an intuitive manner to
structure an algorithm. First of all it can be
imagined that in some instances an explicit evaluation of the 2nd derivative in z mipht suffice. If this
proved inadequate either from the stability or
accuracy viewpoint (as it would in general), one
could conceive of either repeating the axial step
this time retaining the z derivative implicitly
and treating the y direction explicitly. With an
explicit scheme the two-level process also Can be
used to good effect and it seems on an intuitive
basis that the extended boundsry layer equations
need only take at most about a factor two in central
processor computing time more than the conventional
equations. Storage may be increased in the two step
process but peripheral mass storsge devices can be
used to good effect in this problem since only a
limited number of z stations need be in the central
memory at anyone time. The question concerning the
role of the pressure complicates matters and it will
be discussed further.

Th. foregoing very intuitive suggestions are
iD fact central to the very powerful Alternating
Direction Implicit schemes first proposed by
Peacaman and Rachford, of which more is said, for
iDstaDc. by yanenko (Ref. 16.75).
There are two major problems ,;fth the numerical
treatment of the ext~nded boundary layer equations,
the first being the treatment of the pressure and
the second the problem of starting the integration.
The pressure problem is considered first and for
convenience incompressible laminar flow is assumed.
The continuity equation and the three momentum
eq~tions then provide four equations in four
unknowns, u, v, w, and p.
If now it is desired to
specify the pressure field p, it is necessary to
drop ooe equation or make SOme other approximation.
Within the usual boundary layer framework the transverse momentum equation is favored and the pressure
field consistent with a negligibly small transverse
velocity is imposed upon the system. After the fact,
the known velocity field could be used to obtain a
IIOdif1ed pressure but if the boundary layer approxiaations are valid the corrected pressure would be
negligibly different from that imposed. The problem
1& noW evident that in the present case it is
desired to impose a pressure field yet retain all
of the momentum equations so that somp. sort of
further approximation is required. From the fore,oing it is not immediately evident why in the
present case it is necessary to impose a pressure
field upon the problem; to explain this the problem
must be viewed slightly differently. If each of
the momentum equations is differentiated in turn
with respect to the direction of the pressure
aradient and the three,equations adde~ an expression
for pressure can be constructed in the form

where PI is the imposed pressure, supposed ,known
in advance throughout the domain, and Pc is a small
additional pressure assumed to vary negligibly slowly
in the axial direction and determined by the crosgflow momentum equations. The pressure PM is a
cross-sectionally averaged pressure including, in
internal flo~ any blockage correction to the pressure
determined'by the need to globally conserve mass in
the duct. Although such a formulation achieves the
desired goal of rendering the system amenable to
treatment by a forward marching integration scheme
several new problems have been introduced. The
:1mposed pressure PI is clearly of no more of a
numerical problem than any other known source term
and need not be considered further at this point,
although of course the problem of determining PI
may be very significant. The first and obvious
difficulty is that in turning the problem into an
initial-boundary value problem an extra unknown
parameter PM(X) has been introduced. In unbounded
flows PM is usually not assumed to vary throughout
the domain or, as in internal flows, an estimate
of its value can be made using the local condition
of the boundary layer which would' either be of
the displacement surface type or, in internal
flows, the usual blockage type of correction.
Such an estimating process has the salient
feature that it does not allow the pressure to
propagate back upstream and preserves the forward
marching capability. A second difficulty emerges
when it is realized that since no axial derivative
of the cross-flow pressure appears, the cross-flow
momentum equations determine the cross-flow
pressure Pc only to within an arbitrary function
of X. The arbitrary function may be evaluated
at each streamwise station by the corrolary to
the definition of PM' which is that
I
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A j/PcdY<lZ

16.2 (9)
where V2 is the usual three dimensional Laplacian
operator. The pressure equation as it stands is
then ~overned by a three-dimensional elliptic
partial differential equation even given the
velocity field, a fact inconsistent with the forward marching nature of the proposed solution.
It will be recalled that in developing tha extended
boundary layer equations in order to produce a
'problem which could be forward marched, it was
necessary to introduce the assumption that second
derivatives with respect to the marchihg direction
were negligible; however, it is apparent that this
approximation has not been introduced into the
pressure behavior, nor indeed is it desirable to
do 80. Previously it has been observed that in
the normal two-dimenSional boundary layer it was
more appropriate to neglect pressure gradients
DOrmal to the wall rather than in the axial direction, and for many reasons it is desirable to have
the present system reduce to the well established
two-d:1mensional system in the limit. The dilenuna
is resolved when it is realized that in generating
a system of equations that can be forward marched
it is not necessa~y to assume that second derivatives with respect to the streamwise direction are
ue,ligible but only necesssry to assume that they
are known a priori. This observation leads to the
•• sumption of a split pressure
P-"'z1' Pc + Py

'" Pz(I,y,z) + pcly,z) + PyC x)
16.2(10)
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and this definition may be applied to eliminate
the uniqueness problem by allowing rather
arbitrary function boundary conditions to be
applied at one end for the cross-flow pressure.
If the solution thus obtained for some assigned
value of dpM/dx is denoted by a prime the additive
constant 'a' required to set the correct cross-flow
pressure level is obtained by
-}; !fPcdydZ • ..;.. jJlp~ +0) dydz

a•-

+- If P~

dydz

~

0

16.2 (12)

Returning now to the problem of determining the
mean pressure gradient dPM/dx, it is to be borne
in mind that the pressure gradient in the streamwise
momentum equation has been approximated

16.2 (13)
and the problem is to determine the appropriate value
of the. mean pressure gradient, dPM!dx.
As has been pointed out by Briley, if the local
continuity equation is satisfied everywhere in the
cross-section and the no slip velocity boundary
conditions are applied all around, then global
continuity must of necessity be satisfied. Thus in
schemes of this aforementioned type, global continuity cannot then be applied to determine the mean
pressure gradient. Indeed it is quite clear that
in any schem~ global continuity can only be used to
determine the mean pressure gradient in lieu of the

.aro cross-flow velocity boundary condition,
presuming of course, that no one would care to
have a solution which violated the local continuity equation. As a matter of definition the
local continuity equation in cartesian coordinates is.

16.2 (14)

and the global equation obtained by integration
over the crOBS section and application of the no slip
conditions is
dd

JJpii dydz • 0

• •
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At the present time, three schemes have been
suggested for treating this problem and all center
around iteratively satisfying the ·local continuity
equation by correcting the pressure field. That
i~to date,the solution strategies have usually
been to obtain a solution to the momentum equations
at the expense of the local continuity equation
then subsequently correct the pressure to ensure·
local satisfaction of the continuity equation to
within some tolerance. The three schemes are those
of Briley (Ref. 16.135), Patankar and Spalding
(Ref. 16.121) and Dodge (Ref. 16.182). The very
interesting duct flow analysis of Rubin, Khosla
and Saari (Ref. 16.186), although it will not be
discussed further here since it has not yet been
developed to the point to where it can be applied
to turbulent curved duct flow, is mandatory reading
for anyone seriously interested in this problem
and gives yet another method of correcting the
pressure field.

In the work of Briley (Ref. 16.135) the axial
equation is solved assuming a known crossflow velocity field and the mean axial pressure
Iradient to satisfy globsl continuity determined
by a secant iteration. Using the upstream crossflow pressures, the cross-flow momentum equations
are solved to yield improved cross-flow velocities.
Small corrections to these cross-flow velocities
are computed to enable local continuity to be
satisfied. The corrections are assumed to satisfy
a potential function. Finally an improved crossflow pressure is determined from a Poisson equation
obtained from the differentiated cross-flow momentum equations. With this scheme it turns out to
be impossible to set the no slip conditions on the
corr~ctions which allow the local continuity
equation to be satisfied sO that the global continuity equation serves to ensure the satisfaction
of zero normal velocity on average and the uniqueness problem. is not encountered. The· principle
difficulty with this scheme lies in the unco,"1l1ed
sequential nature of the calculation, leadi",~ - one
to suspect problems in compressible flow or if
the cross flows became large. Also the assumption
of an.irrotational form of the correction to the
cross-flow velocities to ensure satisfaction of
the local continuity equation is quite speculative.
In Fig. 16.5 some predictions using Briley's scheme are
compared to measurements. For this particular flow the
secondary velocities are small and very good ·agreement
with data is obtained.
~ceQcum

The scheme of Patankar and Spalding (Ref.
16.121) is conceptually quite similarly structured
but whereas Briley (Ref. 16.135) iterates around
the full axial momentum equation, Patankar and
Spalding simply correct the first trial pressure
gradient and velocity field using an inviscid and
approximate form for the appropriate momentum
equation. The approximate technique involves
16-41

balancing the streamwise convective derivative by'
the appropriate pressure gradient. Diffusive
effects and the convective terms in the cross
section are neglected in this approximation and
close to and at a wall the approximation is
obviously incorrect. At this point it is not clear
to what extent these assumptions and resulting
approximations prejudice the solutions; however,
as with Briley's scheme, difficulties would be
expected in treating compressible flow with strong
secondary flow as a result of the coupled sequential
nature of the calculation.
In the work of Dodge (Ref. 16.182) the entire
pressure field is supposed known and the momentum
equations marched through the duct to produce a
flow field. This process of course leaves the
local continuity equation unsatisfied so now a new
three-dimensional potential flow, i.e. pressure
field,for the duct is computed which results in
an inviscid velocity correction which permits local
continuity to be satisfied. The inviscid and threedimensional pressure field is computed on a very
coarse mesh to obtain reasonable computational run
times. The whole process is repeated iteratively
until the solution of the momentum equations also
satisfy local continuity to Some tolerance. The
somewhat arbitrary equation splitting technique
used by Dodge, together with the coarse mesh inviscid
pressure field used, also give one the impression
that a great deal remains to be done by way of
formalizing this particular solution technique.
The preceding discussion has centered on the
low speed problem and in going to flows with
significant compressibility effects and heat transfer
both the energy equation and the equation of state
become available. At supersonic speeds the pressure
and all its ettendant problems can be removed by
.eliminating the pressure in favor of the density
and temperature, the temperature being specified
by the energy equation. At subsonic speeds the
same elimination process can be carried out but
the elliptic pressure problem still manifests
itself in the inability to impose a condition of
negligible or specified second derivative of
density in the streamwise direction. No benefit
thus accrues at subsonic speeds to eliminating
the pressure via the density and temperature.
Before leaVing the pressure problem it should
be stated that at the present time none of the
solution strategies developed so far seem adequate
for flows with significant viscous effects on the
pressure field. Clearly none of the present
proposals give a good representation of nearly
inviscid rotational flow and thus, as yet cannot
prOVide a bridge between boundary theory and
secondary flow analyses. Repeated sweeping through
the duct to obtain the partially parabolic approach
squanders the economic advantage of the parabolic
approach vis a vis a solution of the full NavierStokes equations unless an improved pressure field
is obtained in a few global sweeps through the
duct. Indeed it is a pr~sum!-1:ion which has to be
proven valid that an iteration sequence for solving
the full Navier-Stokes equations will provide a
sequence of physically more realistic pressure
fields, except of course, close to convergence.
It is to be hoped that further effort on the pressure
problem will result in much improved analyses.
Turning now to the starting problem it can be
seen that the starting problem is quite similar
to the problem of starting a conventional threedimensional boundary layer with only the addition

of the cross-flow pressure gradient in the spanwise
direction. The tempting proposition of neglecting
this cross-flow gradient, strictly valid for a
collateral inflow, has not been fully explored to
date. Similarity solutions, which have proven so
helpful in both the conventional two and threedimensional boundary layer problem, still retain
a great deal of attraction for starting the extended
boundary layer equations but again have not yet been
evaluated in this problem. Also it follows from
the observations concerning the simplifications
which arose from equation splitting that the precise
numerical formulation can have an impact on the
starting problem. Indeed Briley et al., (Rei.16.185)
noted that with the Russian method of splitting
(Yanenko, Ref. 16.75) as opposed to a PeacemanRachford ADI split. the system no longer required a
starting value for the spanwise ~ross-flow component
w (except ss a consequence of the linearization
pro·cess, which can be circumvented). Obviously, a
great deal remains to be done by way of exploring
starting procedures. Indeed it is clear that whilst
full of promise, the eXisting techniques for solving
the extended three-dimensional boundary layer equations at low speeds have a long way to go even before
they can be applied with confidence even to those
flows where the flow approximations embodied in the
overall concept might be expected to be valid.
16.3

In the absence of any reliable theoretical
stall prediction procedure the empirical
approach has had to be adopted by the design
engineers. In this empirical approac~ maps of
stall zones are built up by observation as the
device is operated over a range of criticalperformance parameters. The resulting correlations are
then attributed a more general significance
and applied to other similar devices. Unfortunately the sensitivity of stall to a myriad
of factors has caused a great deal of concern,
difficulty and expense with the empirical
approach in view of the ad hoc nature of the stall
correlations. In an effort to improve the above
type of stall correlation, the stall has been
supposed determined by boundary layer separation
and criteria for boundary layer separation
occurring within the components of the devices
developed. Sanborn (Ref. 16.136) for instance
has recently discussed some of these separation
criteria and generally they relate the condition
of the boundary layer at separation to the applied
pressure gradient, in the general form

•
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Boundary Layer Separation

Separation is the rather loose term given to
the flow when it forms a region within itself
which is inaccessible by convection to the flow
coming from upstream. Usually a wall forms one
of the bounding surfaces of this region but
for instance the recirculating region formed
by the release of a swirling axial jet is an
example of separation where a wall is not
involved.
16.3.1

of stall. Frequently in this optimum condition
small local separation regions occur in the flow
and a knowledge of the factors inflUencing this
behavior would be very valusble.

Motivation and Background

In several instances of very great concern
to turbomachinery designers the occurrence'of
significant regions of separated flow is termed
'stall' and determines the boundary of the
operating envelope of the device. Compressor
stall is a very obvious example which springs
to mind. Diffuser stall is a further example
and in both these examples the significant
regions of flow separation cause major changes
in the pressure distribution around the body
as well as greatly increasing the drag of the
system. Stall is often accompanied by an
increased flow unsteadiness. The separation
prediction problem is compounded by the observation that catastrophic flow separation (stall)
is a very sensitive phenomenon and that small
local separation regions can occur without significant deterioration in the flow. For a number
of subtle reasons arising from both upstream
and downstream conditions, these small and wellbehaved local separations can suddenly degenerate
into the large separation zones characterizing
stall. It follows that it is often not enough
simpl.y to predict the onset of separation,
difficult enough as that may be, but it can
also be important to be able to predict at
what point the small separation undergoes its
metamorphosis into stall. The problem is quite
acute in hoth compressor and diffuser stall
since to obtain optimum performance it is
often desired to operate the device on the verge
16-42

liP

• f(

2

8 du )
---=
v dx

16.3 (1)

where f is Some function determined by observation
and 6* and a and th~ usual boundary layer displacement and momentum thicknesses. The ratio
of displacement to momentum thickness is usually
termed the shape parameter, H, and the problem
of determining the streamwise variation of the
shape parameter H is left open at this point.
The obvious suggestion of predicting the entire
boundary layer behavior and thereby determining
the variation of shape parameter H is somewhat
self defeating at this point since such a procedure would also either directly predict the
separation point or allow an estimate of the
separation point location to be made independently
of the empirical correlation function f. sanborn's
view was that none of the available procedures
(at that time) could give a reliable prediction
of the separation location and that these
empirical correlations would serve as 1correctors'
to the theoretical predictions. Valid as that
observation may have been it is to be expected
that in the light of the ra]id developments with
the conventional two and three-dimensional
boundary layer equations and turbulence models
in the near future,efficient and accurate means
of theoretically predicting the onset of separation will become available (this remark will
be qualified subsequently). The crucial problem
of determining at what point the separating
boundary layer degenerates into stall can be
solved by tracing the subsequent 'boundary layer'
behavior. At this point difficulties (conceptual
and/or numerical) are encountered with spatial
forward. marching solutions to the governing
equations. Downstream effects are most evidently
propagati~g upstream and clearly both the govern~ng equation~ and the integration schemes must
allow this upstream propagation. Pressure effects
require special consideration since the thickening
of the boundary layers as separation is approached
can cause changes in the very pressure distribution which is driving the boundary layer to
separate in the first place.

I

In recent years, with the achievement
of .atisfactory predictions of the mean flow
behavior of many attached two-dimensional boundary
1ayer~ a number of investigators have turned their
attention to the problem of not only predicting
the onset of separation but of predicting also
the subsequent separated flow behavior. When the
external flow is supersonic the topic actually
haa had a long and illustrious history starting
with the shock wave boundary layer interaction
work of Crocco and. Lees (Ref. l6.l34) with
integral methods playing a major role. The more
recent studies have been concerned with the problems
which arise both at subsonic and supersonic speeds
when finite difference schemes are used to predict
the behavior of the shear layers. It turns out
that in using integral prediction schemes a number
of difficulties which cause major problems with
finite difference schemes are not immediately
evident. The motivation for persevering with the
finite difference scheme stems from the belief
that such schemes are, or will eventually be, more
accurate in view of the difficulty of accurately
characteriZing integral velocity and temperature
profile families for separating turbulent two or
three dimensional boundary layers. Another
motivation for persevering with the finite
difference schemes could be the belief that by
glossing over some of the difficulties the integral
moment equations are in fact missing some key
physical processes.
Before proceeding to develop the governing
equations it is convenient to introduce the
concept of strong, weak and local interaction.
As is well known in developing the usual Prandtl
form of the boundary layer equations the assumption of nearly parallel flow to the boundary
surface results in the approximation that the
pressure acting on the boundary layer is that
imposed by the free stream and further that,
at worst, the growth of the boundary would cause
only a small change in this imposed pressure
which could be accounted for by a slight 'displacement surface' shift in the body contour. For
obvious reasons this type of boundary layer flow
is termed 'weak interaction' and this terminology
refers in the main to the pressure field distortion due to the presence of the boundary layer.
Strong interaction is the term applied to flows
where the imposed pressure would be considerably
different if the boundary layer were not present.
The flow over a stalled airfoil would be one
example of such a flow. Lastly the term local
interaction refers to some small domain in an
otherwise weak interaction flow field where it is
necessary to take into account the local distortion of the pressure field due to the boundary
layer. The aim here might be more to locally
improve the boundary layer prediction than an
interest in determining the boundary layer impact
on the pressure. The softening effect of a rapidly
growing boundary layer on the pressure gradient
driving it has been known for some time, but to
some extent disguised by the usual mode of testing
boundary layer prediction schemes which uses
measured pressure distributions.
The foregOing categorization into strong,
weak and local interaction serves to give an
indication as to the degree of approximation
possible in the governing equations. Exceptions
can and do arise, depending to SOme extent on
the information being sought. For instance,
supersonic shock wave boundary layer~nteraction
i8 probably the origin of the term 'strong
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interaction' yet boundary layer momentum integral
methods have an enviable prediction record in
this category, at least insofar as the wall pressure
distribution in laminar flow is concerned. However,
it is to be expected that in a strong interaction
subsonic flow the full Navier-Stokes equations
would be required to make any sort of reasonably
reliable mean flow prediction, even given an
adequate turbulence model. The weak interaction
approXimation follows from the boundary layer
approximations and its use is permissible wherever
the streamwise rate of change of displacement
thickness is not large. At least superficially,
use of the weak interaction hypothesis is not
restricted to attached flows and it can in
principle be applied to separated flow. Locally
strong interactions have a restricted domain
wherein the rate of change of displacement thickness is not small but where the flow still retains
much of its boundary layer like character. Within
this rather loose category one might place the
supersonic shock wave boundary layer interactions
which are quite well predicted by the integral
moment procedures. More generally, however, the
local interaction concept raises the prospect
of a locally imbedded region wherein something
more than the conventional boundary layer equations
could be used to describe the flow and interface
boundary conditions between the flow regions used
to obtain the flow interaction. The benefit here
would be that by restricting the region within
which the flow is described by something other than
the usual boundary layer equations the computational
expense is similarly restricted.
There are two remaining aspects of the separation problem which merit discussion here. The
first is that treatment of the problem by forward
marching in space results in the inflow boundary
condition problem. Here at some point fluid
enters the computational domain in some amount
which varies with the upstream boundary conditions
but which physically also depends upon some
downstream boundary conditions not yet part of the
spatial marching domain. One could for instance
easily bleed off·a small amount of fluid from near
the reattachment end of a two-dimensional separation
bubble which supposedly only weakly interacted with
the pressure field. This small amount of bleed
would move the separation point but would not be
known in advance to a spatial marching scheme unless
by iteration. Clearly the problem requires that downstream conditions have an effect on the solution and
insofar as forward marching in space this implies a
shooting, iterative type of approach. The second
problem with separation lies in the observation
that the steady boundary layer equations are in
fact singular at a separation point when solved in
the conventional manner with an imposed free
stream pressure distribution. The separation
singularity has been discussed for example by
Goldstein (Ref. l6.l87) and more recently has been
reviewed by Stewarts on (Ref. l6.l88) who earlier
introduced 'triple deck' to treat this problem,
of which more will be said later. The belief that
the boundary layer equations should be able to
describe weak interaction separation has led to the
suggestion that the singularity results from a
failure to recognize a very local ir.teraction with
the inviscid flow. Since the usual seoaration
singularity in two dimensions is manifested by an
infinite displacement thickness and an infinite
gradient of wall shear at separation, efforts
have been made to compute inverse solutions in
which either a smooth distribution of displacement
thickness or wall shesr is imposed and the free

stream velocity distribution is recovered as
part of the solution. Such techniques have
sometimes been termed 'indirect' to differentiate
them from the 'direct' approach where the pressure
gradient is either imposed or determined locally.
There is numerical evidence, Catherall and Mangler
(Ref. 16.189), Klineberg and Steger (Ref. 16.190),
and Carter (Ref. 16.191) that an inverse technique
does indeed remove the singularity at separation
although in some cases other difficulties have
persisted downstream of separation. Inverse
techniques do also have the attribute that they
introduce downstream information into the problem, thus meeting the first difficulty with
the steady boundary layer equations mentioned
earlier. The major problem with inverse procedures, regardless of how well they remove any
singularities and introduce the downstream boundary conditions, is the necessity of arranging
to satisfy the free stream boundary conditions,
perhaps not in the immediate locality of the
separation, but certainly both upstream and
downstream of separation. Inverse procedures
are therefore expected to be either difficult
or relatively expensive to use routinely since
they would require sOme sort of iteration to
determine the appr.opriate distribution of the
specified variable which would allow the desired
free stream conditions to be obtained.
In the literature there are at present
two alternatives to shooting or inverse techniques of treating separated boundary layers in
subsonic flow. The first is simply to abandon
the boundary layer equations and retreat to the
safety of the complete Navier-Stokes equations.
This approach obviously allows for the proper
influence of downstream boundary conditions and
avoids the separation singularity since the
Navier-Stokes equations are regular at separation.
Both Briley (Ref. 16.192), Leal (Ref. 16.193)
and Briley and McDonald (Ref. 16.194) have used
this approach and, as well as not being limited
to flows where the boundary layer approximations are valid, the techniques are not
necessarily computationally much more expensive
than the shooting or inverse techniques for the
boundary layer equations in view of the outer
global iteration required with the 'boundary
layer' techniques. A second alternative is
suggested by Briley and McDonald and solves the
s~eady boundary layer equations by an asymtotic
time marching integration (which ia quite
analogous to an iterative or relaxation solution
process). At each time step (or 'iteration',
if one prefers that terminology) the im~osed
pressure field is corrected for the dis~~ace
ment thickness change which occurred ac,oss the
time step. In the previously introduced terminology this type of solution may be termed a
'locally interacted direct' solution. Downstream
boundary conditions are allowed for, and Briley
and McDonald (Ref. 16.194) were able to structure
the boundary layer solution algorithm such that
they obtained significant gains in efficiency
relative to the solution techniques for the full
Navier-Stokes equations. The Briley-McDonald
suggestion is very similar in concept to the
'triple-deck' approach described by Stewartson
(Ref. 16.188), indeed the Briley-McDonald
technique could be thought of as a 'doubledeck' version of triple deck, and more of this
will be discussed later.

very little difference between solutions to the
Navier_Stokes equations and the boundary layer
equations, at least for the range of flow conditions
and boundary conditions they investigated. In this
way the belief that the boundary layer equations
would be valid in certain types of flow separation
is justified.
16.3.2

The Governing Equations

Here the format of Briley and McDonald
(Ref. 16.194) is followed for illustrative purposes.
Subsequently this development will be related to
the triple-deck approach described by Stewarts on
(Ref. 16.188). The analysiS is for the present
restricted to two-dimensional incompressible flow.
The extension to compressible flow is quite
straightforward if it is not desired to retain
true time-dependent behavior. More skill is
required if true time dependency with compressibility is required. Three-dimensional compressible
flow is also amenable to treatment along similar
lines but as yet very little has been accomplished.
It is likely that this state of affairs will be
altered in the near future. The ensemble averaged
incompressible Navier-Stokes equations are written
in terms of stream function and vorticity to
eliminate the awkward pressure terms. This
simplifies matters but similar algorithms can be
'constructed retaining the pressure.
The vorticity and stream function equations
are written
'
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with the usual definitions of stream function and
vorticity
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If the shear layer is thin then the Reynolds stress
term in atreamwise direction a2~/ax2 may be
neglected. Also based on presently available
informatiBll-the Reynolds normal stress term
a2(~ - v'2)/.x 2 may be dropped without
serious loss of accuracy. Both of these stress
contributions can be retained if desired or
subsequent information indicates their importance
in certain flows, and they cause little numerical
difficulty with the Navier-Stokes procedures.
Within the boundary layer framework such terms would
be very awkward unless some time lagged evaluation
sufficed. With all of the uaual reservations
the eddy viscosity concept ~ntroduced to describe
the Reynolds shear stress -u'v' and is written

_
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For thin small separation bubbles Briley
and McDonald were able to show that there was
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where the av/ax term in the vorticity definition has
been neglected. The vorticity equation then becomes
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and the stream function equation retains its
previously given form. If now the second derivatives with respect to the streamwise direction x
are neglected, the vorticity and stream function
equations reduce to a form which is equivalent
to the boundary layer equations. Indeed the
reduced equations can alternatively be derived
from the usual time dependent boundary layer
equations by differentiating with respect to the
normal direction y and using the boundary layer
approximation that ~ is approximately given by
3u/ay.
The wall and free stream boundary conditions
employed are

CoO

exit. Within the embedded region the governing
equations, which depending on the nature of the
separation could either be the full NavierStokes equations or the boundary layer equations,
are then solved. In view of the 'desire to
interact the embedded viscous region snd the
inviscid flow an iterative, or equivalently, a
time marching scheme is very attractive. In
this way at each time step the interaction contribution to the inviscid axial velocity at the outer
edge of the viscous domain can be computed based
on the computed displacement surfsce effect at
that time. Thus both the interaction e'ffect and
the iteration process can be carried out simultaneously. Direct methods, that is non-iterative
methods, of solving the steady Navier-Stokes
equations are obviously at a considerable disadvantage if the solution must De subsequently
corrected iteratively for the interaction process.
Some results from the work of Briley and McDonald
(Ref. 16.194) are shown in Fig. 16.6.
At this point, it is worthwhile to introduce
Stewartson's 'triple deck' (Ref. 16.188) concept
in a little more detail. In this approach
Stewartson has very effectively synthesized the
Stratford (Ref. 16.46) and Lighthill (Ref. 16.196)
boundary layer points of view into an analysiS of
separation. In the direction normal to the wall
three distinct layers or 'decks' are identified.
The middle deck joins an outer external flow to
an inner region where viscous effects are
important. This middle deck follows the Stratford
view of the outer region of the boundary layer
inasmuch as at high Reynolds numbers and with
rapid pressure changes this region is supposed
adequately described by a rotational but inviscid
analysis with Bernoulli's equation governing the
flow along streamlines. The lower deck is
supposed thin and here the boundary layer approximations are assumed valid, reSUlting in a layer
governed by the usual (incompressible) boundary
layer equations. The upper deck is the external
inviscid flow containing the effects of the
interaction, with the middle and lower decks.
Length scales appropriate to each region are
introduced and the three decks matched using the
pressure from the lower edge of the upper deck.
By this means a very powerful analysis of considerable theoretical interest emerges.
Stewartson's analysis is applicable in subsonic,
supersonic and hypersonic flows, and in view of
the assumptions used in it, the analysis is
appropriate for high Reynolds numbers, rapid
pressure rises and thin separation zones. Whilst
providing very valuable information as to the
interaction scales, the triple deck analyses sre
somewhat limited for routine use in design analysis
problems by virtue of its many idealized approximations introduced to allow the penetrating
theoretical development which has subsequently
followed.

y>8

16.3 (6)
where 6 is some boundary layer thickness and
~e is the specified inviscid 'free stream'
velocity distribution. The term 01 represents
the elliptic correction due to the local
interaction between the viscous and inviscid
regions via the displacement surface. This
contribution can be estimated from the standard
techniques of inviscid aerodynamics and Briley
and McDonald (Ref. 16.194) discuss a particularly simple source-sink eechnique; however
th. t~pic will not be discussed further here.
Stewareson (Ref. 16.188) discusses various
techniques for deriving similar corrections
within triple-deck theory. As initial conditions
either a stagnation point similarity solution
or some other boundary layer procedure could
be used to specify inlet profiles of ~, 0/ and
vT ' At the downstream boundary, provided the
separated region is enclosed between the
upstream and do~stre~m stations, the boundary
condition that a ;/ax • 0 can be applied. The
corresponding stream function condition can be
implied from the coupled nature of the solution
at the boundaries but if thi~ is not a convenient
process the condition thae a 0//ax 2 ~ 0 usually
serves just as well. To complete the problem
the turbulent viscosity vT must be prescribed
as before this item is deferred until the section
on turbulence modeling and for the time being
it is Simply assumed that vT is known.
At this point the problem is defined. In
the traditional boundary layer manner the
inviscid flow outside the immediate vicinity
of the boundary layer is assumed known from some
other source. A conventional boundary layer
calculation is performed and in the vicinity of
the predicted separation an embedded region is
defined which would be expected to encompass the
entire separated region. Inlet conditions to
the region are obtained from the conventional
boundary layer calculation. Outer boundary
conditions are obtained from the inviscid flow
calculation (note that v, the transverse velocity
is not matched on the interface). Surface
boundary conditions are the usual no slip
conditions. Exit boundary conditions are the
very c1ld restriction that the flow should
exhibit boundary-layer like characteristics on

As mentioned previously the approach of
Briley and McDonald (Ref. 16.194) whilst not
originally framed in the triple deck terminology
can clearly be thought of as a double deck
analysis where Stewartson's middle and lower decks
are merged into one deck which is treated entirely
numerically. This direct numerical approach
allows laminar, transitional or turbulent flow
With non-similar initial boundary layers to be,
treated. The casualty is of course that interaction acale relationships no longer emerge by
analysis but by numerical experiment when the
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double deck approach is used. The reward is that the
direct numerical aporoach is less restrictive and well
auited to implementation into design analyses.
One further subtlety remains and this concerns the
relationship between the Navier-Stokes equations and
the boundary layer equations. In performing calculations with the direct numerical approach it is quite
feasible to initiate the process using the boundary
layer equations and later when the system is nearly
converged if desired the Navier-Stokes equations
could be used. In iterative solution techniques it
uaually follows that the better the initial guess the
more rapidly the solution will converge and obviously
a nearly converged boundary layer solution is better
than some arbitrary guessed initial solution. The
aub,tlety arises in obtaining significant computational
savings by using the boundary layer equations. It
follows that if an algorithm has been structured to
solve the Navier-Stokes equations then simply deleting
the appropriat~ second derivatives will only reduce
the amount of computation by a trivial amount. The
algorithm must be restructured to take full advantage
of the deleted terms. The problem is merely another
variant, indeed the inverse, of the previously
introduced problem of the conventional vis A vis,
the extended three-dimensional boundary layer equations.
It will be recalled that it was observed that the
conventional three-dimensional boundary layer equations
concained only diffusive fluxes normal to one wall and
as a result some schemes took good advantage of the
appearance of only first derivatives in the spanwise
direction. However when the extended boundary layer
equations were treated, the appearance of two
diffusive flUxes and the consequent appearance of a
aecond derivative in the spanwise direction required
& special restructuring of the algorithm. For the
present problem the analogy is complete if the
atreamwise coordinate of the three-dimensional problem
1s interpreted as the time coordinate of the present
tvo-dimensional problem. The extended boundary layer
cross-flow equations are then interpreted as the twodimensional time-dependent Navier-Stokes equations
and the conventional boundary layer cross-flow
equations are interpreted as the two-dimensional timedependent boundary layer equations. With this in mind
the cross-flow stability parameter Y for the threedimensional boundary layer equations can now be written
in Cartesian coordinates as
, uAI

y.-Ax
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and as before numerical schemes which are restricted
to y positive (no reverse flow) as clearly unacceptable
in the present problem. The restriction of y greater
than -1 would obviously be much more acceptable. The
inference to be drawn from the foregoing remarks is,
not only does it require more effort than simply dropping
some terms in the governing equations to obtain benefit
from solving the time-dependent boundary layer equations,
but care must be taken to ensure that any modified
algorithm does not suffer from unduly restrictive
stability conditions. In their scheme Briley and
McDonald (Ref. 16.194) obtained an unconditionally
stable scheme by retaining a fully implicit treatment
of the boundary layer form of the vorticity equation
much as was done for the Navier-Stokes equation. The
savings in computation all comes from the simplified
atream function equation. Previously in solving the
Havier-Stokes equations, the stream function equation
was an elliptic equation of the Poisson type and required considerable computational effort to obtain a
solution at each time step. In the boundary layer scheme
thia Poisson equation is reduced to a one-dimensional
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~elationship which can readily be treated

implicitly and simultaneouslY with the
y-implicit sweep of the vorticity equation.
Further restructuring of the algorithm
could doubtlessly be undertaken partiCularly
with a view to treating the vorticity
equation in the aemi-implicit manner
mentioned earlier with regard to the threedimensional boundary layer equations. Such
restructuring would doubtless be at the
~xpense of the unconditional stability
of the system and at most it would only
reduce the present computational effort by
roughly 25%, an amount not commensurate
with the cost, in the opinion of Briley and
McDonald (Ref. 16.194).
As mentioned earlier, a compressible
version of the previously described scheme
of Briley and McDonald could be constructed
relatively easily if true time dependency
were not required, since no simple analogous
form of the vorticity equation exists for
time-dependent compressible flow. A simple
time-dependent vorticity equation could be
fabricated and solved with the only requirement being that at steady state the correct
form of the compressible vorticity equation
was obtained. Another approach would be
to proceed in a similar fashion to Patel
and Nash (Ref. 16.127) and convert a threedimensional boundary layer scheme into a
two-dimensional time-dependent procedure.
In view of the their unconditional stability,
three-dimensional implicit schemes such as
that devised by Kendall et aI., (Ref. 16.125)
and McDonald and Briley (Ref. 16.65) would
obviously be candidates. In their present
forms the schemes of Patel and Nash
(Ref. 16. 127) and Kendall et aI., (Ref
(Ref. 16.125) are really only suitable for
performing the boundary layer version of the
interaction but little difficulty would be
expected with the scheme of McDonald and
Briley (Ref. 16.65) in treating both the
compressible boundary layer and the NavierStokes formulation. Stewartson (Ref. 16.188)
describes the application of triple deck to
supersonic as well as subsonic interactions.
As was mentioned earlier, the reason
for considering an embedded separation
region was simply to restrict the problem
domain for economy reasons.~ In some cases
either it is not feasible to restrict the
domain or the embedding is done differently
to that explained here. Examples of this
type are to be found mainlY in the more
recent work in shock wave boundary layer
interaction. Baldwin and MacCormack
(Ref. 16.129) and Diewert (Ref. 16.130)
considered shock wave boundary layer interactions in turbulent flow using MacCormack's
variant of the Lax-Wendroff scheme to solve
the two-dimensional compressible timedependent Navier-Stokes equations,
see Fig. 16.7. A similar study on the
separated region occurring at a compression
ramp was made by Shang and Hankey (Ref.
16.131) who also used a Lax-Wendroff type
of scheme. Subsequently Murphy, Presley
and Rose (Ref. 16.128) evaluated both the
time-dependent boundary layer and the
Navier-Stokes approach to a shock wave
boundary layer interaction problem. As
well as showing little difference in the
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predictions of the time-dependent approach to the
boundary layer equations and the Navier-Stokes
equations for locally strong interactions, Murphy
et al., found little difference in run time since no
restructuring of the Navier-Stokes algorithm was
carried out in reducing the algorithm to solve the
boundary layer equations. Nevertheless, all of
the preceeding examples give a great deal of encouragement for the eventual success of this approach
for predicting transonic and supersonic separation.
Indeed the main objection to much of this work at
present is the use of stability restricted finite
difference schemes which, in view of the importance
of the near wall region, have had of necessity very
long computing times. Before leaving this
particular topic it is probably worthwhile to
consider briefly the spatial marching approach to
supersonic separated flows and this will now be
done.
As was mentioned earlier, spatial boundary
layer marching with local viscous-inviscid region
matching has become quite commonplace in supersonic laminar flow and to a lesser extent in supersonic turbulent flow. The Goldstein separation
singularity does not manifest itself in these
schemes since the interface boundary condition
is usually of the type determined by integration
across the boundary layer of the continuity
equation, i.e.,
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where 'e is the local flow angle and in the hyperbolic supersonic external flow the specification of
the local flow angle at the interface serves to
determine the local axial pressure gradient imposed
on the boundary layer and hence the axial gradient
of displacement thickness is determined from the
integrated continuity equation. At this point
the boundary layer equations can be solved with
the specified gradient of displacement thickness
for the pressure gradient (the inverse technique
referred to before) and either directly or by iteration at an axial station, the local flow angle which
will permit a matched pressure gradient to be
returned by the boundary layer solution tec~nique is
determined. Such a technique clearly reduces the
possibility of the solution returning an infinite
gradient of displacement thickness and seems to have
been the inspiration for the subsonic inverse
schemes referred to earlier. The main difference
with the elliptic subsonic problem resides in the
spatially hyperbolic nature of the supersonic free
stream which does not permit upstream propagation.
Thus the global outer iteration required at subsonic
speeds of repeating the entire boundary layer
calculation with a new interacted pressure field
is (at first sight) apparently not necessary at
supersonic speeds. This very happy situation
contains one major drawback in that at one or more
points in the flow, usually termed the Crocco-Lees
(Ref. 16.134) point, the compre.sible boundary
layer equation becomes independent of the imposed
pressure gradient. The triple deck view of the
matter is· that the inner layer is still subsonic
and able to transmit information upstream (a very
valid observation) and the emergence of the CroccoLees point is a manifestation of physical laxity.
At the Crocco-Lees point then there is no way to
arrange to vary the computed displacement thickness
except by changing the initial conditions of the
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boundary layer. Thus a shooting technique is .
suggested whereby initial conditions are varied
such that the flow angle varies smoothly across
the Crocco-Lee point. The physical and mathematical properties of the Crocco-Lees point are
discussed in detail by Weinbaum and Garvine
(Ref. 16.43). In brief it emerges that the
Crocco-Lees point is the viscous analogue of the
sonic throat. At the Crocco-Lees point a Mach
number integral defined by Weinbaum and Garvine
as

16.3 (9)
passes through zero and from this it follows
that in some mean Sense the Crocco-Lees point
is the point at which the average Mach number
within the boundary layer passes through unity.
Changing the match point from the boundary layer
edge to say the displacement surface, changes
the location of the critical point but not its
existence.
The frequency with which the Crocco-Lees
point arises in regions of interest, particularly in turbulent flows, has led to practical
difficulties in performing spatial marching
calculations in supersonic flow. The shooting
technique for passing through the critical
point is both time consuming and relatively
inaccurate, since a portion of the flow in the
immediate vicinity of the Crocco-Lees point is
extrapolated across. Also a problem with this
spatial marching approach is allowing for downstream boundary condition influence, since most
assuredly information can and does propagate
upstream in the subsonic separated flow region.
Both of these considerations h~ve led some
investigators·to consider variants of time
marching or pseudo-time marching even for supersonic free streams for instance Werle and Vatsa
(Ref. 16.132) and Murphy et al., (Ref. 16.128)
much as is done in subsonic flow. Initial
results with these techniques indicate that the
performing of routine calculations of supersonic
interactions where with spatial marching the
Crocco-Lees point is encountered, is very much
simplified with a time marching approach.
16.3.3

Concluding Remarks

The prediction of separated flows in
three dimensions is in its infancy. Given the
developments that have occurred in two dimensions,
time or pseudo-time marching either the threedimensional extended boundary layer equations or
the full Navier-Stokes equations would appear
to have the best chance of success if zone
embedding were feasible using double or triple
deck concepts. Naturally in view of the time
consuming nature of current th~ee-dimensional
calculation schemes zone embedding becomes even
more attractive in three dimensions. It seems
also that the conventional three-dimensional
boundary layer equations even if time marched
would not be adequate in view of the possible
importance of spanwise diffusive effects in
separated flows. Lastly in three space dimensions the problem of ensuring a gain in computational efficiency by using boundary layer
approximations becomes even more difficult.
At the present time there are at least cwo schemes
available which have performed calculations

of 8ubsonic separated flows both of which have used
the full Navier-Stokes equations. These are the
scheme of Patankar and Spalding (Ref. 16.133) and
the scheme of Briley and McDonald (Ref. 16.64).
The scheme of Patankar and Spalding (Ref. 16.133)
is also described by Patankar (Ref. 16.195).
Further extensive work on these and similar schemes
will of course be necessary before they can be
used in turbomachinery problems. In particular
the capability to perform calculations in
reasonable geometries is lacking and even the
evaluation of the status of the presently
available procedures is bedeviled by the high
computing costs of performing the calculations.
A demonstration of the capabilities of these
two schemes is given in Figs. 16.8 and 16.9.
Work in the area of representing the more
realistic geometries is going forward, see for
instance, Eiseman and McDonald (Ref. 16.117),
but the problem of computing times will require
either a breakthrough in computational
procedures or a marked reduction in the cost
of performing computations. In any event it
has not yet been established that the turbulence
models proposed for use in this problem are
either adequate or inadequate even for the
predictions of the gross features of the flow.
Obviously a great deal of work remains to be
pone but at least a plan of attack on this most
difficult of problems has been formulated and
the initial stage implemented.

16.4

Turbulence Models

In an earlier chapter a physical description
of turbulent motion has been given. Here the
emphasis is on the various prescriptions for the
quantitative evaluation of the extent of the
transport of heat, mass and momentum which
results from this turbulent motion. The
turbulent transport mechanism is evidenced by the
appearance of nonzero correlations of fluctuating
quantities in the averaged equations describing
the conservation of heat, mass and momentum.
These correlations are usually grouped together
and for the momentum equations are termed the
Reynolds stress tensor. The aim of the turbulence model is to provide an adequate description of the dominant terms in this Reynolds stress
tensor for the flow under consideration. At the
present time the relationship between the Reynolds
stresses and the resulting mean motion is poorly
anderstood and it is necessary to resort to
empiricism at some point in order to proceed.
In principle resorting to empiricism is not
necessarily evil, indeed the coefficient of
laminar viscosity is an empirical quantity.
The problem arises due to the lack of generality
of the various turbulent transport models and
as attempts are made to formulate more general
models so the complexity of application has
increased as well as the speculative nature of
the various closure hypothesis. In describing
.turbulence models then, it is still necessary
to include the simple prescriptions since they
will continue to be used in the foreseeable future
for those flows where their predictions are known
to be reasonable. It is also necessary to outline
where possible the areas where the various models
can, or do, fail to give reasonable predictions.
As before the emphasis will be on the special
problems of turbomachinery. Several good
treatments giving the various points of view on
turbulence models in general are to be found in
the works of Launder and Spslding (Ref. 16.163)
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and Bradshaw (Ref. 16.198), for instance. Since
detailed turbulence models are normally thought
of in terms of direct numerical solutions to
the governing equation, the present discussion will
reflect this bias. As previously mentioned,
however, the detailed prescription can usually be
incorporated into integral methods, at least with
conceptual ease. Lastly an extensive catalogue of
the more complex multi-equation turbulence models
is given in the thesis of N~ (Ref. 16.171) and
critical reviews of the topic ~iven by Bradshaw
(Ref. 16.198) and Reynolds (Ref. 16.170). Further
discussion and categorization is also given by
Launder and SpaldinR (Ref. 16.163) and Mellor and
Herring (Ref. 16.173). Interested readers are
encouraged to read these works to get the full
flavor of both the divergent and convergent views
held by the various authors.

16.4.1

Special Problems of Flow in Turbomacbinery

Here those aspects of the turbulent flow in
turbomachinery which give rise to special problems
are discussed. The order in which the problems
are introduced does not imply their relative
importance as this will vary from application to
application. No consideration is given specifically
to the very difficult problems of centrifugal
compressors.
. One of the most striking features of the flow
in turbomachinery is its very pronounced threedimensional nature. Annular ducts almost
invariably have supporting struts whose intersection with the annulus wall boundary layers
introduce re~ions of flow separation and reRions
of shear layers merging, the 'clash re~ions'
referred to earlier. Of course this same pr06lem
occurs with compressors and turbines as well, with
the added complication that the time-dependent
nature of the flow within a stage introduces a
further variable into the problem. Within the
turbine high heat transfer' rates can be obtained
in conjunction with highly cambered blades. The
resulting overturning of the endwall boundary
layers can result in the formation of vane or
rotor passage vortices and of course the direct
effect of curvature on the turbulence structure
is possible. The strong accelerations and low
Reynolds numbers which occur in the turbine give
rise to extensive regions of transition from
laminar to turbulent flow and vice versa. All of
this occurring in a region where large and or
.intense velocity fluctuations and pressure
(acoustic) waves can occur in the nominal free
stream and interact with the shear layers.
Obviously at the present time many of these effects
cannot be taken into account in making flow
predictions. It follows, therefore, that predictions of internal turbulent shear flows must be
viewed more tolerantly yet more skeptically than
in external flow.
On the positive side two aspects of turbulence,
compressibility and three-dimensionality, have
been found in external flow to be less of a problem
than thought at one time and of course, the hope
is that this fortunate state will also occur for
internal flow problems. In the case of compressibility, Morkovin's hypothesis (Ref. 16.27) that
turbulence should be unaffected by fluctuations in
density provided the fluctuations. are small
compared to the mean density, has been' supported
by a number of investigators, e.g., Maise and
McDonald (Ref. 16.21). Indeed Morkovin's
suggestion would seem to hold over a much wider
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rani' of density fluctuations than has hitherto
b.en .u.p.eted (Owen and Horstman, Ref. 16.25),
leading one to believe that even in the presence
of the high heat transfer rates found in turbo..chinery, Morkovin's hypothesis might be adequate. In the case of three dimensionality it
has been argued by a number of investigators,
e.g., Bradshaw (Ref. 16.145) and Nash (Ref.
16.74) that, since even when the mean flow is two
dimensional, turbulence is a three-dimensional
phenomenon, modest three-dimensionality would
not affect turbulence 'scalar' quantities.
Application of this suggestion has led to quite
acceptable three-dimensional boundary layer
predictions in some instances. Clearly, however, the strong three-dimensional effects
occurring in turbomachinery stretch this suggestion to its limit and probably beyond. For
the present there is little in the way of
substantiated working alternatives unfortunately.
In addition rotational effects are
.ncountered in internal flows in both compressors
and turbines. According to Johnson (Ref. 16.146)
the rotating external blade boundary layers are
sufficiently thin that the effects of the
Coriolis and centrifugal forces both on the mean
flow and turbulent structure are probably
negligible. Internal or duct flows, such as
might occur within a rotating cooling labyrinth,
do, however, according to Johnson, exhibit
significant rotational effects. At present
little detailed quantitative information on
duct rotational effects is available and insofar
as performing calculations are concerned only
the preliminary suggestions of Bradshaw (Ref.
16.147) are available and extensive evaluation
and/or development will be necessary before
calculations can be performed with any confidence. As a first step in this long process,
Rughes and Horlock (Ref. 16.204) discuss the
effect of centrifugal and Corio lis forces upon
the turbulent shear stress and how these changes
will affect the growth of boundary layers in
turbomachines. The Hughes-Horlock paper therefore is .mandatory reading for those interested
in rotational effects on the boundary layer.

16.4.2 Categories of Turbulence Models

I

II

Turbulence models serve to define the
unknown turbulent correlations which appear in
the averaged conservation equations of heat, mass
and momentum ultimately in terms of the mean flow
variables. In recent years the practice has
grown up of categorizing the turbulence model by
the degree of complexity of the relationship
between the correlations and. the mean flow,
usually by means of the number of partial
differential equations which must be solved in
order to obtain the Reynolds stresses. At the
most elementary level the previously introduced
Prandtl's mixing length require no partial
differential equation to be solved in order to
4etermine the Reynolds stress level and con.equently this model might be termed a 'zero
equation' model, or more accurately, an algebraic
.tress model. In a similar vein, for example,
Donaldson (Ref. 16.143) after empirical modeling
of certain turbulent correlations solves a partial
41fferential equation for each of the three
components of the Reynolds normal stress and the
Reynolds shear stress and consequently this
lugs.stion would be termed a four equation model.
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The differential equations used can either be
exact equations derived rigorously by taking
moments of the Navier-Stokes equations or entirely
empirical equations. If exact equations are
employed, empirical relationships must be introduced for certain of the turbulence properties
to 'close' the system. A further discrimination
between the turbulence models can be made on
the basis of whether or not the differential
equations are for one or two point turbulence
properties.
In a separate category the use of differential
equations for the one or two point turbulence
properties may be replaced by the schemes which
solve the time-dependent Navier-Stokes equations.
In view of the wide range of scales normally
encountered in turbulence it is not feasible
to resolve the flow at sufficiently small scale
such that all of the motion contributing to the
dynamics can be computed. Instead a turbulence
model can be postulated for the unresolved sub-grid
motion. Examples of this approach are to be
found in the work of Deardorff (Ref. 16.142) but
even with sub-grid modeling the computational
cost of this approach is at present prohibitive
for normal engineering applications.
In addition to the foregoing cate~orization
particularly in dealing with algebraie stress
models and one or two equation turbulence models,
the terminology equilibrium or nonequilibrium,
historic or (with apologies) prehistoric is
sometimes used. Here care has to be taken to
discriminate between the various uses of the term
'equilibriu~'. 'In particular 'equilibrium' is
often used as a synonym for self-preserving or
similarly in the sense of the very snecial boundary
layers whose mean profile does not change in the
axial direction when expressed in certain
coordinates. Clauser (Ref. 16.11) demonstrated
quite dramatically that such boundary layers,
previously well-known in laminar flow, also
exist in turbulent flow. Further Clauser (Ref.
16.11) also deduced that in such equilibrium flows
the eddy viscosity, Eq. 16.4(7), in the outer region
of the boundary layer w01l1d have to be essentially
constant when made nondimensional by a scale of
velocity and length, in Clauser's case the free
stream velocity u e and the boundary layer displacement thickness 6*. This constant nondimensional
eddy viscosity concept belongs in the algebraic
stress model category and in view of this the
algebraic stress models are sometimes referred to
as equilibrium turbulence models.
Algebraic stress models all possess the
feature that the local turbulent shear stress is
given directly in terms of the local mean velocity
profile. Such models therefore cannot allow the
observed lag in changes in the Reynold's shear
stress when the mean motion is perturbed rapidly.
Multi-equation turbulence models do allow a lag
and consequently these models are sometimes
termed 'nonequilibrium',
'lag' or 'historic'
turbulence models. In view of the observation
that equilibrium turbulence models do at least
reflect the mean flow history, the claims and
counter claims about turbulence history or lack
of it have been abandoned in favor of the less
controversial categori7ations of equilibrium and
nonequilibrium turbulence model.
The equilibrium terminology also arises in
part due to the interpretation of mixing length
and eddy viscosity advanced by Batchelor
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(Ref. 16.141) and Townsend (Ref. 16.140). According to this interpretation the validity of the
8imple mixing length hypothesis and closely
related well-behaved eddy viscosity is an expression of the local equilibrium between the production and dissipation of turbulence kinetic energy.
This local equilibrium arising when convection and
diffusion of turbulence kinetic energy h negligibly small. Care must therefore be taken in
discriminating between the various uses of the
term 'equilibrium'.
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which is consistent with Prandtl's earlier mixing
length formulation. In squaring both sides it is
established practice to write the formula
_
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16.4.3 Algebraic Stress Models
so that the shear stress always has the opposite
sign to the mean gradient. The definition of
eddy viscosity is given as

For thin unseparated turbulent boundary
layers it is generally excepted that only the
Reynolds shear stress - UTVi need be retained in
the mean axial momentum equation. Prandtl (Ref.
'16.139) proposed that in general the turbulent
diffusional flux of some property $ = f + ~' could
be expressed by
-v'</>'
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16.4 (1)
where v is the velocilY in the y direction, normal
to the mean flow and q2 is the turbulence kinetic
energy

16.4 (6)

80 that from a formal viewpoint mixing length 1
and eddy viscosity vT may be viewed interchangeably. Returning now to the specification
of the mixing length in a boundary layer, a three
layer formulation is now widely favored. In this
three layer formulation a viscous sub layer , a
near wall region and a wake-like region of the
boundary layer is identified and various suggestions for the mixing length or equivalently for
the eddy viscosity, made for each region.

16.4 (2)
16.4.3.1
and the prime denotes a fluctuation and a$ is a
constant and £ is a turbulent length scale. Note
here the explicit postulate of a gradient transport
mechanism (see Corrsin (Ref. 16.205) for a discussion on the limitations of gradient transport
in turbulence). Attention is now restricted to
the transport of axial velocity u and the constant
is incorporated into the definition of the
length scale £. At this point two additional
relationships must be provided before the s~ear
stress can be determined: first, some means ~o
obtain the turbulence kinetic energy must be
prescribed; second, the length scale i must be
specified. Indeed a number of the two-equation
models of turbulence to be discussed later attempt
to provide partial differential equations for
precisely these quantities. For the algebraic
stress model the relationship between shear stress
and kinetic energy may be obtained by invoking the
structural similarity concepts noted by Townsend
(Ref. 16.140) for instance. In the structural
similarity concept the hypothesis is made that
after prolonged application of a mean strain the
turbulence approaches a near equilibrium condition
where the correlation coefficients are independent
of the turbulent intensities and strain rate which
produced tnem. Both theory and experiment have
since indicated that structural similarity is
only approximately obtained even after prolonged
straining but it does provide a convenient,
relationship of the form

a.
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16.4 (3)
where 'a' is a coefficient which would not be
expected to vary by an appreciable amount. Again
if 'a' is incorporated into the definition of the
length scale, Prandtl's formulation for the
Reynolds stress then gives

The Outer Wake-Like Region

In the wake-like region of the flow two
suggestions are extensively used. The first is
the constant eddy viscosity formulation deduced
by Clauser (Ref. 16.11) for equilibrium boundary
layers which can be written

"T
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and slight variations in the value of the constant
.016 are observed in the literature. Herrin~ and
Mellor (Ref. 16.6Q) apparently the first to
extensively use this definition of eddY viscosity
for nonequilibrium and compressible boundary
layers. In compressible flow Herrin? and ~ellor
(Ref. 16.69) adopted a kinematic definition of
the displacement thickness, i.e.,

16.4 (8)
omitting density from the usual definition of 0*.
Later Maise and McDonald (Ref. 16.21) found that
use of the kinematic displacement thickness much
improved the collapse of the eddy viscosities
inferred from the correlated behavior of compressible constant pressure boundary layers.
Subsequently Cebeci and Smith (Ref. 16.68)
adopted the Mellor-Herring sug~estion and used
the kinematic displacement thickness in Clauser's
formula for compressible boundary layers whilst
adding an intermittency factor to pive a variation of the eddy viscosity normal to the wall
more in keeoinv with that observed.
As an alternative and conce"tually equivalent
process to specifyin~ the eddy viscosity in the
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outer region a number of people have suggested
that the mixing length vhen expressed as some
fraetion of the boundary layer thickness 5 vould
ba constant in the outer vake-like region of the
boundary layer, i.e.,

&·0.093

I

16.4 (9)
and again minor variations in the constant .09
are observed in the literature. Patankar and
Spalding (Ref. 16.67) for instance made
effective and extensive use of this hypothesis
following the lead of Escudier (Ref. 16.152) vho
demonstrated that Eq. l6.4(9} vas a reasonable
approximation in many incompressible turbulent
boundary layers. Maise and McDonald (Ref. 16.21)
later found that Eq. l6.4(9} appeared to be a very
reasonable approximation and quite insensitive
to Mach number in a constant pressure compressible
boundary layer.
Three major effects on the values adopted
for the nondimensional. outer layer mixing length
or eddy viscosity have been identified. The
first is a lov Reynolds number effect, the
second is the effect of free stream turbulence
and the third the effect of streamline curvature.
Herring and Mellor (Ref. 16.69) found, for
instance, that in order to satisfactorily predict
the behavior of a number of loy Reynolds number
boundary layers they had to introduce a low
Reynolds number correction into the outer layer
eddy viscosity and progressively increase its
value as RS dropped below 5xl0 3 • These findings
were in fact consistent vith the observation of
Coles (Ref. 16.17) vho noted below RS of 5xl0 3
the so-called wake component of the constant
pressure boundary layer eventually disappeared.
Taking Coles' data correlation and velocity
profile family, McDonald (Ref. 16.157) deduced
from the boundary layer axial momentum equation
the consistent Reynolds stress profiles and the
eorresponding nondimensional eddy viscosity and
mixing lengths. The results were in broad
agreement vith the Herring-Mellor (Ref. l6.69)
suggestion and could be expressed as

U/31. (1/81.[
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ago the very large effect this parameter could
have on a turbulent boundary layer, More
reeently this effect has been experimentally
studied in detail by Charnay et a1., (Ref. 16.159)
and Huffman et al., (Ref. 16.160) among others.
These results are·indeed all quite consistent
and show a large increase in the outer layer
mixing length or eddy viscosity as the free
stream turbulence is increased. The physical
mechanism at play here is thought once again
to be the increased contortion of the turbulent
free stream interface due to the action of the
free stream turbulence on the interface. It
is also intuitively obvious that the scale of
the free stream turbulence should have an effect
on the interaction since if the scale is large
and this free stream disturbance life.time is
much longer than the boundary layer turbulence
the boundary layer will tend to respond more
as it vould to a slowly varying time dependent
free stream. Now time dependent free streams
can be treated if the free stream time scales
involved are much longer than the energy containing
boundary layer turbulence lifetime (vhich usually
does not exceed the convection time to travel
ten boundary layer thicknesses). For the usual
concepts of free stream turbulence to be valid
the motion has to be characterized by scales
less than the previously mentioned ten boundary
layer thicknesses. Fo1lowin~ convention, the
free stream turbulence is defined by

16.4 (11)
whieh reduces to

16.4 (12)
in the of "an assumed case of isotropic free
stresm turbulence.

A straightforward correlation of the Huffman
et al. data would suggest the outer region
mixing length would vary very roughly as

16.4 (10)
where (t/o)~ is the high Reynolds number value
of the mixing length constant. Subsequently
a very similar modification vas proposed by
Cebeci & Mosinskis (Ref. 16.166).

16.4 (13)

Consistent with the increase in mixing length
and eddy viscosity noted at low Reynolds is
Head's visual observation in his smoke tunnel
that the turbulent interface with the free stream
was much more contorted at low Reynolds numbers,
presumably resulting in an increased entrainment
of fluid into the boundary layer and the increased
values of mixing length and eddy viscosity.
Simpson (Ref. 16.149) suggested that these low
Reynold '·s number effects might· be explained by
an increase in the near wall region turbulent
transport but the data analysis of Coles
(Ref. 16.17) does not support this idea and
subsequently Huffman and Bradshaw (Ref. 16.150)
argued against Simpson's suggestion.
Turning now to the second major effect.
that of free stream turbulence, Kline, Lisin
~nd Waitman (Ref. 16.158) demonstrated ,some time
16-51
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Bayley et al., (Ref. l6.l6l) successfully used
a very simple relationship derived by trial
and error in calculating the effect of free
stream turbulence on the heat transfer to a
turbine aerofoil. Within the mixin~ length
framework formula of this type which are, like
the low Reynolds number correction, nothing
more than data fits, probably suffice and
doubtless as more data is acquired it will be
possible to improve the data curve fit.
The third major effect on the outer layer
arises from streamline curvature
and this effect also has been clearly noted in
a number of experimental stuides. Bradshaw
(Ref. 16.147) discusses this curvature effect
in detail and suggests on the basis of the
Monin-Dbeukhov meterological formula a first

~ixinglength

presumably heat transfer is significant. Glowacki
and Chi deduced the turbulent shear stress from
the axial momentum equation and the mean velocity
profile development and found that

order formula

16.4 (14)
where Ri is an equivalent to the Richardson
number and defined

16.4 (18)
where

16.4 (15)
16.4 (19)
with R the radius of curvature taken positive on
a convex surface. The constant e takes on a value
about 7 for convex (blade upper surface) curvature
and takes a value of about 4 on a concave surface.
Typically on a convex surface SRi might reach a
value near 30 o/R or 40 a/R so that for ratios
of boundary layer thickness to surface radius of
curvature greater than say 1/100, very substantial effects of curvature on the outer layer
mixing length are to be expected. Fortunately
highly cambered blades are typical of turbines
rather than compressors and the high acceleration levels of the turbine ensure that the
naturally occurring surface boundary layers
are very thin so that except for film cooled
boundary layers the ratio a/R does not usually
approach the troublesome magnitudes. Nonetheless
surface i.e ..', streamline, curvature must be

observed as a potential source of difficulty.
Bughes and Horlock (Ref. 16.204) provide a
~iscussion of this problem.
16.4.3.2

The Near Wall Region

Turning now to what has been termed the
near wall region of the flow, and here almost
complete unanimity in the choice of relationship is to be found among the various
investigators, notably that Prandtl's mixing
length should be proportional to distance from
the wall, viz.,

1. I<Y

which when used in conjunction with the continuous distribution of mixing length, ·Eq. 16.4 (17),
and a Van Driest sublayer model which will be
described shortly, gave very good predictions
when compared with measured equilibrium (self
preserving) boundary layers. Unfortunately,
the use of a local pressure gradient parameter
(constant for equilibrium boundary layers) in
the correlation for R gives rise to doubts about
the ability to properly represent nonequilibrium
boundary layers. A more significant parameter
for generalization to nonequilihrium layers
would be the Clauser shape parameter G, and a
replacement of B with G in Eq. 16.4(18) can be
made using Nash's (Ref. 16.12) relationship
in Eq. 16.1(8). The implication at this point
is that R is exhibiting a deoendence on the
local turbu:i.ence structure, which on the basis
of the lo~~: equilibrium hypothesis is related
to the prelile shape G which in turn is caused
to change by the imposition of the pressure
gradient B. An even more direct link in the
argument follows from the observation., implicit
in all of Coles' profile development and
subsequently noted by Reeves (Ref. 16.168),
that the fact the logarithmic law of the wall
is observed to hold in pressure gradients is
inconsistent with the linear mixing length
assumption. It follows that if the logarithmic
law of the wall holds in a pressure gradient
i.e., a flow where T # Tw and y+ > 2A+ then the
mixing length must be given by

16.4 (16)
16.4 (20)

where ~ is termed von Karman's constant and is
usually attributed a value close to .40. The
crossover to

to recover the logarithmic law of the wall. This
observation has of course been well known for
some time and the predictors have usually
responded by pointing out good agreement between
prediction and measurement which results fr~m
ignoring this dependence on the ratio of local
to wall stress. Further the departures from
the log law as it fairs into the defect or wake
formulation are subject to minor fitting variations which can have considerable impact upon
the local velocity gradients which are crucial
to the derived mixing length variations. Thus
predictors have ignored the strict interpretation of the log law in the presence of a pressure
gradient and view the log law as an approximate
relationshi~ arising from t = ~y and , " 'wand
not vice versa, as Eq. 16.4(20) suggests. Indeed
a number of people have generalized the log law
to account for pressure gradients e.g., To\msend
(Ref. 16.167) and the resulting profile certainly
has a more realistic asymptotic behavior than
the log law as TW decreases to zero. The inference of the generalizations of the law of the

the outer layer is achieved by

selecting the smaller value of eddy viscosity
or mixing length as computed by both the near
vall formula and the outer wake-like region
formula. McDonald and Camarata (Ref. 16.56)
suggested ,the continuous relationship

I • I. Ian h ICyl1..

16.4 (17)
to cover both regions without the sharp break
vhich follows from the use of two piecewise,
discontinuous relationships. More recently,
Galbraith and Head (Ref. 16.154) have suggested
that the von Karman constant ~ does in fact
vary with pressure gradient, and this effect
bas also been noted by Glowacki and Chi
(Ref. 16.155). While the effects of this
variation in the von Karman constant are
negligibly small on the integral thickness
parameters, the effect On skin fric tion and
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gradient ~arsmeter a. This second alternative
seems quite re~sonable for relstively unsoohisticated turbulence models in view of the global
nature of the mean velocity profile characterization. The third alternative is to take note of
the widespread appearance of a logarithmic
region in the mean velocity profile near the wall
and characterize the effective von Karman constant
by some function of the local value of the ratio
of the turbulent shear to wall shear stress. This
latter practice however is inconsistent with
the observed near linear dependence of the mixing
length on distance from the wall in the near wall
region (snd poses difficulty near separation).
The only way to recover a much wider region of
linear dependence is to base the correlation of
effective von Karman constant on the local
stress gradient as opposed to the local stress.
Either of the latter two suggestions seem
ressonable snd presumably the correct choice will
become obvious as more experimental evidence
becomes available.

vall to account for pressure gradients is that
indeed Eq. 16.4(20) does not hold. The truth
probably lies somewhere in between as evidenced
by the fact that Glowacki and Chi did not assume
a log law in their data reduction yet their
re.ults can be conveniently expressed as
J,

0"01( ..1 .., /

16.4 (21)
and the exponent 'a' is nearer to 1/4 than 1/2 as
in Eq. 16.4(20). The exponent of 1/4 is of
course a middle ground between the two viewpoints
and would certainly result in more of a log law
being evidenced by the predictions. The half
power variation given by Eq. 16.4(20) is
not at all suitable for implementation in a
finite difference scheme to determine the local
stress T since the local stress which is to
be obtained from the mixing length relationship
would then cancel out the shear stress - mixing
length formula. A caution also to the use of
a more general (,I,w) type of correction for
the von Karman constant lies in the asymptotic
condition of vanishing wall shear and her~
obviously it is necessary to provide a limit
of the type
".11· "0( ../T.)"4,
0 ••

16.4.3.3 The Viscous Sub layer
Finally a variation of eddy viscosity or
mixing length across the viscous sub layer must
be hypothesized. Here however. the option is
open of specifying this variation once and for
all and integrating the so-called Couette flow
approximation to the axisl momentum equation

O.!\< T/Tw~ 15.0

968"0
,

16.4 (22)
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Finally. it is observed that a Keft relationship such as the above or Eq. 16.4 (21) is
of course inconsistent with the notion of a
linear variation of mixing length i.e.,
Keff - const, in the wall region except in
aome very special cases. If a linear dependence
of mixing length on wall height is demanded
(and here the experimental evidence in pressure
gradient is not all that definitive) then it
becomes necessary ~o postulate a dependence
of mixing length upon the stress gradient
aT/ay which in turn possesses the ability to
be nearly constant across the wall layer.
Further, in equilibrium boundary layers near
the wall but outside the viscous sublayer one
observes that the stress gradient a,/ay is
nesrly constant and given by
,

16.4 (24)

16.4 (23)

so thst Glowacki and Chi's relationship
Eq. 16.4(18) can easily be converted to a
stress gradient rather than a pressure gradient
or shape parameter relationship.

,

f

I

dp

dx

i.e •• neglecting the convective terms in the
boundary layer axial momentum equation to obtsin
u at the edge of the viscous 9ublayer as a
function of Tw' v and dp/dx and of course
any of the parameters upon which ~(y) is
supposed to depend on in the sublayer. This
functional dependence of u at the edge of the
sub layer can be parameterized and consequently
the integration of the governing equations within
the sub layer need not be performed so long as the
Couette flow approximation is valid. This same
psrametric approach can be viewed alternatively
ss determining from observation the variation
of the additive constant B in the law of the
wall mean velocity profile Eq. 16.1(10).
Pstsnkar and Spaldin~ (Ref. 16.67) in their
scheme chose to implement the once and for sll
integration of Jayatelleke (Ref. 16.204) while
Bradshaw. Ferriss and Atwell (Ref. 16.57) prefer
to view the sub layer problem as an empirical
problem of determining the variation of the law
of the wall additive constant. In either case the
result is the same in that the governing equations
are not integrated within the viscous sub layer but
the solution is matched to some prescribed
velocity outside the sublayer. A variety of
rather neat matching techniques have been
devised but will not be discussed here. A similar
process is followed for the energy snd species
equations.
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Thus in attempting to use the information
deduced by Galbraith and Head,and Glowacki and
Chi there are four obvious alternatives. The
first is to use Glowacki and Chi's equilibrium
correlstion of the effective value for the
von Karman constant as presented on the
basis of pressure gradient for nonequilibrium
flows. It is suggested that this proposal
should be rejected. To follow the local equilibrium hypotbesis it would be more reasonable to base the extension to nonequilibrium
flows on s local mean velocity profile shape
parsmeter G rather than the local pressure

There are two attributes to the previously
outlined wall function procedure for dealing
with the sub layer aside from the obvious one of
saving computer time by reducing the required
number of grid points. The first is that if the
sub layer profile is viewed simply as a problem of
16-53

determining the law of the wall additive constants,
the conceptual difficulty of explicitly postulating
a turbulent transport mechanism for the very low
Reynolds number asymptotic wall region is avoided.
Bradshaw and Ferriss (Ref 16.77), for instance,
cite this as one reason for selecting the law of
the wall approach (in spite of the apparent ease
with which reasonable sub layer profiles can be
obtained from postulated transport models). The
second attribute has been previously mentioned
and derives from the absence of grid points
very close to the wall as a result of matching
the computed and analytic variables at some point
removed from the wall. Clearly stability restricted
prediction methods derive a considerable benefit
in increasing the allowable axial step which
follows from the increased step size normal to
the wall. Indeed it is doubtful that current
stability restricted methods would be at all
competitive in terms of computer run times unless
the wall function approach were adopted.
The problem with the wall function approach
in general lies first of all with the limitations
on the Couette flow approximation, for here it
is observed that frequently the stress near
the wall but outside the sublayer may be
represented by the linear relationship

regions between laminar and turbulent flow. In
such regions the law of the wall does not hold
so the question of the value of the additive
constant does not arise. Further since in some
turbine problems the sublayer may comprise the
whole boundary layer, the neglect of the convective terms in the Couette approximation is
clearly unacceptable.
Of the sublayer transport models proposed,
the most commonly used in calculation schemes is
that due to Van Driest (Ref. 16.151) who suggested
that the mixing length in the wall region be
written
L· ... y.})

16.4 (26)

where ~ is a damping factor defined by

16.4 (27)

and A+ is a coefficient which could be ~iven
the physical interpretation as the thickness
of the sub layer when expressed in law of the
wall coordinates

16.4 (25)
16.4 (28)

where A can reach values as low as .2 and as high
as 2.0 with relative ease. At the wall itself
• value of 1.0 for A must be obtained so that
a variation in A across the sublayer, not taken
into account in the Couette flow assumption,
is to be expected. The value of velocity
at the edge of the sub layer arrived at by a
once and for all integration of the Couette
flow approximation, therefore, cannot be relied
upon in the case of strong pressure gradients
or in. the vicinity of flow separation. Further
there arises the question of the temperature
variation in the sub layer and aside from the
interest in this quantity for heat transfer,
the temperature is required in the sub layer
integration for the velocity profile. As was
mentioned in the earlier discussion on the law
of the wall, the temperature variation in the
sub layer seems much more sensitive to variables
such as pressure gradient than the velocity
field. Consequently the adoption of the Couette
flow approximation for the temperature field or
equivalently assuming an additive constant for
the thermal law of the wall is more suspect
than for the velocity field.

It turns out that the sublayer dampin~ factor
is a critical parameter in obtaining accurate
heat transfer and wall friction predictions.
Other suggestions for the sub layer damping
factor have been given by Mellor (Ref. 16.156)
and McDonald and Fish (Ref. 16.58). The
differences in the various sup.gestions are in
matters of detail and are not worth dwelling
on here. Probably the most significant items
in the damping factor are the definitions of
the normal distance y+ and the value ascribed
to the Van Driest coefficient A+. In the
definition of y+ given above the local shear
stress T has been used, as seems proper.
Frequently however, this local stress is
approximated by the wall value Tw' and aside from
bein~ unnecessary in a direct numerical scheme
the approximation of the local stress by
the wall stress leads to obvious difficulty
near separation where Tw ~ O. Some authors,
for example Cebeci (Ref. 16.165) have proposed
to remedy the situation by reverting to the
Couette flow approximation replacing T by

In view of the foregoing it would seem
reasonable that if the wall function approach
were to be selected it is probably better to
proceed for instance as Bradshaw and Ferriss
(Ref. 16.77) do and to view the sublayer as the
problem of determining the law of the wall
additive constants and to correlate the variation
of these constants with parameters such as pressure gradient, transpiration rate or wall
roughness etc. On the other hand, viewed
pragmatically, considerable success has been
obtained by specifying a turbulent transport
mechanism for the sub layer and not adopting
the Couette flow simplification. This approach
has particular merit in gas turbine applications
where 10w.Reynolds numbers combine with high
acceleration levels to give extensive blending

16.4 (29)

As was pointed out above there is considerable
experimental evidence that Eq. 16.4(29) is not
particularly accurate near a wall and there is
little ground (except numerical instability)
for not using the total stress in the definition
of y+ ••
The second item of importance is the
Van Driest coefficient A+ (equivalent parameters
arise in the formulations of Mellor (Ref. 16.156)
and McDonald and Fish (Ref. 16.58». For
boundary layer flow over a smooth impermeable
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vall the coefficient is usually given a value
around 27. Unfortunately the "Van Driest coefficient
ie known to vary. For instance Van Driest suggested
that the effect of surface roughness could be
..,deled !iy. varying A+ such that when k+, defined
by
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16.4 (33)

with k the rms roughness height, exceeds A+,
the 8ub1ayer would be erradicated. A simple
preliminary formulation embodying this feature
has been implemented by McDonald & Fish (Ref.
16.58) and Crawford and Kays (Ref. 16.201).

The Stanford group have incorporated the
foregoing suggestion into an extensively
modified version of the Patankar-Spa1ding finite
difference boundary layer scheme (Ref. 16.201)
and achieved comparable results to Herring and
Mellor (Ref. 16.69).

It is noted however that Van Driest's
original suggestion of eradicating the sub layer
does not account for the observed continued
effect on the flow for roughness heights k+
in excess of 27. In terms of the law of the wall
additive constant, B, this continues to decrease
by very significant amounts as the roughness
height k+ increases beyond 27. In order to model
this effect either a shift in the effective
wall location or a capacity of the roughness
to enhance the turbulence production (or both)
must be postulated. Although incorporated into
the formula of MCDonald and Fis~ the turbulence
production capability of wall roughness clearly
merits much additional study. As given by
Crawford and Kaya (Ref. 16.201) there does not
seem to be any mechanism to reduce B as k+
increases beyond 27 in their formulation.

I

with a constant pressure zero transpiration
value of 24 for A+ is adopted, and where

The question of relaminarizing boundary
layers is also treatable within the mixing
length framework if the suggestion of Launder
and Jones (Ref. 16.80) is followed and A+
obtained by integration of the differential
equation

16.4 (34)
and C is a constant whose value has been found
by trial and error to be about 4. Atq is the
local equilibrium value of A+ which would be
obtained from a relationship such as Eq. 16.4(31).
Launder and Jones subsequently abandoned this
formulation in favor of a multi-equation model
of turbulence which will be discussed subsequently.

Insofar as pressure gradients and wall
transpiration are concerned numerous workers
have observed the need to vary A+ in order to
match the experimental results e.g., Cebeci
(Ref. 16.165). It is noted however that if the
local stress T is used in the definition of y+ as
opposed to the wall value 'w' the required variation
of A+ is lessened. Indeed both Herring and Mellor
(Ref. 16.69) and Kreskovsky, Shamroth, and
McDonald (Ref. 16.200) in published and unpublished
studies were able to satisfactorily predict the
behavior of a wide range of boundary layers in
strong variable pressure gradients for both
transpired and impermeable walls, without resorting to varying the equivalent of A+ in their
formulations. This capability was attributed to
the use of the local stress in the definition of
y+. Huffman and Bradshaw (Ref. 16.150) found
that even when the local stress was used, A+ was
observed to vary when the stress gradient
~w/pwu~aT/ay exceeded -5x10- 3 • In any event
if the wall stress is used to define y+ then A+
must be allowed to vary. Kays and Moffat
(Ref. 16.81) suggest on the basis of the
extensive studies at Stanford the empirical
relationship

,o _______

16.4;3.4 The Heat Transfer Coefficient
Turning now to the turbulent transport of
heat with the usual thin boundary layer approximations only ~turbu1ent heat transfer
correlation -v'T' assumes importance. If
Prandt1's formulation Eq. 16.4 (1) is retained
for consistency with the momentum transfer
analysis then tne ratio of the turbulent heat
transfer correlation to the Reynolds shear stress
is simply
aT

-Y'TI • 5L. ay
-V'U'

CT

h ~

ay

16.4 (35)

which from the definition of the eddy viscosity
vT may be written

16.4 (36)
so that if an eddy diffusivity of heat is
introduced
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16.4 (37)

the turbulent Prandt1 number is arrived at as

where

ao 7.1
bo4.~

Co

10.0

otherwise a.• 9.0
p S 0.0 otherwise b ·2.0
p. S 0.0 otherwise ~. 0.0

v;'~o.o

16.4 (38)
which in Prandt1's formulation would be a
constant.

16.4 (32)
16-55

we

Trw

Although it is quite feasible to deduce a three
(or more) layer model for the heat transport
correlation in an analogous fashion to the algebraic
Reynolds shear stress models, it has long been felt
that the mechanism resulting in the turbulent
transport of momentum would be the same mechanisms at play in the turbulent transport of heat so
that the turbulent Prandtl number would indeed take
on values close to unity. Initial boundary layer
calculations performed using this assumption of
unit turbulent Prandtl number resulted in very
good agreement with available data. Subsequent
measurements by a number of different authors
e.g., Meir and Rotta (Ref. 16.40) and Simpson,
Whilten and Moffat (Ref. 16.137) for instance,
have all confirmed that indeed the turbulent
Prandtl number takes on values close to unity
in the turbulent boundary layer. Nonetheless,
in spite of the experimental uncertainties
involved in making such measurements at the
present time, the results of the differing
investigations are fairly consistent in showing
values of the turbulent Prandt1 number in excess
of one near the wall and falling below one in the
wake-like region of the boundary layer. This
has led a number of authors to suggest distributions of turbulent Prandtl number for use in
performing turbulent boundary calculations.
For instance, Pai and Whitelaw (Ref. 16.138) used
Pt , .1.7'-1.25y/8
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T
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16.4 (43)

Thus ss in two dimensions the description
of the three-dimensional Reynolds stresses can
be poor when the mixing length assumptions are
inadequate. However, in addition, in three
dimensions the assumption that the eddy viscosity
is an isotropic scalar results in the shear
stress direction being that of the mean rate of
strain. Experimental evidence shows that in many
cases this is at best a crude assumption but
probably no worse than the assumption of a wellbehaved mixing length or eddy viscosity and
according to Nash and Patel the calculations
are not overly sensitive to the direction of
the shear stress. In the foregoing the generalization of mixing length formula to three dimensions
has been given and the extension of the conventional two-dimensional eddy viscosity models,
which usually only differ in the outer wake-like
region in any event, are obtained similarly
Le. ,

T (11T h ) [( Ty""
dO)1 + (dW
)'}III
Tw"
Ty""
16.4 (45)

and the three-dimensional displacement thickness
is defined

• raJ( 1-."....
V) dy

8 "J_

o

v.

16.4 (46)

Cebeci et a1., (Ref. 16.102) have in fact
constructed a three-dimensional boundary lAyer
prediction scheme using an eddy viscosity
formulation which has been generalized in the
aforementioned manner from the two-dimensional
model used by Cebeci and Smith (Refs. 16.68 and
16.73). Cebeci's initial results are quite
encouragin~.
Wheeler and Johnson (Ref. 16.97)
examined three different three-dimensional
shear stress models includin~ an eddy viscosity
model similar in many respects to that used by
Cebeci (only the viscous sublayer differed
as Wheeler and Johnson elected to fit a threedimensional law of the wall profile). In general
Wheeler and Johnson concluded that there appeared
to be a fairly large class of three-dimensional
flows which could be quite well predicted by a
direct numerical method using even the very
simple description of the Reynolds stresses
obtained from the isotropic eddy viscosity model.

du

"-iT.' + ~Ty'"
_

!t."
P

dy

where the free stream velocity ue in two dimensions has simply been replaced by the free stream
velocity vector parallel to the wall Ye.' As in
two dimensions the wall similarity scale is
based upon the resultant stress i.e.,

The usual boundary sheet approximations in
three dimensions result in two Reynolds stresses
making their appearance in the axial and cross
atream momentum equation (see for instance Nash &
Patel (Ref. 16.107»
d'W

Tllp " -w'v' + ~1Y

T

~

16.4 (44)

Extensions to Three Dimensions

Tl/p

.!!.."(~+II)dU

16.4 (39)

however they found that by a large margin best
predictions of a film cooled boundary layer were
obtained with the old assumption of unit turbulent
Prandtl number. Kays and Moffat (Ref. 16.81) on
the other hand obtained reasonable predictions
with a constant turbulent Prandtl number but
recommended a variation with y+ if an accurate
detailed temperature profile were to be desired.
Hopefully in the future improved techniques of
making time resolved temperature measurements in
tu~bulent boundary layers will clarify this
aituation.
16.4.3.5

dimensions. The closing assumption is now that
the eddy viscosity is a simple isotropic scalar
i.e., its magnitude is independent of direction
so that one obtains for the stresses

16.4 (40)

The natural extension of the previously described
algebraic stress models to three dimensions is
to take the eddy viscosity in three dimensions

a.

16.4 (41)
and

dv [( dU)1 (dW )ZJ"Z
b;l"
Ty + dY
16.4 (42)

where L is assumed to be a scalsr and have
exactly the same form as that used in two
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the most suitable single equation characterizin~
the Reynolds stress. Mellor and Herring (Ref.
16.173) ,dispute this however, arguing that the
Reynolds shear stress equation, also derived
by straightforward manipulation of the NavierStokes equations, is the 'correct' equation,
embodying as it does the transport of the
Reynolds shear stress directl~ However, at
the outset of this particular development in
turbulence modeling the turbulence kinetic
energy equation on a tarm by term basis was
much better understood than the Reynolds shear
stress equation and hence the selection of the
energy equation for development.

16.4.3.6 Summary of Algebraic Stress Models
Even a cursory glance through the literature
will show the quite remarkable accuracy and range
of predictions possible with these very simple
models of turbulence. Notable objections to
mixing length and eddy viscosity such as the
fact that different outer layer prescriptions of,
the mixing length are required for differing
types of flow operationally causes little
difficulty since the required typical value for
that category of flow is known in advance.
Difficulties with the transverse velocity gradient
disappearing at some point other than where the
shear stress goes through zero also can be
circumvented, as for instance was done in the
film cooling studies of Pai and Whitelaw
(Ref. 16.138). Real problems arise with these
models when substantial variations in the outer
layer values of mixing length or eddy viscosity
are required during the course of development
of one particular shear layer and/or no
convenient Bcale of length for the flow can
readily be determined.

16.4.4 One Equation Turbulence Models
There are two major defects in algebraic
stress models, one being that practical flows
can arise where the changes in the turbulent
structure cannot keep pace with the changes in
mean velocity, the other being that in many
turbulent flows no convenient turbulent scale
of length is present. One equation turbulence
models are aimed at the turbulence lag problem.
In using one equation turbulence models it is
usual to suppose that a well-defined length
scale such as the boundary layer thickness 0
is present and therefore such models are of
necessity restricted to flows where such a
acale exists. Turning once again to Prandtl's
constitutive relationship, Eq. 16.4 (1)', it will
be seen that the turbulent diffusioned flux is
aupposed related to some turbulent scale of
length:! and a turbulent velocity scale
where q is the turbulence kinetic energy. A
number of one equation models then have concentrated on solving a transport equation for the
turbulence kinetic energy, which can be derived
by manipulating the Navier-Stokes equations,
whilst retaining the existing Prandtl formulation so that effectively a transport equation
for the eddy diffusivity is constructed.
Alternatively an entirely empirical equation for
the transport of the eddy diffusivity can be
formulated such as was done by Nee and Kovasney
(Ref. 16.164). Lastly, as an alternative to
both of the preceding, the structural equilibrium
hypothesis of Townsend (Ref. 16.167) can be
recalled and in this framework it is then only
necessary to predict the turbulence kinetic
energy to obtain the turbulent diffusional flux
of interest since with this hypothesis all
correlations scale, however a 'dissipati~n
length' now enters the problem. Prandtl'~
constitutive relationship is bypassed in the
etructural equilibrium approach as is the local
gradient transport hypothesis it embodies. An
example of the structural equilibrium approach
ia to be found in the work of Bradshaw and
Ferriss (Ref. 16.77). If the entirely empirical
transport equation is omitted from further
consideration and most investigators prefer
where possible to work with a rigorously based
equation, the concensus seems to be that the
turbulence kinetic energy equation is

In general the various rigorous 'transport'
equations are formed from the instantaneous
Navier-Stokes equations written in the form of
fluctuating components by subtracting out the
averaged Navier-Stokes equations. The
resulting set m~y be regarded as equations
governing the fluctuating components of velocity.
The various single point correlations may then
be formed by taking appropriate moments of
the fluctuation equations and averagin~.
Boundary layer approximations, if valid, may
then be introduced. The turbulence kinetic
energy equation derived in the foregoing manner
can be written in a three-dimensional Cartesian
coordinate system in incompressible 'boundary
sheet' flow, (see Nash and Patel, Ref. 16.107) as

4 iiQl
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the viscous term appearing above is the sum
of the dissipative and diffusive effects of
viscosity and often is rewritten as such, i.e.,

qz,

I
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16.4 (48)
where the gradients in kinetic energy are
normally negligible except close to a wall when
the second derivative with respect to y may be
important, and can readily be retained without
difficulty. Now in order to proceed further
it is necessary to relate the higher order
eorrelations appearing in Eq. 16.4(47) to the
lower order correlations and/or the mean flow.
This process is termed the 'closure problem',
and subsequently the more commonly used
strategies to effect this closure will be
discussed.
Common to most approaches bssed on
Eq. 16.4(47) is the treatment of the viscous
energy dissipation terms in the energy equation
and the appeal here is to the well-known
observation that at high Reynoldd numbers the
rate of energy dissipation is controlled by the
essentially inviscid turbulent motion supplying
the energy which cascades to the smaller
dissipative scales of the motion. Dimensional
analysis then suggests that the viscous terms,
represented by E, can be written

(q;.)"l

•. c.-L -

16.4 (49)

7

and L once again is a turbulence length scsle
(prescribed) and C. is some constant. If at this
point an appeal is made to Prandtl's constitutive
relationship and the length scale L is prescribed
for the algebraic stress models, it only
remains to set values for the various constants
to close the system (normally the pressure
velocity correlation gradient is neglected).
Uaually these constants are derived by forcing
the system to return the mixing length values
when the convective and diffusive terms in the
kinetic energy equation can be neglected.
Detailed values of the various constants are
liven in the book by Launder and Spalding
(Ref. 16.163).

As with the other Prandtl type formulations a·
convenient method of estimating this length scale
is given by conSidering equilibrium flows where
convection and diffusion are negligible in
comparison to production and dissipation of
turbulence kinetic energy, leading to the
observation that the dissipation length should
have a very similar (but invariant) form to the
mixing length distribution in an equilibrium
boundary layer. This led McDonald and Camarata
(Ref. 16.56) to fit the dissioation length by
a relationship similar to Eq. 16.4(17) notably
incorporating the constant C. and defining
the dissipation scale as L - 1/C e where

a.

As an alternative to adopting Prandtl's
constitutive relationship and the gradient
transport hypothesis it embodies, Townsend's
• tructural similarity arguments can be cited
to yield

-iN

16.4 (53)
and the damping factor J> is defined as before •
McDonald and Camarata further chose to integrate
the turbulence kinetic energy equation no~al
to the wall to remove the necessity for rnodelin~
the turbulent diffusion process. The closin2
assumption in this case was that it was then
assumed that the usually defined mixing length
could be described by formulae such as Eq. 16.4(17)
but now it was possible to regard the outer layer
value of the mixing length, the .096 referred
to previously, as a free parameter whose value
is determined by the turbulence kinetic energy
equation.

.a~

16.4 (50)
where 'a' could also be some prescribed function
of the turbulent length scale L and hence y/o but
1n application Bradshaw and Ferriss (Ref. 16.77),
Nash (Ref. 16.74) and McDonald and Camarata
(Ref. 16.56) all chose the simple expedient of
aetting 'a' to a constant value (.15). At this
point two further quantities, the turbulent
diffusive term and the turbulent length scale
appearing in the expression for the dissipation
remain to be specified. Insofar as the former
1s concerned Bradshaw and Ferriss (Ref. 16.77)
luggested
Y'ql + Y9
1/1
__
__ • G. :I
q (q2...,.)
2
P

All in all the one equation models as
outlined above have performed at least as well
and usually better by varying degrees than the
algebraic stress models described earlier.
A key ingredient to their success has been
the fact that they represent a very modest and
in the main, physically plausible extension.
(indeed perturbation might be better) to the
algebraic stress models. Two powerful capabilities the one equation models do possess over the
algebraic stress models of particular note in
turbumachinery applications are firstly the
ability to reflect the observed lag in turbulent
boundary layer response to severe pressure
gradients being applied or removed. Secondly use of
the turbulent kinetic energy equation with a nonzero
free stream value allows the free stream turbulence
to enter the prediction in a natural manner (see
Fig. 16.10 and Eq. 16.1.(66». Examples of
the range and power of one equation models are
to be found in the predictions presented in
Bradshaw and Ferriss (Re£16.77), Patel and
Nash (Ref. 16.127), Nash (Ref. 16.74), McDonald
and Kreskovsky (Ref. 16.3) and Briley and
McDonald (Ref. 16.194). The ability of the
Townsend structural equilibrium approach to
avoid zero shear stress when the mean velocity
gradient goes through zero, not possible using
the Prandtl constitutive relationship is certainly
attractive but in most of the boundary layer
studies performed to date it has not been a
crucial feature. An exception could arise in
the film cooling studies where the Townsend
approach would eliminate the need for the
simple ad hoc modification to the algebraic
stress moder-predictions such as that used by
Pai and Whitelaw (Ref. l6.l3~).

16.4 (51)

where ~ is the maximum value of the turbulence
kinetic energy in the boundary layer at that
~rticular sereamwise location.
This quantity
qAAx is introduced as a scale of the velocity
responsible for the bulk transport (as opposed
to gradient transport). G is a dimensionless
function of normal distance in the boundary
layer. Townsend (Ref. 16.167) postulates a
.lightly different form, used by Nash (Ref.
16.74).
Y'ql
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thUB ensurin&-the transport is always down the
gradient of q2. It is likely that both gradient
and bulk diffusion of kinetic energy are present
in turbulent boundary layers and in various
situations one or the other may dominate. At the
present time the situation is unclear and the
arguments for both forms are given by their
respective advocates in the appropriate
references. Future study will doubtless
clarify the matter and for moment the issue is
sidestepped with the observation that boundary
layer predictions are not unduly sensitive to
the assumptions made concerning diffusion of
turbulence kinetic energy.
The other item of specifying the turbulent
dissipation length scale is now taken up and here
agsin the proposition is that this scale is a
unique function of position in the boundary layer.
16-58

One notable feature of the one equation
models which has not y,et been mentioned concerns
the effect of low Reynolds numbers. Glushko
(Ref. 16.176), McDonald and Fish (Ref. 16.58),
and Jones and Launder (Ref. 16.177) suggested

level of the broad band free stream disturbances
seems to characterize the transition process
at a given Reynolds number. If desired, the
suggested a-RT relationship can be thought of as
a particularly simple means of implementing
precisely this type of empirical correlation.
Thirdly a number of authors (see for instance
Kays and Moffat (Ref. 16.81) for a discussion)
have ,suggested a parameter such as RT mi~ht at
least characterize the relaminarization phenomenon
such that in general when RT fell below about
33 the turbulent motion would die out. The
suggested variation of the structural coefficient
'a' with RT reflects this concept but rather than
have an on-off switch the functional relationship
adopted assures a smooth transition and a rate
controlled change in the structure which is
quantitatively in accordance with that observed.
Bearing in mind these three points, it is felt
that while a contrived a-RT relationship, such
as that suggested by McDonald and Fish (Ref. 16.58),
although at present unsupported by direct experimental evidence and doubtlessly a gross oversimplification of the physical phenomena at play, does
introduce a degree of realism into the predictions,
without which the analysis would be almost worthless
for detailed turbine blade desi~n purposes. Some
ideal of the complexities involved may be obtained
from Fig. 16.11.

that the structural coefficient used to close the

turbulence kinetic energy equation would exhibit
dependence on a turbulence Reynolds number

16.4 (54)
where t is the previously introduced turbulence
length scale. A very similar alternative
R~nolds number can be obtai~ed by using
(qz)I/2 in place of (_u'v,)1/2. If this length
scale is supposed related to the conventional
mixing length then the turbulence Reynolds number
is simply the ratio of the eddy viscosity to
the actual viscosity. Using only the assumption
that the local conditions obtained in Townsend' 8
structural equilibrium state would also depend
on the turbulence Reynolds number, i.e.,

16.4 (55)
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McDonald and Fish were able to model both forward
and reverse transition as it is influenced by
free stream turbulence wall roughness and pressure
gradients. McDonald and Fish (Ref. 16.58) argued
that the mean strain effect on 'a' would for the
flows of interest still be negligible compared
to the RT effect. The functional dependence of
the structural coefficient 'a' on the turbulence
Reynolds number RT is given in Ref. 16.58 and
was somewhat contrived being chosen to have the
correct asymtotic limits of 0 and 1 but with the
variation in between selected judiciously to
result in good agreement with the observed
dependence of forward transition Reynolds number
on free stream turbulence intensity. In spite of
this the selected dependence survived intact to
give very reasonable predictions of boundary
layer relaminarization as a function of pressure
gradient, see for instance, McDonald and Fish
(Ref. 16.58). Subsequently it was found that the
effect of convex curvature in inhibiting the
forward transition process was reasonably well
accounted for in this model if Bradshaw's
(Ref. 16.147) suggestion for the effect of
curvature'on the dissipation length L were
adopted. The destabilizing effect of concave
curvature was not well predicted with this model
however.
Three observations are probably appropriate
at this point. The first is that the heat
transfer to a turbine airfoil is one of the major
turbomachine boundary layer problems and this
problem is dominated by low Reynolds number
effect such as forward and reverse transition.
Consequently unless the boundary layer analysis
can account in. some plausible manner for these
phenomena as they are influenced by free stream
turbulence and streamwise acceleration the entire
analysis would be of little use to design
engineers. Secondly the alternatives to the
adoption of turbulence Reynolds number effect
on the structural coefficient are either to
abandon the problem as too difficult or to
attempt to correlate the location of the initiation
and extent of the transition r~gion as it is
observed to vary with Reynolds number pressure
gradient and free stream disturbances. There is
evidence that a unique correlation of this type
would exist since it is observed that for the
moderate to high levels of free stream turbulence
typical of turbomachinery the overall energy
16-59

In the context of the multi-equation
models to be discussed subsequently a number of
authors e.g., Jones and Launder (Ref. 16.177)
and Donaldson (Ref. 16.143) have postulated
a turbulence Reynolds number dependence of
various parameters. In his one equation model
Glushko (Ref. 16.176) proposed a series of
parameters varyin~ with the turbulence Reynolds
number, again with little direct experimental
support. In any event Glushko's model has
not been as extensively tested or developed
as that of McDonald and Fish (Ref. 16.58), which
from the results of Kreskovsky, Shamroth and
McDonald (Ref. 16.200) can be seen to perform
quite well over a very wide range of flows. It
is to be expected that the dissipation process
would exhibit a very marked effect on turbulence
Reynolds number such that 'L', the dissipation
length, would also depend on the turbulence
Reynolds number. Glushko (Ref. 16.176) and
Hanjalic and Launder (Ref. 16.180) indeed
make specific suggestions as to the form of this
Reynolds number dependence. McDonald and Fish
(Ref. 16.58) while recognizing that such an
effect was probably present, pointed out that
in their one equation formulation the ratio of
turbulence length scale to dissipation length
appears, so that unless the dissipation length
scale L decreased with Reynolds number much
faster than the turbulence length scale ~ (an
unlikely event) the low Reynolds number effect
on dissipation would not have a significant
effect on their predictions, provided that
£/L « 1.0 at low Reynolds numbers. No matter
which approach is favored, that of postulating
an effect only on the structural coefficient
'a' or an effect only on the dissipative process,
or both, the postulated dependence can, at
present, only be obtained by the indirect
process of attempting to duplicate measured
flow development. Clearly experimental guidance
is required.
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Two Equation Turbulence Models

confuses this issue dramatically.

There is one major defect in the one equation
models in current use, this being the need to
specify a turbulent length scale. If continued
use of Prandtl's constitutive relationship is made
in the one equation models, the argument can also
be valid that the use of the mean gradient
further preserves the defect of zero correlation
at the point of zero mean gradient. This point
will not be pursued here but it is noted that
in a number of flows of practical interest no
convenient shear layer thickness Can be
identified, for example in Can or annular
combustors. In the two equation system the
additional equation is aimed at providing a
differential equation for some turbulence
quantity which can be related to a turbulent
scale of length, thus eliminating the need to
·directly specify some· shear layer thickness
upon which the turbulence length scale can be
based. The idea has a great deal of merit but
unfortunately at present much of this work is
still relatively preliminary and cannot be
confidently used by design engineers. It is to
be expected that this state of affairs will be
improved upon in the near future however, in
view of the potential of two equation models
some outline of the present status will be
given.

Of the two equation models proposed to date
only the Jones-Launder model (Ref. 16.177)
and the Saffman-Wilcox model (Ref. 16.199) have
been developed to any great extent. Earlier or
alternative two equation models such as those
developed by Ng (Ref. 16.171) based on an even
earlier proposal of Rotta (Ref., 16.179) or the
suggestion of Spalding (Ref. 16.178), have not
as yet demonstrated any clear superiority and
according to Launder are slightly more complicated.
In his critical review Reynolds (Ref. 16.170)
cautions against the use of the Saffman-Wilcox
model as an engineering tool at present in view
of the extreme sensitivity of the predictions to
both the wall and free stream boundary conditions.
To date most success, measured in terms of
satisfactory predictions obtained without changing
the empirical constants, has been obtained using
a modeled form of the equation governing the
dissipation of turbulence kinetic energy. The
reader then would be recommended to choose from
the two equation model shopping list described
by Launder and Spalding (Ref. 16.163), for
instance, one model based upon the turbulence
kinetic energy and the dissipation of turbulence
kinetic energy. Caution must still be advocated
however since clearly the use of an eddy viscosity,
albeit derived from Prandtl's constitutive
relationship, still suffers from the observed
discrepancy of zero stress not occurring at zero
mean gradient. Further the known anisotropy
of the eddy viscosity, so important in threedimensional flows, is at present missing from
these models. Clearly much remains to be done
on these multi-equation models before they can
be used with confidence by design engineers.
The extension of capability which these models
offer, however, does lend encouragement to
their continued development. At this point
further discussion of turbulence models will be
discontinued since beyond this point the topic
becomes even more controversial.

With few exceptions the choice of one of
the two equations has been the turbulence
kinetic energy equation which performed so well
in the single equation system. The choice
of second equation has exhibited a great deal
of variety, although the chosen dependent
variables have generally been associated more
or less directly with some turbulent length
scale. Heuristic transport equations also
have made their reappearance, justified
persuasively on the grounds that so little
is known about how to model the various
correlations appearing in the rigorous
equations that one might as well use a heuristic
transport equation. Such arguments have led
Bradshaw (Ref. 16.198) and Saffman (Ref. 16.199)
to propose heuristically a dissipative length
scale transport equation on the one hand and
a psuedo-vorticity transport equation on the
other. Criticism of the speculative nature of
the various hypothesis required to convert the
various rigorous equations into length scale
transport equations or their equivalent is
certainly justified. At this point in time
little in the way of experimental support, or
even insight, is available to justify many
of the suggestions. Be that as it may, it
seems probable that as the store of experimental information on the structure of turbulence is increased an improvement in the
modeling of the terms in the rigorous
equations will result. Heuristic transport
equations which cannot eventually be related
to some rigorous transport equation seem
destined to a limited lifetime. In
seeking to remedy the lack of experimental
support on the detailed modeling assumptions
required to close the rigorous equations, an
effort is usually made to ensure that certain
well-known results, usually concerning the
decay of isotropic turbulence, are reproduced
by the mpdeled equations. Again this process
on the aurface seems very reasonable but
as argued by Bradshaw the wide disparity
between isotropic and shear flow turbulence

16.5

Concluding Remarks

At the request of the editor I would like
to conclude this section with some observations
about the audience that I had hoped to reach.
I would also like to add some personal comments
on the contents of the section now that it has
been completed; completed that is, in the sense
that there is no longer any time to include
additional material!
First, insofar as the hoped for audience
was concerned, the model I had in mind grew out
of my rather long and fruitful (at least on
my part!) association with the engineers at
Pratt & Whitney (Aircraft). The educational level
of these engineers was generally at the masters
or doctoral level in mechanical engineering.
Often they were faced with the very difficult
task of evaluating new or advanced fluid mechanics technology. If following the evaluation
they deemed it attractive, they then had to
further.develop, validate and ultimately to
transfer the technology into the design svstem,
that it might usefully impact the end product.
The understanding and orediction of general turbulent 'boundarv layers' has the potential
of ~reatly assistin~ in the turbomachinery desi~n
process, and consequently was and is a topic of
considerable interest to these en~ineers.
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The literature on the subject is not turbomachinery
biased, however, and sometimes methods or approaches
were explored which had hereditary traits which
either precluded successful application to turbo..chinery problems or preordained certain very
unfortunate limitations. It was in part with the
80al of helping the industrially based engineers to
become 'selective shoppers' in the evaluation phase
of their work that this section was initiated. It
was further hoped that the section would be of
assistance to neW recruits to the subject to help
bridge the gap between graduate level courses
and the current areas of interest of those involved
in evaluation, development, validation and
implementation of viscous flow prediction schemes.
Concerning the actual material presented, in
retrospect it seems clear that too much effort was
spent on the two-dimensional integral boundary layer
procedures. This occurred partly because the subject
is relatively secure and partly because I poorly
budgeted the time I had available to write the
whole section. A much better allocation would have
been to reduce the emphasis on integral procedures
and include some discussion on wake flows. Although
I did not intend to interpret the section I was
requested to prepare as one dealing exclusively with
boundary layers, over the years I had not detected
any great interest by the engine manufacturers in
wake flows, and hence their omission from the section.
More recently it appears that there is interest in
wake controlled problems and this area will grow
in importance. A very encouraging contribution
to this near wake problem has recently been made
by Pope and Whitelaw (Ref. 16.208). Insofar as
three-dimensional flows are concerned, I regret
not having more time available to develop the
relationship between what my colleagues and I term
'classical secondary flow theory' as described by
Hawthorn and Horlock, and the extended boundary
layer equations discussed in the text. Such a
relationship does exist and its exploration and
further development may provide the key to understanding the observed complex intra-blade or stator
boundary layer flows.
Having touched on the major omissions and
offering my apologies, I close by promising to try
to do better with the second edition.
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J.A.C. Humphrey, A.M.K. Taylor and J.H. Whitelaw (Ref. 16.207).
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PLANE OF SYMMETRY

Fig. 16.9

Selected Streamlines for Duct Flow with Moving walls, M = 0.44, Re - 60,
taken from the work of Briley and MoDona1 (Ref. 16.64)
Predictions made using the compressible time dependent Havier-Stokes
equations.

1.1,-------------------------,-------,.,
1_ _

1.0
U)

Q9

w

:x:

~08

0.7

~~------~K~E~Y~----~~~~~~o

Measurements ot Kline et al I Ret. 16.1581
- - - Prediction no rod
- - Prediction 3/4 ,In. diam rod
TU -19% at Plate LIE
Tu - 6%at Plate TIE
Rex = uex/v
0

o
o
o

o

o
o
o

o

o

~0.6

~0.5

5
Re =2X10
x

cl

~

0.4

I

I

w 0.3

I

o

I

I
I

Z02

tn'

I

Q 0.1

., ,. "

,"

O~--~~--~--~~~~~--~~==~~--~~~~-L----~

o

0

0.2

0.4

0.8

LOCAL VELOCITY RATIO, U/Ue
Fig. 16.10

Effect of Free Stream Turbulence on the Boundary Layer Mean Velocity profile

16-76

1.0

220
o 0.45%} Measure ents
o 2.2 % For Various Free-Stream
¢ 5.9 % Turbulence Levela
180

u.
0

...

COl

Prediction

160

Fully Turbulent Prediction

&I.

I

a::
X

:;:::

...

::)

II)

,,:

z.
w
0

ii:
&I.

W

B
a::
w
&I.
(/)

~

~

X

60
0

o
o

40

0

0
0

20
0.45%

0
0

20

40

60

80

100

PERCENTAGE CHORDWISE POSITION
Fig. 16.11

Heat Transfer Distribution on the suction Side of a Turbine Airfoil.
Measurements of Turner (Ref. 16.206), Predictions According to
McDonald and Fish (Ref. 16.58).
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AXIAL-FLOW COMPRESSOR AERODYNAMICS

George K. Serovy
Department of Mechanical Engineering
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17.0

17.1

INTRODUCTION

This Chapter begins with qualitative descriptions of axial-flow compressor geometry and of some
of the features of the flow in this form of turbomachine. The purpose of these sections is to develop a working understanding of the specialized

AXIAL-FLOW COMPRESSOR NOMENCLATURE AND
TERMINOLOGY
All gas turbine propulsion systems must have

a compressor component which develops some or all

of the pressure rise specified by the system cycle.
Shaft work for the compression process is supplied

terminology associated with compressor aerodynamics
and aeromechanics. Subsequent sections discuss the
elements of axial-flow compressor design, including

by the turbine component of the system.

design objectives, the requirements for a design
system, and the characteristics of typical current
and developing design methods. Finally, a brief
outline of the quantitative status of axial-flow

low~pressure compressor, intermediate-pressure compressor and highpressure carnpressor.*

compressor technology is given.

17.1.1 MERIDIONAL PLANE FLCW PASSAGE TERMINOLOGY

This is done, not

to guarantee the prompt obsolescence of the Chapter,
but to provide baseline data and illustrate trends.
Like most of the other subjects covered in the
specialized Chapters of these volumes, the axialflow compressor has a tremendous literary background. This Chapter should be a book, but since
it is not, readers should consult the Bibliography
in Sec. (17.9). These references cover a broad
range of topics and pOints of view, and each one
makes a contribution to real axial-flow compressor
technology, which is the only kind worth writing
about.

In some

system cycles, the compressor unit is divided into

sec tions driven by separate shafts, and identified
by descriptive names such as fan,

Three axial-flow compressor units from current
aircraft gas turbine engines are shown in the sec-

tional views of Figures 17.1.1, 17.1.2, and 17.1.3.
In each case, the section shown is one intersected

by a plane including the rotational axis of the
engine. This section is known as a meridional
plane section. The compressor units of Figures
17.1.1, 17.1.2, and 17.1.3 are described as axialflow compressors because the through-flow di~on
of the working fluid is approximately parallel to
the rotational axis.

Figure 17.1.1 shows a single-shaft compressor
for a turbojet engine. This compressor has eight
stages with each stage consisting of one rotating

L
Figure 17.1.1.

Meridional plane sections of turbOjet engine and compressor

(Ref. 17.1,17.2).

*Words or phrases underscored throughout the text
are significant terms for compressor designers.
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Meridional plane section of a two-spool turbofan engine

C

(Ref. 17.3).

FAN AND LOW-PRESSURE COMPRESSOR
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--flOW

Figure 17.1.3.

Meridional plane section of high bypass ratio turbofan engine

(rotor) row and one stationary (stator) row of
blades. Each blade (Figure 17.1.4) is made up of
indiVidual airfoil sections "stacked" on an axis
80 as to pr~ prescribed flow field.
The
first stage in Figure 17.1.1 has a row of inlet
guide vanes. The function of this type of row is
to set up a design distribution of velocity vectors
at the first rotor entrance. In Some compressor
units one or more rows of stationary blades (exit
guide vanes) may be used at the outlet of the last
stator row to establish a desired flow pattern at
the exit of the compressor.
Figure 17.1.2 shows a two-shaft (two-spool)
compressor in a turbofan engine. In this case a
three-stage fan and six-stage low pressure compres.or section are driven by the low-pressure section>
of the turbine, while the seven-stage high-pressure
compressor is driven by the high-pressure turbine

17-2

(Ref. 17.4).

section through a separate shaft. The fan has inlet guide vanes. Note that there is a splitter in
the flow passage just downstream from the rotor of
the third fan stage. This splitter separates the
core flow into the low- and high-pressure compresaor-sections from the by-pass flow in the outer
duct.
A two-spool compressor for a large turbofan
engine is shown in Figure 17.1.3. The fan, lowpressure compressor and high-pressure compressor

have one, four and eleven stages, respectively.
In this case the fan has no inlet guide vanes.
In order to clarify additional compressor
terminology, Figure 17.1.5 shows a meridional
section of a-three stage fan at a larger scale.
The rotor and stator rows are installed in an
~ flow passage.
The outer or ~ casing

Tne hub-tip ratio for a specific stage is usually
defined as the numerical ratio of the hub diameter
to the tip casing diameter taken at the leading
edge of the rotor row for the stage. The term
aspect ratio is frequently used in describing compressor blade rows, but the definition may vary from
one case to another. Typically, the aspect ratio
might be defined as the ratio of an average blade
span to an axial projection of the blade row length
or chord at the hub.

17.1.2 BLADE-TO-BLADE FLOW AND CASCADE NOMENCLATURE AND TERMINOLOGY

Figure 17.1.4.

We now recognize that the flow through an
axial-flow compressor is an internal flow through
an annular flow path, where the flow is influenced
by both rotor and stator blade rows. The blades
are generally non-uniform in the spanwise direction,
and consist of stacked airfoil sections as shown in
Figure 17.1.4. We might expect that these individual airfoil sections would exhibit some of the same
behavioral characteristics as isolated airfoils,
and they do. They are subject to 1iil and drag
forces, they stall, they generate boundary layers,

Schematic view of axial-flow
compressor rotor blade row.

MEASUREMENT PLANES

Figure 17.1.5.

Meridional plane section of three-stage axial-flow fan

wall holds the stator blade rows. The inner or
hub ends of the stator blades are joined by Circumferential shrouds which make up a part of the
annulus boundary at the hub. The rotor rows are
in this case installed in rotor disks so that the
hub profile is made up of alternate rotating and
stationary wall segments. In some compressors the
rotor blades are installed in a built up series of
disks and rings making up a continuous rotating hub
wall for the flow path. In the latter case there is
a clearance between the ends of the stator blades and
the hub, just as there is normally a tip clearance
at the rotor outer radius. Occasionally, a rotating
~ is used at the rotor tips, but more frequently
part-span shrouds or dampers are used at a location
along the rotor span between the hub and tip
(Figures 17.1.2 and 17.1.3). If shrouds or dampers
are used, the principal function is aeromechanical,
to limit the amplitude of blade vibration. They
are not likely to be an asset in an aerodynamic
.ense. The number of blades in each rotor and stator row is specified in the aerodynamic and aeromechanical design of the unit. Each blade, just as
an isolated airfoil, has a chord length and span.
the chord (axial projection only is seen in the
meridional plane) may vary between the hub and tip
and the span normally varies between the entrance
and exit of a given blade row because of design
variations in fluid density and velocity levelS.
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(Ref. 17.5).

wakes, and under some Circumstances shock waves.
They frequently possess dihedral and act as swept
airfoils. However, the blades operate under conditions unlike the typical isolated airfoil case.
They are located near other airfoils, both in the
circumferential and axial directions, and they are
influenced by these adjacent bodies. They are
bounded at both ends by walls which may be stationary or moving with the blades. In all rows except
the first, the airfoils operate in an unsteady
flow, where both the velocity magnitude and direction fluctuate. Most important, the airfoil rows
in the compressor produce a significant flow deflection and change in the thermodynamic state of
the fluid. Rows are generally designed so as to
behave as diffusers, with an increase in static
pressure from the upstream to the downstream flow
region.

To aid in the discussion of blade row characteristiCS, consider a cylindrical surface at constant radius r from the rotational axis of the
compressor stage of Figure 17.1.6. If this surface
is developed on a plane the intersection traces of
the blades produce two lattices or cascades of airfoil sections. There is no reason to believe that
the flow in a compressor would follow the cylindrical surface of Figure 17.1.6 and, in fact, the real
paths followed by fluid particles are much mOre

I
f,

-

both ~ and plane cascade test facilities. In
an annular cascade facility, blades are installed
in an annulus, just as in a real compressor, so that
the infinite character of the blade row in a real
machine is correctly modeled. In a plane or linear
cascade, a finite number of blades are installed in
a flow passage with a rectangular cross-section
as shown in Figure 17.1.7. In both annular and
plane cascades, measurements are made upstream and
downstream from the blade row with the row arranged
geometrically so that it is exposed to an entrance
flow similar to that found in a compressor blade
row. When reference is made to cascade data in the
literature, the data may have been obtained in
either an annular or plane cascade, but it is a
fact that the vast majority of cascade data has
originated in plane cascade facilities.

---/--r--++---/--- CYLINDRICAL
SURFACE

FLOW

.:

1
FLOW
,

DIRECTION OF

~./

/ /

\\\\
Figure 17.1.6.

ROTOR
AND
STATOR
BLADE
CASCADES

Compressor stage with cascade intersection trace in developed cylindrical surface.

complex. Nevertheless, the concept of an airfoil
cascade is not only convenient for the purpose of
introducing compressor nomenclature, but it also is
the basis for historically and currently significant models of the flow in compressors and turbines.
In both computation and experimentation it has
been common practice to follow the flow through
aXial-flow compressors as if it followed axisyrnmet!!£ paths. In the earliest axial-flow configurations
these paths were assumed to by cylindrical, but
more recently have b~come more complex surfaces of
revolution which change radius in an attempt to
follow the flow more accurately. The validity of
these paths will be discussed in more detail later,
but in any case they define a cascade array of airfoil sections by their intersections with each blade
row.
For many years the flows through compressor
blade rows have beert simulated experimentally using

Figure 17.1.8 shows a plane cascade of airfOils with some important geometric and flow variables. Blades of a uniform blade section geometry
are aligned at the blade setting angle or stagger
angle y with respect to the cascade axis. The
cascade axis corresponds to the axial direction in
the compressor. The blades are equally spaced at
a distance s, called the ~ or blade spacing. The
cascade has a solidity cr, defined as the ratio of
blade chord to blade spacing, cis. Although the
three variables--blade section geometry, blade
setting angle and solidity--completely define the
plane cascade geometry, there are, of course, a
very large number of subsidiary variables required
to describe the blade section geometry. Many of
these have important effects in determining the
flow field in a cascade.
The plane cascade test facility is really a
special form of wind tunnel. In cascade experiments compressor blade row flow fields are simulated
by varying or controlling the relative inlet flow
angle I'll' the upstream Mach number HI, the Reynolds
number and/or the upstream turbuLence properties.
Changing the angle 131 for a constant blade setting
angle changes the angle of incidence i (or angle
of attack) by an equal amount.
Downstream boundary conditions may be varied
to control the axial velocity X density ratio (~)
or the static pressure ratio across the cascade,
because these exit parameters affect the cascade
blade surface pressure distributions and the two
cascade performance parameters which are of most
interest in design. These dependent variables are
the downstream fluid flow angle ~2 and a measure of
the loss in total pressure across the cascade. The
parameters most commonly used to quantify these
measurements are the gap-averaged deviation angle

SUCTION

LOCATION OF
STATIC TAPS

-

FLOW
SLOTS FOR
SIDEWALL BOUNDARY
LAYER SUCTION

Figure 17.1.7.

UPPER TAILBOARD
PROBE

~~

SLOT
INJECTION

r LOWER TAllBOARD
,
FLAP THROTTLE PLANE

Schematic layout of a plane cascade test section for transonic flow conditions.

17-4

MAXIMUM THICKNESS, t

.....- - - - - - - - O - - - - - - - - i

b

1+-------- d -------~

CAMBER LINE

...

------------------c-----------------~

a = LOCATION OF MAXIMUM CAMBER
b = COORDINATE OF MAXIMUM CAMBER
c = CHORD LENGTH
d = LOCATION OF MAXIMUM THICKNESS
LER = LEADING EDGE RADIUS
TER = TRAILING EDGE RADIUS

Figure 17.1.8a.

Blade section geometry and csscade terminology.
Figure 17.1.9 is a typical plot representing
the results of a series of subsonic plane cascade
experiments. The fact that the loss coefficient
rises at both ends of the incidence angle range
clearly shows that flow separation and ~ are
present in cascade flow fields. These cascade
experiments were run under two-dimensional flow

conditions (AVDR = 1.0) and with a constant entrance Mach number MI' Some additional comments
on cascade results will be made later in this Chapter, especially in connection with the effects of
Mach number and blade row geometry.

17.2

CHARACTERISTICS OF THE FLOW IN AXIAL-FLOW
COMPRESSOR~ONFIGURATIONS

17 .2.1

VELOCITY DIAGRAMS, ENERGY TRANSFER, PATH
LINES AND STREAMLINES

It is essential to clearly understand velOCity
component diagrams and their use in describing the
annulus flow field. This is a good time to consider
these diagrams and their relation to the complete
flow field.
At each point and at each instant of time in
the compressor flow field, a velocity vector V exists. We will generally use a cylindrical coordinate system with the coordinates r measured from
the rotational axiS,

e measured

from an arbitrary

meridional plane (with the positive e direction in
the direction of rotor rotation) and x measured
parallel to the rotational axis from an arbitrary
r,
plane. In this coordinate system, V = function
(x, r, e. t) and for any point and time we can determine velocity components Vx ' Ve and Yr' We can
also define a meridional plane velocity component
as the resultant of Vx and Vr • We wi 11 call this
meridional plane velocity Vm•

e

Figure 17.1.8b.

G and
cient

Blade row geometry and cascade
terminology.

the gap-averaged total-pressure loss coeffiAveraging methods used have an effect on

w.

measured cascade performance, as does the location

of the measuring station with respect to the cascade
trailing-edge line.
There is disagreement about the value of cascade data in deSign, and there is some factual
baais for a negative view of cascade experiments.
However, cascade results represent an important

part of the data base in most design systems and
Dew cascade data continue to appear in the literature on a regular baris.
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Because we will work with rotating blades, it
is necessary.to consider both absolute velocities
and velocity components measured relative to points

on rotating blades. For example, if we wanted to
study the fluid velocity relative to the leading
edge pOint A On the rotor of Figure 17.2.ia, we
would subtract the local rotor velocity U from the
absolute fluid velocity
to get the relative velocity WA'

V

WA a

VA -

UA
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Figure 17.1.9.

Example set of experimental plane cascade data.
The relative velocity at any pOint has components
Wx ' We and Wr

STATOR

Vm,A

f-----------i~

A typical velocity diagram for a rotor leading edge
pOint such as A is shown in Figure 17.2.1a as it
would appear in a plane tangent to the meridional
velocity component Vm at A. If a particle entering
the rotor at A followed a path such that it left
the rotor at B and continued through the stator row
along the path C-D (for convenience all pOints are
rotated from their actual circumferential locations
into the meridional plane shown). velocity diagrams
could also be constructed at B. C and D as in
Figure 17.2.1a. The four diagrams are combined in
a Single composi.e stage velocity diagram in Figure
17.2.1b. showing the effect of the passage and
blades on fluid particles following a path line
A-B-C-D.

y

V:,A

For a fluid particle of mass Om passing through
a rotor row from A to B (see Figure 17.2.1a. the
energy transferred as work done on the fluid by the
blades is given by Euler's turbine equation

Figure 17.2.1a.

Velocity diagrams for flow along
path line A-B-C-D in a compressor
stage.
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Eq. (17.2.1) is a consequence of the law of conservation of angular momentum (see Sec. 17.5). If we
want to use this equation to determine energy trans-

Figure 17.2.lb.

Combined velocity diagram for flow along path line A-B-C-D in a compressor stage.

fer or work done on Om by the rotating blades, we
must know the exit point B for Om as well as the
entrance-point A. Determination of this point by
computation or by experiment is no trivial matter
and is a part of the flow modeling problem.
In the total flow passing through a rotor, each
fluid particle will experience an energy transfer
governed by Eq. (17.2.1) for the points corresponding to A and B at which it enters and leaves the
rotor. There is no reason why the work done on
fluid passing through the rotor at the tip cannot
differ from the work done on fluid particles crossing the rotor at other locations. In fact, there
is nO reason why subsequent particles entering the
rotor at A should experience the same energy transfer rate as our original Om, because they may leave
at points other than B or at different values of
Va due to an unsteady or non-axisymmetric real
flow.
In apite of our doubts about the real flow,
to gain a simplified qualitative understanding of
the performance of a compressor blade row or stage,
let us assume that the flow A-B-C-D in the stage
of Figure 17.2.1 is steady and representative of
the entire flow across that stage. The airfoils
encountered by the flow are represented by cascades
of blades similar to those already shown in Figure
17.1.6. We will consider the rotor to have a constant angular velocity so that the rotor blade
speed will be a constant at a given radius. We
will vary the meridional velocity component, simulating a variation in the stage flow rate. The
sequence of stage operating conditions is represented in Figure 17.2.2 by velocity diagrams and by a
plot of total pressure rise against flow rate for
three flows, 1, 2 and 3. For each of the three
flows Vm is assumed to remain constant along A-B-C-D.
Some features to note are as follows:

1.

As the flow varies the angle of incidence
on the rotor blade airfoils will vary, with the
highest angle of incidence at the lowest flow. For
excessive angles of incidence cascade airfoils will
stall (unacceptable flow separation occurs). Compressor blade rows will also stall at extreme angles
of attack, and, just as cascades do, they operate
most effectively at moderate angles of attack and
less effectively at high and low values. This was
shown in Figure 17.1.9.
2. The energy transfer rate as measured by
the change in Va across the rotor (U is nearly
constant) increases with decreasing flow rate.
This assumes, as Figure 17.1.9 showed, thae the
deviation angle for the rotor exit does not change
17-7

a great deal until the losses begin to increase
rapidly. The stage performance shows this effect
as a higher stage total pressure rise at lower flows.
However, good aero thermodynamiC common sense tells
uS that there will be limits to this trend. If the
airfoils stall, there will be large thermodynamic
losses and the total pres.ure rise trend will be
reversed.

/ / /---.
---8

\ \ \ ~~~"

..?.,A
WA W8

Vo : VA
VB ' Vc

FLOW RATE-

Figure 17.2.2.

Trends in stage velocity diagrams
and performance with changes in
flow rate.

To aid in the interpretation of Figure 17.2.2,
it might be helpful for readers to write Some simple steady, one-dimensional energy, continuity and
momentum equations for the flow A-B-C-D, considering the effect of work done by the blades on fluid
total enthalpy and how this might, in turn, affect
the total pressure changes from A to B and from C
to D if the flow were isentropic, or if it were
non-isentropic. Draw an enthalpy-entropy diagram
to represent the processes.

"
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In the axial-flow compressor, work is done on
throughout the annulus is in fact normally threethe fluid only through the action of the rotating
dimensional in nature. Secondary flows are generblade rows, and this transfer of energy results in
ated, which have been widely discussed, but which
an increased level of fluid stagnation or total
are difficult to predict for design purposes. The
enthalpy. An increase of total pressure also rereal flow is by no means aXisymmetric •
• ults in each rotor row, with this increase dependent on the lo~or irreversibility associated
It must be recalled that all of the above comwith the flow process as well as on the energy
plexities are associated with the design operating
transfer. In the stator rows 110 energy is transpaint. Away from the deSign point the configuraferred as work and there can only be reduced values
tion must operate in a flow field matching neither
of total pressure because of irreversibility. ~
the annulus shape nor the angular settings of the
tic pressure leve'ls may increase or decrease in
stacked airfoils which form the blades.
either rotor or stator row flows, but the predomi17.2.2.2 EQUILIBRIUM PERFORMANCE MAPS
nant design intent is, naturally, to develop significant static pressure level increases in each stage.
To demonstrate that axial-compressor flows
This aspect of blade row design is important and
are not beyond redemption in a real situation,
will receive substantial attention in later secFigure 17.2.3 shows what is called an equilibrium
tions. It is important to observe that in Conperformance map for an eight-stage fixed-geometry
structing combined velocity diagrams like those
compresso~.
The performance parameters used are
of Figures 17.2.lb and 17.2.2 for a stage, we are
discussed in Chapter 6. They are more or less
beginning to think about path lines (such as
traditional in nature. The experimental performance
A-B-C-D) as streamlines, and in layout of the blade
of the compressor was measured at several constant
rows as cascades~ we are thinking in terms of ax ivalues of equivalent rotational speed (corrected to
aymmetric stream surfaces. When this extension of
standard sea-level compressor inlet conditions).
terminology is made, the requirement for steady
flow should be recalled and understood. Subsequent
At each rotational speed the mass flow rate
aections in this Chapter and many important referwas varied between two limits. The upper limit
enced publications use the terms "streamline,"
was close to the maximum obtainable at that speed.
"stream tube" and "stream surface." The assumption
The lower limit was fixed by the existence of an
of a steady relative and/or absolute flow as a part
aerodynamic instability Cornman to all compressor
of the development of a flow model is generally intypes and known as surge. The character of surge
volved when these terms are used and it should be
is associated with the nature of the compressor
remembered in evaluating any analysis.
geometry, and with aerodynamic and geometric boundary conditions imposed upon it by the installation
17.2.2 PERFORMANCE OF AXIAL-FLOW COMPRESSORS
arrangement and by the flow field (e.g., inlet
geometry, downstream struts or flow control devices,
17.2.2.1 DESIGN POINT FLOW FIELD CHARACTERISTICS
inlet flow nonuniformity). Surge is manifested by
large-scale flow instability, often with pulsating
We will now turn to a qualitative discussion
reversal of flow involving the entire unit. In an
of. the l'eal flows in axial-flow compressors. At
aircraft engine application, compressor surge may
the aame time we will develop further terminology
produce highly disturbing acoustic evidence (Vioand additional concepts useful in flow field anallent bangs). Individual surge points at the varysis and in experimental research and development.
ious rotational speeds define a surge line which
is universally considered as a boundary for acceptA compressor geometry is usually specified
able compressor operation in an aircraft engine.
initially for operation at a design point. This
means that it is configured so that it will deSurge occurs only when one or more blade rows
velop a design value of exit to entrance pressure
in the compressor are operating so that flow separation or stall occurs in the flow field. However,
ratio with a predicted value of thermodynamic
one or more blade rows ~ be stalled without the
efficiency at a design value of shaft rotational
speed, While a design value of mass flow rate
occurrence of surge. Stall in a blade row is
exists in each stage. Flow rate may vary from one
unique in a number of respects, and especially in
the fact that zones of flow separation propagate
stage to the next bacause of by-pass arrangements
or extraction of flow. All of the design requirefrom blade to blade in the annulus, resulting in
ments are associated with a particular working fluid a phenomenon known as rotating stall.
and with design values of total pressure and total
Contours of constant adiabatic efficiency*
temperature distribution at the compressor section
are plotted in Figure 17.2.3. These contours show
~nlet.
At the design pOint, the flow path dimenthat the thermodynamic quality of compressor persions are fixed and the blade rows are arranged so
formance is reduced significantly when the compresas to produce an ordered distribution of fluid Vesor operates at flows and rotational speeds other
locities and properties through the compressor.
than the design values.
In other words, the design paint velocity diagrams
are specified. However, the real design point flow
The equilibrium performance map for a fixed
field must be recognized as extremely complex.
geometry compressor is a classical example of the
Every row following the first sees an entering flow
use
of
dimensional analysis and the principles of
which is unsteady. The flow is ViSCOUS, and in almost all modern compressors the flow is compressible similitude. However, as plotted, it presents some
possibility for misinterpretation. First, the
with regions of both supersonic and subsonic local
plotting parameters mye'J6 and N/"V9have been in tenflow. Boundary layers develop on blade surfaces
and on the hub and tip annulus walls. The annulus
boundary layers are called end-wall boundary layers. *This effiCiency is defined as
Local regions of laminar, transitional and turbulent
(H20 - HOJ is
boundary layer flow may exist, accompanied by separation of flow from the blades or end walls. Both
T]ad = (1120 - 11 0 ) ac t
blade surface and end-wall boundary layers are genand the subscripts 20 and 0 refer to compressor
erally three-dimensional in character. The flow
exit and inlet measuring stations, respectively.
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Equilibrium performance map for an eight-stage axial-flow compressor

tionally simplified to report performance of a single compressor geometry at entrance conditions corresponding to standard sea-level temperature and
pressure. These modified parameters are not dimensionless. They are, respectively, proportional to
Mach numbers associated with the throughflow components of velocity and with the velocities of
pOints on the rotating blades.

140

t5
:;:; 120

Second, the map does not define the effect of
Reynolds number changes or of entrance turbulence
parameter changes on performance. These parameters
are dynamic Similarity variables and can have substantial effects on the map.
Third, the map is based on a Single working
fluid (air) and would be modified for other fluids
with a different specific heat ratio (y) or molecular weight. Finally, the map is based on uniform
values of fluid properties and velocities at the
compressor entrance. Distorted or unsteady entrance
conditions change surge lines and other mapped performance values.
No one should forget that when relatively minor
geometric changes in a compressor take place, for
example when tip clearances change or when blade
surfaces are abraded or damaged, the alterations in
the compressor performance may not be minor in terms
of the effect on engine specifiC fuel consu~ption
or thrust.
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Example of axial-flow compressor
map showing effect of inlet flow
distortion and rotating stall
region (Ref. 17.7).

VARIATIONS ON THE BASIC PERFORMANCE MAP

Figure 17.2.4 is a simplified performance map
which shows two aspects of equilibrium compressor
17-9

performance not included in Figure 17.2.3. First,
the map shows the general effect on the compressor
surge line caused by non-uniform inlet flow (inlet

diatortion). The significance of this effect can
be Been in terms of the estimated engine operating
line superimposed on the map. Not shown are possible adverse effects of inlet distortion on the canatant NtYe lines and on compressor efficiency.
Figure 17.2.4 also defines regions at low
rotational speeds in which rotating stall occurs
in the entrance stages of the compressor. Although
we have not yet looked into the background of rotating stall we will need to determine why any forms
of stall occur in the entrance stages at low speeds
and why rotating stall appears to be tolerated by
aerodynamicists. We can at least see that measurements are made in the presence of rotating stall
and this indicates some toleration level greater
than that for surge.
Figures 17.2.3 and 17.2.4 do not show another
class of performance phenomena which frequently creates problems in compressor development and operation. 'These are the aeromechanical or aeroelastic
phenomena known as flutter. Figure 17.2.5 shows in
schematic form some general regions on a compressor
map in which specific varieties of flutter·are encountered. Blade vibration amplitudes in flutter
have frequently caused catastrophic compressor
failures. We need to understand flutter so that
mechanisms for its elimination can be applied where
possible, or so that we can limit its occurrence
to zones on the map where the compressor will not
operate when installed in an engine.

each blade row are those that the designer specified. Although we do not know a great deal about
the mechanics of this specification of the flow
field, we do know about velocity diagr@ns and can
understand that the designer must specify deSign
point velocity diagrams at the entrance and exit
to each blade row. Extending this line of reasoning, it is obvious that each stage must have a
design paint flow rate, pressure ratio and efficiency which in combination with the other stages will
give the overall compressor design point performance.
To describe this Situation, we say that the stages
are matched to function at certain operating points
when~omplete machine is at its design point.
Studies related to changes in the operation of the
individual stages in a multistage compressor are
frequently called stage-matching studies.
Although individual stage performance could
be plotted using the same parameter forms used for
multistage maps, we generally find that these· stage
plots for matching purposes are plotted as shown in
Figure 17.2.6. The parameters used (¢, 0/ and ~)
are historically related to the parameters used for
fans and blowers in which the flow is approximately
at a constant density (incompressible flow). At
this point we must note that a plot with single W-¢
and 7l-¢ curves such as in Figure 17.2.6 does not
adequately represent Mach number or Reynolds number
effects on stage performance.
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Eigure 17.2.5.
17.2.4

Schematic compressor map showing boundaries for four types of blade flutter
(Ref. 17.8).

INDIVIDUAL STAGE CHARACTERISTICS

Recalling Figure 17.2.3 as a performance paraplot showing some of the features of offdesign operation for an eight-stage axial-flow compressor, we might examine briefly what the indiVidual stages are doing in a multistage compressor as
it runs at various locations on its overall map.
Naturally we might expect or hope that when a multistage compressor operates at its design point
flow rate and rotational speed, each stage would be
running under favorable aerodynamic conditions.
.
Ideally, this would mean that the velocity diagrams
and properties of the fluid entering and leaving

~ter
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For a fixed-geometry mUltistage compressor, a
good qualitative understanding of off-design performance can be gained by considering the three stage
plots of Figure 17.2. 7. Remember that we are assuming that when confronted with a given value of
¢, the entrance, "middle tl and· exit stages will each

follow the curves shown, regardless of what other
stages are doing. In other words, we are neglecting some elements of the interaction of stages. The
three stages are assumed to be matched so as to operate at the points marked A on Figure 17.2. 7 when
the multistage compressor is at its design point.
Under these conditions, in the fixed-geometry compressor each stage will develop exit levels of
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As an introduction to a discussion of design
systems for axial-flow compressors, we should state
Some criteria for a good design. To do this in a
logical way, we might look again at the equilibrium
performance characteristics shown in Figure 17.2.3.
The first goal of a design system should be to generate a compressor geometry which will produce the
design point total pressure ratio when the design
point mass flow rate exists in each stage of the
compressor. These design pOint values are developed in the course of selection of the best propulsion system cycle parameters for the aircraft application. Because each compressor section is
driven by a turbine component, the rotational speed
at the compressor design point must be consistent
with the aerodynamic and aeromechanical design requirements of the turbine. Design pOint pressure
ratio, flow rate and rotational speed must be associated with an acceptable if not superior level of
compressor thermodynamic efficiency and with adequate surge margin. Surge margin is a measure of
the location of any operating point with respect to
the surge line at a given rotational speed and
should be sufficient so that no engine transient
will force the compressor into surge.
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17.3 AERODYNAMIC DESIGN OBJECTIVES FOR AXIAL-FLOW
COMPRESSOR UNITS
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Example of assumed stage performance characteristics used in
stage-matching study (Ref. 17.9).

pressure, density and velocity such that the downstream stage will be at its point A.

However, while design point performance is a
primary conSideration, Figure 17.2.3 and earlier
chapters remind us that the design operating point
for the compressor is only reached after starting
and accelerating the complete engine, and that
propulsion system operation may call for extended
periods of performance at locations on the equilibrium performance map which are substantially different from the design pOint. Furthermore, transient system operation may create additional deviation from normal compressor operating points. In
terms of Figure 17.2.3, engine operation may be
expected to require the compressor to run within
a band of flows and pressure ratios at any rotational speed. In fact, the performance map itself
will be altered by changes in parameters such as
tip clearance and compressor entrance flow distribution. The compressor design process must therefore develop a compressor geometry (and possible
variable compressor geometry) which demonstrates
the following characteristics,

Now suppose that the compressor operates at a
1. stable aerodynamic and aeromechanical
point B which is at a rotational speed substantially
operation, including sufficient surge
lower than the design value. It is evident that at
margin and no excessive blade or disk
~ value of ~ the pressure increase across any
vibrations for all potential operating
atage will be reduced because U2 is reduced in the
conditions in the system installation;
• parameter. This in turn means that no stage can
2. acceptable thermodynamic efficiency for
develop its design density rise. However, the
all expected operating conditions.
annulus area variation through the compressor is
3. acceptable noise generation characteriSbased on the design point rate of fluid density
tics.
rise. The result will be to force the level of
through-flow velocity up in the exit stages so that Subject to these constraints the compressor config~ will be higher than design values, with a tendency uration should be designed for
toward a limiting maximum at low rotational speeds.
4. the maximum possible mass flow rate per
The entrance stages will in turn be forced to operate at lower than design ~, with a tendency toward
unit frontal area.
unstable (stalled) operation at low speeds. This is
5. the highest possible average pressure
why the performance map of Figure 17.2.4 showed a
ratio per stage. and
rotating stall zone at low N/V9 values. The trends
6. minimum values of axial stage length and
will be reversed at rotational speeds greater than
number of blades specified for each row.*
design (point C, Figure 17.2.7), with the exit
*Objectives 4, 5 and 6 may not apply in a few design
atages moving toward stall and the entrance stages
cases. If the compressor is very small in size,
moving toward a maximum limiting flow coefficient
manufacturing limits on geometry (e.g. blade di~.
This is one reason why Figure 17.2.5 shows a
mensions) may force the deSign of a compressor
region of supersonic stalled flutter at high rotational speeds.
---larger than the minimum that aerodynamic criteria
alone would allow.
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Trends in stage performance for axial-flow compressor operating at off-design conditions (Ref. 17.10).

These characteristics, of course, lead to the
minimization of compressor unit weight and cost.
Axial-flow compressor configurations for aircraft
propulsion systems have demonstrated good and improving characteristics measured against the six
objectives listed, but they have remained very
expensive, primarily because of the complex, sometimes variable geometry required to realize the
best possible performance.

3.

4.

S.
17.4

ELEMENTS OF A COMPRESSOR DESIGN SYSTEM-TECHNICAL REQUIREMENTS

Consideration of the required elements of a
compressor design system leads directly to the definition of more detailed requirements for flow field
models and for aeromechanical models of the blading
~her flow path components. Based on the objectives listed in Sec. 17.3 we can see that at a minimum the design system must include the following.
1.

2.

~

A procedure for determining potentially
satisfactory flow path geometries capable
of stable and efficient operation at the
design flow rate and at a rotational speed
acceptable to the turbine and mechanical
system designers, with the procedure sufficiently quantitative to permit
• specification of annulus dimensions
throughout the compressor
• selection of blade row geometric
parameters such that design point
velocity diagrams and fluid property
distributions are realized at acceptable efficiencies (low blade row
thermodynamic losses).
Procedures for predicting the flow field
throughout the compressor at the design
pOint, with emphasis on details of the
flow within the blade rows, so that forces
acting on the blades may be computed and
so that potential aerodynamiC problem
17-12

areas may be located (e.g. blade sections
with excessive adverse pressure gradients).
Methods for predicting compressor performance at off-deSign flows and rotational
speeds and with non-design entrance fluid
properties and flow distributions.
Stress analysis techniques to verify the
stress-strain characteristics of blade
row geometries, disks and shrouds.
Aeroelastic analYSis methods to ensure
that blades, disks and shrouds will not
be subject to unexpected flutter or other
vibrational effects at potential compressor
operating points.

In subsequent sections we will refer to these
parts of the complete design system by the following terminology:
1.
2.
3.
4.
5.

preliminary design
• hub-to-tip passage design
• blade row geometry selection
design analysis
performance prediction
stress analysis
aeroelastic analysis

Figure 17.4.1 is a possible design system flow
diagram which indicates an order of procedure and
most probable iterations. However, compressor de-

sign is likely to remain in SOme ways an artistiC
endeavor for many years to come, and as a result

it will be highly "specialist dependent" with
"local philosophy" in each competing organization.
In terms of the flow diagram, this artistic specialist activity enters the picture mainly at the preliminary design level, where past experience in compressor development--including memories of performance maps and of mechanical, fabrication and
aeroelastic problems--has a large influence on the
choices which produce candidate geometries for
further study.
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Compressor design system flow chart.

CONTENT OF CURRENT AND DEVELOPING DESIGN
SYSTEMS--THE TECHNOLOGY BASE

The previous sections reviewed the objectives
and component parts of a design system. Our next
step will be to outline in more detail the strategy
followed in setting up a series of computational
models for the flow as required by the various
phases of design. In this process the significant
aerodynamic and aeromechanical problems and limits
encountered in axial-flow compressor design will
be described.
The design and development process is not
just a matter of deriving a set of equations and
a technique for solution.

It requires aCCess to

a significant amount and variety of experimental
data in correlated form, which will aid in the
estimation of 1) the flow turning and loss characteristics of the mUltiple cascades of airfoils
encountered in the various blade rows, 2) the
growth of boundary layers on the flow passage walls,
and 3) the proximity of operating conditions to
pOSSible regions of aerodynamic and aeromechanical
trouble.

In most cases it demands constant access

to experimental installations such as plane or

17-13

annular cascade tunnels, single-stage and stage
group test units, and model or full-scale multistage compressor experimental facilities. While
the experimental support for a design task was
intentionally omitted from the discussion of the
requirements for a design system, the nature of the
necessary experimental base will be referred to
frequently in this section.
An overwhelming array of background literature
exists on the·development and evaluation of flow
models and associated computational methods for
turbomachinery. There is no possibility of condensing the content of the literature in the present
chapter. There is a possibility that we can briefly
describe and compare the important technical features of the most-used models and methods.

17.5.1 GENERAL COMMENTS ON FLOW MODELS
17.5.1.1.

FLOW FIELD MODELS--STEADY AND ADIABATIC
FLOW, CONTINUOUS FLUID MEDIUM

In axial-flow compressor design and analysis
the working fluid is almost invariably and without
discussion assumed to behave 8S a continuous medium,

allowing us to use as sources for equations the
Itandard texts on the subject of fluid mechanics.
Existing flow field models for design and design
analysis cases almost always are based on a line
of reasoning which views the flm; relative to each
blade row as steady and adiabatic. While this
assumption contradicts obvious physical facts, it
has been essential in order to reach quantitative
solutions, and fortunately many of these solutions
have been quantitatively acceptable. Only a few
design analysis studies have approached the unsteady
flow model problem in a realistic way, and even
fewer have seriously attacked the computational
aspect of these unsteady flow models. In the following subsection we will deal almost exclusively
with design system components using adiabatic,
steady or time-average relative flow field assumptions.
'
17.5.1.2

j I

~

STREAMLINES, STREAM SURFACES, STREAM TUBES

The process of development of mathematical
models for the flow field in axial-flow turbomachines is often based on the concepts of streamlines, stream surfaces and/or stream tube~he
flow path. These lines, surfaces or tubes have
been generally handled aerodynamically and mathematically, as if they were the paths of fluid particles or conduits through which specific fluid
particles could be followed. In order for streamlines and path lines to coincide in a flow, the
flow must be steady. Although we often make additional restrictive assumptions about stream lines
and surfaces, the steady flow assumption is the

Figure 17.5.1.

Sl and S2 surfaces in blade-toblade flow passage (Ref. 17.11).

most Common.

T

i

There has been no lack of recognition in the
past that the streamlines and surfaces in an axialflow compressor or turbine would be geometrically
complex even if the steady flow assumption is made.
In relatively recent times the most widely-referenced recognition of this complexity is found in
the analyses of C.-H. WU. His work brought the idea
of !~ stream surfaces into the working vocabulary of the compressor specialist. Wu formulated equations for relative flows on families of
hub-to-tip (S2) surfaces between and within blade
rows and for the relative flows on families of
periodic blade-to-blade (Sl) surfaces both between
and inside blade rows. These intersecting families
of surfaces, shown schematically in Figure 17.5.1,
were proposed as a means for computation of the
turbomachine flow field by an iterative process.
Sl and S2 surfaces have been discussed in
many publications on flow modeling and in many
reports and papers in which quantitative results
of flow field computations have been presented.
Readers, however, should be very cautious in their
study of any of these analyses because the vast
majority do not determine or compute on true Sl or
S2 surfaces but only on approximations to these
surfaces.
In the case of blade-to-blade (Sl) flows,
frequent use is made of the idea of assumed axisymmetrfc stream surfac es or stream tubes.

These

lead to simplified but not simple equation formulation and add credibility to the thinking which
justifies the use of "circumferentially-averaged"
velocities and fluid properties in hub-to-tip flow
model equations.
For hub-to-tip computations, the flow (when
computed inside blade rows) is often handled as if
it took place on a "mean stream surface" between
17-14

blades. When used, this mean surface is supposed
to be representative of the family of S2 surfaces
inside the channel formed by adjacent blades.
Based on the preceding discussion, one should
examine every proposed compressor flow analysis to
reveal whether it is based on axisymmetric or true
Sl equation formulation, and on whether it works
with a true S2 surface, a mean surface or in a
meridional plane. In the end we should remember
that none of the above is more than a simulation
of the real flow because of the equation forms
assumed. In almost every case where the hub-to-tip
and blade-to-blade solution surface idea is utilized
(whether or not the surfaces are S2 and Sl stream
surfaces), the result is what should be called a
quasi-three-dimensional or pseudo-three-dimensional
flow field method.
17.5.1.3

EFFECTS OF VISCOSITY AND COMPRESSIBILITY

The effects produced by fluid viscosity in
real compressor flow fields are included in the
flow models used for preliminary design and design
analysis in a variety of ways. Because these real
fluid effects are the ultimate source of irreversibility in the compression process they must be simulated or modeled in SOme fashion in the flow field
computation process. I t is essential in preliminary
design to set quantitative limits on aerodynamic
parameters which will guarantee that viscous and
compressibility losses will not be excessive, and it
is necessary in design analysis to be able to estimate these effects as a function of aerodynamic
parameters associated with the flow field.
The sources of losses or thermodynamic irreversibility effects observed in compressor configurations are not different than those found in any
other viSCOUS, compressible internal flow. As
already noted, three-dimensional boundary layers

form on blade surfaces and on the hub and tip and
Complex shear flows occur in the corners
(where blades meet end walls) and at the tip radial
clearances (between rotors and stators and the end
wall). Wakes develop downstream of blade row trailing edges, and vorticity is generated because of
circulation gradients along the blade span and unsteady flow at the entrance to most blade rows.

wall.
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p

All of these effects of viscosity lead to
continuous and cumulative increases in entropy
along the paths followed by fluid particles. If
we assume the existence of streamlines and stream

surfaces, we should allow for entropy increases
in the flow direction in a consistent way.
In most contemporary compressors absolute or
relative velocities are sufficiently high so that
regions of relative sonic flow occur on the surfaces
of blades. In many contemporary compressors the
velocities relative to rotor and/or stator blade
In

~

1.

2.

These configurations are called

transonic compressors.

compressors ve-

locities relative to the rotor and/or stator blade
rows have been supersonic along the entire span of

the blade at entrance and/or exit.

These configu-

rations are called supersonic compressors.
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These equations are usually considered in fluid
mechanics to model the flow of an inviscid, compressible and continuous fluid medium. The Fx,r,~
terms are body force components; for example,
those due to the influence of a gravitational force
field. In turbomachine flow models, however, an
F-component term may be used to

rows are Bupersonic along at least a portion of

the blade span.

(17.5.2)

r

Shock

wave patterns developed in all of these cases are
complex in shape and are sources of losses, as are

all shock waves. At the same time the shock wave
field interacts with boundary layers and influences
their development. Once again the situation calls
for consistent accounting for entropy increase in
the direction of flow.
When we study methods for modeling the flow
field in a compressor flow path, we will often see
a strategy for formulation which is to some extent
controverSial. The level of controversy is reduced
somewhat by the fact that the strategy seemS to
work. In all real flows there are local shear
stresses acting on all indiVidual fluid particles.
These shear stresses are recognized and modeled,

for example, in the Navier-Stokes equations of
motion. As we follow an individual particle along
its path, from a blade row entrance to the exit,
the shear stresses acting on it at any particular
paint may be quite small compared to the other
influences on its motion. However, if we look at
the cumulative thermodynamic effect of shear
stresses along a path line between the entrance
and exit of a blade row, we can measure a significant irreversibility. Readers will see evidence
of a double-standard approach when viscous terms
are dropped from the equation of motion, but the
terms are effectively reintroduced by using entropy
gradients in flows as a means of accounting for an
accumulating irreversibility along path lines.

17.5.1.4 SPECIFIC EFFECTS OF BLADE ROW AND PASSAGE

simulate the viscous or "dissipationfl

effects in the flow field, and
represent a distributed force field in
the flow, which accounts for the effects
on the flow due to blade forces (because
blades have camber and lean or dihedral
there can be components in x, r and a
direc tions) •

For hub-to-tip surface solutions inside blade
rows the computation model should account for physical blockage of the flow path by the blades as well
as for effective blockage by boundary layers on the
blade surfaces. At the blade ends and on the passage walls between rows, effective blockage due to
end-wall and corner flows should be recognized. The
mechanism for accounting for effective blockage will
vary with the nature of the flow model.

17.5.2

EQUATIONS

Upon the initial assumption of a continuous
fluid medium, we can recognize the existence of a
number of mathematical formulations of physical
laws that may be the basis for models of the real
flow in turbomachines, and specifically in axialflow Compressors. The physical laws are
1.
2.

3.
4.

conservation of mass,

conservation of linear and angular momentum,
first law of thermodynamics,
second law of thermodynamics.

These are supplemented for any working fluid by
5.
6.
7.

equations of state,
relationships between thermodynamiC properties of a pure substance,
relationships between the flow field velocities and velocity gradients and the
shear stresses in the fluid.

GEOMETRY ON THE FLOW FlEW
Another frequently misunderstood or misrepresented influence on design and design analysiS
flow models for turbomachines are the force terms
in the equations of motion. In a typical textbook
aet of component equations of motion for cylindrical
coordinates, x, r, and e, one might find

Table 17.5.1 gives some equations based on
these laws and other relationships. In the case
of some of the differential equations, component
equations are written for a cylindrical coordinate
system. Table 17.5.1 will serve as a reference for
subsequent sections.
The second law of thermodynamics, of course,
enters into the parameters which measure irreversibility or losses in the flow field and, since in
classical thermodynamics the property entropy is
derived as a consequence of the second law, the
law enters into the formulation of the Gibbs relation Eq. (17.5.11).

r
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Table 17.5.1. Reference Equations

I; ~

Equations of state for fluid media are available in the usual mathematical or tabular forms.
The relationship. between velocities, velocity gradients and fluid shear stresses are subjects which
cannot be covered here, but which are discussed in
Chapters 3, 4 and 16.

From the law of conservation of momentum for steady flow
in an inertial, cylindrical coordinate system, local
.hear stresses neglected. At any point in flow field

17.5.3
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Design limit parameters provide a quantitative
basis for predicting the conditions under which unacceptable blade row or overall performance will
occur. They are needed in preliminary design as
arbitrary stop signs in setting up a geometry-flow
field combination, and they are used in design analysis to estimate, the degree of risk associated with
a particular flow pattern. In terms of design system objectives we would like to establish the following:

(17.5.4)
From the law of conservation of momentum for steady flow
measured relative to a cylindrical coordinate system rotating at angular velocity w about x. axis: At any point

in flow field
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From the law of conservation of mass for steady flow in a

cylindrical coordinate system:

.!
i. (rpVr ) + .!.~r 8r
r 8a

At any point in flow field

8
a + -ax (pVx )

(pV )

a

PERFORMANCE LIMITING FLOW PHENOMENA--DESIGN
LIMIT PARAMETERS

0

3.

(17.5.6)

or
(17 .5. 7)
From the law of conservation of mass for a fixed control
volume and steady flow:

whether any form of aerodynamic or aeromechanical instability will occur anywhere
in the performance range of the compressor
as the result of a design deCision, and
parameters which will permit estimation of
the margin of safety between any operating
point and the nearest unstable condition,
values of parameters influencing mass flow
per unit frontal area that may be utilized
~n design to realize high specific mass
flow rates without adversely affecting
other elements of compressor performance,
quantitative values of parameters which
will determine the maximum stage pressure
ratios which can be realized at specified
efficiency levels. and which will allow us
to estimate the thermodynamic irreversibility associated with specified combinations
of blade row geometry and flow field conditions.

These are not three unrelated problems. For example, a decision made in design which will lead to
high stage pressure ratio at acceptable efficiency
for a given Rtage may set up flow conditions which
will cause that stage to have an inadequate stall
(instability) margin.

(17.5.8)
for region Al of control surface

Historically, limiting aerodynamic parameters
in axial-flow compressors have been of four fundamental types.
From the first law of thermodynamics for a fixed control
volume and steady flow:

1.

~w
611
~ ( h+ z+L
-2)
~-~-~=
(v·lA)
dt
dt
dt
os
g
2
P
(17 .5.9)
From the law of conservation of angular momentum for a
fixed control volume and steady flow) component equation
for x .. axis

2.

(17.5.10)

3.

TS • swn of moments about x ... axis of all surface forces
acting on contents of control volume
TB • Iura of moments about x-axis of all body forces acting on contents of control volume

4.

lor a pu:re subs tance

dh • .!!.e' + Td.
P

(17 .5.11)

Limits related to aerodynamic "loading,"
especially to the generation of unacceptable losses or flow instability by possible blade row geometries, and to the prediction of proximity of an operating condition to regions of high loss or insta··
bility.
Limits related to the generation of high
losses or flow instability as the result
of the effects of compressibility.
Parameters related to the limiting of
flow rate through a flow path element as
the result of compressibility.
Limits related to the aeroelastic aspects
of compressor blade rows, inclcding prediction of the occurrence of the various
flutter regimes.

The first three of these will be briefly dealt with
in the following subsections. The aeroelastic limits are considered in Chapter 22.
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17.5.3.1

or

AERODYNAMIC DESIGN LIMITS RELATED TO
EXCESSIVE VELOCITY DIFFUSION RATES

D

The velocity diagrams discussed earlier in
this chapter were used to aid in understanding the
functions of blade rows in typical compressor configurations and to point out that Some familiar
parameters and characteristics of the flow in isolated airfoil technology are encountered again in
the technology of airfoil cascades. We also noted
that there were some fundamental differences in
these technologies. One of these differences is
that in the cascade arrangements utilized in compressors and turbines there is generally a change
in static pressure level between the flow field
upstream and the flow field downstream of the cascade. In compressors we expect to find rows in
which static pressure rises. This is evident in
typical velocity diagrams for axial flow compressors
(e.g. Figure 17.Z.1) where we see that the blade
rows act as diffusers of the relative fluid velocity. Diffusers are flow passages in which the
relative velocity decreases from entrance to exit
while the static pressure level increases. Boundary layers in excessive adverse (positive) pressure
gradients separate. This is the cause of stalling
of isolated airfoils and of stalling and flow instability in airfoil cascades (as well as other
diffusers). It might be well to recall here that
in fluid mechanics there are both subsonic diffusers
and supersonic diffusers. Both have the Same function, but the geometries are Significantly different. Both subsonic and supersonic diffusing situations are encountered in compressor blade rows.

D

WI

20W1

(17.5.13)

:z ±

rlvel - r ZVe2

(r l + r Z )oW
I

+

= stators

rotors
(17.5.15)

In all of these definitions the final term is a
measure of blade row circulation.
The parameter D was intended to provide a
quantitative limit for diffusion in cascades operating near the minimum-loss angle of incidence. It
could be calculated USing flow velocities readily
available from design point velocity diagrams.
Through the years, its application has evolved by
extrapolative thinking to include situations in
which it is not correct. Alternative parameters
have been suggested but the final answer is not in
hand and the ultimate diffusion limit remains a
subject for research, just as there are not genuinely definitive deSign limits available for most other
diffuser cases.
All of the diffusion or blade-loading limit
parameters mentioned are useless without numerical
values which define regimes of acceptable and unacceptable blade row performance. Such values are
established by correlation of experimental blade
row performance data from plane cascades or from
rotor and stator blade rows in compressors. Such
correlations have been published for cascades and
blade rows by the National Aeronautics and Space
Administration (NASA), such as Figures 17.5.Z and
17.5.3, and by others for specific compressor test
data sets. Generally the correlations allow estimation of an expected profile total pressure loss
coefficient for blade rows at incidence angles in
the low-loss region. The loss parameters used are
in forms such as Wcos~Z/Za or e*/c. Although the
parameter D has probably been the most widely accepted blade-loading parameter for preliminary deSign, others have been proposed to replace or supplement it in design analysis. These include a
second Lieblein parameter, known as De ' which has
been utilized in both deSign analysis ~nd off-design
point performance prediction.
In the regions near the hub and tip end walls,
Some design groups prefer to use the static pressure rise coe~ficient (~Z - PI)/(P I - PI) as a
limit. This parameter kS considered to be a useful
criterion in the prediction of the onset of "wall
stall."

Initial application to rotating blade rows used two
defining equations
- Ve 1

1 _

WI

(17 .5.12)

_ W2 + Vez

(17.5.14)

Subsequently, for caSes in which compressor
blade rows were involved, a version allowing for
flow on stream surfaces which change radius between
row entrance and exit was developed.

There should now be no question about the fact
that higher stage pressure ratios will be related
to increased diffusion rates across blade rows and
that there are quantitative limits on diffusion
rates which in turn limit stage pressure ratios.
What are these quantitative limits? A lot of suggestions have been made. Some are simple and direct. One used frequently is Pz - PI/PI - PI, the
static pressure rise coefficient. Another is the
exit/entrance relative velocity ratio (W2/Wl)rotor
or (VZ/Vl)stator' A slightly less direct parameter
which has been widely used is the parameter D. This
parameter was originally developed by Seymour
Lieblein as a measure of the diffusion of velocity
on the suction surfaces of cascades of blade sections in two-dimensional flow. The equation derived was

D - 1

1

which are not equivalent unless U = U '
l
Z

A second look at the velocity diagram of
Figure 17.Z.1 shows us that Some of the diffusion
of relative flow takes place in these cascades becauSe the flow is deflected (turned). Velocity
diffusion is increased if we turn the flow more
(while the axial velocity remains constant) or if
we reduce the axial velocity across a blade row
(with a constant turning).

D= 1

~

17.5.3.2

INFLUENCE OF MACH NUMBER LEVELS ON AXIALFLOW COMPRESSOR DESIGN

For many years there have been continuous
trends toward higher levels of Mach number in axialflow compressor blade rows. Figure 17.5.4 shows
one reason why this trend exists. The figure demonstrates how flow rate per unit frontal area (specific flow rate) for a compressor stage varies with
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Variation of loss parameters with diffusion factor at reference minimum-loss incidence angle computed from low-speed-cascade tests of NACA 65-(A )10 cascade blades
IO
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•15

PERCENT OF BLADE HEIGHT
fROM COMPRESSOR TI P
10

.10r---------------------------------------~~~~n7~~--_1

0

CA) ROTOR
05
•

1

I

0

.1

I

I

.2

.3

I
.4

~~:'.
.5

.6

io,

90

1

.7

DIFFUSION FACTOR. D
(B) STATOR
Figure 17.5.3.

Variation of loss parameter with diffusion factor for blade sections in compressors
operating near minimum-loss incidence angle (Ref. 17.13).

. average axial Mach number and hub-tip ratio. High
flow rate per unit frontal area has been designated
•• an important design objective because of the
obvious relationship between required frontal area
and component weight. The gains to be made by
increased axial Mach number and by decreased hubtip ratios are eVident in Figure 17.5.4.
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A second reason for the trend toward higher
Mach number levels in compressor stages develops
from the design objective calling for increased
stage pressure ratios. As observed previously, the
energy transfer in a compressor stage takes place
in the rotor and is governed by the Euler turbine
equation which represents an application of the
law of conservation of angular momentum, Eq.
(17.5.10). to a stream tube at constant radius.
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ally results in U2 .. UI'

For a stream surface with

UI • U2

In an axial-flow compressor stage the change in
Itream surface radius between the points where a
flUid particle enters or leaves the blade row usu17-19

(17.5.17)

Either increased U or increased change in absolute
tangential velocity is effective in increasing energy transfer.

However, we have just discussed the

loading limit D, which includes a term shoNing the
direct contribution of Va 2 - Ve 1 to diffusion
rates. Estimation of the'other diffusion limits
shows that the change in Ve 2 - Ve,l enters each
limit in a similar way. Figure 17.5.5 shows how
increased blade speed and increased rotor loading,
as measured by Liebleill's diffusion factor, affect
the pressure ratio available from a stage. The
effect of increased blade speed is impressive. The
data pOints are measured values for single stages.
The problem associated with high blade speed
values has several facets.

First, such values

lead to high centrifugal force loadings on rotor
blades. Second, there are direct relationships
between blade speed and noise generation. The
third and most significant aerodynamic feature of
the problem is that high blade speeds are likely
to result in high flow Mach numbers measured relative to the rotating blades. Suppose that we consider a rotor row with no tangential fluid velocity
component at the leading edge. The relative velocity would be

"

! !

rotor exit and the absolute Mach number approaching
the stator row were subsonic. This encouraging
performance was observed under flow conditions involving supersoniC relative inlet Mach numbers along
only part of the rotor span. Subsequently, stages
were designed to operate in this transonic mode and
were extremely successful.* The key features of
these stages were the selection of an aerodynami-

cally desirable blade geometry and a velocity diagram which eliminated inlet guide vanes while
limiting blade diffusion loading.
The transonic compressor design concept was

a dramatic breakthrough, which can be seen in
proper perspective if we note that over about a
two-year period, limiting relative Mach number levels for experimental rotor blade rows increased
from about 0.75 to about 1.2, and a typical research
inlet stage pressure ratio level increased from

about 1.25 to 1.5. The transonic stage concept led
directly to lower inlet stage hub-tip ratiOS, higher
specific

~low

rates and higher stage pressure ratios,

all at acceptable efficiencies and with acceptable
stability charac teristics.
While the story of the transonic compressor
has a certain romantic flavor, it is a long and

WI

=~Vm2

Mrel , 1

2

+U

=~Mm 2 + Mu2

(17.5.18)

difficult one beyond the first "breakthrough" years.
Mach number ,levels approaching or exceeding 1.0 at
the inlet, within or at the exit of a blade row
tend to be associated with increased thermodynamic

(17.5.19)

losses, particularly so at incidence angles away
from the minimum~loss values. Also associated with

(17.5.20)
The objectives of high mass flow per unit frontal
area and high pressure ratio per stage, both,
~hereforeJ force designers to move in the direction

of high rotor relative Mach numbers, and these same
objectives also lead to high values of absolute
Mach number at the entrance of stator blade rows.
The potential for advanced compressor performance levels associated with high average axial
Mach number levels and high rotor blade speeds has
been understood since the early 1940s, and since
that time numerous stage configurations utilizing
supersonic Mach number levels have been suggested,

designed and tested. Until about 1950, the actual
performance levels achieved were discouraging. Host

!

in experimental stages.

This has required extensive

sonic configurations, with relatively high hub-tip

use of special blade sections and detailed consideration of flow field control in the region of the
blade row. Stator blade Mach number levels have

ratios and supersoniC relative Mach numbers along
the entire blade span in rotors and/or stators at

sign values in the high subsonic regime.

of the rotors and stages involved were true superI

high subsonic and all supersonic Mach number levels
is the problem of blade-channel "choking." As a
result, it was necessary to develop models for the
losses due to shock waves, and for the incorporation of both shock and profile losses into the
design computation method. Furthermore, the higher
stage pressure ratio levels caused more rapid passage area changes and wall curvature, again calling
for changes in deSign procedures.
}\ach number levels in axial-flow compressor
deSigns have increased steadily during the past
25 years, so that average axial Mach number levels
of 0.60 to 0.70 at the first rotor entrance are
found in a number of aircraft engine applications,
accompanied by compressor exit Hach numbers as high
as 0.45. Rotor blade tip relative Mach numbers have
been increased to levels from 1.4 to as high as 2.0

the deSign pOint.

also increased, but not as rapidly, with most de-

The poor performance included

low, sometimes disastrous efficiencies and Ver-

tical pressure ratio-flow lines at design rotational
speed. On the other hand, experimental subsonic

The quantitative effects of compressibility on
blade row performance have been studied extenSively
in plane cascades and in compressor rotor and stage

rotors and stators were designed to operate with

facilities.

high blade speeds, but with inlet guide vanes to
reduce the level of inlet Mach number at the tip

due to shock patterns has been enhanced conSiderably

As a result, the computation of losses

to "advanced" subsonic values.

incidence angle, blade row geometry and downstream

and the quantitative understanding of the effects of

Unfortunately,

these stages generally used blade section geometries
And design velocity diagrams which combined to
produce excessive blade diffusion loading and poor
stage performance.
Then around 1950 the observation was made
simultaneously in several countries that some su-

personic stages were performing very well at rotational speeds below the design value. These
stages were of the shock-in-rotor type, in which
the design relative Mach number at rotor inlet was
supersonic and both the relative Hach number at
17-20

conditions on both losses and passage flow rate limits has been improved. Currently, we do not set
absolute limits on Hach number levels in compressor
deSign, but we do consider carefully the control of

"In

the United States the early transonic compressor
studies were carri'ed out by the National Advisory
Committee for Aeronautics (NACA). In the USSR the
basic studies were apparently completed in the Central Institute for Aerohydrodynamics (TsAGI) and the
Central Institute for Aviation Engines (TsIAM).

the flow field and the magnitude of ~ected ,losses
at all required levels.
<-,"
17.5.4

comparing performance for a given working fluid

PRELIMINARY DESIGN
'''...:.;:::} _ functions of [GEOMETRY,

In preliminary design an immediate confrontation occurs between elegance in flow modeling and
the requirement to complete the design task. Several approaches are possible. Two will be mentioned.
Suppose that you were given the task of designing and developing an axial-flow compressor
for an aircraft gas turbine propulsion system. The
given design point information might include only
the following: the thermodynamic state of the working fluid in a duct upstream from the compressor;
the total pressure increase required from this location to the compressor exit; and mass flow rates at
the compressor entrance, in any by-pass ducts, at
extraction points and at the exit. A table of
thermodynamic properties of the working fluid should
be available, and there will probably be an estimated overall efficiency used by the cycle analysts
in preliminary system studies. As suggested by
Figure 17.4.1, an early step should be to enSure
frequent exchanges of information with the designers
and developers of other components. The turbine
shaft rotational speed is important to compressor
deSigners and the fluid velocity levels and patterns
at the compressor exit will be a major concern in
combustor design.
All that is reqUired of the compressor design
group is a geometry meeting objectives which we
have already set out. The only remaining question
is how and where to start.
17.5.4.1

INP,ur INFORMATION--FIRST OUTPur

The given information suggested above was the
following:
compressor entrance flow rate
- all flow rates by-passed or extracted
from the configuration with the total
pressure levels involved
Pex/Pin - overall total-pressure ratio for
configuration
Tin
- total temperature at compressor entrance
Pin
• total pressure at compressor entrance
~
- compressor component efficiency or
efficiencies used in cycle analysis

m

ma ,

~

The first geometric output information needed
includes general configuration dimensions and a
proposed shaft rotational speed.
Dtip,max

~ub/DtipJstage

N

Nst

17.5.4.2

a

maximum tip diameter

1 = hub-to-tip diameter ratiO,

first stage
- shaft rotational speed
estimated number of stages
required
- estimated total length of
bladed compressor flow
path

COMPO~~NT

SCALING AS AN APPROACH TO
PRELIMINARY DESIGN

At this point no compressor designer should
overlook the possibility or underestimate the advantages of scaling an existing compressor geometry
of known performance to meet his current design
goals. Recalling the similarity parameter used in
17-21

m~,
PinD

~

it is easy to set up a procedure for predicting the
geometric scale ratio required to meet any flow requirement if a specific operating point to be scaled
is picked from an existing performance map. It will
probably not be easy to satisfy all of the equalities needed for exact Similitude, nor will it always
be possible to find an existing geometry which produces the right pressure ratio at a good operating
point. However, judicious scaling can often be
supplemented by addition or deletion of stages at
the front (e.g. adding "~" stages) and rear of
eXisting multistage geometries and by other geometric modifications.
There are dangers in scaling. AerodynamiC,
aeroelastic and stress considerations are all
involved, and numerous examples of expensive problems in compressor development testify to the need
for careful analysis of all these areas of similarity.

17.5.4.3

PRELIMINARY DESIGN BY COMPUTATIONAL
METHODS USING A SIMPLE FLOW MODEL

Geometric scaling and related techniques for
performance modification do not add significantly
to the state-of-the-art, and aSide from the satisfaction of creating a genuinely superior compressor
configuration there are other reasons for the decision to design Hfrom scratch. 11

Even though we

describe flow models for preliminary design which
are not very sophisticated, it should be understood
that real skill is necessary in selecting parameters
for a preliminary design study.
From the input and first geometric output
listed in Section 17.5.3.1, as well as the design
objective list of Section 17.3, we can see that
a number of questions will be answered when we
set target levels for mass flow per unit frontal
area and pressure ratio per stage. There is no
way to set these target levels except on the basis
of past experience and trends.
In the case of mass flow per unit frontal area,
the target level is generally set for and by the
first stage. Figure 17.5.4 shows the values of
equivalent specific flow rate attainable for various
levels of average axial Mach number and hub-tip
radius ratio for a first stage rotor. One significant point demonstrated by Figure 17.5.4 is that
there are only small gains available in going below
hub-tip ratiOS of about 0.3 and above axial Mach
number values of about 0.7. While values of hub-tip
ratio of 0.4 and below and Maxial,avg greater than
0.6 are common in current compressor designs. it
will become evident that there are problems created
by pushing too far in either of the directions
leading to higher specific flow rates.
Setting target levels for pressure ratio per
stage requires the deSigner to make additional de-

cilions. The attainable total-pressure ratio in a
given stage is a function of the energy transfer
in the rotor of that stage as determined by Eq.
(P.2.1) for each fluid partic Ie, .. and by the thermo~
dynamic losses in the stage which determine how
much of the energy transfer is converted to an increase in tocal pressure. However, total-pressure
ratio is not in itself a completely valid goal.
The real goal should be to realize adequate static
pressure rises in each stage so that excessive velocity increases across stages do not result. In
gas turbine applications the compressor exit Mach
number will be limited by combustor design requirements and both entrance Maxial avg and Maxial avg
changes from stage to stage must De influenced by
this limit.

An estimate of the pressure ratio levels which
might be achieved must be made, and experience-based
plots such as Figure 17.5.5 can be of help in this
regard. This figure might, for example, be used to
select several possible combinations of first rotor
tip speed, blade-loading parameter and average stage
efficiency to be studied. These selections will be
only trial values, subject to change by iteration
as the design process continues.
Based on the trial values of [Maxial1avg'
[Dbub/Dtiplstage l' Utip and ~,lO' along with
the given design point conditions, the size of the
compressor and its rotational speed can be estimated
by setting rough values for blade row aspect ratios
and axial row spaCing. At this level in the design,
obvious misfit configurations can be eliminated by
consultation with the turbine and engine configuration integration groups. If all trial configurations are misfits, some accommodation may be possible by adding inlet guide vanes or by other strategies.
Successful first output configuration combinations may be used as partial input Co a less empirical second phase of preliminary design in which the
first real use of our flow field model ideas takes
place.

The overall design of an axial-flow compressor
requires the solution of an inverse problem in aerodynamics. The problem 1s to determine the compressor geometry for a proposed flow field. In ~
compressor design the only time when we seriously
work on the problem in this fashion is at the preliminary design level. We do this in a restricted
way by speCifying a few features of the flow field
at selected calculation locations in the compressor, usually located in the spaces between blade
rows.
The computation process ordinarily is based on
a very simple form of the radial component of the
equation of motion, Eq. (17.5.4), on the principal
of conservation of mass, Eq. (17.5.8), and on the
use of Euler's turbine equation, Eq. (17.5.10),
with the first law of thermodynamics, Eq. (17.5.9).
The flow is assumed steady, adiabatic, axisymmetric
and free from radial gradients in entropy at any
of the between row calculation planes. An efficiency level is assumed for each rotor and stage.
Experience-based estimates are made for tip casing
radius variation through the compressor, blade row
loadings, solidities and stage-to-stage velocity
variations. Approximate velocity diagram .hapes
are set. The effect of stream surface shape and
curvature is omitted. Even under these much over~
Simplified conditions the differential euqation
governing the radial variation in axial velocity
in each calculation plane is
V
Vx

X

aar =

~~

l

-1 - Va .;!-

(17.5.21)

This equation, along with conservation of mass,
must be satisfied by iteration in each calculation
plane throughout the compressor. This is a hubto-tip or meridional plane solution which provides
sufficient input to allow first trial blade row
geometries to be determined.
At this level in design, correlated cascade and
stage blade row data are generally used for blade
selection. Because solidities and chord lengths

COMPRESSOR
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COMPRESSOR AXIS

Figure 17.5.6.

Layout of compressor blade sections on conical surface through stream surface intersection radii at blade row leading and trailing edge.
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were estimated for the meridional plane solution
lome degrees of freedom of choice have been eliminated. A great many, however, have not. These
include blade section geometry (profile shape,
thicknesses and camber line shape) and incidence
angle.
Computer programs, of course, exist for both
meridional plane flow field equations and for blade
selection. Blade sections are, in preliminary design, usually specified on conical stream surfaces
8. shown in Figure 17.5.6.

Calculation control surfaces may be radial as
in Figures 17.5.7 and 17.5.8 or non-radial to conform to a leading or trailing edge shape. As a
result, the component equations of motion become
complex and difficult to interpret and compare.
"Body" force field terms, as discussed in Sec tion
17.5.1.4, are encountered inside blade rows.
Equilibrium equations of motion for a radial
calculation surface such as those of Figure 17.5.7
may be as simple as
2

2

Va + V
+-"'_m
_ cos
_ _(_

The result of the immense array of choices
made and a significant amount of computation is

r

-

r

(17.5.22)

c

a rough configuration geometry or series of con-

figuration geometries which can be subjected to
the initial scrutiny and criticism of stress analysts, aeroelasticians and engine layout designers.
Any approval at this stage can be only tentative,
because the flow field solution is almost totally
incomplete within the blade rows. The next step is
design analysis.
17.5.5
17.5.5.1

DESIGN ANALYSIS
INPUT AND OUTPUT INFORMATION

The inputs to the design analysis phase of
overall compressor deSign are the configuration
geometries generated in the preliminary design.
this represents a complex and extensive collection
of information, supplemented by the same design
point flow, rotational speed, working fluid and
compressor entrance condition data used in the pre-

liminary design. NOW, however, the result for each
geometry will be an estimated value of overall
pressure ratio and efficiency, with detailed velocity and fluid property distributions throughout the
configuration, including those within the blade
rows. this information is used to
1.

2.
3.
17.5.5.2

determine whether the configuration geometry when operating at the design point
will be capable of prodUCing the correct
input flow to the next cycle component,
locate any aerodynamically dangerous flow
field conditions, such as regions of excessive diffusion rate or passage choking, and
provide adequate input for stress, aeroelastic and acoustic analysis.
CURRENT DESIGN ANALYSIS METHODS

The nature of design analysis output requirements calls for a much more inclusive flow model.
These models are so detailed in content that the
numerical structure of a solution can only be dealt
with by large-scale digital computers.
Most design analysis methods are based on a
loosely coupled combination of hub-to-tip flow field
equations and empirically-based blade-to-blade surface row performance correlations. the hub-to-tip
solution model is generally based on adiabatic,
steady relative flow on axisymmetric approximations
to stream surfaces. Computations are often based
on equations written for quasi-S2 surfaces. Stream
.urface geometry (curvature, lean, Slope) are computed and subjected to iteration. Values computed
are usually projected into the meridional plane.
The equations of motion for fixed coordinates, Eq.
(17.5.4), or relative coordinates, Eq. (17.. 5.5),
Control the distribution of velocity subject to the
Conservation of mass.
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but are much more difficult when calculation surfaces are non-radial. In any case, the solution
of the equations of motion, conservation of mass

and energy transfer, and of the equations resulting
from conditions imposed by the second law of thermodynamiCS is iterative, numerical and subject to

mathematical problems in convergence and stability.
The iterations related to stream surface shape and
curvature often must be subject to stability control
by damping adjustments.
In design analYSiS, because the complete blade
row geometries are input, both analytical and empirical procedures for estimating cascade performance

are potentially useful. Whatever procedures are
used must predict shock and profile (diffusion rate)
losses and flow angle distributions through and
downstream of each stream

surface~cascade

intersec-

tion. This is also an iterative process because of
the dependence of both losses and downstream flow
angle on the real downstream conditions (see Figure
17.5.9). A final problem in design analysiS method
development and application is in the treatment of
end-wall flows. In this region the typical main
channel flow model assumptions are not adequate,
especially with regard to viscous loss accumulation.
Several auxiliary end-wall models have been suggested, varying from simple empirical blockage allowances through three-dimensional boundary layer computation methods.
17.5.5.3

DEVELOPMENT OF ADVANCED METHODS FOR
INTERNAL FLOW FIELD COMPUTATION

Recently, serious attempts have been made to
develop three-dimensional internal flow field computation methods, all based on digital computers of
large capacity and high speed. Most of these methods involve modeling of viscous effects, including
turbulent shear stresses. Results have been obtained for certain geometries and flow Situations,
which, unfortunately, do not correspond to those
which occur in axial-flow compresscrs. Over a time
span of 20 to 50 years, it seems probable that meaningful progress will be made in realistic problem
situations. However, these methods will no doubt
assist in the design analysiS process, and they
may help to guide the correlation of data during
the interim.
17.5.6

PERFORMANCE PREDICTION

Design analysis methods as defined in the
previous section attempt to predict the compressor
configuration flow field for the deSign operating
point only. This is by no means easy because the
flow model and numerical methods must adapt to
some degree of non-optimum blade section operation.
However, if in design analysis a significant region

AXIAL
CALCULATION
STATIONS

Figure 17.5.7.

Meridional plane section of axial-flow compressor showing axisymmetric stream
surface notation.

of separated flow was indicated, the calculation
would stop until geometric adjustments were made.
In performance prediction, however, the primary
objective is to estimate the overall compressor unit
performance map, including the surge line, and this
requires capability for accommodating flow phenomena
in the computation system which are not easily modeled. Therefore, it is not easy to use a design
analysis flow model and computation system for gen.eral performance prediction.

Current performance map prediction methods are
normally based on one of two simplified approaches.
The first is "map generalization," in which families
of performance maps are correlated on a non~dimen
aional basis so that similarity methods can be used
for proposed Compressor geometries. The second is a
stage characteristic "stacking" method using approximate stage or stage group performance (see Figure

17.2.7) as a starting pOint. Both map generalization and stage-stacking procedures are relatively
easy to apply, but are inadequate for most advanced
configuration applications because they are based
on past experience.
17-24

Over a period of several years, some of the
current design analYSis methods should be developed
into true performance prediction systems. This will
require some adjustments to the flow model and espeCially improved capability in estimating cascadestream surface flow turning and loss for nonoptimum
entrance and exit conditions.
17.5.7

STRESS, AEROELASTIC AND ACOUSTIC ANALYSIS

Flow field property and velocity distributions
from the design analysis phase are utilized as partial input to stress and aeroelastic evaluation
methods. During recent years the interaction between "pure" aerodynamic analysis and "pure" aero-

elastic predictions has become better understood
and as a result genuine progress has been made.
Reference should be made to Chapter 22 for more
detailed comments. Compressor acoustic analYSis
is covered in Chapter 24.
17.6

COMPONENT AND CONFIGURATION EXPERIMENTAL
DEVELOPMENT
A high-quality design system 1s under contin-
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Calculation control surfaces for an axial-flow compressor stage with computed stream
surface shapes (Ref. 17.14).
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Comparison of cascade experiments and rotor blade section data (Ref. 17.33).

uous development and one of the primary sources of
change lies in the base of experimental information
supporting all elements of the system. We have
brieily discussed cascade experimental results and
data correlation.

We have seen some evidence that

rotor and stage test results supply important adjustments to cascade correlations by introducing
the effects of rotation (end-wall relative motion,
adjacent blade section influence and other secondary
flow features). There is, in fact, an awesome
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accumulation of experimental design system support.
As advanced and exploratory aXial-flow compressor configurations are designed and evaluated,
there has been a ·continual requirement to upgrade

test facility and measurement quality. Plane cascade test section design has been improved radically
by adding new flow field control techniques as well
as performance measurement strategy for both subsonic and supersonic flow regimes. Open- and closed-
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loop rotor, stage, and multistage compressor facilities have been built (see Figure 17.6.1) and
equipped ~ith extensive instrumentation to reveal
transient and unsteady flo~ phenomena.
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However, the greatest direct element of support UZ
for compressor design systems comeS from steady~
state or time-average flow passage measurements,

U

both bet~een blade rows and, where possible, inside
rows. Review of any preliminary design or design
Analysis method ~ill quickly demonstrate the dependence of the method on correlated experimental information.
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Because a compressor unit installed in an air2.0~__~~~·2~P~ER~C~NT~__
-t____~~~~
craft engine can operate over only a limited part
of its performance map and because configuration
adjustments are much more difficult in an engine
installation, test facilities such as those in
Figure 17.6.1 are used directly in component devel- o 1.8i---+---i----f-----jr-r---t--t"""\i
;::
opment programs. In these programs, only limited
instrumentation may be possible, but if some charac- :;
teristics of stage behavior (frequently only casing ~
static pressure patterns) can be measured along with ~ 1.6i---+---i----rr----ji-----\t-----1
overall performance, significant improvements in
performance maps can often be made by rematching
individual stages or by alterations to specific
blade row J:eometries.

f

17.7

AXIAL-FLOW COMPRESSOR PERFORMANCE TRENDS

Figures 17.7.1, 17.7.2 and 17.7.3 have been
included to show in a very limited way performance

1.2!J....?--l---+---t---f-----+---i

results representative of recent compressor research

and development activities. They also give a qualitative idea of the capabilities and limitations of
compressor design systems. Reference should be made
to Figures 17.5.4 and 17.5.5 as the performance is
revie~ed to see where the individual units fall in
relation to preliminary design choices.
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Figure 17.7.1 is a plot of measured overall
performance for a single-stage transonic compressor
design. This stage had a rotor entrance tip dia~
meter of 33.0 in. and a hub-tip ratio at the rotor
entrance of 0.5. No guide vanes were used.

Figure 17.7.1.
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CORRECTED WEIGHT FLOW,

m "9/0,

LBS/SEC

Overall performance of singlestage axial-flow compressor deSigned to operate at a tip speed
of 1600 feet per second (488 m/s)
(Ref. 17.15).
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Predicted and measured performance characteristics of three-stage axial-flow compressor
(Ref. 17.5).

Figure 17.7.2 shows the predicted and measured
performance of the three-stage axial-flow compressor
(fan) previously shown in the meridional plane section of Figure 17.1.5.
Figure 17.7.3 shows performance plots for a
compressor stage with variable inlet guide vane
geometry and variable stator blading (meridional
section in Figure 17.5.9). The two maps show that
significant performance changes are possible with
variable blade geometry. This stage had a 0.5 hubtip ratio and a tip diameter of 36.5 in.
In multistage compressors the trend has been
and 1s toward higher flow rates per unit annulus
area and higher stage pressure ratios. This has
been true partly because the higher tip speeds
associated with transonic entrance stages are also
present in subsequent stages. This leads to higher
stage pressure ratios for a given blade row loading
level. Although general Mach number levels decrease
as temperature levels rise through a compressor,
transonic stage operation frequently exists in several stages at the design point.
Continual emphasis has been placed on development of broad range stable engine core compressors.
Variable geometry blading has entered many configurations, and other geometric techniques such as
Casing treatment (see Figure 17.7.4) have been in~7-27

troduced into both core and fan stages. The technology of high hub-tip ratio high-pressure stages
is a complex and difficult research area.
Throughout the relatively short technological
history of the axial-flow compressor, the most
significant overall trends have been toward reduction of size and cost by increaSing average Mach
number levels and stage pressure ratios. All of
the configuration maps shown in this chapter have
been the direct result of attempts to advance these
trends. Transonic and supersoniC compressor devel~
opment have demonstrated that there are certain design features common to most successful stages.
These are summarized in Figure 17.7.5. A good way
to review the content of this chapter would be to
consider these features and to justify them in
terms of the flow parameters and phenomena exposed
herein.
17.8
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(See Figure 17.5.8 and Ref. 17.14).
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Figure 17.7.4.
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Schematic of one form of compressor
rotor tip casing treatment.
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Figure 17.7.5.

Design characteristics of sdvanced transonic compressor stages.
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SECTION 17.7

COMPONENT AND CONFIGURATION EXPERIMENTAL DEVELOPMENT

SECTION 17.8

AXIAL-FLOW COMPRESSOR AND PERFORMANCE
TRENDS

Some specific programs of continUing and

current interest can be located and are summarized
by configuration.
BACA 8-stage compressor

Ref. 17.211-17.219

NACA 5-stage compressor

Ref. 17.220-17.225

J-83 turbojet engine
compressor

Ref. 17.226-17.227

CJ805-23 fan component

Ref. 17.228

NASA-GE rotor research
program

Ref. 17.229-17.231

NASA-PW 1600 ft/sec tip
.peed stage

Ref. 17.232 and
17.15

NASA-GE 1500 ft/see tip
speed stage

Ref. 17.14-17.16

NASA-PW 1800 ft/see tip
speed stage

Ref. 17.233-17.234

NASA-AiResearch 1500 ftl
.eC fan stage

Ref. 17.235-17.237

BASA-PW two-stage fan

Ref. 17.238-17.240

NGTE 4-stage compressor

Ref. 17.241
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11.248

17.249

17.250

Raws.

ASME

1976.

N

rotational speed of shaft

K. and Griffichs, P. R. Engine
CQmpression System Surge Line Evaluation
t~hni'lues.
Paper presented at Third
International Symposium on Air Breathing
Engines. Munich. 1976.

P

total pressure

P

static pressure

q

heat transferred

R

radius

a*

passage radial location, (r - rh)/
r t - rh)

lapel' 16-G'r-42.
Kov~h,

Prince, D. C., Jr., Wisler. D. C. and
R11vers, D. E. A Study of CaSing Treatment Stal1 Margin Improvement Phenomena.
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radius of curvature of stream surface
trace in meridional plane (Figure
17.5.7)

17.10 SYMBOLS AND NOTAtION
area
A
AVDR

i

I

,:

j;

entropy
blade spacing (Figure 17.1.8)

T

temperature

TB, TS

moments of forces, see Eq. (17.5.10)

axial velocity-density ratiO, P2Vx 2/
PIVx 1 for blade sections in cascaJe
or blade row

TU

turbulence parameter

TER

trailing-edge radius of blade section

&

,""ou4tic velocity

t

time

II

coordinate of maximum camber measured
along perpendicular to chord line
(Figure 17.1.7)

t

maximum thickness of blade section
(Figure 17.1. 7)

c

ebord length, length of straight line
eonnecting leading and trailing end
points of camber line (Figure 17.1.7)

u

blade section velocity

V

velocity in fixed coordinate system

D

diffusion par arne ter (Eq. 17.5.12 to
17.5.15)

W

velocity relative to coordinate system
attached to rotor

D

diameter

x

axial coordinate

cI

distance of maximum thickness location
from leading end of section camber line
(Figure 17.1.7)

~

angle between velocity vector and
axial direction

Y
E

energy transfer

stagger angle, angle between chord
line and axial direction (Figure
17.1.8)

F

body force

y

fluid specific heat ratio

g

local gravitational acceleration

6

H

total enthalpy

h

.tatic enthalpy

deviation angle, angle between cascade
exit fluid velocity and line tangent
to section camber line at trailing
edge (Figure 17.1.8)

I

rothalpy (Eq. 17.5.5)

6

ratio of total pressure at compressor
inlet to standard sea-level pressure

i

incidence angle, angle between inlet
flow direction and line tangent to
blade section camber line at leading
edge

(

angle in meridional plane between
line tangent to stream surface and
axial direc tion

length

Tl

compressor or stage efficiency

e

Circumferential coordinate

9

ratio of total temperature at compressor inlet to standard sea-level temperature

L
, I

a
s

di.tance measured along chord line
from leading end of section camber
line to maximum camber point (Figure
17.1.1)

a

I

radial coordinate, measured from
compressor axis

LER

leading-edge radius of blade section

H

Mach number

111

1IIass flow rate

17-40

e*

total boundary-layer momentum thickness at sec tion trailing edge

Ie

F

frontal cross-section

angle between line tangent to section
camber line and axial direction (Figure
17.1.8)

h

hub

i

inlet

IJ

fluid dynamic viscosity

in

inlet

P

fluid dens i ty

is

isentropic

a

cascade or blade row solidity, chord
length/blade spacing

m

meridional component

R

rotor

¢

flow coeffiCient, (Vx/U)mean

r

radial component

cp

blade section camber angle, K1 - K2
(Figure 17.1.8)

reI

relative

•

~~essure coeffiCient, 6Hisentropic/
mean

t

tip

u

blade velocity

w

average total pressure loss coefficient
lSI - P2/ f l - PI (Figure 17.1.8)
,

x

axial component

a

circumferential or tangential component

I

inlet to blade row (Figure 17.1.8)

2

exit of blade row (Figure 17.1.8)

1 to 20

measurement or computing station location

Subscript
A, B, C, D

location of computing station

a, b

measurement location

act

actual

ad

adiabatic

an

annulus

CS

control surface

ex

exit

Superscript
vector quantity
average

!

i

I

I
I
f
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Introduction

Few devices have changed so drastically during
the past decade as the aircraft gas turbine. The
changes are the natural result of improving jet
engine performance by means of new cycle parameters
or configurations. We have seen in Section II Performance that such advances are usually tied to
increasingly demanding turbine operating conditions,
including higher temperature, pressure and output
power levels. In order to meet these requirements
with acceptable cost, weight and durability, turbine cooling has been reduced to practice and the
designer has sought to extract as much work as
possible from each stage and, indeed, from each
airfoil. Because these cycle changes spring from
a fundamental thermodynamic foundation, there is
every reason to expect the progression to continue
into the next century.
A curious fact is that no comprehensive review
of turbine aerodynamic technology has appeared
since Horlock published "Axial Flow Turbines" in
1966 (Ref. (18.1». That book still provides an
excellent framework for the study of aircraft gas
turbines, and we shall employ many of the concepts
developed there in what follows. The main purpose
'of this Chapter is to describe what has happened to
turbine aerodynamics during the past decade. Our
remarks are largely concerned with two types of
knowledge: first, improved understanding of familiar but complex phenomena (e.g. transonic flows and
transitional boundary layers) and, second, information regarding areas which have received essentially new attention (e.g. cooling flows and
endwall flows).

Table 18.0.1
JT9D

Year of introduction

~
1961

1970

Engine bypass ratio

1.45

4.86

Engine overall pressure ratio

13.6

24.5

Core engine flow (lb/sec)

187.7

272.0

1745
24,100
1
2.5

2500
71,700
2
1. 76
16.1

1410
31,800
3
1.44
0.7

1600
61,050
4
2.47
1.4

Parameter

High pressure turbine
Inlet temperature (OF)
Power output (HP)
Number of stages
Average stage loading coefficient
Coolant plus leakage flow (%)
Low pressure turbine
Inlet temperature (OF)
Power output (HP)
Number of stages
Average stage loading coefficient
Coolant plus leakage flow (%)

1.72

The low pressure turbine (LPT) presents a completely different picture. In order to satisfy the
greatly increased demand for power by the fan without either increasing the wheel speed or adding a
large number of stages, the average stage loading
had to be increased. In fact, if the JT9D LPT Was
based upon JT3D aerodynamic technology, six or
seven stages would be required to replace the
existing four. In order to avoid the excessive
corresponding cost and weight penalties, LPT designers concentrated on applying advanced uncooled turbine aerodynamics.

We will be seen to have a bias in favor of
sophisticated analysis supported by realistic
testing. Our experience has shown us that the
pressures of the marketplace have made these tools
not only desirable, but essential. On one hand,
cooling has driven the number of design permutations to the point where correlations based on
existing data cannot provid~ the required design
information. On the other hand, building an experimental turbine has become so costly and timeconsuming that a modern engine development program
is under a tremendous handicap if the initial turbine design falls short of the mark. Both arguments lead to the conclusion that confident analysis and accurate model and component testing are
highly desirable. As described subsequently, many
important advances have already been made, and
others now seem likely. Much of the chance has
been removed from turbine design, and we are hopeful that this trend will continue.
18.0.0

stage loading coefficient (Le. stage specific
work/wheel speed squared), a direct measure of the
associated aerodynamiC difficulties, remained
essentially constant. One is led to the conclusion
that the HPT designers were well occupied with the
novel problems of cooling.

The foregOing examples lead to a key point,
namely that natural forces have combined to drive
turbine aerodynamics into unexplored and uncertain
territory. This has increased the risks being
taken, and increased the demand for methods which
help assure success. The remainder of this Chapter
is largely devoted to an elaboration of our current
understanding of the art.
18.0.1

Related Disciplines

Although this Chapter deals principally with
aerodynamics, we feel that there are other aspects
of turbine design of equal importance. Since turbines are expected to run for thousands of hours
without major overhaul, it follows that they cannot
be based upon aerodynamic considerations alone. A
successful machine results only from a highly iterative series of thoughtful aerodynamic, heat transfer, materials and structural evaluations. The best
solution to each design problem effectively couples
respect for the important factors together in the

General Trends

The leading trends in turbine technology can
be illustrated by means of the information contained in Table 18.0.1, which compares the Pratt
and Whitney JT3D and JT9D engines operating under
sea-level, hot-day, take-off conditions. Both
engines were designed for commercial usage and
employ similar cycles, but were developed almost a
decade apart.

correct proportions.

The literary history of turbines is rather out
of balance in this regard, the overwhelming emphasis
having been upon aerodynamics until the most recent
times. It now appears that this situation is slowly
changing for the better, largely because persistent
development difficulties of modern machines have
shown that turbine durability can make or break an
engine program. References (18.2), (18.3) and

The most remarkable feature of the data below
is that the high pressure turbine (HPT) inlet temperature rose beyond the working temperatures of
available materials during the period in question.
This required the extensive use of cooling air
and led to new airfoil shapes capable of providing
suitable coolant passages. Meanwhile. the average
18-.1

(18.4) are compilations of papers reviewing heat
transfer, high temperature materials and structural
integrity, respectively. They provide a good
Itarting point for those wishing to pursue these
topics further.
A deep appreciation of these sister technologies is essential to anyone seriously interested
in gas turbine design. In fact several specific
examples of the interaction between structures and
aerodynamics will be found in Section 18.2.
18.1
18.1.0

Turbine· Airfoil Characteristics
Introduction

We turn now to a somewhat closer look at the
prevailing turbine aerodynamic situation. This will
be done by means of well-known airfoil dimensionless
parameters, some of the most revealing of which are

gathered together in Table 18.1.1. The JT3D and
JT9D again serve as examples because of the fair
comparison they provide.

0.6-0.9
0.9-2.4
1.0-2.2

0.7-1.0
0.8-1.5
1.7-2.6
68-110
0.24

0.27

0.6-0.9
0.34-0.87
2.0-4.8
36-97

0.5-0.8
0.29-0.53
2.7-6.0
67-107

0.15

0.15

70-111

This information should immediately convey the
message that turbine airfoils have unique geometrical characteristics. In conventional terms they
would be called thick, highly cambered and stubby.
This means that they will exhibit a wide variety of
fluid phenomena and are not especially susceptible
to many classical analytical approaches.
This impression will be confirmed by the following remarks regarding aerodynamic parameters.
18.1.1

A convenient reference point here is that natural transition occurs on a flat plate at a Reynolds
number of about two million. This might lead to the
conclusion that the turbine airfoils of Table 18.1.1
are dominated by laminar flow, but that would be
wrong. One of the main reasons for this is that
they are immersed in an extraordinarily turbulent
environment, the turbulence level being in the range
of 3 - 20%. The disturbances are initially generated in the combustion process, and any tendency to
decay is resisted by the boundary layers and wakes
produced by the successive rows of airfoils. Large
pressure gradients, particularly adverse ones appearing near the trailing edge on the suction sur··
face, also exert a strong effect on boundary layer
transition.
An intense competition therefore often takes
place along the suction surface between Reynolds
the state of the boundary layer. The result is
difficult to predict in advance, but crucial to both
the aerodynamic and thermal performance of the airfoil. It is even frequently found that there are
long stretches which do not resemble either purely
laminar or fully turbulent behavior, and are best
thought of as extended transition regions.

Table 18.1.1

Low pressure turbine
Exit Mach number
Reynolds number (millions)
Aspect ratio (span/chord)
Turning angle (degrees)
Maximum thickness/axial chord

Reynolds Number

number, turbulence level and pressure gradient over

Parameter

High pressure turbine
Exit Mach number
Reynolds number (millions)
Aspect ratio (span/chord)
Turning angle (degrees)
Maximum thickness/axial chord

18.1.2

Mach Number

Ample evidence of these effects exists in the
open literature. For example, Hebbel (Ref. (18.5»
and Kiock (Ref. (18.6» have carried out classical
experiments which demonstrate the sensitivity
of turbine airfoils to suction surface boundary
layer behavior. Much of what we now know began
with their fine research.
The data of Table 18.1.1 show that the Reynolds
number has increased in the HPT and decreased in the
LPT with time. Since these were due, respectively,
to increasing engine overall pressure ratio and

increasing bypass ratio, the future will probably
offer more of the same.
18.1.3

Endwall and Leakage Flows

The above remarks apply to that part of the
flow which can be described in two-dimensional
terms. A very important part of turbine aerodynamic
behavior, however, i8 governed by three-dimensional
effects. These latter flows generally lead to lost
performance or inefficiency, and therefore require
special mention.

When high subsonic or low supersonic exit Mach
numbers are found in combination with airfoils of
large thickness and/or deflection, local regions of
supersonic flow (sometimes called bubbles) will
often be found on the suction (or convex) surface.
This is evidently the case for several HPT and LPT
airfoils of Table 18.1.1, and one can safely presume that the trend will be toward higher exit Mach

Passage endwall flows are one of the most
common forms of three-dimensional flows found in
turbines. They are caused by the blade-to-blade
pressure difference which the mainstream flow impresses upon the endwall boundary layer, and result
in an unrecoverable skewing of the exit plane

velocity field. As the airfoil aspect ratio is
reduced, endwall flow effects occupy an increasing
portion of the span and must therefore become more
significant. Table 18.1.1 reveals that higher

numbers and greater turning angles in order to
increase stage work. There are, in fact, several
"transonic" (i.e. subsonic inlet, supersonic exit)

turbine airfoils already in service, a good example
being the inlet guide vane of the JT15D, and the
maximum JT9D turning angles have already been
exceeded.

cycle temperatures and pressures have acted to

Predicting the behavior of "mixed" (1. e. partly
subsonic, partly supersonic) flows around cascaded
airfoils is not any easier than it is for isolated
airfoils, and the consequences of mistakes can be
unacceptably severe.
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reduce the aspect ratio of HPT airfoils. The
effect of increasing inlet temperature has been
to require a longer airfoil chord in order to
provide sufficient coolant flow passage area.
The effect of increasing inlet pressure has been
to reduce the necessary through-flow area and,
correspondingly, the span. When the aspect
ratio nears unity, as it has in the JT9D HPT,
the endwall flow assumes equal importance with the
mainstream flow, and the boundary layer approach
breaks down.

18.2.1

Similar remarks can be made for leakage or
1 arance effects. Since clearances have minima
~h~ch are independently determined by manufacturing
tolerances, and are harder to maintain in the more
hostile environments, they ~ave a relati'lely greater
impact on the shorter airf01ls of high pressure
ratio machines. Leakage losses have become, in
fact, a determining factor in turbine engine
development.

18.1.4 Conclusion
One clear message emerges from the foregoing
facts; turbine design simultaneously involves most
of those things that aerodynamicists have learned
to dread. This includes at least transonic, transitional flow over thick, highly chambered cascaded
airfoils in the presence of strong turbulence and
three-dimensional effects. Contrast this with the
recent comments of the authoritative A. M. O. Smith
{Ref. (18.7» regarding high-lift isolated airfoils, "That is not to say that nearly all problems
have been solved, but to a certain extent the remaining problems amount to just irritating details."
In this context our modern machines seem intent
upon overwhelming us with irritating details.

18.2 Design Considerations
18.2.0 Introduction
At this point in our development it will be
profitable to stand back and view the actual design
approach and procedure so that the various advances
can be appreciated in their proper context. In
this regard the work by Horlock (Ref. (18.1» is an
excellent starting point. He has provided a concise
derivation and description of the relationships
between stage loading coefficient, flow coefficient
(axial velocity/wheel speed), reaction, turning and
the velocity triangles in general. In addition, he
has included a discussion of structural considerations such as the centrifugal tensile stress at
blade roots (blade pull stress) and the hoop stress
due to centrifugal loading on rotor disks. These
derivations will not be repeated here. The reader
who is unfamiliar with these terms would profit
greatly by examIning that work.
The designer has before him the task of satisfying certain requirements and remaining within
certain constraints while meeting or exceeding his
performance goal. The requirements are generally
specified by the cycle and they include, for
example, producing a given power at given values
of inlet pressure, temperature and mass flow. The
constraints stem from many different sources including structural, mechanical and aerodynamic
considerations. They could include limits on rotor
blade pull stress, disk rim speed, airfoil maximum
thickness and trailing edge thickness, flow turning
and Mach number. The performance goal that must be
met is efficiency. Thus, while satisfying the
requirements the designer must consider a multitude
of configurations in order to establish the trends
which lead to maximum efficiency. Ifhen the final
design emerges it is invariably true that the
performance is limited as a direct result of one
or more of the constraints. With this in mind we
shall briefly consider several typical and commonly
occurring design constraints. In particuler,
attention will be given to the way in which structural constraints can bring about limitations on
the blade tip and disk rim speeds and hence on the
stage loading coefficient. Following this a brief
description of the design system itself shall be
presented. Among other things the importance of
the aerodynamic loss system shall be discussed.

The material limitations of maximum allowable
blade pull stress and disk stress are not difficult
to appreciate. What shall become clear is that
these stresses can pose severe restrictions on the
aerodynamicist in his selection of a flowpath and
consequently they can have a direct impact on the
ability to reach the goal efficiency. As shown by
Horlock {Ref. (18.1» the blade pull stress is
proportional to the product of flowpath annulus
area and shaft speed squared. The disk stress is
proportional to the disk rim velocity squared.
Thus, three variables that the designer has at his
dispos'al in configuring a stage consistent with
these two constraints are the annulus inner and
outer radii and the shaft speed. He would look at
various combinations of these variables (and others,
such as reaction) that lead in the direction of
increasing efficiency. In the design of a high
pressure turbine it is frequently true that the
search for higher efficiency places the design on
the limit of allowable blade pull stress. The
reason for this is the desire to minimize the stage
loading factors (by raising the wheel speed) and
the Mach number level (by increasing the annulus
area). In addition, if the shaft speed is specified
by compressor requirements the designer's freedom
is considerably restricted. In the ultimate case
it can occur that with a specified shaft speed the
highest achievable efficiency occurs when both
blade pull and disk stresses are at their limiting
values. In this case there is only one flowpath
that can satisfy all the constraints simultaneously
and the highest efficiency the turbine can reach
has been limited by the structural and mechanical
constraints.
Although low pressure turbine design is seldom
hampered by these stress considerations, the shaft
speed is frequently limited to a very low value
because of restrictions on fan tip speed. Further,
the maximum diameter of the turbine may be limited
by restrictions on engine size and weight. The
evolution of low pressure turbines with high stage
loading coefficients (see Table 18.0.1) is a direct
result of these constraints. The consequence is a
trend toward airfoils wIth increased turning,
decreased flow acceleration and in general a more
severe aerodynamic environment.
The discussion up to this point has addressed
the impact of constraints on the f10wpath and the
velocity triangles but there are also constraints
on the airfoil design. The leading and trailing
edge diameters must be large enough to allow the
incorporation of cooling devices as necessary. The
airfoil thickness distribution is often dictated by
the necessity of allowing room for internal cooling
devices and the entire spanwise layout of an airfoil
may be dictated by the need to insert and withdraw
these devices. It is only a slight exaggeration to
say that many cooled airfoils are a result of the
best aerodynamic design that could be wrapped
around their internal cooling devices.
Although only a very few of the constraints on
a turbine design have been mentioned here it should
be clear that they can have a profound impact on
the final configuration. The not uncommon misconception that turbines present few difficult aerodynamic challenges stems in part from a lack of
appreciation of the constraints placed upon them.
It is the constraints that have brought about the
need for advanced analytical design tools.
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Design Constraints

18.2.2

The Design System

Before one can appreciate the importance of an
improved analytical capability one must have some
appreciation of the design system in which it is
incorporated. The system is a sequence of different
types of calculations with inputs and constraints
from various sources. It is a sequence in that
each analysis provides input to the next. It is
also an iterative sequence in that the results of
each analysis alter inputs used earlier. What follows here is a brief summary of this sequence. A
far more in-depth discussion of a modern computer
interactive turbine design system has been presented by Thomas and Piendel (Ref. (18.8».
The initial input is in the form of cycle
performance requirements. These would typically
include parameters such as inlet and exit pressures
and temperatures, primary and secondary (coolant)
mass flows and shaft speeds. The constraints at
this point might include for example, blade pull
stress, airfoil chord and trailing edge thickness.
These serve as input to the meanline analysis.
The meanline analysis provides midspan velocity
triangles. Preliminary root and tip velocity
triangles may be determined with an assumption such
as free-vortex flow. The variables include the
flowpath definition, blade speed, stage work and
reaction. Input must include sufficient information
about the airfoil geometry such that the various
loss systems can be employed. This analysis may be
carried out for a single turbine or for a complete
system including the high and low pressure turbines
and the exit guide vane. As mentioned above, the
objective of the analysis is to point out the
highest performance configuration (flowpath and
velocity triangles) that will satisfy the cycle
requirements while remaining within all the constraints.
The performance is determined by the loss
system. This system is a series of calculations
snd correlations which determine the magnitude of
the various losses (profile, endwall, parasitic and
cooling loss) based on the aerodynamic and geometric
input provided. The problem is, for example, to
make an accurate estimate of the profile loss
without having any detailed idea of the airfoil
contour but only having the velocity triangles,
pitch, chord and trailing edge thickness. The loss
system is the most crucial feature of a meanline
optimization study. An an example, the number of
stages in a turbine will be dictated to a large
degree by the way the predicted efficiency responds
to variations in the stage loading coefficient.
These efficiency variations are dictated by the
loss system. Thus, a loss system with an excessive
penalty for higher turning will cause the final
configuration to have lower stage loading coefficients and hence more stages. For this reason
improvements in loss systems can lead to significant
changes to the final turbine configuration. Great
care must be exercised to insure that your best
aerodynamics are reflected in the loss system.
Otherwise they need never appear in the final
configuration. Results of the meanline analysis
provide up-dated input to the cycle analysis. They
also provide input to the streamline analysis.
The streamline analysis is a two-dimensional
axIsymmetric meridional plane solution by, for
example, streamline curvature or martix inversion
techniques. It brings the spanwise variations into
the design. The streamline analysis may Simply
serve as a refinement of the results of the mean18-4

line analysis or it may be employed in place of the
meanline analysis as a basic optimization tool which
includes spanwise variations. An example of this
approach can be seen in the work by Schlegel et a1.
(Ref. (18.9». Regardless of the way it is employed,
the basic virtue of the streamline analysis is that
it permits one to eliminate many of the adverse
effects that accompany a simple free-vortex design.
The large radial variations of reaction that occur
in a free-vortex design, for example, can be
eliminated by "controlled-vortex" design (Ref.
(18.10». The result is that the difficulties of
very low reaction (impulse) blade roots and the
leakage penalties of very high reaction shrouded
blade tips can be minimized. The results of the
streamline analysis serve as input to further
iterations with the mean line analysis and also as
input to the airfoil contour design calculation.
Turbine airfoil contours are generally uniquely
designed for each application. This is a major
departure from the approach in many compressor
designs where the airfoils are selected from standard
families of contours. With the velocity triangles
dictated at each radial section by the streamline
analysis and a first estimate of the gap/chord
ratio from lift coefficient considerations the
objective is to devise a contour which will have a
pressure distribution with desirable boundary layer
characteristics. One aspect of turbine airfoil
design that simplifies matters is that flow deviation, and hence mass flow, can be determined with
sufficient accuracy from the geometry of the airfoil.
Thus turbine airfoil design is a matter of defining
the contour that will most efficiently provide the
desired lift.
Two approaches are currently being followed in
airfoil design. In the "direct" approach the
contour is defined and the pressure distribution is
determined. In the "indirect" approach a pressure
distribution is specified and the contour is
determined. The important point to be appreciated is that accurate and fast cascade flow calculations are becoming increasingly available (e,g.
Ives and Liutermoza (Ref. (18.11»).
The results of the airfoil design serve as
input to the mean line analysis in terms of updated
profile loss estimates and to the heat transfer,
structural and mechanical designers for all of
their various analyses.
18.2.3

Summary

The turbine design sequence is a highly analytical procedure aimed at the objective of simultaneously satisfying a wide variety of requirements
and constraints while optimizing on high performance,
low weight and low cost. It is an unusual turbine
which is not pressed hard against one or more of
the imposed constraints. In addition the basic
configuration of the turbine, [or example the
number of stages, will be largely defined by the
nature of the aerodynamic loss system used to
predict efficiency. These are but a few examples
of the numerous trade-offs that occur during a
turbine design. The trade-off between increased
stress and higher efficiency is only one example.
Other trade-offs include: (1) reductions in airfoil
solidity which cause reductions in weight and the
number of airfoils (cost) but bring with them the
risk of flow separation and reduced efficiency and
(2) increases in rotor blade cooling which can
permit increased operating stress levels and higher
aerodynamic performance but also bring about
increased cooling losses.

Since the entropy only rises in each unit process,
then

The advances in technology that viII be
discussed in folloving sections are generally
associated with either moving a constraint or
reducing the penalty associated with a constraint.
Advances in turbine aerodynamics have, for example,
pushed to much higher values the historical constraints on maximum turning and exit Mach number.
The result has been much higher performance in
high stage loading machines than had ever been
anticipated.

(18.3.2)
This reasoning and Eq. (18.3.1) le~d to the
usual conclusion that unit process entropy increases
must be held to a minimum in order to maximize
turbine efficiency. Finally, since in each unit
process the total temperature remains constant,
then

18.3 Performance
18.3.0

(18.3.3)

Introduction

so that entropy increases and total pressure losses
go hand-in-hand.

We are now ready to examine turbine aerodynamic
phenomena in detail. The attendant complexities
can best be unravelled by organizing our thinking
about the factors which determine performance or
efficiency. This approach leads directly to a
comprehensive framework for the remainder of this
Chapter.
18.3.1

I
t

I

18.3.2

Cooled Turbine Efficiency

The same reasoning which led to a useful
definition of thermodynamic efficiency for uncooled
turbines can be applied to each of the individual
streams entering a cooled turbine for the same
purpose. Care must be taken to provide a proper
control volume completely surrounding the turbine,
and all inlet and outlet flows must be accounted
for. The reSUlting expression, equivalent to that
of Eq. (18.3.1), is

Uncooled Turbine Efficiency

When the engine cycle calls for turbine inlet
temperatures below about 1800°F, airfoils can
usually be safely manufactured from available
materials which require no protective cooling. In
such cases the weight flow does not change throughout the turbine. If the working fluids are taken
to behave as perfect gases with constant properties,
some useful results can be obtained in convenient
algebraic form. Translation to real gases is, of
course, required for any actual turbine design, but
this is easily accomplished in practice. Effects
of changing streamline radial location can also be
rigorously included in these formulations. Since
they are relatively minor for axial flow machines
and unnecessarily complicate the resulting expressions they are omitted here.

1: actual power
j

n - l: ideal power
j

The uncooled turbine is best thought of as an
open-cycle machine working between two reservoirs
of different total pressure levels. Total pressure
and total temperature levels not only turn out to
be the most thermodynamically meaningful, but are
also far easier to measure than static properties.
where j is the minimum number of separate streams
necessary to describe the operation of the turbine.
Eq. (18.3.4) shows that the thermodynamic efficiency
of the machine in question is entirely dependent
upon the total entropy changes experienced by the
individual streams while traversing the turbine.
This is a satisfying and valuable result. Among
other things, it shows that the unit process reasoning
still applies, and that each stream contributes to
inefficiency in proportion to its mass flux and

Application of the first and second laws of
thermodynamics leads directly to the relation

rl

1 - (_:_:) Y exp (_S_ec_~_S_i)

n _ actual power
ideal power

---=----l::..!..-1:---'-- 0;; 1
1-

G:)

Y

entropy rise.

Even though the turbine appears to have both
steady and unsteady flow processes taking place
when viewed from any single frame of reference, the
path traversed by each particle of fluid in passing
through the machine can be thought of as consisting
of a series of steady flow processes viewed from
appropriate frames of reference. Each of these
sequential steady flow processes, viewed in its
appropriate frame of reference (alternately stationary or rotating), will be referred to here as a
unit process. The special advantage of this approach
is that the total entropy change for any particle
of fluid is equal to the sum of the entropy changes
for all the unit processes, for entropy is a state
property and does not depend upon frame of reference.

However t as was previously mentioned

and as will be elaborated upon later, the entropy
change of a unit process now also includes irreversibility due to thermal mixing.

(18.3.1)

Specifically, unit process entropy changes for
each of the j separate streams are given by

~;

- In

(1+ ~~) - (-7) (1+

rather than by Eq. (18.3.3).

In

~~)
(18.3.5)

In some cases Eq. (18.3.4) can be further
simplified. These cases require that the inlet
and exit total pressures are each uniform over the
j streams. They occur, for example, when the exit
flow is taken to be completely mixed and the inlet
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reJ.al::1ve imvortanc.. of l!aeh.
in th.. foll"wUlg table.

flow either eomes from a single source or the
turbine is included as part of a full accoun~ing of
the losses whieh take place after the compressor
discharge station. The corresponding expression
for effielency becomes

LoSIJ
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Profile Aerodynamics
Introduction

Well designed airfoil contours are an essential
feature of any gas turbine that is to reach its performance goals, not to mention its goals in weight
and cost. The vast amount of effort that has been
expended in this area in recent years is an indication of the recognition of this fact. To say that
profile design is simplified by the generally accelerating nature of the flow is highly misleading.
Turbine airfoils do have strong recompressions and
boundary layer separation is a real and present
problem that must be addressed in every design.
Furthermore, the obvious advantages of reduced
weight and cost that can be achieved with highly
loaded (low solidity) designs brings pressure to
have even stronger local recompressions. Keeping
this in mind, and remembering also, as mentioned
earlier, that turbine airfoils can be thick, highly
cambered, transonic and can have transitional
boundary layers leads one to the conclusion that
the design of good turbine airfoils is a challenging
and difficult task.

total Pressure LOBa Breakdown

By now it should be clear that increases in
entropy are the root Cause of inefficiency, and
thAt they occur as a result of total pressure loss
and thC!rtnal mixing (see Eq. (18.3.5». The "ntropy
~han8e due to thermal mixing is both inevitable
And easily calculated. The contribution of total
pressure loss, on the other hand, is neither completely under our control nor easy to predict.
The designer will seek to minimize total pressure
lOsses. His most fruitful avenue of approach is
through an understanding of the phenomena which
generate them.

18.4.1

the sources of total pressure or aerodynamic
losses are the Same as those encountered throughout
fluid mechanics. They include:

Design Approach

At the outset of an airfoil design the velocity triangles are available as a result of the
streamline analysis. Included in them ~re the
effects of the anticipated total pressure loss
across the cascade and also the stream-tube thickness variations (due to meridional plane streamline
curvature and/or annulus area divergence). In
addition, constraints such as on leading and trailing
edge diameters, the value and location of the maximum or minimum thickness and others may have already
been specified. If, for example, the airfoil is a
highly stressed (centrifugally) high pressure turbine rotor blade it will be necessary to taper the
airfoil. This will require an airfoil with a very
thin, low solidity tip and a relatively thick, high
solidity root.

skin friction drag
pressure or form drag
Shock losses
leakage
mixing

Of these only the first four matter in uncooled
turbines. The last must be accounted for in cooled
turbines, where gases of conSiderably different
properties are irreversibly mixed together (see Eq.
(18.~.5».

It is convenient and has become customary to
partition the losses into four other categories,
namely:
s.
b.
c.
d.

35
35
30

BPT

The above information has been used to shape
the remainder of this Chapter. Careful attention
is given to each category of lOBS, cooling losses
also being dealt with in Chapter 19.

contains some useful guidance. First, the
denominator reveals that the temperature of thermOdynamic significance is the mass average value,
regardless of the distribution between streams.
Second, it emphasizes the fact that all of the
streams passing through the turbine are capable of
producing work. This leads, in turn, to the COn~lusion that all losses experienced by all streams
coming from the total pressure reservoir to the
turbine must be understood and considered if maximum efficiency is to be obtained. These losses
include, for example, those generated by metering
holes and slots or within cooled airfoils.
Although this point should be fairly obvious, it is
not always honored in practice.

a.
b.
c.
d.
e.

b,. f=d

Although profile losses are evidently important, it is ~lear that the others ~artnot be disregarded. The surrounding world seems to have overlooked these simple facts, for the bulk of turbine
aerodynamic research has been aimed at profile
design.

~hieh

18.3.3

=

P..=ent
~aled

Profile
tndwall + Parasitic
Cooling
Total

<; 1

1'1 ..

Category

=t~l'Y

The first step in the airfoil design is to set
the cascade throat dimension and/or the trailing
edge mean camber line angle in order to provide the
proper mass floW through the cascade. In subsonic
flow there is no unique relationship between throat
area and mass flow and one is totally dependent on
correlations. The work by Ainley and Mathieson (Ref.
(18.12» is a good starting point in this area. In
transonic flow. once the cascade is choked, the simple
one-dimensional relationship between flow area, throat

profile
I!ndwall
parasitic
cooling

this method associates losses with the location of
their production rather than with their phenomenological origins. A rough but useful idea of the
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area and Mach number can be applied with confidence.
Care must be taken in both cases to properly account
for things that can alter the continuity relationship between the throat and downstream. These include,
for example, total pressure loss, mass addition and
thermal dilution. With an estimate on the solidity
based on something like the Zweifel (Ref. (18.13»
<
coefficient a first guess on the profile contour is
made.

The potential flow calculation is then executed
keeping in mind various aerodynamic requirements.
There will be a need to hold down the maximum suction (convex) surface Hach number in order to reduce
the adverse pressure gradient at the trailing edge.
In transonic flow pains must be taken to minimize

the effects of shocks both from considerations of
shock loss and impact on the suction surface boundary
layer. One final requirement might be related to
the leading edge overspeeds and how they affect performance at incidence.
With an acceptable potential flow a boundary
layer calculation may be carried out. The aerodynamic
requirements here include avoidance of gross separa-

tion and possibly that the region of laminar flow be
as long as possible. The boundary layer results at
the trailing edge are coupled with other information
(e.g. trailing edge blockage) and a wake mixing calculation is performed, as described by Stewart (Ref.
(18.14», to determine the cascade loss.
An extremely useful aspect of cascade aerody-'
namics is that there are several rules to which the
pressure distribution around any airfoil designed
for a specific purpose must conform. Portrayed on
Figure 18.1 are the pressure distributions for two
differently shaped cascade airfoils intended to accomplish the same purpose. The two curves will have at
least the following things in common:

a. The static pressure equals the stagnation
pressure on the leading edge stagnation point.
b. The areas circumscribed by the curves are
equal (to the circumferential force on the airfoil).
c. The trailing edge pressure approximates the
ultimate downstream static pressure (which is available from prior streamline calculations).
d.

There is a minimum pressure point along the

suction surface from which recompression is required

to reach the trailing edge (this can be shown to be
true by means of streamline curvature arguments and

is due to the generally convex shape of that surface).

This entire process is iterative in nature and
may require a large number of passes before a suitable
contour is defined satisfying all (or most) of the
aerodynamic requirements. It should be noted here
that this iteration could be altered significantly
by a "synthesis" or "indirect" analysis.

case the pressure distribution is
contour is computed from it. The
following section will be limited
approach since it has been the
attention in the literature.
18.4.2

In this

specified and the
discussion in the
to the "direct"
main focus of

Potential Flow

The progress during the past decade in the area
of potential flow in cascades has been remarkable.
For flows which are compressible but subsonic a large
number of fast, versatile and accurate calculations

are now available. The works by Katsanis and McNally
(Ref. (18.15» and Van den Braembussche (Ref. (18.16»
give ample evidence of this progress. The state-ofthe-art today is such that one is even able to perform
detailed analysis on the leading edge flow (Katsanis
and McNally (Ref. (18.17))) to determine the impact of
incidence on the leading edge overspeed.
In the area of transonic cascade flow progress

has been equally remarkable. The complicated
nature of these flows is illustrated in Figure
18.2. The pressure distribution and the locations
of the sonic lines and shocks are shown schematically
for several Mach numbers.

At an exit Mach number

of 0.7 the flow is everywhere subsonic. As the
back pressure is lowered (holding the inlet flow
angle and total'pressure fixed) the area within the
pressure distribution (i.e. the work producing
tangential force) increases until at an exit Mach
number of 0.9 there is a thin supersonic region
with a sonic line extending from 35 to 75% axial
chord. This type of flow is typical of a large
number of existing gas turbines. As the back
pressure is further lowered the exit Hach number
passes through 1.0. Near this condition several
things happen. The inlet Hach number, which has
been increasing up to this point, reaches an

asymptotic upper limit and will not respond to
further reductions in back pressure. In addition.
the sonic line, which has expanded across the
throat and moved forward on the suction surface,
also reaches an asymptotic position. At this

condition the sonic line is highly curved. This is
a result of the relatively high loading on this
airfoil. With lower loading on the airfoil (higher
solidity) the area within the pressure distribution

The last point is crucial, for it guarantees
that there are regions within every turbine where

would be reduced. The suction surface would have

the vulnerable boundary layer must "run uphill."
When the adverse pressure gradient in the recompres-

sonic line would have come nearly straight across

sion region is sufficiently large, the boundary layer
separates. The profile losses are then controlled
by pressure or form drag rather than skin friction
drag and are usually unexpectedly and unacceptably
large.
.

the pressure distribution on the pressure surface
and most of the suction surface remains unchanged.
What is occurring is that a shock has formed emana-

gone through sonic velocity further aft and the

By this time it must be obvious that the designer
must sometimes reduce the trailing edge pressure rise.

This is accomplished by altering the geometric shape
of the airfoil and checking the results. The two
pressure distributions of Figure 18.1 are intended
to illustrate the beginning and end of successful
iterative search process.

the throat.

As the back pressure is further reduced

ting from near the trailing edge and reflecting off
the suction surface. As the l1ach number is increased
this shock moves further aft leaving the flow
upstream of it unchanged. The condition when the
shock reaches the trailing edge is referred to as
"limit loading" since the force on the airfoil has
reached a maxi.mum.

This condition corresponds to

an exit axial Hach number of 1.0 and hence the back
pressure can be reduced no further.

The reader can also use

Figure 18.1 to understand why increasing the number
of airfoils (which reduces the circumscribed area)
or increasing the airfoil reaction (by lowering the
exit static pressure) are other tricks which can
help reduce the strength of the recompression.

As one would expect, the prediction of transonic cascade flows has lagged behind that of subsonic flows. Presently, however, there are a number
of analyses which are available. A time marching
approach has been followed by HcDonald (Ref. (1 R. 13»
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and by Delaney and Kavanagh (Ref. (18.19». The
Tesults often seem too good to be true, as the
portions of McDonald's "ark contained in Figures
lS.3 and 18.4 will attest. As a matter of fact,
these flows can be so complex that the experimental
data shown there was considered suspect until later
verified and clarified by the analysis. In recent
work, such as Ref. (18.11) and Ref. (18.20), conformal mapping and relaxation techniques have been
applied to achieve equally remarkable results.

The present status of turbine cascade potential
flow analysis is that the problems that existed ten
years ago have been for the most part solved.
Although there are still a number of areas being
worked in transonic cascade flow, they are in the
detail, or quality, of the results and not in the
basic computational capability. Unfortunately, many
of the missing details are intimately tied to the
near wake flow and can therefore only be predicted
by a viscous analysis.

and incidence. Also, for a given set of flow conditions, the sequence of events can be altered by
relatively small variations in the airfoil design.
It is this latter point which makes it difficult to
construct a truly universal loss system.

In a mean-

line analysis the detailed contour does not exist
yet and hence some assumptions must be made in the
construction of the loss system. An analytical loss
system might, for example, be based on the assump-

tion of boundary layers which are fully turbulent at
all points. An experimentally based loss system can
be misleading unless the tests are carefully controlled and the results properly analyzed and generalized. The significance of this latter point
cannot be overemphasized. In Figure 18.6 the
variations with Reynolds number of the normalized
performance of a number of cascades from various

sources is illustrated.

As would be expected from

the complicated sequence of events that can occur in
a cascade boundary layer as described above, no

single scaling rule appears to apply. It is upon
application of the analyses that are now available

18.4.3 Boundary Layer

that the situation begins to become clear.

Another area of aerodynamics that has seen
great advances during the past ten years has been
boundary layer theory. The gains in understanding
of the various phenomena and the analytical modeling
of them has drawn together into a rational system
what had earlier been a large quantity of unexplained and confusing data. It is becoming increasingly clear that the "ide variations in cascade
performance which had been previously attributed to
the basic nature of the velocity triangles and
overall cascade parameters (e.g. solidity) can now
be explained in detail by boundary layer analysis.
The very large losses conventionally associated with
high turning can to a great extent be avoided by
proper airfoil design and boundary layer analysis.
In order to understand this more clearly'let us
consider the phenomena occurring in a cascade
profile boundary layer.

The cascade designer has at his disposal two
basically different approaches to the boundary layer
calculation. The first is based on a simplified set

The pressure distribution in Figure 18.5 is not
necessarily a good one from a performance point of
view but it will serve as an example. Let us consider the suction surface boundary layer. It
starts at the stagnation point (0) as laminar and
begins to accelerate strongly around the leading
edge circle. Leaving the circle the flow goes into
a strong recompression as a result of the leading
edge overspeed. This recompression may cause the
boundary layer to separate at (1) and to form a
bubble which may undergo transition and reattach
fully turbulent. The very large penalties associated with large incidences occur when this overs peed
is sufficiently strong such that the bubble cannot
reattach. Assuming that the bubble has reattached
(fully turbulent) the boundary layer accelerates
strongly at (2) and may undergo relaminarization, or
reverse transition, by point (3). The boundary
layer continues to accelerate down to the minimum
pressure (4) and there the final recompression
begins. At this point several things may occur. The
boundary layer may undergo transition. It may
separate to form a bubble which reattaches fully
turbulent or it may not reattach at all. If the
boundary layer does reattach it will proceed all the
way to the trailing edge (6) or will undergo turbulent separation (without reattachment) at point (5)
before it reaches the trailing edge. A similar story
can easily be imagined for the pressure surface
boundary layer but without the final recompression.
For a given cascade of airfoils this sequence of
events can be altered greatly by variations in Reynolds number, Mach number, free stream turbulence
18-8

of equations, correlations and criteria. The second
is based on a more fundamental approach which,

although more complicated and time consuming, will
provide a more definitive result.

As an example of

the first type of approach the closed form integral
boundary layer analysis by Dring (Ref. (18.24» is
typical. Although it is presented in the context of
a turbulent boundary layer it can also be used for
laminar flows with an appropriate choice of constants. Typical of the many conditions used in the
literature to correlate the occurrence of boundary
layer separation is the following:
l/n
r _ 0

2(

u0 2
V

)

(~~)
U

dS

(18.4.1)

For laminar flow n = 1 and rse~ = -0.1567 correspond
to the Karman-Pohlhausen solut,on and for turbulent
flown = 4 and rsep = -0.06 correspond to the Buri
solution (Ref. (18.25». Similar conditions for the
occurrence of transition and relaminarization have

been published by Dunham (Ref. (18.26» and by
Launder (Ref. (18.27» respectively. Finally, the
work of Horton (Ref. (18.28» and Roberts (Ref.
(18.29» provides empirical criteria for determining
the onset and size of separation bubbles as well as
the nature of the boundary layer upon reattachment,
if it occurs. \;ith an analytical arsenal such as
this even the complicated boundary layer situation
described abo\'e can be attacked.
The second, more fundamental, approach to the
analysis of turbine airfoil boundary layers is composed of various sophisticated solutions of the
boundary layer equations and the Navier-Stokes equations. An exhaustive discussion of this entire
area of computational fluid dynamics is presented in
Chapter 16. Only brief mention of some typical work
that relates to the prediction of airfoil boundary
layers shall be related here. The prediction procedure of HcDonald and Fish (Ref. (18.30» and
Kreskovsky et a1. (Ref. (18.31) is an excellent
example of the high quality techniques that have
been perfected in recent years. This single computational tool provides accurate prediction of
laminar, transitional and fully turbulent boundary
layer flow as well as relaminarization. The effects
of compressibility, Reynolds number, pressure

gradients and freestream turbulence~., ind~ed :Iv
the analysis. The calculation is a solution of a
finite difference model of the boundary layer equations vith an integral form of the turbulence
kinetic energy equation. An equally rigorous treatment of separation bubbles is presented by Briley
and McDonald (Ref. (18.32)). This consists of a
time dependent solution of the Navier-Stokes equations employing the McDonald-Fish turbulence model.
The intention here is not to summarize all of the
york in the computational area but simply to point
out that the analytical paver does exist for the
problems at hand.

devised or sufficient experimental data is amassed
of base pressure is going to plague
the design of transonic turbine airfoils. Evidence
of such difficulty can even now be seen in the literature. In the work of Waterman (Ref. (18.37)) a
surprisingly large increase in base pressure contributed to an equally significant improvement in cascade performance. The source of the change was a
relatively subtle change in the airfoil contour.

;~, t~rincertainty

As an example of the type of analytical results
that have been produced consider Figure 18.7 from
Ref. (18.23). The variation of loss with Reynolds
number is shown for a cascade and the effect of the
nature of the boundary layer is demonstrated. The
transitional boundary layer case has a loss level
over much of the range 30% below the fully turbulent
level. The incentive is clear for designing airfoils vith pressure distributions that encourage as
much laminar and transitional flow as possible.
The conclusion regarding the present level of
understanding and predictability of the boundary
layers on gas turbine airfoils is that the tools are
now available to do reasonably accurate predictions.
There are, however, still a number of areas in need
of further York. One of the examples pointed out by
Brown and Martin (Ref. (18.33)) in their review of
heat transfer predictions is that of the relatively
subtle and competing influences of free-stream
turbulence and favorable pressure gradient on the
onset of transition.

18.4.4 Wake Mixing
The final step in computing cascade performance
is the vake mixing analysis. This is a conceptually
straight-forward control volume calculation which
establishes the uniform, far downstream conditions
once the conditions have been specified at the cascade trailing edge plane. Having specified the
gapvise variation of flow properties (static pressure, speed and direction) in the potential flow
region between the airfoils, the boundary layer
displacement and momentum thicknesses at the trailing
edge, and finally the trailing edge blockage and base
pressure one can compute exactly the far downstream
Maeh number, flow direction and ultimate total
pressure loss (Ref. (18.14)). This type of analysis
can be generalized to include the effects of trailing
edge discharge of cooling air (Ref. (18.34)). The
feature of vake flow which is presently not at all
well understood is the base pressure. This influence
may be thought of as a form drag. For most cases
the trailing edge base pressure is very nearly equal
to the downstream static pressure. Prust and Helon
(Ref. (18.35)), however, demonstrated that trailing
edge shape can have a pronounced effect on airfoil
performance. The fundamental reason for the effect
was that the base pressure was varying with trailing
edge shape. The conclusi.on from their work is that
a sharply squared-off trailing edge can degrade performance significantly by lowering base pressure.
The advantages of rounded trailing edges becomes
apparent. Another, far more serious, situation that
ean cause a lower base pressure (increased loss) is
high exit Mach number. Ma~~ar.tin and Norbury (Ref.
(18.36» report base pressures 40 to 50% below the
downstream static pressure for exit Mach numbers
betveen 1.0 and 1.3. Base pressure levels as low as
this have a major impact on the transonic performance of turbine cascades. Until a basic analysis is
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The conclusion is that the major area of wake
mixing requiring study is the base pressure excursions that occur in transonic flow. The problem is
further complicated by the fact that most transonic
airfoils are in high pressure turbines and hence are
likely to have trailing edge discharge of cooling
air. The present situation is simply that there is
no design control.

18.4.5

Cascade Testing

During the years prior to the development of
the analytica1 capabilities discussed in the preceding sections the most powerful research and development tool available to the turbine aerodynamicist was the cascade test. The types of information that could be produced in such testing include
the airfoil pressure distribution, loss, surface
flow visualization (to indicate separation and the
nature of the boundary layer) and schlieren photographs (to indicate shock locations). A large
amount of parametric testing was carried out with
the goal of improving airfoil performance and
developing general profile loss systems. Cascade
testing is still used today as a basic profile
aerodynamic research tool. The value of the
results, however, have been greatly enhanced by the
analysis that now accompanies them. The analysis
has helped to point out the importance of running a
truly controlled test. The misleading conclusions
that can be drawn from data taken without proper
simulation of variables such as Reynolds number,
free-stream turbulence and spanwise streamtube

divergence can be made clear by analysis where there
is a far greater degree of control over the individual variables.
Cascade testing today focuses on those areas on
the fringes of aerodynamics technology where analyses are either being developed or are nonexistent.
Transonic aerodynamics is receiving much attention
as a result of the need for efficient high work BPT
stages. The specific areas include the trailing
edge shock system and the impact of the shock on the
suction surface pressure distribution and boundary
layer. Trailing edge base pressure is also receiving attention in that it has direct effects on both
the performance and the shock system. Interest in
the area of low Reynolds number LPT performance has
been on the rise as a result of trends in this
direction caused by higher by-pass ratio engines.
In this regime the rather subtle interactions of
Reynolds number. free-stream turbulence and pressure

gradient are under study. As a final example there
is the area of spanwise streamtube divergence.
Virtually all turbines have diverging flow paths.
The effect of this divergence on a high turning low
reaction airfoil can be very large. There are
implications on both the potential flow and the
boundary layer. It is not difficult to imagine that
accurate simulation of these effects is extremely
difficult to achieve.
The successful execution of a cascade test program has a number of key ingredients. The phenomenon
under study and the important parameters must be
defined as well as possible. The actual cascade

--~~

test situation should be analyzed to make sure it
provides an adequate simulation. Before the test is
carried out analytical predictions of the expected
measured results should be available for immediate
comparison with test results as they become available. In terms of the test facility, its characteristics should be well understood ahead of time. For
example, inlet distortions not only in the total
pressure but also in the flow direction must be
documented before one can begin to evaluate airfoil

performance. Simple flow visualization at an early
stage of the testing can provide some early and
frequently startling insight. Finally, the importance of a high accuracy, dependable data system
with rapid reduction of the results to an intelligible form cannot be overemphasized. The best

18.5.0

Endwall Aerodynamics
Introduction

In the context used here the term endwall
aerodynamics will refer to all the complex threedimensional flow phenomena occurring in the hub and
tip regions of a turbine flowpath. The endwall loss
relating to leakage and other such flows that leave
and/or enter the flowpath is referred to separately
as parasitic loss and shall be discussed in section
18.6. The Concern of the present section is the
large concentration of loss and flow distortion that
occurs near the endwalls of both shrouded and unshrouded turbine airfoils.
The state-of-the-art of understanding and predicting endwall aerodynamics is extremely primitive
relative to that of profile aerodynamics. Strongly

check on data is an immediate comparison with the

best prediction available.
The conclusion is that cascade testing continues to be a valuable research tool. An intimate
marriage between testing and analytical prediction
only serves to mutually enhance both.
18.4.6

18.5

three-dimensional endwall flows occur as a result of
the interacting effects of inviscid and viscous flow
mechanisms. In addition, whereas profile loss is

purely a function of the row of airfoils in question,
the endwall loss will depend on the nature of the
endwall flow entering the row and hence it depends
on the endwall region performance of all of the up-

Cooling Effects

As turbine inlet temperatures have risen the

stream rows.

need for increasingly effective airfoil cooling configurations has driven the turbine designer to what
are referred to as film cooling and multi-hole
cooling schemes. Both are discussed at length in
Chapter 19. The only point to be made here is thae
these cooling schemes have a first order effect on
airfoil profile performance. In both schemes
cooling air is brought into the flow field through
arrays of discharge holes in the airfoil surface.
When 5 to 10% of the flow passing through a cascade
1s being discharged through the airfoil surface it
is not surprising that performance is affected.
Progress in understanding these effects would be
facilitated if cascade loss data were reported in
their entirety, rather than being reduced to a
single elusive parameter (Ref. (18.34».
The impact of coolant discharge on pressure
distributions under most circumstances is not very
significant. As a result there has been no major
analytical effort in this area. It would not be
difficult, however, to modify anyone of the numerous existing potential flow calculations to include
the effect of mass addition.
Far and away the major influence of coolant
discharge on cascade performance is as a result of
total pressure losses due to mixing of the coolant
and mainstream flows and alterations to the nature

Thus the endwall performance of each

row cannot be uniquely related to the geometry of
that row. For this reason one is in the position of
having to consider net (that generated within the
airfoil row) versus gross (the total appearing at
the exit plane) loss. With this rather challenging
situation in mind we shall now consider some of the

developments that have occurred in the area of endwall aerodynamics during the past ten years.

18.5.1

Experimental Evidence

The evolution of the manner in which investigators have studied endwall aerodynamics reflects an
increasing degree of respect for the complexity of
the problem. At the outset endwall loss was measured do~stream of cascades in much the same manner
as profile loss, that is, with little or no regard
for the incoming endwall boundary layer. Concern
then began to expand toward what was entering the
cascade on the endwall as well as what was exiting
from it. An extremely fine example of this can be
seen in the work by Armstrong (Ref. (18.38» where
the exit plane loss was shown to depend strongly on
the nature of the inlet boundary layer. A review of
cascade data, especially that including the effect
of inlet boundary layer, has been given by Dunham
(Ref. (18.39». He presented a composite gross loss
correlation of the available data with an inlet
boundary layer thickness dependence in the form

of the boundary layer. Both effects are described
in more detail in Chapter 19. The point to remember

f(Ol/c) = 0.0055 + 0.078~

(18.5.1)

is, however, that cooling losses can equal or exceed

all other contributions to the profile loss of
highly cooled airfoils.
18.4.7

Conclusions

The scatter in the data, however, is rather large.
Subsequent work by Came (Ref. (18.40» and by Morris
and Hoare (Ref. (18.41» lead them to a function in
the form

(18.5.2)
f(Ol/c) = 0.011 + 0.294 (ol/c)
During the past ten years turbine profile aerodynamics has passed from a state of being almost
Both forms lead to roughly similar conclusions over
entirely dependent on a relatively small body of
the range of the bulk of the data (0 ~ 01/c ~ 0.07).
experimental data, to its present condition of being
Two other important points are mentioned in these
based almost totally on a fundamental analytical
papers. The first is that the loss continues to
sequence of design procedures. Although.there are a
rise for a distance downstream of the cascade. This
number of areas still badly in need of attention,
rise cannot be explained by endwall skin friction
the majority of the former problem areas are now
alone. The second point is that far more SucceSs
subject to a high degree of analytical design control. was had in correlating the cascade gross loss (including the inlet endwall loss) than in correlating
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This is a description of what has been observed
in a plane cascade with a collateral (unskewed) inlet
boundary. layer. In a turbine environment, however,
the inlet boundary layer could be highly skewed. As
pointed out by Hoore and Richardson (Ref. (18.46»

the net loss (inlet loss subtracted out). Both
observations severely aggravate the problem of
trying to develop a reliable endwall loss correlation for design purposes. As an example of this,
~hen Dunham and Came (Ref. (18.42»
examined the
performance of a number of turbine rigs they were
forced to correlate the data with a single constant
instead of a function of inlet boundary layer
thickness. Such boundary layer data is rarely

inlet skew can have a favorable effect in compressors

where it tends to drive the low momentum boundary
layer fluid away from the suction surface and toward
the pressure surface (opposing the endwall flow).
In a turbine just the opposite occurs. The inlet
skewing drives the inlet boundary layer fluid toward

available in a turbine environment. The constant,
f c 0.0334, corresponds to a correlation for net
loss since it is based on turbine performance.
Hence it is not comparable, even in magnitude, to

the suction surface and as a result enhances the

endwall flow. The data taken by Carrick (Ref.
(18.44» demonstrates that inlet skewing can cause

either of the above correlations for gross loss.

a significant increase in cascade endwall loss.

The trend toward more highly detailed testing
is proceeding to its logical next step in that now
careful studies are being conducted within the cascade passage. Examples of this approach are the
fine works by Langston et a1. (Ref. (18.43»,
Carrick (Ref. (18.44» and Sjolander (Ref. (18.45».
With these studies a far more complete appreciation
of the truly complex nature of the flow has been
achieved. As an example, consider the flow visualization of the endwall limiting streamlines taken by
Langston et al. (Ref. (18.43», presented in Figure
18.8. As the boundary layer (0/ c "" 0.1) approaches

Another troublesome feature of endwall flows is
the spanwise mixing they produce. The streamwise
vortices produced near the endwalls cause strong

mixing of incident radial profiles of total pressure
both
line
that

and also in designing rotor blades where it is
desirable to have a particular spanwise temperature

distribution so that the highly stressed sections
are not in the highest temperature flow region.

the cascade a horse-shoe vortex is formed on the end-

wall. It is similar to that which the boundary
layer forms in front of a circular cylinder but
displaced away from the extension of the mean camber
line toward the pressure (concave) surface. This
displacement is a result of the potential flow
around the airfoil. This vortex is a feature peculiar to cascades. It would not be found, for example, in a simple turning duct. One leg of the
vortex preceeds down the channel while the other is
wrapped around the leading edge and is carried down
the adjacent channel. The result is that in some
areas the limiting streamlines at the wall are
flowing in the opposite direction of the mainstream
potential flow above them. This is particularly
true in the region near the pressure surface just

behind the leading edge circle. Host of the fluid
in the inlet boundary layer is carried to the
suction surface in the vortex. It reaches the
suction surface approximately halfway (axially)
through the cascade. The endwall region in the
channel between the airfoils downstream of this vortex is virtually void of fluid coming from the. inlet
boundary layer. The boundary layer in this region
is extremely thin (o/c "'.002) and skewed toward the
suction surface. The fluid swept to the suction
surface forms an intense vortex which has a first
order effect on the pressure distributions both on

the endwall and on the airfoil suction surface. The
unloading that occurred in work by Langston et al.
(Ref. (18.43» is shown in Figure 18.9. The flow
into the suction surface - endwall corner is so

strong that the occurrence of corner stall (back
flow) in turbine cascades is highly unlikely. The
entire process can be seen clearly in Figure 18.10.
At a station just downstream of the leading edge the
distortion of the inlet boundary layer due to the
legs of the horse-shoe vortex is visible (Figure
18.10a). By midchord the bulk of the inlet boundary
layer has been swept over to the suction surface

and total temperature. This causes problems
in the axisymmetric meridional plane streamanalysis where the conventional assumption is
there is no transport between stream tubes,

The spanwise mixing is very intense close to

the endwall due to the vortices discussed above.
Even well above the endwall, however, there can

also be relatively strong streamwise vorticity.
The source of this is the streamwise vorticity pro-

duced by putting relatively weak shear flows thruugh
high deflection cascades. This phenomenon is discussed in the following section.
18.5.2

Classical Secondary Flow Analysis

The aspect of endwall aerodynamics to first
receive analytical attention was secondary flow.
Inviscid rotational flows produce a streamwise component of vorticity when they are put through a deflection. The original work by Squire and Winter
(Ref. (18.47» and the classic by Hawthorne (Ref.
(18.48» provide ample clear evidence of the nature
of this phenomenon. The theory of secondary flow
has been generalized by Hawthorne (Ref. (18.49» to
include the effects of stratified, compressible
fluids in a rotating frame of reference. This is
an essential feature when considering secondary flow

effects in turbine rotor blade passages. The recent
work by Came and Harsh (Ref. (18.50» presents a
simple derivation not only of the distributed secondary vorticity but also of the trailing filament
and shed vorticity. Taking the normal assumptions of
secondary flow, most notably that it doesn't alter the

primary flow, Belik (Ref. (18.51» performed a very
thorough parametric analysis of secondary flow losses.
In this inviscid analysis the kinetic energy of the
relative secondary motion was taken to be lost.

His analysis included variations in the inlet velocity profile shape, velocity triangles, aspect
ratio and solidity. The results showed remarkably
good qualitative agreement with endwall loss data
from a number of sources. In an effort to provide
a more generally applicable analysis Stuart and

leaving an extremely thin endwall boundary layer
behind it (Fig. 18.10b). Near the trailing edge
plane the flow has moved up the suction surface and
a vortical motion is apparent (Fig. 18.10c). As the

Hetherington (Ref. (18.52» devised a method which
permitted a strong coupling between the primary and

vortex proceeds downstream of the cascade it decays

tortions of the Bernoulli surfaces could be accounted
for.

slowly (relative to a two-dimensional wake) and in
the process produces significant additional loss.

secondary flows.
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The result was that severe dis-

Classical secondary flow analysis has the potential of being helpful in understanding spanwise
mixing in that viscosity may not necessarily have
a strong role away from the endwalls. In light of
the complex viscous nature of the endwall flow described earlier it would seem optimistic to expect
this mechanism to make anything more than a relatively small contribution to the total endwall loss
picture. .
18.5.3

example of such a calculation as it has been applied
to the turbine cascade endwall flow problem. The
calculation by Waterman (Ref. (18.37» and by Waterman and Tall (Ref. (18.59» is a fully viscous
solution of the three-dimensional, incompressible
fluid flow equations. The calculation was executed for several geometrically complex first vane
annular cascades. The full equations were "split"
into separate equations containing the viscous and

Endwall Boundary Layer Analysis

The application of boundary layer theory to the
endwall problem in turbomachinery has followed two
distinctly different paths. The first consists of
tangentially averaging the annulus boundary layer
equations, and then, with additional approximations,
following the growth of the boundary layer axially
through the machine. The work by Mellor and Wood
(Ref. (18.53» is an example of this approach. This
method has met with some success in compressor ap-

plications where the solidity is high and the turning is low relative to turbines. Owing to the very
strong cross-flows and the large gapwise variation
in the endwall boundary layer in a turbine cascade,
it would appear that the gap-averaged approach offers
little hope.

pressure effects. The viscous equation was made
parabolic by the assumption that the streamwise
diffusion terms are negligible. This permitted a
standard marching solution with each step containing
a solution of the elliptic in-plane equation. The
equation containing the pressure effects is fully
elliptic and is solved by relaxation. It includes
a displacement effect due to the viscous equation.
By thiG means a coupling has been achieved between
the viscous and inviscid phenomena. The advantages
over the inviscid secondary flow and viscous boundary
layer analyses become clear. Although there are
many features of the analysis that one might argue
about, the fact remains that this approach has the
potential to account for more of the observed features of turbine endwall flows than any other approach
currently available.
18.5.5

The second approach consists of solving the
three-dimensional boundary layer equations over the
cascade endwall. Mager (Ref. (18.54» presented a
study of the momentum-integral form of the equations
which was not limited to weak cross-flows. This work
was applied to the case of a turbine cascade endwall
boundary layer by Dring (Ref. (18.55». The flowpath between the cascade airfoils was treated as a
duct. In this way the complexity of the leading edge
flow, most notably the horse-shoe vortex, was avoided.
The solution gave qualitatively reasonable predictions of the endwall flow in that for the case presented the incoming limiting streamlines (on the
endwall surface) reached the suction surface at an
axial location approximately halfway through the cascade. The predicted losses, however, were generally
well below the measured values. Booth (Ref. (18.56)
extended this approach to include the effects of compressibility. His loss calculation included an additional effect due to the displaced inviscid flow.
For several first vane test cases his p,edictions
were also significantly below measured loss values.
Carrick (Ref. (18.44») applied the general integral
method of Smith (Ref. (18.57» to the cascade endwall
problem. Steps were taken to include a degree of
periodicity in the boundary layer ahead of the cascade
leading edge but not to the extent necessary to
account for the complex nature of the flow observed
by Langston et al. (Ref. (18.43». Even more powerful three-dimensional boundary layer analyses are
available (e.g. Nash and Patel (Ref. (18.58») but
one must keep in mind that many aspects of the turbine
endwall flow do not satisfy the basic boundary layer
approximations. The horse-shoe vortex, the back-flow
region behind it and the alterations to the twodimensional pressure distribution are features beyond
the scope of boundary layer analysis.
18.5.4

Three-Dimensional Flow Analysis

The recent availability of larger and faster
computational facilities has made possible the fully
three-dimensional flow analysis. This area of computational fluid dynamics is described at length in
Chapter 16. Attention here shall be restricted to an

Unshrouded Rotor Tip Leakage

The clearance between the tip of a turbine blade
and the outer air seal, or rubstrip, has long been
recognized as a source of large turbine inefficiencies. Every effort is made to reduce this clearance
mechanically. However, as a result of mechanical
and thermal transients, eccentricities and other
reasons the running clearance on most gas turbine

rotor tips is between 1 and 5% of the blade span.

In

turbines where, for cycle reasons, the flow area is

to be varied a similar situation occurs. A relatively
simple means of varying flow area is to rotate the
vanes about a radial axis. The resulting mechanical
configuration can have clearances between the airfoil
and the flowpath annulus at both the root and the
tip_

Thus, as many as three clearances can be pre-

sent in a single turbine stage. The topic of clearance
losses in shrouded rotors is discussed in Section
18.6. This mechanism is included under parasitic
loss since it involves flow which leaves and re-enters
the flowpath.
The impact of these clearances on turbine performance has been under continuous study for years.

This source of endwall loss has a unique feature
which makes it relatively easy to study experimentally. That is, that the clearance in a rig or cascade test can usually be easily varied and the impact
of clearance on performance can be isolated. The
result is that there is a large body of cascade and
rotating rig data available (e.g. Refs. (18.60),
(18.61), and (18.62» which permits one to construct
a relatively accurate correlation of performance
penalty as a function of relative clearance and other

variables. A simple order-of-magnitude study will
indicate that, except for very small clearances. the
flow in a clearance gap is dominated by the pressure
difference across an airfoil and not by the viscous
effects in the gap. For this reason the effects of
relative wall motion, as in the case of a rotor tip,
are usually weak. Hence a correlation based on rotor
tip data would be expected to be adequate for the
prediction of variable area vane clearance losses

where there is no relative wall motion.
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It can be shown from the references cited above
that there is a reduction in turbine stage efficiency
of approximately 1~% for every percent of relative
clearance. Thus it is an unusual unshrouded turbine
.tage which is not giving up at least two percent in
performance to this mechanism. This powerful impact
has led turbine designers to strive for minimal clearances as well as to minimize the penalty occurring for
a given clearance. This and other endwall loss reduction schemes are discussed in the following section.
18.5.6 Loss Reduction Devices
As a result of the powerful impact endwall loss
mechanisms have on turbine performance a number of
attempts have been made to reduce these penalties.
Some success has been seen in these attempts but it
is difficult to extrapolate a successful device from
one turbine configuration to another. There is the
distinct risk that a loss reduction scheme, if improperly executed, may result in a significant loss
increase. With this in mind let us consider a few
of the successes that have been reported.
A method of contouring the annulus of a first
vane to reduce endwall loss has been presented by
Deich et a1. (Ref. (18.63». Incorporation of this
scheme into turbine designs has produced conflicting
results. Ewen et a1. (Ref. (18.64» applied the
scheme to a small axial turbine and saw a remarkable
improvement in performance. The results of Okapuu
(Ref. (18.65», however, indicate no effect on performance at the design point but some improvement
at lower pressure ratios.
Another trial-and-error approach to the reduction of endwall loss has been followed by
Prumper (Ref. (18.66». He employed boundary layer
fences of varying size, shape and location in an
attempt to reduce the endwall loss in an annular
cascade of first vanes. The result was that after
testing over four hundred configurations, an
optimum was established which gave a significant
improvement in performance. The underlying physics
and its universality, however, remain to be
determined.

The loss correlations that have been derived
are at best inadequate. Scatter on the order of
100% is not uncommon. This is not surprising considering the questions of net and gross loss and the
large increase in endwall loss downstream of a cascade. Accurate endwal1 loss correlations may even-

tually become available but there is little evidence
of it today. One notable exception is un shrouded
rotor tip clearance loss which appears to be well
within the realm of correlation.
Analytical attacks on the problem stem from a
number of different approaches. Those based on conventional secondary flow and three-dimensional boundary layer arguments are at present inadequate.
These approaches have and probably will continue to
contribute to our understanding of the situation
but the ultimate answer is probably to be found in
the fullYt or quasi, three-dimensional numerical
approach. Although still in its infancy this approach
has the potential to be ultimately successful.
The situation today is that design control does
not exist and that the trends of endwall loss with
only a few gross parameters can be predicted with
any confidence.
18.6

Parasitic Losa

18.6.0

In the present context the term "parasitic loss"

is used to inclUde all the numerous losses arising
from flows that leave and/or enter the mainstream
flowpath as a direct result of gaps or clearances
between adjacent. pieces of hardware. One'distinguishing feature of parasitic loss relative to endwall loss is the paucity of work on the subject.
Relative to all other sources of aerodynamic loss
parasitic loss has received the least attencion and
yet, as shall be seen, it can have a powerful impact
on turbine performance.
18.6.1

The area of unshrouded rotor tips and rubs trips
has also received considerable attention. Grooves
and recesses have been cut into the airfoil tips in
an attempt to make them behave as labyrinth seals.
Rubstrips have been recessed radially in an attempt
to keep them in a low flow, separated, environment.
Rubstrips have also been made out of honeycomb in an
effort to reduce the running clearance as well as

to reduce the loss for a given clearance.

Introduction

Sources and Mechanisms

Even a casual inspection of any typical turbine
will reveal a surprisingly large number of gaps and
clearances that can produce parasitic loss. The
only type to receive any attention at all in the literature is the tip clearances that occur on shrouded
rotors (e.g. Dunham and Came (Ref. (18.42)). As
illustrated in Figure 18. 11(a), mainstream air can
leave the flowpath, flow through the tip (or labyrinth)
clearance and re-enter the flowpath. The loss mechanisms include the throttling as the flow passes
through the tip seal and the momentum mixing that
occurs as the leakage flow re-enters the mainstream

Turbine endwall loss reduction is at this point
a black art and without any real design discipline.
It is at best a trial-and-error approach with no
guarantee that success in one application can be extrapolated to another application. The underlying
problem is the basic lack of understanding of the
composite of the numerous mechanisms that go into
producing endwall loss.
18.5.7

Conclusions

At this point the conclusions with regard to
the state-of-the-art of endwall aerodynamics relative to that of profile aerodynamics must be obvious.
Although the mechanisms by which one can lose total
pressure can be counted on the fingers of one hand,
these individual effects have not been tied together
into a meaningful, unified picture.

flowpath. The driving potential for the leakage flow
is the static pressure drop that occurs in the mainstream between the inlet and exit to the rotor tip.
An aerodynamic approach to minimizing the leakage
flow can be found in controlled-vortex meridional
plane streamline design. The reduction in tip reaction from the level produced by free-vortex design
results in a reduced rotor tip static pressure drop.
Thus the driving potential for the leakage flow is
reduced. Exotic sealing devices are also employed
in practice to minimize the leakage flow.
An identical and equally important situation
occurs at the roots of stator vanes. The presence
of the rotor shaft beneath them necessitates clearances and sealing devices like those at shrouded
rotor tips (Figure 18.11(b». The losses produced by vane root leakage have the same impact on
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As mentioned above, however, this problem is complicated by interaction of the thickened endwall boundary layer with the downstream row of airfoils.

~~~inB p~~formance as rotor ~tp leakage losses.
Ie is worehy of note that GOntrolled-vortexing can
also reduce the static press~re drop across the vane
Toot wh-ich in t~rn r"duces these l"akage flows.

lB.6.2

Another type of leakage flow occurs as a result
of ehe gaps between the platforms of adjacent airfOils in a row (Fig~re fB.l1(c». Mainstream flow
can ..nter Chase gaps in ehe h-1gh static pressure
~~gion coward the frone of an airfoil row and then
"a-enter the mainstream flowpath in ehe low static
p~essure region at ehe aft end of the row.
Attempts
to minimize ehese flows have included bonding adja~nc platforms, mechanical sealing devices and also
"oniorming the mechanical deSign of ehe gap to the

improvements in turbine efficiency were gained by

using endwall platform extensions. They had the
effect of forcing the air entering the flowpath at
the hub to have an axial rather than a radial direction. The point is that even with the clearances

pressure gradients in the flow above it in such a

way as to minimize leakage. The problem has upon
oCGasion been colt.pletely eliminated by making the
endwall platforms out of continuous hoops and then
inserting the airfoil profiles.

and gaps specified there are often aerodynamic means

by which one can reduce both the amount of leakage
flow and the loss per unit leakage flow.

The examples of parasitic loss discussed above
all had in common the fact chat they were driven by
mainstream flowpath pressure differences. This is
not always the case.

Conclusions

The most significant advance in the area of
parasitic loss is that the nature and importance of
the problem is becoming appreciated. Once the mechanical designer has done his best to minimize clearances it is up to the aerddynamicist to do the best
he can with what remains. The potential for success
in this regard is clearly evident in the work of
Deich et a!. (Ref. (lB.6B». In this example large

lB.7

For example, the cavities

surrounding the rotor disks (Figure 18. 11(d» are
linked to the mainstream by clearances on the flowpath hub. These clearances are governed by the minimum gap necessary to prevent a rub between rotating
and stationary hardware during transient operation.

the rotating disk acts like a pump on the air in the
cavity as a result of surface shear forces. This
in itself causes a not insignificant dissipation of
power. In addition, however, this higher energy air
is pumped out of the cavity into the flowpath where
momentum mixing losses occur. The effect is to
Chicken the andwall boundary layer entering the down*tream row of airfoils and hence increase the endwall
loss of that row. the situation is further compliQAted by the presence of cooling air deliberately
leaked through the cavity in order to protect the
disk.
A point that should be mentioned here is that
part of the reason it is difficult to calibrate an
endwall loss system on turbine rotating rig results
is that it is difficult to isolate the true endwall
loss from the frequently unavoidable parasitic loss.
As an example of this the turbine loss system calibration by Dunham and Came (Ref. (18.42) only considers the effects of what we have referred to here

as endwall loss and the parasitic loss produced by
shrouded blade tip clearance. One must conclude
that the loss contributions of all the other types
of parasitic loss have been lumped in with these two.
A more thorough analysis of rotating rig turbine
data would require careful documentation of the flow
characteristics of all the various leakage paths and
an assessment of the loss produced by each. Thus
not only must the aerodynamics of the turbine be
well understood but so also must be the mechanical
details of the specific test hardware being analyzed.
One can now begin to appreciate the difficulty of
such an undertaking.
The prediction of the losses requires a prediction of the amount of flow through the gap and then
of the loss per unit leakage flow. The amount of
flow may be predicted by variOUS orifice flow calculations. In the cage of disk pumping useful analyses
of the flow field are available (e.g. Rott and
Lewellen (Ref. (lB. 67)) • The various loss mechanisms may also be attacked analytically. For example,
the momentum mixing losses that occur as the leakage
or pumped flow te-enters the flowpath may be estimated using the same type of analysis as is used to
talculate airfoil cooling losses (see Section 19.2.4).

Structural Excitation

18.7.0

Introduction

The useful life of a turbine airfoil is greatly
affected by the flow in which it is immersed. Both
the thermal stresses (see Chapter 19) and the steadystate gas loadings, for example, have aerodynamic

origins. The flow is also responsible for airfoil
'vibratory stresses, the least publicized consumer of
structural endurance.

Turbine airfoils ordinarily fail as a combined
result of steady-state and cyclic stresses. Their
interaction can be quickly appreciated by means of
the Goodman diagram (Figure 1B.12), a commonly used
structural design device. The design point must
lie within the safe region in order to be found
acceptable.
It is interesting to note that no methods
now exist to predict the magnitude of the aerodynamically induced vibratory stresses. Most designers simply assume that they will not exceed values
they have previously experienced be.cause they have

no other choice. The fact that many engines have
had to employ dampers, inserts and other fixes in
order to reduce cyclic stresses to tolerable levels

shm,s that this approach is not entirely satisfactory. Premature turbine airfoil failure is an expensive and dangerous problem, and deserves our most
serious attention.

Another interesting aspect of aerodynamic vibrations is that they can be caused in two entirely
different ways, as described below.
18.7.1

Buffeting

An airfoil will experience buffet stresses when
exposed to any unsteadiness in the surrounding flow.

The unsteadiness may be due to an axially propagating
disturbance (e.g. combustor turbulence or afterburner
transients), ~ut the most important effects are

usual Iv obtained when the row of airfoils cuts through
the sp~tial disturbances (e.g. wakes, vortices or
potential flow field) of its neighboring rows.
Because of the latter, designers carefully avoid
tuning any natural airfoil vibratory mode to at least
the first ten orders of blade passing frequency at all
operating conditions.
The principal problem here is the almost complete lack of relevant research. It would seem that
the high stakes would justify a concerted attack.
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18.7.2

Flutter

Under some conditions a row of airfoils operating in a completely uniform flow can enter into a
spontaneous (or self-excited) oscillation known as
flutter. The motion is sustained by net energy extracted from the uniform flow during each vibratory
cycle, the observed frequency generally corresponding
to one of the lower blade or coupled blade/disk
natural frequencies.
The outstanding feature of flutter is that the
accompanying stresses are usually much higher than
was allowed for in the design, and the life correspondingly reduced.
Very little is said or written about turbine
flutter, leaving the impression that it never occurs.
Perhaps the thick, heavy turbine parts do not seem
capable of responding to the wind in that manner.
These impressions are, however, incorrect, and tur-

bines can and do flutter. Our experience indicates,
in fact, that turbines behave much like compressors
in the sense that flutter should be anticipated
whenever the reduced natural frequency (flow
velocity/axial chord x blade natural frequency)
approaches unity. If that is the case, we may
immediately conclude that the trend towards higher
flow velocities may also increase the probability
of flutter. We would also conclude that this
source of airfoil structural excitation is worthy
of study.

The upper curve in Figure 18.13 represents our
best estimate as to where the boundary stands today.
It is based primarily upon data, yet supported by
considerable analysis and experience. Special note
should be taken of the fact that the data are from
stages with non-axial inlet flows and realistic
clearances, trailing edge thicknesses, platforms, and
sealing arrangements.

Comparison of these curves

leads to two major conclusions. First, earlier
methods are perfectly adequate for designing lightly
loaded stages (stage loading coefficient < 2).
Second, the penalty associated with highly loaded
stages (stage loading coefficient> 2) is considerably less than previously thought. Special
note should be taken of the apparent flatness of
the presently recognized boundary. This has made
it possible, in fan-drive turbines for example, to
trade several stages for only a few points of

efficiency, as was done in the case of the JT9D.
These improvements are neither accidental nor beyond
the grasp of any serious designer, and open the door

to many possibilities once considered forbidden. lve
will describe below some of the methods which have
contributed to these advances.
18.8.2

Controlled-Vortex Aerodynamics

Turbine aerodynamic design systems originally
used a free-vortex calculation procedure largely

because of its mathematical simplicity. Unfortunately, free-vortex designs exhibit an undesirable
radial distribution of rotor reaction. Rotor reaction decreases from tip to root in such a turbine
and can even become negative at the root.

18.8
18.8.0

Introduction·

The time has come for us to face the crucial
questions about turbine aerodynamic design. Have
reliable means been found for increasing efficiency?
If so, what approaches have been most fruitful, and
have they been fully exploited? What are the most
promising future directions?
One solid measure of our control over turbine

aerodynamics is stage performance. Since each stage
is affected by many of the phenomena previously discussed, it challenges the totality of the knowledge
of the designer.
18.8.1

Small

root reactions can make it extremely difficult
to contour a passage which remains attached. Large
blade tip reactions lead to excessive leakage losses
in shrouded machines.

Stage Performance

The Limits of Uncoo1ed Stage Performance

We are indeed fortunate that Smith (Ref. (18.69»
provided a 1965 benchmark against which uncooled turbine efficiency progress can be gauged. Smith used
existing single stage data to establish efficiency
contours on a stage loading coefficient - flow coefficient chart, based on mean flow conditions and
mean wheel speed. The chart reveals that there is
a maximum efficiency that can be obtained at any
given stage loading. When the locus of these points
is plotted on an efficiency - stage loading coefficient chart (see the lower curve on Figure 18.13),
the upper bound for possible turbine performance is
established. Please note that Smith's data were
corrected to zero tip leakage and that most of his
stages had axial entry, which gives them the somewhat
artificial benefit of about 2% in efficiency.
A particularly interesting aspect of the Smith
contour in Figure 18.13 is the rapid decrease of
stage efficiency with increasing stage loading coefficient. With data like this in hand it is small
wonder that designers hesitated to venture much beyond a stage loading coefficient of 2.

During the mid-sixties it became abundantly
clear that a fundamental barrier to deSigning efficient, highly loaded stages was flow separation in
the low reaction region of the rotor blade root.
Not only did this cause large localized losses, but
the unexpected blockage upset the intended flow
pattern across much of the airfoil span. In this
manner additional losses appear away from the wall,
as well as in subsequent rows of a multi-stage

machine.
This lead to a search for flow patterns which
would alleviate the problem. Fortunately, streamline calculation procedures were already available
to permit the design of turbines with carefully
tailored radial distributions of reaction. Svstematic analytical studies showed that the best ~olu
tions increased root reaction by altering the spanwise work distribution. By reducing the work done
at the root, less turning is required. The opposite
situation holds true at the tip, where additional
work can be done without difficulty. Such nonconstant work machines have come to be known as
controlled-vortex turbines.

The success of this approach has been amply
documented by Dorman et al. (Ref. (18.10». In one
program they demonstrated a highly loaded, controlledvortex turbine stage which considerably raised the
efficiency standard to 89.5% at a stage loading coefficient of 3.46 (Figure 18.13). In another program
they compared controlled-vortex and free-vortex

stages under exactly the same conditions and realized
a 1.6% gain .in efficiency at a stage loading coefficient of 1.51. They repeatedly found there that
controlled-vortex design lead to better performance
across the entire span (Figure 18.14). There was
no indication that an unusually distorted exit
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condition will be produced in a multistage controlledvortex turbine due to the stacking up of nonuniform
work profile effects. This is due to the relatively
small change in each stage, relative to a freevortex design, and the improved efficiency near the
endwalls which actually results in an improved temperature distribution. In addition, an analysis of
the actual flow distribution has shown that the
controlled-vortex stage has less tendency to force
the flow away from the endwalls, and measurements
have shown that the flow per unit area is more uniform
than for the free-vortex stages.

It is difficult if not hopeless to attempt to
define an efficiency boundary for cooled stages
because the number of degrees of freedom is so large.
Furthermore, the lack of completeness and consistency of reported results has made it difficult to
establish an adequate data base. S~ffice it to say
that the best aerodynamics are applied to maintain
cooled stage performance, and yet a stage efficiency
of even less than 85% might be adequate in some high
temperature applications.

18.8.3

It is already clear that the future holds many
opportunities and challenges for gas turbine technology. We shall briefly outline some of the outstanding expected developments in this section, as
well as their meaning to turbine aerodynamics.

Some Related Considerations

The above remarks are not intended to imply that
the rest is now easy. On the contrary, many other
techniques must be brought to bear in order to insure continuing progress. Some of them will be discussed in this Section.
Correct airfoil contouring has already been
mentioned frequently, and certainly affects achievable stage performance. As loading increases, even
the midspan airfoil section becomes more and more
difficult to design. Once gross separation occurs,
the aerodynamic losses become prohibitively high, and
nothing approaching the upper stage efficiency limit
can be reached. Successful design of highly loaded
stages is best accomplished with the combined help
of controlled-vortex flow patterns and good airfoil
contouring methods.
Small gas turbines have special problems of
their own, one of the outstanding being the excessive
endwall flow losses which accompany their low aspect
ratio airfoils. In fact, as cycle temperatures and
pressures increase, this situation is spreading to
bigger machines. As we have seen so often, the large
disturbances near the endwalls upset the entire flow
field and strip the designer of his ability to control the outcome. One method for dealing with this
situation might be to reduce the endwall loss and
cross-flows at the walls by reducing the turning
and work done there. This can be thought of as
controlled-vortex aerodynamics of a different sort.
Midspan turning must, of course, be slightly increased
in order to maintain constant work extraction. In
this way performance would be improved both by doing
more of the work in the more efficient region of the
airfoil and by unloading the endwalls. This notion
was put to the test by Schlegel et a1. (Ref. (18.9))
with excellent results. The design-point performance of a research turbine stage revealed a 1.2%
efficiency improvement over the baseline stage which
it directly replaced. Furthermore, the flow field
behaved much more in accordance with the design intent in the research stage.
One may freely speculate that the very best
turbines of the future will contain all of the ideas
described above. This was distinctly the case of
We Ina and Dahlberg (Ref. (18.70) and Figure 18.13),
in which these approaches were combined and applied
in a straight-forward way to their turbine. It
should be particularly borne in mind that they exceeded the ambitious goal of their program on the
first try. Better testimony on behalf of modern
methods can hardly be expected.
Not all ideas are good ones, however. Many
tricks have been proposed and tried through the years
with no success. Among these are various schemes
which tilt, lean, sweep, bow, serrate, place in
tandem, or slit t~rbine airfoils, none of which has
demonstrated superior performance.

18.9

Looking Ahead

The most exciting new concept in prop~lsion
technology is the variable cycle engine (VCE). Providing sufficient flexibility to flowpath geometry
will enable the veE to continuously match its characteristics to the needs of the airframe while in
flight. The large gains of system performance
offered by the VCE make its development within this
century almost certain. In fact, several propulsion
companies have already modified existing engines in
order to gain early experience with the VCE concept.
An essential ingredient of the VCE is the variable area turbine (VAT). As presently conceived, the
VAT will replace one or more rows of fixed airfoils
with rows of airfoils which can be adjusted by rotation about a radial axis. In this manner, the turbine operating map can be continuously altered to
suit the immediate needs of the engine. Although
the early attempts to capitalize on this concept
are likely to be confined to uncooled turbine stages,
progression into the cooled stages seems inevitable.
The reader can well imagine what these new
degrees of freedom mean to the turbine designer.
Each VAT will have to meet its aerodynamic and heat
transfer· goals over a wide range of flow conditions.
Continuously changing cascade geometry, as well as
marked increases in incidence angle and Reynolds
number variation, will make great demands upon our
design systems.
We may also rest assured that the progression
to higher temperature and bypass ratio·engines will
continue throughout the century. During this period
we can expect the stoichiometric limit for hydrocarbon fuels (about 3600'F) .to be reached and bypass
ratios to double or triple. As far as the turbine
is concerned, this continues the trends already discussed in this Chapter. A thorough understanding
of all facets of turbine aerodynamics will be essential to the orderly and successful development
of such machines.
The turbine will ultimately become involved in
the movement towards quieter engines. As the other
components are made more and more Silent, the noise
floor of the engine will tend to become set by turbine noise, and acoustical tools tailored specifically for turbines will be required.
The turbine exit guide vane (EGV) diffuses and
removes the swirl from the turbine exit flow. Since
the EGV must often carry structural loads or contain
fuel and oil lines, it can resemble a very low
aspect-ratio compressor airfoil. Because exit swirl
increases with stage loading, the EGV will become a
limiting design factor and attract increased attention.
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As fuel consumption becomes an increasingly
critical item, performance will increase in importance
relative to engine cost and weight. To the turbine
designer this means pushing the limits of aerodynamics and reaching efficiencies near 95%.
18.10

Small Low-Aspect-Ratio Turbine by Radial Work
Redistribution, Trans. ASME, J. Eng. for Power,
Jan. 1976.
Dorman, T. E., Welna, H. and Lindlauf, R. W.
The Application of Controlled-Vortex Aerodynamics to Advanced Axial Flow Turbines, Trans.
ASME, J. Eng. for Power, July 1968.

The above remarks lead to a rather simple conclusion. Our appetite for reliable turbine aerodynamiC prediction techniques will only grow as the
years go by. There is every reason to concentrate
on their successful development and to exploit them
as they become available.

18.11

The gas turbine is one of the most demanding
machines we know. It embodies a combination of
power, precision and endurance which is at least

18.12

Ainley, D. G. and ~~thieson, G. C. R. A Method
of Performance Estimation for Axial Flow
Turbines, A.R.C., R&M 2974, 1957.

18.13

Zweifel, O. The Spacing of Turbomachine Blading,
Especially with Large Angular Deflection,
Brown Boveri Rev., Vol. 32, Dec. 1945.

awesome.

But our modern devices are not the result

of a single technological leap or revolutionary
breakthrough. They are the product of simultaneous
application of many small advances, and a lot of
hard work; Research has played an important role in
this unfolding drama, and has much to offer in the
future.
Rather than being the docile, well-behaved
devices of our mythology, turbines have become the
bate nair of many recent development programs. Our
course is inextricably set so that this will continue
to occur. But the struggle against former limits
has brought success again and again, and the future
holds more of the same. For turbine designers,
these are the good old days.
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19.0 Introduction
High turbine inlet temperatures have significant advantages for aircraft gas turbine engines.
The reasons for these advantages have been discussed
in Ch. 7. Engine manufacturers have recognized this
for some time and have been continuously increasing
turbine inlet temperature, especially during the
last fifteen years. Figure 19.0.1 illustrates this
trend.

the industry, but in this chapter, consistent with
the other chapters, the turbine inlet temperature
will always refer to the average combustor exit
temperature into the first stator vane.
19.1

Cooling Design Problem

19.1.1 Modes of Thermal Failure
There are several modes of turbine failure
are associated with turbine cooling. These
are OXidation/corrosion/erosion, creep, and thermal
fatigue. OXidation/corrosion/erosion occurs
because of chemical and particulate attack from the
hot turbine gases. The materials used for parts
exposed to turbine gases, when used at a temperature commensurate with the other modes of failure,
cannot survive this mode of attack for very long
unless coated with special high temperature coatings. These coatings, in general, provide a layer
of aluminum oxide on the surface to prevent chemjca~ attack.
Beyond this the method of control is
to limit the maximum surface temperature on the
part.
~hich

A vital part of going to high turbine inlet
temperatures is the technology of turbine cooling.
This was recognized by some almost from the inception of the first turbojet engine. Cooling studies
were first performed in the 40' s and many investigations were carried on in the 50's. Around 1960,
turbine cooling was first used in a commercial aircraft engine (Ref. 19.1). Since that time, there
bas been a very rapid rise in turbine inlet temperatures, which has placed an even greater emphaSis on
turbine cooling.
The turbine inlet temperature trend shown in
Fig. 19.0.1 has been made possible not only by turbine cooling but also by continuous improvements in
high temperature materials. Figure 19.0.2 shows the
trend in improvements in rotor blade materials. As
can be seen, materials improvements have played and
will continue to play an important part in the increasing turbine inlet temperature trend. The materials shown in Fig. 19.0.2 are nickel-based
alloys used for stators and rotors. A similar figure could be shown for cobalt-based alloys which are
used to a more limited extent in stator vanes and
uncoo1ed rotor blades. Many other types of materials
have been proposed for use in turbines. Examples of
these are refractory-metal alloys and ceramics. Although much research has been performed on these materials, they have yet to receive widespread utilization. In this ch,pter on turbine cooling the nickelor cobalt-based alloys are presumed to be used.
The cooling flows currently required on new
aircraft engines are very large, of the order of
20% of the compressor discharge flow. This large
quantity of flow has two effects which tend to
reduce the advantages of high turbine inlet temperature. The first is that the air used for cooling
reduces the capability of the turbine to drive the
compressor because of the lower temperature at which
it enters the turbine. The second is that the cooling air mixes with the mainstream turbine air and
causes aerodynamic losses. Both these effects are
strong,and, therefore, vigorous steps are taken to
minimize them by minimizing both the quantity of
COOling air and the aerodynamic penalt.y associated
with that quantity of cooling air which is used.
The technical question addressed in this chapter
is: how to maintain turbine durability while minimizing the quantity of cooling air and the aerodynamic losses associated with it.
In the above discussion reference was made to
turbine inlet temperature. There appears to be
some disagreement on the definition of this term in
19-1

Creep occurs as a result of prolonged exposure
of materials to high stresses at high temperatures.
This is a particularly acute problem on rotating
turbine blades which are highly stressed. This
mode of failure is, in general, controlled by
limiting the average temperature of a turbine blade
and thus the average creep. Creep also occurs as a
local problem in airfOils, and this mode of failure
is controlled by limiting the local temperature
within an airfoil.
Thermal fatigue occurs as a consequence of
repeated cycling through high thermal stresses.
These stresses are large enough to cause local
plastic deformation in each cycle. As a result,
failure can result in relatively few cycles (of the
order of thousands rather than hundreds of thousands). The problem is the most severe in highlycooled airfoils, which must operate through rapid
transients of the order of several seconds. The
different parts of the airfoils respond at different rates to the transients and suffer large thermal stresses as a result.

Thermal stresses are

minimized by consideration of the overall cooling
distribution, mass distribution within the airfoil
(which sets thermal response), and the interior
geometrical configuration.
In addition to creep and thermal stress as
separate entities, there is a combined effect of
the two acting together. Airfoils which incur
high cyclic thermal stresses as well as prolonged
exposure at high temperatures and high stresses
fail before failure would occur if each mode were
to act alone. This is called creep/thermal
fatigue failure and is a mode of failure receiving
increasing attention in turbine design.

19.1.2

Thermal Environment

The combustion gases enter the turbine in a
nonuniform manner. A typical distribution of temperature coming out of an annular burner is shown
in Fig. 19.1.1. The distribution is random in a
circumferential direction but has some degree of
order in the radial direction. The randomness of
the temperature distribution causes the design of
first stator vanes to be designed for the maximum
temperature (hot spot) coming out of the burner.
This maximum temperature is generally a specified
burner design parameter. Typically, in a 2500 F
turbine inlet temperature engine the hot spot may
be 3000 F. The rotating structure may be designed
for an average temperature in the circumferential
direction. The radial distribution of the circumferentially-averaged temperature is typically as
shown in Fig. 19.1.2. This profile tends to occur
naturally because burner cooling air reduces temperatures at the endwalls. In addition to this
natural tendency, the burner is generally specifically designed to produce such a profile to ease
the turbine cooling problem by reducing blade root
and endwall cooling reqUirements. This profile is
also the feature which causes the small degree of
order in temperature out of the annular bUrner in
the radial direction.
The first stator vanes are exposed to the
highest turbine temperatures (including the hot
spot from the burner), The first rotating blade
row is exposed to a somewhat lower temperature
because of circumferential averaging, dilution of
turbine gases with first stator vane cooling air,
and relative velocity effects. The second stator
vane is exposed to a lower temperature because of
cooling air dilution, work extraction from the
turbine gases and a small amount of radial mixing,
which dilutes the hot spots. The turbine temperatUre decreases in a like manner through each airfoil row.
19.1.3

Cooling Air Supply

The cooling air to cool the turbine is bleed
air from the compressor. A typical cooling system
is shown in Fig. 19.1.3. The first stator vane is
fed by compressor discharge air which has bypassed
the combustor. This is because the first stator
vane requires a very high supply pressure. The
first rotor blade is also fed by compressor discharge air. However, this air is accelerated
through a row of nozzles pointed in the direction
of rotation. The effect of this is to reduce the
amount of work to pump the cooling air and to reduce
the cooling air temperature within the blade. The
second stator vane and second rotor blade are also
cooled by compressor discharge air in this case,
but in general these airfoils can be fed from compressor bleed air further up the compressor. This
helps engine performance because of reduced compressor work requirements and reduced cooling air
temperature.
Many variations on this delivery system are in
use today. The basic principle is to deliver the
required cooling air pressure at the minimum
19-2

temperature possible. By clever design there is
great potential in this area for improving engine
performance. For example, it has been proposed insome applications to cool the cooling air with fan
air through a heat exchanger. This would reduce
the requirement for cooling flow but would add
complexity and weight.
The cooling air delivery system also performs
another function. The cavities adjacent to the gas
path are not directly cooled, but are kept at low
temperatures by being surrounded by cool air. This
air is furnished by the cooling air delivery system
through controlled leakages from the delivery system. An interesting thought is that the cooling
air is often around 1000 F. One does not normally
think of cooling with air which is that hot.
In this chapter, only air cooling of turbines
will be considered. There are obviously many other
ways to cool turbines such as heat pipes, water,
fuel, etc. These are of some interest for aircraft
applications but by far the greatest practical
interest is in air cooling. Since air cooling is
the method of greatest interest, this chapter will
not address other methods of cooling.
19.1.4

Cooling Design Methodology

The cooling design process is by necessity an
iterative one. The designer starts by either being
given or assuming certain life requirements on
OXidation/corrosion/erosion, creep, thermal
fatigue, and creep/thermal fatigue. Simultaneously he is given a mission under which these life
requirements must be met. An initial aerodynamic
design up to and including airfoil contours and
cooling air flows and temperatures is also given.
The last two quantities are generally closely estimated from past design practices. The designer can
usually decide from past experience what type of
cooling will be necessary, convective or film cooling, on each surface to be cooled. At this point
the detailed design problem begins. The process is
one of analysis and not one of synthesis, so the
designer must first layout a configuration.
Having done this, he must then analyze it to
determine life and cooling penalties, and, in
general, he must do this several times, modifying
the design each time.
To determine metal temperature and thus life
he must consider three aspects of the problem.
The first is the heat load to the surface from
the mainstream gas. This will be convection
through a viscous boundary layer or through a
film cooling layer. The second is the convective
cooling of the part by the coolant within the
interior of the part. The third is the thermal
conduction and absorption within the part. The
designer calculates the metal temperatures taking
account of each of the above considerations,
utilizing whatever tools he has available. In
going through this he generally finds that he must
request relief from some of the initial constraints
on airfoil shape or cooling flows because of practical fabrication considerations, or because he
simply cannot cool the part adequately under the

given conditions. During this time, a continuous
re-evaluation of the penalties caused by the cooling air is also made. After several configurations are laid out and analyzed, the designer
generally can 'home in' on a design which meets
most ot all of the original criteria.
In the following sections the required information to calculate heat loads, internal convective
cooling, and cooling penalties are discussed. They
are discussed in a way that, hopefully, a designer
new to the field might see what information is
available in the literature and, perhaps more important, determine what additional information is
required to execute successful designs.

19.2 Airfoil Cooling
19.2.1 Convective Cooling
19.2.1.0 Introduction

I
I
!

i

The simplest way to cool airfoils is by convective cooling. In this process the air is brought in
at the root or tip of the airfoil then discharged at
the other end of the airfoil or through the trailing
edge. This method of cooling is quite efficient and
is always used where it is adequate to cool the
airfoils. Cutaway views of two convectively cooled
airfoils are shown in Fig. 19.2.1.
At this point it is useful to introduce a
definition. The average cooling effectiveness for
an airfoil is defined by

(19.2.1)

I

I

I

I

where Tm is the average temperature of the airfoil.
A value of COOl1.1g effectiveness of on.. is the maximum possible and a value near zero represents little
or no cooling. The required average cooling effectiveness is the strongest parameter determining
methods of cooling and quantities of cooling air.
Convective cooling is used where average
cooling effectiveness levels required are less than
about 0.5. This limitation exists for two reasons.
The first is that the air supply p~essure is limited and much higher .. ffectiveness would only be
possible with higher supply pressures. The second
is that with high effectiveness levels and convective cooling the temperature gradients tend to get
very large and aggravate thermal stress problems.

19.2.1.1 Airfoil Heat Transfer Coefficients
In gas turbines the heat transfer coefficients
to the airfoils are very high and the conductivities
of the materials are fairly low. This COMbination
makes it imperative that the heat transfer coefficient distribution over a whole airfoil be known in
great d.. tail. One cannot depend upon conductivity
to smooth out errors in distribution.
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The heat transfer coefficient distribution to
an airfoil is typified in Fig. 19.2.2. At the
stagnation point the heat transfer coefficient is
very high. Its level can be correlated as the heat
transfer coefficient to the stagnation point of a
cylinder in cross flow with an effect of free
stream turbulenc~which raises its level. On the
concave or pressure side of the airfoil the boundary layer almost always trips to turbulent flow and
attains a heat transfer coefficient level corresponding to a low Reynolds number turbulent flow.
On the convex or suction side of the airfoil the
boundary layer often is first laminar with an
effect of free stream turbulence, then goes through
a gradual transition from laminar to turbulent flow.
The gradual transition appears to occur because of
very high pressure gradients, which tend to force
the boundary layer to stay laminar. The curvature
of the airfoil also tends to maintain laminar flow.
The heat transfer coefficient distribution to
an airfoil is calCUlated utilizing two-dimensional
boundary layer theory. The pressure distribution
within the cascade is first calculated ~sing an
inviscid, two-dimensional, compressible, numerical
sol~tion.
Such solutions have become readily
available within the past few years. The boundary
layer is then calculated in a manner described in
Ch. 16. The pressure distribution and heat transfer coefficient distribution calculated from boundary layer theory for a typical airfoil are shown on
Fig. 19.2.3. The heat transfer coefficient distribution th~s calculated, although by no means exact,
is reasonably valid except for the stagnation point
end the laminar region on the suction side. There
the heat transfer coefficient distribution must be
increased by a factor of 1.2 to 1.8 to account for
the effects of free stream turbulence mentioned
above. The very high levels of the heat transfer
coefficient distribution in this example are
typical of modern turbines.

The two-dimensional calculations have inherent
drawbacks because of three-dimensional effects,
which are present to varying degrees of importance.
For example, the two-dimensional calculation
assumes that the gas is at a constant total temperature. Because of secondary flows and consequent
radial mixing the gas temperature at a given radial
location tends to change as it goes through an airfoil row. This effect is fairly strong and is
generally not calculable to any degree of accuracy.
There are also radial flows in boundary layers
caused by the radial pressure gradients. However,
there is some theoretical evidence (Huile, Ref.
19.2) that radial boundary layer flows do not
significantly affect heat transfer. Near the tips
of unshrouded airfoils a significant amount of
radial flow occurs because of leakage over the tip.
This effect is strong and not well quantified.
In addition to three-dimensional flow effects,
radiation plays a part in the heat transfer. This
effect is generally limited to the leading edge of
the first stator vanes. Beyond that, convection
e£fects far outweigh radiation effects.
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19.2.1.2 Impingement Cooling at the Leading Edge
The airfoil external heat transfer coefficient
distribution discussed in the last section must be
counterbalanced with a comparable heat transfer
coefficient distribution on the inside of the airfoil. At the leading edge the high heat transfer
coefficient is often counterbalanced with impingement cooling. Figure 19.2.4 shows how this is
achieved in an airfoil. This method of cooling has
been recognized for some time as being highly effective and, therefore, has received much attention
from researchers. As a result, a large quantity of
data and correlations are available in the literature. Of the rather large quantity of literature,
only two works will be discussed here'. Chupp, et
al. (Ref. 19.3) measured and correlated the heat
transfer in the geometry shown in Fig. 19.2.5. They
correlated the heat transfer coefficient over the
leading edge radius region. They also obtained
information on the distribution of the heat transfer coefficient. The average and stagnation point
NUBselt numbers were correlated by:
Nuave • 0.63 ReO. 7 (d!P)0.5 (d!L)0.6
exp [-1.27 (t!d)(d!p)0.5 (d!L)1.2 J

Nustag

=0. 44 Re0.7

where d is the characteristic dimension in the
Nusselt numbers and Reynolds number and the
impingement hole velocity is the characteristic
velocity in the Reynolds number. The thermal
conductivity is evaluated at the average of wall
and coolant temperature and the viscosity is evaluated at the coolant temperature. The range of
variables tested were:
Re
d
p
L

t

St

ave

=St

ave

(Re, p!d, rib, t!b, 2H/L, 2r!L) (19.2.4)

where Stave is based on impingement hole velocity
and where Re is a Reynolds number based on twice an
equivalent slot b and on impingement hole velocity.
The reader is referred to the original work for the
correlations. This work measured only average heat
transfer coefficients over the region 2f rather
than local heat transfer coefficients, but fortQnately these are generally adequate for airfoil design.
19.2.1.3 Impingement Cooling at Midchord
High levels of heat transfer coefficients are
desirable in the mid chord region, as well as the
leading edge. This is often accomplished with
impingement cooling, as shown in Fig. 19.2.8. This
is similar in some respects to impingement cooling
at the leading edge, but is different in two major
aspects. The radius of curvatQre of the impingement surface approaches infinity, and the spent
impingement air causes a strong cross flow.
Kercher and Tabakoff (Ref. 19.5) performed
experiments on impingement with crOss flow on a
flat plate. They correlated the data with the
relationship

( d! p )0.8

exp [-0.85 (t!d) (d!p) (d!L)0.4]

3,000
<
0.006 in. <
0.0312 in.<
0.040 in. <
0.006 in. <

external leading edge radii to give good aerodynamic performance and thick leading edge walls
to prevent overly rapid thermal response to tran,sients. Their correlations, unfortunately, are not
easily put into a simple form. Their correlations
have the functional form of

where
= local Nusselt nQmber with the
impingement hole diameter d as the
characteristic length

< 15,000
< 0.026 in.
< 0.125 in.
< 0.094 in.
< 0.160 in.

The distribution away from the stagnation point is
shown on Fig. 19.2.6. This distribution was found
to be relatively independent of (d!p) and Re.

Re

= Reynolds

Pr

= Prandtl

t

e

p

= hole

~l,~,m

Metzger, et al. (Ref. 19.4) performed a more
complete investigation in that they correlated more
geometric variables. Their geometry is shown in
Fig. 19.2.~which in a gross way approximates most
of the geometriC variables in an airfoil design.
Of particular interest in the work of Ref. 19.4 are
the effects of a small leading edge radius. Small
internal leading edge radii tend to occur in airfoils because of requirements to design small
19-4

number based on the mass
velocity through the hole and on
impingement hole diameter
number

length from impingement hole to wall
pitch (square arrays)

are empirically determined
parameters.

All properties are evalQsted at the average temperature of wall and coolant. The range of variables
tested was:
I < tid < 4.8

332 < Re < 3.7 x 104

colladay (Ref. 19.6) has taken the correlations of
Ref. 19.5 for ~l' ~,and m and presented them in
the following form:

and obtained heat transfer and friction factor
correlations. The reader is referred to the
original work for the correlations.
19.2.1.5

Trailing Edges

The aerodynamic requirement for thin trailing
edges makes it very difficult to cool the trailing
edge by convective cooling unless the coolant air
ejects through the trailing edge. One way in which
this is accomplished is shown in the airfoils of
Fig. 19.2.1. In these airfoils the two halves of
the trailing edge are held together with pins which
are commonly called pedestals. These pins serve
two purposes. They structurally hold the airfoil
together, and they augment the heat transfer. Halls
(Ref. 19.8) reports the use of the correlation from
Grimison (Ref. 19.9) for tube banks
(19.2.8)

where al' a2' a3' bll b2 , b3' cl' und c2 are given
in TABLE 19.2.1 and
GCf

= cross

Gh

= impingement hole mass velocity

I
!

!

I

=Fa

0.284 Re O•61

where
0.7<Fa <1.2
and where the reference velocity is on the minimum
flow area and the reference dimension is the pedestal diameter. Coolant properties are evaluated at
the average temperature of wall and coolant. In
Ref. 19.9,Fa is correlated as well as the friction
factor for in~line and staggered tube ~anks.

flow mass velocity

TABLE 19.2.1

i

NUave

IMPINGEMENT COOLING CORRELATION (Ref. 19.6)

Coefficient

Reynolds Number
300 to 3000

Reynolds Number
3000 to 30000

a
l
bl
Cl

-0.0015
0.0428
0.5165

-0.0025
0.0685
0.5070

a2
b2
°2

0.0126
-0.5106
-0.2057

0.0260
-0.8259
0.3985

a3
b3

0.4215
0.580

0.4696
0.965

Another way to get the coolant out of the
trailing edge is to use drilled holes. These are
normally calculated using standard pipe heat
transfer correlations and an entry length correction term. This technique cannot achieve as high
effectiveness as pedestals can, but nevertheless is
often used where a high degree of trailing edge
cooling is not required.
19.2.1.6 Flow Distribution

19.2.1.4 Roughened Halls
Another technique which.is commonly used to
obtain high heat transfer coefficients is to place
fins normal to the coolant flow path. Such a cooling scheme is shown in Fig. 19.2.9. Little data
are available in the literature for the exact
geometries used in airfoils, but data for circular
pipes are available and may be applied utilizing
the concept of a hydraulic diameter. For example,
Webb, Eckert, and Goldstein (Ref. 19.7) investigated the geometry shown in Fig. 19.2.10 with the
range of parameters
0.01 < eld < 0.04
10 < nle <" 40
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In airfoil internal cooling design one of the
most important parameters is the flow distribution.
The calculation of flow distribution is generally
performed through the use of one-dimensional
branched circuits. These circuits account for
friction, expansion-contraction losses, area
change, heating and rotation. The necessary
correlations for each of the pressure loss mechanisms come from the data and correlations
discussed above.
A quick look at airfoils such as in Fig.
19.2.1 will lead one to question the acceptability
of such a simple model of the flow. In a complex
flow situation (which seems to be almost every
airfoil) it is found to be useful to back-up the
one-dimensional flow calculations with model testing. Two types of models are often used. The
first is a large-scale (lOX) plastic model of the
airfoil to determine regions of low flow through
the use of water flow and dye injection. The

second is also a large-scale model but made of sheet
metal. The model is placed in a steam bath and
instrumented with heat flux sensors. Cooling air is
passed through the model at low velocity and local
heat transfer coefficients are measured. Neither of
these two modeling techniques is completely satisfactory because they do not account for rotation
and compressibility. Yet, they are found to be
useful in that they often point out ,local problem
areas which would undoub~edly fail had they not been
detected and corrected. The one-dimensional branched
circuit analysis, when used with physical model
testing, gives a reasonably good account of itself.
Airfoils designed using these techniques tend to
behave adequately close to design.

In the discussions which follow, the problem
of film cooling will, for the most part, be divided
into two parts. The first will be to determine the
adiabatic wall temperature in the presence of a
film but without convective cooling. This will be
called film temperature. Film temperature is
correlated in terms of film effectiveness. In
general, two types of film effectiveness definitions
are useful, local and lateral-average. Local film
effectiveness is defined by

19.2.1.7 General

and lateral average film effectiveness by

In the above discussions the general types of
convection cooling have been discussed. There are,
of course, many variations on the detailed geometries and no attempt has been made to coVer them all.
The correlations which have been presented are from
the open literature. In most cases, manufacturers
of gas turbines have further proprietary data from
which airfoils are designed. These data are
generally more directly focused on the range of
geometries and flow variables required for airfoils.
Improvements in computational methods for
viscous, turbulent, compressible, three-dimensional
flows are being made at a rapid pace. It is conceivable that these will some day replace the onedimensional branched circuit analyses currently
used. However, because of the geometric complexity
of the internal flows, it is thought that the onedimensional branched circuit analyses will be used
for some time to come.
19.2.2

Film Cooling

19.2.2.0 Introduction
With the levels of cooling supply pressures
generally available in turbines it becomes very
difficult to convectively cool airfoils at average
cooling effectiveness values greater than about 0.5.
When the turbine gas temperature, coolant temperature, and allowable metal temperature require a
higher effectiveness level, film cooling is
utilized.
The general concept of film cooling is shown
in Fig. 19.2.11. A layer of coolant air is placed
over the airfoil, which serves to insulate the airfoil from the hot turbine gases. Because the coolant mixes with the turbine gases, the film is not a
very effective method of cooling by itself. However, when it is combined with convective cooling
from the inside of the airfoil, it is a very effective method of cooling airfoils.

Tg - Tf (z,x)
T -T

T

g

-

Tf (x)

T -T
g

c

The second part will be to determine the heat
transfer coefficient based on the film and airfoil
temperature difference as the driving potential.
Some workers have chosen to utilize instead an
overall heat transfer coefficient with the difference between the mainstream gas temperature and
the airfoil temperature as the driving potential.
This method of describing film cooling will also
be discussed, but only for one type of film
cooling, multihole film cooling.
19.2.2.1

Slot Cooling

Research in film cooling started at least
thirty years ago. Wieghardt (Ref. 19.10) measured
film temperature from a two-dimensional slot on a
flat plate during the Second World War. Since that
time many others have measured film temperature.
Goldstein ~ef. 19.11) gives an excellent review of
the work up to 1971.
An approach used by many workers to correlate
slot film cooling is the heat sink or entrainment
model. This model is shown in Fig. 19.2.12. In
this model the mainstream air is assumed to be
entrained into a film layer. In the simplest form
of the model, which is described here, the entrainment Wge is assumed to progress as in a boundary
layer without film cooling. Furthermore, the air
in the boundary layer is assumed to be at a uniform
temperature corresponding to the mixed mean
temperature of the entrained air and film cooling
air. A seventh power velocity profile is normally
used to calculate the entrained flow. In each of
the different versions of the model a choice must
be made for the origin of the boundary layer. This
is an important variable near the slot but beco~es
less so further downstream. A typical result is
given in Ref. 19.11 for a flat plate low velocity
boundary layer starting at such a location that
Wge equals Wc at the injection point. The result
is
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The three-dimensionality of the flow field
causes some questions in calculating heat flQXes to
airfoils. Normally one wishes to calculate the
lateral-average heat flux where the wall temperature
is Qniform in the lateral direction. To do this one
should calculate

where

1.

1.

I

I

p

and Re is based on coolant mass velocity, viscosity,
and slot height. This simple model compares favorably with a lot of data as is shown in Ref. 19.11.
Other workers SQch as Goldstein and Haji-Sheikh
(Ref. 19.12) have proposed more sophisticated models
which account for the effects of the blowing on the
entrainment and the distribQtion of temperature
within the bOQndary layer.
The heat transfer coefficient Qnder a slot film
has been shown by Hartnett, Birkebak, and Eckert
(Ref. 19.13) to be very close to that which would
occur without blowing except near the slot at high
blowing rates. This feature, which is fOQnd to be
c.ommon in many applications of film cooling, is
one of the reasons dividing the problem into an
adiabatic wall temperature and heat transfer
coefficient is useful.

t' h(z,X)[Tf(z,x) - Tm(X»)

dz (19.2.14)

0

where h(z,x) and Tf(z,x) are local values of heat
transfer coefficient and film temperatQre. This
would, of course, necessitate a rather extensive
data base which is expensive and time consuming to
obtain. Fortunately, the problem is minimal in
practice, because h(z,x) is generally a weak function of z and may be taken out of the integral.
Then, Eq. (19.2.14) reduces to

From Eq. (19.2.15) it can be seen that the lateralaverage heat flux may be calculated from correlations for lateral-average rather than local film
temperature.

1

19.2.2.2 Rows of Holes

f

I
I

I

Slots are not often used on airfoils because of
thermal stress and mechanical design considerations.
High thermal stresses are caused by the fact that
the airfoil just upstream of a slot becomes very hot
while just downstream of a slot it becomes very cold.
The mechanical design problem of slots is caused by
the difficulty in holding the airfoil together at
the slot, especially in the presence of the high
thermal stresses. An approach which is commonly
used is to substitQte rows of holes for slots.
These tend to solve both problems because the metal
between holes relieves thermal gradients and stresses and holds the airfoil together.
Rows of holes tend to solve some problems but
they do so at the expense of others. The film
effectiveness is lower in general than from a slot
and the flow fields are more difficult to predict
or correlate. Much of the film cooling work in
the literature in recent years has addressed these
problems. Some of this work will be discussed
here.
The flow from a row of holes is very much
three-dimensional. This can be seen in Figs.
19.2.13 and 19.2.14. Liess (Ref. 19.14) obtained
the oil trace flow visualization of Fig. 19.2.13.
It can be seen that the flow from each cooling
hole maintains its identity for a long way downstream as it goes from left to right. Ericksen
(Ref. 19.15) obtained the film effectiveness data
in Fig. 19.2.14 for the same geometry (details
shown on Fig. 19.2.15). It can be seen that the
film does not become uniform until a distance somewhat greater than 40 diameters downstream.
19-7
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A great deal of understanding of rows of holes
film cooling has been gained by Eckert and coworkers
(Refs. 19.15-19.18) at the University of Minnesota.
They worked extensively on the geometry shown in
Fig. 19.2.15 on a flat plate at low velocities.
Because of the large amount of information generated
by them on this geometry, rows of holes film cooling
will be discussed largely from their work and from
the work of Liess (Ref. 19.14) who tested the same
geometry. This will eliminate the geometric
variables of hole spacing and orientation and,
hopefully, provide clearer inSight into the film
cooling process. With the exception of Ref. 19.17,
all of the work in Refs. 19.14-19.18 was
performed at coolant to mainstream density ratios
close to one. For brevity, this will not be mentioned again, but this parameter is an imporcant
one as is shown in Ref. 19.17.
Figure 19.2.16, showing data from Goldstein,
et al. (Ref. 19.16), illustrates one of the common
features of film cooling from rows of holes. As
the coolant to mainstream mass flux ratio M
increases the effectiveness first increases,
reaches a maximum at a mass flux ratio of 0.5, and
then decreases. This maximum is attributed to
penetration of the jet into the mainstream as
opposed to laying down on the surface. The effect
is strongest near the row of holes and very weak
far downstream.
Pedersen (Ref. 19.17) investigated the effect
of coolant density in this same geometry. His data
for lateral-average effectiveness at a downstream
location of 10 diameters is shown in Fig. 19.2.17.
The same general shape of the effectiveness curve
can be Been here as in Fig. 19.2.16. As the

coolant to mainstream density ratio increases,
however, the maximum effectiven.. ss increases.
Reference 19.17 interprets the data to give
maximum effectiveness at a value of coolant to
mainstream velo~ity ratio (Uc/Ug ) of approximately
0.4. Ericksen, Eckert, and Goldstein (Ref. 19.18)
proposed a model for film effectiveness based on a
point heat sink located at some distance above the
surface. Reference 19.17 used the argument that
the distance above the surface of the heat sink
should be a function of the coolant to mainstream
momentum flux ratio I and, using the above model,
proposed a correlation of the form

'Ti/M

= f(I)

(19.2.16)

for its data at constant Ug and hole diameter. His
data at a distance 10 diameters downstream are shown
in Fig. 19.2.18. The correlation is reasonable
except at large (pc/P g ). This may be related to the
fact noted in Ref. 19.17 that at values of (Uc/Ug )
below 0.45 a change in the character of the flow
seems to occur. At values of (Uc/Ug) below 0.45 the
Jet has the characteristic of appearing to remain
attached to the wall and being independent of I,
whereas above that value of (Uc/Ug ) the jet appears
to penetrate the mainstream further and appears
controlled by I. This is about the same velocity
ratio mentioned above for penetration to occur. It
does appear somewhat surprising that the penetration
condition should be controlled by velocity,but this
effect also appears in data of others. As of this
time, no further generalization on the effect of
(pc/P g ) has appeared in the literature.
The variables of coolant to mainstream mass
flux, density, and momentum flux ratios appear to be
the strongest parameter affecting film cooling.
However, there are other variables of varying
degrees of importance and levels of confirmation.
Ericksen (Ref. 19.15) and Liess (Ref. 19.14) have
measured the effect of the ratio of the displacement thickness of the inlet boundary layer to the
hole diameter. They agree that there is a significant effect and that the thinner boundary layer has
a higher film effectiveness. They differ in that
Ref. 19.15 finds that effectiveness on the hole
centerline increases with decreasing boundary layer
thickness to a value of 6*/D as low as 0.06,
whereas Ref. 19.14 finds that lateral-average
effecti veness reaches a maximum value at 6 * /D
around 0.2. References 19.14 and 19.15 both
indicate that free stream Reynolds number UgD/Vg
appears at most to be a weak variable. Reference
19.14 indicates that free stream Mach number is not
an important variable either. It also finds that
an accelerating pressure gradient reduces film
effectiveness at low coolant to mainstream mass flux
ratios « 1.0) but does not have as strong an effect
at high mass flux ratios (> 1.0).
The heat transfer coefficient does not differ
greatly from that which would occur without film
cooling. In the same geometry discussed above,
Ericksen (Ref. 19.15) shown that the heat transfer
coefficient does not vary hardly at an up to a
19-8

coolant to mainstream mass flux ratio of 0.5 and
at
2.0 differs by only 27 percent from the no
blowing case. Other than at the leading edge of an
airfoil the coolant to mainstream mass flux ratio
is generally below 2.0.
The geometry discussed above is useful because
of the many features of film cooling which have been
demonstrated for it. However , it is seldom, if
ever, used in actual practice for film cooling. The
reason that it is not widely used is that the overall effectiveness is too low. In general, closer
hole spacing and/or multiple rows of holes are
utilized to obtain the high levels of film effectiveness required. Metzger and Fletcher (Ref.
19.19) measured high effectiveness values with
close spacing of holes (pitch to diameter ratio
equal 1.55) on a flat plate at low velocities.
Lander, Fish, and Suo (Ref. 19.20) also measured
high film effectiveness from a double row of holes
on an airfoil in a cascade, as shown in Fig.
19.2.19. It should be noted that the coolant to
mainstream total temperature ratio Tc/Tt~ was 0.53
to give coolant to mainstream density ratio
similarity with engines in the experiments of Ref.
19.20. Muska, Fish, and Suo (Ref. 19.21) also
showed very high effectiveness on a flat plate
from double rows of holes at pitch to diameter
ratios of 2.0 and low blOWing rates. Goldstein,
Eckert, and Burggraf (Ref. 19.22) showed that by
flaring the holes of the single row of holes
geometry of Fig. 19.2.15 a significant increase in
film effectiveness can be achieved.
In addition to film effectiveness data,
Ref. 19.20 obtained heat transfer coefficient
data for the double row of holes geometry as shown
in Fig. 19.2.20. These data lead to two concl~
sions. First, the presence of holes in the airfoil
will likely lead to rapid transition of the boundary layer to turbulent flow. Second, the effect
of blowing on the heat transfer coefficient is not
large. This latter conclusion reinforces the
results from flat plates.
Total airfoils generally cannot be adequately
cooled with just a single or double row of holes.
Additional film cooling is required from another
row or double row of holes. An example of this is
shown on Fig. 19.2.21 where there is film cooling
at the leading edge plus additional film cooling
from two additional sets of double rows of holes.
Reference 19.21 shows that the effect of
multiple rows of holes may be determined in an
additive manner first suggested by Sellers
(Ref. 19.23) for slots. In this method the mainstream temperature downstream of the first set of
rows of holes is taken to be the film temperature
from the film cooling at the leading edge. The
mainstream temperature for all subsequent downstream rows is calculated in a similar manner.
Then behind the nth set of holes

where ~fo is equal to zero and

.

.~~
-~-----

where 'I1f1 is the lateral-averagefilm
effectiveness from the ith set of film cooling
holes. This has been shown to be valid down
to spacings of 16.7 hole diameters.

useful to demonstrate this and to show the relative
effects of film cooling and convective cooling for
multihole film cooling. This model considers a
small chordwise region where the film effectiveness,
gas side heat transfer coefficient, and metal temperature take on lateral-average values. The model
is shown in Fig. 19.2.23. It can be shown that a
local cooling effectiveness ~ defined below can be
calculated from

The thermal design of film cooled airfoils
account for both the effects of film cooling
and the effects of convective cooling. Fortun
nately for the designer, the convective cooling
information developed for purely convectivelycooled airfoils is directly applicable and is,
therefore, somewhat straightforward. However, the
data in the literature for film effectiveness are
not anywhere near being adequate. At the present
time, in addition to the data in the literature,
one must obtain data in cascades for geometries
very close to that Which will be used. In performing these tests one must simulate Reynolds
number, Mach number; eoolant to mainstream density ratio, and coolant to mainstream flow ratio.
Turbulence effects must also be simulated in
some manner. The literature discussed above can
be used for guidance in these tests.
~ust

\

1
t,

Tg - Tm

'2---=
Tg - Tc

n f+ 'I1c(F/st -

nf)

1 + 'I1 c (F/St+nf)

(Convective effectiveness)
Tg-Tf(X)
......--::'~- (Lateral-average film
Tg-Tce
effectiveness)

This procedure to obtain information for
film cooling assumes, as in convective cooling,
that a two-dimensional solution is valid. The
shortcomings of a two-dimensional approach have
already been discussed for convectively-cooled
airfoils and those arguments can be equally
applied to film cooling. There may be a
difference in that the effects of rotation may be
different in film-cooled airfoils because of the
thickness of the film cooling layers. In spite
of the shortcomings of the two-dimensional
approach, it has been successfully applied to
airfoil design. This is evidenced by the successful design of film-cooled turbines in the 2500 F
class.

(19.2.20)

(External Stanton number
based on Tf and Tm)

w
cpc
F =_C_(-c-)
Ag PgUg pg

(Coolant mass flux
parameter)

In airfoils it is usually found that

0.2 < '11 c < 0.6
and where the unblown heat transfer coefficient is
used in the Stanton number
1

19.2.2.3 Multihole Film Cooling
In regions where very high effectiveness is
required ( >0.60) multihole film cooling becomes
desirable. Multihole film cooling differs from rows
of holes film cooling in that the geometry is one of
a uniform array of holes rather than of rows of
holes and the holes tend to be smaller. An example
of multihole film cooling can be seen in Fig.
19.2.22. This type of film cooling is treated
separately from raws of holes film cooling because
the analytical modeling for it is rather different
and, in fact, is more similar to that for transpiration cooling discussed later in 19.2.5.
Both the film effectiveness and the overall
heat transfer coefficient approaches will be
discussed for multihole film cooling. Both methods
have their adherents and the available literature
is somewhat evenly divided between them. The
literature will first be discussed from the film
effectiveness viewpoint.
As in all methods of film cooling, convective
cooling is an important part of multihole film
cooling. A simple one-dimensional model by Mayle
and Camarata (Ref. 19.24) has been found very
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The results of Eq. (19.2.18) are shown on Fig.
19.2.24 for two values of FiSt. The significant
contribution of convective cooling in both these
cases can be readily seen. Furthermore, it can be
seen that convection is more important when FiSt
is larger.
As in rows of holes film cooling, the film
effectiveness part of the model is the more difficult problem. Figure 19.2.25 shows a geometry
tested at low speeds on a flat plate by Mayle and
Camarata (Ref. 19.25). They have reported local as
well as lateral average film effectiveness data far
this geometry. Lebrocq, Launder, and Pridden (Ref.
19.26) and Launder and York (Ref. 19.27) have also
reported film effectiveness data for similar arrays
of holes on a flat plate at low velocities, but in
their work the holes were normal to the surface or
angled directly to the rear. In Ref. 19.26 a nonstaggered array was also tested. The work in Ref.
19.25 was performed at a coolant to mainstream
density ratio near one, while the work in Refs.
19.26 and 19.27 was performed at several values of
this density ratio.

Several interesting features of the flow for
this type of film cooling are shown in Fig. 19.2.26.
The figure on the top indicates a strong spanwise
variation in film effectiveness even at a far downstream location. The figure on the bottom indicates
a strong chordwise buildup in lateral-average film
effectiveness in the downstream direction. At a
chordwise distance of 100 the buildup of film
effectiveness flattens. This is interpreted in
Ref. 19.25 as the region where mixing of the jets
with the mainstream just balances the replenishment
of cooling air in the film. This feature is more
prominent at lower values of M and less at higher
values of M. Another feature is the slow drop off
in effectiveness at the end of the hole array.
This can add significantly to airfoil cooling,
especially near the trailing edge where it is
difficult to place film cooling holes.
Limited success was achieved in Ref. 19.25 in
madeling the film effectiveness utilizing a heat
sink model proposed by Ramsey, Goldstein, and
Eckert (Ref. 19.28) for single holes and the additive film model of Ref. 19.23. In this case the
model of Ref. 19.23 was applied on a spanwise
local basis rather than on an average basis as
described above for rows of holes film cooling.
It Was also found in Ref. 19.25 that there
appeared to be an optimum hole density. Decreases
in the pitch to diameter ratio from 14 to 10 to 8
formed a small but definite optimum for film
effectiveness at a pitch to diameter ratio of 10.
This is very important to the manufacturers of
turbines, who do not wish to drill a very large
number of holes.
References 19.26 and 19.27 show similar
results for holes normal to the surface and angled
directly to the rear. In Ref. 19.26 it is argued
from velocity profile measurements that staggered
arrays of holes are superior to in-line arrays and
from direct data that holes angled to the rear are
superior to normal holes. In Refs. 19.26 and
19.27 effects of coolant density Were also measured.
The effects of coolant density were found to be
similar to that for rows of holes film cooling.
The higher density coolant caused higher film
effectiveness with maximum effectiveness at levels
of coolant to mainstream velocity ratio similar to
that for rows of holes film cooling. In Ref. 19.27
it was found that accelerating the flow increased
the film effectiveness locally behind the holes but
tended to decrease the effectiveness in the lateral
direction. They a180 found that free stream turbulence decreased film effectiveness in accelerating
flows but did not in constant velocity flows. These
latter two phenomena were explained in terms of
transition of the coolant jet flow from laminar to
turbUlent flow. In practice, the Reynoldz number of
the coolant holes is such that the coolant jets are
generally already turbulent. Thus any effects of
acceleration and turbulence which might be found on
a turbine airfoil would require further
rationalization.
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Heat transfer coefficients Were also measured
and reported in Ref. 19.25. It was found there
that the effects of blowing were stronger than for
a similar value of M in rows of holes film cooling.
The effects were to increase the heat transfer
coefficients with increasing mass flux of coolant
and decreasing hole pitch. The levels were as high
as 2.5 times greater than for a flow without
blowing at a pitch to diameter ratio of 8 and a
value of M of 1.5. Furthermore, the Stanton number
for a given geometry reached a value independent of
streamwise location when the blowing parameter F
was greater than 0.007. In this region they
correlated the Stanton number of Eq. (19.2.21) with
St = 0.038

(nip) M 0.28

(19.2.23)

-At lower values of F the Stanton number monatonically approached the unblown Stanton number.
The heat transfer data of Ref. 19.25 are for
the lateral-average case with the coolant and mainstream temperatures equal. The use of a lateral
average may well be questioned when the effect of
blowing on the heat transfer coefficient is so
strong, but at the present time there is little
else in the literature.
Choe, Kays, and Moffat (Ref. 19.29) have
taken the approach of a reduced heat transfer
coefficient concept. They have defined a parameter
'" Tg-Tce
T -T

g

m

where Tm is a lateral-average metal temperature.
For the case of low velocity flows and small temperature differences and thus small property
variations, Ref. 19.29 shows that the linearity of
the energy equation gives

st

St(8=O) - 8 [St(9=O) - St(8=1)] (19.2.25)

Where st is based on (Tg - Tm)'
Then, since the. Stanton number is linear with 8 ,
the Stanton number can be measured at two values
of 8,and all values of Stanton numbers can then be
calCUlated. Furthermore, the adiabatic wall
temperature can be found from the relationship
1

TJf

= 8(St=O)

(19.2.26)

where nf is the lateral--average film effectiveness
of a good conductor. Metzger, TakeuchJ, and
Kuenstler (Ref. 19.30) have defined a similar
parameter
but in their work the metal temperature is a lateral and chordwise-average temperature.

1
t
1

This viewpoint on the problem of multihole
cooling is quite interesting in that heat transfer
coefficients to an airfoil may be generalized from
limited data. The major drawback, however, is the
required linearity of the energy equation. It is
not at all clear how one calculates the film
effectiveness when the coolant to mainstream
density ratio is around two (creatin~ non~
linearity in the energy equation) aB~it often
i8 in airfoil design.
Choe, Kays, and Moffat (Ref. 19.31) have shown
how the reduced heat transfer concept might reach
greater application. They have shown that a twodimensional boundary layer-type analysis is capable
of calculating the Stanton number in the presence
of multihole cooling. Some empirical input is
required but certainly no more than correlations
for multihole adiabatic wall temperature.
The current status of multihole film coolin~
in engines is somewhat behind rows of holes film
cooling. There is much fundamental data available
in the literature but there is little application
in service engine design. Much the same
recommendations must be made here as for rows of
holes film cooling, if one wishes a multihole
film~ooled airfoil.
An airfoil close to the
actual design must be tested in a cascade with
Reynolds number, Mach number, and coolant to
mainstream density ratio, and coolant to mainstream
flow ratio similarity to engine conditions. The
effect of engine turbulence must also be modeled in
some way. Questions raised because of rotating
effects are the same as for rows of holes film
cooling.
Special design problems appear on this type of
airfoil because of the multiplicity of small holes
in the surface. The large number of holes cause an
especially diffi~ult flow distribution problem
which must be solved for each design. Also there
is a high cost associated with the large number of
holes. Another problem is that the small holes are
suspected to be more prone to plugging from dirt in
the cooling air. In spite of these problems, the
relatively high cooling effectiveness achievable
with multihole cooling makes it an attractive cooling scheme for very high temperature engines.

19.2.3 Leading Edge Film Cooling
Airfoils which require film ~ooling generally
require it over the whole airfoil including the
leading edge. The leading edge region is especially
difficult to cover with a film because the film must
be established at the stagnation point, the exact
location of which is not known. To cover the
leading edge, large quantities of cooling air are
introduced through rather densely packed holes.
Examples of leading edge film cooling holes are
shown in Figs. 19.2.21 and 19.2.22. Because of the
large quantities of cooling air it might be thought
that the cooling mechanism is purely film effectiveness. However, this is not necessarily so. The
one-dimensional model of 19.2.2 is equally valid
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here and can be used to determine the relative
importance of film and convective effectiveness.
At the leading edge the parameter FiSt is calculated to be large if I1g is assumed to be of the
same order as without blowing. Then from the
arguments of 19.2.2 the convective effectiveness
is seen to be very important. The exact levels of
fig in the region of leading edge film cooling are
not known, but some results reported in the literature, discussed in the next paragraph, confirm that
convective cooling is very important in leading
edge film cooling.
Hiroki and Katsumata (Ref. 19.32) obtained
data on a four row leading edge geometry. They
tested a leading edge where they had impingement
on the inside as well as film cooling holes and a
leading edge where they had just the film cooling
holes. They performed these tests on models made
of conductive materials. Their results are shown
in Fig. 19.2.27. It can be seen that the leading
edge with impingement is definitely superior to
that without impingement. Because of the use of
conductive models, a large amount of convective
cooling must have occurred in both models because
of convective cooling within the holes. The
additional effect of impingement convective cooling, as shown in Fig. 19.2.27. is indicative of the
importance of convective cooling in leading edge
film cooling. Unfortunately, there is very little
other data published in the literature on leading
edge film cooling. Thus a designer wi~hout
unpublished information must rely again on testing
to gain design data.
One other feature of leading edge film cooling
should be noted. The film formed at the leading
edge persists to the trailing edge of the airfoil.
This is shown in Ref. 19.21. The level of film
effectiveness decreases from the leading to the
trailing edge as one might expect. However, its
presence is important to airfoil design and should
not be discounted.

19.2.4 Aerodynamic Losses of Film Cooling
The efficiency of a cooled turbine can be
thought to be determined by a series of entropy
production processes (called unit processes) as is
pointed out in Ch. 18. Eq. 18.3.5 shows that there
are two contributions to entropy production in a
unit process, the changes in the total temperatures
and the changes in the total pressures of the coolant
and mainstream flows. In a unit process each of these
properties, total temperature and total pressu!'e,
are defined in terms of the appropriate reference
frame, rotating Or stationary. If one considers a
unit process to be across a row of airfoils, the
total temperature changes can be readily calc\llated
from the energy equation. However, the total pressure changes cannot be so readily calculated. Thus,
to calculate cooled turbine performance a method is
required to calculate the total pressure changes.
This is generally reported in terms of the decrease
in the total pressure of the mainstream which is
herein called the total pressure loss.
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is & signi(laant total pressure loss
with injecting cooling air into the hot
t~t~lne flOW.
The present state of the art is that
the loss a!lA'lnot be aompll!tely calculated from first
principles. However, a simple mixing model has been
shown to be reasonably accurate by Hartsel (Ref.
19.33). In this model it is assumed that the coolant
does not in any way affeat the pressure distribution
on the airfoil. Furthermore, it does not interact
with the boundary l~yer, and thus the skin friction,
on the airfoil. The model is one where the coolant
mix~s with some portion of the mainstream, called
the mixing ~yer, in a one-dimensional manner. The
losses are calculated within the mixing layer from
the leading to the trailing edge, being accumulated
to the trailing edge. At the trailing edge plane
the two mixing layers (suction and pressure side)
~re mixed with the mainstream unaffected flow at the
~~erage trailing edge static pressure.
This flow
is then mixed with the viscous boundary layers and
lny trailing edge coolant flow in a one-dimensional
manner which also accounts for trailing edge blockage.
tach of the ~lxing calc~lations are performed using
Simple control volume arguments. In addition the
losses within the mixing layer for each coolant flow
Wc are calculated using the one dimensional linearized
relationship
A4soaiate~

(19.2.2';')
Vh~re

&11 qUantities are evaluated at the point of
11l.JMtlGn. It is not at all obvious what fraction of
the total mainstream flow Wg should be. However, in
a~f. 19.33 Wg was varied from 3 to 30 percent of the
tot&l mainstream flOW and very little effect on
IGSS was found. Figure 19.2.28 from Ref. 19.33
Chews the results of this analysis compared to the
data of Prust, Schum, and Szanca (Ref. 19.34).
The comparison is made on the basis of airfoil
6fficiency, which is defined in Ref. 19.33 as the
ratiO Of the actual kinetic energy of the total flow
to that which would occur if the coolant and the
mainstream air each isentropically expanded to the
same downstream static pressure. The corroboration
19 good Upecially at coolant flow rates equal to
or greater than design conditions. One might
question the data and the analysis at coolant flow
fates belOW design conditions where the airfoil
trficiency does not approach the uncooled airfoil
efficiency. The data is exemplary of
cascade
datil. where the Molant flew is supplied from a
lingle source to several regions of different static
pressures on an airfOil. At flow rates and thus
supply pressures belOW design conditions, mainstream
flow
enters into the airfoil in regions of high
airfoil static pressures, while coolant continues
to flow out in regions of low airfoil static
pressures. The outflow of coolant can cause total
preaSure loss even When the net coolant flow is zero.

The analysts Of Ref. 19.33 is similar to others
At this pOint, it does not appear
that the effect Of film cooling on skin friction
can be properly taken into account but the mixing
1n the industry.

effect seems to account for much of the loss. The
important end result of this is that it gives
guidance to the designer on the optimum location for
film cooling holes. It is apparent from Eq.
(19.2.27) that film cooling near the stagnation
point and on the pressure side of airfoils where
the Mach numbers are low will give small total
pressure losses, whereas film cooling on the suction
side near the throat where Mach numbers are high will
give high total pressure losses.
It is quite often argued that trailing edge
ejection of coolant flow will reduce aerodynamic
losses by filling in the wake. The works of
Anderson, Heiser, and Jackson (Ref. 19.35) and
Andernon and Heiser (Ref. 19.36) have shown analytically and experimentally that Eq. 19.2.27 can be
used to approximate the behavior of trailing edge
ejection in the absence of gross changes in the mainstream flow (e.g., base pressure) by the coolant
flow.
Close examination of Eq. 19.2.27 will show
that with fixed geometry and temperatures the total
pressure loss caused by the coolant flow will first
rise with coolant flow rate, reach a maximum, then
decrease with coolant flow rate to zero and become
negative (total pressure gain). This occurs
because the velocity (and thus the total pressure)
of the coolant must continually increase with
coolant flo", rate. The characteristic of reducing
total pressure loss with high coolant flow rates
is, unfortunately, of little practical value.
Although the total pressure loss of the mainstream
may be reduced to zero or negative values in this
way, the entropy generation of the coolant and the
mainstream considered together as in Eq. 18.3.4
causes losses in efficiency because of the high
coolant total pressures required for high coolant
flow rates. It is, of course, possible that the
mainstream flow might be affected by the trailing
edge ejection, especially the base pressure. As
discussed in Ch. 18, any changes in base pressure
would have a strong effect on total pressure losses.
Ho",ever, there have been no reports in the literature showing variations in base pressure caused by
trailing edge ejection of coolant flow. From these
arguments, it appears at the present time that
trailing edge ejection of coolant flow causes a net
loss in overall turbine performance. Similar arguments can be applied to all other film cooling flows.

19.2.5 Transpiration Cooling
-Transpiration cooling is considered by many to
be the ideal cooling method. In this method coolant
is introduced through a porous wal~ so that it convectively cools the porous wall to the maximum
theoretical limit and also film cools it with well
distributed low velocity coolant. This type of
cooling is amenable to analysis and haR received
much attention from a theoretical boundary layer
approach. As a result, transpiration cooling can
be considered calCUlable by the boundary layer
methods of Ch. 16.
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. Transpiration cooled airfoils have reached
the stage of having been extensively tested in
turbines. Most of the tests on transpirationcooled turbine airfoils have been conducted on airfoils fabricated from woven wire cloth which
simulates a transpiration surface. Moskowitz and
Lombardo (Ref. 19.37) have run such airfoils for
several hours at 2750 F turbine inlet temperature.
In spite of the desirability of the cooling
method, transpiration-cooled airfoils have not
received widespread acceptance and utilization.
The reasons for this are mostly structural in
nature. Porous metals are generally not strong
enough to make viable airfoils. The Woven wire
described above is stronger but is still difficult
to manufacture into good aerodynamic shapes with
adequate smoothness. There is also a large amount
of surface area on the metal which causes oxidation
to be a problem,which must be offset with lower
metal temperatures. In spite of these problems,
there are still strong proponents of transpirationcooled airfoils, and with effort they may yet prove
their case.
19.3 Endwall Cooling
19.3.0 Introduction
The endwall regions shown on Fig. 19.3.1 are
generally exposed to a lower gas temperature than
the corresponding airfOils, as was discussed in
19.1.2. In the past when the turbine inlet
temperature levels were low enough, the temperature
profile could be so shaped that no endwall cooling
was required. However, as gas temperatures have
increased, cooling has become required on the endwalls. This is a particularly difficult area to
cool because of the complex flow fields near the
endwalls.
The environment for each of the endwall
regions is somewhat different. The stator platforms must accept a random temperature distribution,
just as stator vanes must. The stationary shroud
around blade tips is exposed to a similarly random
temperature field, which is further described by
blade tip passing. In addition the stationary
shroud is exposed to a gas with a decreasing total
temperature because of work being performed on the
rotor. The rotor platform receives the benefit of
an average temperature because of the rotation.
Much of the literature on turbine cooling has
consisted of work on turbine airfoils. That which
has appeared on the endwall region is very limited.
There are some data available in engine man~fac
turing companies, b~t again less so than on airfoils. At the present time, the state of the art
is such that an endwall cooling config~ration is
deSigned by some relatively crude design process,
after which the configuration must be tested and
modified.
19.3.1 Stator Platforms

secondary cross flows. These cross flows are
caused by vorticity in the mainstream inlet flow
and by viscous effects wit hin the passage. Blair
(Ref. 19.38) has published what is probably the
most detailed eXperimental data on stator endwalls.
He measured film effectiveness and heat transfer
coefficients for a first stator vane passage. The
tests were run on a single passage at large-scale
low-velocity flow conditions. The res~lts are shown
in Figs. 19.3.2 and 19.3.3.
The effect of film cooling from an upstream
slot is shown on Fig. 19.3.2. The most interesting
feat~re of Fig. 19.3.2 is that the cross channel
flow drives the film away from the press~re surface
so strongly that little of the upstream slot film
goes very far down the channel near the pressure
surface. For this reason film cooling of stator
platforms m~st utilize further replenishment within
the channeL
The heat transfer coefficient distribution is
shown in Fig. 19.3.3. As one might expect the heat
transfer coefficient is highest where the velocity
is the highest. In Ref. 19.38 an attempt was made
to rationalize the heat transfer coefficient distribution in terms of the airfoil heat transfer coefficient distrib~tion. The results indicated that the
level of the heat transfer coefficient distribution
on the endwall is close to that on the airfoil
forming the passage. Louis (Ref. 1939) obtained
heat transfer coefficient data on stator platforms
in a turbine operating under transient blowdown
conditions. His data were less detailed than that
in Ref. 19.38 because of the small size of his t~r
bine, but he did measure heat transfer coefficients
at several locations on a stator platform. His data
had similar trends to that of Ref. 19.38. He also
made an attempt at an analysis of the heat transfer
coefficient. In spite of his efforts and tha" of
Ref. 19.36, the problem of heat transfer to the
endwalls must be considered beyond analysis at this
time.

Little other data exist in the literat~re on
stator platforms. Hopefully, more is forthcoming to
clarify the heat transfer picture in this complex
flow region.
19.3.2

Stationary Shrouds

Very little data have been p~blished on stationary shroud heat transfer. Reference 19.39 has
reported data from the same blowdown turbine facility mentioned in the previo~s section. Very high
heat transfer coefficients near the leading edge of
the blade row which then tapered off rapidly in the
axial direction were measured. The data did not
appear amenable to analysis. The reported heat
transfer coefficients were based on the temperat~re into the blade row.
Therefore, at least some
of the drop in the reported heat transfer
coefficients might be attributed to work being
performed by the blade.

The stator platforms are sub.lected to strong
19-13

StlltioMry shrouds may require film cooling at
high turbine inlet temperatures. Little data are
available in the literature on this type of cooling.
The datil required are very difficult to obtain
because credible data must be obtained in a
rotating turbine. Reference 19.39 haa obtained
a limited amount of data for this cooling problem
but it is difficult to ascertain the generality of
the information.
19.3.3 Rotating Platforms and Shrouds
At lower temperatures most turbines have
rotating shrouds for aerodynamic performance
reasons. At higher temperatures where shroud cooling might be required, however, the designer
generally chooses to relieve blade stress problems
caused by rotating shrouds by eliminating them.
Thus rotating shroud, heat transfer is only of small
interest. The platforms at the blade roots,
however, require some cooling. This problem has
received the least attention because of several
factors which tend to diminish the problem.
The first is that, like the stator, the gas
temperature has a profile such that the platform
aees a lower temperature than the rotor blade. The
second is that, like the rotor blade, the rotor
blade platform tends to see an average temperature
rather than a local temperature. The third factor
i8 that, the relative total temperatures incident
on a given rotor platform are lower than that
incident on the corresponding vane platform because
of vane cooling air dilution and relative velocity
effects. Thus only at very high turbine inlet
temperatures is rotor platform cooling required.
At present, there appears to be no published data
on this cooling problem. The only recourse appears
to be to apply stator vane~type data and analyses
to design rotor blade platforms. Since only meager
data are available in the literature for stator
vane platforms, this is not all that easy to do.
There is, of course, the remaining question of
whether the effects of rotation are significant on
the e ndwalls •
19.4

Much of the information for this appears in the
open literature. The state of the art in film
cooling is not as far advanced. Enough design
information exists so that successful turbines can
be built utilizing film cooling, but a certain
amount of testing after design is required to asSUre
adequate airfoil life. The actual design data for
this do not appear in the open literature, although
much background information does appear. Transpiration cooling, which intuitively appears to be the
most efficient means of cooling, has not achieved
great success. This appears to be more because of
structural reasons than for cooling reasons. The
endwalls, which fortunately require less cooling,
are several years behind airfoils in cooling
technology. Because of the complexity of endwall
flows, this will probably always be so.
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d

impingement coolant hole diameter or
internal coolant hole diameter

D

film cooling hole diameter

e

roughness height in Fig. 19·2.10

f

half the heat transfer region in
Fig. 19.2.7

F

coolant mass flux parameter of
Eq. (19.2.22)

Fa

empirical parameter of Eq. (19.2.9)
cross flow mass velocity

Moskowitz, S. L. and Lombardo, S.: 2750
Degree F Engine Test of a Transpiration
Air-Cooled Turbine, ASME J. of Eng. for
Power, April 1971, pp. 238-248.

impingement hole mass velocity
h(z,x)

local heat transfer coefficient

h(x)

heat transfer coefficient
(independent of z)

Blair, M. F.: An Experimental Study of
Heat Transfer and Film Cooling on Large
Scale Turbine Endwalls, ASME J. of Heat
Trans., Nov. 1974, pp. 524-529.

local gas side heat transfer
coefficient in Fig. 19.3.3

Louis, J. F.: Heat Transfer in Turbines.
AFAPL-TR-75-107, Sept. 1975.

lateral-average gas side heat
transfer coefficient in Eq. (19.2.21)

i

coolant hole heat transfer coefficient

I

inside heat transfer .coefficient

I

19.6 Nomenclature
constants given in TABLE 19.2.1
Ag

H

leading edge dimension in Fig. 19.2.7

I

coolant to mainstream momentum flux
ratio

.t

impingement hole to impingement point
distance

L

leading edge impingement dimension in
Figs. 19.2.5 and 19.2.7

m

empirically determined parameter of
Eq. (19.2.5)

M

coolant to mainstream mass flux ratio

gas side surface area
inside surface area
coolant hole surface area

b

equivalent slot width,

2

~ 9:.
..

p

or

TT

If

D2

Ii

constants given in TABLE 19.2.1

c

axial chord

Mach number

coolant specific heat
n

approach gas specific heat

wall roughness ring spacing in
Fig. 19.2.10
average Nusselt number based on
characteristic dimension as used

mainstream gas specific heat
constants given in TABLE 19.2.1
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p

stagnation point Nusselt number based
on characteristic dimension as used

mainstream mass flow mixed with film
cooling air fbr aerodynamic losses

local Nusselt number based on
characteristic dimension as used

mainstream mass flow entrained in film
cooling boundary layer

center-to-center hole spacing
mainstream total pressure

I

APtg

mainstream total pressure loss

PI'

PI'andtl number

q

heat flux

q(x)

lateral-average heat flux

r

leading edge radius in Fig. 19.2.7

Re

Reynolds number with characteristic
dimension and velocity defined as used

x

surface distance in streamwise
direction

X,

surface distance in streamwise
direction from effective starting point
for boundary layer

z

surface distance in lateral or spanWise
direction
angle of coolant flow from mainstream
flow

y

ratio of specific heats

6*

boundary layer displacement thickness

,

slot height
St

Stanton number defined as used

Stave

average Stanton number defined as used

defined by Eq. (19.2.13)
convective effectiveness defined by
Eq. (19.2.19)
local film effectiveness
lateral-average film effectiveness

coolant supply total temperature

a

defined by Eq. (19.2.24)

coolant total temperature at exit of
coolant hole

coolant viscosity

local film temperature

approach gas viscosity

lateral-average film temperature

mainstream viscosity
mainstream kinematic viscosity

mainstream gas total temperature
~l

mainstream gas adiabatic wall temperature (also low velocity gas static and
total temperature)

empirically determined parameter of
Eq. (19.2.5)
empirically determined parameter of
Eq. (19.2.5)

temperature of metal defined as used
temperature of metal (independent of z)

Pc

coolant density
approach gas density

mainstream gas total temperature
mainstream gas density
film layer average total temperature
coolant velocity
cascade approach velocity
mainstream gas velocity
coolant flow rate
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•

local cooling effectiveness defined by
Eq. (19.2.18)

i

average cooling effectiveness defined
by Eq. (19.2.1)
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CHAPTER 20
TURBO PROPULSION COMBUSTION
20.0

INTRODUCTION

The evolution of aircraft gas turbine combustor
technology over the past forty years has been extremely impressive. While the combustion system was
the primary limitation in development of the first
aircraft gas turbine in 1939 (Ref 20.1), the complexity and hardware costs associated with current
rotating engine components (compressor and turbine)
now far exceed that of the combustion system. Recent developments, however, have once again caused

significant shifts in development emphasis toward
'combustion technology. New concept s and technology
improvements will be necessary to satisfy recently
legislated exhaust pollutant regulations. Moreover,
future emphasis on engines which Can utilize fuels
with a broader range of characteristics are expected
to re~uire additional combustor technology development.
Beyond these externally imposed re~uirements are
the combustion system performance improvements
necessary to keep pace with new engine developments.
Further reductions in combustor physical size and
weight are expected to continue as firm re~uire
ments. ~Performance improvements, especially with
respect to engine thrust/weight ratio and specific
fuel consumption, will re~uire higher combustor
temperature rise, greater average turbine inlet
temperatures~ and closer adherence to the design
temperature profile at the turbine inlet. High
performance designs must also permit greater Mach
number operation within and around the combustor to
reduce pressure drop and minimize the physical size
of compressor exit diffuser hardware. Costs (both
initial and operating) must be minimized, as recent
experiences with high temperature engines have confirmed the necessity to consider reliability and
maintenance aspects of life cycle cost as well as
performance and fuel 9onsumption.
'
The purpose of this chapter is to introduce the
reader to the hardware aspects of aircraft gas turbine main burners; fundamental aspects have been
address'ed in Chapter 15, and afterburners are to be
discussed in Chapter 21. A number of reference texts
(Ref 20.2 - 20.6) have been published which address
various aspects of turbopropulsion combustion in a
detailed manner. In particular, reference 20.6 cites
mo~ than 700 reports and technical articles on the
topic of turbopropulsion c'ombustion. The balance of
this chapter will discuss the following four topics:
a) description of various hardware types and definition of all terms of importance, b) review of parameters pertinent to performance, c) discussion of
tools available to the combUstor designer, and d)
review of the future re~uirements of exhaust emission reduction, achievement of greater fuel flexibility, and advancement of burner performance.
20.1

the following subsections.
20.1.1

~

Turbine engine combustors have undergone
continuing development over the past 40 years resulting in the eVOlution of a variety of basic
combustor configurations. Contemporary combustion
systems may be broadly classified into one of the
three t.ypes schematically illustrated in Figure
20.1.1.

~,~~~

=d'.~
Figure 20.1.1

Combustor Types

a. Can: A can combustion system consists
of one or more cylindrical combustors each contained
in a combustor case. In the :small T-63 turboshaft
engine of Figure 20.1.2, a single combustor can is
used while larger propulSion/systems use a multican assembly in an arrangeme9t 'designed to provide
a continuous annular gas flow to the turbine
section. The combustion system of the J33 engine
illustrated in Figure 20.1.3 is representative of
such multican systems.

COMBUSTION SYSTEM DESCRIPTION/DEFINITIONS

In order to fully appreciate and comprehend
contemporary turbopropulsion combustor design
philosophy, a number of general design and performance terms must be understood. The purpose of
this section is to ac~uaint the reader with commonly used combustion nomenclature which will be utilized throughout this chapter. A brief description
and/or definition of combustion system types, sizes,
configurations, and flow-path terminology is given in
20-1

Figure 20.1.2

T63 Turboprop Engine With Can
Combustor

--

Figure 20.1. 3

I
I
I
I

J33 Turboj et Engine IU th Can
Combustors

b. Cannular: This combustion system
consists of a series of cylindrical-combustors
arranged within a common annulus--hence, the
cannular name. This combustor type is the most
common in the current aircraft turbine engine
population, but is rapidly being replaced with
the annular type as more modern engines comprise
larger portions of the fleet. The J79 turbojet
engine main combustor, illustrated in Figure 20.1.4,
exemplifies cannular systems.

Figure 20.1.5
20.1.2

TF39 Annular Combustor

Size

Contemporary combustion systems may come
in a variety of sizes ranging from the small 2.3 Kg/
'sec (5 Ibm/sec) annular burner of t'h'e WR-19 ~ngine
(Figure 20.1.6) to the large 110 Kg/sec (242 Ibm/sec)
annular combustor of the JT9D engine (Figure 20.1.7).
The WR-19 combustor is approximately 25.4 em (10 in)
in diameter and intended principally for missile
and remotely-piloted vehicle engine application
while the JT9D combustor is approximately 91 em
(36 in) in diameter and is used in engin~s to power
the wide-body 747 and D9-10 class aircraft.

I
I
I
I

J

RADIAL OUTFLOW COMBUSTOR

Figure 29.1.4

I
I
I
I

J79 Cannular Combustor

I

c. Annular: Most modern combustion
systems employ the annular design wherein a single
combustor having an annular cross-section supplies
gas to the turbine. An example of this combustor
type, the TF39, is illustrated in Figure 20.1.5.
The improved combustion zone uniformity, design
simplicity, reduced liner surface area, and shorter
system length provided by the common combustion
annulus has made the annular combustor the leading
contender for all/future propulsion systems.

II
Figure 20.1. 7

20-2

JT9D Annular Combustor

I
20.1.3

,

atures for long life.

Combustor Configurations

Combustion system configuration may also be
classified according to airflow direction through
the chamber.

Dilution Air

Cooling Air

\

a. Axial Thru-Flow: The most common configuration is the axial thru-flow design where combustion air flows in a direction approximately

parallel to the axis of the engine. The JT9D
annul81' burner illustrated in Figure 20.1.7 is
typical of an axial thru-flow configuration.
b. Reverse-Flow, Folded: Engines with
centrifugal compressors often employ compact, reverse flow combustors. In these combustion systems,
.,air is passed along the outside of the burner and
then turned to flow through the combustion chamber.
The combustion gases are then turned once again to
pass through the turbine. Hence, the air is reQuired to make two lSOo reversals in moving from
the compressor to the turbine. The reverse flow
configuration is often employed to minimize engine
length, especially in small turboshaft and turbofan engines where propulsion system length is an
important design factor. Figure 20.1.S illustrates
the TFE-73l combustor, a typical reverse flow configuration.

I

Primory Air

Figure 20.1.9

Main Combustor Airflow Distribution
,I

a. Primary Air: This is the combustion air
introduced through the dome or headplate of the combustor and through the first row of liner air holes.
This air mixes with incoming fuel producing the
approximately stoichiometric mixture necessary for
optimum flame stabilization and operation (see
discussion on combustion stabilization in Section
15.4 of Chapter 15).
b. Intermediate Air: To complete the
reaction process and consume the high levels of
primary zone CO, H?, and unburned fuel, intermediate
air is introduced ~hrough a second row of liner
holes. The reduced temperature and excess air cause
CO and H2 concentrations to decrease (see the
chemical kinetic and eQuilibrium relationships
presented in Section 15.1 of Chapter 15).

Figure'20.1.S

c. Dilution Air: In; contemporary systems,
a large Quantity of dilution ~ir is introduced at
the rear of the combustor to ~ool the high temperature gases to levels consisteht with turbine design
limitations. The air is carefully used to tailor
exit temperature radial profile to ensure acceptable
turbine durability and performance. This reQuires
minimum temperatures at the turbine root (where
stresses are highest) and at the turbine tip (to
protect seal materials). However, modern and future

TFE 731 Turbofan Engine with
Reverse-Flow Combustor

combustor exit temperature requirements are necessi-

c. Radial-Inflow or Radial-Outflow:
The radial-inflow and radial-outflow combustor configurations are also well'suited to certtrifugal
compressor propulsion' systems. The radial-inflow
combustor has an outward-oriented dome or head-

plate with combustion gas flow directed toward
the engine centerline, while the radial-outflow
configuration has an inward-oriented dome with

the primary flow direction being away from the
engine centerline. For example, the WR-19 combustor
illustrated in Figure 20.1.6 is typical of compact
radial-outflow designs.
20.1.4

Flowpath Terminology

tating increased combustion air in the primary and
intermediate zones; thus, dilution zone air flow is
necessarily reduced or eliminated to permit these
increases.

d. Cooling Air: Cooling air must be ·used
to protect the combustor liner and dome from the
high radiative and convective heat loads produced
within the combustor, This air is normally int~o
duced through the liner such that a protective
blanket or film of air is formed between the como.
bu~tio~ gases and the liner hardware.
ConseQuently,
thls alrflmT should not directly affect the combustion process. A detailed discussion of the
various design tech~iQues employed to cool the
combustor liner is given in 20.2.2.3.

This sUbsection will identify and briefly
describe basic airflow distribution terminology
for a conventional combustor.

20.2

Distribution of air

in, around, and through the combustor results in
the four basic airflow regions illustrated in
Figure 20.1.9. Effective control of this air
distribution is vital to the attainment of complete
combustion, stable operation, correct combustor exit

temperature profile, and acceptable liner temper20-3

20.2.1

COMPONENT CONSIDERATIONS

Combustion System Demands
During the past several years, significant

engine performance gains have required advancements

in turbopropulsion combustion.

Advanced strategic

and tactical aircraft propulsion systems utilize
main burners with the operational flexibility to
accept broad variations in compressor discharge
pressure, temperature and airflow while providing
an acceptable exit temperature profile with minimum
pressure loss and near-perfect combustion efficiency.
Furthermore, heat release rates and combustor temperature rise capabilities have significantly increased and vill continue to progress toward stoichiometric exit temperature conditions.
A broad list of combustion system per£ormance and design objectives is required of all
new combustors as they enter development. Although
this list can be quite lengthy, the more important
requirements, some of which were alluded to above,
are given below:
Performance Objectives

Enthalpy Rise (Actual) = ~-=-h31 a
Enthalpy Rise (Ideal)
(
)
h4 - h3 i

(20.2.:0

Temnerature Rise (Actual)
Temperature Rise (Ideal)
where:

Subscript 4 represents the combustor exit
condition
Subscript 3 represents the combustor
entrance condition

Combustion efficiency (n ) can also be determined
from the concentration 19vels of the "arious exhaust products. A description of the combustion
efficiency calculation based on exhaust product
chemistry is given in Section 15.4 of Chapter 15.

High combustion efficiency ( 100%) at all
operating conditions.

Combustion efficiency can be empirically
correlated with several aerothermodynamic parameters

Low overall system total pressure loss.

velocity (V )*, and temperature rise. Tvo examples
R
of such correlations
will be discussed in 20.3.1.1.

such as system pressure, temperature, reference

Stable combustion at all operating
condi tions.

20.2.1.2 Overall Pressure Loss: The combustion system total pressure loss from the compressor discharge to the turbine inlet is normally

Reliable ground-level ignition and
altitude relight capability.

expressed as a percent of compressor discharge

pressure. Losses of 5 - 8% are typically encountered in contemporary systems. Combustion system
Design Objectives

pressure loss is recognized as necessary to

achie~/e

certain design objectives (pattern factor, effective
cooling, etc.), and can also provide a stabilizing

Minimum size, weight, and cost.

effect on combustor aerodynrurrics.

Combustor exit temperature profile
consistent with turbine design requirements.
Low stressed structures.
Ef£ective hot parts cooling for long
life.

However, pressure

loss also impacts engine thrust and specific fuel
consumption. A 1% increase in pressure loss will
result in approximately a 1% decrease in thrust and
a .5 - .75% increase in specific fuel consumption.
Consequently, design goals for pressure loss represent a compromise among the above factors.
Overall pressure loss is the sum
of inlet diffuser loss, combustor dome and liner

Good maintainability and reliability.

loss, and momentum loss resulting from combustor

flow acceleration attendant with increased gas
temperature (see Chapter 15, Section 15.3). Since

Minimum exhaust emissions consistent
with current specified limitations
and regulations.

many aspects of combustor performance are dependent

on airflow turbulence generated within the Combustor (which in turn depends on liner pressure
drop), rapid and complete burning of the fuel and
air is strongly influenced by the extent of pres-

A number of these demands will be discussed in
more detail in the following subsections.

sure drop experienced as air is introduced into

20.2.1.1 Combustion Efficiency: In that
propulsion system fuel consumption has a direct
effect On aircraft system range, payload and operating cost, it is imperative that design point combustor efficiency be as close to 100% as possible.
Combustion efficiency at the high power/high fuel
consumption conditions of take-off and cruise is
always near 100% (usually greater than 99.5%).
Havever, off-design efficiency, particularly at
idle, can be in the low nineties. With the advent
of chemical emission controls and limitations,
this parameter becomes of particular significance
during low paver operation. For example, combustion
efficiencies at off-design conditions, such as idle,
must now exceed 98.5% to satisfy limitations on
exhaust carbon monoxide and unburned hydrocarbons.
As discussed in Chapter 15, combustion
efficiency can be defined in a number of equation
forms:
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the combustion zone.
Combustion system pressure drop
can be expressed in terms of three different loss
parameters:

fractional pressure loss, inlet

velocity head loss and reference velocity head loss.

"*

That velocity at the reference plane, or plane
of maximum cross section, within the combustor

under flow conditions corresponding to T,. Values
of reference velocity range from 15-30 milters per
second for contemporary combustor designs.

I
t
i

a. Fractional Loss--Overall combustor/diffuser pressure loss is most commonly expressed as the fractional loss defined as:

P - P 4 = Fressure Drop
3

where liP

Compressor discharge total pressure
Turbine nozzle inlet or combustor
exit total pressure
This loss generally increases with the square of
the diffuser inlet Mach number.
b. Inlet Velocity Head Loss-This loss coefficient is given in terms of inlet
velocity head. It expresses losses in a manner
which accounts for the additional difficulties in
designing for minimum pressure loss as inlet
velocities are increased. Inlet velocity head
loss is defined as:
(20.2.4)

where:

P

3

Compressor discharge total
pressure
Combustor e:dt total pressure
Dynamic pressure at the compressor discharge

c. Reference Velocity Head Loss-This loss coefficient is expressed in terms of
reference velocity. It represents a measure of
the pressure loss normalized by a term which
accounts for difficulties associated with high
combustor volumetric flow rates. Reference
velocity ,head loss is defined as:
(20.2.5)
w1wre:

R.f.rence Mach Number

Figure 20.2.1

0.12

Pressure Loss Correlation

20.2.1.3 Exit Temperature Profile: A
third performance parameter relates to the temperature uniformity of the combustion gases as they
enter the turbine. In order to ensure that the
proper temperature profile has been established
at the combustor exit, combustion gas temperatures
are often measured by means of high temperature
thermocouples or via gas sampling techniques employed at the combustor exit plane. A detailed
description of the thermal field entering the
turbine both radially and circumferentially c~ be
determined from this data. A simplified expression
called pattern factor or peak temperature factor
may be calculated from this exit temperature data.
Pattern factor is defined as:
Pattern Factor

where:

Tmax - Tavg
Tavg - Tin

(20.2.6)

T
max

Maximum measured exit
temperature (local)

T

Average of all temperatures at
exit plane

avg

Compressor discharge average
temperature

Compressor discharge total
pressure

Combustor exit total pressure
Dynamic pressure corresponding
to V
R

Contemporary combustors exhibit
pattern factors ranging from 0.25 to 0.45. Pattern
factor goals are based primarily on the design requirements of the turbine first-stage vane Which
requires low gas temperatures at both the hub and
tip of the turbine -- areas where high stresses
and protective seals require cooler gas temperatures.

The relationship between fractional pressure loss (or overall pressure loss) and
reference velocity head loss is shown in Figure
20.2.1 as a function of reference Mach number.

Consequently, a pattern factor of 0.0 is not required. Durability considerations require high
temperature rise combustors to provide combustor

exit temperature profiles corresponding to pattern
factors in the 0.15 to 0.25 range. One will note
that although pattern factor i,s an important combustor design parameter, it describes the possible
thermal impact on the turbine and is an important
factor in matching the combustor and turbine components.
Although pattern factor defines
the peRk turbine vane inlet gas temperature, the
shape of the combustor exit temperature radial
profile is the critical factor controlling turbine
blade life. Figure 20.2.2 illustrates typical
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radial profile characteristics and their attendant
relationship ~ith pattern factor. By proper control of dilution air, the combustor exit temperature field is tailored to give the design pattern
factor and radial profile consistent ~ith turbine
requirements.

TIP
100

~

:r
C!)

Max Individual

Average
Profile

til

:r

Tern pe rature5

discussed from a fundamental standpoint in Section
15.4 of Chapter 15. Reliable ignition inthe combustion system is required during ground-level
startup and for relighting during altitude windmilling. The broad range of combustor inlet temperature and pressure conditions encompassed by
a typical ignition/relight envelope is illustrated
in Figure 20.2.4. It is well known that ignition
performance is improved by increases in combustor
pressure, temperature, fuel-air ratio, and ignitionsource energy.
In general, ignition is impaired
by increases in reference velocity, poor fuel
atomization, and low fuel volatility. A more extensive discussion of the ignition source itself
is deferred to 20.2.2.5.
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Radial Temperature Profile at
Combustor Exit
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20.2.1.4 Combustion Stability: COffibustion
stability is defined as the ability of the combustion process to sustain itself in a continuous
manner. Stable, efficient combustion can be upset
by the fuel-air mixture becoming, too lean such
that temperatures and reaction rates drop belo~ the
level necessary to effectively heat and vaporize
the incoming ruel and air. Such a situation causes
blo~out of the combustion process.
An illustration
of stability sensitivity to mass flow, velocity
and pressure characteristics as a function of
equivalence ratio is given in Figure 20.2.3. These
trends can be correlated with the perfectly stirred
reactor theory described in Section 15.3 of Chapter
15.
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Figure 20.2.4

2.5

Ignition/Relight Envelope

20.2.1.6 Size, Weiv,ht, Cost: The main
combustor of a turbine engine, like all other main
components must be designed vithin constraints of
size, weight, and cost. The combustor diameter is
usually dictated by the engine casing envelope
provided between the compressor and turbine and is
never allowed to exceed the limiting diameter defined for the engine. Minimization of combustor
length allows reduction of engine bearing requirements and permits substantial reductions in weight
and cost. Advancements in design technology have
permitted major reductions in combustor length.
With the advent of the annular combustor design,
length has been reduced by at least 50% When compared to contemporary cannular systems.

0.3 L-_______________________________
Loading Param.t.r. , M/VP 2

Figure 20.2.3
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Combustion Stability Characteristics

20.2.1.5 lenition: Ignition of a fuelair mixture in a turbine engine combustor requires
inlet air and fuel conditions within flammability
limits, sufficient residence time of the potentially burnable mixture, and the location of an effective ignition source in the vicinity of the
burnable mixture. Each of these factors has been
20-6

While reductions in both size
and Weight have been realized in recent combustor
developments, the requirement for higher operating
temperatures has demanded the use of stronger,
higher temperature and more costly combustor
materials (to be discussed in 20.2.2.6). Nevertheless, the-cost of contemporary combustion systems
including ignition and fuel injection assemblies
remains at approximately 2 - 4 percent of the
total engine cost. A tabulation of the approximate
size, weight, cost and capacity of some contemporary
combustion systems is given in Table 20.2.1.

Naturally, the final cost of any component is significantly affected by the level of production.
TABLE 20.2.1

~

1,

TF39

TF41

m

JT9D

T63

Annular

Cannular

Cannular

Annular

Can

Flow (Design Point)

}~ss

!

Contemporary Combustor Size, Weight, and Cost

I

Air Flow, Ib/sec
Kg/sec

178.
81.

135.
61.

162.
74.

242.
110.

i

Fuel Flow, lb/hr
Kg/hr

12,850.
5,829·

9,965.
4,520.

8,350.
3,788.

16,100.
7,303.

I
\

3.3
1.5
235.
107.

Size
Length, in
em

20.7
52.6

Diameter, in
cm

33.3
84.6

Weight, Ib
kg
.QQ.'!1, $

* Can

16.6
42.2

19.0
48.3

17.3
43.9

9.5
24.1

38.0
96.5

5.4
13.7

5.3/24.1*
13·5/61.2

6.5/32.0*
16.5/81.3

202.
92.

64.
29.

92.
42.

217.
98.

42,000.

17,000.

11,300 •

80,000.

2.2
1.0
710.

Diameter/Annulus Diameter

Durability, Ilaintainabili ty, Re.liability: A principal combustor
design objective is to provide a system with sufficient durability to permit continuous operation
until a scheduled major engine overhaul, at which
time it becomes cost effective to make necessary
repairs and/or replacements. In the case of the
main burner, durability is predominantly related
to the structural and thermal integrity of the
dome and liner. The combustor must exhibit good
oxidation resistance and low stress levels at all
operating conditions if durability is to be achieved.

20.2.1.8

20.2.1. 7

Exhaust Emissions:

With the

adYent of environmental regulations for aircraft

propulsion systems, the levels of carbon monoxide,
unburned hydrocarbons, oxides of nitrogen, and
qmoke in the engine exhaust become important.
Naturally, the environmental constraints directly

impact the combustion system--the principal source
of nearly all pollutants emitted by the engine.
Major changes to combustor design philosophy have
evolved in recent years to provide cleaner operation at all conditions vithout serious compromise

to engine performance.

A detailed discussion of

the exhaust emissions area is offered in Section

A maintainable component is one
that is easily accessible, repairable and/or replaceable with a minimum of time, cost, and labor.
While most combustor liners can be wel(l repaired,
i f damaged or burned, turbine removal is required
for replacement of combustors in many cases.

Con-

I
I

I
!

I
j

20.2.2

Design Factors

The turbine engine combustion system consists of three principal elements--the inlet dif-

sequently, a burner life consistent with the
planned engine overhaul schedule is a primary

fuser, the dome and snout, and the inner and outer
liners. In addition, two L~portant subcomponents

objective. Combustor cases and diffuser sections
require minimal maintenance and fuel nozzles and

ere necessary--the fuel injector and the ignitor.
These elements are illustrated in Figure 20.2.5.
This section will describe each of these items and
will conclude with a materials sur.~ary.

ignitors can generally be replaced and/or cleaned
with minimal effort.

I

20.4.1.

Reliability can be defined as the
probability that a system or subsystem will perform satisfactorily between schedUled maintenance
and overhaul periods. Component reliability is
highly dependent on the aircraft mission, geographical location, and pilot operation since these
factors strongly affect the actual combustor
temperature-pressure environment and cyclic history
of the components. In that the combustor has virtually no moving parts, its reliability is strongly
related to fuel nozzle and ignitor performance.
While Fouling and carboning of these subcomponents
are common causes for engine rejection, these

problems are relatively easy to correct through
normal inspect and replace field maintenance procedures.
20-7

Figure 20.2.5

Component Identification
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20.2.2.1 Inlet Diffuser: The purpose of
the combustor inlet diffuser is to reduce the mean
velocity of the air exiting the compressor and deliver it to the combustion chamber as a stable, uniform flov field recovering as much of the dynamic
pressure as possible. Compressor discharge air
velocities range from 90-180 meters per second; consequently, before this high velocity air is alloved
to enter the combustor, it must be diffused to levels
consistent vith the stable, lov pressure loss, high
efficiency requirements of contemporary combustors.
Additionally, this resulting flov field must be introduced in a relatively non-distorted manner to ensure
uniform flov distribution to the combustion chamber.
The diffuser must accomplish this by effectively controlling boundary layer grovth and avoiding flov
separation along the diffuser valls while minimizing
length and overall size. A balance must be found
betveen (a) designs with increased size and complexity and their attendant performance penalties,
and~) short-length, rapid divergence designs which
have inherent flow non-uniformity and separation
problems. Hence, the inlet diffuser represents a
design and performance compromise relative to required compactness, lov pressure loss and good flow
uniformity.
A number of performance parameters
are commonly used to describe a diffuser and its
operation.
a.

Pressure Recovery Coefficient
(Cp)--This is a measure of
the pressure recovery efficiency of the diffuser
reflecting its ability to recover dynamic pressure.
The coefficient is defined as the ratio of static
pressure rise to inlet dynamic head:

C
....E.
C

(20.2.9)

Pldeal

c.

Kinetic Energy Distortion
Factor (a)--This factor is
a measure of the radial non-uniformity of the axial
flow velocity profile. The distortion factor is
defined as:
(20.2.10)

ct

where:

V

Mean flow velocity

u

Local axial velocity

p

Density

A

Cross-sectional area of duct

A factor of 1.0 is equivalent to a flat onedimensional velocity profile (i.e. plug flov);
turbulent pipe flow has a factor of approximately
1.1.

In addition, a number of design
parameters are often utilized to predict diffuser
performance.

a. Area Ratio (An)--This is the
ratio of the exit to inlet areas o~ the diffuser
and defines the degree of area change for a
particular design.
b. Length-to-Height Ratio (L/H)-This is the ratio of diffuser length (entrance to
exit) to the entrance or throat height and serves
as a sizing parameter.

(20.2.7)

Where:

n

c. Divergence Half-Angle (a)-This is equivalent to one-half the equivalent cone
angle of the diffuser and describes the geometric
divergence characteristics of the diffuser walls.

Exit static pressure
Inlet static pressure

Figure 20.2.6 relates area ratio, length-to-height
ratio and divergence half-angle to pressure recovery effectiveness.
Inlet dynamic pressure
'0

For the ideal flow situation; i.e., full dynamic
pressure recovery, C can be expressed in terms
p
of area ratio:

A.

1 -

10

!O

40'

10'

10

•

(20.2.8)

Inlet cross sectional area
I

A2

I .•

Exit cross sectional area

/'0
/_40

I.G ./ 10

b.

Pressure Recovery Effectiveness--This parameter describes
the ability of a diffuser design to achieve ideal
recovery characteristics. Hence, it is the ratio
of the actual to the ideal pressure recovery coefficient:
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Figure 20.2.6
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Diffuser Design and Performance
Characteristics

I

Early inlet diffuser designs
were of of the smooth curved wall or contoured
wall designs. Because of the wide variations in
flow-field characteristics exiting the compressor,
however, the curved wall diffuser cannot always
provide uniform, non-separated flow at all operating
conditions. This can become a critical problem in
the short length diffusers re~uired of many current
systems. Conse~uently, a trend toward dump or
combination curved wall and dump diffuser designs
is occurring. Although this design results in
somewhat higher pressure losses, it provides a
known and constant point of flow separation, the
dump plane, which prevents stalled operation at
all diffuser entrance conditions. Figure 20.2.7
illustrates these contemporary designs.

the incoming air into two streams--one directly
entering the primary zone of the combustor through
air passages in the dome, the other entering the
annulus around the combustor. The snout also
improves diffusion by streamlining the combustor
dome, permitting a larger diffuser divergence angle
and providing reduced overall diffuser length. The
dome plate contains provisions for receiving the
fuel injector and maintains its alignment during
operation. Combustor domes are of two basic types-bluff-body and swirl stabilized as illustrated
in Figure 20.2.8. Early combustors like the J79
(Figure 20.1.4) generally fall into the bluff-body
class wherein the high blockage dome plate establishes a strong wake region providing primary zone
recirculation. In effect, the bluff-body dome interacts with the first row of primary zone air holes
to establish this strong recirculation region. Most
contemporary combustors, however, utilize the swirl-

stabilized dome. With this design, the fuel-injector
is surrounded by a primary air swirler. The air
swirler sets up a strong swirling flow field around
the fuel nozzle generating a centralized low pressure zone which draws or recirculates hot combustion
products into the dome region. As a result, an area
of high turbulence and flow shear is established in
the vicinity of the fuel nozzle finely atomizing
the fuel spray and promoting rapid fuel-air mixing.

I
1

f

CURVED WALL DiffUSER

DUMP DiffUSER

Figure 20.2.7

Contemporary Diffuser Designs

Bluff-Body
The design procedures commonly
employed to develop a specific diffuser configuration involve the use of a combin •.tion of experimentally generated performance maps, empirical
equations, and analytical models. Most available
performance maps were generated for two -dimensional
straight wall and conical diffusers, the most
notable source being. the work of Klein and his
associates (Ref. 20.7). Until recent years,
empirical results such as those illustrated in
Figure 20.2.6 have been used in the development of
annular diffusers. However, with the advent of
improved numerical methods and high speed computers,

Stabilized

a number of improved two-dimensional and three-

dimensional analytical models are now being developed which more accurately describe the flowfield characteristics of the annular diffuser
design. Such programs will provide improved
analysis of pressure loss characteristics, inlet
velocity profile effects and the influence of
turbulence level on diffuser performance.

Swirl
Stabilized

The need for high performance in
short compact diffusers takes on increasing importance as future engine operating conditions

Figure 20.2.0

become more and more severe.

20.2.2.3 Liner: The liner provides
containment of the-~ustion process and allows
introduction of intermediate and dilution air
flow. Contemporary liners are typically of sheetmetal braze and welded construction. The liner is
mounted to the combustor dome and generally suspended by a support and seal system at the turbine
nozzle entrance plane. Its surface is often a
system of holes of varying sizes which direct

An advanced compact

diffuser design which provides improved boundary
layer control and greater pressure recovery is
described in 20.4.3.2.
20.2.2.2 Dome and Snout--At the front of
the combustion chamber is the snout and dome where
air and fuel are initially introduced. The snout
is actually a forward extension to the dome dividing
20-9

Combustor Dome Types

, :

primary, intermediate, dilution, and liner cooling
air into the combustion chamber. While combustion
gas temperatures may be in excess of 2500 oK, the
liner is protected by a continuous flow of cool
air (at approximately compressor exit temperature
levels) and maintained at temperatures less than
l200oK.
The liner must be designed with
high structural integrity to support forces resulting from pressure drop and must have high thermal
resistance capable of continuous and cyclic high
temperature operation. This is accomplished
through utilization of high strength, high temperature oxidation-resistant materials and effective
use of cooling air. Depending upon the temperature
rise requirements of the combustor, 20-50 percent
of the inlet airflow may be utilized in liner
cooling. A number of cooling techniques are
illustrated in Figure 20.2.9.
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c. Convection/Film Cooling--This
relatively new technique* permits much reduced
cooling air flow (15 - 25 percent) while providing
high cooling effectiveness and uniform metal temperatures. It is particularly suited to high
temperature rise combustion systems where cooling
air is at a premium. The convection/film cooled
liner takes advantage of simple but controlled convection cooling enhanced by roughened walls while
providing the protective boundary layer of cool air
at each cooling panel discharge plane. Although
somewhat similar in appearance to the louver cooled
liner, the confection/film coolant passage is several times greater; more accurate coolant metering

is provided and a more stable coolant film is
established at the panel exit. Principal disadvantages of this design are somewhat heaver construction, increased manufacturing complexity
and repairability difficulties.
d. Impingement/Film Cooling--This
cooling technique is also well suited to high
temperature rise combustors. When combined with
the additional film cooling feature, impingement
cooling provides for excellent thermal protection
of a high temperature liner. Its disadvantages,
however, are similar to those of the film/convection
liner--heavier construction, manufacturing com-

plexity and repairability difficulties.
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Figure 20.2.9

Combustor Cooling Techniques

a. Louver Cooling--l~any of the
early jet engine combustors used a louver cooling
technique in which the liner Was fabricated into
a number of cYlindrical panels. When assembled,
the liner contained a series of annular air passages
at the panel intersection points, the gap heights
of which Were maintained by simple wiggle-strip
louvers. This permitted a film of air to be injected along the hot side of each panel wall providing a protective thermal barrier. Subsequent
injection downstream through remaining panels
permitted replenishment of this cooling air boundary layer. Unfortunately, the louver cooling technique did not provide accurate metering of the cooling air which resulted in considerable cooling
flow nonuniformi ty 'lith attendant variations in
combustor exit profiles and severe metal temperature gradients along the liner.
b. Film Cooling--This technique
is an extension of the louver cooling technique but
with machined injection holes instead of louvers.
Consequently, airflow metering is more accurate

and uniform throughout the combustion chamber.
Most current combustors use this cooling technique.
However, increased operating gas temperatures of
future combustors will result in less air for cooling and more advanced cooling techniques/materials
will be required.

e. Transpiration Cooling-- This
is the most advanced cooling scheme available and
is particularly well-suited to future high temperature applications. Cooling air flows through
a porous liner material, uniformly removing heat
from t~e liners while providing an excellent thermal
barrier to high combustion gas temperatures. Both
porous (regimesh and porolloy) and fabricated
porous transpiring materials (Lamilloy**) have been
examined experimentally. Fabricated porous materials
tend to alleviate plugging and contamination problems, inherent disadvantages of the more conventional porous materials.
Figure 20.2.10 shows the axial
thermal gradient characteristics of each of the
liner designs discussed above as a function of
relative liner length. As can be seen, transpiration cooling offers better temperature control
and uniformity than any other cooling techni~ue.
20.2.2.4 Fuel InJection--Basically four
methods of fuel introduction are currently used or
proposed for future use. These techniques--pres·.
sure atomizing, air blast, vaporizing, and premix/
prevaporizing--are discussed below in increasing

order of complexity.
in Figure 20.2.11.

Each of these is illustrated

a. Pressure Atomizing--Most contemporary combustion systems use pressure atomizing

fuel injectors. They are relatively simple in construction, provide a broad flow range and can provide
excellent fuel atomization when fuel system pressures are high. A typical pressure atomizing fuel
injector is illustrated in Figure 20.2.12. At least
five different design concepts or variations are
included in this category: simplex, duplex, dual
* Patent Pending--Patent Application Numbers SN
876,261, & SN 298,434, titled "Combustion Liner"
**Developed by Detroit Diesel Allison, Div of GMC,
Patent Number 3,584,972, titled "Laminated Porous
Material," 15 June 1971.
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orifice, variable area, and slinger. These devices
typically utilize high fuel pressure (about 500
psi above combustor pressure) to achieve fine fuel
atomization. The slinger design, although a pressure atomizing type, is very different from the conventional fuel nozzle in that the fuel is injected
through small holes in the rotating turbine shaft.
The high centrifugal forces imparted to the fuel
provide atomization. Slinger systems are used in
several small engine combustors--the WR19 of
Figure 20.1.6 is one such system. The principal
disadvantages of the pressure atomizing systems are
the propensity for fuel system leaks due to the
inherently high fuel pressures required, potential
plugging,of the small fuel orifices by contaminants
entrained in the fuel, and increased difficulty in
achieving low smoke levels when fuel system pres-

the combustion zone. During operation, the heat
transferred from the combustion region partially
vaporizes the incoming fuel, while the liquid/vapor
fuel within the tube provides thermal protection
for the tube. It is generally agreed, however, that
fuel vaporization is very much incomplete in this
type vaporizer and is considered by many to be merely
an extension of the airblast principles described
above. This design is simple in construction, inexpensive, and can operate with low fuel injection
pressures. The resultant fuel-air mixture burns
with low flame radiation reducing liner heat loads.
This design, however, has certain serious shortcomings: poor ignition and lean blowout characteristics, vaporizer tube durability problems during
low fuel flows, and slow system response time,

sures are low.

PRESSURE ATOMIZING
LOUVER COOLING

I :r:'>.--:,
TM~

CONVECTION/FILM COOLING

AIR·BLAST ATOMIZING

FILM COOLING

IMPING EMENT /FILM COOLING.

VAPORIZING

PREMIX/PREVAPORIZING

tRANSPIRATION COOLING

Figure 20.2.10
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Figure 20.2.11

Fuel Injection Methods

Figure 20.2.12

Pressure Atomizing Fuel Injector

Liner Cooling Characteristics

b. Airblast--A number of modern
combustor designs achieve fuel atomization and
mixing through use of primary zone air momentum.
Strong swirling motion, often accompanied by a
second counter swirl, causes high gas dynamic
shear forces to atomize liquid fuel and promote
mixing. Low fuel injection pressures (50 - 200
psi above combustor pressure) are utilized in
these schemes. Rizkalla and Lefebvre (Ref 20.8,
20.9) describe airblast atomizer spray characteristics relative to air and liquid property influences. In addition, the development of a
specific airblast atomizer for gas turbine application· is discussed in Reference 20.10.
c. Vaporizing:
A number of
vaporizing fuel injection systems have been developed; perhaps the most common is the "candycane" vaporizer. In this design, fuel and air
are introduced into a cane-shaped tube immersed in
20-11

d. Premix!PrevaporizIp~--The
advent of gas turbIne emission regulations has resulted in increased interest in premix!prevaporizing
fuel injection. In this technIque, fuel is introduced and premixed with the incoming air prior to
introductIon to the combustion zone. The design
intent is to provide a uniform, low equivalence
ratio, fully mixed field of vaporIzed fuel in the
combustion region. As a result, low smoke and
chemIcal emissions, low flame radiatIon, improved
fuel-air unIformity in the combustion region and
virtual elimination of hot-spot burning occurs.
Potential problem areas with this system include
incomplete fuel vaporization, danger of flashback
through or auto ignitIon of the fuel-air premixture upstream of the combustor dome plate with
resulting damage to the combustor hardware, poor
lean blowout characteristIcs, and difficulty with
ignition and altitude relight. Staged combustion,
utilizing a pilot zone with a relatively conventional stoichiometric design, is often proposed as
a method of overcoming stability and ignition difficulties.
20.2.2.5 Ignitio~: Ignition of the cold
flowing fuel-air mixture can be a major combustor
design problem. Nearly all conventional combustors
are ignited by a simple spark-type igniter similar
to the automotive spark plug. Turbine engine ignition energies are typically 4 to 12 joules "ith
several thousand volts at the plug tip. Figure
20.2.13 illustrates a typical spark type igniter.
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Although the spark igniter is the
most common ignition source in use today, a number
of other ignition or ignition-assist techniques have
been employed: the torch igniter, oxYgen injection,
and the use of pyrophoric fuels. The torch ignitor,
a device combining the functions of fuel injection
and spark ignition, is extremely reliable and perT
mits a wide ignition envelope. However, it is
more complex and costly and increases maintainability problems relative to conventional ignition
systems. Oxygen injection assists ignition by
lowering minimum ignition energy requirements. It
is especially applicable to facilitating altitude
relight. The use of pyrophoric fuels provides perhaps the most positive ignition source available.
Pyrophorics will react spontaneously in the presence
of oxygen and provide excellent altitude relight
capability. Unfortunately, pyrophoric fuels are
extremely toxic and create special handling and
logistiCS problems. Consequently, these factors
have limited its use as a viable ignition technique.
20.2.2.6 Materials: The selection of
proper materials is a critical element in combustion
system design for component structural integrity.
Materials "hich possess high stress tolerance, good
oxidation and corrosion reSistance, and the ability
to withstand the broad cyclic aero-thermal loads imposed by the engine during its operation are required. Several high strength alloy materials are
used in combustors today, the selection of which
is generally based on the projected operating environment of the propulsion system. This section
will highlight a few of the more common combustor
materials in use today.

Ignilor HOII.ing

Cooling HoI••

must be designed to insure rapid and complete
flame propagation around the combustion system.
Without proper cross-firing, a "hung start" can
occur wherein only one or two combustors are ignited. This condition of poor flame propagation
can also occur in snnular combustors. In either
case, severe local gas temperatures (high pattern
factor) are generated which can thermally distress
the turbine.

0

a. Hastelloy X--Hastelloy X is
a nickel-base alloy strengthened in solid solution
by chromium and molybdenum. It is the most common
combustor liner material in use today. Its
formability is good, its machinability is difficult
but not impractical and its weldability and brazing
characteristics are good. Hastelloy X exhibits
good strength and oxidation properties in the
1040 0K to n400K metal temperature range. Most
combustors with lIastelloy X liners are designed to
operate at metal temperatures of l090 0K to l120oK.

Each combustion system is
generally fitted with two spark igniters to provide system redundancy. Potential ignition
system problems include spark plug fouling "ith
carbon or fuel, plug tip burn-Off, electrode
erosion with tim~ and corona-discharge losses
along the ignition system transmission lines under
high altitude, low pressure conditions.

b. Haynes 188: Haynes Alloy 188
is a wrought solid, solution strengthened, cobaltbase alloy applicable to static parts operating at
temperatures up to 1370 o K. It can be readily
formed and welded, it .. oxidation resistance is
goo~although protective coatings are required for
applications abcve 1250 oK, and like Hastelloy X,
its machinability is difficult but not impractical.
It· is finding increased applicability in the newer
combustion systems "here liner metal temperatures
of l1400K to 12300K are necessary.

During engine start-up, the flame
must prop.~ate from can-to-can in a cannular combustion system via cross-fire or inter-connector
tubes located near the dome of each can. The
large cross-fire ports of the J79 are readily
visible in Figure 20.1.4. The cross-fire region

c. Tn Nickel: This super alloy
is a non-heat-treatable, high nickel alloy strengthened by dispersion of fine Th0 particles in a
2
nickel matrix. This alloy maintains
useful
strengths at temperatures up to l420 o K. Its
oxidation-erosion resistance is inferior to

Figure 20.2.13

Spark Igniter
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Hastelloy X or Haynes 188 and requires protective
coatings for applications above 1220oK. Its
~chinability and formability are good.
Fusion and
resistance velding of this material can be difficult;
hovever, its brazeability is considered good. TD
Nickel offers considerable promise in future high
temperature liner applications vhere metal temperatures greater than 1250 0 K may be common.. Current material costs and the need for protect1ve coatings, hovever, have generally precluded serious
consideration of TD Nickel in contemporary combustion systems. Further, advanced liner cooling
techniques have succeeded in maintaining metal
temperatures at levels consistent vith the Hastelloy
X/Haynes 188 material capabilities.
Significant advancements in
super alloy technology are required to meet future
high temperature rise combustor requirements. Nev
materials veIl beyond the capability of TD Nickel
vill be necessary. Impro,ed coatings may provide
part of the solution if developed vith long life
and improved high and lov cycle fatigue capabilities.
Ceramics and advanced thermal barrier and coating
materials may also find a role in future combustor
design.

20.3 DESIGN TOOLS
The complexity of the aerothermodynamic and
chemical processes occurring simultaneously in the
combustor prevent a purely analytical approach to
component design and performance prediction.
Insufficient capability to accomplish measurements
of importance vithin the combustor has precluded
all but the most basic understanding of practical
gas turbine combustion processes. As a result,
one has had little choice but to formulate nev
designs largely on the basis of personal or
organizational experience. Continuation of this
approach to combustor design for high temperature
sophisticated systems under development today and
in the future vould be extremely costly and time
consuming. The turbine engine industry can no
longer afford to conduct component development
activities on a generally empirical basis. Hence,
significant R&D programs are now being directed
toward developing improved analytical design procedures reinforced by more powerful measurement
diagnostics.

20.3.1

Combustor

~bdeling

The principal objective of the combustion
system model is to analytically describe and
predict the performance characteristics of a
specific system design based On definable aerodynamic, chemical, and thermodynamic parameters.
Many modeling approaches describing the flow
field and characteristics of a particular combustion system have evolved OVer the past
tventy years. Early models were almost entirely
empirical while the newest models currently under
development are based more on fundamental principles. Improved computer availability and
capability as vell as more efficient numerical
techniques have had a significant impact on
combustion modeling by permitting the more complex, theoretically-based approaches to be considered.

20.3.1.1 Empirical: The empirical model
utilizes a large body of experimental data to
develop a correlation often using multipleregression analysis techniques. Such an approach
20-13

involves a selection of the appropriate design and
aerothermodynamic parameters which have been
empirically found to influence the performance (e.g.,
combustion efficiency) of a particular combustor
design. Each of the non-dimensionalized parameters
or ratios are acted upon by appropriate "influence"
coefficients or exponents, the value of which reflects the degree of importance of a particular
parameter. Since these influence terms are usually
derived from test data obtained from combustors
which ~enerally represent the Same basic design
family, a major change in design philosophy can
require the definition of a new set of influence
factors. Consequently, this modeling approach
works well on specific combustor designs for
vhich there is a broad base of technical data. Unfortunately, it cannot be arbitrarily used as a
general design tool. One example of an empirical
correlation model is illustrated in Figure 20.3.1.
In this model, combustion system efficiency is defined as a function of the more important combustor design and performance parameters. As can
be seen, the model is written in general form and
a tabulated listing of appropriate coefficients
and exponents is provided to permit the computation
of combustion efficiency. Again, these influence
terms are empirically based and were derived from
a bank of combustor data representative of a
particular class of combustors.
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Empirical Combustion Efficiency
Correlation

A second empirical correlation
employed by some combustor designers today defines
a reaction rate parameter (8) based on the "burning
velocity" theory of Lefebvre (Ref 20.n). The 8parameter is given in Figure 20.3.2. The resulting
correlation establishes the relationship between
combustor efficiency, operating condition and geometric size. One can see that efficiency is not
only a function of airflow, inlet pressure, and
inlet temperature, but also is strongly dependent
on combustion zone fuel-air ratio. Herbert (Ref
20.12) estimated the effect of equivalence ratio
on reaction rate by the following equation:
b

220 (12 ~ In 4'/1.03),

(20.3.1)

where ~ is primary zone equivalence ratio. A
graphic illustration of the above expression
(Figure 20.3.3) describes the variation of b with
primary zone equivalence ratio. Hence, to achieve
maximum efficiency, a primary zone fuel-air ratio
of 0.06, (~ = 1) should be used .•
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20.3.1.2 Combined Empirical/Theoretical:
More complex theoretical descriptions of combustion
must be incorporated into combustor models to allow
predictions based on hardware design details.
Physical models of important combustion processes
(i. e., a "perfectly stirred reactor" primary zone)
combined with available empirical analyses result
in hybrid models. A number of two-dimensional
models have been developed in recent years ranging
from the perfectly-stirred reactor plug flow models
(Ref 20.13) to the more complex axisymmetric combustor flow-field calculations which account for
heat, mass, and momentum transfer between fluid
streams and include chemical reaction kinetic
effects (Ref 20.14, 20.15). One such axisymmetric
stream tube model was developed by Pratt & Whitney
Aircraft/in support of an Air Force-sponsored combustor program (Ref 20.16). Figure 20.3.4 is the
flow chart of computational steps for this analytical
model illustrating the increased complexity of this
procedure wherein both theory and experiment have
been integrated. It is currently heing used as an
engineering tool for both current and advanced
combustor design and exhaust emission analyses·,

Another more recently developed
model leans even more heavily on combustion theory
and advanced numerical procedures. Anasoulis et al
(Ref 20.17) devefbped a two-dimensional computational procedure for calculating the coupled flow
and chemistry within both cannular and annular
combustors. A field relaxation method is used to
solve the time-average Navier-Stokes equations with
coupled chemistry including the effects of turbulence, droplet vaporization and burning. Extensions
20-14

20.3.1.3 Theoretical: vlliile Reference
20.17 represents a significant advancement, the
fully theoretical computerized design procedure has
not yet evolved. A ~uilding block approach, however, has been envisioned wherein a number of submodels (e.g., chemistry, turbulence, droplet vaporization, mixing, etc.) are developed independentiy,
verified experimentally and then coupled with the
other submodels. Each coupledsubmodel set would
undergo an experimental validation process before
the next submodel is added to the overall analytical
procedure. The ultimate is a fully theoretical
description of ali reacting flow processes enabling
prediction of overall combustor performance as a
function of basic design parameters. Hence, prior
to any hardware fabrica~ion, the model will serve
to evaluate the proposed combustion system design
such that desired objectives will be met with a
minimum of subsequent hardware iterations and fine
tuning.
20.3.2

Combustion Diagnostics

Development of valid combustor models is
hampered by difficulty in'acquiring data for use
in comparing and refining analytical solutions.
Different types of measurements are required to
validate various aspects of the important submodels;
i.e., droplet size distribution, turbulence intensity, etc. In addition, improved instrumentation
will be required to aid the combustor development
process. Such equipment would provide the information on which the engineer will base subsequent
design improvements and eventuallY,the final version.
The rapidly growing field of combustion
diagnostics will play an increasingly important
role in satisfying the above objectives. Conventional thermocouple and sampling problems have
been previously utilized to study combustion processes in practical systems. However, additional
application and technique refinements are
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necessary. Further. ne". laser-based combustion
diagnostic weasurement equipment can be expected
to play an :ilIIportant role in the future. Techniques such as laser Raman scattering and coherent anti-Stokes Raman scattering hold new
promise for fundamental studies of combustio~
processes requiring real-time "point" (=1 mm )
~asurements of temperature, concentration, and
velocity. other s:ilIIpler methods may find application in measurement of combustor exit temperature
profiles during combustion ~/stem development.

sources of smoke, and therefore (3) that maintenance of the national ambient air quality
standards and reduced impact of smoke emissions
:requir.es that aircraft and aircraft engines be
subject to a program of control compatible vith
their significance as pollution sources, Accordingly, the Administrator has determined that
emissions from aircraft and aircraft engines
should be reduced to the extent practicable with
present and developing technology. The standards proposed herein are not quantitatively
derived from the air quality considerations .••
but, instead, reflect EPA's judgment as to what
reduced emission levels are or will be practicable to achieve for turbine and piston engines.

20.4 YlJTDRE REQUIRDIENTS
The aero-propulsion combustion community is
currently confronted with two new and difficult
challenges: reduction of exhaust pollutant
emissions and accommodation of new fuels which "ill
reduce cost while increasing availability. The
first two of the following three subsections summarize the problems and current state-of,..the-art in
each of these two areas. Further, projected
engine technology requirements necessitate advancewents in combustion system design techniques and
performance. Section 20.4.3 addresses the combustion engineer' 5 task in this area.

20.4.1 Exhaust Emissions
20.4.1.1 Problem Definition: In Tecent
increased citizen concern over environmental
issues coupled "ith the obvious visible smoke
emissions from jet aircraft has brought substantial
public attentiOn to aircraft-contributed pollution.
As airport traffic increased, it became evident
that at least the possibility existed that pollutant
emissions, vhel concentrated in the local airport
environment. could result in ambient levels which
exceed allowable limits. Concern wii;hin the
United States culminated in the inclusion of exhaust emissions from aircraft engines in the considerations of the Clean Air Act Amendments of
1910 (Ref 20.18). This legislation requires that
the Environmental Protection Agency (EPA) assess
the extent to Which aircraft emissions affect
air quality. determine the technological feasibility
of controlling sucb emissions and establish aircraft emissions standards, if necessary.
years~

The resulting EPA assessment
(Ref 20.19) has indicated the necessity to regulate commercial aircraft emissions. Currently,
EPA standards (Ref 20~20) apply to commercial and
general aviation but not to military aircraft. The
following excerpt from EPA's discussion accompanying the final announcement of the aircraft emissions standards (Ref 20.20) summarizes this policy.
~n judging the need for the
:regulations. the Administrator has determined:

(1) that the public health and "elfare is endangered in several air quality control
:regions by violation of one or more of the
national ambient air quality standards for
carbon monoxide, hydrocarbons, nitrogen oxides,
and photochemical oxidants. and that the
Jmblic welfare is likely to be endangered by
smoke emiSSions; (2) that airports and aircraft are now, or are prOjected to be signifieant sources o~ emissions o~ carbon monoxide,
bydrocarbons. and nitrogen oxides in some of
the air quality control regions in which the
national ambient air quality standards are
being violated. as vell as being significant

CUrrent EPA regulations are based
on reducing aircraft engine emissions during their
operation below 3000 feet. However, an additional
potential problem has been associated with aircraft--the possible environmental impact of high
altitude emissions (Ref 20.21). There are many
mechanisms by which this might arise: (a) emission
of water vapor and carbon dioxide into the stratosphere may cause a "greenhouse effect." (b) sulphur compound emissions can cause particulate
formation which would caUSe solar radiation to be
diverted away from the earth's surface reducing
the equilibrium atmospheric temperature, and (c)
increased concentrations of water vapor and oxides
of nitrogen due to emissions into the stratosphere
might deplete the ozone layer and allow increased
penetration of solar ultraviolet radiation. Potential problem (a) has been shovn not to be significant.
Much more investigation is needed concerning (b) and (c), however, before the extent of
potential stratospheric environmental problems can
be suitably defined.
The discussion vhich follows
defines the exhaust gas content, presents engine
emission characteristics, and reviews emissions
control technology.

20.4.1.2 Exhaust Content: Aircraft engine
exhaust constituents usually considered to be pollutants are smoke, carbon monoxide (CO), hydrocarbons (HC), and oxides of nitrogen (NO )*. The
magnitude of emissions depends on operat!ng mode
and engine type. The combustion products are
conveniently organized into five groups, as listei
in Table 20.4.1. Hore than 99 percent of the exhaust products are in the first two categories,
which include those species not generally considered to be objectionable. The last three catego~ies contain small quantities of constituents
and are dominated by the principal pollutants;
hydrocarbons (He), carbon monoxide (CO), oxides
of nitrogen (~:O ), and smoke. Because emissions
characteristicsXat engine idle, nonafterburning
high power, and afterburning operation vary substantially, columns listing composition for each
of these operating modes are given. Note that
levels given in Table 20.4.1 correspond to the
turbojet case or to the core flow only in the
case of a turbofan.

*

Exhaust nitrogen oxides are in the form of both
Collectively, they are expressed as

NO and N0 •
2

NO

X

TABLE 20.4.1

Group
1.
Air

2.

3.

4.

5.

LovPower (Idle)
Concentration

~

77%

Products of Cornp1ete Combustion

Products of Incomp1ete Combustion

Engine Combustion Products
Approximate Concentr&tion
High-Power (non AB)
Cruise (With AfterConcentration
burner) Concentration
77%
13-16.3%

73-76%

17.3-19%
.9%

.9%

.9%

1.4-2.4%

3-5%

5-13%

1.4-2.4%

3-5%

5-13%

0-l3%

CO

50-2000 ppmv

1-50 ppmv

100-2000 ppmv

Total HC

50-1000 ppmC

1-20 ppmC

100-1000 ppmC

Partially
Oxidized He

25-500 ppmC

1-20 ppmC

1

H2
Soot

5-50 ppmv

5-100 ppmv

100-1000 ppmv

.5-25 ppmw

.5-50 ppmw

.50-50 ppmw

Non-hydrocarbon
Fuel Components

1-5 ppmw
S02' S03
Metals,
5-20 ppbw
Metal Oxides

1-10 ppmw

1-30 ppmw

5-20 ppbw

5-20 ppbw

Oxides of Nitrogen

NO, N0

50-500 ppmv

100-600 ppmv

2

5-50 ppmv

a. Group I, Air: These species
pass through the engine-unaffected by the combustion process and unchanged in chemical composition, except for oxygen depletion due to fuel
oxidation. Argon is clearly inert. Although
molecular nitrogen is nearly inert, the less than
0.01 percent that urldergoes "fixation" to its oxide
form (Group 5) is, of course, extremely important.
b. Group 2, Products of Complete Combustion: Water and carbon dioxide are
the dominant combustion products and the fully
oxidized forms of primary fuel elements, hydrogen
and carbon. It is the formation of these species
that releases maximum energy from the fuel. H 0
and CO? are not generally considered to be air 2
pcllut.!lnts.
c. Group 3, Products of Incomplete Combustion: Hydrogen and carbon not converted to water or carbon dioxide are found in
compcunds categorized as products of incomplete
combustion. The important species in this group
are carbon monoxide, unburned and partially
oxidized hydrocarbons, molecular hydrogen, and
soot.
CO and HC emissions contain the
largest portion of unused chemical energy within
the exhaust during idle operation. Combustion
efficiency at this operating condition may be
calculated from exhaust CO and He concentration
data. At higher power settings, especially with
afterburner operation, H2 levels may also significantly contribute to inefficiency. Exhaust
hydrocarbons are usually measured as total hydrocarbons as specified by the SAE ARP 1256 (Ref 20.22).
Although it is well known that the toxicological
and smog-producing potential of different hydro~
carbon types varies widely,little work has been
done to characterize the distribution of hydro20-16

carbon types in the.exhaust.* Presently available
analytical tecruliques to accomplish such a characterization are complex, time consuming, expensive, and

of unconfirmed accuracy.
A similar problem exists in
quantifying soot emissions. The measurement techniaue that has eVOlved, ARP 1179 (Ref 20.23), does
not directly relate to exhaust visibility or soot
concentration. However, Champagne (Ref 20.24) has
developed a correlation between measured ARP 1179
smoke number (SN) dry and particulate emissions.
Efforts to meaSlITe and characterize particulate
emissions directly are currently in progress.
Complications have developed because the contribution of condensed hydrocarbons in the exhaust to
the particulate measllrement varies greatly vith
sampling conditions. Although a technique to
determine exhaust soot concentrations may eventually
be developed, characterization of size distribution
appears to require a longer range effort.

d. Group 4, Non-Hydrocarbon Fuel
Components: The elemental composition of petroleumbased fuel is predominantly hydrogen and carbon.
Of its trace components, sulfur is the most abundant.
Most of the sulfur in the exhaust is in an oxidized
form, probably as sulfur dioxide. Giovanni and Hilt
(Ref 20.30) and Slusher (Ref 20.31) have found that
the ratio of SO to SO is from 0.03 to 0.14 in the
case of heavy-ddty stationary and aircraft gas
turbines. The total amount of sulfur in exhaust
compounds is directly related to, and calculable
from,fuel sulfur content. The second most abundant
*Existing data can be found in Bogdon and McAdams
(Ref 20.25), Groth and Robertson (Ref 20.26), Kendall
and Levins (Ref 20.27), Butze and Kendall (Ref 20.28),
and Katzman and Libby (Ref 20.29).

I
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trace component of non-hydrocarbon fuel involves metals. It is expected that these elements,
vhich may be either natural components of the fuel
or additions to it, appear in the exhaust as metal
oxides. Further, it is generally expected that
these species are particulates and often found with
l.he soot.
e. Group 5, Oxides of Nitrogen:
the ratio of NO to N02 emitted by aircraft
gas turbines may shift with operating conditions, NO
vill eventually be converted to N0 in the atmosphere
2
and subsequently participate in smog formation
chemistry. Some attention, however, must be paid to
the influence of time delay required for atmospheric
NO formation and the subsequent effect on smog
fo~ation. Stratospheric NO and N0 emissions are
2
generally thought to have equally ,detrimental effects.
p~though

As stated abova, product species
are usually measured in terms of their volume
(or sometim.es mass, especially for condensed phases)
fraction in the product sample. Occasionally, the
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of combustor inlet temperature. Figure 20.4.1
illustrates the trends that can be obtained.
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whether or not the water is removed before analysis.
A more useful and unambiguous method of reporting
exhaust emissions from gas turbines has proved to
be the use of an emission index which represents
the ratio of the pollutant mass to the fuel consumption. A commonly used dimension is grams of
pollutant per kilogram of fuel. Conversion of
volume fraction measurements to emission indices
requires assignment of molecular weights, which
is not difficult for a single compound category,
but may lead to ccnfusion for categories consisting
of more than one compound. It is conventional to
report oxides of nitrogen (NO ) as though they Were
entirely N0 . Similarly, theXoxides of sulfur
2
(SO) are usually reported as S02' Hydrocarbon
mea~urements usually lead to a volumetric fraction
related to a single hydrocarbon compound; e.g.,
parts per million equivalent hexane (or methane,
propane, carbon atom, etc.). In reducing these
measurements to an emission index, a hydrogencarbon ratio of two is usually assumed.
20.4.1.3 Engine Emissions Chracteristics:
Processes that influence pollutant formation occur
vithin both the main burner and afterburner. Conditions under which combustion occurs in these two
systems are extremely diff&rent, and studies of
emissions from the main burner and augmentor are
generally treated separately.

Figure 20.4.1

CO and HC Idle Emissions

As discussed in Chapter 15,
combustion efficiency can be related to exhaust
content. In the case of idle operation, the inefficiency is predominantly due to CO and HC.
The idle CO and HC emission index values can
be related to combustion inefficiency by the
following equation:
(0.232 (EI)CO + (EI)HC1 x 10- 3
(20.4.1)
where:

Combustion inefficiency
Emission index of specieS i.
Oxides of nitrogen emission
levels are greatest at high-power operating conditions. The predominant NO forming chemical
reaction is:
112 + 0 ->- NO + II

a. Main Burner Emissions:
Carbon monoxide and hydrocarbon emissions are a
strong function of engine power setting. As thrust
is increased, the combustion system experiences
greater inlet temperature and pressure, as well
as higher fuel-air ratio. The increased fuel
flow results in improved fuel atomization and higher
combustor inlet temperature provides more rapid
vaporization. Chemical reaction rates responsible
for CO and HC consumption are sharply increased by
higher flame temperatures resulting from the greater fuel-air ratio (See Section 15.1 of Chapter 15).
. Each of 'these changes tends to decrease the rates
at which HC and CO are emitted. Consequ~ntly, the
relationship between an engine's· emission of HC and
CO (or combustion inefficiency) and power setting
indicates a sharply decreasing trend. Idle CO
and HC emissions far exceed that at ot.her engine
conditions. A correlation of idle CO and hydrocarbon emissions for a number of engines can be
established by plotting these values as a function
20-17

Combustion efficiency

(20.4.2)

It is usually assumed that NO formation takes
place in regions of the combustor where oxygen
atoms are prcoent at their equilibrium concentration. Reaction 20.4.2 and the oxygen atom concentration are extremely temperature sensitive;
NO is produced 'only in the nighest temperature
(near-stoichiometric) combustion zones. Since
the stoichiometric flame temperature is dependent
on combustor inlet temperature (a function of
co~pressor pressure ratio and flight speed) oxide
of nitrogen emissions can be expected to increase
substantially with power setting.
An excellent correlation of
NO emissions from a large number of engines has
be~n established by Lipfert (Ref 20.32). This
correlation, reproduced in Figure 20.4.2, relates
NO emiss ion index to combustor inlet temperature.
No~e the strong temperature dependence previously
discus~ed.
Moreover, the fact that combustor

design han little apparent effect on NO emission
is noteworthy. This implies that mixing and
quenching processes within combustors operating with
rich (~>1.0) prir.~ry zones are strikingly similar;
the temperature effect alone controls the NO emission rate. No strong fuel effects are appar~nt
from existing data. However, it has been shown
that fuel-bound nitrogen is readily converted
(50 to 100 percent) to NO in both stationary
and aircraft turbine combUstors (Ref 20.33 - 20.36).
Should aircraft fuel-bound nitrogen levels be increased in the future because of changing fuel requirements, fuel-bound nitrogen could become a
significant problem (See Section 20.4.2).
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b. Afterburning Engines: Relatively little information is available regarding
emission during afterburner operation. General
trends in existing data indicate possibll' significant levels of CO and HC at the exhaust plane,
especially at the lower afterburner power settings
(Ref 20.37 - 20.41). However, Lyon (Ref 20.41) has
confirmed that, at sea level, much of the CO and
HC is chemicallY reacted to CO and H,O in the
2
exhaust plume downstream of the exhaust plane.
Thebe downstream reactions have been shown to consume up to 93% of the pollutants present at the
exhaust plane. The extent of these plume reactions
at altitude is uncertain. Although lower ambient
pressures t.end to reduce chemical reaction rates,
reduced viscous mixing and the exhaust plume shock
field tend to increase exhaust gas time at high
temperature and thus reduce the final emission of
incomplete combustion products.
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hydrogen fragments can form carbon particulates
which eventually result in smoke emission. The
process by which carbon particulates are formed
is known to be very pressure sensitive. Combustor
designers have been successful in tailoring the
burner to avoid fuel-rich zones, thus substantially
reducing smoke levels. The current generation of
engines (JT9D, CF6, RB21l) has nearly invisible exhaust trails. The techniques resulting in these
imprOVEments will be highlighted in a subsequent
subsection.
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COMBUSTOR INLET TEMPERATURE (OK)
Correlation of Current Engine NO
Emissions with Combustor Inlet x
Temperature

0
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Figure 20.4.3
The dependence of NO emission
on combustor inlet temperature is refl~cted in a
strong relationship with cycle pressure ratio at
sea level conditions and with cycle pressure ratio
and flight ~mch number at altitude. Figure 20.4.3
illustrates the relationship between I/O emission
and cycle pressure ratio at sea level static
~onditions.
Figure 20.4.4 presents the dependence
of NO emission on cycle pressure ratio and flight
Mach Sumber. Since the optimum pressure ratio
for each flight J.lach number changes with calendar
time as-technology developments allow higher
temperature operation, a band of logical operating
conditiOns at the 1970 technology level has been
indicated in Figure 20.4.4.
Smoke formation is favored by
high fuel-air ratio and pressure. Upon injection
into the combustor, the heavy moleCUlar weight
fUel molecules are subjected to intense heating
and molecular breakdown or pyrolysis occurs.
If this process occurs in the absence of sufficient
oxygen (i.e., high fuel-air ratio), the small
20-18
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COMPRESSOR PRESSURE RATIO

Dependence of Sea Level Standard
Day NO Emissions on Compressor Pressure x Ratio of Current Engines

NO emission during afterburner
operation exp~essed Bn an EI basis is lower than
during non-~fterburning operation because of reduced peak fle~e temperatures in the afterburner.
The value, under sea-level conditions, is approximately 2 - 5 g!kg fuel (Ref 20.42). At altitude,
it is expected that the emission index would be
3.0 or less. Duct burners are expected to have
an NO EI of about 5.0 during altitude operation
(Ref 20.42). While the total NO emission is not
significantly influenced by plum~ reactions, there
is speculation that conversion of 110 to N02 occurs
both wii;hin the afterburner and in the plume
(Ref 20.41).
Smoke or carbon particle emissions
art' reduced by the use of an afterburner (Ref 20.41).
Conditions within en afterburner are not conducive
to carbon particle formation, but soot from the

main burner may be oxidized in the afterburner,

while allowing sufficient time within the inter.·
mediate zone (Where ¢ " 0.5) to allow for CO
consumption.

thus resulting in a net reduction.
100

To achieve increased localized
fuel-air ratio, dual orifice nozzles a~e fre-

quently applied to modify fuel spray patterns at
idle. Attempts to improve fuel atomization also
provide decreased idle HC and CD.,through more
rapid vaporization (Ref 20.43). "Great\,r local
fuel-air ratios at idle can also be achieved by
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sectoring. In this latter case, a limited number
of nozzles are fueled at a greater fuel flow rate.
Schemes where two 90 0 or one 180 0 sector is fueled
have shown significant HC and CO reduction (Ref
20.44) .
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Advanced approaches make use of
staged combustion. The first stage, bei~ the
only one fueled at idle, is designed for /peak
idle combust ion efficiency. The second .~tage is
only utilized at higher power conditions. This
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main combustion zone is designed with a primary

motivation toward NO reduction. Significant HC
and CO reductions ha~e been demonstrated using the
staged approach (Ref 20.45 - 20.50). An example
of such a design is shown in Figure 20.4.5.

o

,3

FLIGHT MACH NUMBER

Figure 20.4.4

Dependence of NO Emission on Flight
x
Mach Number

20.4.1.4

Minimization of Emissions:

;

Previous discussions of emtssions levels concerned

existing engines. Control technology may reduce
emissions £rom these baseline levels by varying
degrees. The fundamental means by which emissions
may be

re~uced

are discussed in this section.

a. Smoke Emission: Technology
to control smoke emission is well in hand and it
would appear that fu~ure engines will continue to
be capable of 'satisfying the future requirement
,
of exhaust invisibility. The main design approach
used is to reduce the primary zone equivalence

ratio to a level where particulate formation will
be minimized. Thorough mixing must be accomplished
to prevent fuel-rich pockets which would otherwise
preserve the smoke problem, even witti overall. lean
primary zone operation. This must be done whlle
maintaining other combustor performance character-

istics. Airflow modification to allow leaner
operation and airblast ,fuel atomization and mixing
have been employed to accomplish these objectives.
However ignition and flame stabilization are the
most se~sitive parameters affected by leaning the
primary zone and must be closely observed during
the development of low smoke combustors.
b. HC and CO Emission: To
prevent smoke formation, the primary zone eq~iv
alence ratio of conventional combustors at hlgher
power operation must not be much above stoichiometric--this leads to much lower than stoichiometric operation at idle where overall, fuel-air
ratios are roughly one-third of the full-power
value. Inefficient idle operation may be improved
by numerous methods. The objectives in each
technique are to provide a near-stoichiometric
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Figure 20.4.5

Staged Premix Combustor, JT9D
Engine
c.

NO

Emission:

20-19

has been

able technology for reducing NO emissions consists of two techniques discuss&d briefly below.
Water injection into the comDustor primary zone has been found to reduce

oxide-of-nitrogen emissions significantly (up to
80%). Peak flame temperatures are substantially
reduced by the water injection resulting in a
sharp reduction in NO formation rate. In a
number of cases whereXthis technique has been
attempted, however, CO emissions have increased,

although not prohibitively. Figure 20.4.6 shows
the relation between water injection rate and NO
x
reduction (Ref 20.51). This method is not feasible for reducing cruise NO because the water
flow required to attain sigfiificant abatement is
of the order of the fuel-flow rate. In addition,
there are difficulties with engine durability,
performance~

logistics, and economic problems

associated with the cost of providing necessary
demineralized water. Consequently, these factors
have caused this technique to receive negative
evaluation as an approach toward universal re~

duction of ground level NO '
x

zone for maximum consumption of hydrocarbons

NO

the most difficult airC;~ft engine pollUtant to
reduce in an acceptable manner. Currently avail-
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turbine emissions, as well as those to reduce
stratospheric aircraft gas turbine emissions-the pressure ratio of the automotive engine is low
with the absolute pressure level being similar to
the aircraft case at altitude. Nevertheless, inlet
temperatures are high in the automotive case because of the use of regenerators. Ferri (Ref 20.55~
Verkamp,et al. (Ref 20.56), Anderson (Ref 20.57),
Wade, et al. (Ref 20.58), Azelborn, et al. (Ref
20.59), Collman, et al. (Ref 20.60), and Roberts,
et al. (Ref 20.61) have published results that
indicate that levels below 1 g N0 /kg fuel can be
2
approached. Anderson's work is particularly
thorough in discussing fundamental tradeoffs with
combustion efficiency. His results are shown in
Figure 20.4.7. Good agreement with analytical
model results indicates that useful conclusions may
be drawn from the model predictions. These predictions all indicate that an "emissions floor" of
approximately 0.3 to 0.5 g/kg fuel is the limit of
NO emissions reduction.
x
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Ideal Effectiveness of Water InJection for NO Control
x
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,A second method that has been
used to reduce NO emissions involves airblast
atomization and r~pid mixing of the fuel with the
primary-zone air flow. Much literature has been
generated on this technique (notably the NASA
swirl-can technology, References 20.52 - 20.54).
One engine, the FIOI, used in the B-1 aircraft,
employs this principle. In the case of the FIOI,
the overall combustor length was shortened from
typical designs because of improved fuel-air
mixture preparation. As a result, this method reduced both ground-level and altitude lIO emissions.
Reductions of approximately 50 percent Below the
uncontrolled case (Figure 20.4.3) have been measured.
Advanced approaches to .he reduction of NO can be divided into two levels of
sophisticatio~. The first level involves staged
combustors like that shown in Figure 20.4.5. In
this case, fuel is injected upstream of the main
combustion zone, which may be stabilized by a
system of struts (or flameholders). Residence
time in the premixing zone is short (i.e., high
velocity and short length) because of the possibility of pre-ignition or flame propagation upstream.
It is known that these designs provide a fuel-air
mixture far from ideal premix/prevaporization.
In fact, the turbulence and nonuniformity characteristics of this system are probably not unlike those
of conventional combustors. However, since the
mixture ratio is only 0.6 stoichiometric, reduced
NO levels result. Reductions of up to a factor
o~3 have been achieved (Ref 20.45 - 20.50).
Testing the advanced techniques
of the second level--combustors utilizing premixing and prevaporization operating at equivalence
ratios below 0.6--has aimed at ultra low NO emission levels. These fundamental studies hav~ been
motiviated by efforts to reduce automotive gas
20-20
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A number of difficulties associated with the combustion of premixed/prevap~rized
lean mixtures can be alleviated by the use of a
solid catalyst in the reaction zone. Recent developments to construct catalytic convertors to
eliminate automotive CO and HC emissions have increased the temperature range within which such a
device might operate. Test results have now been
published that apply the concept of cat~lytic
combustion to aircraft gas turbine combustors
(Ref 20.62 - 20.69). The presence of the catalyst
in the combustion region provides stability at
lower equivalence ratios than possible in gas-phase
combustion. This is due to the combined effect of

heterogeneous chemical reactions and the thermal
inertia of the solid mass vithin the combustion
.:one. The thermal inertia of the catalytic combustor system has been calculated to be more than
tva orders of magnitude greater than in the gasphase combustion system. 110 reductions up to
factors of 100 seem to be Pogsible using the catalytic combustor approach.
20.4.2 Future Jet :F'uels

i

t

i

I

Betveen 1973 and 1976, the cost and availability of aircraft jet fuels have drastically
changed. Per-gallon jet fuel costs have more
than tripled for both commercial and military consumers. In addition, fuel procurement actions
have encountered difficulties in obtaining desired quantities of fuel, even though significantly
reduced from 1972 consumption levels. These developments have encouraged initial examinations
of the feasibility of producing jet fuels from nonpetroleum resources (Ref 20.70 - 20.72).

t

Because of the global nature of aircraft
operations, jet fuels of the future are likely to
be produced from a combination of these basic sources.
Production of fuels from blends of synthetic crudes
and natural crudes may also be expected. In light
of the vide variations in materials from vhich
world-vide jet fuel production can draY, it is anticipated that economics viII dictate the acceptance of
future fuels vith properties other than those of
currently used JP-4, JP-5, and Jet A. Much additional
technical information viII be required to identify
the fuel characteristics vhich meet the folloving
objectives:
a) Allov usage of key vorld-wide resources
to assUre availability.
b) Minimize the total cost of aircraft
system operation.

I
i

20.4.2.1 Fuel Effects on Combustion
Systems: Future fuels may affect combustion system/
engine performance through changes in hydrogen content, volatility, viscosity, olefin content, fuel
nitrogen, su~fur, and trace metal content.

Although economics and supply are primarily
responsible for this recent interest in nev fuel
sources, projections of available vorld-vide petroleum resources also indicate the necessity for seeking nev means of' obtaining jet fuel. Regardless of
current problems, the dependence on petroleum as
the primary source of jet fuel can be expected to
cease sometime vithin the next half century (Ref
20.73).
If the general nature of future aircraft
(size, weight, flight speed, etc.) is to remain
similar to today's designs, liquid hydrocarbons can
be expected to continue as the primary propulsion
-fuel. Liquified hydrogen and methane have been
extensively studied as alternatives but. seem to be
practical only for very large aircraft. The basic
non-petroleum resources from which future liquid
hydrocarbon fuels might be produced are numerous.
~ey range from the more familiar energy sources of
coal, oil shale, and tar sands to possible future
organic materials derived from energy farming. Some
of the basic synthetic crudes, especially those
produced from coal, will be appreciably different
than petroleum crude. Reduced fuel hydrogen content
would be anticipated in jet fuels produced from these
alternate sources.

f
Ij

tions can be derived. Figure 20.4.8 depicts the
overall nature of the required effort. Fuel
processing technology will naturally be of primary
importance to per gallon fuel costs. The impact
of reduced levels of refining (lover fuel COBtS)
on all aircraft system components must be determined. These inciude fuel system (pumps, filters,
heat exchangers, Beals, etc;), and airframe (fuel
tank size and design, impact on range, etc.) considerations as veIl as main burner and afterburner
impacts. In addition, handling difficulties (fuel
toxicity) and environmental impact (exhaust emissions) require evaluation, The. overall program
must be integrated by a system optimizaoion study
intended to identify the best solution to the
stated objective,

c) Avoid major sacrifice of engine performance, flight safety, or environmental impact.
A complex program is necessary to establish
the information base from which future fuel specifica-
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Figure 20.4.8

OVerall Scheme for Alternate Jet
Fuel Development Program

Fuel hydrogen content is the
most important pa~ameter anticipated to change
significantly vith the use of alternate fuels.
In particular, fuels produced from coal vould
be expected to have significantly reduced hydrogen content. In most cases, reduction in fuel
hydrogen content would be due to increased concentrations of aromatic-type hydrocarbons in the
fuel. These may be either Single ring or polycyclic in structure. Experience has shown that
decreased hydrogen content significantly influences the fuel pyrolysis process in a manner
vhich results in increased rates of carbon
particle formation. In addition to increased
smoke emission, the particulates are responsible
for formation of a luminous flame where blaCkbody radiation from the particles is a predominant
mode of heat transfer.
Significantly increased radiative
loading on combustor liners can result from decreased fuel hydrogen content. Increases in liner
temperature translate into decreases in hardvar~
life and durability. Figure 20.4.9 illustrates
the sensitivity of combustor liner temperature
to hydrogen content. The folloving non-dimensional
temperature parameter is used to correlate these
data (Ref 20.34, 20.74 - 20.77) representative of
older engine designs.

The numerator of this expression represents the increase in combustor liner temperature, T , over
that obtained using the baseline fuel (1#.5% hydrogen Jp-4) , T • This is normalized by the difference betw~~n T
and combustor inlet temperature, T. It wasL?oTmd that data obtained using
differerlt combustors could be correlated using this
parameter. It should also be noted that the
parameter is representative of the fractional increase (over the baseline fuel) in heat transfer
to the combustor liner.
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carbon particle formation is aided by the formation and maintenance of fuel-rich pockets in the
hot combustion zone. Low volatility allows rich
pockets to persist because of the reduced vaporization rate. Again, increased particulates can
'cause additional radiative loading to combustor
liners and more substantial smoke emissions.

Liner Temperature Correlation for
Many Combustor Types

Because combustor design differences
play an important part in determining engi,ne smoke
characteristics, differences in emission are not
correlatable in the srune manner as combustor liner
temperature. However, results obtained using a T56
single combustor rig (Ref 20.34) are illustrative
of the important trends (see Figure 20.4.10). Significantly increased smoke emission was determined
with decreased hydrogen content for each conditi0n
tested. Trends between smoke emission and hydrogen
content are similar for each combustion condition.
Increased absolute smoke emission between the 394°K
and 644°K combustor inlet temperature conditions is
attributable to increased pressure and fuel-air
ratio. Although a further small increase might be
expected for the 756°K condition because of higher
pressure, the lower fuel-air ratio required to maintain the 1200 0 K exhaust temperature results in a
lover absolute smoke emission.
Volatility affects the rate at
liquid fuel introduced into the combustor can
vaporize. Since important heat release processes
do not occur until gas phase reactions take place,
reduction of volatility shortens the time for chemical reaction within the combustion system. In the
aircraft engine this can result in difficulty in
ground or altitude ignition capability, reduced
combustor stability, increased emissions of carbon
mcnoxide (CO) and hydrocarbons (He), and the
assoc iated loss in combust ion efficiency. Horeover,

~hich

20-22

Smoke Emission Dependence on
Hydrogen Content

The desired formation of a finely
dispersed spray of small fuel droplets is adversely affected by viscosity. Consequently, the
shortened time for gas phase combustion reactions
and prolonging of fuel-rich pockets experienced
with low volatility can also occur with increased
viscosity. The ignition, stability, emissions,
and smoke problems previously mentioned also increase for higher viscosity fuels.
Olefin content is known to influence fuel thermal stability. Potential problems resulting from reduced thermal stability in··
elude fouling of Qil-fuel heat exchangers and
filters, and plugging of fuel metering valves and
nozzles. No negatiVe effect of fuel ole-fin content on gas phase combustion processes would be
expected.
The effect. of increased fuelbound nitrogen is evaluated by determining the
additional!1O emission occurring when nitrogen is
present in th~ fuel and calculating the percent of
fuel nitrogen conversion to NO necessary to cause
this increase. 'fhe baseline p~troleum fuels used
in this study had near zero (<10 ppmw) fuel-bound
nitrogen. Results presented in Figure 20.4.11
indicate the importance of two variables. First,
as combustor inlet temperature is increased, conversion is reduced. Secondly, as fuel-bound
nitrogen concentrations are increased, conversion
decreases. This second trend is consistent with
available results for oil shale Jp-4 which had
less than .08% nitrogen. Synfuel results are
shown as a band in Figure 20.4.11 because of difficulties in accurately measuring small NO
x
increases.
Both sulfur and trace metals are
at very low concentrations in current jet fuels.
Sulfur is typically less than 0.1% because the

I,
1

f

J

I

I

I
if

petroleum fraction used for jet fuel production is
nearly void of sulfur-containing compounds. Although syncrudes from coal or oil shale would be
expected to contain higher sulfur levels, it is
not likely that the current specification limit of
0.4% would be exceeded with the processed jet fuel.
Because of the way in which future jet fuels are
expected to be produced, trace metals are also
expected to continue to be present at low concentrations (less than 1 ppmw). Should higher levels
appear possible, the serious consequences (deleterious
effects on turbine blades) would justify additional
expense for removal.
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ation intended to address future turbopropulsion
performance requirements. The High Mach Combustor (HJ.!C) is an advanced system design concept
for substantially increased performance relative
to contemporary systems. The Vortex Controlled
Diffuser (VCD) is an improved, low-loss boundarylayer.bleed diffuser which supports the needs of
both current and future combustion systems. The
shingle liner is an advanced concept combining
new design features for both improved st~lctural
and ±hermal durability.
20.4.3.1 High Mach Combustor (HHC):
T"ne Hl~C is an advanced combustor deSign concept
required to meet the needs of the High Thru-Flow
Propulsion System (HTFPS). The HTFPS is an advanced technology engine designed for high performance, light-weight and low cost. It will
utilize a variable-geometry compressor, a high
entrance Mach ~umber, high temperature rise combustor and a variable-geometry turbine and exhaust nozzle. As a result, the combustor must
be capable of accepting entrance flow fields at
Mach numbers nearly twice that of contemporary
systems but at virtually the same pressure loss
levels. Two approaches may be taken to meet these
technology requirements: (1) slow the combustor
entrance Mach number to conventional levels by
an advanced diffusion system (bleed, dump, or
staged diffuser) and utilize contemporary combustor technology: or (2) design the combustor
to accept the high velocity flow field by use of
swirl combustion techniques. A cross-section of
a bleed HHC is illustrated in Figure 20.4.13
while a high velocity swirl burning concept is
illustrated in. Figure 20.4.14 •
.8

Fuel-Bound :litrogen Conversion to
NO in an Aircraft Gas Turbine
Colilbustor

.6
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20.4.2.2 Combustion System Design Impact:
Although in the early stages of assessment, it appears certain that future combustion system designs
will be Significantly influenced by the changing
character of fuel properties as alternate energy
sources are tapped. DeSigns that accommodate lower
hydrogen content fuels with good comhustor liner
durability and low.smoke emission While maintaining
the customary level of combustion system performance
must be developed.

Lean primary zone combustion
systems, which are much less sensitive to fuel
hydrogen content, will comprise a major approach to
utilizing new fuels. Low smoke combustor designs
have been shown to be much less sensitive to fuel
hydrogen content variations. Figure 20.4.12 compares
the correlation for older designs (Figure 20.4.9)
with results for a newer, smokeless combustor design,
the CF6 (Ref 20.78). Current research on staged
combustion systems (See 20.4.1.4) will further contribute toward achieving the goal of leaner burning
while maintaining desired system performance. Some
of these designs have demonstrated very low sensitivity to fuel type (Ref 20.78). These extremely important developments provide encouragement that future
fuels of lower hydro~en content can be accommodated
While maintaining acceptable emissions characteristics.
20.4.3
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Effect of Lean Operation on Combustor Fuel Sensitivity

Figure 20.4.13

HHC with Advanced Bleed Diffuser

Design ani Performance Advancements

The following subsection oriefly addresses
three new design concepts currently under consider20-23

The liner is basically an impingement cooled
segmented design as illustrated in Figure 20.4.16.
The outer shell serves as the structural or load
carrying portion of the combustion system and
provides impingement cooling for the inner segments or, shingles. As a result, the shingles
provide an effective thermal barrier, protecting the
highly-stressed outer shell. The shingle liner is
particularly well suited to ,high temperature rise
combustor operation where cooling airflow is at a

premium. Additionally, the shingle concept offers
improved liner life due to its thermally relieved
mechanical design aspect and the possibility of improved maintainability, as low-cost Ilthrow-away"

Figure 20.4.14

segments may be employed.
The Shingle
velopment was sponsored by the Navy and
by the General Electric Company. It is
being considered for both near-term and
propulsion system application.

Swirl Burning HMC

20.4.3.2 Vortex Controlled Diffuser (VCD):
The VCD is a compact boundary-layer-bleed combustor
inlet diffuser designed to effectively diffuse both
conventional and high Mach number flow fields while
providing good pressure loss and flow stability in a
very short length (relative to contemporary diffusion systems). The VCD was initially investigated at
Cranfield Institute of Technology by Adkins (Ref
20.79). The basic VCD geometry and nomenclature
are defined in Figure 20.4.15. Inner and outer VCD
bleeds flow from the primary duct exit providing
high pressure recovery and low pressJre loss. The
VCD advantages ar~ principally (1) short diffuser
length, (2) high pressur~ recovery, (3) design
simplicity and (4) stabl~ flow provided by the vortex retaining fences. This concept offers considerable promise and is expected to find its way
into a wide range of future propulsion system
applications. Extended development of the VCD has
been sponsored by the Air Force and conducted at the
Detroit Diesel Allison Division of GMC.

Liner deconducted
presently
future

I
Figure 20.4.16

Shingle Liner Combustor

20.5

CONCLUSIONS

As discussed earlier, the turbine engine combustion system has undergone an evolutionary
development process over the past forty years
beginning with long, ,bulky, can-type combustors (i.e., the J33 shown in Figure 20.1.3)
and progressing to the compact, high temperature
rise annular combustors of today's newest
turbopropulsion systems. In recent years, significant technological advancements rave been
realized in both combustion system design and
performance. With respect to the important design parameters of combustion efficiency and

Secondary duct
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stability, pressure loss, combustor size, and
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Vortex retaining fence

Figure 20.4.15
20.4.3.3

Vort~::;c

fI

1

Controlled Diffuser

Shingle Liner:

The Shingle Liner

design concept is ~n advanced combustor cooling

technique featuring a new innovation wherein the
thermal and mechanical stress loads of the combustor
are isolated and controlled by independent means.
20-24

pattern factor, the annular combustors recently
developed have provided ,substantial improvements.
Further improvements in these parameter~ will be
required, however, if propuls'ion syst~m demands
of the future are to be met.
In the vital area of durability, improvements
in lirier design and cooling have added substantially to the maintainability and durab ility
aspects of the combustor at a time when system
operating pressures and temperatures are on the
rise. Figure 2Q.5.1 illustrates the technological
imp~ovemehts realized in the 10 - ~5 years since
annular combustors where introduced. For example,
the continu~d drive for reduced cost, improved
fuel economy and design compactness and simplicity
has led to the compact, high temperature combustor'of the FIOl engine (developed for the
B-1 Bomber) illustrated i,n Figure 20.5.2. This
combustor is a low pregsure loss (5.1~), high
heat release (7.5 x 10 BTU/hr/atm/ft ) design

iJi

Catalytic combustion involves the use of a
heterogeneous catalyst within the combustion zone
to increase the energy release rate (Ref 20.62 _
20.69) . Fuel and air are premixe d at low e~ui valence
ratios, often below the lean flammability limit,
and passed through a catalytically-coated, ceramic
honeycomb structure. Due to the combined effect
of "heterogeneous chemical reactions and the
thermal inertia of the solid stru~ture, this
concept can be utilized to achiev'e; stable, efficient combustion outside the normal flammability
limits of gas-phase systems (Ref 20.62 - 20.69).
Typical experimental results are shown in Figure
20.5.3. The benefits of lean combustion (low

employing an improved low pressure fuel injection system, a machined-ring high durability
liner and a simple, cast, low-loss inlet dump
diffuser. Relative to other contemporary combustion systems, the FIOl is the most advanced
annular design developed to date and introduces
a neW family of compact, high temperature systems
for fighter, bomber, and transport applications.
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and NO formation) provide significant potential
payoff~ Applications in both main burners and
afterburners are likely. The promising concept
of a porous flameholder with low pressure ~rop is
under investigation. Such a device would ;'provide a
means of stabilizing combustion flows thai reach
final flame temperatures in excess of flameholder
material limitations .
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radiative emission, decreased tendency for turbine
inlet temperature non-uniformities, reduced smoke
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FIOl Annular Combustor

Future aircraft propulsion re~uirements call
for primary combustors capable of: (1) accepting
greater variations in compressor discharge pressure,
temperature and airflow, (2) producing heat release
rates and temperature rise which will ultimately
approach stoichiometric levels, and (3) providing
high operational reliability and improved component durability, maintainability, and repairability. In addition, the new re~uirements discussed in Section 20.4--exhaust emissions and fuel
flexibility--must be addressed.
It is only possible to speculate on, new
concepts which might be employed in the next
quarter century in aero-propulsion combustion.

Nevertheless, such an effort is worthwhile as the
reader may gain an appreciation for the wide range
of opportunity and flexibility which remains available to the combustion system designer. T;ro new
concepts, catalytic combustion and photochemicallyassisted combustion, will be highlighted below.

20-25
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Catalytic Combustor Efficiency

A second new concept utilizes either ultraviolet light sources or plasmas to stabilize or
promote combustion processes. Recent studies
have confirmed the possibility of photochemical
ignition where a pulse of ultraviolet light (from
an arc discharge) is used to dissociate molecular
oxygen and provide ignition at lower temperatures
and with lower energy input than in the case of
a spark ignition source (Ref 20.80, 20.81). Other
investigations have confirmed the capability of
plasma jets in supplying reactive species to
stabilize and improve the efficiency of combustion
flows (Ref 20.82). The payoff of these two concepts can be flame stabilization without flameholding devices--an "optical flameholder" with
zero pressure drop. Such a device would further
promote the feasibility of practical lean combustion.
vlhile the,_"xample concepts described above
are in their infancy and may not find eventual
practical application in the turbopropulsion field,
they are illustrative of future ~ombustion technology developments. As the combustor designer is
confronted with the new re~uirements of the future,
especially exhaust emissions and fuel flexibility,
new concepts like these will play an important role
in problem solution.

Engineers in the aero-

propulsion combustion community will certainly enjoy challenges with the possibility for imaginative

20.16 Mosier, S. A., and Roberts, R., "Low Lower
Turbopropu1sion Combustor Exhaust Emissions,"
Vol I, II and III, Air Force Aero-Propulsion
Laboratory Report AFAPL-TR-73-36, June 1973.

solutions as the next quarter century unfolds.
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INTRODUCTION

The simple gas turbine cycle can be designed to have good performance characteristics
at a particular operating or design point.
However, a particular engine does not have the capability of producing a good performance for
large ranges of thrust, and this inflexibility can
lead to problems when the flight program for a
particular vehicle is considered.
For example,
many airplanes require a larger thrust during
take-off and acceleration than they do at a
cruise condition.
Thus, if the engine is sized
for take-off and has its design point at this condition, the engine will be too large "t cruise.
The vehicle performance will be penalized at
cruise for the poor off design point operation
of the engine components and for the larger
weight of the engine.
Similar problems arise
when supersonic cruise vehicles are considered.
The aiterburning gas turbine cycle was an
early attempt to avoid some of these problems
and afterburners ·01' augmentation devices were
first added to aircraft gas turbine engines to
increase their thrust during take-off or for
brief periods of acceleration and supersonic
flight.
The devices make use of the fact that
the maximum gas temperature at the turbine
inlet, in a gas turbine engine, is limited by
structural considerations to values les s than
half the adiabatic flame teInperature at the stoichiometric fuel-air ratio.
As a result, the gas
leaving the turbine contains Inost of its original
concentration of oxygen.
This oxygen can be
burned with additional fuel in a secondary COInbustion chamber located downstream of the turbine where temperature constraints are relaxed.
The increased total temperature produced at the
nozzle by this additional heat addition results in
an increased exit velocity and thrust.

flexibility of the basic gas turbine cycle.
The
aim of these systems is to optimize engine
performance over the widest possible range of
operating conditions. Augmentation can be used
in both fan and core streams.
In some flight
regimes afterburning in the bypass air stream
alone is advantageous and in others, where
maximum augmentation is required, afterburn_
ing in both bypas s and core engine exhaust
streams is desirable.
Under some circumstances mixing fan and core engine exhaust
streams prior to afterburning may produce a
large enough performance gain to more than
offset total pressure losses and increased engine
weight associated with the mixing process.
An afterburner for the gas turbine engine
cycle is very similar to a ramjet engine. Gas
leaving the turbine is diffused, liquid fuel is
added through fuel injection tubes or rings, the
combustion process is initiated in the wakes of
a number of flame stabilizers, and heat is
added along flame surfaces spreading from
these stabilization positions.
Nozzles with
variable area throats are necessary to accom_
modate the large total temperature changes
produced by afterburning.
These elements of the afterburner are
illustrated in Figure 21. O. I for the turbojet
cycle and in Figure 21. O. 2 for the turbofan
cycle.
The turbojet engine is a sketch of the
General Electric J79 engine and the turbofan
engine is a sketch of the Pratt and Whitney
FIOO engine.
In the latter case, afterburning
is accomplished without mixing core and fan
streams and the inner contour of the nozzle is
shown ·in closed (11) and open (12) positions.
In both engines, a combustion chamber liner
with an air cooling passage is used to protect
the outer, pressure vessel wall from heat
transfer by convection and radiation.

The advantage of using the afterburning
gas turbine engine cycle is that the weight of
the augmented engine is much less than the
weight of a turbojet engine which can produce
the same maximum thrust.
This advantage is
partially offset by the low thermal efficiency
of the augmented turbojet cycle which is characterized by values of specific fuel consumption
which are much higher than those for the gas
turbine cycle.
However, when the afterburner
is used for a small part of a flight, the weight
reduction is more important than the increase
in fuel consumption.
In the middle 1960's, an augmented gas
turbine engine, the General Electric GE4, was
selected as the cycle to be used on the Boeing
supersonic transport.
It was an afterburning
turbojet engine and the afterburner was used
not only during take-off or transonic acceleration but also during the Mach 2.7 cruise. At
these speeds, aiterburning is required even
during cruise to obtain a reasonable air- specific thrust.

Finally, with the advent of the turbofan
engines in the late 1960' s, and the Variable
Cycle Engines in the 1970' s, the afterburner
must be viewed as one of an increasing number
of devices which can be used to enhance the
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Figure 21. O. 1

Sketch of General Electric
J -79 afterburner. (1) Turbine
nozzles, (2) Turbine blades,
(3) fuel injection rings, (4)
three annular V-gutter flame
holders, (5) afterburner case,
(6) perforated liner, (7) and
(8) primary and secondary
nozzle flaps, and (9) diffuser
inner cone,

.15
.13

.1 I

I-TTab
.09

Figure 21. O. 2

Pratt and Whitney FIOO-PW-IOO
augmented turbofan engine.
(1)
Three stage fan; (2) bypass air
duct; core engine compressor
(3), burner (4), and turbine (5);
(6) fuel injectors for core engine gas stream; (7) fuel injectors for bypass air stream;
(8) flame stabilizer for afterburner; (9) perforated afterburner liner; (l0) afterburner
case; nozzle closed to minimum
area (11) and opened to maximum area (12).
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To illustrate typical afterburner operating
conditions, performance curves are shown in
Figure 21. O. 3 for a turbofan engine, the Pratt
and Whitney TF30 engine.
This engine is similar to that shown in Figure 21. O. 2 and the
core and turbine gas streams are not mixed.
The specific fuel consumption SFC and thrust
F are shown as ratios of their values to their
values with no after burning and as a function
of afterburner fuel-air ratio. Afterburner total pres sure ratio " ab and combustion efficiency
nab are also given.

The two curves on each

plot correspond to operating altitudes of about
12 km and 14.6 km and a flight Mach number
of 1. 4.
Flow conditions at afterburner entrance
for the core stream and for the two altitudes
were for the core stream: Total pressure of
1. 05 and O. 69 atm, total temperatures of about
0
900 k for both, inlet velocities ~f 180 and 230
meter / sec; for the fan stream: Total tempera0
ture was about 400 k.
At these conditions
thrust augmentation of about 60 percent can' be
achieved at a cost of an increase of 120 percent
in specific fuel consumption.
Performance decreases as altitude is increased.
Note that the
afterburner total pressure ratio with "no heat
addition is about 0.94; the 6 percent loss represented by this ratio accounts for some diffusion
loss in addition to the flame holder drag losses.
For this engine, fuel is injected through
orifaces with diameters of about 0.15 cm in a
number of concentric rings of fuel injection
tubes which are similar to those shown in Figure 21. O. 2 .
Afterburner fuel-air ratio is increased by adding fuel first to the core flow
near the interface between the core flow and
fan air stream, then to the fan air, and finally
to the rest of the core flow.
Because the fan
air contains the most oxygen and the lowest
temperature, afterburning in the stream produces the largest performance gain.
However,
the low temperature of this stream makes
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.02 .04 .06
Afterburner fuel-air
ratio (unburned)
Figure 21. O. 3

Afterburner performance characteristics for the TF30-P-3
engine.
Engine characteristics:
"e 17, "c' 2.1, bypass
ratio [ l
1. 0, flame holder
blockage 0.38.
Flight Mach
number 1. 4.
Solid curves are
for an altitude of 12 km and
~ashed curves for 14.6 km.
Data from Reference 21. 1.
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vaporization of the fuel and hence afterburning
most difficult.
The addition of fuel in the order
suggested here first produces a high temperature at the outer edge of the core stream where
it can act as a pilot for the fan air combustion
process.
The rapid fall in combustion efficiency at 14.6 km and for low fuel-air ratios is due
to the problem of burning in the cold fan streams
where vaporization of the fuel is very poor.
The purpose of this chapter is to discuss
the engineering information available concerning
afterburner components and to indicate some

current design practices.
Because of the author's interests, some problem areas will be
more thoroughly described than others. Section 21. 10
contains references to review articles which discuss a number of subjects concerning afterburners which are omitted here.

21. 1

DIFFUSER

The heat which can be added to it compressible flow in a constant area duct before choking
occurs and the pressure loss which accompanies
this heat addition depend on the Mach number of
the flow entering the burner. As the inlet Mach
number decreases, the maximum heat addition
increases and the total pressure loss decreases.
In addition, the flame stabilization process becomes more difficult as gas speed increases.
Hence, it is desirable to use as Iowa value as
pos sible for the burner inlet Mach number and
a diffuser is used between the turbine exit plane
and the afterburner itself.
The minimum Mach number at the burner
inlet is usually fixed by the requirement that
the diameter of the afterburner section of the
engine not exceed that of the engine components
located upstream of the afterburner.
This limitation arises from the desire to minimize the
drag of the engine due to frontal area and nozzle exit area, and the desire to minimize the
weight of the afterburner its elf.
The desire to minimize weight also results
in the requirement that the diffuser be kept as
short as possible without producing flow separation from the inner body.
Relatively large divergence angles can be used because the blockage of the flow, produced by the flame' holder
and fuel injection systems, reduces the tendency
of the flow to separate from the diffuser cone.
Finally, the general problem of producing a
steady, uniform and unseparated flow at the
diffuser outlet is often complicated by the presence of a large swirl component in the. gas
leaving the turbine (15 - 20 percent tangential
component) and the interaction of this swirlir.g
flow with struts required to support the rear
engine bearing.
In augmented turbofan engines in which
the two gas streams are to be mixed before
afterburning is initiated, the diffuser is usually
combined with the mixer.
For example, the
fan stream and core streams can be ducted together to form a series of adjacent radial slots
with fan air and core air in alternate slots.
This geometry has the advantage that mixing
will occur in a distance much smaller than required with the undisturbed annular geometry
shown in Figure 21.0.2.
By keeping cross section areas of each stream almost constant, pressure losses in mixers of this type can be minimized.

value.
Because ignition, flame stabilization and
flame spreading are easiest to achieve when the
fuel-air ratio is close to the stoichiometric
value, staging is usually produced by adding
fuel to successive annular stream .tubes 50 that
the mixture ratio in each tube is nearly stoichiometric.
Each stream tube has its own set
of fuel injectors and control system which can
be activated independently.
For example, see
the six injectors used in the FIOO engine shown
in Figure 21. O. 2.
The most remarkable fact concerning the
fuel system for afterburners is their simplicity.
In many engine systems, fuel is supplied to a
circular tube which lies with its axis perpendicular to the gas stream.
Fuel is injected
into the gas through small diameter holes located in the sides of the tube such that the
liquid jet enters the gas stream in a direction
perpendicular to the undisturbed flow direction.
The liquid jet penetrates some distance into the
gas stream before its momentum is dissipated.
During this penetration process, the air stream
tears the jet apart and produces droplets with
diameters of micron size.
Heat transfer from
the hot gas stream then vaporizes the droplets.
Given the wide range of values of mass
flows of fuel required, it is remarkable that
reasonably thorough mixing of the fuel with the
air can be achieved with this simple injection
system. In' some recent engines efforts are
being made to use simple variable area injection ports which may pOSSibly give better preparation of the fuel-air mixture.
The whole area of fuel penetration. atomization and vaporization is not well understood
from first principals and one of the time consuming parts of an afterburner development
program is to determine the optimum distribution of locations for injector tubes, injector
ports and port diameters. .In the following
paragraphs a very brief analysis is made of
several aspects of the fuel injection problem
with the aim of illustrating some of the important scaling parameters rather than of fu!'nishing design procedures.
Penetration.
The trajectory of a fluid
jet injected into a high speed air stream can be
crudely analyzed by treating the boundaries of
the jet and resulting droplet stream as a solid
body and applying contimtity and momentum conservation laws.
The force applied to the surface of the stream tube in the direction of the
flow, see sketch of Figure 21. 2.1, will be proportional to the dynamic pressure of the gas,
p v 2/2, and some cross sectional area,
<Xl

<Xl

W x h.

say

w

Here
is an average width and h is
the penetration distance.
This force must be
balanced by the momentum flux of the injectant
stream with mass flux m.. If we assume that
J

the fluid is accelerated to a velocity v <Xl at the
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FUEL INJECTION, ATOMIZATION AND
VAPORIZA TION

The goal of the fuel injection system is
to produce a specified distribution of fuel vapor
in the gas stream entering the afterburner.
In
most engines, fuel is introduced in a staged
manner so that heat addition rate can be increased gradually from zero to the desired
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exit of the control volume and that it enters
with no momentum flux in the direction of flow,
the force balance gives:
p v
<Xl

so that

<Xl

2 (w h)

m.v
J <Xl

with the volume-median droplet diameter defined as
D30

3
)1/3
= ( L:n.D.
/L;n.
ill
i 1

where n

is the number of particles with diami
eter D • They found that D30 depended on the
i
injector diameter d and two dimensionless
j
parameters, a Reynolds number,

based On the gas stream velocity v""
Figure 21. 2. 1

ScheIllatic for EstiIllate of
Penetration Distance.

jector diameter d

j
viscosity PJ. and 111.; and a Weber number,
We '"

a./p
J

v

2d .

'" '"

J

based on fuel surface tension
pressure of the gas.

The actual penetration distance is obtained by
2
assuming w 0: d. and m.o: (".d. /4)p.v.; it is

J

given by:

J

J

the in-

and the liquid density and

OJ

and dynamic

The relationship for D30

found by these authors was

J J

(21.2.2)

h

d.
J

For a gas stream with a speed of about
•

Note that the denoIllinator of Equation 21. 2. 1
is proportional to the Illas s flux of air through
the region fed by the injector.
Thus, if the
injector flow rate is changed in order to keep
h fixed (as SOIlle other paraIlleter such as
flight altitude is varied), the overall fuel-air
ratio in the streaIll tube fed by the injector will
be held fixed.
Recent experimental work by Schetz and
Padhye, Reference 21. 2, suggests that an analysis of this type does predict a reasonable dependence of penetration distance h on the dy2
namic pressure ratio p.v. /p v 2.
Penetration
J J
'" '"
distances of 1 0' s of diaIlleters can be achieved
with dynamic pressure ratios between one and
two.
AtoIllization.
The breakup of the injected
fuel stream, into SIllall droplets depends on the
dynamic pressure parameters listed above, and
in addition on the viscosities of the fuel and gas
streams, and on the interfacial tension of the
fuel-gas system.
The physical process of atomization of the fluid jet probably involves the production of waves on the fluid-gas interface, the
shedding of long ligaments of fluid as the waves
break and then the breakup of the ligaments into
droplets.
The overall process is sufficiently
cOIllplex that no Illodel or set of scaling parameters has been generally accepted.
The problem
is complicated by the necessity for measuring
and describing a distribution of drop size. rather
than a single drop diameter.
To give the flavor of the results obtained
in experiments, we describe the results of
Ingebo and Foster (Reference 21. 3). They worked
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0

200 m/sec., temperature of 900 k and pressure of 3 attn., and a gasoline like fuel jet,
the Reynolds and Weber numbers for a milli- 5
meter diameter injector port are about 2 X 10

3

and 10- respectively.
Using these values in
the above equation we find D30 "" 40 microns.
The equation given above indicates that
there is no dependence of atomization on the
injection Velocity v. but there is an inverse 1/4

J

power dependence of D30 on gas stream density and, hence, pressure.
Thus, as the pressure decreases, droplet diameter will increase
slowly.
Finally, D30 is proportional to the
square Toot of port diameter d

r

Evaporation.
The evaporation rate of the
droplets formed in the injection process is a
strong function of gas and droplet temperature,
and the . relative velocity of the droplets with
respect to the air.
For most conditions of
interest to us, the pressure of the vapor at
the surface of the drop will be close to the
equilibrium value fixed by the surface temperature of the drop.
Vapor is removed from
this region by diffusion and forced convection;
and the heat required to produce the evaporation is transferred to the surface by conduction from within the drop, and by conduction
and forced convection from the gas stream.
The drop radius and the temperature distribution within the drop will be functions of the
time.
Transport of vapor and heat occur by
diffusion and by forced convection, and both
processes may be either laminar or turbulent.
The most simple situation to analyze for
this complex problem is the case in which

'-,,'-"i",f'~'"

molecular transport processes for mass and
heat are dominant, and for which we can ignore
temperature changes within the drop.
This quaaisteady situation is most likely to occur for
small (e. g., lOIJ diameter) drops moving with
a small velocity with respect to the gas stream.
Under these conditions we can show that the
rate of change of mass M of a droplet is
given by
(21.2.3)

where r is the droplet radius, and P and fI
v
are vapor density and diffusion coefficient at
the particle surface. Since the particle mass
3
is (4/3 hrr P.t'

-Here the vapor density at the particle surface
has been normalized by P ' the density of the
g
gas stream evaluated at Tp'
The second and
third terms on the right hand side of Equation
21. 2. 5 are almost independent of pressure and
temperature.
(The second term is the Lewis
number.) However, the first term is a very
strong function of temperature and is inversely
proportional to pressure because the gas
density is proportional to P/T '
Hence, the
p
above equation can be written in the form
(T - T )

""
where

f

P

=f

(T } I P
P
""

(21.2.6)

increases exponentially with Tp'

1£ P 00 is reduced, e. g., by increasing the
rdr

CIt
and the time required te for complete evaporation of a particle of initial radius r 0 is

t

drop in T '_ Because of the strong dependence
p
of f on T ' a small change in Tp will be rep
quired to satisfy the equation.
Hence, the temperature difference (Too - T p) will not change ap-

(21. 2. 4)

e

Here, the denominator is the value averaged
over the evaporation time of the droplet. Clearly, the time for complete evaporation will be
much longer for large drops.
The term in the denominator of the above
equation is a strong function of the temperature
and in order to determine its value, an energy
balance for the droplet must also be used. The
vapor density at the droplet surface P is only
v
a function of temperature and since fiJ "" liP
holds roughly, we find that PvfiJ will be proportional to liP, the inverse of the local static
pressure.
Thus, as the pressure in the region
of injection falls, the time required for evaporation of small droplets of a fixed temperature
will decrease.
For the simple situation under investigation here, the energy balance reduces to
-ML

=

Ii

where L is the heat of vaporization, (-M) is
the rate of generation of vapor and q is the
heat transferred by conduction to the drop. We
can show that ci is given by 4TTrk(T "" - Tp) where
k is coefficient of thermal conductivity, and T ""
and Tp are the temperatures of the gas far from
the drop, and the temperature of the drop.
Given these results, the energy balance given
above reduces to:

T;""Tp

= (:;)C<:pg)(cp>J

altitude at which the engine is flying, the droplet temperature must adjust to satisfy this
equality.
Two regimes of interest can be defined.
In the first, let the gas temperature
be much greater than the particle temperature.
Then a drop in P"" must be accompanied by a

(21.2.5)

preciably, and, consequently, the conduction
term and thus the evaporation rate will not
change appreciably.
For this example, the increase in diffusion coefficient due to a reduction in pressure is offset by a reduction in vapor pressure (due to reduced T p) so that the
vapor diffusion and evaporation rates are held
almost constant.
For this case then, the evaporation time te of Equation 21. 2. 4 will not be
affected directly by the pres sure,
In the second regime, assume that T"" is

almost equal to Tn'

Then, when P "" is caused

to drop, the smali change in T

p

needed to bal-

ance Equation 21.2. 6 will make an appreciable
difference in the temperature difference (T"" - Tp)'
Thus, the heat transfer rate and consequently
the evaporation rate will increase as the pressure falls.

1£ we combine the simplified results presented above, we find that as the pressure in
the afterburner falls, say ,as a result of the
increase in altitude of an engine operating at a
fixed Mach number, the simple injector discussed here is capable of supplying the required
fuel flow to the appropriate volume of space.
However, as pressure decreases, the droplet
diameter will increase. In addition, for the
first vaporization regime discussed above, the
evaporation rate will be independent of pressure
but will decrease rapidly as the drop radius increases.
Hence, the effect of the reduction in
pressure will be to increase 1:.'le initial diameter
of the droplets and to decrease the evaporation
rate.
In the second regime the effect of increase in the initial radius of the drops will be
offset by the increase in diffusion rates.
Also note that the evaporation rate depends
on the diameter of the injector part dj'
It is

Note, P is an exponential function of T p'
v
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clear from Equation 21. 2. 2 that D30 is proportional to

v;r.-

and consequently that the evapora-

tion time given in Equation 21. 2. 4 is ,directly
proportional to dj'
Hence, Illore rapld evaporation could be, achieved by using injection ports
f a smaller d,ameter.
However, the nUIllber
o d location of the injector ports would need to
:~ changed to keep the fuel distribution unchanged. In addition, the smaller holes would ~e
more subject to blockage by dirt and pyrohzed
fuel.
In real systems, the observed effect of
a pressure decrease is that combustion e!ficiency falls off badly when the pressure 1S reduced below SOIlle limiting value which is often
of the order of one atmosphere.
This pressure
limit is a major limitation on the operating
range for an afterburner.

21. 3

IGNITION

The fuel-air mixture produced by the injection process has a flame propagation. velocity
,which is much less than the gas speed 10 the
combustion chamber.
Hence, unless sources
of continuous ignition are present in the chamber,
the burning gas ignited by a temporary process
would be blown out of the engine as soon as ignition stopped.
In most afterburner systems,
the continuous source of ignition is the wake of
a bluff body, (called the flame holder), held
with its axis perpendicular to the flow.
Hot
gas trapped in the first few diameters of the
fla';'e holder wake, mixes with the combustible
mixture flowing over the wake and acts as the
source of ignition.
The process of flaITle stabilization is the subject of the next section;
here we will describe the process of initiation
of the stabilization process.
This ignition process need only start the stabilization process
and may then be turned off.
Furthermore, it
has been found that once the stabilization process has been established in a relatively short
length of flaITle holder, say five diaIneters, the
process will spread to the rest of the stabilizer system if the wakes of the stabilizers form
a continuous pathway.
Finally, fuel is usually
added in sequence to a nUIllber of annular stream
tubes to prevent pressure surges during afterburner ignition and to allow modulation of the
afterburner thrust.
Hence, once one region is
"litH, it can act as a source of ignition for adjacent regions when fuel is added to theIn. Thus,
the purpose of the ignition system is to establish
a stabilized flame in a :l'elatively aInall part of
the flame stabilizer system.
The bluff body
flame holder system will then furnish a path for
further spreading of the stabilized ilaIne as additional fuel is added.
Three general systeIns have been used.
There are the hot streak technique, spark or
arc ignition and the pilot burner technique. In
the hot streak systeIn, fuel is injected for a
short period into the gas streaIn of the core
engine just upstreaIn of the turbine.
The combustible flow forIned by this process produces
a very hot streaIn of burning gas which is positioned radially to coincide with the priIllary
fuel-air injection stream-tube for the afterburner.
COInbustion occur s in this s treaIn by auto
ignition (because of the high temperatures present upstream of the turbine) and the ilaIne sta-
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bHization process is initiated when the hot
burning gas fills the initial wake- region of the
flaIne holders.
The hot streak can only be
maintained for a brief period to prevent thermal daInage to the turbine.
Ignition and initiation of the flaIne stabilization process can also be initiated by pr?ducing a high energy electric arc in the PIlIllary streaIn tube.
Ignition in this case is
usually produced by placing the arc in a region
of the wake of the flame holder systeIn which
is particularly sheltered and which Inay have
its own fuel supply systeIn.
Stabilization is
initiated locally by the heat from the arc and
spreads by the mechanisIn described above.
The pilot burner systeIn is siITlilar to the
arc systeIn and may use an arc to initiate COInbustion.
In this systeIn, a small can-burner
similar to tha t us ed in the core- engine primary-burner, is located in the priInary streaIn
tube.
This system furnishes a continuous
source of hot COInbustion products which act in
a Inanner, similar to the hot streak system to
start the stabilization process once fuel injection is started.
The energy required to initiate the flaIne
stabilization process COInes priInarily froIn
chemical reactions which are initiated in the
preInixed fuel-air streaIn by the ignition systeIn. At present, the aInount of energy required (e. g., joules supplied to the arc discharge or total Inass of fuel injected into the
hot streak) to achieve ignition cannot be calculated for a particular design.
However, SOITle
trends can probably be deterInined by exaInination of experiInental results concerned with ignition of flowing streaInS of fuel-air mixtures.
Studies with various sources of ignition
such as arcs hot surfaces and hot gas streams
indicate that the energy required is a strong·
function of fuel-air ratio, fuel properties, the
local pressure and temperature, and the residence tiIne of the combustible gas in the system.
The energy required is sInallest for Inixture
ratios near the stoichioInetric value and increases very rapidly as the Inixture ratio is
decreased below 0.5 to 0.7 of the stoichiometric ratio.
Also, it decreases as pressure,
temperature, the oxygen Inole fraction and residence tiIne of the !tow in the ignition region
increase.
The exact values required are very
sensitive to the particular device being studied
and the calculation of conditions required to
produce ignition for a particular systeIn cannot
yet be carried out even for very idealized experiInental conditions.
Based on these results, one expects ignition in afterburner systCInS to be easiest to
achieve in gas with a fuel-air ratio close to
the stoichiometric value, in the Inost sheltered
regions of the stabilization systeIn where residence tiInes are longest, and when pressures
and temperatures are highest.
Ignition is usually harder to achieve than
stabilization.
Because velocities and teInperatures do not change a great deal at the afterburner inlet, the primary problem for afterburner ignition systeIns is the high altitude relight probleIn.
The dif~iculty here is aS50ci~
ated with low pressure III the afterburner whlch
effects both the preparation of the fuel (by the

injector system) and the ignition process directly.
The operating regime for the engine is often plotted, as shown in Figure 21. 3.1, on an
altitude versus Mach number map.
The boundary called the Ignition curve is the altitude (i. e. ,
the pressure) limit above which ignition is no
longer possible. Afterburner operation above
this altitude is possible (for this example) if
the afterburner is ignited at a lower altitude.
Vehicle Flight

burning process in the core stream.
The hot
gas generated in the core is then used to stabilize the flame in the fan stream.
In the
first part of the following di scussion we will
restrict ourselves to the vaporized fuel example.
The ignition process, usually called flame
stabilization in afterburner systems, is typically achieved in a mixture of fuel vapor and air
by allowing hot products of combustion to mix
with the unburnt fuel-air ITlixture.
The steady
flow of hot gas required for this process is
usually obtained by setting up a recirculating
flow of burnt material.
When a bluff body
flaITle holder is used, see Figure 21.4. la, hot
gas, generated by the recirculation of burning
material in the wake of the bluff body, supplies the energy and the mas s of products of
COITlb~lstion required to ignite the unburnt material flowing past the wake.
This process is
described and analyzed in detail in the following sections.
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Flight Mach Number
Figure 21.3.1

21. 4

Flight Envelope for an
Afterburner.
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STABILIZATION PROCESS

The purpose of the flame stabilization
process is to establish a continuous source of
ignition in a fuel-air mixture whose velocity is
much greater than the turbulent flame speed
for the mixture.
Laminar flame speeds in mixtures of typical hydrocarbon fuels with air heated by partial combustion are in the range of a
few meters per second.
If the flow is turbulent,
this speed may be as large as a few tens of
meters per second although the meaning of the
term, turbulent flame speed, is poorly defined.
These turbulent speeds are still much less than
the gas speeds encountered in the flame stabilization region of afterburner sy stems where
gas speeds of hundreds of meters per second
are typically encountered.
Hence, a continuous
source of ignition is required to start the combustion process.
Once started, the combustion
wave can spread from its point of ignition
acros s the fuel-air mixture produced by the injection system in a wave like manner similar
to the propogation of an oblique shock wave
across a supersonic flow.
One of the most important parameters of
the stabilization process is the state of the fuel
in the fuel-air mixture.
In the core flow, temperatures are high enough to insure that most
of the fuel is vaporized.
However, in the fan
stream, temperatures can be so low that only
a small fraction of the fuel will be vaporized
and the stabilization mechanism will have the
additional job of vaporising the fuel used' in producing a stable flame.
In existing systems this
problem is usually avoided by starting the after-
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Figure 21. 4. I

Flame Stabilization Schemes for
Mixtures of Fuel Vapor and
Air.

-
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The processes occuring in the wake of the
bluff body also occur in the wake of a step or
in a wall recess, see Figure Z1. 4. lb and c.
In these examples heat transfer from the gas
to walls of the cavity reduces the gas temperature in the recirculation zone and makes stabilization more difficult.
The wake region required to produce the
recirculation zone described above, can also
be produced by injecting a secondary gas stream
into the unburnt flow, see Figure Z1. 4. ld and
e. Again, a wake region with strong recirculation is formed by the interaction of the two
streams.
In these examples the fluid which
enters the recirculating wake is made up in
part of the injected fluid.
Hence, the fuel-air
ratio of the recirculation zone gas can be changed
by changing the fuel-air ratio of the injectant.
We shall see later that this proces s can give
us a powerful control over the stabilization process.
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The configurations shown schematically
in Figure Zl. 4. 1 can be used in either axisymmetric or two-dimensional geometries.
The latter configuration is the most common.
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Fuel-Air Ratio, Fraction of Stoichiometric
Figure 21. 4. Z

The performance of a flame stabilization
system is usually presented in the form of a
map on which the boundaries of a stabilization
parameter are given as a function of fuel-air
ratio. An elementary map of this type is
shown in Figure Z1. 4. Z where the velocity at
which the stabilization process fails (called
here the blowoff velocity) is presented as a
function of the fuel-air ratio with the flame
holder scale as a parameter.
The experimental data of Haddock, Reference Zl.4 were obtained in a mixture of vaporized gasoline and
air, and with circular cylinders used as flame
holders.
For each flame holder, flame stabilization was found to be possible for the range
of values of fuel-air ratio within the curves
shown in the Figure.
For example, stabilization
was possible with the liZ inch (1. 3 cm) diameter cylinder for fuel-air ratios between 0.70
and 1. 15 time s the stoichiometric value when
the gas speed approaching the cylinder was
about 600 It./sec. (1S3 m/sec.).
As the gas
speed increased, the fuel-air ratio range for
which stabilization could be achieved decreased
and the peak value, about 740 ft. /sec. (ZZ6
m/sec. ) occurred for values close to stoichiometric.
Flame holders with diameters between
lIZ inch (1.Z7 cm) and liS inch (0.3Z cm) had
clearly turbulent wakes and exhibited similar
behavior.
The blowoff velocities increase regularly as holder scale increases.
The three remaining curves are for holders
with laminar wakes.
The peak blow off velocity
for these examples is progressively shifted toward fuel-air ratios greater than stoichiometric
as the flame holder scale is reduced.
This
behavior is a result of a molecular diffusion
process which usually is of no importance in
flame holder systems operating in gas· turbine
engines.
However, note that even for the largest flame holder, the lean stability limit is well
above 0.5 of stoichiometric and that values above
0.8 are required to stabilize flames in high
speed flows.
It is clear from these data that the velocity at which stabilization can be maintained
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Stability Limit Curves for Circular Cylinders.
Data from
Haddock (Reference 21. 4).
Vaporized Hydrocarbon Fuel-Air
Mixture at One Atmosphere and
60 0 C.

is a strong function of flame holder scale,
fuel-air ratio and wake condition (laminar or
turbulent).
Other experiments show that it
also depends on fuel characteristics; the temperature, pressure and oxygen content of the
unburnt gas stream, and on a number of geometric factors which describe the flame holderduct system.
The nature of these dependences
and their origin will be discussed in later paragraphs of this section.
Stability limits obtained with the other systems shown in Figure
Z1. 4. 1 follow a pattern similar to that described above when mixtul'es of fuel vaDor and
air are used.
Ho\vever when a large fraction
of the fuel is not vaporized the picture is quite
different.

i
!

J

The bluff body flame stabilization process
which occurs in fuel vapor-air mixtures will
be treated in d~tail in Section ZI. 4. 1.
Briefer
descriptions will also be. given of scaling parameters for stabilization by secondary injection (illustrated in Figure 21. 4. ld) and of bluff
body stabilizers operating in unvaporized fuelair mixtures.
Z1. 4. 1

FLAME STABILIZATION BY BLUFF
BODIES IN PREMIXED FLOW

The mechanism of flame stabilization by
bluff body flame holders is still a subject of some
contention and the mechanism described here is
that developed at California Institute of Technology
by F. E. Marble, E. E. Zukoski, and a number of
co-workers at the Jet Propulsion Laboratory,
C.1. T. (E. g., see References 21. 5 to Z1. S. )
This approach is based on a picture of
the wake of a two-dimensional flame holder
shown in Figure Z1. 4.3.
Figure Z1. 4. 3a is a
photograph taken in the light of the flame of
the flame stabilization region of a circular

L.

cylinder.
The line of sight is along the cylinder.
The sketch of Figure 21. 4. 3b is a highly
simplified drawing of the velocity field for the
same region.
The mixing zones are illuminated in (a) by light from the combustion process
occuring there.
Chemiluminescence and, hence,
chemical reaction is almost absent in the recirculation zone.

The mixing zones on either side of the
recirculation zone are turbulent regions of
very strong shear, steep temperature gradients and vigorous chemical reaction.
These
regions thicken almost linearly and their junction forms the downstream end of the recirculation zone.
The process which leads to the formation
of a self propagating chemical reaction takes
place in the mixing zone.
This region is fed
by turbulent mixing processes with cool combustible gas from the approach stream and with
very hot burnt material, from the recirculation
zone.
Thus, if no chemical reaction were present, the mixing zone gas would still be at a
high temperature at the inner edge (or recirculation zone side) of the region.
Downstream
of the end of the recirculation zone, the cool,
unburnt gas continues to be entrained into the
wake, but no more hot gas is added; hence, if
no chemical reaction were present, the temperature woul~ fall.
'

We divide the wake of the flame holder
into two regions: The recirculation zone, a
region characterized by strongly recirculating
flow and the mixing zone which separates the
recirculation zone from the unburnt mixture.

Chemical reaction is initiated in the mixing zone by heat and species transfer from the
hot burnt gases to the unburnt material.
The
total" heat and species transferred to any particle of unburnt gas, and its reactio ll rate, '
will largely depend on the time this particle
spends in contact with hot burnt gas.
Thus,
the temperature, species concentration, and
consequently the local chemical reaction rate
of unreacted material will depend' strongly on
the residence time of this unburnt material in
the mixing zone.

(a)

For a sufficiently long residence time, a
chemical reaction will be started in the mixing
zone flow and will continue as this gas moves
on downstream to form the wake.
If this reaction is vigorous enough in the wake region,
then the quenching action of the continuing entrainment of cool unburnt gas will be overcome
and a propagating flame will be produced.
It is reasonable to suppose that the residence time of unburnt gas in the mixing zone
will be proportional to Le
where
is a'

Iv

v

suitably chosen average SPeed in the mixing
zone, and Le is the scale of the recirculation
(b)

Figure 21.4.3

t

/'

;

Photograph and Sketch of the
Flame Stabilization Region of
a Circular Cylinder Used as a
Bluff Body Flame Holder.

The temperature of the recirculation zone gas
is typically within 5 to 10 percent of the adiabatic flame temperature corresponding to the,
mixture ratio of the approach stream and is independent of gas speed, and the flame holderduct geometry.
Chemical reaction appears to
be almost complete in this volume, and the
residence of gas is 5, to 10 times the time required by the flow at' the cold side of the mixing region to pass over the recirculation zone.
This long residence time insures that if any
chemical reaction takes place in the wake at
all, it will be most nearly complete in the recirculation zone.
21-10

zone.
Hense, when the velocity of the flow
increases, v, will increase proportionately and
the residence time will decrease.
When the
residence time is too short, the chemical reaction in the wake will be quenched and no
propagating flame will l:>e stabilized.
Thus,
flame extinction or blowoff occurs due to failure of the ignition process and not as a direct
result of cooling of the recirculation zone gas.
The important parameters of the system
as indicated by this discussion are:
an average gas in the mixing zone; T, a time which
characterises the period required to achieve
ignition in the mixing zone; and L , the length
e
of the recirculation zone which is effective iri
igniting the mixing zone.
The dimensi£.nless
stability parameter of interest is then (v TILe)'

v,

There is good evidence that mixing layer flow
fields are roughly similar, i. e., have similar
velocity, composition and temperature fields.
Thus, if we compare similar systems with the
same chemical parameters but under different

I
I
I
I
I
I

fluid dynamic conditions, our stability parameter
must take on a particular value at blowoff condition} i. e. J

Y..!.]
L
e blowoff

= i3 c

Because of the similarity of the turbulent
mixing zones of bluff. body flame holders, the
parameters Le and v used in this expression
can be replaced without loss of generality by
the maximum length of the recirculating flow,
L and the unburnt gas speed at the edge of the
m'ixing zone V Z.
Then the blowoff condition

Table Z1. 4.1.
The top two flame holders are
circular cylinders with their axis held perpendicular to the flow and the latter three had
cylindric bodies with their axis parallel to the
flow and several types of axisymmetric noses.
The third body is the two-dimensional analog
of the fourth.
The large differences in the
flow field produced by these bodies is illustrated by the Schlieren photographs shown in Figure Z1. 4. 4.
Note that values of the critical
times evaluated at the stoichiometric ratios are
about the same regardless of geometry.

Fl~

Holder Geometry

given above can be rewritten as:

3.09 x 10- u sec
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constants (for similar turbulent mixing regions),
the stability criterion becomes:

constant
at the flame extinction or ,blowoff condition.
A number of experiments have verified
the usefulness of this relationship.
However,
an independent calculation of the characteristic
chemical time 'f has not been developed and
consequently it is neces sary to experimentally
determine 'f from a set of flame blowoff experiments.
In these experiments, V
and L
Zc
are determined at the blowoff state and 'f is
obtained from 'fc '" L/V Zc ' Given this definition the flame blowoff criteria is
V Zc 'f c ]
--L-- blowoff

III

Table Z 1. 4. 1

2.35

/3.00

,1

Depen~ence of Ignition Time 'f
Obtained at the Stoichiometric c
Fuel-.kir Ratio on Flame Holder
Geometry and Gas Speed.

(Z 1. 4. 1)

this formula,tion the unknown constant

be~n

D

L 14 mesh screen

and L / Le can be assumed to be

'to

1/0 inch

:/®
,-,

v / VZ

d.

~

@

When

:0 0,"

i3 c'

has

absorbed in the measured quantity 'f c'

One of the great advantages of this approach is
that all dependence on chemical parameters is
naturally lumped i~ 'f c and al~ dependence on
fluid dynamic parameters, in (L/V )'
Zc
When 'f c has been determined experimentally for a single duct-flame holder configuration, and for the desired ranges of the
chemical parameters, it can be used to predict
stability limits for any other duct-flame holder
configuration and the same range of chemical
parameters. Thus, 'l'~ a scaling parameter.
A number of experiments with a wide
range of flame holder-duct configurations have
shown that the values of 'f c do depend on a
number of chemical parameters such as fuel
type, fuel-air ratio, gas temperatures, and
degree of vitiation, but are substantially independent of the geometry and scale of flame
holder-duct configuration and of gas speed so
long as the flow in the mixing region is turbulent.
A few typical results are summarized in
Zl-ll

Figure Z1. 4. 4 Spark Schlieren Photographs of
Flames Stabilized on: (Upper)
Circular Cylinder Received from
the Side and (Lower) on Axisymmetric Body With Axis Parallel
to Flow. The Recirculation Zone,
Clearly Outlined in Upper Photograph, Is Not Visible in the
Lower.

In addition, for flames in which mixing
length similarity does not hold, values of '-c de-

of the blockage ratio d / H, the flame holder
geometry and the usual parameters of compressible and viscous flows, the Reynolds and
Mach numbers.
In addition, we must consider
the flame holder tetnperature which affects the
boundary layer on the holder and the turbulence
level in the approach stream.
In the follOwing
paragraphs, the effects of changing d / H, called the blockage ratio, and the flame holder
geometry will be considered first, and later
the effects of Reynolds nutnber, Mach number,
flatne holder tetnperature, and turbulence will
be described. Note in some Figures D replaces d.

termined by integration of local velocity measurements along a path in the mixing zones again confirmed the validity of this approach. For example, see the work of Broman, Reference 21. 8.
The fluid dynamic and chemical aspects
of the stability criterion will be discussed separately in the following paragraphs.
21. 4. I. I

FLUID DYNAMIC PARAMETERS

Blockage and Flame Holder Geotnetry.
Consider again the flow described schetnatically in Figure 21.4.5.
Note that the flow separates frotn either side of the flame holder
and that the wake continues to spread downstream of the holder and asymptotically appl'oaches a width W.
(We will find later that
W rather than d is the most useful characteristic scale for the holder in this probletn.)
The flatne holder and its burning wake block an
a ppreciable part of the cros s section area of
the duct and causes the unburnt flow to accelerate to a higher velocity, V •
2

The flame stabilization criterion given
above in Equation 21. 4. I is not immediately
useful even when the characteristic T c is known
as a function of the chemical parameters because the recirculation zone length L and the
gas speed in the flow over the wake V 2 are
not simply related to the scale of the flame
holder and the velocity far upstream.
To illustrate the dependence of these parameters on
other fluid dynamic variables we will discus s
the case of a two-dimensional flame holder of
height d located on the center line of a rectangular duct of height H and subject to a flow
with an upstream velocity V l'
We need to con-

The wake width is a critical parameter
since it not only affects the ratio V 2 / V I but

nect the fluid dynamic parameters used in our
model with these parameters which are the ones
usually specified.
These two sets of parameters are illustrated in Figure 21. 4. 5.
In a
formal way the stability criterion can be written as:

also fixes the recirculation zone length L.
For example, the width of the mixing zone increases almost linearly with distance along its
length.
This spreading rate is sitnilar to that
of many other two-dimensional turbulent shear
layers and has a constant width-to-Iength ratio
of roughly 1/8. At the downstreatn end of the
zone, the two mixing layers occupy the entire
width of the wake and consequently we expect
that the ratio of recirculation length to wake
width L / W should be close to 4.
Ear a wide
range of flatne holder shapes experimental data
lie in the range:

or
(21.4.2)
Here W is the width of the wake near the downstream and of the recirculation zone.
Its introduction in Equation 21. 4. 2 will lead to a useful simplification which is described below.
Also VIc and V 2c are the values of velocity

3.6 ';(L/W)';4

of the approach stream and the flow past the
wake evaluated at blowoff condition.

Data for a number of circular cylfnders
which illustrate this result are shown in Figure 21. 4. 6.
Despite the strong dependence of
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"AfIO

Sketch of Notation Used in
Analysis of Stabilization.
Figure 21. 4. 6

In order to apply the criterion we need
to know VI / V 2' L / Wand W / H as functions
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Dependence of Recirculation
Zone Length and Wake Width
on Flame Holder Blockage
Ratio, d /H.

~------

L / d on the blockage ratio, values of L / Ware
almost constant for the Whole range.
The dependence of L / d on blockage, shown here, is
for circular cylinders; and in general, the dependence of L / d on blockage is a strong function of flame holder geometry.
However, the
spreading of the mixing zones and presumably,
the entrainment in the mixing zones is remarkably independent of the shape of the wake region
and flame holder.
This simple dependence of
recirculation zone length on wake width indicates that in this problem (as in many fluid
dynamic problems involving flows over bluff
bodies), the wake width rather than flame holde1' scale is the most useful measure of bluff
body scale.
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The ratios V Z / V 1 and W / H which appear
in Equation 21. 4. 2 depend on flame holder geometry and the blockage ratio.
A simple continuity argument for incompressible flow can
be used to estimate the velocity change if we
neglect entrainment in the mixing layer. Conservation of mass gives:

or
(V z /V I)

= 1/(1

- W /H}

(21. 4. 3)

An approximate calculation is also available which allows W / H to be calculated as a
function of geometry and blockage ratio for a
"V" gutter or wedge flame holder geometry.
Consider again the flow shown in the sketch of
Figure ZI. 4. 5.
We examine an incompressible
and inviscid flow over a wedge shaped body of
half angle u and treat the outer boundary of
the wake as a streamline which separates the
unburnt flow from a stagnant and constant pressure wake.
The wake spreads asymptotically
to reach a width W.
In the region where W
is constant, the unburnt flow speed reaches a
value V 2 given by Equation 21. 4. 3 and the
pressure will be uniform across the wake and
the unburnt flow.
Application of the Bernoulli
equation shows that the velocity along the dividing streamline m.ust be constant and be equal
to V .
Values of W/H can be com.puted from
2
this m.odel by a sim.ple hodograph transform.ation.
Calculations of this type are given by
Cornell (Reference 2.9) for the "V" gutter
flame holder geom.etry with 0 :<: n s; 90 0 •
Values of W / H, V 2 / V 1 and the param.eter
(WV 1 / HV Z) which appears in Equation 21. 4. 2
are !'Jven in Table 21. 4. 2 for wedge half angles
0
of 15 and 90 (a flat plate) and a range of
blockage ratios.
Note that values of W / d decrease and values of V 2/ V 1 increase as flam.e
holder blockage is increased.
The net result
is that the param.eter (W / H) (V 1 / V 2) has a
rather broad m.axim.um around blockage ratios
of 0.5 for the 30 0 wedge (half angle) and 0.3
0
for the 90 wedge or flat plate.
Wake widths and vel<>city ratios determined from this simple model are in reasonable agreement with values obtained experim.entally for stabilized flames.
The excellent m.easurem.ents obtained by Wright (Reference 21. 7),
3-1-13

Table 21. 4. 2

Dependence of Wake Width W,
Edge Velocity V ' and a Stabi2
lity Param.eter on Blockage
Ratio d/H, and Wedge Half
Angle n.

for flat plate
available for
ues of W / H
those for the
cent.

holder, a = 90 , and 30 are
com.parison.
Differences in valare no m.ore than 20 percent and
ratio V Z / VI are less than 6 per-

0

0

Given data or calculations of this type and
assum.ing that L / W = 4, all of the param.eters
giVen in Equation 21. 4. Z can be evaluated.
The experim.ental results of Wright and values
calculated by the m.ethod described above are
presented in Figure Z1. 4. 7 as a plot of
or c VIc / H versus the blockage ratio B.
The
agreement between the data and calculated values is good and suggests that the m.odel discussed here is correct.
The m.aterial presented above in Table
21. 4. 2 and Figure 21.4.7 shows that the m.axim.um. values of the stability param.eter
0
0
(V lor,. H) are close to one for the 15 , 30
c

Co

and 90 half angle wedges.
We can show that
this value is a reasonable estim.ate for all two
dim.ensior.al flam.e holders.
For exam.ple, if
we use the continuity argum.ent presented above
for V /V ' and our rule of thum.b L/W = 4
2
I
we can rewrite Equation 21. 4. 2 in term.s of
W / H and then find for the blowoff criteria,
the relationship:
(V

le

or c /H)

4(W /H} (1 - W /H)
(21. 4. 4)

Note that flame holder shape does not appear
here explicitly.
However, both flam.e holder
geom.etry and blockage ratio enter in the determ.ination of (W / H).
Equation 21. 4.4 is a
particularly useful and interesting result because it shows the im.portance of the wake
width as the critical param.eter (independent of
flam.e holder-duct geom.etry) and because it
allows a most sim.ple starting point for the determ.ination of the holder scale which m.aximizes the stabilization velocity VIc'
The
function (W / H) x (1 - W / H) clearly has a
m.axim.um. at W / H
liZ.
For small (W / H),

=

For this example the value of B which maximizes VIis 1/3 and

1.0

Ie Vic
VIm Tc
--D--

H

1. 54

(21. 4. 6)

The above result holds for ~ axisymmetric
flame holder-duct geometry.
In the general
axisymmetric case, V 1m is attained when the
wake width to duct diameter ratio, W / D is
1 / « = 0.57.
It is interesting to note that
the analysis indicates that the axisymmetric
holders will allow about a 50 percent greater
value of approach stream velocity than the twodimensional holder s.
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Dependence of Stability Parameter on Blockage Ratio Band
Flame Holder Geometry for
W'bdges Wit,h Half Angles of
30 and 90 •

V lc increases almost linearly with W.

How-

ever, as W / H approaches 1/2, the effect of
increasing W is offset by the increase in V 2
produced by the wake-blockage effect.
For
W / H > 1/2, the blockage effect dominates and
blowo!! speed decreases.
The optimum wake width in this simple
model is exactly one half the duct height and
consequently the maximum value of blowoff velocity which can be achieved for any flame holder geometry, V 1m' is given by

V 1m T c
--H-

(21.4.5)

Note that this result is independent of flame
holder geometry and is corroborated by the experiments described above.
We can also examine flows over axisymmetric bodies such as the flame holder shown
in the lower half of Figure 2!. 4. 3.
For this
geometry, the wake width Wand body diameter
d are equal and consequently the recirculation
zone length is 4W or 4d.
If this holder is
placed on the axis of a circular duct of diameter
D, and the blockage is defined as B = (d / D)2,
the stabilization criterion given in Equation
21. 4. 2 becomes
VIC T c
-D--

4)'B'(1 - B)
21-14

In summary, for the two-dimensional
case, the effects of blockage and flame holder
geometry can be predicted from a simple model.
Results obtained from the model and experimental work show that blockage effects are
very important, that a maximum in blowoff
velocity exists as flame holder scale is increased in a duct of fixed size, and that this
maximum occurs when the flame wake width is
about 50 percent of the duct height for all twodimensional flame holder shapes.
Similar conclusions hold for axisymmetric shapes except
that for this case the optimum wake width is
1/3 of the duct diameter.
The flame holder
scale and blockage ratio required to produce
the optimum wake width depend strongly on
flame holder geometry.

Temperature, Fuel-Air Ratio and Vitiation.
Temperature changes have little observable effects on wake width or velocity.
However J • a large increase in temperature does
result in a reduction in recirculation length.
For example, doubling the unburned mixture
temperature can decrease recirculation zone
length by 15 to 20 percent.
Similar changes
are observed when fuel-air mixture ratios are
changed to values far from the stoichiometric
value.
In both cases, the length of the zone decreases when the ratio of burned to unburned
gas density A. increases.
This trepd is in
agreement with trends recently observed in
spreading rates of turbulent mixing regions
formed between parallel flows with different
velocities and densities.
Experimental investigation of this simpler problem shows that if
the high speed stream is also the high density
stream, an increase in the density of the low
speed. and low density stream will increase the
spreading rate.
In our case, increasing spreading rates of the mixing layers will decrease the
length of the recirculation zone.
For a given temperature, vitiation of the
approach stream produces a reduction in oxygen content, which results in a reduction in
heat release and consequently an increase in A.
Again the effect is qualitatively similar to an
increase in approach stream temperature.
Multiple Flame Holder Arrays.
The previous discussion was restricted to a single
flame holder placed on the center line of a duct
of constant height.
In most practical situations,
a number of flame holders must be used.
When
these are arranged in a single plane perpendicular

to the flow direction and when they are spaced
so that each holder lies on the center line of
equivalent ducts of equal height, the above analysis can be used directly to estimate stability
limits and spreading characteristics.
For this
case, each holder is treated as if it were in an
isolated duct. E. g., see Figure 21. 4. 6 and blowoff data of Reference 21. 10.
This approach gives reasonable results
for laboratory scale experiments but interactions
do occur which may change stability limits by
5 - 10 percent.
One effect results, when flame
stabilization fails on one holder in a multi-flame
holder array slightly before the others.
Failure
of one stream to ignite has the effect of reduc"
ing the acceleration of the flow over the wake
and hence of reducing the velocity of the flow
past the wakes of the other holders.
Thus, a
partial blowoff ,can occur' which leaves the remaining holders in a more stable configuration.
When holders are spaced irregularly in
either lateral dimension, or fore and aft, prediction of the wake geometry from results of
tests on isolated flame holders is no longer possible.
However, our modeling ideas are still
useful in a qualitative wa1(;.
For example, we
would expect that if flame holders are not arranged in a plane, the disturbance produced by
flow over the downstream flame holders will
pinch off the circulation zone of, the upstream
holder unless the spacing along the duct axis
is greater than the recirculation zone length.
Similarly, the burning wake of the upstream
holder will increase the effective blockage of
the downstream holders and hence reduce their
stability limits.
Reynolds Number, and Mach Number Effects.
When the Reynolds number is so low
that the mb~ing layers in the wake of the flame
holder become laminar or transitional the transport proces ses in the wake change drastically.
Molecular diffusion becomes important and 1:)1.e
rule of thumb for L J W is no longer applicable.
Measurements made in systems with low
approach stream' turbulence levels have shown
that the transition Reynolds number for circular
cylinder-flame holders is in the range 1 to 4 x 10 4
(see Reference 21. 6).
This result is for flame
holders cooled to approach stream temperature,
and the Reynolds number is based on upstream
flow properties; Re =, P1V1d/J.tl.
When the
flame holder is allowed to reach temperatures
hotter than the approach stream, gas properties
based on holder temperatures should be used.
Some effects of the geometrical shape of the
holder on transition is expected.
Transition occurs when the separated
flame holder boundary layers become turbulent
very close to the separation point, and upstream of the location in the mixing zone where
mixing effects or combustion can heat the gas
in the separated layers.
Any heating will increase the kinematic viscosity (which is roughly proportional to temperatures to the 1. 75
power) and reduce the effective Reynolds number.
When the flow in the separated boundary
layers remains laminar up to the point of appreciable heat addition, it remains laminar
throughout the whole recirculation zone and region of flame spread.
The development of a
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turbulent boundary layer on the flame holder
upstream of separation and high levels of approach stream turbulence will also insure that
the mixing zone will be turbulent.
Transition to turbulence in the wake of a
circular cylinder used as a flame holder is
shown in Figure 21. 4.8.
The Schlieren photographs are taken along a line of" sight lOOking
down on the plane containing the' undisturbed
velocity vector and the flame holder axis.
At
the lowest Reynolds number (top pair of photographs) large scale vortices are present and
these show up as vertical lines in the left hand
picture.
However, at the highest Reynolds
number these regular features axe hidden by
small scale disturbances which we assume to
be evidence of turbulent flow.
The ReynOlds
numbers examined here differ by a factor of
less than two and the change in the appearance
is quite striking.
j

1

"

Reynolds Number 2.45 X 10

Reynolds Number 3.35 X 10

ReynOlds Number 4.60 X 10
Schlieren Sensitive
to Horizontal Density Gradients
Figure 21. 4. 8

4

4

4

Schlieren Sensitive
to Vertical Density
Gradients

Transition to Turbulence in
Recirculation Zone of 1. 3 cm
Cooled Circular Cylinder.

Because the Reynolds number is directly
proportional to the pressure level in the engine (through the density dependence) the
Reynolds number will decrease as the altitude
increases.
Hence, the Reynolds number should
be evaluated at high altitudes to insure that the
transition to laminar flow described here does
not occur.
When appreciable heat is to be added in
a burner of constant cross section area, inlet
Mach numbers of about O. 15 to 0.25 must be
used to prevent choking due to heat addition.
Thus, compressibility effects usually are not
important near the flame holder and recirculation zone.
'

However, note that the near optimum wake
width of 112 (for the two-dimensional case), the
flow area is reduced by a factor of two.
Consequently for approach stream Mach numbers as
low as Ml = 0.3 we would get sonic speed past
the recirculation zone.
Measurements of Wright,
(Reference 21. 7) bear out this prediction and
further show that the WI H correlation discussed above fails when the Mach number past the
recirculation zone, M , is greater than 0.8.
2
Free Stream Turbulence.
The effects of
free stream turbulence can be described only
in a qualitative manner.
As the intensity of
turbulence increases, the recirculation zone
shortens but the stabilization criterion in its
most direct form, V 2c 'l" C I L = 1, remains valid
even when recirculation zone length is reduced
by factors of 2.
Thus, turbulence appears to
effect the rate of spread of the mixing layers
without changing the mechanism of stabilization.
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CHEMICAL PARAMETERS

The dependence of

'l"

c on chemical param-

eters is very strong and unfortunately much less
well understood than the influence of the fluid
dynamic parameters.
Hence, the chief use of
the scaling scheme discussed here is to predict
the effect of changes in fluid dynamic parameters for fixed chemical parameters.
However,
it is still interesting to list the important chemical parameters and to indicate the nature of
their effects.
The principal parameters are:
Fuel properties, fuel-air mixture ratio, approach
stream temperature and oxygen concentration,
and approach stream pressure.
The dependence of the critkal time on
fuel-air ratio and fuel type is illustrated in
Figures 21. 4. 9 and 21. 4.10.
In both, 'l" c is
plotted as a function of the equivalence ratio
which is the fuel-air ratio divided by the stoichiometric fuel-air ratio.
In Figure 21. 4. 9,
values are presented for a hydrocarbon fuel
vapor with a molecular weight of about 100. A
number of flame holdlJr geometries were used
to obtain this data.
In the second Figure, a
number of fuels were used which were made up
of this hydrocarbon plus various mass fractions
of hydrogen.
Values of 'l" c decrease dramati-

L

.2

0

0.4

06

to

0.8

1.2

~. EOUIVALENCE

Figure 21. 4.9

1.4

both high and low values of the equivalence
ratio.

creases rapidly as temperatures increase even
when this increase is due to vitiation; (i, e. I preburning at a fuel-air ratio below stoichiometric).
However, for a given temperature, T c in-

creases as the oxygen mass fraction decreases
due .to increasing vitiation.
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The critical time increases as pressure
decreases roughly as Tc ~ liP for hydrocarbon
fuels of high molecular weight.
E. g., see Reference 21. 11. A similar result was obtained in
small scale experiments carried cut with hydrogen.
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Variation of Characteristic Ig,nition Time T with the Equivalence Ratio. c

I

The characteristic' tiIne is also a sensitive function of approach stream temperature
and oxygen concentration.
In general, T c de-

L6

RA 710

!

cally as the fraction of hydrogen increases.
Also note that T c increases very rapidly for

r. • 6fO·R
o • 0.21
(tmoll prObt)

Figure 21. 4. 10 Effect of Fuel Properties on
Characteristic Time. The Parameter is Mass Fraction of
Hydrogen in the Fuel.

In attempting to obtain an independent
estimate of values of T C or some other experi-

mentally determined quantity which is proportional to T c' we have examined the dependence
of a time based on the ratio of the laminar
flame thickness " to laminar flame speed, S.
In the single case for which comparable data
were available values of 6 / S T C for nlethane

to correlate a body of experimental results.
Here f is the fuel-air ratio, d is the flame
holder scale, P and T are the pressure and
temperature of the approach flow, and F is a
function of the fuel-air ratio.
(For example,
see the work of Reference 21. 15.) The values
for the exponents selected by various authors
to correlate their data have the ranges,

0.8 !> a !> 2

were computed for stoichiometric fuel-air ratio
of one and approach stream temperature be0

tween 300 and 400 K.
The ratio had a value
close to one for the whole range of temperature examined.
Similarly, values of the ratios
of ,,/ Sand T c for hydrocarbon and hydrogen

1/2":c!>2.5

fuels are about 10.
Thus, 6/ S may be a useful predictor for the dependence of T c on var-

and F must be determined experimentally.

ious chemical parameters.

At the beginning of the study of bluff body
flame stabilizers, there was great confusion
concerning the exponent for d which arose because the influence On the recirculation zone
region of flame holder and duct geometry, described above, was not fully appreciated.
For
example, when a circular cylinder held with its
axis perpendicular to the gas stream is us ed
as a flame holder, the duct walls have a large
effect on the flame holder wake width even when
the J:atio of holder diameter to duct height is
as small as 1/50. In the range )/20 ,;; d/H
!> 1/4 and in a duct of fixed size, the wake
width and hence the recirculation zone length
scale approximately as L co W '" v<l rather
than as L <X d.
This square root dependence
leads to a value of the exponent b of 1/2.
Similarly, if cylinders with their axis parallel
to the flow are used as flame holders, the
wake width grows linearly when d is increased
in a duct of fixed size.
There is an effect of
blockage in this example too, since the ratio
V 2/ V 1 will increase with d due to blockage

Finally, there is a persistent attempt to
relate the characteristic stabilization time to
a thermal ignition time (e. g., R,eference 21. 12)
or a global reaction rate (e. g., References
21. 13 and 21. 14). These efforts often lead to
a representation tor T which is similar to the
reciprocal of a reaction rate:

where m and n are numbers of the order of
one or two, A is an activation energy determined empirically, R is the universal gas constant,
T is an ignition temperature or the gas temperf
ature in the recirculation zone, and (,J is the
equivalence ratio which is less than one, the
stoichiometric value.
In the works of Solokhin
and Mironenko (Reference 21. 13 and 21. 14),
where a more complex expression is used, the
effective values of the parameters are

changes but tllis increase depends on

2 -1

n .. 1

m

= 2.5

Although the dependence on temperature and pressure by this approach is plausible, the use of
global reaction rates and the application of this
approach to proceBses which involve chemical
reactions in turbulent mixing regions does not
have a sound physical basis and should be viewed
as a sophisticated forITl of curve fitting.
Because of our lack of understanding of
the chemical paraITleters, the stabilization criterion is only useful when T c values have been
determined for the range of chemical parameters expected in practice.
However, small
scale experiITlents can be used to make the required determinations and some physical feel
is given by the flame speed correlation suggested above.
21.4.1.3

ALTERNATE SCHEMES

One popular alternate scheme for scaling
stabilization phenomena is based on the arbitrary use of a dimensional parameter group of
the form

F(f}
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(1 - (d / D»
and hence is hard to detect
when diD < 1/4.
Hence, in this example the
exponent b would be close to one.
Further
confusion arose because data in the laminar
and turbulent regimes were used together to
determine these exponents.
A value of the pressure exponent near one
is a typical choice and for the temperature,
values still range between 1/2 and 2.5.
Thus,
a scaling parameter of the forITl VIc / Pd is
often used for fixed inlet temperature.
When
d is changed by scaling the entire flame holderduct system this parameter gives an excellent
correlation - as we would expect from our previous analysis.
A correlation of this type is
given by Hottel et al (Reference 21. 15).
However, note that this correlation is only useful
in general if d characterizes the scale of the
system; if d is changed and the duct height is
held fixed, the correlation will fail because of
the effect of changes in blockage on recirculation zone length and the velocity ratio V 2 / V l'

21. 4. 2

FLAME STABILIZATION BY JETS
IN A HOMOGENEOUS STREAM

The process of flaITle stabilization in the
wake of a gas jet is similar to the processes,
described above, which occur in the wake of a

bluff body. In either example, a region of
stl ong recirculating flow is created by a physical obstacle or in the wake of interacting jets
in which hot products of combustion can be
trapped.
This hot gas then acts as a steady
source of ignition for the oncoming stream.
In the case of flame stabilization by gas jets,
two new features are added.
First, the size
of the recirculation zone can be changed by
changing the rate of gas injection.
Second, the
fuel-air ratio and hence the temperature of the
gas in the recirculation zone can be changed
by changing the fuel-air ratio of the injectant.
Because the stabilization process is very strongly affected by changes in the temperature of the
recirculation zone gas, having an independent
control on this parameter will allow stabilization at fuel-air ratios far below which could be
achieved with bluff body holders which produced
the same sized recirculation zone.
The advantages of these two features are offset in part
by the performance losses and the mechanical
problems associated with supplying the gas flow
required for flame stabilization, and, if a fuelair mixture is to be us ed, the problems involved
with the production of the vaporized fuel and the
preparation of a homogeneous mixture prior to
injection.
We will develope a crude scaling law for
one example of this type of system and will
give a few experimental results to illustrate'
the general features of the stabilization process.
The flow field produced by axisymmetric
injection of a jet into a cros s flow is shown in
the sketch of Figure 21. 4. 11.
The jet is injected through an annular slot of width b in the
(' (/' t /

I C ,( (' " 1

/

('" (" (' (' /

/' <

.... <'/./ , / t' /

-

we have assumed that the injected mass flow
(Pivi"db) enters and leaves the control volume
with its velocity of injection Vi'

(The assump-

tion that the exit velocity is Vi and not a value
closer to VIis certainly questionable.)

Given

this crude balance, we find that
W

b
where

""'hen W is much larger than the thickness of
the boundary layer on the center body, and when
W is Inuch smaller than the duct diameter (so
th"t blockage effects can be ignored), we expect Cd to be constant.
Consequently the, above
equation indicates that W will scale as qZ and
when P/Pl and the geometric parameters are
constant, this equa tion reduces to

where

mi

is the mass flow of injectant.

Experiments have shown, (E. g., Reference 21.16) that the length of the recirculation
zone formed by this injection process is between
one and two times the width of the region and
that the value of L/W is independent of q but
does depend on the injection angle e.
Hence,
L a: m. will hold for this system and L cc vq;for the'more general case.
\\'hen we combine
the latter results with the scaling law for W
and the blowofi crltel'ion, Tc V lc/ L
1, we

=

get an equation for the blowoff velocity:
VIc"" LIT c

0:

(L/W) (W/T c)

or

~I-------

Figure 21. 4.11

L--_""

Schematic for Discussion of
Flame Stabilization by a Jet.

wall of a center body of diameter d and at an
angle (IT - 9) with respect to the oncoming flow.
In this model, we make a momentum balance on the injectant and make the approximation that the drag of the effective body produced
by injection, see dotted contour in Figure 21. 4.11,
is balanced by the momentum change of the injectant.
Thus

Here, the drag is characterized by a drag coefficient Cd which has a value around one, and we
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when the densities of injectant and the approaching stream are equal. The terms in the first
square bracket on the right hand side of this
equation depend on the angle of injection, and
those in the second, on the velocity and area
of the injector.
If the geometry and chemical
parameters are held fixed we find that the
blowoff velocity is proportional to the square
root of the injector velocity and the injector
mas s flow rate,
As an example, the experiments of
Kosterin et al (Reference 2], 16) indicate that
flame stabilization in a stl'eam with approach
~treain speeds of about 100 m/sec. and a fuelair ratio near 1/2 of stoichiometric could be
achieved with values of q near 50.
Mass flows
in the injector were less than 1 percent of the
approach stream flow for this example.
In addition, the data are roughly correlated by

V

<X

Ic

vcr which agrees

with the above analysis.

The gas which enters the recirculation
zone is made up from the approach stream as
well as the injectant stream and the ratio of
these two mass flow rates has been found to
be independent of q and strongly dependent on
the injectant angle.
For example, Kosterin et
al (Reference 21. 16) find that the ratio of approach stream to injectant entrainment rates,
0
E
is about 6.5 at e
135 , 4.0 at 90 0 and
1"

=

0

0

2.5 at 180 and 70 •
Thus, the mixture ratio
and hence temperature of the recirculation zone
can be strongly influenced by the injectant.
The magnitude of this effect is shown below in Table 21. 4. 3 where equivalence ratio
(the fuel-air ratio, fraction of stoichiometric),
in the approaching streaITl at the blowoff condition Il
is shown as a function of the equivalc
lence ratio in the injectant streaITl Il when the
i
gas speed of the approach stream was 100 m/ sec.
In this exaITlple, the lean blowoff liITlit of the
approach stream was reduced £roITl 60 percent
of the stoichioITletric fuel-air ratio to 40 percent when the fuel-air ratio of the injectant
fluid was increased froITl zero to 120 percent
of stoichioITletric.
The quantity ~e is the calcu1ated value of the equivalence ratio in the re-

Ili

\llc

Ile

0

0.60

.52

0.54

0.54

.54

1.0

0.43

.51

1.2

0.40

.51

Table 21. 4. 3

FlaITle holder
characteristics
b
d
q

.5 mm
15 mm
45

Kerosene fuel

e=

135

0

Effect of Injectant Equivalence
Ratio on Equivalence Ratio of
Main Stream at Blowoff.

circulation zone based on a measured value of
entrainment ratio E . Note that 11 e is almost
r
constant.
Hence, we are again led to believe
that the recirculation zone temperature which
is presuITlably also almost constant is a critical
ieatul'e in the ignition process.
Note that using injectant angles with sITlaller values of Er will increase the sensitivity of
the equivalence ratio at the blowoff condition to
changes in Il but at the saITle tiITle will change
i
the relationship between wake width, recirculation zone length and injectant paraITleter q.
Large scale tests of a cOITlplete afterburner systeITl which used two-diITlensional arrays
of jets, of the type discussed here, as flame
stabilizers are reported in Reference 21. 17.
Good stabilization characteristics and afterburner cOITlbustion efficiency were achieved with a
total injectant flow rate of between 2 and 4 percent of the total flow to the afterburner. Total
pressure losses associated with jet-flame holder systeITls were found to be 3 to 4 percent
lower than corresponding values for bluff body

-~~-

21-19

systeITls when the augITlentation was zero. The
possibility that gains can be ITlade in reducing
the non-afterburning total pressure loss is another reason for pursuing the investigation of
this system.
21. 4. 3

FLAME STABILIZATION IN A HETEROGENEOUS FUEL-AIR MIXTURE

In almost any afterburner configuration
the weight savings to be made by reducing all
length scales in the system will insure that the
fuel injection system will be located so close
to the flaITle stabilizers that some of the liquid
fuel will arrive at the plane of the flaITle holders in an unvaporized state.
When afterburners
are to be used in the air stream of a fan engine, the low temperatures of these streams
will greatly increase the fraction of fuel which
is not evaporated.
For exaITlple, in low pressure ratio fan engines operating at high altitudes, present day jet fuels will be alITlost cOmpletely ill the liquid state. In such streams,
the flaITle stabilization systeITl ITlust produce
some vaporization of the fuel in addition to acting as a continuous source of ignition.
In addition to these low teITlperature problems, special requireITlents are placed on the
fan streaITl augITlentation systeITl (often called
a duct burner) by the operating characteristics
of the fan.
The fan is typically a low pressure ratio device and a relatively weak pressure disturbance propagating upstream froITl
the augITlentor can push the fan into a strong
surge or stall.
Hence, ignition of the fan
stream augITlentor must be achieved at a very
low overall fuel-ail' ratio so that the sudden increase in total temperature (due to the start of
afterburlling) will not interact with the choked
nozzle to produce a pressure pulse which will
cause the fan to stall.
COITlmon Duct SysteITl.
Under conditions
such that the fuel in the ian stream is poorly
vaporized, the siITlplest systeITl is the engine in
which afterburning takes place ill a COITlITlOn
duct with fuel injection systeITl ITlodulated so
that combustion starts in the afterburner in the
core stream where high temperatures insure
good vaporization.
SOITle of the hot gas produced by afterburning in the hOITlogeneous core
streaITl can then serve to support the flame stabilization process in the fan-air streaITl and to
produce vaporization in regions where the fan
and core streaITlS ITlix.
The fan engine s described in the introduction of this chapter (e. g. ,
Figure 21. D. 2 on page 21-3) uses this systeITl.
If fan air is to be burned in a separate
duct where this support is not available, the
flame holder ITlust operate alone. In the following paragraphs we will give a qualitative
picture of several flaITle stabilization schemes
for this second and most extreITle example.
Few experiITlental data are available and because
the process is cOITlplex, systeITlatic experiITlental or theoretical treatITlent of this important
probleITl is lacking.

Bluff Body FlaITle Holders. There is evidence that the picture of the bluff body stabilization process, described above, applies in ITlost
respects to bluff body stabilization in a heterogeneous flow. The principal difference is that

in heterogeneous flows, fuel vaporization must
take place during the stabilization process itself.
This can occur in two ways: first when
liquid fuel drops impinge on the hot flame holder and second when fuel drops enter the mixing zone.
In either case the fuel-air ratio in
the wake will be fixed by local conditions in a
manner similar to that described above for the
gas jets when a fuel-air mixture is used as the
injectant.
In this case, as there, the fuel-air
ratio of the gas entering the wake appears to
be the dominant factor and maximum blowoff
velocity occurs for the injection conditions
which supply the recirculation zone with a stoichiometric fuel-air mixture.
Proper design
and control of the fuel injection system can be
used to get the best conditions for stabilization
regardles s of the overall fuel flow requirements.
The process of fuel vaporization by the
flame holder involves a number of steps.
First the fuel droplets must be captured by the
flame holder.
Capture results because the
droplets cannot exactly follow the gas stream
lines; as the gas flows over the flame holder
the droplets will first be accelerated toward the
holder (region (a) of the sketch shown below)

(0)

.......

:':)~
and then away from the rrnxlng zone at region
(b).
The drift rate across streamlines will depend strongly on particle size, the flame holder shape and the velocity, density and viscosity
of the gas. After the fluid is captured on the
holder its residence time there will be fixed
by a balance between shear forces produced by
the gas stream, and the shear and surface
tension forces acting between the liquid film
and the flame holder.
If too thick a film is
formed ablation of liquid drops from the downstream edge of the holder will re sult. If vaporization rates are high the holder may operate in a dry state.
Heat transferred between
the recirculation zone gas and the liquid film
will depend on the usual convective parameters,
and hence will increase with the speed, temperature, and pressure of the gas in the recirculation zone, and again will depend on
flame holder geometry.
Given the capture and heat transfer processes, the properties of the fuel will then
fix the rate of production of the fuel vapor at
the flame holder, and the entrainment of vapor
and air in the mixing zones will fix the fuelair ratio of the recirculation zone gas. Additional vaporization of fuel droplets entrained
in the mixing and recirculation zones will further increase the fuel-air ratio.
When the capture, heat transfer and evaporation rates are high. the fuel-air ratio in the
recirculation zone can be much higher than in
the stream approaching the flame holder.
This
difference would make possible ignition and stabilization when the overall fuel-air ratio is far
below stoichiometric and hence would be advantageous during start-up of the augmentation
process.
However. when the overall fuel-air
21-20

ratio is increased toward the stoichiometric
value (as it must be to achieve maximum augmentation), the fuel-ail' ratio in the recirculation zone could increase to values far above
stoichiometric and a flame blowoff on the fuel
rich side would occur.
Hence, having the fuelair ratio in the wake larger than that in the
flow is not always advantageous.
It is clear from this brief qualitative description that the fuel injection system and the
fuel capture and heat transfer rates of the
flame holde" must be carefully controlled over
a wide range of operating conditions if the simple bluff body flame holder is to be used succes sfully.
In general, such control is not
possible '.vith existing injection systems over
wide operating ranges.
Flame Stabilization by Jets. A second
system which has shown promise in heterogeneous systems is the aerodynamic flame holder
or gas-jet holder described in a previous section.
For duct burners, this system is perhaps the best of the three discussed here as
far as its flame stabilization properties are concerned.
However, losses and mechanical problems associated with the system may make its use
impractical. (For example, see Reference 21. 17.)
Pilot Burner.
A third system suggested
for use in heterogeneous fuel-air mixtures is
a piloted burner.
A small part of the afterburner flow, say 5 to 10 percent, is burned
in a can-like pilot burner (or a number of burners) at the stoichiometric fuel-air ratio.
The
hot gas from this source is then used to support stabilization by a system of conventional
flame holders.
The pilot burners require separate fuel injection and control systems to
maintain fuel-air ratios different from those in
the main flow.
Systems of this type can be
ignited at very low overall fuel-air ratios (e. g. ,
Reference 21. 17) and low pressure levels.
However, larger total pressure losses are produced by this system both with and without augmentation.
In SUlnmal'Y, a number of schemes are
available to produce flame stabilization in
heterogeneou s flows under conditions suitable
for fan engine applications.
Although, the common burner scheme is the most well developed,
the aerodynamic and pilot burner schemes offer
advantages which are worth further exploration.

21. 4.4

DISCUSSION

The model used above to describe flame
stabilization ill homogeneous fuel .. air streams
by bluff bodies has the advantage of cleanly
separating aerodynamic and chemical features
of the process.
The influence of various aerodynamic parameters is well understood "from a
qualitative point of view and many features can
be treated in a quantitative manner.
In particular, the dependence of stability limits on the
geometry and scale of the flame holder-duct
system is now clear.
The influence of the various chemical
parameters of the problem are much less well
understood.
The use of an ignition time delay
as suggested by Mullins, Solokhin and Kosterin
to describe ignition in a turbulent mixing zone

is not correct, in the opinion of the author.
In one typical version of this approach
(Solokhin, Reference 21. 14), tlie ignition time
is calculated from a global model of the chemical reaction rate, and the chemical concentrations and temperature used in the calculation
are taken from a mathematical model of the
mixing zone which is based on time averaged
measurements of these parameters.
There
are three problems here.
Global models for
reaction rates have been used in calculations
of laminar flame speeds and have led to qualitatively useful results.
However, in order to
obtain quantitatively accurate predictions it has
been found necessary to consider detailed chemical analyses which usually involve a large number of reaction steps J reaction rates and activation energies.
A second and perhaps more serious problem arises from the treatment of the mixing
layer.
The model used by Solokhin pictures
the layer as a region in which the temperature
and concentrations change smoothly from values
corresponding to the unburnt mixture on one
side to values corresponding to the products of
combustion on the other.
This is the result
obtained experimentally with instrumentation
which produces time averaged values. However,
recent experimental developments (e. g., Roshko
and Brown, Reference 21. 18) suggest that the
conditions in the shear or mixing layer are
quite different.
Experimental results indicate
that large scale structures predominate in the
mixing layer and consequently that gas in the
layer, at a given instant and at a given point
has a high probability of being either completely burned or unburned.
The probability of finding gas with a temperature or concentration of
an intermediate value is small even at the center
of the layer.
In this picture of the flow, chemical reactions will start at boundaries between
fully burnt and unburnt masses of gas and not
in a uniform mixture of burnt and unburnt material.
Thus, if the new model of the mixing
layer is correct, the use of the time averaged
values of temperature and composition in the
calculation of chemical reaction rates is inappropriate.
Finally, flame stabilization involves more
than the simple ignition process.
In order to
stabilize a flame, gas ignited in the mixing layer must continue to burn after it moves past
the downstream end of the recirculation zone.
Thus, the heat release rate in the mixing zone
gas must be high enough to overcome the quenching effects of the entrainment of unburnt gas in
the region downstream of the recil'culation zone.
A simple ignition model is probably not sufficient to describe this process.

21. 5

FLAME SPREAD IN PREMIXED AND
HOMOGENEOUS FUEL-AIR MIXTURES

In this section, the process of heat addition after flame stabilization has been achieved
is discussed.
Processes occuring in a premixed
and homogeneous fuel-air mixture are considered.
The term homogeneous is used here to denote mixtures of fuel vapor and air as contrasted with heterogeneous mixtures by which we
mean mixtures of fuel droplets and perhaps
some fuel vapor with air.
The combustion in
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the latter fuel-air system is important in ductburner systems for fans but will not be discussed here. (See References cited in Section 21.10. )
Given the flame stabilized in a duct, we
would like to be able to calculate the distance
downstream of the stabilizer which is required
to achieve a selected value of the heat release
or combustion efficiency.
The parameters which
may influence the requked length are: (a) ~
properties (such as the pressure, temperature,
and oXJ'gen concentration; the fuel-air ratio and
fuel properties; and the Mach number, velocity
and turbulence level of the unburned stream).
And, (b) Duct parameters (such as duct height,
flame holder geometry and blockage, and crosssection area changes with axial distance).
Unfortunately, at the present time, we cannot predict the dependence of heat release rate
in a combustion changer of fixed size on any of
these parameters from basic principles. Indeed,
our understanding is so poor that the appropriate dimensionless parameters have not been
identified or agreed upon.
However.l several
fluid dynamic parameters, the Reynolds number
and Mach number, are used to characterize the
flow.
Although a great deal of experience is
available which can serve as a guide for a new
combustion chamber design, a large and expensive development effort is usu •. Ily required to
produce a satisfactory configuration.
Conventional wisdom is in agreement J for example,
that an increase in pressure, telnperature,
oxygen concentration, and turbulence level will
increase the heat release rate and reduce the
combustion chamber length required for high
combustion efficiency.
However, quantitative
measures of the effects to be expected, given a
particular change in a paramete.r, are not available.
The reason for this is that the combustion process is turbulent and occurs in a region
of strong shear and large axial pressure gradient.
General features of the flow field of a
typical flame are shown in Figure 21. 5.1.
In
this example the flame is stabilized by a bluff
body placed on the centerline of a constant area
duct.
The downstream end of the recirculation
zone is about one tunnel height H downstream
of the flame holder.
The fuel is a hydrocarbon
which produces a highly visible flame and the
outer boundaries, shown in Figure 21. 5. la, are
based on time exposure photographs taken in the
light of the flame itself.
Temperature profiles shown in the lowerhalf of Figure 21. 5. la at a number of positions
e~ibit a sharp initial rise from the cold gas
temperature which is followed by a very small
and more gradual further increase.
The maximum values, reached at the centerline of the
duct, are close to the adiabatic flame temperature.
The two boundaries based on the positions
at which the initial temperature rise starts and
stops are also shown in the lower half of Figure 21. 5. lb and they contain the region of
strong chemiluminescence (shown here as a
dotted region).
Values of temperature shown here are
averaged over long periods of time.
Time resolved temperature measurements suggest that

the rapid initial rise is produced by averaging
in time over temperatures which fluctuate rapidly between values close to the unburnt and burnt
gas temperatures.
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In sUInmary, the flame front appears to be
made up of thin regions of chemical reaction
which are rolled up into vortex-like structures.
The size of these structures grows slowly as
the axial distance increases and they occupy
between 30 to 40 percent of the "flame" width.
Strong chemical reaction and large heat release
occur in the shear layers which form the boundaries between streams with large density and
velocity differences.
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The vortex-like structures lie in the region
of strong average velocity gradient.
This suggests that they are related to the large scale
structures observed in two-diInensional shear
lay"rs.
However, the vortex pairing observed
without combustion has not been observed in
spreading DaInes.
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Figure 21. 5.1

than the temperature profiles.
Near the flame
holder and in the recirculation zone, the time
averaged velocity is reversed.
The centerline
velocity increases rapidly for positions farther
downstream and exceed the unburnt gas speed at
positions farther downstream than 1-1/2 duct
heights.
This acceleration of the burnt gas is
a result of the action of the axial pres sure
gradient, produced by heat addition, on the high
density unburnt gas and the lower density burnt
material.
The axial gradient, which is uniform
across the duct, causes the lower density fluid
to accelerate Inore rapidly than the high density
stream and thus produces the hat shaped profile.

Flame Stabilized on a TwoDimensional Wedge Flame
Holder.
(a) Temperature and
Velocity Profiles (b) Schlieren
and Chemiluminescence Boundaries.

Spark Schlieren photographs, similar to
the sketch at the top hali of Figure 21. 5. Ib,
support this picture.
Tirey indicate that the
edge of the flame contains distinct vortex-like
structures which produce a strongly corrugated
surface.
See photographs shown in Figures
21.4.4 and 21.4.8.
Hence, a probe located in
this region would alternately observe hot and
cold fluid.
The scale of these structures grows
slowly with increasing distance from the flame
holder and typically occupies between 30 to 40
percent of the width of the flame W.
That is,
regions of strong temperature gradients penetrate far into the flame front.
Concentration profiles for products of combustion are similar to the temperature profile s;
and regions of the strong chemiluminescence
produced by combustion, (the dotted region in
Figure 21. 5. lb). and of strong ionization,
concentration and temperature gradients almost
exactly coincide.
This result suggests that
the sharp boUndaries shown in the Schlieren
photographs are flame fronts and that their positions are restricted to the region of sharp temperature ris e.
The velocity profiles (shown in Figure
21.5. la) are also averaged over long periods
of time, and they show less steep gradients
21-22

This picture of the spreading flame suggests that the rate of consumption of unburnt
Duid in the spreading flame is fixed by an entrainment process rather than by a siInple flame
propagation process which might be expected to
depend at least weakly on Inolecular transport
properties.
Much of the experimental data presented later support this view.
The .primary
problem concerned with the prediction of flame
spreading rates is the detel'mination of this entrainment process.
At the present time, no
satisfactory physical model has been developed
to describe it.
In the remainder of this section, we first
review experimental information concerning
flame spreading rates and discuss the implications of this data for turbulent entrainment rates
or flame speed.
We then describe several simple models which allow a reasonable description
of the dependence of some of the fluid dynamic
parameters on the heat addItion from the flame.
However even these restricted models remain
incomplete because we cannot yet prescribe the
entrainInent rate of the turbulent flame.
J

21. 5.1

SPREADING RATES OF TURBULENT
FLAMES

The quantity which the afterburner designer
needs to know is the manner in which the COInbustion efficiency of a burner varies with the
parameters described in the previous paragraph.
Unfortunately, combustion efficiency is difficult
to measure accurately and has not been the subject of detailed investigations under conditions in
which the effects of changing combustion chamber
parameters were clearly isolated.
Instead, a
number of investigations have been made of the
spreading rate of the flame front and then conclusions regarding the more applied problem of

combustion efficiency have been drawn based on
these results.
See, for example, Williams et
al (Reference 21. 19), Wright and Zukoski (Reference 21. 20), and Solntsev (Reference 21. 21).
The ratio (V / V 1) is different from one because
There are a number of problems with
this approach.
First, the flaIT1e is observed
to have a finite thickness, which may be as
great as 20 percent of the duct height (e. g.,
see Figure 21. 5. 1).
The spreading rate and
conclusions drawn froill it will depend strongly
on which sU1'face is defined as the flame front.
Further, since the combustion process presumably takes place within this thickness any interpretation of combustion efficiency which is based
on a single boundary wIll be suspect.
Secondly, there is a strong interaction
of the flow with the heat addition process. The
strong axial pressure gradient produced by heat
addition produces acceleration in the unburnt
fluid which produces an appreciable curvature
of stream lines near the flame front.
The acceleration and curvature can have important effects on the interpretation of the flame width
data.

of the velocity change produced by acceleration
of the flow around the flame holder and then
by heat addition.
The angle (l is the angle made between
the flaille front at the point of interest and the
axis of the duct. It can be obtained from the
shape of the flame front and is just

(l

ldW

'Tx

The velocity of the gas norilla! to the
flaille front, un' some times called the turbulent entrainment velocity, or flame speed is
given by V sin i3 and i3 can be obtained from the
difference between angles e and n.
That is,
sin (n - 9)

This process is illustratp.d by the twodimensional flow shown in the sketch of Figure
21. 5. 2.
We simplify the problem by assuming
that the unburnt flow is isentropic, incoillpresSible, and has a velocity vector which is almost

(25. 1.2 )

(25.1.3)

Thus, to calculate un consistent with any
choice of the flame front, we must know V / V I
and both angles (l and e. In many situations
in which turbulent flame spreading is considered, the ratio V / V 1 can be as large as 2 to 3
and the angles (l and 9 are often nearly equal.
Hence, neither of these e£fects can be ignored
a priori.
In the present section we will describe
the dependence of the wake width on a number
of parameters which describe the combustion
chamber and will then comment on the implications of these results with regard to COillbustion efficier,cy and the turbulent entrainment
velocity.

H/z

I
Figure 21. 5. 2

Sketch for Calculation of Stream
Line Angle at Flame Front.

axial and almost uniform.
Under these assumptions the continuity and axial mOIT1entum equations can be written for the unburnt flow as:
au + ~

ax

ay

o

and

pu au + ap
ax

ax

o

If we cOillbine these and make use of the approximation that p, u, au / ax and P are independent
of vertical position y, we can solve for the small
angle which the velOcity vector V makes with
respect to the axis at the flame front:

2

= (:l)(H4

w)(~)

(25.1.1)

Here V 1 is the gas speed far upstream of the
flame holder, v

is the y cC'mponent of the
f
velOcity at the flame front and Cp is the pres8ure coefficient defined as:
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Flame Spreading. The spreading rate of
the flame is a very strong function of the condition of the flame.
When the flame is laminar, the ilanle width is a strong function of
laminar flame speed and turbulence level in the
approach stream.
E. g., Lefebvre (Reference
21. 22), and Wahl et al (Reference 21. 23).
However, at higher speeds and Reynolds numbers, the flame becomes turbulent under the
same conditions that the mixing layers become
turbulent and the dependence of flame shape on
molecular transport processes becomes negligible.
This transition is illustrated by the
Schlieren photographs of Figure 21. 4.8 and by
the data shown in Table 21. 5. 1, taken from
Thurston (Reference 21. 24).
He examined
flame spreading in a rectangular duct (about
15 Cill by 7.5 cm in cross section) and used
several cooled circular cylinders as flame
holders.
The data of this table show the wake
width and velocity ratios measul"ed near the
downstream end of the recirculation zone (Subscript 2) at about 4 cm and at a station 37 cm
downstream of the holder (Subscript 37).
The
outer edge of the flame defined in schlieren

V

z

VI
m/sec

VI

30
60
80
100
lZO
140

1. 09
1. 06
1. 06
1. 05
1. 04
1. 04

Table 21. 5. 1

W

H

z

· Z3

.n
• Z1
· Z1
.Zl
.21

V

37

V;
1. 55
1. 34
1. 31
1. Z9
1. 27
1. 27

W

times that of the hydrocarbon fuel used in
these tests.
Despite these changes in parameters which produce large changes in laminar
flame speed, little change is observed in flame
geometry.
The lack of change in Figure
21. 5. 3c is particularly interesting.

37

If""
.40
.34
.33
.33
.33
.33

Variation With Approach Speed of
Velocity Ratio and Wake Width at
the Downstream End of Recirculation Zone (Sub 2), and at 37 cm
(Sub 37) from Flame Holder.
Duct
About 15 cm by 7.5 cm With 0.32 cm
Diameter Cylinder Spanning the
7. 5 cm Dimension.
Stoichiometric
Fuel-Air Ratio.
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photographs, and averaged through its bumpy
surface was used to determine the wake width.
Total and static pressure measurements were
made as a function of axial position and the
velocity in the unburnt flow was determined
from the pressure measurements.

1.2

Note in Table 21. 5.1 that as the approach
speed VIis increased from 30 m/sec (at the
beginning of the transition to turbulence) to 60
m/sec, the wake width at the 37 cm station
decreases by about 15 percent.
A similar doubling of speeds to 120 m/sec produces a much
smaller change.
Similarly, at x = 37 cm, the
ratio of the velOcity to the approach stream
speed decreases rapidly at first and then approaches a constant value.
Further, of the 6
percent velocity reduction which occurs as the
approach speed is changed from 60 to 120 m/ sec,
2 percent is evidently caused by changes which
occur in the neighborhood of the recirculation
zone, e. g., see the V 2/ VI column.
The small
changes in wake width and velocity ratio observed here for the turbulent flow condition are
typical of measurements obtained in the turbulent
regime for holder sizes in the range 0.32 to 2.54
cm.
A similar transition was also reported in
Reference 21. 19.
The spreading rates of flames stabilized
on bluff body flame holder s operating in constant
area ducts and in the turbulent regime have been
determined by Wright and Zukoski (Reference
21. ZO). as a function of the approach stream
speed, fuel-air ratio, temperature, fuel type and
flame holder-duct geometry.
Fortunately for the
designer of afterburners, the observed spreading
rates have been found to be almost independent
of these parameters.
Typical results are shown
in Figure 21. 5.3 taken from (Reference 21. 20).
In Figure 21. 5. 3a, the dependence of wake
width on fuel-air ratio is shown.
In this range
of equivalence ratios, the laminar flame speed
for a typical hydrocarbon fuel has a maximum
near an equivalence ratio of 1. 10 and would decrease to about 60 percent of the maximum value
for 0 "" O. 75.
Similarly for the temperature increase shown in Figure 21. 5. 3b, the laminar
flame speed would increase by factors of about
Z or more.
Finally, the laminar flame speed
for hydrogen-air mixtures is of the order of 10
ZI-24

Figure 21. 5.3

Dependence of Flame Width on
Fuel-Air Ratio, Approach
Stream Temperatures and Fuel
Type.
Holder is a 1/8 Inch
Circular Cylinder and Width is
Measured 15 Inches From Holder.

Similar results concerning the very weak
dependence of flame geometry on approach
stream speed and fuel-air ratio are reported
by Williams et al (Reference 21. 19), and abo
by Solntsev (Reference 21. 21) who carried out
experiments in much larger scale apparatus.
The former measurements were made from
schlieren photographs and Solntsev used photographs, and also ten1perature, oxygen concentration and ion density profiles to determine
the widths.
Thus, it is clear that the measurements described above are general and
that the laminar flame speed and presumably
other molecular transport processes are not
important in fixing the geometry of the spreading turbulent flame.
The dependence of flame geometry on the
turbulence level of the unburnt mixture is less
clear.
The experiments of Williams et al
showed a very weak dependence in small scale
experiments where as Solntsev found a somewhat larger dependence and he suggested that
the entrainment rate of the turbulent flame is
proportional to the turbulence level in the unburnt flow.
Experiments carried out by Wright (Reference 21. 7) in which high subsonic speeds
were observed in the flow past the wake indicate that the Mach number does not have a
large effect on flame geometry as long as the
local Mach number is below O. 8.

No experiments have been reported which
deal directly with the pressure dependence of
the flame spreading phenomena.
A number of
experiments have been made of complete afterburner systems in which pressure effects were
examined and were found to have strong effects on combustion efficiency when the pressure fell below a limiting value.
(See Reference 21. 15.) However, since the complete
system was involved, it is not clear which
process, injection, flame stabilization or
flame spreading, was responsible for the drop
in efficiency as the pressure was reduced.
The Reynolds number is reduced when the pressure falls and the velocity is held fixed.
Such
a reduction could cause a transition from turbulent to laminar flow which would hava a very
adverse effect on flame spreading and combustion efficiency as well as on the flame stabilization process.
In addition, Hottel et al (Reference 21. 15) suggest that a pressure reduction would also reduce the turbulence level of
the approach stream and that this will result
in a reduction of the flame spreading rate.
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width are small despite the change in blockage
ratio from 1/48 to 1/3.
If we compare the flame geometry of a single
flame holder in a duct with the flames produced by
two holders of the same scale located in the same
duct, each flame width of the latter configuration
will be slightly smaller than that of the single holder. However, the fraction burned will be greatly
increased at a given distance downstream of the
holder. Hence, if stabilization problems are not a
limiting constraint, increasing the number of holders would always improve combustion efficiency.

This situation is illustrated by the data of
Solntsev (Reference 21. 21) which are shown in the
sketches of Figures 21. 5. 1 and 21. 5. 5, and in
Table 21. 5.2. The sketches show flame boundaries
and temperature profiles for two flame holder configurations placed in the same 300 ern high duct.
0
In Figure 21. 5.1, the holder is a 30
half
angle wedge with a 70 mm base height; in Figure
21. 5. 5, three 30 0 half angle wedges are used.
Wake widths are presented as a fraction of the duct
height and for a number of axial positions in Table
21. 5.2. The duct height used in presenting the 3 flame holder data is divided by 3
so that each holder is charged with its
equivalent duct height. The flame fronts,
for the three holder configurations begin
to merge near x/H of 1.3 and combustion
is complete before the x/H = 2.8 station
at which the flame width of the single holder configuration is less than 75 percent of
the duct height. If we normalize the
wakes widths and axial positions by the
height of the duct occupied by each holder,
i.e., by 300 mm for the single holder and
100 mm for the three holder configuration, the systems look more similar.
Thus, the flames occupy about 65 percent

Flame Shapes for Flame Holders
of Several Sizes in a Duct of
Fixed Size, V = 300 it/ sec,
Il = 1. 0, H = 15 em.

The dependence of flame geometry on
flame holder-duct geometry is weak and complicated.
The wake width at a given distance
downstream from flame holder in a duct of fixed size does increase slowly as the flame holder scale is increased.
However, at distances
greater than several recirculation zone lengths
of the larger holder, wake widths are almost
independent of holder scale.
Thus, an increase
in blockage for a flame holder of fixed size
will .cause a slight decrease in the flame spreading rate.
Data which illustrate this result are shown
in Figure Z1. 5. 4 and are taken from Reference
21. 20.
Flame boundaries are shown for flames
stabilized in a rectangular duct (15 ern high by
7.5 cm wide) for five cooled circular cylinders
with diameters of 0.32, 0.63, 1. 27, 2.54, and
5 em.
The outer edge of the flame, determined from schlieren photographs and normalized
by the duct height H of 15 cm, is given as a
function of axial position which is also normalized by the duct height.
The large initial differences are due to differences in the width of
the recirculation zone, discussed earlier. How ...
ever, farther downstream the boundaries begin
to merge and at x/H of 5 the differences in wake

Figure 21. 5. 5 Sketch of Flame Edge and Temperature Profiles for a Three Flame
Holder Array. Reference 21.21.
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100

.33

.31

.68

1.0

2.50

.83

.48

.89

2.5
4.0
8. 5

x

400

1. 33

.60

1. 00

850

2.83

.71

1. 00

Table 2.1. 5. 2

C06"pa ri s on of Flame Widths for
30 Half Angle Wedge Holders in
a Duct of 300 mm 'Height, H.
Subscript (1): One Single 70 mm
Holder; Subscript (3): Three
30 mm Holders.
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of their ducts at a station one equivalent duct
height downstream of the holder.
Entrainment Rates.
The entrainment rate
of the flame can be determined from knowledge
of the flame geometry and the pressure and
velocity field produced by the flame.
However,
the entrainment rates determined by this method are very strongly dependent on the definition used for selection of the flame front position and on a number of corrections.
To illustrate the process, we show a set of calculations made from the data of Thurston (Reference 21.24).
Consider the sketch shown above in
Figure 21. 5. 2 and the data presented in Table
21. 5.3.
Values of experimental paraITleters
and the angles n, i3 and e calculated from Equations 21. 5. I and 21. 5.2 are presented in the
table for three flame holders of diaITleter,
D and a range of approach streaITl speeds,
VI'
Calculated values of the entrainment
speed are given in the last column.
The entrainment rate per unit area of the
ilaITle is PUn which we showed earlier, see
Equa Han 21. 5. 3, wa s given by
Entrainment Rate = PUn '" pV sin fl
and when fl is sITlall
Entrainment Rate

= pV' fl

One interesting result shown below in Table
21. 5. 2 is that the entrainment angle i3 is almost independent of approach stream speed and
flame holder blockage when the flame is turbulent.
The values of i3 lie around 0.02 with a
scatter of at least. 005 or 25 percent.
Some
of the data used to calculate values of fl '" a - e
are also shown in the table.
Examination of
the quantities shows that fl is constant despite
substantial changes in these quantities which result from changes in flame holder diameter D.
Note also that fl changes only slightly when the
speed of the approaching stream VIis increased by a factor of 2.
The large scatter is due to the rather arbitrary definition of the flame width Wand

ac

uncertainties in estiITlation of the slopes for W
and Cp which appear in calculation of nand e.
Notice that in ITlost cases the velocity vector V
is turned away froITl the axis through an angle
e which is roughly half of n, the angle between
the spr eading flame front and the axis of the
duct.
Because e is greater than the angle fl
for many of the conditions presented here, we
must expect large errors in i3 from this source.
In addition, the boundary layers growing on the
walls of the combustion chamber will also produce an acceleration of the flow by reducing
the effective cross section area of the duct and
hence must be taken into account in calculating
the angle e.
For the data presented in Table
21. 5. 2, the growth of the displacement thickness on the top wall of the duct would decrease
e and hence increase fl by about. 002 radians.
Side wall boundary layers will have a siITlilar
effect.
Hence, we expect the entrainment velocity for those experiments is about. 025 +
.007 of the local unburnt gas speed.
The entrainment rate can also be obtained
directly from the flame wid th and veloci ty da ta
by a different mass balance technique.
The
idea here is to measure the ITlass flow of the
unbul'nt gas outside the flame as a function of
axial position.
The rate of change of this flow
rate me with axial position can then be used
to deterITline the entrainment rate.
When n is
small, the entrajnment rate per unit area at one
side of the flame is (-1/2)(dm c /dx) and it can be
expressed in terms of the total ITlass flow
m l = PI VIH as:

Measurements of mc of the type required were
carried out by Thurston (Reference 21.24) for one
of the experiments reported in Table 21. 5. 2. An
estimate of fl based on the above equation and
Thurston's data was 0.027 for the 0.32 em flame
holder. The agreeITlent of the two methods is
close considering all the uncertainties.
The entrainITlent rate of a turbulent flame
will certainly depend on a number of parameters
not changed in the experiments described here and
hence this value for fl cannot be viewed as having
any general applicability. However, the small
rate of entrainment is of general interest and
probably represents the lower bound of values for
entrainment in a low turbulence experiment.
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60
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1. 10
.96

.014
.010
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.021

1.6
3.5

D
cm

VI
m/sec

.32
.32
.32
.32
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60
120
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.64
.64

1. 27
1. 27

Table 21. 5.3
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ParaITleters Used in the Calculation of EntrainITlent Velocity u for
Stoichiometric Fuel-Air Ratio.
Data from Thurston (Referenl'e 21. 24).
Note, No Boundary Layer Correction Has Been Made for (3.
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21. 5. 2

creases with heat addition for supersonic flow.
This distiction between the behavior of flow at
subsonic and supersonic velocities is somewhat reminiscent of that which occurs in the
behavior of the velocity during a contraction
of the channel cross-section in isentropic flow.

ONE-DIMENSIONAL HEAT RELEASE

As a first crude approximation for the
processes occurring in the combustion chamber
of an afterburner. it is convenient to investigate the process of heat addition in simple,
one-dimensional channel flow.
The calculation will be carried out with the as sumption
that the heat is added uniformly across the
channel.

The pressure variation may be computed
directly from the momentum relation as,
(2'1. 5. 7)

Differential Relations.
The aim of the
calculations is to illustrate the variation of
the variables as heat is added; of particular
interest are the dependence of stagnation pressure and Mach number on the stagnation enthalpy or temperature.
We will first consider
the process when the assumption of constant
channel area is made; later, expressions in ...
cluding the variation of area will be derived.
Referring to Figure 21.5.2.3, a quantity of heat dH is added between two control
planes separated by a distance dx.
It is assumed that no change in the initial conditions,
u, p, p, T, M is invoked by this addition of heat.
Therefore, the flow process may be described
by the laws of continuity, momentum, and
energy transport

and employing the equation (21.5.6) for the
velocity variation,
(21.5.8)

The addition of heat causes a drop in gas
pressure for subsonic velocities which becomes
progressively more severe as the Mach number approaches unity.
The static temperature is found by writing the logarithmic derivative of the equation
of state as:

d(pu) = 0
(pu)du + dp

and substituting for terms on the right fro=
continuity and momentum equations, this gives

=0

dT

'"'1'=

dH

': i·. ·

u
p

p
T

--

..

--

u + du

__

p + dp

.i!.

T + dT

dx~

(21. 5. 4)
C dT + udu
p
and the equation of state for a perfect gas,
p = pRT
The change of gas velocity accompanying an
addition of heat may be found by eliminating
the temperature variation from the energy
equation, using the equation of state \
udu + C

T(~ - it) = dH
P P
p

(21. 5. 5)

=

Now computing dp/p = -udu/RT and dp/p
-du/u from the momentum and continuity equations, respectively, it follows, upon collecting
and rearranging terms, that
dH
(
- M2_1) CpT
I

\

(21.5.6)

The result indicates that the variation of gas
velocity with heat addition depends critically
upon the Mach number ot'the flow at the
point of heat addition.
The velOcity increases
with heat addition for subsonic flow and de21-27

M2_1

J'c p T

)

(21.5.9)

2
2
The factor (yM -1) / (M -1) exhibits two
changes of sign because the numerator and
defominator pas s through zero at M2 = 1/ Y and
M = 1, respectively.
So long as M2< I/y,
the temperature rises with the addition of heat,
which is the trend naturally to be expected.
However, as the Mach number increases, but
remains in the range l/y < M2< I, the temperature d"creases as heat is added to the gaB,
a result which is not at all obvious physically
and requires a bit closer investigation.
Finally, when M> I, the static temperature again
increases with dH, as would be expected.
The energy equation (21. 5.4), indicates
the proportion of a heat increment dH which
appears as gas enthalpy, CpdT, and that whic'1
appears as kinetic energy of mean motion, udu.
Expressing the differentials du and dT in tenTIB
of dH and simplifying the r e sutt, it is found
that

\:...~_!!.-+(~\dH =~(21.5.IO)
\ 1 M2 kT C T
~~p
increment of
increment of
kinetic energy
gas enthalpy
(

du
u

=(YM2 -IV dH

T

One-dimensional flow of gas
with infinitesimal heat addition.

Figure 21.5.6

'

or. substitutini from (21.5.6) for the velocity
variation,

p + dp

M+ dM

M

2
I _(~)dU
RT
u

y_l)M
1 M2

2

Ie T

~2

or, more simply,

so that a portion ( (y- I)
) of the added en1 - M
ergy dH is devoted to increasing the kineti~
energy of the gas, while a portion (

~

(21. 5.13)

)

1- M

appears as the enthalpy of the gas.
Now
clearly, as the Mach number increases, the
amount of heat required to supply the kinetic
energy increases until, at M2 = 1/ y, the entire heat addition is required to supply the
kinetic energy alone, with the result that the
gaB enthalpy cannot change.
Further increase
of Mach number increases the kinetic energy
requirement even more, so that a portion of
it must be furnished by the gas enthalpy itself.
As a consequence, the gas temperature decreases.
The situation is clear for super sonic
flow.
Here, the gas velocity decreases as
heat is added, with the result that all of the
heat which is added, plus that resulting from
kinetic energy reduction, is available to increase the gas enthalpy.
The enthalpy increase is
[

1 + (y - I) M
M2 _ I

2

J

dH

'

and hence is in exees s of the amount suppliled.
Note that the ratio of the quantity'
of heat passing to kinetic energy, to that
passing to gas enthalpy, is given by
kinetic energy increment
gas enthalpy increment

=

[J.Y:

It is evident that stagnation pres sure drops
with heat addition and that the rate depends
very strongly on the Mach number at which
the heat is added.

The results derived in the previous paragraphs concern heat addition in a constant
area channel.
The effect of simultaneous
changes in area and total gas enthalpy are
also of interest and may be simply derived on
the basis of the following considerations.
Let
the Mach number. for example, be considered
to be a function of both area and stagnation
temperature.
Then,

Howover, the quantity (8 M/8 T t) is obtained
from (21.5.12) since the derivative given in
the latter equation was obtained with the area
held fixed.
Thus,
.

Similarly, the quantity (8 M/8A)T

~2

I)
] '
l-yM
(21.5.11)

viously obtained during study of isentropic
channel flow, and is given by:

(~~)T t

and hence is a function of the Mach number
alone.
It is a simple matter now to compute
the change of Mach number with heat addition; logarithmic differ entation indicates that
dM

du

I

was pre-

t

=

(¥) ( -

1

+¥2
M2)
'
1" M

Therefore,

dT

M=-U-Z:Y
Combining the known values of du/u and
dT/T from eqs. (21.5.6) and (21.5.9), the
formula for dM/M is simply
dM
M -_ 1.
2

(~-=2 ).i!:L
CT'
1- M

The results for other parameters of interest
are:

P

The variation of stagnation pressure can
now be simply determined by taking the logarithmic deriva tive of:
I

\ 1+

TI

I) A

!!£=

(M2) dH
(M2)
'dA
~--+
~
I_M2 cpT
I_M2
A

T=

dT

e-YM2)~
2

ie..

(

dB + (
I_M 2 CpT
- I_M2

P

(21. 5.12) that heat addition always brings the flow toward a Mach
number of unity, that is, heat addition results in a Mach number increase for sub ..
sonic flow and a Mach number decrease for
supersonic flow.

=p

( 1)

dA

(21. 5.12)

It is clear from eq.

Pt

du
u

2)Y/Y- 1

I_M

+

((Y_ l lM2)
I_M2

P

-1 ) dI-! +( M2 ) dA
I_M 2 CpT
I_M2 A

dPt

(

I

(

I
) dH
1 +~M2
CpT

Pt

M

CpT

2
_(Y/2)M ) ~
+.Y..:.! M2 c T
2
P

dA

A

(_XM2)~
,2
CpTt

and

and substituting for the appropriate results
given above.
Then it is found that

dT

t

"17

dH
CpTt
(21.5.14)
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Use of these equations makes possible a determination of the local rate of changes of the
various parameters when both heat addition,
dH, and area change, dA, are made.
Note,
although, that dM/M, dp/p, dT /T, dp/ p may
be held constant by appropriate matching of the
variation of dH/cpT and dA/A.
For example,

2. 18) of one-dimensional. isentropic, channel
flow.

if dH/cpT = dA/A, then the static pressure and

p/p*. T/T", and Tt/T " are given in Table
t
(21. 5. 4) as a function of initial Mach number
M, and for y = 1. 40.
The variation with l'
is small in subsonic regions, but becomes important when M > 1. 5.
Also note the rapid
increase in Pt/Pt* for supersonic speeds.

velocity remain constant.
Howevel', the ratio
dPt/Pt is always finite and negative.
The equations cannot be used in general
to abstain algebraic solutions for the flow field
in a duct of specified area variation and heat
addition.
However, they can be used in numerical calculations.
Integrated Relations. The equations for
heat addition in constant area channel flows
can be integrated to give the changes in the
variables of interest which occur when heat is
added or the equations for conservation of energy momentum and mas s can be applied directly across the heat addition zone.
The
results are:

hl the above equations, Pit' for example,
becomes Pt' P

becomes P "'; M1 becomes
t
2t
M and M2 .,~ecomes 1. O.
Values of Pt/Pt ",

The table or a plot may be used to obtain
solutions of problems involving uniform heat
addition in a channel of constant cross- section.
Note that the starred quantities are functions
of the initial conditions, e.g., Tt = Ti'[Mo ' Tot' 1'1.
and hence vary in magnitude as Mo and Tot
are changed.
The tabulated values can be
used in the following manner. Assume conditions at the inlet and total temperature ratio
across the burner 'fb are given.
Then:

SinCe a constant mass flow, constant area
burner is used,

1'/1'- 1
and

u
u

2
l

P2

PI

T2

~

~ = (l+1'Ml~ (M2)
P2

l+1'M/

2
But if M2 is specified. TZ/T t * can be found
T t':'
from the table and consequently T

M1

3/

can be evaluated.
Given this result, the
other properties at (3) can be determined.
Consider a few examples:

C+1'M l : )
l+1'M
2

Example 1:

= (l+YM/)2 (Mzy
l+yM Z
2

Let Ml

= 0.2; we ask how

much heat can be added to the flow if heat
addition is limited by choking the flow.
Since
the final Mach number is one, T t max = T t ",
and from Table 21.5.1,

M1
(21. 5. 15)

These equations are also discussed in Section
2. 17.3.
They are given in terms of M 1 and
M • whereas in most problems of interest.
2
the heat addition (llH/cpTlt) and Ml will be
the specified quantities.
Since elimination of
M Z from the above equations is algebraically
complicated. we need to express the results
numerically in order to obtain a directly useful form.
Pick state (1) as the initial condition
corresponding to a Mach number M at the
start of heat addition in a constant area duct.
Define a second state. denoted by a super *.
at which heat addition has been sufficient to
drive the Mach number to one.
This state
is to be used as a reference condition in a
manner analogous to the A* state (of Section

(

Tt *)
( 1 \
r;= O. 17355) = 5.8

Thus. the total temperature of the flow may
be increased by a factor of 5.8.
The total
pressure ratio across the area of heat addition is:

Example 2:
We wish to determine Mach
number change and stagnation pressure ratio
across a combustion chamber when M2 = 0.2
and T 3/T 2t = 4. Then

4
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TABLE (21. 5.4)

FRICTIONLESS, CONSTANT-AREA FLOW WITH CHANGE IN
STAGNATION TEMPERATURE (perfect Gas, Y = 1. 4 exactly)

M

pip"

M

T/T~'

p/p*

.02
.04
.06
.08
.10

,00192
.00765
.01712
.03021
.04678

• 00230
.00917
.02053
.03621
.05602

2.3987
2.3946
2.3880
2.3787
2.3669

1.2675
1. 2665
1. 2647
1.2623
1.2591

.62
.64
.66
.68
.70

.83982
.86920
.87709
.89350
.90850

.93585
.95298
.96816
.98144
.99289

1. 5603
1. 5253
1. 4908
1. 4569
1. 4235

1. 06821
1. 06146
1.05502
1. 04890
1. 04310

.12
.14
.16
.18
.20

.06661
.08947
• 11511
.14324
, 17355

.07970
.10695
· 13 8·13
.17078
.20661

2,3526
2.3359
2.3170
2.2959
2.2727

1.2554
1.2510
1. 2461
1. 2406
1.2346

.72
.74
.76
.78
.80

.92212
.93442
.94546
• 95528
.96394

1. 00260
1.01062
1. 01706
1. 02198
1. 02.548

1. 3907
1.3585
1. 3270
1. 2961
1. 2658

1. 03764
1. 03253
1. 02776
1. 02337
1.01934

.22
.24
.26
.28
.30

.20574
.23948
.27446
.31035
.34686

.24452
.28411
.32496
.36667
.40887

2.2477
2.2209
2. 1925
2.1626
2.1314

1.
1.
1.
1.
1.

2281
2213
2140
2064
1985

.82
.84
.86
.88
.90

.97152
.97807
.98363
.98828
,99207

1.
1.
1.
1.
1.

1. 2362
1. 2073
1. 1791
1. 1515
1. 1246

1.01569
1. 01240
1. 00951
1.00698
1. 00485

.32
.34

• 45119
,49327
• 53482
.57553
.61515

2.0991
2.0647
2.0314
1. 9964
1.9608

1. 1904

.38
.40

• 38369
.42057
.45723
,49346
.52903

1. 1821
1.1737
1. 1652
1. 1566

.92
.94
.96
.98
1.00

.99506
.99729
.99883
.99972
1.00000

1.02120
1. 01702
1. 01205
1. 00636
1. 00000

1. 09842
1. 07285
1. 04792
1. 02364
1.00000

1,00310
1. 00174
1.00077
1. 00019
1.00000

.42
.44
.46
.48
.50

.56376
.59748
.63007
,66139
• 69136

.65345
.69025
.72538
.75871
.79012

1. 9247
1.8882
1. 8515
1. 8147
1. 7778

1. 1480
1. 1394
1. 1308
1. 1224
1. 1140

1. 10
1. 20
1. 30
1. 40
1. 50

.99392
.97872
.95798
.93425
.90928.

.96031
,91185
.85917
.80540
• 75250

.89086
.79576
.71301
.64102
.57831

1. 00486

.52
.54
.56
.58
.60

.71990
.74695
.77248
.79647
.81892

.81955
.84695
.87227
.89552
.91670

1. 7410

1. 1059
1.0979
1. 09010
1. 08255
1.07525

2.00
2.50
3.00
3.50
4.00
4.50
5.00

.79339
• 71005
.65398
.61580
.58909
.56983
.55555

.52893
.37870
.28028
.21419
.16831
• 13540
.11111

1.5031
.36364
.24616
2.2218
.17647
3.4244
• 13223
5.3280
.10256
8.2268
.08277 12.502
• 06667 18.634

.36

1. 7043
1. 6678
1. 6316
1. 5957

and

02763
02853
02.826
02690
02451

1. 01941
1,04365
1.07765
1.1215

and

1. 15

T 2t
T t'~ x 4 = 0, 17355 x 4 = 0.695
Then,
The Mach number corresponding to this value
of Tt/T{' is 0.50.
Consequently, M3 = 0.50,

~

1. 01

3.42

P2t

and

0.296 •

For the low Mach number case,
1. 114
1. 235

o. 90

M3

Example 3:
The total temperature of a
stream is to be increased by 50 percent.
We
wish to compare the total pressure loss if the
heat is added at Mach 3,0 and 0,3.
For the
high Mach number case,

0.40,

and

1. 16
0 97
1. 20 = •
Obviously, supersonic heat addition canses a
much greater reduction in total pressure.
,Thermal Choking.
If the heat addition for
Example I had been gl'eater than (4.8 TIt), the

therefore
1.5 x 0.654

0.98

,
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tables give no solution.
This is a result of the
fact that as heat is added to a subsonic flow of
constant cross- sectional area, the Mach number
approaches unity.
If more heat is added, the
Mach number at the channel exit will remain at
the value unity, but the upstream boundary condition must change so that the ratio ['1' Jt/T *
t
(M } ] corresponds to the actual heat addition.
1
For example, if heat addition in Example 1 had
been (5.32}T lt , then Tt* = TJt + (5.32}T , or
lt
'1' Jt/T
= 1/6.32 = 0.158, and the value of Ml

t*

would drop from 0.2 to

21. 5. 3

o.

These equations can be manipulated to give:
1

I

19.

TWO-DIMENSIONAL HEAT ADDITION
CALCULA T IONS

In this section we want to calculate the
effect on the flow parameters of heat addition
from a spl.·eading flame in a constant cross
section duct.
Although the calculations are idealized they give a more realistic picture of heat
addition than the one-dimensional calculation described above.
We start with a brief description of flow across a flame sheet and proceed
to a discussion of heat addition at a thin flame
which is spreading acros s a constant area duct.
Following this analysis, a brief description is
given of the effects of the flame. holder and of
compressibility.
Finally, problems involved
with calculation of the flame geometry are described briefly.
Flow Across a Flame Sheet.
Before examining the geometric spreading of a flame in
a duct it is interesting to examine the processes
occuring at a flame front.
Consider the sketch
of Figure 21. 5. 7.
Unburnt gas with velocity
V c approaches the flame front which makes a
small angle a with respect to the axis of the
combustion chamber.
After passing through the
flame, the velocity is V h and the density is Ph'

(21. 5. 16)

The total pressure loss can be written as:

The major problem which arises in computing
flame spreading is that values of the normal
velocity of the cold stream cannot be predicted
accurately.
However, some idea of the order
of magnitude of the static pressure difference
can be obtained if we select a value for A,
say 0.25, and use the value of 0.025 for
V cn 1 V c'
(The latter value is that determined
from ·experimental data in Section 21. 5. i where
the velocity ratio was called f3 or un 1 V).
With these assumptions the pressure jump is
3
less than 2 x 10- of the dynamic pressure in
the cold gas.
If a laminar flame speed were
used, Ven 1 V c would be even smaller for conditions of interest.
Hence, we are justified ;n
ignoring the effects of the pressure rise on the
flow field and can assume that the static pressure across the entire duct is constant for the
afterburner flow field.
(However, if one is 2
interested in laminar flalne shapes (V en 1 V c)
may be made as large as we wish and the
pressure difference clearly cannot be ignored.)
In addition, when V cn < < V c' the magni-

Figure 21. 5. 7

Sketch of Velocity Change Across
an Infinitely Thin Flame.

Subscripts nand p denote components of velocity normal and parallel to the flame.
We can
apply the continuity equation and the two momentum equations to determine the relationship of
the vector components and the static pressure.
We consider an incompressible flow and replace the energy equation with the statement
that the density ratio A = Ph 1 Pc is a given quantity.

The three equations are:
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tudes of the velocity vectors V c and V h will be
approximately equal to the parallel velocity component and hence they will be equal.
That is:
V c "" V cp " V ch '" V h'
The total pressure
change (see. Equation 21. 5. 17) reduces to
(1 - A) or (1 - Ph 1 pc) and is produced by the
change in the density due to heat addition.
Hence, the velocity and pressure jumps which
occur at the £lame front are often negligibly
small.
Given these results, the ,velocity profile chosen for the following study and the assumption that pressure only depends on axial
position are reasonable.

Idealized Flame Spread.
The effects of
adding heat to a one-diInensional, cOInpressible
flow in a constant area duct have been discussed above.
In this section we will investigate
the effect on the flow of heat addition by a
flaIne spreading froIn the center of a constant
area duct.
To simplify the analysis, first consider a
flame developing in a two-dimensional flow of
an incoInpressible gas.
Because the entrainment rate of a turbulent flaIne is not known,
we are interested in describing the pressure
drop, velocity profile and width between flaIne
fronts as a function of the fraction of the gas
which has been burned.
Even though the distance required to obtain cOInplete combustion
cannot be obtained froIn this analysis, the total
pressure loss, flow acceleration and a rough
idea of the resulting velocity profile can be
obtained.
The approach used here is taken
froIn that of Tsien (Reference 21. 25) whose
work was based on profiles suggested by the
experiInents and calculations of Scurlock (Reference 21. 19).
Tsien proceeded by using an integral approach.
He specified the shape of the velocity
profile in terIns of the width of the burned region Wand two velocity paraIneters.
These
unknown parameters and a pressure parameter
were found as functions of the fraction of the
mass flow which is burned at any station by use
of integrated forIns of the continuity equation,
and the Be~noulli relationship applied to the
burned and unburned streams.
We use a similar approach but apply a InOInentUIll equation
instead of the Bernoulli equations for the burned gas, and use a slightly Inore cOlnplex velocity
distribution.
Since the burned gas flow is rotational this appears to be a Inore satisfactory
approxiInation.
Notation and velocity distribution are identified in Figure 21. 5. 8.

heat addition at the £laIne is taken into account
by specifying that the burnt streaIn density Ph
is constant and is given by AP '
c

The y

COIn-

ponent of velocity is ignored.
Continuity and mOInentum equations are:

ml
(21. 5. 18)

(PI - P)H

Here the subscript (1) refers to conditions for
upstreaIn of the £laIne.
The Bernoulli equation
for the unburnt stream is:

(21. 5. 20)
The fraction burned,
(21.5.21)

m

where

is total mass flow rate,

PjVjH.

The trapezoidal velocity profile is:

V

V c'

W 12 ,; Y ,; H/2

V

[vc

+

(V* - V c )

(~

-

Y)/H6)

(W!Z - Ho) ,; Y ,; (W/2)
V

V*, 0 ,; Y ,; (W 12 - H 0)
(21. 5.22)

The unknowns are f,

W, V c' V*, and P, and

since there are four equations we can solve for
four of them, say V c' V", f, and P as a func(2)

(I)
Figure 21. 5. 8

Notation for Ideal FlaIne Spread
Calculation.

We have chosen to use the trapezoidal ve-

locity profile shown in this Figure.
The axial
velocity in the unburnt gas is constant at any x
station and is V c; the velocity in the burnt gas

tion of the fifth, the width, W.
6 is treated as a fixed fraction
H and must be specified.
It is
so that the effect of the velocity
on the other parameters can be

The parameter
of duct height
included here
profile shape
examined.

The solution of the four algebraic equations which result from the substitution of the
velocity profiles assumed here in Equations
21. 5.18 to 21. 5. 21 is straightforward and can
be expressed in terms of dimensionless parameters defined as:

rises linearly from V c to v* over a distance
H 6 at the edge of the £laIne and is constant
with value V* over the central region of the
burnt gas.
The static pressure Pis assuIned to
be a function of axial position, x, alone and
21-32

}

(21.5.23)

-*
u

E

v*/V 1

Tl

W/H

).,

Ph I Pc

(21. 5. 23)

= fraction

f

burned.

axis.

The solutions are:
'i'

(il2 - I)

f

[I-U'(I-~)]

The dependence of the pressure drop on
fraction burned is shown in Figure 21. 5. 9 with
6 as a parameter.
The pressur"e drop is almost independent of Ii for this example and
similar results were obtained for values of the
density ratio )., between 1/8 and 1/2. A similar result is obtained for the cold stream velocity u and wake width Tl, and the examples

u*:
('1-6)).,-1 = 0

and a pair of equations for U' and
U' (I+XIi-Tl)+U'*

U'2 (1/2 + 2/3 X6 - Tl) +

u* ('1

The dependence of the parameters on f
is shown in Figures 21.5.9 to 21.5.13 with ).,
and Ii as parameters.
Consider first the effect of changing the profile parameter Ii.
Remember that " = 0 corresponds to a square velocity profile with all the burned fluid moving
with speed V*, aDd the" = '1/2 corresponds to
a triangular profile with a linear change from
velocity V c at the flame front to v* on the

- (4/3) 6)).,

15

+ (2/3)U'* U' (OX) - 1/2 = 0
Numerical solutions are found by specifying values for 6 and )." and calcula~ing values
of U', U'* and f from the above equations for
various values ofT).
The following table presents
numerical examples to illustrate the variation of
the parameters for the conditions that Ph / Pc =
0.25 and

6

= O. 1.
10

-*
u

u

f

'i'

.2

.07

.36

1.17

1. 55

.3

.12

.59

1. 26

1. 69

.4

.18

.89

I. 37

I. 88

.5

.25

1.3

1. 50

2.11

.6

.34

1.7

1.65

2.38

.7

.45

2.4

1. 83

2. 70

.8

.59

3.2

2.05

3.08

.9

.76

4.4

2.31

3.55

6. 1

2.66

4. 15

'1

1.0

1.0

Table 21. 5.5

5

Dependence of Flame Spread
Parameters on Dimensionless
Flame Width, Tl, for).,
.25
and 6 = O. 1.

=

Figure 21.5.9

Note that the fraction burned does not
reach 50 percent until the flame width is about
75 percent of the duct height, and that both cold
and hot streams have large velocity changes.
The velocity increase for the simple one-dimensional case is just 1/)" or 4.0 for the incompressible when Ii = O.
The total pressure change
along the central stream line for this incompressible case is:
-

-* 2)
( l+'i'-).,(u)

Dependence of Normalized Pressure t on Fraction Burned and
Hot Steam Profile Parameter.

shown in Figures 21. 5.10 and 21. 5.11 on the
following page for Ii = O. 1 are representative
for all 6 values.
The velocity profile shape
factor " was found to have very little effect
on these parameters and we can conclude that
the predicted relationships between burned gas
wake width (llH), the cold stream velocity
(V c/V I) and the fraction burned f will be reasonably accurate regardless of the real velocity
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1.0....--------------::- - 8=0.1

8""1/2

12

1/4

1/8

10

0.1

0.5

1.0

8
Figure 21. 5. 10

Dependence of Normalized
Width of Flame on Fraction
Burned with Density Ratio as
a Parameter.

4

6

X=O.125

4

2

o

0.2

Figure 21. 5. 12

Figure 21. 5.11

0.4

0.6

0.8

1.0

Dependence of Hot Stream
Central Velocity on Fraction
Burned and Velocity Profile
Parameter.

Dependence of Cold Stream
Velocity Ratio on Frac tion
Burned with Density Ratio
as a Paranleter.
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profile in the burned stream.
Of course, the
choice of profile parameter will have a large
effect on the value of maximum velocity in the
hot stream. An example of this dependence is
shown in Figures Z1.5.1Z for \
1/8 and in
21.5.13 for all \'s and small 6 values.

find that:
U

=

The strong dependence of 'f and Ii on density ratio is to be expected because the density
change fixes the fluid acceleration.
The weak
dependence of '1 (f) on \ is more surprising.
An appreciable change in A, see Figure Z1. 5.10,
would produce only a few percent change in the
fraction burned.
For example, when \ is
changed from 1/8 to 1/6, values of f corresponding to '1 = 0.4 change from O. lZ to 0.15
and values of f corresponding to '1 = 0.7 change
from 0.37 to 0.39.
Comparison of Figures Z1. 5.11 and Z1. 5. 1Z
for \ = 8 and Ii = • I shows the rapid acceleration of
the hot gas as compared with the unburnt stream.
The gas speed on the centerline is always greater than the cold flow.

z

1,1 [ I - 11 (1 - A / Z»)

Z

Conditions at an arbitrary point downstream of
(Z) can be calculated by an analysis which is
identical to that described above.
Tabulated
values are shown in Table Z1. 5.6 for A = 0.25
and as a function of 11 ' the flame width at
Z
station (2).
Here fZ' liZ and 'fZ are the fraction burned, the cold stream velocity ratio and
the norm~1ized EEes sure difference at station
(Z), and u and u ':< are the cold stream and
3
3
centerline values of gas speeds at station (3)
where the fraction burned is one.
When
11 ;: 0, this solution reduces to that described
Z
above for the triangular velocity profile.
Values of Ii and 11 are presented in Figures Z1. 5. 15
and Z 1. 5. 16 as functions of the fraction burned
and with \ = 0.25.

~~
I

I

1

2

Figure Z1. 5.14

I

X

Sketch of Spreading Flame
with Flame Holding Region.

3.0r---------------------------.
A = 0.25
Figure Z1. 5.13

Dependence of Hot Stream
Central Velocity on Fraction
Burned with Density Ratio A
and Velocity Profile Factor Ii
as Parameters.

Effect of Flame Holder.
We can easily
extend this type of calculation to include the
effects of the flame holder and recirculation
zone on the flame spreading calculation.
For
example, consider the flow shown schematically
in Figure ZI. 5. 14.
The simple triangular Yelocity profile will be used with the additional
assumption that the velocity on the centerline of
the flow and at the downstream end of the recirculation zone, station. (Z) of the sketch, is
zero.
This approximation is a reasonable one
since this point corresp.onds to the rear stagnation point of the recirculation zone.
Conditions at station (Z) are specified when
the wake width there, 11ZH, and density ratio \
are chosen.
Combining the continuity equation
and Bernouilli equation for the unburnt flow, we
Zl-35

2.0

Figure Z1. 5.15

Ii ;: V/V on
1
Fraction Burned f and Flame
Width at Recirculation Zone.
Dependence of

1.0...-------------=-,

Effect of Compressibility.
Tsien (Reference 2).25) earlier carried out this calCUlation
for the tri';'ngular velocity profile discussed
above.
He also extended the calculation to include compressible flows in which density changes
in the unburnt flow must be considered.
The assumption is made that the density in the burnt
region at position x, Ph [x} is uniform and equal

"'2= 0.4
0.0

'"0.5
I
0

/

/

/

"/

This analysis indicates that flame holder
blockage effects will not be large.

/'

to A (pc (x}) where A is a constant.
Values of the parameters for the spreading
flame discussed above were calculated for the
triangular velocity profile.
The dependence of
the width of the burnt region 1) on the fraction
burnt f is almost identical to that obtained here
for the incompressible case as long as no choking occurred.

1.0

0.5

0

Figure 21. 5. 16

Dependence of Flame Width
1) on Fraction Burned f and
Flame Width at Recirculation Zone,1)2'

At low values of f, the present solutions
differ appreciably from the simple 1)2
0 case.

=

For large enough values of the approach
stream Mach number M , Tsien's solutions do
I
not reach 11 = f " 1 but reverse themselves.
Thes e solutions are inadlTIis sible and we as sume
that the slTIallest value of Ml at which this behavior is observed corresponds to the "choking"
limit.
Values of the critical inlet Mach number
for the "choked" flow, M ' were calculated by
lc
this technique and are compared with values
found in Section 21. 5. 2 for inlet Mach number
required to choke the flow for one-dimensional
heat addition in Table Z 1. 5. 7

However, for values of the fraction burned greater than about 1/3 the solutions are insensitive
to "2'
Hence, the overall prcssure drop and

"2

f2

U

0
.2
.4
.5

0
.04
.08
• 11

1. 00
1. 21
1. 54
1. 78

z

'+'2

u

3

-u 3 *

'+'3

2

0
0.46
1. 37
2.17

2. 69
2.70
2.75
2.82

5.30
5.28
5.24
5. 18

6.28
6.32
6.64
6.99

8

2.67
4

(i- " T/T 2 ) (A" T/T 2 ) (A " T It/TZt)
.38
.34
.36
.32
.25
• 17

*Air with y " 1. 40
Table 21. 5.7

Table 21. 5. 6

.29
.22
. 15

.29
.22
.13

Dependencc of Conditions at Station
(3), Where f = I, on Recirculation
For o = 1)/2 and
Zone Width 1)2'

Comparison of Critical Mach
Numbers Calculated by OneDimensional and Two-Dimensional
Techniques.

A = 1/4.

acceleration of the burnt stream at station (3)
where the flow is completely burned, can be
estimated with reasonable accuracy from the
simple 1)2 = 0 case.
Changing 112 in this example corresponds to changing the wake width
and hence, to increaSing the· flame holder size
in a duct of constant height.
This calculation
suggests that flame holder size or blockage
effects will not be very strong when 11 is greater than (1. 5 112)' Also note in Table 21. 5. 6
that despite very large differences in the pressure coefficient at station (2), "'2' differences
in values of "'3 are no more than 10 percent.
The dependence in 11 (f} on 1)2 is even weaker.

21-36

The density ratio A in the two-dimensional
treatment presented here is the density ratio
across the flame (or the temperature ratio since
the static pressure change across the flame front
is small).
Critical Mach numbers are given in
the Table for both static and· total temperature
ratios across the one-dimensional heat addition
region described earlier.
There is little diference bebneen these two, and also between the
one- and two-dimensional results.
Hence, the
one-dimensional calculation gives as good an approximation for calculation of choking as the more
complex two-dimensional calculation.
A number of other calculations of this type
have been made (e.g., Fabri et al. (Reference
21. 26) and they also lead to predicted values of
the critical Mach numbers which are close to the
one-dimensional values.

Another parameter of interest is the total
pressure loss associated with heat addition.
Calculations based on the two-diInensional and
incompressible model discussed above, predict
mass averaged values of the total pressure ratio
across the burner which are a few percent higher than the one-dimensional values when the
triangular velocity profile was used in the calculation. Again, the simple one-dimensional
heat addition calculation appears to give satisfactory estiInates.
Burning Rate.
We can use the ideas developed in several of the preceeding paragraphs
to illustrate the problems associated with calculating the position of the flame front in a duct.
Consider the flow shown earlier in Figure
;n.5.7 to be a small part of the spreading flame
shown in Figure 21.5.8.
Let the mass flux in
the burnt flow be mb and total mass flux be
m = Pc V IH.
l
that:

Then continuity of mass requires

d(~)

Il:;{

= /pcVcn\

Xcos aJ

21. 5. 23) and thus the previous equation becomes:
(21.5.24)

In order to proceed further in a simple
way, some other approximations must be used.
One reasonable one is that 0 is small enough
that cos 0 is approximately one.
With this approximation the effects of flame shape on fare
removed from the calculation.

In addition, information concerning the
normal velocity component must be supplied.
If the flow is laIninar, (an unlikely event for
afterburners), then V
= laminar flame speed
en
.
S, is a reasonable supposition.
Then

tive example, consider the following analysiS.
We start by considering ilie combustion region at
the edge of the flame as a turbulent mixing layer with unburnt gas, density Pc and velocity V '
c
on one side, and hot combustion products, density Ph and velocity V h' on the oilier.
Entrainment rates in shear layers have been the subject of considerable study and the conventional
wisdom is that entrainment rates scale as the
velocity difference or as (V h - V c) in this example.
Recent studies by Brown (Reference
21. 27), and Brown and Roshko (Reference 21. 18)
of shear layers with large density differences,
e. g., large differences in Ph and Pc' have led

Direct use of Brown's suggestion leads to
entrainment rates which are within a factor of
two to iliree of iliose presented above in Table
21. 5. 7 for mixing layer experiments in which
ilie density and velocity ratios al'e similar to
iliose in t!,C combustion experiments discussed
above.
The axial pressure gradients and the complicated flow at the duct centerline are certainly
not anticipated by Brown's model and may be
responsible for the differences.
Errors in determination of experimental values for entrainment rates may also be responsible.
Finally, part of this difference may also
be associated with the definition used to determine the flame front and with the effects of combustion on the mixing process.
The similarities
of ilie processes of entrainment with and without
combustion appear to be large and indicate that
approaching the determination of turbulent flame
speeds or entrainment rates from this point of
view will be useful.
Despite differences, it is interesting to caleulate spreading rates when entrainment rates
are given by an ad hoc expression of the form:

and integration with the assumption that 5 is
constant gives:

= (~~H)

If ilie flow is turbulent other approaches to
describe V cn must be developed.
As an illustra-

to an appreciation of the importance of large
scale structures in the Inixing region and the influence of the density ratio in fixing entrainment
rates.
Brown suggests that the entrainment velocity from the cold stream could be expressed
as;

Here, the (I/cos 0) term enters because the
flame front length corresponding to the length
dx is dx/ cos 0 and the factor 2 because there
are two flame fronts.
We have defined the
fraction burned f as ~/rill' (see Equation

f

ilie fraction burned at any station x will decrease
under iliese same circumstances.

xU}
(21. 5. 25)

If we define the position at which the combustion is complete, 1. e., at f = 1, as x (1 } we
get:

where

\1*

~

=(V h *IY 1) and u = (V c IY 1)

H

Thus as the initial velocity V 1 increases or the
flame speed S decreases, the length required
for complete combustion will increase.
Also,
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The dependence on density is ignored here and
the constant. 03 was picked to give values of
p of .025 which were observed experimentally
for), = 1/8. If this suggestion is followed,
Equation 21. 5.24 can be usefully rewritten as:

where u

= (V c IV 1) is the function of f and the

phenomena suggest that great care muat be exercised in using the results of this type of calculation outside of the range of the parameters
used in fixing the constants which appear in the
model and which were used in checking the accuracy of the results.

density parameter :\. determined in preceeding
paragraphs.
Integration gives:

~
H

=

f
0

-*
u

f

1)

u

f

df

0.2
0.4
0.6
0.8
1.0

(-13-(u"7.*I-u-'=})''::''''u-U-,-:\.-}
(21. 5. 26)

This form is convenient since the ratio(U:* IU:)
which appears in the expression for 13 is a very
weak function of f.
The results of carrying Ol1t the integration
are presented in Table 21. 5. 8 where the changes
in several parameters are shown as 1)
WI H
increases from .2 to 1.0 for:\.
1/8 and
6 = 0.10.
The orders of magnitude for values
of x determined here agree roughly with experimental values for 0 ,,; 1) ,,; O. 4.
When we
examine the influence on solutions of this type
of change. in values of the density ratio, we
find a strong dependence on density ratio. This

=

=

u:

dependence arises because both U:" IU: and
decrease as the density ratio increases.
We can
see from Equations 21. 5. 25 and 21. 5. 26 that
these changes cause x(£}/H and x(W/H}/H to
increase.
However, experimental results indicate that for the range of values of W IH and
f examined experimentally, the dependence of
flame geometry on density ratio is very small.
We can eliminate this discrepancy by replacing the constant. 03 which appears in our
definition for 13 (Equation 21. 5. 25) by a function
of:\'.
However, we currently hav~ no rational
explanation for this dependence although the
work of Brown (Reference 21. 27) indicates that
f3 does depend on :\. in a mixing layer.
The preceding calculation is indicative of
the types of simple approaches used in calculation of the geometric features of turbulent
flames.
Calculations of this type cannot be
taken very seriously until the dependence of
V cn or 13 on density ratio, turbulence level,
flame width, etc., has been established.
Other more ambitious schemes have been
developed to calculate the complete flow field.
For example, the calculations of Spalding are
based on a general model for computing turbulent flows.
A set of differential equations is
developed in an ad hoc manner from which
turbulent transport parameters can be determined as part of the general solution of the
equations of motion.
Combustion phenomena
are included by assuming infinitely fast reaction rates when the premixed fuel-air gas
is mixed with the burnt gas at the flame front.
The results of one set of calculations made by
Spalding are reported in Reference 21. 28, and
they do agree with the picture reported here
of the dependence of flame spreading rates on
approach stream parameters.
However, the
infinite reaction rate assumption and the ad hoc
nature of the treatment of the turbulent transport
21-38

.04
.12
.25
.49
1. 00

1. 73
1. 80
1. 93
2.05
2. 16

x/H

13
.022
.023
.024
.027
.029

0.9
2.2
2. 7
5.4
7.8

Table 21. 5. 8 Variation of Spreading Parameters
with Dimensionless Flame Width,
1) for :\.
1/8 and 6 = O. 1

=

Combustion Efficiency in Full Scale Tests.
The previous discussion ha 5 concerned flaITIe
spreading rather than combustion efficiency.
A
large number of experiments have been carried
out on full scale systems, in which combustion
efficiency has been measured as a function of
parameters such as the inlet temperature, pressure, velocity and fuel-air ratio, the flame holder geoD1etry, and, in at least one case, the combustion chamber length.
Typical results are
presented in Reference 21. 29, Reference 21. 30,
and Reference 21. 1.
Because the injecHon and
vaporization processes as well as stabilization
and spreading processes are affected by changing the inlet conditions, we cannot distinguish
which process is affected by the changes.
However, VseHer (Reference 21. 30) has
measured the effects of changing combustor
length while holding the other parameters constant.
Some of his results are shown in Figure
21.5. 17 where combustion efficiency nabia plotted
as a function of combustion chamber length downstream of the plane of the flame holder.
The
flame holders were 1. 5 inch high V -gutters arranged in two concentric rings and with two
crossed gutters on diameters serving as supports.
Each flame holder occupied a part of
1.0

O. 8

~

~ = 1. 0
= 0.7

- lp 5

~'.'m

1)ab

0.2

o
o

'43

atm

2

Combustor Length
Figure 21. 5. 17

Dependence of Combustion Efficiency on Combustion Chamber Length. Data from Reference 21. 30.

duct with an equivalent duct height of very
roughly 10 cm.
The actual duct diameter was
62 cm and the inlet velocity was 170 m/ sec.
Note that all three curves of Figure 21. S. 17
have a well defined knee for chamber lengths
of about ISO cm and that a further increase in
combustor length has little effect on efficiency.
Thus, the length to height ratios of roughly IS
are required to approach the maximum efficiency and this ratio is unchanged as pressure is
dropped.
This length ratio is slightly larger
than one would expect trOIn the smaller scale
flame spreading experiments discussed above.
However, the complex flame holder shape
makes direct comparison iInpossible.
As
noted above the effects of pres sure and fuelair ratio may not be due to the influence of
these parameters on the spreading process.

to a region at lower pressure than the combustion chamber when afterburner thrust is terIninated.
The resultant flow of gas cleans out the
lines and leaves them empty.
However, during
the afterburner start-up process, these lines
must be filled again before the ignition process
is initiated.
The probleIn here is that in order
to reduce the pressure pulse associated with
ignition, the initial fuel flow rate is usually set
at a value far below that required to fill the
injector rings and supply lines in a reasonable
length of time, i. e., in several seconds. Thus,
the control system must be designed to fill the
lines at a high flow rate and then to stop the
flow so tbat no fuel is allowed to spill into the
combustion chamber where the high temperatures in the core stream could cause auto ignition.

Summary:. Simple one and two-dimensional calculations are available which allow reasonably accurate predictions for the changes in
static and total pressure, and velocity across
a region of heat addition in a constant area
duct.
The inlet conditions leading to "choking"
can also be predicted with reasonable accuracy.
However, predictions cannot be made of the
combustion chamber length required to producp.
a given level of combustion efficiency because
the entrainment ra te at a turbulent flame front
is presently not understood.

Another important function of the afterburner control systezn is to maintain conditions
at the turbine and fan outlets in an unchanged
state so that the operation of these components
will not be affected by the afterburner.
This
control function is particularly difficult to perforn> during the starting and stopping transients.
To understand this problem, examine the n>ass
flux equation for the afterburner nozzle under
steady state conditions and for a simple turbojet cycle.
The mas s flux at the throat of the
nozzle throat can be written in terms of the
total pressure and temperature, P7t and T7t'

A number of full scale tests are available
but because all components are subject to the
same changes in operating parameters it is not
possible to deterInine whether or not changes in
the spreading process produce the observed performance changes.
21. 6

the nozzle throat area An' and the gas constant and specific heat ratio Rand 'Y.
(E. g. ,
see Section 2.18 and S. 11.) The result is:

NOZZLE AND FUEL CONTROL SYSTEMS

The afterburner control systeIn has the
primary function of controlling the flow of fuel
to the afterburner and of keeping the pressure
level in the afterburner at the desired value by
controlling the nozzle throat area.
The control
system is also responsible for carrying out the
ignition process and supplying the various zones
of the afterburner injection system with fuel in
the proper sequence and at the proper rate during the starting sequence, and later, during
steady operation and termination of thrust. The
control must be able to receive data from the
core engine control systen1 from which it can
determine the air flow rate to the afterburner
and then set the required fuel flow rate to each
injector zone.
Although inlet temperature and
velocity do not change a great deal, pressure
levels may vary by factors of 10, and thus a
wide range of fuel injection rates must be accommodated.
In addition to this control function, the
control system must carry out a number of
other functions.
For example, the fuel lines
and injector rings which are within the afterburner are heated to high teInperatures when
the afterburner is turned off by convective heat
transfer from the high teInperature flow from
the engine.
1£ any jet fuel is left in these tubes,
the high wall temperatures may cause the fuel
to decompose and produce tar-like deposits.
These deposits can clog the tubes and the sn>all
diameter injector ports in the tube walls. This
problem is usually avoided by venting the lines
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(21.6.1)
If we call the fuel-air ratio f

, we can relate
ab
the mass flow at the inlet (Station (5)) to that
at the nozzle (Station (7)) by:

(1

+ fab) (rn S )
(21.6.2)

When we rewrite Equation 21. 6. 1 in terInS of
conditions at (S), and use the definitions
'!Tab = P 7 /P St and "ab = T 7 /T 5t, Equation
21. 6. 1 can be stated as:

Let the condition for which the afterburner
fuel-air ratio is zero be designated by a sub
zero suffix.
Then, if conditions at Station
(S) are held fixed by the control system, rnS
will be a constant and we can show from
21. 6. 2 and 21. 6. 3 that:

also required.
For example, it is clear from
Equation 21. 6.1 that under steady conditions, a
10 percent error in area An must be balanced

(1 + f

)= 'lTab A !'lTab)o A

ab

Tab

n

Tab

)0

no

by a 10 percent error of opposite sign in P
when m7 and T7t are held fixed.
increase in P

Consequently,
(21.6.4)

Where Tab)o " 1.0 since fuel flow and consequently heat addition iB zero when the afterburner
However, 1T a b) 0 is not one
. is turned off.
since flame holder drag and wall losses will
always reduce the total pressure.
The nozzle
throat area required to keep conditions at Station
(5) unchanged, when fab' 'IT ab and Tab are changed due to afterburning, can be obtained from
Equation 21. 6. 4.
This equation is only approximate because we have ignored changes in i' and
R due to heat addition, non-uniform velocity,
etc.
A similar analysis can be used for a fan
engine but account must be taken of differing
conditions in the fan and core streams.
To illustrate the changes required in nozzle throat
area, data (taken from Reference 21. 29) are
shown in Table 21. 6.1 for a TF30-P-3 afterburner with an inlet pressure of about one atmosphere.
Equation 21. 6. 4 is applied to this fan
cycle and averaged values of 1Tab and Tab are
fab

'Tab

0.0
.01
.02
.03
.04

1.0
1.5
I. 90
2.30
2.50

Table 21. 6. 1

1T ab /1T ab )o
1.0
.98
.96
.94
.93

7t

7t
A 10 percent

and PSt would often be sufficient

to stall the fan stages and later the core compressor of the TF30 engine examined here.
Hence, control of the exit area must be precise
during both starting transients and steady state
operation of the afterburner.
The afterburner control system can be organized in a number of ways concerning the primary functions of fuel flow rate and nozzle
throat area.
One COITlmon technique is the double open-loop systeITl.
In this system ITlovement
of the power lever by the pilot, produces a demand in the control unit for a fuel flow rate and
nozzle exit area.
The control system changes
fuel flow rates and nozzle area according to
specified schedules which ITlust be very accurately matched and timed to avoid an excursion in
burner pressure levels far from the desired
values.
As the term "open loop" implies, no
feedback control is used, and thus dynamic interaction between the two control functions and
any chance for control system instabilities are
eliminated.

An/Ant}o

1.0
1. 26
1. 46
]. 57
1.77

Variation of Nozzle Throat Area
Ant' and Afterburner Total Pressure and Temperature Ratios with
Afterbt1 rner Fuel-Air Ratio, f .
ab
Data from the TF30-P-3 Afterburner (Reference 21. 29).

used to evaluate the area changes.
For an afterburner fuel-air ratio of O. 005, (typical of valueB
used for ignition) the nozzle area mUBt be stiU
increased by about 13 percent and for f = 0.04,
the increase is nearly 80 percent. ·The change
is almost totally the result of large changes in
'T abo
Nozzle area changes of this magnitude
must be effected within 5 to 10 seconds to keep
the duration of the starting transient within reasonable limits.
The nozzle actuation rate is
usually the slowest and hence limiting rate in
the control proces s.
This example shows that large changes in
the nozzle area must be controlled in order to
maintain unchanged flow conditions at the turbine and fan exit stations.
High precision is
21-40

In the selection of a control system, the
designer must choose a device from a range
bounded on one side by the very complicated
systems which attempt to get the highest possible performance with the shortest delay times
in all engine operating modes, and on the other
by very simple systems with reduced average
performance and with longer delay times.
See
Reference 21. 31 for a detailed discussion of
control systems and control system hardware.

A detailed design of the afterburner or any
variable area jet engine .exhaust nozzle for supersonic flight is also beyond the scope of this
chapter.
A general discussion of this subject
is given in References 21. 32 and 21. 33.
However, a few general remarks are made below
concerning several important nozzle design problems.
The afterburner is often used during takeoff and at supersonic speeds.
In the first regime, a high subsonic or sonic exit velocity
may be desired and in the second, a supersonic
exhaust velocity will be necessary.
Thus, the
exhaust nozzle must be capable of operating both
as a convergent and as a convergent-divergent
nozzle.
This can be achieved in a simple design by several techniques.
Consider first the
system illustrated in the three sketches of Figure 21. 6. 1 and described in detail in the caption.
The nozzle consists of t"IO basically coaxial convergent nozzles which are designed to
have variable exit areas.
The primary nozzle

(e. g., number (3» is made up of a large number of overlapping leaves hinged at their upstream end and sealed against each other to
prevent leaks.
Exit area variations by factors
of 1. 5 to 2 can be accomplished with this type
of nozzle.
The secondary nozzle (numbers 5,
10 or 16) is a variable area design of the same
type.
In the example shown here, it has a contoured inner surface.
In other designs it may
be the same type of design as the primary
nozzle.
(1)

(2)

(3)

(4)

(5)

(6)

A supersonic nozzle configuration with
maximum primary throat area is shown in Figure 21. 6. IA and a sonic jet with minimum throat
area is shown in B.
The primary nozzle area
changes between examples (A) and (B) by a factor of about two and the expansion ratio for case
(A) is about 1. 5.

(7)

(A)

(8)

(9)

(10)

The primary nozzle is responsible for fixing the throat area which controls the primary
or afterburner mass flow rate and the secondary
nozzle is used to fix the expansion ratio for the
nozzle.
The primary flow separates from the
downstream lip of the primary nozzle and usually
reattaches to the secondary nozzle.
Reattachment is not necessary in the subsonic case (see
B) but is necessary in the supersonic case (see
A) if the secondary nozzle is to be effective in
fixing the exit area.

(11) (12)

In both examples (A) and (B), a secondary
gas stream (number I) flows between the outer
and inner cases of the engine.
This flow serves
several purposes in the nozzle.
First the secondary gas is usually much cooler than the primary and hence this stream can act as a film
coolant for the secondary nozzle.
Second, the
secondary flow occupies a coaxial region about
the primary flow and hence can be used to determine and control the exit area of the primary
flow.
For example if the secondary flow of Figure B were turned off the effective exit area of
the primary stream would be increased. Finally,
the entrainment of fluid by the shear layer,
(e. g., Bee number
removes fluid from the
cavity between the ·secondary and primary nozzles.
If no secondary flow were supplied to
compensate for this effect, a strong recirculating flow would be set up to supply this entrained material.
This flow would reduce the nozzle
thrust coefficient, increase heat transfer rates
and contribute to the unsteadiness of the exhaust
flow.

(6»,

(13) (14) (15)

Figure 21. 6.1

(16)

(17)

Ejector Nozzle Configuration.

(A)

Supersonic nozzle configuration with afterburning: (1) Secondary flow, (2) Outer
case of engine, (3) Moveable primary
nozzle sho\vn at rnaximurn arca J (4) Primary flow, effective throat, (5) Moveable
secondary nozzle shown at maximum exit
area, (6) Mixing layer between primary
and secondary streams, and (7) Supersonic primary flow.

(B)

Subsonic nozzle configuration with no
afterburning: (8) Primary nozzle at minimum area, (9) Separation point of external
flow, (10) Secondary nozzle at minimum
area, (11) Sonic primary stream, and
(12) Region of separated flow in external
flow.

(C)

Subsonic nozzle configuration, no afterburning and blow in doo~ in use: (13) Tertiary
flow of ambient gas into nozzle, (14) Blow
in door, inflow configuration, (15) Reversible hinge/latch, (16) Moveable secondary
nozzle, and (17) Separation point of external flow.
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The motion required by the secondary nozzle flaps (numbers (5) and (10» to accommodate
the area changes necessary to produce optimum
expansion ratios are large when both afterburning and supersonic flight speeds are contemplated.
Some of this motion can be avoided by use
of the "blow in" doors shown in Figure 21. 6. 1 C
as number (14).
When doors of this type aTe
opened, a tertiary flow of ambient gas can enter
the nozzle and form a stream coaxial with the
secondary and primary flows.
Control of the
secondary and tertiary strealns can again change
the throat area of the primary stream and hence
reduce the motion required of the secondary
nozzle flaps.
The "blow in" doors can also be
used as blowout doors, i. e. I can be used as
part of the control sys tem to dump some of the
secondary flow around the nozzle.
The secondary flow is usually made up of
air used to cool the afterburner walls and it
may also be drawn from the combustion chamber
inlet flow or as far forward as the engine inlet.
This nozzle is called an ejector nozzle because
the primary stream can be used to pump a low
total pressure secondary stream, just as the
primary stream of an ejector pump is used to
actuate a secondary flow.
A second nozzle type, shown in Figure
does not use the ejector to minimize
the motion of the secondary nozzle.
In this
2.1. 6. 2,

case a single flap (numbers (6) and (8)) with
two hinged joints (numbers (5) and (7)) forms
the nozzle contour.
In case (A) of Figure
21. 6. 2, a subsonic outlet is formed by maximum inward rotation of both members; in (B),
outward rotation of both, produces a larger
throat area and a diverging nozzle at the exit.
The nozzle is again constructed of overlapping
leaves which must be sealed against each other.
The throat area for this example changes by a
factor of about 2 and the exit area ratio for the
supersonic nozzle is about 1. 5.
(1)

(2)

It

(3)

I

(4)

(5)

(6)

(7)

(8)

(9)

LijJJ)
.....

COMPLETE AFTERBURNER SYSTEMS

In this section we will describe design
details and performance for a typical afterburner system.
The afterburner selected for examination, the standard TF30-P-3 afterburner,
is shown in the photograph of Figure 21. 7. I
and the sketch of Figure 21. 7. 2. The material
discussed here is taken directly from Reference
21. 29.
This is the same systeIn that was described briefly in the introduction.
Conditions
in the fan streaIn at the afterburner inlet were
a velocity of about 95 m/sec and a temperature
0
of about 390 k, and conditions in the core 01'
gas generator streaIn, were about 220 In! sec
and 875 0 k respectively.
The bypass ratio
was about one for these tests.

(A)

(B)

I

I

(5)

(4)

Figure 21. 6. 2

~

The systeIn illustrated in Figure 21. 6.2
is used on the Pratt a·nd Whitney FIOO-PW-IOO
augmented turbofan engine used in the United
States Air Force F-15 and F-16 fighter airplanes.
21. 7
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Ejector nozzles are used on a nUInber of
engines in operational use in the 1970' s.
ExaInples are the General Electric TF30-P-3
augll1ented turbofan engine used in the United
States Air Force FIll airplane and the OIYInpus engine used in the Concord.
In the latter
case the secondary nozzle flaps are also used
as part of the thrust reverser systetn.
(See
Reference 21.34.)

Sketch of Nozzle for Pratt and
Whitney F -1 OO-PW -100 Augmented Turbofan Engine.

(A)

Subsonic nozzle configuration: (l) Engine
case, (2) Cooling passage, (3) Perforated
cooling liner, (4) Fixed outer cowl, (5)
Hinge for nozzle contraction, (6) Nozzle
contraction IneInber, (7) Hinge for nozzle
expansion, (8) Nozzle expansion member l
and (9) Moveable outer cowl.

(B)

Supersonic nozzle configuration.

Another Inajor area of concern for nozzle
designers is the external drag of the nozzle and
aft end of the prupulsion pod 01' vehicle.
Large
nozzle exit area changes are required to accomnlodate afterburner opel'ation and.. consequently,
it is difficult to make an aerodynamic design
for the aft end of the engine which will not result in excessive drag during either afterburning
or non-afterburning operation.
For an example,
if the external surface is fixed to accommodate
the InaxiInum nozzle exit area, see Figure 21.6.IA,
a large base drag will occur because of flow
separation on the "boat tail ! of the nozzle when
a sInaller exit area is actually used, see Figure 21. 6. lB.
The flow separation shown in (B)
produces a significant increase in drag.
Use
of "blow in" doors of Figure (C) reduce the required Inotion of the secondary nozzle, and
hence decrease the boat tail angle, and the size
and iInportance of the separated region.
E. g. ,
compare (B) and (C).
A siInilar probleIn arises
for the nozzle shown in Figure 21.6.2.
Drag
froIn this source and other sources associated
with the installation of engines in vehicles or
pods is an iInportant probleIn for the nozzle designer.
T

21-42

Figure 21. 7. 1

Photograph of Afterburner
Flame Holders and Fuel Spray
Rings, froIn Reference 21. 29.

The flaIne holder systeIn consists of three
rings of V-gutters and a number of short radial
segments of V -gutters.
The gutters all have
0
an included angle of 45 ; the outer gutter ring
and the radial gutters attached to it have a
height of 5.1 em and the inner two gutter rings
have a height of 3.6 CIn.
The outer ring is
held in place by a rod asseInbly, shown in the
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Sketch of Aiterburner for TF30-P-3' Augmented Turbofan Engine.
(All DiInensions in cm., Taken Directly From Reference 21. 2.9.)

sketch, and the ring supports 18 radial V-gutters
(which have their axis lying along a radius). The
inner two rings are supported by six V-gutters,
which are attached to the diffuser cone and are
visible in Figure 21. 7. 1. The projected area of
all the flame holders was about 38 percent of the
duct cross-section area although the holders do
not lie in a single plane. The combustion chaInber
is made up of an outer shell, which is the pressure
vessel and an inner shell which is part of the cooling system. The inner. shell is perforated at its
upstream end and louvered at its downstream end.
The narrow space between the shells acts as a
cooling passage; the pressure at the upstream
end of !.his pas sage is high enough compared to
that in the cOInbustion chaInber to produce a flow
of cool fan air through the passage and out into
the combustion chamber through the holes and
louvers. Flow in the passage cools by forced convection, and flow through the holes and louvers
cools by a filIn cooling effect. The holes in the
upstreaIn section also have been designed to produce Inaximutn damping of acoustic disturbances
at frequencies for which combustion instabilities
have been observed in the chatnber.
Fuel is injected into the flow through seven
fuel spray ring s, shown in both Figure s 21. 7. 1
and 21. 7. 2, and they are arranged in five zones.
Modulation of the fuel injection systetn is accomplished by an integrated afterburner-nozzle control
systetn which sitnultaneously opens the nozzle and
increases the fuel flow. These two operations are
controlled by an open loop hydraulic control mechanistn which has no feedback infortnation concerning afterburner ignition or pres sure level. In the
present engine, fuel is first introduced to zone 1.
Under low pressure (i. e., high altitude) operation
fuel is injected through one of the rings, and when
the pressure level is above 124 N/cm 2 the second
ring is also used. These fuel spray rings lie
close to the interface between the fan and core
gas streatns and the fuel is pritnarily injected
into the core or gas generator streatn. If Maximum Power is required, the control systetn will
start fuel flowing to the other 4 zones at intervals
of about 1-1/2 seconds.
Zones 2, 3 and 4 are single ring injectors
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which feed fuel to the fan stream. They are placed
dose to the radial flame holders to insure a supply
of liquid fuel to the flame holders which is then
evaporated and fed to the recirculation in the tnanner suggested in Section 21. 4. 3, page 21-19.
Zone 5 is a double ring which supplies the core
engine exhaust strealn. These rings are placed
about 65 cm upstream of the flatne holders to give
the fuel time (about 3 ml sec) to vaporize before
reaching the flame stabilization region.
Each of the three flatne holder rings occupy an
equivalent duct with a height of about 15 cm and a
length of about 175 Ctn. Thus, the length to height
ra tio is very roughly 12 but this interpretation is
complicated by the presence of nutnerous radial
gutters. Thus, in the outer region which has many
radial holders, this ratio is tnuch larger.
The transient processes which occur during a
rapid advance of the throttle frotn Military Power
setting to Maxixnurn Power setting are shown on
the next page in Figure 21. 7.3 which is taken directly frotTI Figure 9 of Reference 21. 29. (The
horizontal axes on these diagrams is the titne in
seconds.) The position of the power lever controlled by the pilot is shown in Figure 21. 7. 3a, the
upper diagram, as a function of the time. It is
tnoved forward from a Military Power level at
time zero to MaxitntllTI Power at about 1. 4 seconds.
The nozzle control systetn opens the nozzle throat
area according to the schedule shown in Figure
21. 7. 3b.
The total fuel flow rate to the afterburner system is shown in Figure 21. 7. 3 c. Fuel flow starts
at about O. 3 seconds after the power lever is moved
to Maximum Power and ignition of the zone 1 systetn occurs at about 1. 6 seconds. The tilue for
ignition is deduced frotn the first rapid increase in
static pressure at the nozzle exit (P ) shown in the
7
sketch of Figure 21. 7. 3d. As fuel injection into
each zone is started the overall inje'ction rate,
shown in (c), increases. The particularly large
excursion in flow which peaks at about 2. 6 seconds
is an artifact of the tneasuring system and does not
represent an increase in fuel delivered to the combustion chatnber. It is caused. by a change in fuel

pumps from the afterburner hydraulic pump, used
at very low fuel flow rates, to the main afterburner fuel pump. Note that the maximum fuel flow of
the afterburner system is about 6000 kg/hr whereas that of the core engine is only about 1200 kg/hr
at the condition discussed here. Ignition of each
zone is indicated by the pressure cusps which appear in the nozzle inlet pressure, see line (d).
The schedule for nozzle area changes, shown in
line (b), lags these ignition events by about O. 2
seconds and this mismatch produces the observed
pressure disturbances.

,.

For this particular throttle excursion the
only pressure pulse which could cause any trouble
at the fan or compressor is the first pulse which
starts at 1. 6 seconds. The large rise in nozzle
inlet pressure, line (d), also appears at the fan
exit station, line (e). This excursion increases
the fan exit pressure above the steady state stall
line for the fan. In this example, the transient
nature of the disturbance kept the fan from stalling. However, the disturbance was observed
throughout the complete cornpres SOl' system as a
5-10 percent excursion in pressure.
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The steady state characteristics for this
afterburner are shown in Figure 21. 7. 4 as a function of afterburner fuel-air ratio and with inlet
pres sure as a parameter. Afterburner total temperature,.. ab and pressure IT'ab ratios are shown
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in (A) and (B), and the specific fuel consumption
SFC and thrust F are shown as ratios of their
values with and without afterburning in (C) and (D).
Finally, the combustion efficiency is shown in
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Afterburner Fuel-Air Ratio

Time from start of throttle motion,
sec.
Figure 21. 7. 3

Figure 21. 7. 4

Time History of Engine and
Afterburner Parameters During
Afterburner Starting Transient.
Data from Reference 21. 29.
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Effect of Fuel-Air Ratio and Pressure on Steady State Performance
Parameters.
Reference 21. 29

Figure 21. 7.4(E).
The values presented here
are based on measurements of static pressure
at Stations (8) and (9) of Figure 21. 7. I, total
temperatures at Station (8) and the measured
thrust of the engine.
Hence, the values are
reasonable estimates but they arc not the result of detailed measurements made in the flow.
The latter figure also shows the relationship between the five zones and the afterburner
fuel-air ratios which can be achieved when each
is activated.
Thus, when zones I to 3 are
operating, fuel-air ratios between 0.020 and
0.026 can be used.
However, the value
'I1ab = O. 80 obtained for an inlet total pres sure
of 0.72 atm and a fuel-air ratio of 0.022 is the
efficiency and is not associated with any
particular zone.
For inlet pressures greater
than one atmosphere, combustion efficiency is
uniform and greater than 85 percent.

~

Note that all the steady state parameters
except the thrust drop off rapidly when the inlet
pressure falls below about one atmosphere.
It is comforting to find that relatively dfective augmentation systems can be developed
despite our lack of understanding of many very
important features of the fuel preparation stabilization and flame spreading processes.' However, the cost of developing these systems is
greatly increased by our ignorance.

21. 8

COMBUSTION INSTABILITIES

One of the principal problems associated
with the development of high performance augmentation systems is the suppression of large
amplitude pressure oscillations which often accompany the combustion process.
Disturbances
of this type are called combustion instabilities
and most appear to be driven by a coupling between an acoustic oscillation at one of the many
resonant modes of the system and some step in
the heat addition process.
The range of frequencies is very wide.
Longitudinal modes with frequencies as low as
50 to 100 hz have been identified, and frequencies for radial or tangential modes can be as
high as 5000 hz.
The frequency spectra of
strong oscillations often exhibit 5 to 10 harmonics with amplitudes within 10 db of the fundamental frequency.
Also peak to peak amplitudes of oscillations as large as 50 percent
of the average pressure are observed and many
systems regularly operate with oscillations with
an amplitude of 5-10 percent of the average
pressure.
In a typical situation, the amplitude of
the oscillation at low fuel-air ratios is small
and grows slowly as the fuel-air ratio is increased.
Finally, near some critical ['"el-air
ratio, the amplitude grows very rapidly to a
much larger value.
The fuel-air ratio at the
critical threshold and the rapidity with which
the amplitude of the disturbance grows after
the threshold has been pas sed often depend on
the combustor inlet velocity, pres sure and temperature.

The oscillations reduce the life of combustion chamber apparatus or force an increase
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in weight to obtain a given life expectancy. Life
of components is decreased because of fatigue
pro?uced by high frequency oscillating forces and
by mcreascd heat transfer which often accompanies the oscillations.
In analyzing problems of this type it is
helpful to consider the energy stored in a mode
of oscillation Df the gas in the afterburner system.
This energy can be increased by a number of driving mechanisms and it can be decreased by a number of damping or attenuation mechanisms.
In order to tune the driving processes'
to the natural resonant frequencies for acoustic
disturbances, a feedback or coupling mechanism
is required.
A steady amplitude is reach"d when
the attenuation and driving processes are in balance.
In the following diBcussion we will describ~ several of these damping, 'driving and
couplmg processes but will not attempt to give
an overall description of a stability calculation.

Damping. There are a number of damping
terms which arise at the inlet or inlets and outlet to the cavity.
For example, when a traveling acoustic wave impinges on -a nozzle, reflected and transmitted waves are generated.
The
energy carried through the nozzle by the transmitted wave is lost from the cavity and represents a loss.
Similar losses can occur at the
inlet.
However, interactions at the inlet to the
afterburner occur at interfaces defined by turbine
blades (in the case of the core stream) and by
compressor blades (in the case of the fan stream).
Interaction between the gas flowing through these
components and the acoustic disturbances can
produce either a loss or gain for the disturbance.
Additional sources of acoustic damping arise
due to viscous interactions involving boundary
layer .. on the walls and the d'rag forces on bluff
bodies "uch as flame stabilizers, fuel injection
rings and support struts.
In addition, resonators built into combustion
chamber walls can be used to greatly increase
damping rates.
The cooling liner shown in Figure 2 I. 7. 2. is an example of the application of
this technique and it will be described briefly
here because this technique is commonly used to
control high frequency disturbances.
The liner
has been perforated in the region close to the
flame stabilizers.
When there is no mean flow
across these holes, a pressure oscillation in the
combustor and close to the liner will produce a
pressure difference across the holes which will
drive gas from the combustion chamber into the
cooling passage when the combustor pressure is
high, and suck gas back into the combustion
chamber when the pressure is low.
This process feeds energy from the acoustic mode into
the kinetic energy of the gas, which flows through
the openings, and which is SUbsequently diSSipated.
This process relTIoves energy from the acoustic
mode and hence represents a dalTIping of the oscillation.

The rate at which energy is removed frolTI
a particular mode of oscillation can be maximized by selecting the proper hole size and volume
for the cooling passage associated with each hole
so that the natural frequency for the cavity is
close to that of the acoustic mode. For example,
Helmholtz showed that a cavity with a narrow
neck had a natural frequency which could be

analyzed approximately by treating the compressible gas in the cavity as the spring, and the
mass of gas in the narrow throat as the mass
in a spring-mass system.
The natural frequency for the cavity is approxiInately (aYA/LeVe ')
where (a) is the speed of sound, A 'is the cross
section area of the neck, Le is the effective
length of the narrow neck (which in our thin
wall case is roughly the hole diametp.r), and
V e is the volume of the cavity associated with
each hole.

By proper selection of A, Le and

Ve we can design the cavity so that its natural
frequency is close to the frequency of the combustion instability, and thus, maximize the energy loss rate or the damping.
Damping ,can
be further increased by allowing fluid to flow
from the liner cooling pas sage into the combustion chamber.
Fortunately, this flow direction
is in agreement .with that required to produce
the best cooling effect.
Perforated cooling liners are often used
successfully to suppress high frequency oscillations.
However, the effectiveness decreases
for frequencies below 1000 hz, and devices of
thi. type are almost impossible to implement
for the lowest frequencies encountered in augmented turbofan systems because of constraints
on the allowable volume of the cavity.
A number of numerical computer codes
have been developed to analyze acoustic fields
inside cavities of arbitrary shapes.
Resonant
frequencies and damping due to wall friction
effects can be calculated by these codes.
However, the effects of regions with large temperature differences and high Mach numbers have
not been included in the codes yet.
A discussion of calculations of this type is given in
Reference 21. 35 which deals primarily with
combustion instabilities in solid and liquid propellant rockets.
The physical principals required to formulate the description of the acoustic field in a
cavity, which contains a gas with large temperature and mean flow variations, are well
understood and the properties of the acoustic
field can be calculated as accurately as required (given sufficient effort and funds).
Most of
the damping characteristics can also be treated
with reasonable accuracy for simple modes and
combustor configurations, and the physical processes are well understood.
The same statement cannot be made for the driving and coupling mechanisms discussed in the following
paragraphs.
Dl'iving Mechanisms. Consider a on~
dimensional compressible gas stream flowmg
in a constant area duct and let heat be added
uniformly at a rate 6 over some finite length
of the duct.
The heat addition proces swill
produce an acceleration of the gas and a drop
in the pressure according to the relationships
derived in Section 21. 5. 2.
However, as long
as 6 is independent of time, no acoustic field
will be produced.

When

6 = (0 0 +

6

has a periodic;: component,

say

EslliW t) and E «Qo' a pair of travel-

ing acoustic waves will be generated, and one
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will propagate upstream and the other downstream.
The strength of the waves will depend
on E, 00 and the Mach number at the heat addition station.
If these waves are in phase with
an acoustic disturbance already present in the
duct, the fluctuating heat addition will drive the
disturbance, i. e., will put energy into the acoustic mode.
The fluctuating heat input rate also produces a fluctuating entropy or total temperature
in the gas flowing through the heater which is
convected downstream with the flow.
Marble and
Candel (see the review in Reference 21. 36) have
pointed out that acoustic disturbances are created when a flow which contains periodic entropy
variations of this type passes through a region
which contains pressure gradients.
Thus, if we
place a nozzle at the downstream end of the duct
discussed above, acoustic disturbances will be
generated at the nozzle by the entropy fluctuations produced farther upstream by the periodic
varia.tions in heat input.
In the present example,
the nozzle will generate a second pair of traveling waves one of which will move upstream and
the other: downstream.
The nozzle will also
act as a partial reflector of the traveling waves
produced directly in the heat addition process
and the reflected wave will also move back upstream.
Note that the acoustic disturbances
travel downstream to the nozzle at a velocity
which is the SUITl of the local speed of sound
(a) and the flow speed (u), i.e., (u + a), where
as the entropy fluctuations are carried by the
flowing gas and travel at a speed (u).
Hence,
the phase difference in the two traveling waves
which move upstream from the nozzle will depend on the distance between the heat addition
region and the nozzle, and also on the Mach
nmnber of the flow.
If the phase difference is
close to a ITIultiple of 2", the waves originating
at the nozzle will reinforce each other.
In summary, any fluctuation in heat input
rate to a gas flow will produce acoustic disturbances directly and also variations in the entropy of the flowing gas.
When these entropy variations are convected through a pres sure gradient
a second acoustic disturbance is produced.
The
interaction of the traveling waves produced in
this process will depend on the geometry and
Mach number of the flow.

Coupling. The most difficult step in stability calculations for afterburner systems is the
description of the process by which acoustic disturbances interact with the combustion process
to produce fluctuations in the heat input rate.
This coupling proce'ss must be understood before
any meaningful stability calculations can be made.
A large number of coupling mechanisms
are present in the afterburner systeITl,
These
may be conveniently grouped under the heading
of fuel preparation, flame stabilization, and
flame spreading mechanisms.
We will discuss
briefly a few of these processes.
Acoustic disturbances can interact with
each step in the fuel preparation process. Thus,
the rates of fuel injection, atomization and vaporization proces ses can each be affected by local pressure and velocity fluctuations.
For example, the rate of fuel flow at the injector orifice is proportional to the square root of the

pressure drop across the orifice and hence
will be affected by fluctuations in gas pressure at the injector due to an acoustic disturbance in the duct.
The fluctuations in mass
flow and pressure at the upstream side of the
orifice produced by this interaction must be
treated a s matching conditions which will specify the non- steady operation of thE) whole fuel
feed system. (A system which will also have a
set of resonant frequencies.) If for simplicity
we examine a system with perfect atomization
and vaporization, the resulting fluctuation in
fuel injection rate at the injector will produce
a fluctuation in fuel-air ratio at the flame front
after a time delay which is fixed by the time required for the fuel to be carried from the injector to the flame front. The variation in fuel-air
ratio will produce a fluctuation in the heat release rate at the flame front and when the acoustic disturbance in the duct 1S in phase with this
variation of heat release, it will be driven by
this process. If the two disturbances are sufficiently out of phase, the disturbance in the
duct will be damped. Analysis of the reaction
of feed systems to pressure oscillations of the
type described here are presented in detail in
Reference 21. 35.
Several coupling mechanisms associated
with the flame stabilization region have been
suggested and we will describe one of these
mechanisms in some detail to illustrate this
class of coupling processes. This discussion
is drawn from the work of Marble, Rogers and
Barker presented in References 21. 37 and
21.38. Consider the two-ditnensional flow
shown in Figure 21. 8.1 and assume that a
strong transverse oscillation is present downstream of the flame holder. The smallest resonant frequency for a transverse mode is that
corresponding to a plane wave Hloving vertically
and with a pressure node at the axis and a maximum pressure amplitude at the walls. (E. g. ,
FigUl'e 21. 8. lC.) The corresponding fluctuation
amplitude for the vertical velocity is also shown
in this Figure. The frequency f of this oscillation will be f =(a)L2H, where H is the height
of the channel and(a)is an average speed of
sound in the gas.

:..::..--------

Figure 21. 8. 1

I

In this flow, the strong transverse wave
interacts with the shear layers on either side
of the flame holder to produce a regular train
of vortices which arc shed alternately from each
lip of the flame holder in the manner suggested
in the sketch of Figure 21. 8. lAo Vortices are
shed in an antisymmetric mode in keeping with
the antisymrnetric shape of the velocity and pressure perturbations. and they grow rapidly as they
convect downstream.

The coupling mechanism in this example
appears to be the triggering of these vortices
which in tUrn are responsible for the unsteady
heat addition which drives the oscillations.
Marble (Reference 21. 37) suggested that the vortices sweep unburnt gas deep within the recirculation zone and that this combustible material
will burn rapidly after a short time delay. In
this situation, the time delay associated with
the entrainment of combustible fluid is short,
and the delay is primarily fixed by the chemical
reaction. T he entrained material will start to
react r d seconds after the vortex is shed, and
the heat addition rate will receive a sharp pulse
at that time. When r d is close to an integral

Sketches Illustrating the Flame
Front Geometry During (A) Unstable and (B) Stable Combustion.
(C) Mode Shapes for Perturbations in Pressure (p') and Transverse Velocity (v').

multiple of the period of the r<:,'!onant frequency [01'
the acoustic disturbance, 2H/(a)= J / f, the oscillation will be driven. In the present case, driving at
the frequency of the first mode Was strong enough to
produce a large amplitude oscillation. However J
osCillations at higher harmonics were not observed.
In this example, the instabiHty was not present
at low values of the fuel-air ratio and started at a
well defined value when the fuel-air ratio was increased. This threshold value 0 s was found to vary

with mixture temperature and fuel type. In both instances, the authors were able to predict the observed variations in \1 s by using the model suggested
above. In making these predictions values of the
delay time r d were found by using the assumption
I

that rd scaled with r ' the characteristic time,dec
scribed in the flame stabilization discussion in Section 21. 4.1. 2, page 21-16. Some of the experimental values of ,. c used in this process are shown in
Figure 21. 4. 10.

The sharp boundary for \1 s is a re-

sult of the very rapid change of r d with fuel-air ratio
which is inferred from the variation of r c shown by

21-47

the data of this figure.
In their example the
resonant frequency was about 4000 hz which suggests that T d should be close to 0.25 msec (if
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The Williams and Williams
Company, Baltimore, 1960.

(21. 9)

Cornell, W. G. "The Flow in a VeeGutter Cascade." Trans. Amer. Soc.
Mech. Engr •. , 1956, 78, p. 573.

(21. 10)

Wright, F. H. "Multiple Flame Holder
Arrays: Flame mteractions , 11 American
Rocket Society Journal, February 195'9.

(2 I. 11)

Potter, A. E., Jr. and Wong, E. L.
"Effect of Pressure and Duct Geometry
on Bluff Body Flarrle Stabilization."
National Advisory Committee for Aeronautics.
Technical Note 4381, Lewis
Flight Propulsion Laboratory, Cleveland,
Ohio, September 1958.

(21. 12)

Mullins, B. P. "A Spontaneous Ignition
Theory of Combustion Intensity and
Combustion Stability Behind a Baffle."
Combustion Researches and Reviews
1955.
Butterworths Scientific Publications, London, 1955.

(21. 13)

Mironenko, V.A. "The Use of Thermal
Ignition Theory to Determine General
Conditions for Flame Stabilization by
Means of a Bluff Body." Izvestiya VUZ.
Aviatsionnaya Tekhnika, No.1, pp. 140145, 1966 (Translated).

(21. 14)

Solokhin, E. L. and Mironenko, V.A.
"Stable Combustion Limits in GTE Reheat Combustion Chambers." Izvestiya
VUZ.
Aviatsionnaya Tekhnika, Vol. 15,
No.1, pp. 135-141, 1972 (Translated).

(21. 15)

Hottel, H. C., Williams, G. C., Jensen,
W. P., Tobey, A. C. and Burrage,
P. M. R. "Modeling Studies of BaffleType Combustors." Ninth Symposium
(International) on Combustion, p. 923.
Academic Press, 1963.

the heat release rate rises after the first cycle of the oscillation).
Thus, values of T d and
of

Tc

(see Figure 21. 4.10) are almost equal.

The successful application of perforated
liners for the suppres sion of high frequency
combustion instabilities has very often involved
the use of liner perforations in the immediate
neighborhood of the flame stabilization region.
This suggests that the flame stabilization region
is very important in coupling high frequency
disturbances to the heat addition process and
that one important mechanism is that described
above.
Because of the large scale inhomogenities
which are present in the flame spreading region,
one would expect that coupling between heat release and acoustic disturbances would be possible in this region too.
However, no experimental evidence for such processes has been
developed yet.
Finally, any non-steady heat release which
occurs in the combustor will react with the nozzle to produce longitudinal disturbances.
Note
that the amplitude of these disturbances can be
very large.
For exan1ple, for wave lengths
which are long compared to the nozzle inlet
length and an inlet Mach number of 0.8, a
total temperature fluctuation with an amplitude
of 10 percent will produce an upstream propagating wave with an amplitude of about 5 percent of the mean pressure.

In summary, we have described some
of the aspects of the combustion instability problem and a few of the many possible driving,
damping and coupling mechanisms.
Given the
many resonant acoustic modes, the many possi ..
bilities for coupling, the high rate of heat release per unit volume and the small energy required to drive a large amplitude oscillation,
it is sllrprising that any afterburner system
operates without acoustic disturbances.
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York); and Soviet Aeronautics (translated and
published by Elsevier, New York).

FURTHER READING

The purpose of this section is to call attention to a few reference works which will
give the reader a different perspective on some
of the material covered in this chapter and, in
several cases to provide a source of more de ...
tailed information.
The reference material
discussed here is listed at the end of this section.
A number of general reviews of jet propulsion systems appeared in the late 1950' s
and early 1960's.
The lUaterial presented in
these volulUes is dated, but in lUany cases is
still of interest today and still covers lUany
topics as adequately as they can be covered
now.
Two volulUes frolU the High Speed AerodynalUics and Jet Propulsion series are of interest.
VolulUe 12, edited by Lancaster contains inforlUation on auglUentation systelUs and
also ralUjet systelUs which are pertinent.
VolulUe 11, edited by Hawthorne and Olson
contains a series of articles which cover all
the engine components and includes a discussion of flalUe stabilization in heterogeneous
flows.
A brief introduction to the Soviet work
on cOlUbustion problelUs in gas turbines is
given in the translation of the book by Zuyev
and Skubachevskii.
Material relevant to afterburners is discussed in the chapters on ramjet
engines and reheat cOlUbustion chalUbers.
A good report on current diffue er research work is that of Dolan and Rundstadler.
They present a large body of data on conical
diffusers which covers the effects of inlet
Mach nUlUber for the whole subsonic range,
a wide range of inlet boundary layer thickness,
and diffuser geometry including area ratio,
length and divergence angle.
The specific problelUs concerning ignition
in afterburner systelUs are not treated in detail
in any combustion texts.
A detailed treatment
of a number of experilUents concerned with
ignition are presented by Lewis and von Elbe
who also discuss other lUaterial concerning
flame stabilization and flame spreading.
The generation of fuel sprays and their
vaporization and combustion is still· a topic of
vigorous research.
Analytic treatments are
available in the text by WillialUs, and the
Fourteenth and Fifteenth SylUposia (International) on COlUbustion contain interesting collections of recent papers given at Ses sions on
Heterogeneous Combustion.
Beer and Chigier
also discus s relevant material although their
chief interest is in industrial furnaces rather
than aircraft engines.
Alternate views of the flame stabilization process are presented by Lewis and von
Elbe, and by Beer and Chigier.
Fin.lly, five journals are particularly
useful sources of inforlUation.
These are
the AIAA Journal of the AlUerican Institute
of Aeronautics and Astronautics; COlUbustion
and FlalUe, (published by Elsevier, New York);
and COlUbustion Science and Technology, (published by Gordon and Breach, New York); and
translations of two Soviet journals: COlUbustion, Explosion and Shock Waves, (translated
and published by Consultants Bureau, New
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Contractor Report CR-2299, August 1973.
Fifteenth SYlUposium (International) on COlUbustion. Held at The Toshi Center Hall, Tokyo,
Japan, August 25-31, 1974.
The COlUbustion
Institute, Pittsburgh, Pennsylvania, 1974.
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Pittsburgh, Pennsylvania, 1973.
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Design and Performance of Gas Turbine Power
Plants. Princeton University Press, Princeton,
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Princeton University Press, Princeton, New
Jersey, 1959.
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and Explosions of Gases.
Second Edition.
AcadelUic Press, Inc., New York, 1961.
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22.0 INTRODUCTION

The object of this chapter is to acquaint the
reader with several turbomachinery flutter problems
confronting the design engineer and to suggest some
of the vays in which the designer can cope with
these problems. It is obvious that an in-depth
examination of the problem is beyond the scope of
this single chapter, and the reader ;rnl be directed
to the available literature for more details.
Nevertheless, an attempt ;rill be made to approach
this exposition from the point of view of the
designer, and the application of theoretical or
emPirical methods to overcome deSign barriers ;rill
be stressed wherever possible. To achieve this
end the problem area will first be defined, and
following this the reader ;rill be exposed to the
basic differences between wing flutter and turbomachinery blade flutter. This ;rill be helpful
in establishing the areas in ;rhich elementary
theories can be used to explain basic principles,
and will also point up the need for advanced
theories. Next, a brief discussion of the
unsteady aerodynamics of isolated airfoils ;rill
lead into the more complicated problems involving
cascaded airfoils, and some time will be spent
dealing with the dynamic stall problem. Finally,
in the section devoted to stability theory, the
design methodology for avoiding flutter will be
discussed. Here the introduction of advanced
unsteady aerodynamic theories into a basic
stability theory involving energy balance will be
shown to provide the designer ;rith some of the
necessary constraints for flutter-free operation.
It should be emphasized that flutter has
never been a "trivial" problem. Several instances
of aircraft flutter have been documented in the
first chapter of Ref. 22.1, ;rith the earliest
known instance occurring during Vlorld Hal' I,
indicating that flutter is not a ne,Tcomer to the
hierarchy of aerodynamic problems. Nor should its
severity be underestimated, in vie;r of two known
instances of catastrophic wing failures due to
i'lutter on passenger aircraft (c .1')60). Turbomachinery flutter is not so ;rell documented as
aircraft lifting surface flutter, but as noted in
the following historical overvie;r, has been Imown
to exist since the initial development of the
turbomachine. Furthermore, the potential for
damage to aircraft and/or engine is very real, and
ranges i'rom individual blade failures, to the
destruction of several stages (if the blades can
be contained within the case), and to the ultimate
destruction of the engine support structure or the
aircraft itself (if the blades cannot be contained
or if the unbalanced rotating mass cannot be
22-1

restrained by the surrounding structure). Clearly,
then, this is a problem to be avoided at all cost,
and it is to this end that the follo;ring sections
are directed.
22.1
22.l.l

OVERVIEH OF TURBOMACHINERY FLillTER
DEFINITIONS AND CONCEITS

In general, flutter is the name given to any
self-excited oscillation of an aerodynamically
lifting surface. The phenomenon is characterized
by two necessary requirements: 1) an available
energy supply (e.g., the moving airstream) and
2) a zero or negatively damped system. Here the
word" system" applies to the combination of the
lifting surface and the airstream. By itself the
lifting surface ~a system with positive damping.
The inclusion of the airstream will either increase
Or decrease the damping. The mechanism ;rhereby
the airstream changes the damping will be discussed
in detail below.

First, however, it should be noted that there
, are many different types of flutter ;rhich affect
the many different types of lifting surfaces. To
name but a fe;r, there are: 1) classical coupled
flutter of an aircraft wing or of a wing-aileron
combination; 2) single degree of freedom stall
flutter of compressor blades, of propeller blades,
or of helicopter rotor blades; 3) coupled flutter
of shrouded compressor blades. These few examples,
plus all of the other possible types of flutter,
share one thing in common -- the joint requirement
of an available energy supply and a zero or negatively damped system. However, there are many more
differences than Similarities, and a different
technique is often required to deal with each of
the various types of flutter.
Also shared by all flutter phenomena is a
dimensionless parameter called the reduced frequency,
k=bw
V

(22.1.1)

or its inverse, the reduced velocity; vjbw. Here
b is the blade semi chord, w is the frequency of
the oscillation, and V is the free stream velocity.
As will be seen in the work that follows, this
parameter appears both explicitly and implicitly
in the governing equat ions for unsteady aerodynamics
of oscillatilng airfoils, and also plays an extremely
important role in the empirical relationships
associated with dynamic stall and stall flutter.
Therefore, it is appropriate to begin this chapter
with a brief discussion of the physical meaning of

k. Consider an airfoil of chordlength 2b oscillating at a frequency of w = 2TTf =2rr!Tin a stream
moving past it at a velocity V, as shown in
Fig. 22.1.1 below. A sinusoidal wake will
_ _V_ ~------..

I--

Fig.

22.1.1

c = 2b

I

I

X= VT

Disturbance Wavelength of an
Oscillating Airfoil

be formed which is imbedded in the free stream and
hence also moves relative to the airfoil at a velocity V, with wavelength

X=VT= 27TV
W

(22.1.2)

If we divide the airfoil chord by this wavelength
we obtain

or

k = 7T (\b) = 7T~

(22.1.3)

Thus, at low reduced frequency (k ~ 0.05) the
wavelength is very large relative to the chord
while at high reduced frequency (k ~ 1) the wavelength is not so large relative to the chord.
(Here we cannot talk about the wavelength small
relative to the chord because even at the largest
values of reduced frequency encountered in practice
the wavelength is still three times the blade
chord.)
22.1. 2 HISTORICAL SKETCH
In the early days of compressor technology,
bending flutter near the surge line was a primary
design problem. Because it occurred near stall
it was universally referred to as stalling flutter
and it was understood that the phenomenon occurred
in the first bending or flexural mode of vibration.
Pearson (Ref. 22.2) specifically states that
stalling flutter in the torsion mode was not a
problem. A great deal of time and effort was
devoted to this problem and a large number of
reports were written by British authors and others
(cf. Bibliography). Most of these studies dealt
with the problem phenomenologically although a
few attempted to explain the physical nature of
stalling flutter.

flutter problem in these early days of compressor
technology occurred in t he bending mode. More
recently, though, the problem of flutter near
stall has shifted from the bending mode to the
torsion mode. Most of this newer work has been
done privately and hence has gone largely
unreported. In J 960, Armstrong and Stevenson
(Ref. 22.4) corroborated Shannon' s results
and cited a critical value of k < 0.8 for torsional
stall flutter; i.e., if k < 0.8, or if v/bw~ > 1.25,
then torsional stall flutter is possible. Sisto,
in Ref. 22.5, attributes this shift from bending
flutter to torsion flutter to the progressive
changes which have occurred in the mechanical and
aerodynamic design of compressor and fan blades.
He states that "the trend toward transonic stages
and supersonic blade tips has been at the expense
of blade thickness and has been accompanied by a
rearward movement of the center of t>Tist along a
typical blade chordline. For example, double
circular arc airfoil profiles have the elastic
axis and center of twist both at mid chord as opposed
to more fonrard locations for the earlier 65-neries
profiles. Supersonic sections of the so-called
parabolic or 'J section' variety have even more
rearward t,Tist centers. Higher stagger angles and
increased solidities have been other concomitant
parametric trends that may have aggravated the
current susceptibility to severe torsional stalling
flutter."
The several flutter phenomena that are most
likely to occur in turbomachines are discussed
below.
22.1.3

BRIEF SURVEY OF TURBOI1ACHINERY FWTTER
REGIMES

A typical plot showing the flutter regions on a
compressor performance map is shown in Fig. 22.1.2.
The subsonic stall f~utter region, schematically
shown near the surge line at part speed, can be
regarded as representing either the bending mode or
SUPERSONIC STALL
FLUTTER
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early as 191+5, Shannon (Ref. 22.3) found
that torsional stall flutter of compressor blades
could occur for values of the reduced frequency
k = bWO/!V < 0.75, based on blade semi chord •
(This is equivalent to a reduced velocity v/bwO/
> 1.33:) However, as stated above, the primary
As

-WEIGHT FLOW
Fig. 22.1.2

Schematic Compressor Performance

Hap Showing Flutter Boundaries for
Four Types of Flutter
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the torsion IIlode. An equivalent plot of the flutter
region on an incidence, Mach number diagram is shown
in Fig. 22.1.3. Superimposed on this plot are two
possible operating lines for the compressor. At idle
the incidence angle is high and the relative Mach number is low, while at full speed the incidence angle is
low and the Mach number is high. Thus, the operating
line traverses the plot from lower right to upper
left. It is seen that operating line no. 1 passes

FLUTTER
BOUNDARY

IDLE

in-passage stream area. Thus it is possible to produce higher in-pansage Mach numbers, sometimes
exceeding local critical values, than the external
velocities would indicate. When this happens, inpassage shocks can form which Can either cause flow
separation or can directly couple adjacent blades.
In either case, large amplitude oscillations are
then possible.
In Ref. 22.6, Carter states that choking flutter
in compressors is not likely to be a problem because
the operating line ~lill not approach the choke region.
This statement was written in the early 1950's, prior
to the use of variable geometry (i'. e., movable stators) in modern compressors. Thus, although one would
not deliberately run an engine into the choke region,
it is possible that an inadvertant malfunction of the
stator control might cause such an encounter. It is
also possible that choking flutter might be experienced during prototype testing, when the effects of
various stator positions were being explored.
In view of the ffieager information available
on this subject, it will not be discussed at length
in any subsequent section of this chapter.

INCIDENCE ANGLE. O!
Fig.

22.1.3

Schematic Stall Flutter !~ap with
Hypothetical Operating Lines

through the flutter region at part speed. A redesign,
either by stiffening the blades (increasing bw) or
reducing the incidence, has the effect of moving the
operating line down and/or to the left relative to
the flutter region, and operating line no. 2 is seen
to be flutter free.
Choking flutter in the bending mode is a phenomenon which has received relatively little attention
in the published literature. It is mentioned briefly
in Refs. 22.6 and 22.7 and its position on the performance map is also shown schematically in Fig. 22.1.2.
It usually occurs at negative incidence angles at a
part speed condition. The difference in the flow conditions for stall and choke are shown schematically
in Fig. 22.1.4. It is seen that in the stall condition the inlet flow can expand through a larger inPassage stream area, but in the choked condition the
inlet flow is constrained to pass through a smaller

a) STALLED FLOW

Fig.

22.1.4

b) CHOKED FLOW

Differences Between Stalled Flow
and Choked Flow Through a Cascade
(Schematic)
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It will be shown belmr that a single compressor
blade with well-separated frequencies in the fundamental torsion and bending modes will not be susceptible to the classical coupled, flutter sometimes
encountered on aircraft wings. Tllis has always
been true for practical, unshrouded compressor blades
mounted on reasonably stiff disks.
However, with
the advent of fan stages and necessarily longer
blades, frequencies in the t~lO fundamental mode"
were decreased. This had the effect of increasing
the reduced velocity parameter, V/b,", which is equivalent to shifting from operating line no. 2 to operating line no. 1 in Fig. 22.1.3. Part span shrouds
were then employed in the United states (snubbers or
laCing wir,es in Great Britain) to introduce addition"l
bending and torsion restraints, which increased the
single-degree-of-freedom mode frequencies. Thus the
system was stiffened and the operating line was again
shifted from position 1 to position 2, away from
single-degree-of-freedom flutter.
Unfortunately, the additional part span constraint also provided an additional degree of freedom to the structure, and a pseudo-disk mode was
introduced which carried the blades in a combined
bending-torsion mode, automatically coupled, "hich
could extract energy from the airstream and sustain
a self-excited flutter. This phenomenon "as first
described in Ref. 22.8, and a detailed analysis will
be presented in a later section of this chapter. A
description of the structural dynamics of the bladedisk-shroud modes will be found in Ref. 22.9.
Fundamental information on the structural dynamics
problem Can be found in the pioneering work of
Campbell or in the later analyses of Ehrich,
Tobias and Arnold, and E<lins (cf. Bibliography).
The region of occurrence of this phenomenon cannot
be precisely defined on the compressor map, and
hence is not indicated on Fig. 22.1.2.

In recent years supersonic unstalled flutter
has become an increasingly important factor in the
design of high performance turbomachinery fan
blades. This flutter occurs at a supersonic relative flow but at a subsonic axial flow; i.e., the
vector sur,l of the subsonic axial velocity and the
rotational velocity is a supersonic relative velocity (see Fig. 22.1.5). Only a small portion of the
blade row has been schematically shown in Fig. 22.1.5
to illustrate the complexity of the flow geometry.

as shown in the boundary of Fig. 22.1.2. A more
comprehensive description of this phenomenon can
be fmmd in Ref. 22.10. Here i t is further noted
that the flutter boundary sets a real limit on
high speed operation, and that at high stress
levels all blades tend to flutter at a common frequency with a constant interblade phase angle between
blades. Thus, the phenomenon is amenable to analysis, using the coupled flutter energy method of
Ref. 22.8 and the ~Dre advanced supersonic aerodynamic analysis of Refs. 22.11 and/or 22.12. This
has beeq successfully implemented as part of the
design system, and as stated in Ref. 22.10, has
provided an accurate flutter prediction of the
unstalled supersonic flutter boundary for high speed
rotor blades.
It waS stated earlier that supersonic unstal1ed
flutter can be diminished and even eliminated by
increasing the pressure ratio while traversing a
constant speed line. However, this relief has its
limitations because high speed operation near the
surge line can lead to a supersonic stalled flutter,
as sho,m by the boundary in Fig. 22.1.2. Because
this flutter is associated with high pressure ratios,
there can be strong shocks present within the blade
passages, and in oome circumstances, ahead of the
blade row. Hence, supersonic stalled flutter is not
amenable to analysis, and no headway has been made
to provide a reliable prediction technique for use
in a compressor design system. To date, only limited
data are available for empirical predictions.
22.1,4 ELEHENTARY CONSIDERATIONS OF AIRCRAFT wnlG
FLUTl'ER

Fig.

22.1.5

In pursuing our objective here of dealing with
turbomachinery flutter, it is advantageous to discuss
first the elementary flutter theory for aircraft wings
developed by 1~eodorsen (Ref. 22.13). Once these
elementa17 considerations are understood it will be
possible to point out the similarities where they
exist, and to identifY the origins of the differences
between aircraft wing flutter and the various types
of turbomachinery flutter to be discussed belrr~.

Supersonic Relative Flow Past a
Blade Row with Subsonic Leading
Edge Locus

It is seen that because the axial flow Mach number
is less than 1, Mach waves can propagate forward
of the plane of rotation (referred to here as the
leading edge lOCUS). If the blades are fluttering,
the Mach wave positions and strengths will become
variable, and constitute an unsteady energy path
ahead of the adjacent blades in the rotor. It is
seen that the internal flow geometry is also very
complicated, involving several internal Mach wave
reflections and also involving the influence of
a portion of the unsteady wake of any blade on the
upper adjacent blade near the trailing edge.

22.1.4.1

The problem has manifested itself largely in
thin fan blades operating at supersonic relative
flow velocities at the tip. It generally occurs
in the vicinity of the operating line or below, so
it is not generally categorized as a stall flutter.
Furthermore, its intensity, which can be catastrophically high, diminishes rapidly as one traverses a
constant speed line tmmrds higher pressure ratio,
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Equations of Motion

Before launching into the discussion of the
equations of motion of an oscillating airfoil, it
is useful to review briefly the method of approach
to be used in this section. We shall begin with
the generalized equations of motion, using unsteady
aerodynamic forcing functions on the right hand side
that have not yet been derived (but which will be
derived in a subsequent section). The utility of
this approach will lie in the use of specific aerodynamic functions to show the general form of the
right hand side, and to use this general form to
investigate the underlying physics of the problem at
a relatively early point in the development. Later,
in subsequent sections, the several relevant unsteady
aerodynamic theories will be derived and their use
in solving turbomachine17-related flutter problems
will be discussed.

aerodynamic stiffness term. Actually, this is not
strictly true because the complex Theodorsen function

The equations of motion of a classical, twodimensional aircraft wing which is executing a combined plunging and pitching motion in a moving airstream (cf. Fig. 22.1.6) are given by

C(k) = F(k) + iG(k)

(22.1.4)
(22.1.5)
where h and a are the dimensionless displacements in
plunge and pitch. (See the List of Symbols for the
definitions of the guanti ties used herein, and refer
to Ref. 22.1 or the texts listed in the Bibliography
for further details of the concepts discussed here.)

~~F:ECTEDf-----b-----+----_b
POSITION

TRAILING

EDGE

(22.1.8)

enters into certain terms of the right hand side and
complicates the situation. Nevertheless, the unsteady
aerodynamic terms directly affect virtually all of
the terms in t.he equations of motion. It will be
shown below that this is accomplished through changes
in the frequencies of the natural system modes that
permit the two modes to couple, producing flutter.

22.1.4.2 Theodorsen Theory
In 1935 Theodorsen published his now famous
theory (Ref. 22.13) which laid the foundations for
modern flutter theory. The key to this theoretical
development lay in the way in which vorticity was
shed into the moving wake to account for changes
in the bound vorticity caused by a sinusoidal variation in either plunging or pitching displacement.
In the course of his mathematical development
(later verified rigorously by Schwarz in Ref. 22.14)
Theodorsen derived a complex circulation function,
C(k), which is defined above in Eq. 22.1.8 in terms

its real and imaginary parts, and which is
as a ratio of Hankel functions.
-L------.....::.::.~~F=~~~~;;:=--..L- ofexpressable

(22.1.9)
7ig.

22.1.6

Airfoil Coordinate System

There are many possible ways to express the
quantities ~ and ~ on the right hand sides of Egs.
(22.1.4) and (22.1.5). For the simple case being
considered here, it is easily shown (Ref. 22.13) that
the generalized forces ~ and ~ arc simply the twodimensional aerodynamic lift and moment, and are
exprcssed as follows:
Q

h

=L=-'7rpb

3 {

••

-h-

2V

b

•

Qa

22.1.8.
1 . 0 . . . - - - - - - - - - - -....
0.9

g

..

C(k)h+oa

-[1-2(0-t)C(k)]*a-~

The real and imaginary parts, F(k) and a(k) are
plotted versus k in Fig. 22.1.7, and a phase plane
diagram of the entire function is shawn in Fig.

I.L.

(22.1.6)
C(k)a}

0.50,

4

: M=1Tpb {0'h+ 2 (t+a)C(k)th

-(i + 0 a+ [a - t + 2 (t - 0
C(k)t a+ 2(t + a) C(k)~ a}
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)
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0.20..---------~-..,

(22.1.7)

lC

Thus it is seen that the right hand sides of Egs.

(22.1.4) and (22.1.5) are also dependent on the displacements and their derivatives. As a first
approximation, it is possible to identify the
coefficients of the second derivatives as aerodyna~
mic inertia or mass terms, the coefficients of the
first derivatives as aerodynamic damping terms, and
the coefficient of the angular displacement as an
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Real and Imaginary Parts of the
Theodorsen Circulation Function
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The quantities ~, L(\', ~h and M(\' are taken from the
report by SmUg and Hasserman (Ref. 22.15) in which
the unsteady aerodynamic quantities are referred to
the aerodynamic center of the airfoil at the quarter
chord. When the pivot axis is also at this point,
then a = -1/2 and Eqs. (22.1.16) and (22.1.17) are
greatly simplified. Note that in Ref. 22.15 the
positive lift and vertical translation are both
directed downward, whel'eas in the present instance

Fig.

22.1.8

Complex Phase Plane Diagram of
Theodorsen Circulation Function

Theodorsen's method of solution was to assume a
coupled sinusoidal motion of the system at a common
(but un'rJlown) f'requency, say 'JJ, and then seek the
values of V and 'il that sati~f'ied the equations of
motion, Eqs. (22.1.4) and (22.1.5). Specifically,
he assumed that
- iwt
h =he

only the vertical displacement is positive downward.
This accounts for the negative algebraic sign on the
right hand side of Eg. (22.1.16)
For simplicity in the present application,
rel'Trite Eqs. (22.1.16) and (22.1.17) in influence
coefficient form,

(22.1.19)

(22.1.10)
(22.1.20)

and
(22.1.11)
where 9 is the phase angle bet"een the motions. Whm
these quantities were inserted into the left hand sides
of Egs. (22.1.4) and (22.1.5) he obtained
2

2

2

_

-w mbh-w Saa+wh mbh=Oh- L
2

2

2

- W Sa bh - w Ia a + Wa Ia ex

= 0a =M

where all of the unsteady quantities have been
gathered together into four quantities,
Ah =- Lh

(22.1.12)

Aa = - LQ+ (t + 0) Lh

(22.1.13)

B h = Mh-(t+O)Lh

(22,1,21)

after previously relating the ctiffness to the
natural frequencies of the separate modes,
2

Kh = W h

m

(22,1.14)

Ka = Wa la

(22,1,15)

2

A similar substitution of Eqs. (22.1.10) and
(22.1.11) into the right hand sides, Eqs. (22.1,6)
and (22.1,7), and a great deal of algebraic manipulation yields the fol101nng results,

When Eqs. (22.1.19) and (22.1.20) are SUbstituted
into Eqs, (22,1,12) and (22.1.13), then after considerable algebraic manipulation "e obtain

~ +B }h+{~{ rrpb
rrpb
h

3 2

L=_7rpb w {Lhh+ [La 4 2

M = 7rpb w {[Mh -

+ [Ma-

(t+o) Lh}a}

(i +0) Lhlh

(22.1.16)

h

}a:o

(22.1.23)

o}

(22,1.24)

where

A.jt[I-(:~t (~n+Ah
Ei:: jtXC!+ Aa

L =.1_ ~ [I +2C(k)]- .1...
C(k)
Q
2
k
k2
M =1
h 2
Q

Q

Ah+BCI=
Oh+Ea.O

(~+ 0)( Mh + La) + (t + 0)2 Lhl a}

= 1 - £ik C(k)

M

(I-~)+B
w

or, more Simply, using the notation of Ref, 22,16,

(22,1,17)

where
L

4

(22.1.18)

E= jtr

.1._1
8

k

(22,1.25)

15:: JLX Q + Bh

Q2 [I-(~n 8

and where

+ a

~

is the mass

para~eter,

ur -

m

(22.1..26)

7Tpb2

22.1.4.3 Simplified Approach to Flutter
Theodorsen's theory has. been in use now for
approximately forty years and it has proved to be a
very durable theory that has spawned many modifications and extensions. Within the limits of the
assumptions made by Theodorsen, it has proved to be

Xa is the c.g. position aft of the elastic axis,
(22.1..27)

reasonably accurate.

amenable
although
possible
solution

and r is the radius of gyration of the airfoil
aboutathe elastic axis,

It. has been f01.U1d to be

to solution with a desk calculator,
moderately time-consuming, and it has been
to automate it without difficulty for
on high-speed digital computers. However,

one overriding fact becomes apparent to anyone who

(22.1..28)

Coupled flutter occurs when the determinant of
the complex coefficients in Eq. (22.1..24) vanishes,

E
I o~ ~I;

(22.1.. 29)

0

This equation must be sepurately satisfied by the
vanishing of the real and imaginary parts. These two
equations are all that are needed to form a determinate set because the only unknowns in the system
are the reduced frequency, k ~ bw/V, and the frequency ratio, .rx = welU). The procedure used by
Theodor~en was to select a series of values of k,
substitute them into the real and imaginary solutions of Eq. (22.1.29) and solve for the values of
vX ~7hich constituted the real and imaginary roots
of the determinant. The intersection of the real
and imaginary branches of the curves was the flutter
pOint. This is schematically shown in Fig. 22.1.9.

1.31=======-------,

uses this theory. It is virtually impossible to
derive any physical insight into the flutter mechanism from its direct application.
Fortunately, it is possible to simplify the
unsteady aerodynamic quantities to varying degrees
and obtain flutter solutions which, althbugh somewhat inaccurate, possess sufficient simplicity to
reveal much of the underlying physics of the instability. A particularly lucid survey of a number of
simple applications is fOllld on pp. 258-277 of
Ref. 22.17. In the llresent discussion "e shall
take the simplest possible approa~h in an effort to
focus on the specific items which constitute the
major differences between. aircraft wing flutter and
compressor blade flutter. In this section, we
shall concentrate on developing the necessary formulas and facts, while the comparison between wing
and compressor flutter ~rill be deferred to a subsequent section.
In this very simple approach, consider a
single degree of freedom system capable of torsional
motion only. Actuall.', this is equivalent to a
study of the torsional mode of a binary system with
well separated modes. To this end, combine Eqs.
(22.1.5) and (22.1.7) and suppress the bending
mode. The resulting equation is given by:

1.2

(22.1.30)
where

1.1
(22.1.31)

1.0
(22.1.32)

0.9
(22.1.33)

0.8

=-_-L.__-'-__

o

~-.......L-__,I

5

11k
Fig.

22.1.9

Typical Flutter Solution Using
Theodorsen's Method
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We shall continue to simplify by assuming that
k is very small and therefore the system can be
represented by the quasi-steady approximation in
which the normally complex circulation function
goes. asymptotically to

lim
k-o e(k): I +i x 0

(22.1.42)

(22.1.34)

With this additional simplification, Ml remains the
same, but ~ and M3 are approximated by

is the aerodynamic drunping, and where

(22.1.43)

(22.1.35)

(22.1.36)

which are both real. Thus, Eq. (22.1.30) becomes a
simple, second order differential equation with
constant coefficients

(22.1.37)
whose solution is

a: -(Ie AI

(22.1.38)

where

~:~ ~; - (2(I~:Mi

(22.1.39)

is the square of the natural wind-on frequency of
the system. III the second form of Eq. (22.1.43)
WQo has been taken from Eq. (22.1.40), and in Eq.
(22.1.42) the new definition of aerodynamic damping,
Ca , has been introduced as a positive quantity for
convenience. Actually, the value of Ca is unimportant here in our attempt to gain physical understanding. The more exact value of the aerodynamic
damping in torsion would be a strong function of
the circulation function, C(k), which has been
neglected in the present analysis. Furthermore,
the system damping for the coupled modes would be
all-important in determining the instability point,
and this is beyond the scope of the present simplified analysis.
In the equations just derived, I -M1 is the
a
effective inertia in pitch, including virtual mass
effects. It is customary (cf., Ref. 22.16, p. 69)
to define critical damping in terms of system mass
or inertia as
(22.1.44)

First consider the zero velocity limit. (Strictly
speaking, this is an invalid limit for this equation since we have al!'eady assumed that k ~ bw/V is
vanishingly small. It is obvious that this assumption is incompatible with the zero velocity limit.
However, our physical understanding will not be
altered in this limit because the same terms will
vanish here as would vanish in the caSe of nonvanishing k.) When V- 0, both !~ and M3 vanish, so
Eq. (22.1.39) reduces to

and to define 'the damping ratio as

't:

e
?'
c

(22.1.45)

Then Eq. (22.1.41) becomes

(22.1.46)
(22.1.40)
which, when substituted into Eq. (22.1.38) represents a drunped, oscillatory pitching motion.
where WQ'O is the natural torsional frequency of the
system in still air. When V ~ 0, Eq. (22.1.39) can
be xewritten as

(22.1.41)

where
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The most important thing here is the definition of wa given above in Eq. (22.1.43). When ~~
and M3 are inserted from Eqs. (22.1.31) and
(22.1. 36) this becomes
,

For our purposes, it will be convenient to select a
midchord pivot axis, a = 0, and when Eqs. (22.1.26)
and (22.1.28) are used this eqtmtion simplifies to

1- (V/ bWao)2
fHQ

2

(22.1.48)

+ 0.125

Thus, it is seen that as the velocity increases
from zero, the square of the frequency decreases
monotonically as the square of the velocity. To
put this in simpler terms, the presence of a moving
airstream introduces an aerodynamic spring term,
~, into Eq. (22.1.43) which is proportional to the
pl.tch displacement, and which reduces the torsional
stiffness of the system. Thus, the torsional frequency initially decreases as the velocity increases.
A similar but slightly more elaborate analysis
of the bending mode will now be performed. A combination of Eqs. (22.1.4) and (22.1.6) with the
torsion mode suppressed yields the result

W

-

ho -

.-ffI<h"
rn.;-:;;:pb2

(22.1.55)

is the natural bending frequency of the s~stem in
still air. After dividing through by npb and
using Eq. (22.1.26), these equations yield the
result

1+ (

(V/ bW hO)G)2
fL+1
(22.1.56)

_ (VibWhO)G]
fL+ I
In this equation G is the imaginary part of the

Theodorsen function which is negative for all values
of k, and it is seen that the bending frequency
tends to increase with increasing velocity from its
still air value. Thus, as the velocity increases,
the origin~lly well-separated torsion and bending
frequencies approach one another, as shown in Fig.
22.1.10, in "hich the frequency is plotted versus

(22.1.49)
300.---~=---------------------~

Z'
""~ 260

where
(22.1.50)

(22.1. 51)

UJ

...I

~ 220
8

~

z

180

UJ

Here there is no direct aerodynamic stiffness term
proportional to h in Eq. (22.1.6). Instead, an
aerodynamic stiffness effect will be obtained by
retaining the complex C(k) function in the analysis.
Rewrite Eq. (22.1.49) as
(22.1.52)

::> 140

o
UJ

BENDING BRANCH

ff 1000~~1~0~0~2~070=730~0~4=0~0==5~OCO==6JO-O--7~O-O-8JOO
VELOCITY (mi/hr)
Fig.

22.1.10

Example of Frequency Coalescence at
the Flutter Point

assume a solution having the form
(22.1.53)

and upon introducing Eqs. (22.1.8), (22.1.50), and
(22.1.51), Eq. (22.1.52) becomes

Note that for the no-flow condition, V and G both
vanish and UlJ1 ~ UlJ1o' where
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veloci ty. A comparable plot of the frequency
versus the modal damping, taken from the Pines
analysis of Ref. 22.18 (see also PI'. 269-274 of
Ref. 22.17), is shown in Fig. 22.1.11. Here i t is
seen that as the frequencies first depart from
their no-flo" values the system damping in each
mode initially increases. However, "hen the frequencies become close enough the damping in one of
the modes suddenly decreases, passes tlrrough zero,
and the system becomes unstable. Another interpretation is that when the two frequencies are sufficiently close an energy exchange bet"een the t"o
modes can take place and if the conditions are
favorable, a coupled flutter ;rill occur.

52

As in many other flexible systems involving
continuously distributed mass and stiffness, a
tUl'bomachine blade can vibrate in an infinity of
discrete, natural modes, although practically,
only the lowest several modes are of any interest. However, even here there will be an added
complication relative to a fixed-base vibrating
system because the rotation of the turbomachine
causes variations in both mode shape and frequency. Only the latter ;rill be considered
herein, and the discussion will be f'urther
restricted to the relatively simple concept of
centrifugal stiffening. To understand this
concept as it applies to turbomachinery blades,
consider first the rotation of a chain possessing
no inherent (or at-rest) stiffness. At zero rotational speed the chain will hang limply from its
support, but under rotation (say, about a vel'tical
axis) the chain will be raised from its lilllp
poshion and ;rill approach the plane of rotation
as the rotational speed increases (cf'. Fig.
22.1.12)
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DAMPING, ARBITRARY UNITS
Fig.

22.1.11

Effect of Frequency Coalescence on
Modal Damping

Before going on to the discussion of turbomachinery flutter, it should be reemphasi7.ed that
this section has used extremely simple concepts and
does not pt~ort to be accurate. Instead, its primary purpose has been to attempt to introduce
physical mcmling into an otherwiee complicated and
sometimes bewildering mathematical exercise.
22.1. 5 FUNDAJ<lENTAL DIFFERENCES BE'TIiEElf 1'URBO-

MACHINERY FLUTTER AND WING FLUTTER

In this section we shall attempt to point out
the differences between aircraft ,ringe and turbomachinery blades, particularly as these differences affect the flutter experienced by these configurat ions. Certa.in of these differences will be
related to the fundamental diseuse ions in the
previoue section while other differences ;rill be
newly developed. To begin with, the discussion
will center on some pertinent characterietics of
the vibrations of rotating eystems. Following
this, the concept of the frequency shifts in both
the bending and torsion modes ,;ill be amplified
Emd extended.

12>0

Fig.

22.1.12

Schen~tic

of Rotating Chain

1~is centrifugal stiffening effect will also
cause changes in the frequency of vibration of the
chain. If the system is displaced from equilibrium a restoring force, equivalent to a spring
force, will be imposed on each element of' the chain
a,nd will tend to return the chain to,ito equilibrium position. This force is caused by the lateral displacement of the radial tension vector,
and is proportional to the square of the rotation
speed, 0 (cf. Ref. 22.19). It is easily shown in
Ref. 22.19 that the frequency of such a chain is
equal to O. (See curve labled wl = 0 in Fig.
22.1.13.)

3

;.;

22.1.5.1 Elementary Vibration Concepts for Rotating Systems

()

Z

~

The object of this discussion is not to
expound on vibration theory. It is assumed that
the reader already has an adequate grasp of the
1'undamentals of vibration theory, or that he can
refer to one or more of tIle excellent texts on the
subject (e.g., Refs. 22.19 or 22.20). Instead,
the object here is to concentrate on one or t;ro
specific concepts that are unique to rotating
machinery, and hence are germaine to the turbomachinery fluttel' problem.
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22.1.13

0

Effect of Rotation on Frequency of
a Flexible Cantilever Beam
(Southwell's Theorem)

For a cantilever blade having inherent stiffness and hence having an at-rest frequency of wI'
the result is similar, although somewhat more
complicated. A sin1plification is afforded by
Southwell's Theorem (cf. p. 270 of Ref. 22.19)
which states that the natural frequency of the
system is approximately equal to

(22.1.57)

where wI is the at-rest frequency and w2 is the
frequency due solely to rotation. For the general
caSe of a rotating, flexible beam this is equivalent to
(22.1.58)
Which yields a hyperbolic relationship between W
and 0 for wI
0, as shown in the frunily of curves
in Fig. 22.1.13. In Eq. (22.1.58) 8 is of order 1
for the lowest mode, and increases in magnitude as
the mode number increases. It should be noted
that this phenomenon manifests itself primarily
in the bending (or flatwise) modes and has virtually no effect on the torsion mode frequency
under rotational conditions.

r

The importance of this type of behavior lies
in the multiple sources of excitation for any
rotating system. This is illustrated in Fig.
22.1.14, in which frequency of excitation or
vibration is plotted versus rotational speed.
First consider the radial lines from the origin
labeled IE, 2E, 3E, •• , • These lines represent

800
Vl

()

~ 600
N

"::I 500

The reader should be a"are that only a sbnple
exrunple has been demonstrated here. An actual
rotor blade system, particularly one 'lith a flexible disk or a part-spOOl shroud, will also experience coupled blade-disk or blade-shroud modes
which are not characterized here, and which are
beyond the scope of the present discussion. However, these concepts are covered ade'luately in
the advanced literature dealing with such coupled
motions.
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Note further in this diagraw. that the first
torsion mode, which is unaffected by Southwell
stiffening and is therefore a horizontal line,
will intersect the 6E, 5E, 4E =d 3E lines as
rotor rpm is increased from idle to full speed.
This could conceivably cause trouble for a rotor
blade operating at high aerodynrunic load at part
speed (4E) or near fnll speed (3E) rpm. Under
such conditions a stall flutter could occur (cf.
Section 22.3.2), aggravated by an integral order
excitation in the vicinity of the intersection
with the integral order line. Thus, the designer
must be aware of the existence of these problems
and must be in a position to redesign his blading
to eliminate the problem.
Finally, the second bending mode, 2B, will
encounter excitations at all integral orders from
8-per-rev to 5-per-rev as rpm is increased. However, the 4-per-rev 0xcitation will be avoided
over the operating range of the rotor.

700

0.

....

the loci of available excitation energy at any
rotational speed for 1 excitation per revolution,
2 excitations per revolution, 3 excitations per
revolution, etc. (Note the coordinate intersection of the IE line at 6000 rpm and 100 cps.)
Superimposed on this diagram are three lines
labeled lB, IT and 2B which are hypothetical plots
of the first bending, first torsion, and second
bending frequencies, respectively. In this hypothetical plot, the designer has managed to keep
the first bending fre'luenc,{ high enough so that it
never intersects the 2E lille, which is usually the
source of most forced vibration energy. If such
an intersection had occurred, the rotor blades
could be subjected to a severe 2-per-rev bending
vibration at the rpm of intersection, sufficiently
strong to cause fati6~e failures of the blades.
Also in the diagram, the designer has permitted an
intersection of the first bending mode line with
the 3E line at approxllllately 2600 rpm. J;f this rotor
is designed to idle at 3000 rpm and has a maximum
speed of 7000 rpm, then the designer has succeeded
in avoiding all integral order vibrations over the
entire operating range.

22.1.14

22.1.5.2 Mass Ratio, Stiffness, and Fre'luency
Differences

=30Q/1r ,rpm

In Section 22.1.4.3 we described the coupled
flutter phenomenon in terms of frequency coalescence of the two fundamental bendll1g and torsion

Excitation Diagram for Rotating
System
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modes. It was shO\>m that the torsional frequency
would decrease with increasing velocity (Eq.
(22.1.48», and that the bending frequency would
increase with increasing velocity (Eq. (22.1.56».
However, the extent of the frequency change over
the operational range was not discussed. This is
of extreme importance in deciding whether or not
a given system will be susceptible to classical
coupled flutter. (Note that these frequency
changes are aerodynamically induced and are not
caused by rpm changes.)
Refer now to Eqs. (22.1.48) and (22.1.56).
It is Seen here that the structural and geometric
parameters governIng the frequency changes for the
two modes are the mass and inertia ratios, ~ and
~ra2, and the stiffness parameters, bwoh and
bUlaa. Before we can examine the orders of magnitudes of these parameters we must first consider
the differences in the structural makeup of aircraft wings ar,d compressor blades.
The traditional subsonic aircraft ,ling has a
built-up section consisting of a box beam or spar
which supports a stressed skin and stringer shelL
It is usually made of alumimun. Hence, much of
the wing consists of empty space, and what little
metal there is, is relatively lightweieht. Typical values of the mass and L~ertia ratios for
aircraft wings lie in the ranges
5 < fL < 20
l< fL rQ 2 < 15

(Of com'se, these values would change if the empty
space "as replaced by fuel. )
The traditional compressor blade is a solid
forged and machined blade made of titanium orsteel. It may have a cambered, double circular
arc profile, and an average thic~less-to-chord
ratio of 5 percent. If it is made of titanium,
the blade described above will have mass and
inertia ratios of approximately

Another factor which enters into the situation here is the inherent stiffness of compressor
blades versus the inherent flexibility of aircraft
wings. Although the wing chord is many times the
compressor blade chord, the compressor blade frequencies are often many more times the wing frequencies. Thus the stiffness parameters bw aa and
bwoh are at least the same for blade and wing, and
quite often are larger for the blade than for the
wing. This is another way in which the blade
frequency change with velocity is smaller than
that of the wing.
There are many additional reasons for the
observed differences between wing flutter and
blade flutter. Most of these are subtle and contribute to the differences in minor ways. However, one additional difference exists which makes
a major contribution. This is related to the
Pines criteria (cf. Fig. 22.1.15, taken from Ref.
22.18) that (a) no flutter exists for center of
gravity (c.g.) p~itions forward of the elastic
axis (c.a.), and (b) if the c.g. is aft of the
e.a. and if the aerodynamic center (a.c.) is for<lard of the e .a., flutter is possible only if the
frequency ratio Wh/Wa is less than some specified
amount involving these locations and the radius
of gyration. In most aircraft ,lings the e.a. is
quite often in the neighborhood of the spar,
between 25 and 40 percent of the chord, the c.g.
is in the neighborhood of the 50 percent chord
location, and the a.c. is at the 25 percent chord
location for subsonic flows. Hence, the c.g. is
aft of the e.a., the a.c. is forward of the e.a.,
PINES CRITERIA:

v=t+=·g·
e.a.

JL ~

-=3i"::=.

a.e.

V

~!m

01

NO FLUTTER I F e.g. IS
FORWARD OF e.a.

FLUTTER POSSIBLE IF e.g.
IS AFT OF e.a., IF a.e. IS
FORWARD OF e.a. AND IF

Wh

Wet

If it is made of steel, this same blade will have
mass and inertia ratios 1.7 times larger than the
values just cited.

< f (GEOM. 'a)

APPLIED TO:
COMPRESSOR BLADE

To a first approximation, then, the inertia
parameter, ~ 1'1.,2, for a compressor blade is of the
same order of magnitude as that for an aircraft
wing. However, the mass parameter, ~, for a compressor blade is an order of magnitude (or more)
greater than that for an aircraft wing. Thus, with
everything else held the same in Eqs. (22.1. 118) and
(22.1.56), we would expect roughly the srulle change
in UlO! ,dtll V, but a much smaller change in Wh with
V. Under these circumstances, frequency coalescence and coupled flutter would take place at a
higher value of V for a compressor blade than it
would for rul aircraft wing.
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AIRCRAFT WING

~
e.g.

e.a.
e.g.

V
m

MARGINAL FLUTTER
POSSIBILITY

Fig.

22.1.15

-V

a.e, e.a

m

FLUTTER POSSIBLE
AS ABOVE

Pines Criteria Applied to Compressor
Blade and Aircraft Wing

and flutter is possible if the frequency criterion
is met. In contrast to this, the solid compressor
'blade usually has a circular arc profile which is
symmetric fore and aft. Hence the c.g. and the
e.a. are coincident or very nearly so at the 50
percent chord location. According to Pines, no
coupled flutter is possible if the c.g. is forward of the e.a., no matter how small the distance. Thus, the compressor blade >lith coincident
c.g. and e.a. >lould constitute a borderline case
bet>leen flutter and no flutter, and we would
expect much less susceptibility to coupled flutter
in such a configuration than we would in an aircraft Wlllg >lith conventional separation between
the e.a. and the c.g.
22.2

UNSTEADY AERODYNAMICS

Before we examine the unsteady aerodynamics
of multiblade systems "e shall look briefly into
the theory for isolated airfoils. We shall proceed
from the simpler, more physical vie", into the more
complicated analysis, and thereby establish some
groundwork for further study. As stated earlier,
the scope of this single chapter limits us to an
exposition of concepts ,r1th a minimum of mathematical derivations, and the reader "ill be directed to
the appropriate sources for further study. The notation and the dimensionality of the variables "ill
usually remain consistent "ith the primary source
used for the derivations.
22.2.1

FUh~.~TALS

OF UNSTEADY THEORY FOR ISOLATED

AIRFOILS

define the interfacial condition bet"een the
fluid and the body in motion. For a prescribed
mode of oscillation Eq. (22.2.1) defines the knO>rll
vertical velocity (or do;rn;rash) Over the extent of
the airfoil chord.
The quantities Va and Vw in Fig. 22.2.1 are the
vorticity per unit chord in the vortex sheet over
the airfoil chord and the "ake, respectively. Use
of the Biot-Savart 1m; yields the relationship

co v (~ t)

J

b. p(x,!)

ptJ

w (x I) = b
a'

aZa

+ u oZo )

01

Z =0, -1:S x:S 1

-

~(x,t)- ik

oX

~

(22.2.1)

)
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Jx~ (.f;J)d€

(22.2.3)

Hence, the determinB,tion of the tillsteady loads on
an oscillating airfoil requires the successful
inversion of the integral equation (22.2.2).
The assumption "ill now be made that the airfoil is oscillating in simple harmonic motion,
;rith frequency ill such that all time-dependent
quantities in the forgoing equations can be
rewritten in the typical form
- ( ) iwt
= Via
X e

(22.2.4)

whereupon Eq. (22.2.2) becomes

(22.2.5)

At this point in the analysis Schl<arz makes the
key assumption that any circulation change on the
airfoil appears as shed vorticity in the "ake having
equal magnitude and opposite sign, or
(22.2.6)

z

1

! - R E G I O N + - REGION _ _ _ __

I

OF

OF 'Yw

')'a

~oIGG~000000000C'-e--x
-1

(where the subscript a denotes the reeion over the
airfoil). It should be noted t"at this equation is
used in all unsteady aerodynamic derivations to

..

-I

Wa ( x,l )

In the analysis of the isolated airfoil the
coordinate system of Fig. 22.1.6 "ill be used,
together .'1 th the physical picture shO>rll belo" in
Fig. 22.2.1. All lengths in this derivation have
been made dimensionless "Uh respect to the semichord, b, and the coordinate system has been located
at the mid chord of the airfoil. I t is assumed that
the airfoil is executing small timewise displacements relative to its mean position (z = 0), and
that its vertical velocity is given by

x-€

in "hich the kno;rn do;rn;rash is equal to an integral
of the unknolffi chord"ise vorticity distribution.
Ho;rever, from potential flo" theory it can be
sho;rn that the chord"ise pressure difference distribution is given by

22.2.1.1 Incompressible Flo"
Although Theodorsen is generally credited
with the first comprehensive analysis of airfoil
flutter (Ref. 22.13), the simpler and more rigorous
version by Sch;rarz (Ref. 22.111) ;rill be discussed
here. In addition to the basic reference, a
detailed analysis of this version of the theory is
available in Ref. 22.1 (pp. 272-278), and only the
highlights will be of concern to us.

(22.2.2)
~ d~

1

Fig.

+1
22.2.1

Vortex Sheet Representation of
Isolated Airfoil

where

/

nt)",bh'c,(x,t)dX
_/

(
)
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Equation (22.2.6) can be rewritten as
dr(t)

dt

(I 1) ~ = -UY. (I 1)
W' dt
W '

= -bY.

(22.2.8)

Schwarz nmT makes the further assumption that this
shed vorticity is convected do\Tnstream at freestream
velocity, U, and after a series of logical manipul~
tions, arrives at the formula
UY. (~ t + b(~-I)) = _ dr(t)

w ~'U

dt

iW(f+ b«(-I)}

_ iwl
= -iwre

U

_ t.j)(x)

pU

=.£
7T

+* l[JM jgf x~(

(22.2.16)
where

1

(22.2.11)

/

L(t) = - b

Following Reissner (Ref. 22.21), we introduce a
reduced circulation function ("hich is unkno,m but
constant, and can be evaluated at the conclusion
of the analysis)
(22.2.12)

JLlp(x,t)dx

(22.2.13)

-ik(

1

M( f) = b

2J (x-a) LI P (x, t)dx

Now only one unkno,m, Va (1;), is under the integral

and the remaining unknOlm, 0, is a constant. Thus,
the integral equation can be inverted by Siihngen' s
method (Ref. 22.22) and the resulting equation now
yields the unknown Ya(x) in terms of an integral of
the known dowm;ash, wa(S),

__ £ lEi
7Tv'i+x

{_tJHi±S SJ0
)'

-/

(22.2.19)

·1

Actual values for these integrals cun be obtained
by introducing the generalized dimensionless
motion

1-(

X-I;

dt"
...

(22.2.15)
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(22.2.20)

into Eq. (22.2.1) for the dOWlllTash
wo(x,t)=

and when this is substituted into Eq. (22.2.5) the
result is

Ya(x)-

(22.2.18)

-I

z =-h-a(x-a)

Eq. (22.2.11) becomes

'w«() = -ik!le

-

(22.2.17)

Further integration of Eq. (22.2.16) yields the
unsteady lift and moment per unit span,

- I.~)
iw - ik -ik(
Yw'<' =-Ure e

-

-ikA/(X,O]Wo«()d(

(22.2.10)

which further reduces to

BO

[1_ C(k») v'!i=X;'
If3 Wo «()d(
T+x _/.j I-=-[

(22.2.9)

With the assumption of simple harmonic motion all
variables are proportional to e iwt so this becomes

UYw(Oe

Once this crucial step has been performed, the
remainder of the problem, although formidable in
appearance, involves nothing more than a sequence of
complicated algebraic manipulations and integrations
to yield the final desired results. (Note that this
solution for Ya(x) yields 0 by integration, via
Eqs. (22.2.7) and (22.2.12).) Specifically, substitution of Eq. (22.2.15) into the time-independent
form of Eq. (22.2.3) yields the pressure difference
distribution

-bh - bci(x- 0) -

Ua

(22.2.21)

and thence into the equations given above. It can
be shown (cf. Ref. 22.1) that this procedure will
yield the time-independent versions of Eqs. (22.1.6)
and (22.1.7). Furthennore, if the bars are removed
from the quantities in Eq. (22.2.16) the resulting
lift and moment fonnulas are identical to Eqs.
(22.1.6) and (22.1.7) although i t should be clearly
understood that these are to be regarded as the
time-dependent loads due to simple hannonic motions.
(The reader should be cautioned that the symbol h
in the present document is equivalent to hlb in
Ref. 22.1.)
~though this chapter is devoted primarily to
the unsteady aerodynamics of cascaded airfOils, it
would appear that an undue degree of attention has
been placed on the isolated airfoil solution.

However, it will be seen belmr in Section 22.2.2.1
tbat this method is partially extendable
to t11e study of cascaded airfoils in incompressible
flow. Although not all of the mathematical techniques (such as the Sohngen inversion of the integral
equation) can be used, the fundamental approach is
still based on the vortex sheet concept, "hich
makes the Schvarz method particularly valuable
as a basic reference.

and that integration along the trajectory of a fluid
particle leads to the useful result

x 00/
W(X,Z,I)'!

x-")
( ,,z,I - -u~

(22.2.25)

oZ

where U is the freestream velocity. As in the previous section, w on the airfoil sUl'face is regarded
as the prescribed quantity

22.2.1.2 CompressibJ.e Subsonic Flow

There are t1fO basic approaches to the solution
of the unsteady aerodynamic problem of an isolated
airfoil oscillating in a subsonic compressible flow.
The ilrst, historically, involves a solution of an
integral equation for a distribution of acceleration potential dOUblets. It 1fas solved by Possio
(Ref. 22.23) with subsequent refinements and computations by Dietze (Ref. 22.2)1) and Fettis (Ref.
22.25). The second approach by Timman, van de
Vooren, and Greidanus (Ref. 22.26) involves a
transformation of the differential equation for
the acceleration potential into elliptical coordinates and expanding the solution as an infinite
series of Hathieu functions. Although the
}mthieu function approach leads to a mathematically
exact solution, it is necessary to compute several
infinite sums, even for uncoupled, simple harmonic
motions. Furthermore, these sums converge slo1fly
at rates that depend on both reduced frequency
and Mach number. Finally, no serious effort has
yet been made to extend this method to a solution of the subsonic oscillating cascade problem.
Hence it will not be considered herein.
Conversely, Possio's method, although tedious,
is relatively straightforward, and has been the
basis for several solutions to the unsteady cascade probl~~. Hence it will be described briefly
below. The reader should be "".,are that the notation of this section is dimensional and the equations outlined belm., are a condensation of the discussion in Ref. 22.1, pp. 318-325.

for z'O,-b$ x$b

I

(22.2.26)

(Note that the length variables used herein are
dimensional quantities.) We shall assume simple
harmonic motion such that a commoll time clependence
factor e iUJt can be removed, and ;re shall prescribe
the adclitional boundary conditions:

1) TIlere is zero pressure discontinuity across
the x ~~is both ahead of and in the wake of the
blade, or
tjt:O for I x I > b i

2) All signals must propagate outlfard from the
blade without reflection;
3) TIle Kutta condition must be satisfied, so
• is not discontinuous at x ~ b.
The method used in Ref. 22.1 to obtain Posso's
integral equation is to represent the airfoil with
a sheet of acceleration potential doublets along the
projection of the airfoil. Each elementary doublet
is the mathematically derived superposition of a
source-sink pair, and each source (or sink) is a
solution of the differential equation (22.2,22),
and is referred to as a source pulse,

TIle starting point for this analysis is the
differential equation for the acceleration potential, t,

(22.2,27)

where
(22.2.22)

(22.2.23)

It is shmrn in Ref. 22.1 that the substantial
deri-vative of the dOWll1fash, ", is given by
DW'..£.f. dl

oZ

and where Wsp is a two-dimensional pressure disturbance originating at
C at time T ;rhich propagates
outward in a cylindrical fluid region while being
carried d01fllstream at the freestream velocity U.
A(;;, " T) is a time dependent amplitude function
of the disturbance ~lhich will be evaluated later
by means of the boundary conditions. Both Wsp
and A in Eq. (22.2.27) can be regarc1.ed as infintesimal quantities since they represent a single
source pulse out of a continuous sheet, and in
Ref. 22.1 it is stated that for simple harmonic

s,

where • is defined in terms of the disturbance
pressure

(22.2.24)
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motion

~le

can write

(22.2.29)

(22.2.35)
w2M2eiwt

4(I_M 2 )3/2

which allows us to integrate Eq. (22.2.27) over T
and obtain

(22.2.30)
In this equation Vs is related to the pressure disturbance at x,z due to a disturbance with complex
amplitude A located at s, C. The upper limit of
integration

g:l-

,j(X_02+(Z_~)2

(I-M 2 )-

M(x-~)

izJ-b b A("

H (2)( ')
I
W
W'

1J!(X,o:t) = - J:j2;(X) e

is the most recent value of T for which a disturbance at g, ( can be felt at x, Z at time t. After
some manipulations of the Dltegrand Eq. (22.2.30)
may be integrated to yield

d,

Use is now made of the singular behavior of
the intergrand. Note that the integral is multiplied by z. Hence the imposition of the limit
Z ~ 0 as the airfoil surface is approached causes
the right hand side to vanish everywhere except in
the neighborhood of ( = x "here the integrand
becomes large ~Ti thout bound in the limit. Us e of
appropriate limiting techniques as z is allo"ed to
yanish from "bove (approaching the suction surface)
and from belo" (approaching the pressure surface)
yields the results

iu

"

Oro(l-M2)

(22.2.31)

-

e ik

2-

1

(22.2.36)

)

",(
-t)=~
'f X,D,
2

e iwl

and from Eq. (22.2.23) we can identity the quantity
A(x) as

'/ts(x,z, t ) =
(22.2.37)

A(',~) U 2 ei(wt+k)

4-v'1- M2

(22.2.32)

where lIPa (x) is the desired but as yet unknOlm
pressure difference across the airfoil. When thIs
is substituted into Eq. (22.2.35) the result is

where

(22.2.33)
Use is now made of Eq. (22.2.25) relating downwash
to the disturbance potential. When this is evaluated along the x-axis for a simple harmoni'c motion,
we obtain
A sinusoidally pulsating doublet is now obtained by
differentiating the source solution with respect to
the vertical coordinate, with the result

'/to

(x,z,

t)

W(X,o,tJ '
x

-I e -iwx
u
U

=~ :~s)~ ~O

J r-i!zi!1J!]-

-~

z-o+

and substitution of Eq. (22.2.38) yields the result

i\{Ow 2 M2 Z

.

4(I-M 2 )3/2

(22.2.34)

-ik.
b

wa (xl' - Ie
4 p~U VI=M2

J

b

-b

-

ik(
( ) -b-

lIpo' e

JX
(22.2.40)

Finally, the acceleration potential of the entire
sheet of doublets is obtained by integrating over
the chord,
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This is still an inconvenient form, and considerably
more manipulation must be performed (as shovm in
Ref. 22.1) before the final solution is obtained

(k(>:.-O) d~

r

w
,b _
Vi (X)=- - t:,p «()K M - o
p~U2 -b
a
'b

~

(22.2.41)

for -b S)( S b

where the kernel function is given by

its extensive tabulated values which are used later
to provide iSOlated airfoil reference values. It
is mentioned here primarily for its historical significance, and will not be studied in any detail.
More relevant to the work on cascades which
follows is the use of the Laplace transform (cf.
Refs. 22.1, pp. 364-367, and 22.30, pp. 37, 38, 50).
Our starting point is the wave equation (22.2.22)
with V replaced by the disturbance potential ¢ and
with the assumption of simple harmonic motion

K(M, k(X;O) =

<P(>'.,z, t)

I ik[iM l=il H(2l(M>.)-H (2l(MA)]
( e
X-(

1

log

=.p (x,z)e iwt

(22.2.44)

such that

0

I+~

with boundary condition

M

for z:o
over oS x S 2b

(22.2.42)

(22.2.46)

where the origin of the dimensional coordinates is
now at the leading edge. A straightforward use of
Laplace transform technique, defined by
and where

(22.2.47 )
leads ultimately to the solution

~ (x~o')=
Equation (22.2.41) is Possio's integral equation
in which the known downwash is written in terms of
an integral of the unknown pressure difference distribution. Unlike the Schwarz integral equation
(22.2.14), there is no convenient inversion formula
available, and it has been necessary for the several
authors working on this problem to resort to approximate iterative techniques. Tabulations of the
unsteady aerodynamic coefficients are found in Refs.
22.24, 22.27, and 22.28.
As in the case of incompressible flow, the form
of this solution will be important in our discussion
of compressible subsonic flow past 'cascades (Section
22.2.2.2) and of acoustical resonance (Section

22.2.2.4) •

b - --

1x' Wo(O e - ..@(x*-() J o (w2M'2

~o

(22.2.48)
where

(22.2.49)
and where the starred coordinates are dimensionless
with respect to b. Equation (22.2.48) can be substituted into the pressure relationship (cf. p. 357 of
Ref. 22.1)

..iJ-(ik~ + 0>'.a~)1 z*:o'

t:,p (X):-2R,
a
~ b

22.2.1.3 Compressible Supersonic Flow
AlthOU@l several researchers attacked the
problem of compressible supersonic flow past an
oscillating airfoil, the first systematic and
straightforward approach was that of Garri~~ and
Rubinow (Ref. 22.29) who extended some of Possio's
early work and used the meth01 of distributed
source pluses. However, this solution has little
or no relevance to the cascade problem except for
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and use of Eqs. (22.2.18) and (22.2.19) yields the
desired values of the unsteady lift and pitching
moment.

22.2.2

UNSTEADY THEORY FOR CASCADED AIRFOIIS

22.2.2.1

Incompressible Flow

Several attempts were made to extend isolated
unsteady theories to solve the unsteady cascade problem in the early 1950' s, most notably the efforts
of Lilley (Ref. 22.31), Sisto (Ref. 22.32) and
Lane (Ref. 22.33). As with any early work on a
difficult technical problem, these pioneering eiforts
were hampered by lack of precedent to serve as a
mathematical guide, and by a lack of adequate and
efficient computational equipment to cope with the
need to account for a doubly-infinite array of air1'oils in the flow field. In contrast to the isolated
airfoil in potential flow, in which the reduced
1'requency was the only explicit parameter (forincompres sible flow), the unsteady cascade analysis had
the additional parametric influence of blade gap,
leading edge locus stagger angle, and interblade
phase angle. Nevertheless, the solutions obtained
in the cited works represented valid approaches
and the fe>T available tabulated values clearly
indicated the differences bet >Teen cascades and
isolated airfoils, and pointed up the need for
additional work.

To begin with, Whitehead assumes a vortex sheet
distribution on the blades and defines the strength
of one element of bound vorticity located at a distance x behind the leading edge of the reference
blade to be Y(x)e iwt to account for periodic motions. If the motion of the upper adjacent
blade (m = 1) leads the motion of the reference
blade, then blade no. 1 has a corresponding element of vorticity of strength y(x + s sin i,
s cos s) e i (U>t+~) located at the point (x + s sin ~
s cos g), and in ~eneral for the mth blade in the
array we have y e~(wt+m~l at (x+ms sin ~, ms cos s)
which establishes the periodicity condition over the
array of blades. Because the motion is assumed
to be sinusoidal, any change in y appears in the
wake as free vorticity. As in the Schwarz theory,
we can relate the elementary free vorticity e(xl'x)
at ·xl in the wake to a bound vortex element at x by
the formula

(22.2.51)
The total free vorticity at Xl in the wake due to

the entire bound vorticity sheet is obtained from an
integration of Eg. (22.2.51),
iwxl

In the early 1960' s Whitehead published his
theoretical analysis of the incompressible unsteady
cascade problem (Ref. 22.34), based largely on his
earlier dissertation (Ref. 22.35). In it he used
a standard vortex sheet approach similar to that
described earlier (Section 22.2.1.1) in connection llith the theory of Schwarz. However, the
integral inversicn technique of Sohngen has no
cO\L~terpart in the cascade problem and Whitehead
resorted to a matrix formulation and a subsequent
matrix inversion technique. By virtue of an ingeneous use of the Multhopp cosine transformation
he showed that a trapezoidal integration would yield
exact results for certain key integrals, and an
analytical removal of the leading edge logarithmic
singularity produced a tractable result that was
relatively easy to tabulate. In the following
summary of Ref. 22.34 only a few of the key steps in
Whitehead's derivation can be included, and an
effort will be made to bridge the gap bet>Teen these
step~ with verbal references to his report.
Use
will be made of the notation of the report throughout.
The cascade geometry is shown below in
Fig. 22.2.2 in which c is the chord, s is the slant
gap and S is the stagger angle of the leading
edge locus relative to the vertical coordinate axis,
which passes through the leading edge of the
reference blade. In addition to the usual assumptions of two-dimensional, incompressible, inviscid
potential flow past flat plate airfoils at zero
incidence angle, it is fUrther assumed that all
blades vibrate with the same amplitude and with
constant phase angle bet>Teen the motions of any
pair of adjacent blades.
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dxlle-u- : - I~

J)('
o

y(x) e

it)'x

dx

(22.2.52)

After differentiating this >lith respect to Xl and
rearranging, the result is

y

Fig.

22.2.2

Cascade Geometry

~+~
dx

U

(22.2.53)

(E+y)=O

which will be useful below.
Next the bound vorticity is related to the
pressure difference across the blade. Since the
theory is to be used in situations in which the whole
flow contains vorticity (i.e., the wake vorticity
of adjacent blades) the velocity potential concept
cannot be used. Instead we use the equation of motion in the x-direction, linearized to read

_0_ + U ~)(uuiW')=
( ot
OX

_ --'P

0P

(22.2.54 )

ox

The next step in the analysis is to relate the
vorticity distribution y to the motion-induced
vertical velocity on the reference blade. We begin
by postulating a single, staggered row of vortices,
each one being located on a separate blade of the
cascade, and each one at the same distance behind
the leading edge of its respective blade. If the
vortex on the reference blade at (x, o) has strength
r a , then the vortex on the mth blade will have a
strength

r m= r 0

eimll

(22.2.62)

(assuming the existence of an interb1ade phase
angle ~), and will be located at

where u is the horizontal perturbation velocity.
When this equation is written for points just above
(+) and just below (-) the plane of the airfoil
and the difference is taken we have

xm=x+ms sin(

Ym = ms cos(

}

(22.2.63)

For this one vortex rm at (xm, Ym) the velocity
induced on the reference blade at (~,o) is, by
the Biot-Savart 1a<1,
but the difference between the pertU1~ation velocity yields the total vorticity of the system,

(22.2.56)

v = .!in.

(22.2,64)

27T

Hence the velocity for the entire array of vortices
is obtained from the doubly infinite sum

v=.lli~

27T m'-~

When this is substituted into Eq. (22.2.55) and
manipulated the result is

(22.2.65)
(7)-X-

u[f~

(yH)+ ~:}+ ~:JeiW'

(22.2.57)
or, symbolically,

and substitution of Eq. (22.2.53) simplifies this
to

(22.2.58)
This can be directly integrated to yield

(22.2.59)
whereupon the lift and pitching moment. (about the
leading edge) are obtained by the further integration of Eq. (22.2.59),

o

v= ~
VIz)
c
where z
VIz) =

=

(~-x)

~
~

Ydx

(22.2.60)

Ie

(22.2.66)

and where
uimll(z-m~ sinO

27T m'-~ (z-01

-Z Sin()2+(m fcos(Y

(22.2.67)

This can be summed, using the methods described on
pp. 364-370 of Bromwich (Ref. 22.36) to yield the
closed form result
-(.. -Ill z(o. ib)
(0 + ib)u
VIz) = -----::----:;--4 sinh [7Tz(o+ib)]

(0 _ ib) e (,,_Il)z(o- ib)
+----:------:- (22.2.68)

I

4 sinh [7TZ(O - ibl]

where

c
F=-puj

ms sin 0 2 -i-( O1scos(j2

a

=+ cos (

(22.2.69)

b=.E..s sin(

c
M""'-pUj yxdx
(22.2.61)
o
Note, however, that up to this point in the analysis the blade motion has not yet been prescribed,
and y is an unlmown function of x.
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There are some subtleties associated with the values
of V for the end-point values of ~, but Whitehead
disposes of this problem by showing that the function VIz) will only appear as a difference in the
subsequent steps.

Once the form of Eq. (22.2.66) has been established we can rewrite it for a similar ro>r of elements of bound vorticity on the oscillating blades.
Specifically, the normal velocity induced at a point
('1],0) by aset of bound vorticity elements y(x)e i ( wt+mS)
is obtained by writing v~ in place of v and Y(x) in
place of rolc in Eq. (22.2.66)

obtained.
form

V'(1),X): Y(X)K(X-1»

K(Z)

=V(-z)-V(-~)

-iXe

iXZ

[

J~
V(-ZI)z

I

(22.2.71)

(22.2.72 )
The velocity induced at ('1],0) by a single element
of this free vorticity is obtained, as in
Eq. (22.2.70) by writing

NoW, for each element of bound vorticity y(x) at
(x,O) there is a sheet of free vorticity represented by e(x1'0)
where the elements are located
at points (x1 ,0) extending over the range
x "Xl <., and each element of e is caused by
the element y. Thus the velocity induced at
('1],0) by all the free vorticity associated nth
y(x) is obtained by integrating Eq. (22.2.73) over
all X:I. in the range x S Xl <."

x

(XI' X) V(1)- XI) dX I

(22.2.77)

o

1
I

v' h,x) dx:

K(x-1» y(x)dx

(22.2.78)

0

This is the essence of the physical portion
of Whitehead's analysis. Three possible vertical
velocities, associated with vertical translation,
pitch about the blade leading edge, and an imposed
sinusoidal vertical gust velocity imbedded in the
free stream, are postulated as
V: q+ a U(I+i)'1»

(22.2.73)

J:

] e- iUI dZ I

As in previous analyses of this sort, v('I]) is
prescribed by the motion and is known, and y(x),
which is needed for load calculations, is unknown.

where A is the reduced fre'l.uency relative to the
full blade chord,

(1), x) =

V(-~)

Finally, the velocity at 'I] due to all vorticity
elements is given by the integral of EIl.. (22.2.76)
over the blade chord,
V (1»: [

V'ti

(22.2.76)

where K is the kernel function

(22.2.70)
(At this point in the analysis vlliitehead assumes that
X and y are no" dimensionless 'l.uantities nth respect
to c.) The strength of an element of free vorticity
at some point (x1'0) due to the element of bound
vorticity at (x,O) is given by Eq. (22.2.51) as

Ultimately this can be ,rritten in the

(22.2.74 )

The sum of E'l.s. (22.2.70) and (22.2.74) yields the
velocity induced at (n,o) as a result of a single
element of bound vorticity and its associated free
vortex sheet. However, as Vlliitehead points out,
when S = the integral of EIl.. (22.2.74) remains
finite at the upper limit and the integral fails
to converge. If the assumption is made that the
system started from rest, then the total vorticity
on each blade and its wake is zero, or

°

(22.2.75)
and if this integral is rewritten for a single bound
vortex element and is multiplied by the limiting
value V(-.,) and subtracted from the sum of Eqs.
(22.2.70) and (22.2.74), a convergent result is
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-we

- iX'l

(22.2.79)

An influence function approach, in which each

component of vorticity is defined as the vorticity
per unit vertical velocity amplitude, yields the
tot~l strength of the bound vorticity sheet as

(22.2.80)
where the Y's are solutions of the follo>ring three
integral equations, expressed in a single matrix
equation as
I

{[Yq , Ya,Y ]K(X-1»dx:
w

(22.2.81)

= [I,(I+i),1»),e- iX 'I]
where the notation [ ••• ] represents a 1 x 3 row
matrix.
Space does not permit a detailed account of
Whitehead's solution procedure. In essence, he
used a Multhopp transformation for the two variables, x ~ tel - cos e) and n = ttl - cos ¢)
over n stations along the blade chord, and found
that the trapezoidal rule yielded exact results
for several of the integral e'l.uatlons in the
tran~formed notation.
Although the process was
tedio~s and painstaking, the inversion of the
integral e'l.ustions written in matrix form was
relatively straightforward, the only exception
being the leading edge logarithmic singularity,

which was analytically accounte~ ~or. Speci~
ically, Eq. (22.2.81) was written in matrix
form as

Ar=B

SIC

= 1.0, t = 60 DEG

ARROW DENOTES INCREASING [3/27r
WITH INCREMENTS 0.1

(22.2.82)

0.4.---------------,

where A is an n x n matrix of kernel function
elements, r is an n x 3 matrix of bound vorticity
elements, and B is also an n x 3 matrix representing
the right hand side of Eq. (22.2.81). Here it is
Been that A and B are known an~ r is unknown, an~
the report details the steps necessary to yield the
formal solution

0.2

(22.2.83)
Substitution of this solution for each component
of r into Eqs. (22.2.60) and (22.2.61) rewritten
in matrix form as

-0.4

-1.0

(22.2.84)

·0.6'---.-L.---=-"=,-----,-L....--..J

yields the desired values of normal force coefficient and moment coefficient ~or each component
of impose~ vertical velocity. The 2 x n matrix
X in Eq. (22.2.84) contains a factor 1 in its
~irBt row and a sequence o~ moment arm weighting
functions in its second row such that the C matrix
consists of normal force components in its first
row and moment components in its second row.
FO Fw
C=[CF q C C
CM q

1

Fig.

22.2.3

Phase Plane Diagram of Lift due to
Plunge

SIC = 1.0, t = 60 DEG
ARROW DENOTES INCREASING

e/ 27r

WITH INCREMENTS 0.1

0.-------------------------,

(22.2.85)

cMO CMw

.0.1<)

(It should be noted that the force an~ moment for
vertical translation are define~ per unit vertical
velocity rather than the customary vertical displacement. Tlus is discussed further by Whitehead
in Re~. 22.34.)
Whitehead's report contains tabulated values
all of his coe~ficients for a variety of parameter values. Although it is not the purpose of
this document to examine these tabulations in detail,
it is instructive to note the effect o~ cascading
on two of the unstea~ coefficients, the unstea~
force due to plunging, CF ' and the unstea~ moment
due to pitch, C!.\:r' TheseCJ.two coefficients are
important determinants of the flow of energy in
single degree of motion oscillations, as will be
seen presently. In Figs. 22.2.3 and 22.2.4 are
found phase plane plots of CF and C1-b' respectively;
i.e., the real part of each q&antity Is plotted
along the abscissa and the imaginary part along the
ordinate. Both plots are for sic ~ 1 and S ~ 60
deg, and each plot contains three connected curves
for ~ ~ 0.5, 1.0, and 2.0 (k ~ 0.25, 0.5, and 1.0).
On each curve the point a ~ 0 is noted, and subsequent points, in the direction. of the arrows, are
o~
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A = 0.5

[3=0

-0.2

(J.O.3f-

~

~~=1.0

:::0
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~
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-0.6 I

I

I

I

I
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Fig.

22.2.4

Phase Plane Diagram of
to Pitch

r~ciment

due

for incremental increases of S/2rr ~ 0.1. A dominant
effect in each plot is that of reduced frequency,
but this is not particularly sUrprising since comparable changes occur for isolated airfoils. What is
of importance here is the large change that occurs
from point to point as interblade phase angle is
varied. This is uniquely associated 1<ith the
presence of neighboring blades, and is indicative
of the importance of these cascade parameters on
the ultimate determination of blade stability.
22.2.2.2

with the problem becoming more acute as the surge
line is approached. This implies blades with nonzero incidence angle, lIon-zero camber angle, and
non-zero thickness distribution, all of which are
specifically excluded by the assl~ptions of the
analyses in Refs. 22.37-22.41. Therefore, in
view of the diminished relevance of these analyses
to the designer's needs, the reader will be spared
any detailed overview of these theories, and only a
cursory description of the form of the final solution will be given at the end of this section.

Compressible Subsonic Flow

Several authors have attacked the problem of
cascaded flat plate airfoils oscillating in a
compressible stream (Refs. 22.37-22.41 to name a
few). In almost every case the acceleration
potential method of Possio was extended to account
for the presence of neighboring blades. In Ref.
22.37 the present author extended the method to
the point of Wl'iting the formal solution in integral
equation form but >Tas unable to obtain numerical
values because of the limitations of the available
computing equipment in the mid-1950's. Similarly,
Lane and Friedman employed a Fourier transform
approach but they too were stymied by inadequate
computer facilities to a fel'l calculations for an
unstaggered cascade oscillating at an interblade
phase angle of a ~ 120 deg. This case >Tas specifically chosen by the authors because it represented
the cascade equivalent of compressible >Tind tunnel
wall interference (Ref. 22.42), and they were able
to show good agreement with previous theory for the
fe" cases they calculated.
The three later analyses concentrate primarily
on the acoustical properties of the oscillating
cascade in a compressible flm,. This is especially
true of the Kaji analysis (Ref. 22.110) in which the
results are confined to an equation for the acceleration poten cial i'unction and to plots of acoustical transmission coefficients. More to the point
are the analyses of 1>'hitehead (Ref. 22.39) and
Smi th (Ref. 22.41) who both seek primarily for
acoustical answers, but who also discuss the
results for unsteady lift and moment. Of the two
it appears that the Smith calculation procedure is
somewhat more straightforuard and easicr to implement. Unfortunately, although the analysis is completely general, the only coefficients tabulated
are either for incompressible flm; or for zero
stagger with antiphase motion, in both instances
for comparison of Smith's limiting cases with the
work of previous authors.
In retrospect, much of this subsonic compressible work has remained lUlused by designers. As
stated earlier (Section 22.1.3) the most critical
design problem appears to be supersonic fluttcr,
which cannot be attacked by the methods of this
section. Another aJY.,ost equally critical problem
is that of part speed flutter under loaded comlitions. Although the flow in this problem is often
in the high subsonic range, the additional characteristic of the problem is non-zero blade load,
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One additional analytical study to examine the
effects of subsonic compressible flow past a cascade of oscillating airfoils beam mentioning (Ref.
22.43). In i t Verdon and his coauthors formulate
a set of basic equations which govern the subsonic
flow in a single extended blade passaee of a highdeflection, tWO-dimensional, oscillating cascade.
This derivation is based on a perturbation expansion
of the velocity potential leading to a nonlinear
boundary value problem for the zeroth order or
steady potential, and a linear, time-independent,
variable coefficient boundary value problem for the
first order or unsteady potential. In lieu of
explicit boundary conditions at finite distances
upstream and downstream of the blade row, analytic
far field solutions are determined which can be
matched to near field numerical solutions. The
variable coefficients in the unsteady boundary
value problem depend on the steady fl'ow potential
and represent the effects of finite steady-state
lo~ding on the unsteady aerodynamics.
At present
the numerical procedures for solving the steady and
unsteady boundary value problems for realistic
blade profiles are still under development. However, unsteady predictions, based on this model,
have been found to be in excellent agreement with
predictions based on Smith's solution (Ref. 22.41)
for subresonant and superresonant motions (cf.
Section 22.2.2.4) of flat plate cascades at zero
mean incidence relative to a llliform stream.
Finally, it is instructive to look at the
form of the flat plate cascade integral equation,
for comparison with isolated airfoil results, and
for use in explaining the significance of the
acoustical resonance phenomenon, described later
in Section 22.2.2.4. One version of this solution,
taken from Ref. 22.37, is
w(x)=
1

- 4f?Y{3

L
b

(22.2.86)

lip (x o) [Ko(M,X- xo) + K, (M,X -Xo' T~dxo

where ~ = ../1- M2, Tis the slant gap between blades,
w(x) i3 the kn~<n prescribed down""sh on the blade
at x, and 6p(xo ) is the unknown pressure difference
at xo' In tM,s equation
-IW(
)
Ko(M,x-xo)=-e I I x-xo lim

(;

2)
o

x O{2

2

w
+ o2{32

x-xo

J

iw{

e Vjj'l

1'1-0-00
(2)

Ho

(wro
)d{ (22.2.87)
0f32

is the Bossio kernel function for an isolated
airfoil (cf. a different form of this function in
Eq. (22.2.42» and where

K (M,X-XO,T)=I

e

_iW()
- V x-xo j'1m

J

"1-0-~

X-Xo

~
{32

{} V

x

22.2.2.3

Compressible Supersonic Flow

Supersonic unsteady aerod)'namics of multiblade
systems was first discussed by Lane in 1957 (Ref.22.44)
who analyzed the problem in which the axial velocity
into the blade row is supersonic. As seen in the
sketch of Fig. 22.2.5, all velocities relative to the
plane of the leading edge are supersonic, and accordingly this is referred to as the supersonic leading
edge locus condition. Although such a configuration

n:- oo

n/O

MRELATIVE = M > 1

(22.2.88)

~HEEL
V

is the kernel function associated ,ri th the cascaded
blades. In these e~uations,

IAAXIAL> 1

'~PEED

(22.2.89)
M>l

where, in addition, e is the stagger angle and 0 is
the interblade phase angle.
It ,rag found in Ref. 22.37 that for certain
values of the cascade parameters (to be discussed
in Section 22.2.2.4) the cascade kernel function Kl
became unbounded. This ;ras determined upon integrating E~. (22.2.88) by parts, applying some wellkno;m Hankel function identities, and taking the
limit as 'I] - O. The resulting series of Hankel
fUnctions were examined for convergence and were
found to, diverge at these resonance points. The
implications of this series divergence is quite
profound, as can be seen from an examination of
Eq. (22.2.86). By virtue of the assumption of
small displacements, w(x) must represent a bounded
amplitude, and experience has sho;m that Ko is
always bounded. If KI is unbounded for certain
values of the cascade parameters, then the only
way this e~uation can be satisfied is for Ap to
vanish identically. However, by Eqs. (22.2.18) and
(22.2.19), both the unsteady lift and moment must
also vanish, and hence the naturally occurring
aerodynamic damping, associated with the quadrature
components of these ~uantities, will also vanish.
Under these conditions, if an external oscillatory
energy source imparts energy to the blades at a
fre~uency at or near the natural blade fre~uency,
there is no aerodynamic dissipation of this energy.
Consequently the amplitude of the blarle motion is
limited only by the structural damping of the system, and under conditions of extreme excitation,
such as an integral order encounter (cf. Fig.
22.1.14), large and damaging blade response can
occur.

Fig.

22.2.5

Supersonic Cascade with Supersonic
Leading Edge Locus

has several reflected waves within any blade passage,
no disturbances exist upstream of the blade passages
and further, the unsteady wakes cannot influence the
flOlT adjacent to neighboring blade surfaces. Hence,
this problem was amenable to Laplace trans form techniques, as demonstrated by Lane in his paper. However,
it soon became evident that this solution was of

academic interest only because no practical high-speed
design, either within the current state of the art at
that time or for the foreseeable future, would have
a supersonic axial through flow. Instead, all hir,h
speed engines were to be configured with a subsonic
axial flow and a supersonic relative flow, as

pictured i~Fig. 22.1.5 above and repeated in
Fig. 22.2.6 for use in the analytical description that
followsQ In this case, referred to as the subsonic
leading edge locus condi tien, tmsteady disturbances
exist infinitely far upstream of each blade passage

and the unsteady wakes influence the flow field adjacent to the lower surfaces of the blades above them.
The first practical solution to this problem
was obtained by Verdon in the late 1960 l s and
subsequently published as Ref. 22.11 in 1973. This
was a numerical solution for a cascade consisting

of a finite number of blades. It was found that in
such a ~inite cascade approximation the nt~ber of
blades in the cascade had to be chosen sufficiently
lar~e sO that a limiting behavior for the aerodynamic
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MRELATIVE

= M >1

~EEL

MAXIAL <1

where

SPEED

(22.2.93)
and

,pIx,

y) =

.p(x, y, t)ei(kMx-wt)

Here M is the free stream ~mch number, W is the reduced
frequency of the blade motion (based on full chord),
IjJ is the modified velocity potential of the unsteady
flowfield, and ~ is the velocity potential defined
in the usual manner. The pressure, p, at a point in
the flowfield is given by
(p-P

)

ei(kMx-wl) = P(X,y)

N

=-2(1..aX
Fig.

22.2.6

(22.2.95)

iW)'/I(XY}

/L 2

'

where p is the freestream pressure and p(x,y) is the
modified relative pressure. In addition, a blade-toblade periodicity condition

Supersonic Cascade with Subsonic
Leading Edge Locus

forces and moments could be estimated. It was then
assumed that these limit values were representative
of the baldes of an infinite array. However, there
were no mathematical proofs to validate this reasoning, and further, it was recognized, by virtue of the
slow convergence of the series in the solution, that
the numerical process was inefficient computationally.
In addition, its use did not reveal the physics of
the phenomena as well as an analytic solution
would. Nevertheless, i t was shown by Mikolajczak,
et al (Ref. 22.10) and by Snyder and Commerford
(Ref. 22.45) that the results of this finite cascade
approximation yielded predictions which are in agreement with rotor fan experience.

(22.2.96)

n:O, ± 1,±2, ..
must be satisfied, where

Despite the apparent success of this method it
was seen that, in addition to the shortcomings cited
above, the necessity to build a solution by successively adding blades to the cascade yielded a procedure that lacked computational efficiency. Consequently, an improved lIclos ed form" solution was
developed by Verdon and McCune (Ref. 22.12) which
eliminated most of the objections raised by the
previous solution, but which largely confirmed the
approximations to be valid. This method is described
in sUlrunary form below.
In this discussion all quantities are dimensionless. The fluid is assumed to be an inviscid, nonconducting, ideal gns with constant specific heats,
and the flow is assumed to be irrotational and isentropic. Disturbances in the supersonic stream are
caused by an infinite array of thin, slightly cambered,
lifting surfaces or blades which are performing rapid
harmonic motions of small amplitude. These motions
are g0nerally normal to the blade chord lines which
are aligned parallel to the free stream direction.
Based on these flow field assumptions, the differential equation governing the disturbed flow field is
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.n =u+ kMX A

(22.2.97)

and where a is the interblade phase angle. Vlith
this periodicity condition it is sufficient to
determine ~J in a single extended blade passage
region, defined in Ref. 22.12 by /x/ < M, 0 < Y < YA'
The boundary conditions applied to the upper and
lower boundaries of this region are:
1.

Modified potential and normal velocity
components are continuous in y along the
upstream extensions of the blade chordlines.

2.

Normal velocity component is continuous
across blade and wake sill'faces.

3.

Flow must be tangent to blade surfaces.

~¥

Pressure must be continuous across wake
surfaces ..
Furthermore, there can be no upstream propagation
of disturbances in supersonic flow, unsteady
disturbances must be bounded at an infinite distance from their oriein, disturbance waves impinging on clade surfaces must be reflected, and disturbance waVes impinging on wake surfaces must be
transmitted through the wake.
In the analysis of Ref. 22.12 the expression
for the modified potential in the reference reRion

is developed in terms of component potentials
which account for disturbances originating from
different sources. Component potential functions
are then superposed to obtain the complete expression
for the modified potential which satisfies the conditions listed above. There then fOllows in Ref. 22.12
~ long and rather complicated analysis in which the
isolated airfoil solution of Miles (Ref. 22.30) is
generalized to represent the potential due to the
reference blade and wake. and in which the supersonic
leading edge locus solution of Lane (Ref. 22.4 11) is
generalized to account for interference effects of
neighboring blades. Although the complete solution
is too involved to be repeated here. its salient

3 on the suction surface of the reference blade.
Discontinuities occur in the reference blade pressure
distributions at these points.
Verdon chooses to begin his analysis with the
construction of the modified potential for cascade B.
and sho"s that the result for the simpler flow geometry of cascade A is readily obtained by neglecting
the terms for the additional reflections. Without
going into mathematical detail. the analysis proceeds
as follows. ~be Miles modified normal velocity
distribution, V(x.nYA) is replaced by the disturbance
function distributions An(x). which are not kno;m
~rioriJ

but are determined from relations derived

from the boundary conditions on the unsteady "flow.
Five different potential functions. ~i(x.y).
i = 1. 2 ••••• 5. can be written to represent the

features will now be revievred.

To begin with, two cascade geometries are

various disturbance sources, including those

considered. as shown in Fig. 22.2.7. In the upper
part. referred to as cascade A. a parameter defined
as

originating on the reference blade and its wake.
and the adjacent upper blade and its wake. These
potential functions also account for those disturbance sources "hich cause a propagation into the
reference passage from both upstream and downstream
locations
Each of the five is an integral expression. typified by that for the fourth component
potential.
0

and the lower leading edge Mach wave from any blade
passes behind the lower blades. Here there is a
single ~lach wave intersection on each blade. denoted
by point 1 On the pressure surface of the reference
blade. In the lo"er part of the figure. referred

-I

P.'i'4(X,y)=-l:
n=-oo

IN

An((l Io.n(x-(,yld(

1+/LnYA

to as cascade B, we have
_I

-l:

(22.2.98)
and the leading edge I~ach waves are reflected once
the adjacent blades below. Here there are three
Mach wave intersections on each blade. denoted by
points 1 and 2 on the pressure surface and by point

by

v

CASCADE A

n~-~

I+B+/LnYA

J

1+/LnYA

An((lI~,2-n(Y.-(,Yld(

"here the influence functions. I~.n. are algebraic
combinations of Bessel functions and unit step
functions. (A complete definition of these quantities
is found in Ref. 22.12.) Then the modified potential distribution in the reference passage region
is obtained by a summation of the component terms.
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(22.2.100)

i"

Two Supersonic Cascade Flow
Geometries of Current Interest

which satisfies all of the boundary conditions cited
above. Verdon then uses the flow tangency and pressure
continuity conditions and specifies an unknown distur"bance function distribution. A(x). which now appears
in the several integrals on the right hand side of
Eq. (22.2.100). (This function for the reference
blade is obtained from each of the more general
terms. An(x). on the nth blade by virtue of the blade
motion periodicity condition. (Eq. 22.2.96) "hich
involves the interblade phase angle. 0.)
Ultimately. all of this analysis must be directed
toward computing the unsteady load on the reference
blade. and to accomplish this Eq. (22.2.100) is substituted into Eq. (22.2.95) whereupon the reference
blade pressure distribution can be expressed in
terms of several integrals and summations of the
unknown disturbance function. A(x). This is determined by using the boundary conditions of flow
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tangency at the upper surface of the reference blade,
A(l()=V(X,O)-

fo

XA-I'YA

A(OK(l(-O d,

(22.2.101)

(O~ l(~I)

and of continuity of pressure across the reference

wake,

x
A(l()-J

A(t)Ko,o(l(-Od,=

(22.2.102)

I

F(l()- G [A(X),X]

(l(> I)

where K(x) is a semi-infinite series involving Bessel
fWlCtions, V(x,o) is the prescribed vertical velocity
on the airfoil surface due to blade motion, and
where F and G are functionals defined by Verdon in
Ref. 22.12. For 0 ~ x ~ x - ~YA Eq. (22.2.102) is
A
a Fredholm integral equation with unknown function
A(x), The solutions of these equations were obtained
numerically. SUbstitution into the potential function
equations and thence into Eq. (22.2.101) yields the
pressure, and subsequent integrals of p(x,y) yield
the unsteady normal force and moment on the reference
blade.

in which the real and imaginary parts of the unsteady
chordwise pressure difference distribution due to
pitch are plotted for cascade B (cf. Fig. 22.2.7).
The results for two interblade phase angles, 0 = 0
and 0 ~ n, representing in phase and antiphase motions
of adjacent blades, are presented here, and are compared to the results from isolated airfoil theory
(e.g., Ref. 22.29 or 22.30). The several discontinuities that occur in the cascade results are directly
related to the various primary and reflect"ed waves
impinging on the reference blade. This is discussed
in detail in Ref. 22,12. It is clear that significant
differences exist between isolated airfoil theory
and cascade theory, and this is borne out in an examination of the predicted stability of the blade row.
It will be shown presently (cf. Section 22.3.1)
that a convenient measure of blade stability can be
obtained from the exchange of energy between the
blade and the surrounding airstream (Ref. 22.8).
For single-degree-of-freedom pitching motions of
the supersonic cascade the work done by the airstream over one cycle of blade motion is

Wper cycle

It is beyond both the scope and the purpose of
this chapter to go any deeper into the details of this
theory, which is adequately covered in Ref. 22.12.
However, it is instructive to look at some of the
results of the theory and to examine the implications
of these results. To this end, consider Fig. 22.2.8,
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(22.2.104 )
(l(-l(n) [P(l(,O-)- P(l(,o·)] dx

It is seen from both figures that an increase in
k is beneficial in stabilizing the system. However,
it is also seen that use of isolated airfoil theory
is significantly unconservative, that a dominant
stability parameter is cr, and that changes in bladeto-blade interference strongly affect the stability
of the system (compare cascade A with cascade B).
In general, unstable cascade pitching motions are
possible over a broad range of frequencies and interblade phase angles, and experience has shown that
these parameter ranges are relevant to current
state-of-the-art turbomachines (Ref. 22.10). This
aerodynamic theory together with the coupled blade~sk-shroud stability theory of Ref. 22.8 (to be
discussed in Section 22.3.2) has provided the designer
with an essential tool to avoid serious rotor blade
instabilities within the flight envelope of modern
aircraft.

10

...

CM

For positive work per cycle the flow of energy is from
the airstream into the airfoil. Hence, from Eg.
(22.2.103) Tm {eml > 0 implies instability. The
usefulness of th,S concept is illustrated in Figs.
22.2.9 and 22.2.10 in which moment phase plane diagrams are presented for cascades A and B, respectively.
Each continuous curve is for a specific value of k.
and the points along each curve denote variations in
interblade phase al1[;le. Also included in each diagram is a set of comparable values of ern for ~n
isolated airfoil.

1.0
Xn~ 0.5
~

·10

II:

w

:

(22.2.103)

where the moment coefficient is obtained by direct
integration of the chordwise pressure difference
distribution,

-fo

_________ =
L-.J

0::
0
j:
<l:

0= 7r

k

rrwa 1m { CM}

Pressure Difference Distributions
for Pitching Motions of Cascade B
and Isolated Airfoil
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-CASCADE A

• ISOLATED AIRFOIL

fIOTE: C!RCLED POINTS REPRESENT
/1' INCnEMEfn OF 30' RelATIVE TO
ADJACENT POINT ON CURVE

V"=1T/2

0"= 0

1.0

In closing this section it should be noted that,
commensurate with the importance of this problem, a'
large number of investigators have worked on it,
using a variety of techniques and with various constraints on their parameter ranges (e.g. Kurosaka in
Ref. 22.47 and Platzer in Ref. 22.48). However, it
is believed that Verdon's work is the most complete,
and this factor governed its choice for this chapter.
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writing, the convergence difficulties have been overcome and solutions have now been obtained over the
missing values of 0 (Ref. 22.46), excluding the
immediate neighborhood of the reSOnance points
themselves.

22.2.9

Phase Plane Diagram of Moment due to
Pitch for Cascade A and Isolated
Airfoil
• ISOLATED AIRFOIL

- - CASCADE B

NOTE: CIRCLED POIlITS REPRESENT
t1. INCREMENT OF 30' RELATIVE TO
ADJACENT POliTI ON CU fiVE
1 . 0 r - - - -...

0 /1 .. 0 A".".
V "k7'/2 0 t1 .. ;prf2

----;o""...---..,--....:...---,

0.6

Acoustical Resonance

The implications of the acoustical resonance
phenomenon, in terms of the vanishing of unsteady
aerodynamic damping for subsonic compressible flow,
has already been discussed in Section 22.2.2.2. Its
effect on the convergence of solutions for supersonic
flow was noted in the previous section. The analysis
of the present section will be restricted only to the
evaluation of the specific flow and configuration
parameter values which lead to resonance, and will
be based strictly on the geometric construction of
the phenomenon.
First consider the cascade geometry of Fig.
22.2.11, which has an approach velocity, V, at
zero incidence in the relative frame of reference.
The object will be to determine the conditions under
which a si~nal emanating from point 0 on the
reference blade will travel to either point P or
point Q on the adjacent blades in time to be in phase
with the production of the same signal on the
neighboring blade. The line connecting points Q, 0,
and P must be parallel to the leading edge locus,
V

o

VAX1A~HEEL
-V SPEED

UNSTABLE
STADLE

L. E. LOCUS

T. E. LOCUS

·0.&

2.00

~~~---~....:...----~------~~----7
·1~
.o.li
0
0.6
1.0

".{C..,fa}
Fig. 22.2.10

Phase Plane Diagram of Moment due to
Pitch for Cascade B and Isolated
Airfoil

It should be noted that the phase plane diagrams in Figs. 22.2.9 and 22.2.10 appear to be
incomplete. As noted in Ref. 22.12, this was
related to the failure of the wake iteratior. procedure to converge for certain combinations of the cascade parameters. The condition for this convergence
failure is referred to as "acoustical resonance ll
and is discussed in the next section. At this
22-27

DIRECTION
OF ROTATION

Fig.

22.2.11

Cascade Geometry for Resonance
Calculations

and will be referred to as a stagger line. The signal will be assumed to be propagated outward as a
cylindrical wave from 0 at the speed of sound, a,
and returned to either point P or Q as the vector
sum of a and V. The resonance condition will be
satisfied when the time required to propagate the
signal along the stagger line to a neighhoring
blade is equal to the time lag between the motions
of adjacent blades. The latter is concerned with the
interblade phase angle, cr, which will be defined
here to be positive for blade n leading blade n-l
(forward traveling wave).
Assume all blades to be executing an unsteady
motion at frequency w, and assume further that
blade n performs this motion before blade n-l so cr
is a positive number. 1ne time lag between the
motions of blades nand n-l will be any of the
following quantities,
0"

t L (+)=

w'

211" V+

211"+0"

w

. •

0"

w

(22.2.105)

(v=0.1.2 •.... )

point 0 on the reference blade, and shows several
possible vector constructs, all of which terminate
on the stagger line. Thus, for example, propagation
from point 0 to point P in Fig. 22.2.11 could take
place by virtue of the vector sum of the sonic
velocity ~ = a and the free stream velocity
eM
V. In this case a propagation velocity OM = Vp
would carry the signal from point 0 on the reference
blade to point P on the upper adjacent blade and
would be associated with the time lag of Eq.
(22.2.106) . To reduce the apparent complexity of
this situation, two specific cases will be extracted
from Fig. 22.2.12 and will be treated separately.
First consider the case of subsonic relative
flow, sho.~ in Fig. 22.2.13. in which V < a. The two
possible propagation velocities have been subscripted
in accordance with the direction of propagation and
are consistent with the tiree lag notation used
earlier. (Note that these are not physical velocities
so the propagation velocity, Vp , can be greater than
a.) Use of the law of cosines on triangle OAII
yields

depending on the hamonic being considered. The time
lag between the motions of blades nand n+l will be
211"-0"

t L (_) =-w-

. ---,
41r- CT
w

..

211"

v- CT

and after some algebrnic manipulations it can be
shown that

w

(v= 1.2.3 .... )

(22.2.107)

(22.2.106)

(The plus and minus subscripts have no bearing on the
algebraic signs and are merely used to designate the
apparent direction of propagation, with (+) associated with propagation in the direction of rotation.)

(22.2.101l)

for propagation in the direction of rotation.
Similarly, for triangle OGL,

To determine the time of propgation, t p , first
consider Fig. 22.2.12. This diagram in velocity
coordinates shows a sonic circle centered about the

(22.2.109)
The time required for the signal to propagate from
point 0 to point Q will be

Fig.

22.2.12

Velocity Field for Several Possible
Resonance Conditions
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Fig.

22.2.13

Velocity Field for Subsonic Flow

where the subscripts 1,2 are associated with the
upper and lower sign, respectively. When the time
for propagation, t L (_), from Eq. (22.2.106) is set
equal to t p (_) = t Pl ,2 = r/VPl,2 the result is

(22.2.110)
and similarly the time of propagation from 0 to P will
be

2kM(T/C)

211" V - CT = -----::-;-:-:r=:::::=;=:==

(22.2.111)

Mcost3;± ..JI-M 2 sin 2,8;

The resonance condition Occurs when propagation time
equals lag time, and after equating tp
= tL
and tp(_ = t L (_) and performing some i~tJrmedi~t~
steps, a)general formula for resonance can be written
as
2kM(T!C)

backward only,

which can be shown to agree with the result obtained
in Refs. 22.12 and 22.46.
The sonic 14ach number limit has already been
discussed. The upper limit represents the condition
under which the axial 14ach number becomes unity, and
is denoted in Fig. 22.2.12 by the single vector
TID. For any 14 > cscB~ the axial 14ach number will be
greater than unity and the ~!ach wave from point 0
on the reference blade (Fig. 22.2.11) will lie
behind point P on blade n+l. Hence, no resonance
condition (as defined herein) can occur for a
supersonic throughflow blade row. For further
discussions of the resonance phenomenon the
reader is referred to the several articles
listed in the bibliography.

forward, upper sign, v = 0,1,2, .... , M < I
V=

1,2,3, ... , M$I

where 14 = Via and k = cw/2V. The conditions under
Eq. (22.2.112) indicate the direction of propagation
and the valid ranges of parameter applicability. Note
that there is a limiting case as 14 + 1. As this case
is approached, the appropriate vectors in Fig.
22.2.12 will be OB and OF, and it is seen that the
time required for forward propagation becomes
arbitrarily large without bound. Hence, only backward propagation is possible for sonic and supersonic speeds.
Next consider the case of supersonic relative
flow, shown in Fig. 22.2.14, in which V > a. This
time only backward propagation is possible, so the
velocities along the stagger line are defined simply
as VPl and VP2' Once again, use of the law of cosines
yields the two solutions
(22.2.113)

/
/
/

/
/

/
Fig.

22.2.14

Velocity Field for Supersonic Flow

1,2,3, ..

1$ M$ csc,8~

(22.2.112)

backward,lower sign,

V=

22.2.3 DYI'IAl4IC STALL - E/<!PIRICISM AIID EXPERI.MENT
22.2.3.1

Historical Background for Torsional Stall
Flutter

Of all the flutter problems confronting the
turbomachinery designer the most persistent has
been that associated with single-degree-of-freedom
torsional motion under high load conditions. For
many years the designer had little choice in his
approach to this problem. He either applied empirical
"laws" obtained by the correlation and consolidation
of previous flutter experiences on rotors, or he
attempted to use predictions based on the growing body
of isolated airfoil experience which was then modified
to fit cascade experience. Either choice was unsatisfactory and progress was ultimately made by encountering problems and overcoming them. This, at best, was
a time-consuming and costly procedure.
Recently, considerable progress has been made
(and continues to be made) in a direct attack on the
multiblade flutter problem. In addition to the
theoretical approaches cited in previous sections,
the determination of empirical data for realistic
multi blade configurations has also enhanced the
ability of the aesigner to provide flutter-free operation over the flight envelope of the turbomachine.
It is interesting to note, however, that current techniques still rely heavily on past practice, and in
particular on the considerable effort devoted to
isolated airfoil stall flutter. Thus, it is instructive to review this field and to determine where its
results are still applicable, and where new discoveries
indicate that large differences exist.
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0.5

An early as 1938, Bratt and Scruton (Ref. 22.49)
were conducting tests to measure moment hysteresis
in pitch, and were using the concept of work per cycle
around the moment loop to determine the stability
derivatives. More will be said about this in a subsequent section. In 1943, Mary Victory published a
definitive and comprehensive study of torsional stall
flutter (Ref. 22.50). In this experiment she measured
the quadrature, or out-of-phase, component of the
moment to determine the aerodynamic damping derivative.
This was found to decrease with increasing angle of
attack. Victory used these empirical variations of
(!J
aerodynamic damping in the classical theory and was
z
able to calculate the critical flutter speed at stall
a::;;
with reasonable accuracy.
«
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Effect of Rearward Movement of Pivot
Axis in Stall Flutter

=

FLUTTER SPEED

,g
>

-0.3

\

/

V/bw for flutter seems to be V/bw
1.0 for large
values of incidence angle. Further work was done by
Rainey on a variety of planforms with different pitching axes (Ref. 22.56). This report clearly showed
the detrimental effect of a rearward movement of the
pitching axis on stall flutter response. A crossplot
of these results "as published in Ref. 22.57 and is
presented herein in Fig. 22.2.16 •
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Baker (Refs. 22.54 and 22.55) measured the stall
flutter stress response as a function of velocity
and incidence angle. A crossplot of these results at
constant stress yielded the familiar stall flutter
contour shown in Fig. 22.2.15. This figure is particularly interesting in that it shows the transition
from classical flutter at low incidence and very high
V/bw to stall flutter at high incidence and moderate
V/bw. In both of these reports the lower limit of

.cr--

I

0

>0

A significant contribution to stall flutter
literature ;ras published by Halfman and his colleagues
in Ref. 22.53. This was an extensive study of the
lift and moment responses of three symmetriC profiles
oscillating separately in both pure pitching and pure
plunging motions. A balance was used to measure both
the in-phase and out-of-phase components of lift and
moment. The data are presented in tabular form and in
hysteresis loop form, and the aerodynamic stability
of the airfoil is discussed using damping derivatives.
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In the United States, Hendelson attempted to
derive an analysis for stall flutter (Ref. 22.51).
This work was only partially successful in that it
required some rather arbitrary assumptions on the
vector amplitudes of the unsteady forces and moments
to make the analysis agree with the experLment. A
critique of Mendelson I s paper will be found in Ref.
22.52.

I

Transition from Classical Flutter to
Stall Flutter
22-30

In all of the work cited above, the measurements
were made either with a dynamic balance or with strain
gage beams or flexures. 'fhese devices permitted gross
measurements of force, moment, or damping to be made,
but the details of the unsteady flow over the blade
could not be determined. In 1957, Rainey published
a report describing the use of miniature pressure
transducers distributed chordwise oyer the airfoil to
measure unsteady load distribution (Ref. 22.58).
Although Rainey did not discuss this detailed pressure
data and confined his analysis to the integrated lift
and moment responses, his technique paved the way for
more elaborate pressure tests which have been and
still are seeking to explain the underlying mechanism
of stall flutter. A few of these subsequent investigations are reported in Refs. 22.59, 22.60 and 22.61.

consideration will now be given to these recent
experiments and to some modern theoretical approaches.
22.2.3.2

(22.2.122)

Two-Dimensional Work Per Cycle and Aerodynamic Damping

In this section the method of Ref. 22.62 will
be followed, but the basic derivation will be
equally applicable to both multiblade systems and
to isolated airfoils. To begin with, the work per
cycle of torsional motion is given by the cyclic
integral of the product of the real parts of the
moment and differential pitch angle,

W=§ MRda R

(22.2.115)

llext we shall consider the aerodynamic damping of the airfoil, but first it is useful to
review briefly the behavior of a linear, damped,
torsional system such as the one described by the
differential equation,

18. + cd + Ka =0

where I is the inertia, C is the damping, and K is
th~ stiffness.
If the motion is essentially
sinusoidal (i.e., only slightly damped and hence
very nearly a constant amplitude sinusoid), then
Eq. (22.2.116) is a solution. The equat-ion then
becomes

With the assumption of sinusoidal torsional motion,
(22.2.116)

a

where a is complex and
is a real amplitude.
Similarly, the unsteady moment Can be written as

(22.2.117)

but here both M and M are complex. This is because
M is generally not in phase with o. llote that the
in Eq. (22.2.117) is the real part of only the
moment amplitude, and-is not the real part of the
entire moment, MR, that is needed for Eq.
(22.2.115). To obtain this, expand the exponential
in Eq. (22.2.117) and extract the real part,

HR

(-w 2I+iwC+K)a=0

It is seen that the damping coefficient is contained
in the imaginary part of this expression, and we
can assume that the equivalent damping terms for
any similar linear system will also be contained in
the imaginary part of the differential equation
solution.
Equation (22.2.123) represents a system
oscillating in torsion in a vacuwn. If the same
system were to oscillate in torsion in a moving
airstream, the right-hand side would be replaced
by the unsteady aerodynamic moment as in Eq.
(22.1.30) ,
(22.2.125)

A similar expansion and differentiation of Eq.
(22.2.116) yields the real part of the differential

a sin wI

d(wt)

(22.2.124)

From Eqs. (22.1.31), (22.1.32), and (22.1.33) we
see that Hl is a pure real quantity whereas J.!2
and M3 are complex,

(22.2.118)

daR = -

(22.2.123)

(22.2.126)
(22.2.127)

(22.2.119)

Substitute Eqs. (22.2.118) and (22.2.119) into Eq.
(22.2.115)

When these are substituted into Eq. (22.2.125) and
the terms are rearranged, the result is

w=
(22.2.128)

2.-

Jo

(MRCOSwl-Mrsinwl)(-asinwl)d(wt)

(22.2.120)
and by orthogonality, we have

Once again, i f the damping is sufficiently small,
the motion will be nearly sinusoidal and Eq.
(22.2.116) represents a solution, so Eq. (22.2.128)

(22.2.121)

becomes

which says that the aerodynamic work per cycle is
directly proportional to the quadrature, or out-ofphase, component of the moment. ~'his is the work
done by the air on the airfoil; hence, a positive
value of W will indicate an unstable motion, since
this implies a net energy exchange from the air to
the airfoil, whereas a negative value of W will
indicate a stable, or damped, motion. Equations
(22.2.115) and (22.2.1211 mal be rewritten in
coefficient form by dividing through by
(1/2)pV2(2b)2, with the result
22-31

(22.2.129)

After collecting real and imaginary parts,
[{- w

2

(r-M I ) + wM21 + K-M 3R }

+ i {W(C-M2R)- M3I}] a =0

(22.2.130)

As in the case of the system oscillating in vacuum,
the imaginary part of Eq. (22.2.130) will be the
total damping of the system,

total damping =w(C-

M 2R )- M3I

form of the moment equation in Eq. (22.1.20), and
rewrite thi s for a-motion only. If both M and
" are put in amplitude-exponential form, the
exponential can be cancelled and the result is
(22.2.138)

(22.2.131)

The quantity we is the system damping in vacuum;
therefore, the renainder of Eq. (22.2.131) must
be the aerodynamic damping of the system, defined
by

2
After dividing through by (1!2)PV (2b)2 and using
the reduced frequency, k = bw/V, this becomes
(22.2.139)

(22.2.132)
which has an imaginary part written simply as
The symbol S denotes the (dimensional) aerodynamic
damping parameter of a system executing a singledegree-of-freedom torsional motion.
Now, the right-hand side of Eq. (22.2.125) is
the unsteady aerodynamic moment acting on the
airfoil, which is the same as the right-hand side
of Eq. (22.2.117). If the two right-hand sides
are equated, Eq. (22.2.116) is substituted for
a, and the exponential factor e iwt is cancelled,
the result is

(22.2.140)
Hote that the i.".fluence coefficient Bar is
independent of a, so Eq. (22.2.140) may be
substituted into Eq. (22.2.137) to obtain
7Tk

2

(22.2.141)

t:1= - -2- Bal

Also, Eq. (22.2.140) can be SUbstituted into
(22.2.122) to yield

(22.2.133)

(22.2.142)

and a comparison of Eqs. (22.2.141) and (22.2.142)
yields the useful formula

After equating real and imaginary parts, it is
seen that
(22.2.134)

(22.2.143)

A comparison of EqA. (22.2.132) and (22.2.134)
shows that the aerodynamic damping parar.Jeter, s,
is equal to the negative of the derivative of the
imaginary component of the unsteady noment with
respect to the amplitude of motion,

~=_ dMr

~

d

a

=_(,"M 2R +M 3I )

(22.2.135)

This may be rewritten in dimensionless form by
dividing through by (1/2)PV2(2b)2,

t:1=

(

(i/2)pV 2 (2b)2
WM2R + M31
11/2)pV 2 (2b)2

(22.2.136)

To this point in the analysis there is no restriction on the number of blades or the flow velocity.
Additional insieht can be gained if we
specialize the equations for the specific case of
an isolated airfoil oscillating about its quarter
chord (a = -1/2) in an incompressible potential
flow. Although this is not the axis of rotation
for compressor blades, a great deal of oscillatory
data were obtained with this pivot axis (Refs.
22.59, 22.60 and 22.61), and further, the equations
for potential flow past an isolated airfoil reduce
to an extremely simple form. With the substitution
a = -1/2, Eq. (22.1.21) for Ba reduces to

and hence

t:1= _

(22.2.144 )

dCMr

da

and from Eq. (22.1.18), the imaginary part of thi s
is

(22.2.137)

In the ultimate formulation to be obtained
herein, it will be useful to express the aerodynamic drooping parateter in terms of the work
per cycle of notion, since the latter is a quantity
which is usually easy to measure or to calculate.
To accomplish this, e few manipulations are necessary since both
and Cw are implicit functions
of
First return to the influence coefficient

a.

Ci.u

22-32

Bal = Ma! • -

J..
k

(22.2.145)

When this' is substituted into Eqs. (22.2.140),
(22.2.141) and (22.2.142), we obtain
7Tk

-2-

a

(22.2.146)

aerodynamic response shows that the normal force or
moment is not in phase with the pitching motion, as
shown in the two upper panels of Fig. 22.2.17.
When these two time histories are combined and the
time parameter is eliminated, the result will be a

(22.2.14,)
(22.2.148)

closed curve of normal force or moment Versus angle

Thus, we see from Eq. (22~2.148) that, for these ideal
conditions of potential flow and pivot axis at the
quarter chord, the work coefficient will always be
negative, which means the net work flowing from the
airstream into the airfoil is negative. In other
words, the airfoil is dissipating energy, and the
system is stable. Furthermore, the work coefficient
is directly dependent on k and;. Similarly, Eq.
(22.2.147) shows that the aerodynamic damping is
always positive and is independent of amplitude.

22.2.3.3 Dynamic Stall and Stall Flutter of a
Pitching Isolated Airfoil
The process of dynamic stall is extremely
complicated and has been treated phenomenologically
by most investigators, as it will be in this section.
To begin with, let us assume that an airfoil is
oscillating in pitch and that a time history of the

of attack as sho,m in the bottom panel of Fig.
22.2.17. The arrows denote the direction of
increasing time. The enclosed area, in the case of the
moment, represents the energy absorbed or dissipated
(i.e., the work per cycle) as discussed in the previous
section. This is found to be the case in both classical and separated flows. In the former, the closed
contour will be elliptical whereas in the latter the
contour will be distorted.
A few representative unsteady normal force
coefficient loops for an isolated airfoil taken from
Ref. 22.62 are presented in Fig. 22.2.18. The solid
lines represent the unsteady data, and the dashed lines
represent the steady-state characteristics. Three of
the inset figures are for a constant reduced frequency
of k = .075 and show the effects of varying mean
incidence angle, from aH = 6 to 12 to 18 deg. The two
right-hand inset fie;ures are for aH = 12 deg and
illustrate the effect of a change in frequency from
k = .075 to k = .3. It is clear that the increase in
aJ.l to values greater than the steady-state stall angle
has a profound effect on the dynamic force response of
the oscillating airfoil. It is also clear that an
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22.2.18

Normal Force Hysteresis Loops

16

20

increase in k produces a radical change in the dynamic
stalling behavior of the airfoil. Specifically, at
low frequency the dynaruic force response reaches its
peak value just before the maximum incidence angle is
reached; it then drops precipitously to a value far
below the steady-state stall value and remains there
for almost the entire region of decreasing incidence.
In contrast to this behavior, the effect of high
frequency is to rr~intain a nearly elliptical response
loop, even for incidence angles beyond stall, over the
entire angle-of-attack range.
Until recently, very little work hsd been done
to examine in detail tre fluid dynamics of dynamic
stall of isolated airfoils. Even with some of the

from Eqs. 22.2.115 or 22.2.122, this is given by the
cyclic integral around the loop, which is equivalent
to the area enclosed by the loop. From elementary
considerations, a counterclockwise enclosure of the
area represents negative work, which is equivalent to

positive

and hence a stable motion.

de~ping

Conversely,

a clockwise enclosure of the area represents positive
work~ negative damping, and hence an unstable system.

It is seen from Fig. 22.2.19 that all the aM = 0 deg
loops as well as the two highest frequency loops for
aN = 15 deg have counterclockwise enclosures and hence
are stable. However, the two lowest frequency loops
for "M = 15 deg have crossover or figure-8 characteristics in which the low-a portion is counterclockwise,

fundamental studies now being conducted or newly com-

pleted (Refs. 22.63 through 22.67), a great deal of
speculation remains on the nature of dynamic stall.
We know that stall is produced in association with
separation of flow from the airfoil surface, and that
separation is the disruption of the boundary layer on
the airfoil. This disruption is invariably associated
with an unfavorable pressure gradient (i.e., increasing pressure on the suction surface) which exceeds
some unknown (for dynfu~ic processes) critical amount.
We would expect that two time-dependent effects would
be present in the boundary laycr: (1) a direct time
lag associated wi til the inertia or mass of the fluid
contained in the boundary layer, and (2) a pressure
time lag on the airfoil due to dynamic motion which
changes the severity of the unfavorable pressure
gradient. From these concepts we can speculate that
at low frequency there is wnple time for the boundary
layer to respond to the motion, and separation can

implying stability, but the high-a portion is clockwise,
implying instability. In other words, these crossover
loops indicate an energy balance in which negative
work done in the left-hand side of the loop is balanced
by positive work done in the right-hand side of the
loop. Actually, there is no actual balance of energy
in the loops sho,m here because the airfoil was rigidly
driven through its motion. If the airfoil hsd been
free to oscillate, it would have reached an equilibrium
amplitude, known as a limit cycle, in which a true
energy balance could have been achieved.

It should be emphasized that this discussion is
primarily applicable to isolated airfoils at high incidence angle. For many years it was believed that
these arguments could be applied to multiblade systems
as well, provided that the right scaling factor or
transformation variable could be found. To this end
(i<=s
M ·0.2

occur. Once the separation has taken place, recovery
can occur only ~hen the unfavorable conditions have

0.10,.----,-----,
- EXPERIMENT

been removed by a sufficiently large margin.
Conversely, at high frequency, the time lag effects
suppress the unfavorable effects and either no separa-

-0.01

tion or only partial separation occurs. In other
verds, the separation doesn't have a chance to occur

-0.20 '--_'-_.L...._"----'

at the top of the motion before the airfoil.has
returned to lower angles of attack.

0.10,-'---""'---,
~

We now turn our attention to some representative
unsteady moment loops t~~en from Ref. 22.62 which are
presented in Fig. 22.2.19. This figure shows the
effects of increasing the reduced frequency from
k = .112 to k = .450 for two mean angles of attack,
aN = 0 deg and aM = 15 deg. The solid curves are from
the experiment, and the potential flow theory predictions are shown as dashed curves for "I,! = 0 deg. At
this low mean angle of attack the theory and experiment
are in good agreement, and all of the loops, from low
ft'equency to high frequency, exhibit the' SBlUe general
behavior. However, at aJ.! = 15 deg, the low frequency
loops are badly distorted and exhibit a crossover
behavior, w]lile the high frequency loops behave more
like the theoretical loops. This crossover generally
occurs at or above the static stall condition, and it
"ill now be shown thst this behavior is the key to the
stall flutter phenomenon for isolated airfoils.
It was stated in the previous section that system
stability is related to .urk per cycle of motion, and
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Effect of Frequency and Mean Incidence
Angle on Moment Hysteresis Loops

a considerable amount of time and effort were
expended in searching for these quantities.
However, it has now been determined that other
mechanisms involving strong interblade interactions appear to be dominant in the flutter of
compressor blades under high aerodynamic loading.
This will now be discussed in the·next section.
22.2.3.4

Unsteady Cascade Aerodynamics at High
Incidence

The very early efforts to employ emplrlClsm in
the prediction of rotor blade flutter have already
been described above, and will not be referred to
again. Instead, the purpose of this section is to
document the recent and current efforts to develop
a more rational approach to the problem. To date
these efforts still involve some degree of empiricism in their implementation, but they represent a
significant, improvement over the stress rise-

flutter boundary approach of twenty years ago.
One approach that has yielded promising results
is that of Ref. 22.68. In this analysis the aerodynamic damping of a rotor blade is calculated on
the basis of an algorithm incorporating (at present)
isolated airfoil experimental data for separated
flow to modify otherwise unseparated analytical
predictions based on the best available cascade
theoretical analyses. Although this method has
obvious limitations in its present form the general
procedure is sufficiently flexible to employ any
valid aerodynamic input as, for example, the
unsteady loaded theory under development by Verdon,
et al. (Ref. 22.43), or the data being produced
by the test program described below.
Unsteady aerodynamic tests have been conducted
by the present author and his coworker in a linear.
subsonic Oscillating Cascade Hind Tunnel (OCHT) which
is shown schematically in Fig. 22.2.20. The
general characteristics of this facility are fully
discussed in Ref. 22.69 and only a brief description
will be given here.

Boundary layer slots are located ahead of the test
section on both sidewalls and on the tunnel ceiling and floor. The boundary layer air is evacuated
by means of an auxiliary vacuum pump. The main 10by 25-inch test section receives its air from
atmosphere through an upstream bellmouth and discharges downstream through two Allis-Chalmers centrifugal compressors. Inlet angle variations into
the test section are obtained by rotating the floor
and ceiling nozzle blocks about a pair of pivots
whose centers lie along the locus of blade leading edges.
The cascade configuration under test consists
of eleven blades, each of which has a chord of C =
6 Inches and a span of L = 10' inches. The airfoil
has a NACA 65 series profile with 10 degree camber
and a thickness-to-chord ratio of 0.06. The slant
gap, measured along the blade-to-blade stagger line
is T = 4.5 inches so the gap-to-chord ra;io is
T/C = 0.75.
The blade stagger angle, 81 , is
measured between the tangent to the blade mean camber line at the leading edge and the leading edge
locus line. Note that this angle is the complement
of NASA definition of blade angle. FinallY, the
blade inlet angle, 81 , is measured between the inlet
velocity V and the leading edge locus line.
The center airfoil of the cascade is heavily
instrumented with both miniature high response
pressure transducers and with hot film transducers.
Figure 22.2.21 shows the permanent locations of all
pressure orifices and the array of hot films at
the leading edge region used in the first series of
tests. The entire set of airfoils is driven coherently in a sinusoidal pitching motion with an
amplitude of a = ~2 degrees. The system is driven
by an electric motor through a series of timing
belts and pulleys. The direct drive to each
blade CUlminates in a four bar linkage which provides a sinusoidal motion with low harmonic
distortion.
HIGH RESPONSE } ON SUCTION

LOCATIONS OF PRESSURE

The test section of the OCHT is 10 inches wide
and 25 inches high, and is presently configured to
have 11 shaft-mounted blades in cascade, equally
placed along a line making a 30-degree angle with
respect to the tunnel floor. Hence, the sidewall
stagger of the OCHT is nominally 30 degrees.
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An initial experimental program was performed
at a free stream velocity of 200 ft/sec and an
incidence angle of aHCL = 8 deg (relative to the
mean camber line) at frequencies of 4.5, 11.0 and
17.1 cps, over a range in interblade phase angles
from a = -60 deg to +60 deg. The equivalent
reduced frequencies were k
.035, .086 and .134.

=
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At this incidence angle the blades were heavily
loaded but no actual stall was observed that was
comparable to the stall customarily experienced
on isolated airfoils. Indeed, the steady state
pressure distribution was devoid of any obvious
signs of stall, as seen in Fig. 22.2.22. Nevertheless, a strong instability was found to exist
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on examination of the imaginar.y part of the
moment coefficient (cf. Eq. (22.2.122)) or of the
integrated aerodynamic damping coefficient (cf.
Eq. (22.2.137)). Typical phase plane plots for the
three frequencies are shown in Fig. 22.2.23, and
the aerodynamic damping variation with interblade
phase angle is shown in Fig. 22.2.24. It is seen
here that the dominant parameter affecting stability is 0, the interblade phase angle. This is
reminiscent of the theoretical results for supersonic torsional flutter described in Figs. 22.2.9
and 22.2.10. In both cases the comparable isolated
airfoil results are found to be almost completely
inadequate.
Some insight into the mechanism of this interaction effect may be gained by a brief study of the
pressure time histories near the leading edge, which
are shown in Fig. 22.2.25 over a range of interblade
phase angles. The most revealing evidence here is
found in the right half of this figure for the 6.2
percent chord location. A comparison with Fig.
22.2.23 shows that the system is stable for 0 < _50
and unstable for 0 > _50, and an examination of
22-36
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Fig. 22.2.25 shows that the pressure lags the motion
for CI < _50 and leads the motion for CI > -50. Thus,
the pressure lead or lag, caused by interblade phase
angle variations, plays a key role in the system
stability. An even more interesting observation
may be made of the left half of Fig. 22.2.25 for
the 1.2 percent chord location. Here the dominant
effect of interblade phase angle variation appears
to be the transition from a predominantly first
harmonic response for CI ~ _300 to a strong second
harmonic response for CI ~ _50. The pressure deficit
in these latter cases occurs at peak incidence
angle and has all of the outward appearances of the
loss in suction peak associated with dynamic stall.
Some additional details of these and other results
will be found in Ref. 22.70. Additional tests are
currently underway as this d.ocurnent is being written
and a comprehensive report On all of these experimental results is expected to be pUblished by
Project SQUID in. the next year.
It is obvious that the work cited above represents only a small portion of the empirical
inVestigations currently underway (e.g., Refs.
22.71, 22.72, 22.73 and the Bibliography). It was
chosen for examination here primarily because of
the present author's intimate knowledge of this
work, but also because it represents an approach
that, while empirical, will be of use to the
theoretician. The direct measurement of unsteady
aerodynamic surface pressures or other load
variables is of immediate use in the modification
and implementation of eXisting aerodynamic theories.
Furthermore, the observations made in such experimental studies provide the necessary information
for the development of new and advanced theoretical
work.
22-37

22.3

STABILITY THEORY AND APPLICATIONS

The ultimate objective of any theoretical (or
experimental) study is generally to put its results
into practice. In the present instance the turbomachinery design system is the beneficiary of the
several flutter studies undertaken over the past
two decades. This section will focus on a single
funda.'nental paper (Ref. 22.8) "hich has made a
significant impact on the design system and which
has provided the design engineer with sufficient
constraints .to prevent the occurrence of flutter
and its attendant fatigue failtrres on both prototype hardware and flight hardware. This first
paper 1S now 10 years old, and the genesis of the
underlying theory is approximately 20 years old.
It represents the summary of a theoretical study
undertaken by the present author, first to identify
a type of flutter that was unknown on stiff, lowspeed blade-disk assemblies, and second, after
identifying the problem as one of coupled flutter,
to provide the designer with the necessary tools
to avoid this flutter in the future. The key to
identification of the phenomenon lay in the way in
which it manifested itself. Specifically, the
observed flutter occurred as a system mode involving participation of all flexible parts of the
rotor-disk-shroud combination, but it did not occur
as an integral order excitation. In other words,
with reference to Fig. 22.1.14, the Observed
behavior on the frequency-rpm plot would cut across
the radial order lines and follow the natural
frequency plots of the coupled system modes. As
seen in the first paper, discussed below, the
unsteady aerodynamics used was Theodorsen's
incompressible, flat plate, isolt,ted airfoil
theory, largely because it was the only theory

available that could be implemented easily and at
low computer cost. Furthermore, it worked well
enough to both identify and predict the phenomenon,
at least at first, to warrant its continued use.

I

I
I

I
I~

In the last section of this chapter a
design applications paper (Ref. 22.10) will be surveyed. Here it is shown_that use of this coupledblade-disk-shroud tc£ory together with advanced
unsteady aerodynamic analyses has provided the
designer with the necessary analytical tools to
create a design system that prevents flutter at
supersonic speeds and at the design condition.
~mny more problems remain to be solved, including
supersonic stall flutter in the bending mode, and
subsonic and transonic stall flutter in the torsion
mode. It is hoped teat advances can continue to
be made and that ultimately these problems can
also be removed from the engine operating range by
design.
22.3.1

I

--- -----t--i--I

I
I
I
I

I
I
a) TWO NODAL DIAMETER PATTERN

COUPLED BLADE-DISK-SllROUD THEORY
\

The Vibratory mode shapes which can exist on
a rotor conSisting of a flexible blade-disk-shroud
system are well known to structural dynamicists
in the turbomachiner? field and a detailed discussion of these modes is beyond the scope and purpose
of this section. Although both concentric and diametric modes can occur, the latter are the only
system modes which are of interest. These di~netric
modes are characterized by node lines l?ing along
the diameters of the wheel and having a constant
angular spacing. Thus, for example, a two-nodaldiameter mode would have two node lines intersecting normally at the center of the disk, and a
three-noda1-diameter ",ode would have three node
lines intersecting at the disk center with an
angular spacing of 60 deg between adjacent node
lines (see Fig. 22.3.1). These diameteric modes
are the physical embodiment of the eigensolutions
of the system, and it can be shown, using standard
structural dynamics techniques, that the system
frequency for each mode is primarily a function
of the physical distribution of the system mass
and stiffness and is only slightly affected by the
rotation of the system. Thus the system frequencies
do not necessarily coincide with integral multiples
of the rotor speed, and in fact, such coincidences
of frequency are avoided for the lower frequencies
if possible.
With the advent of the turbofan engine in the
early 1960's a number of instances of nonintegra1
order vibrations at high stress occurred in both
engine and test rig cor.:pressor rotors. The stage
affected was invariably the front fan which consisted of high aspect ratio blades having part-span
shroud supports. The stress levels reached in a
number of these caSes \tere sufficiently high to

severely limit the safe operating range of the
compressor. Attempts to relate these vibrations
to the stall flutter phenomenon or to rotating
stall essentially failed, largely because the vibrations often occurred or. or near the engine operating line. Subsequent analysis of these cases
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Typical Diametric Node Configurations

revealed that the observed frequencies of these
instabilities correlated well with the predicted
frequencies of the coupled blade-disk-shroud motion
described previously. In view of the available
information, it appeared likely that the coupled
motion res:llted in a system instability, even under
potential flow conditions.
The object of this study is to explore the
underlying mechanism of this instability and to
show that under certain conditions of airflow and
rotor geometry this coupled oscillation is capable
of extracting energy from the airstream in sufficient quantities to produce an lmstable vibratory
motion. To do this, reference is first made to
Fig. 22.1.6 which shows the coordinate system of
the airfoil under consideration. Once again use
will be made of Eqs. (22.1.19) and (22.1.20) to
represent the complex, time-dependent unsteady
lift and moment per unit span, which are repeated
3 2
l = lR + ill = 7Tpb w [ Ahh +Aa

a]

(22.3.1)

4 2
M=M R + iM r = 1Tpb w [Shh+Ba U

)

(22.3.2)

here for completeness. In these e~uations the
quantities Ah , Ao., ~, Bo. represent the lift due
to bending, the lift due to pitch, the moment due
to bending and the moment due to pitch, respectively.
They may be taken from any valid aerodynamic theory
from the incompressible isolated airfoil results
of Theodorsen (Ref. 22.13) to the supersonic
cascade results of Verdon (Ref. 22.12). In the
paper being reviewed here (Ref. 22.8), it was
expedient to use Theodorsen's theory whereas in the
next section it is shown that application to the
design system requires the more complete theoretical
representation of Verdon. At present, though, the
development will use the notation Ah, Aa, Bh, Ba
and consequently will be completely general.
lt is well kno,m from unsteady aerodynamic theory
that the forces and moments acting on an oscillating
airfoil are not in phase with the motions producing
these forces and moments. A convenient representation of this phenomenon is obtained on writing the
unsteady coefficients in complex form as Ah = AbR +
iAhI' etc., and the tine dependent displacements as

h=

hR + ihI

_ iwt _
_
=h cos wt + ih sin wt

= he

where, in general, it has been ansumed that the
torsional motion leads the bending motion by a phase
!l.I1gle, e. In this equation ii and ;:; are the dimensionless amplitudes of the motion in bending and torsion,
respectively.
The differential work done by the aerodynamic
forces and moments in the course of this motion is
obtained by computing the product of the in-phase
components of force and differential vertical displacement and moment and differential twist. Accordingly, the work done per cycle of motion in each
mode is obtained by integrating the differential work
in each mode over one cycle. The total work done
per cycle of coupled motion is given by the sum

The line integrals over one cycle of motion are

equivalent to an integration over the range 0 $: wt $.
2rr; after the indicated integrations in Eq. (22.3.5)
are performed and the equation is simplified the total
work done on the system is given by
W

TOT

= .7T 2 p b4 w 2 { Ahl h 2 + [(A OR -B hAl sin 8
+(A al +8hr 1coS8] uti +Bor a

To compute these integrals, ~ and ~ are obtained from Eqs. (22.3.1) and (22.3.2), the real parts
of Eqs. (22.3.3) are differentiated, and these
quantities are substituted into Eq. (22.3.4) to yield
W
-

TOT

(22.3.6)

}

In this equation, "ne quantities A'I and BaI represent
the damping in bending and the dam~lng in pitch,
respectively. For an isolated airfoil oscillating at
zero incidence in an incompressible flow, both of
these damping terms will be negative and hence will
contribute to the stability of the system. For cases
involving aerodynamic inputs other than those for an
isolated airfoil at zero incidence in incompressible

flow, the situation may be considerably altered.
The sign of the cross-coupling term in
Eq. (22.3.6) (the term enclosed by the square brackets
and multiplied by the product afi) is ~trongly
dependent on the phase angle between the motions, e.
In the usual classical flutter analysis, the phase
angle remains an unknown until the end of the calculation, at which time it may be evaluated as an output
quantity. For the confisuration presently under consideration, however, the physical constraint of the
structure on the mode ~hape fixes a to be a specific
input quantity, as will be shown below. This quantity
within the square brackets is dominant in specifying
regions of unstable operation.
It is shown in Ref. 22.8 that for the specific
case analyzed therein the bending motion leads the
torsion motion by 90 deg, so e = -rr/2. An intuitive
demonstration of this result is presented in
Fig. 22.3.2. Here it is shown that at the nodal
points in the disk or shroud rim the blade will
experience maximum twist with no nonnal displacement,
whereas at anti nodes in the rim the blade will have
no twist, but will experience maximtm normal displacement.

NOTE: U DENOTES UPPER SURFACE
L DENOTES LOWER SURFACE

(22.3.4)
where the minus sign is required because Land hare
defined to be positive in opposite directions. It is
important to note that in Eq. (22.3.4), positive work
implies instability since these equations represent
work done by the air forces on the system.

2

7

7

7

7

7

7

,I UNDEFLECTED ROTOR
DIRECTION OF
ROTATION

bl DEFLECTED ROTOR

=

4 2
7T p b w

{hf [AhR iicos wt - Ah1ii sin wt

+ AOR 1Icos(wt +8l-A 01 IT sin(wt+8ljsin wtd(wt)
+ a frBhA h cos wt -BhIh sin wt + BOR 11 cos(wt + 8)
-B Ol 11 Sin(wt+8)] sin(wt +8)d(wt)}

Fig.

(22.3.5)
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22.3.2

Torsion and Bending Hotions Caused by
Coupled Blade-Disk-Shroud Interaction

The value of the phase angle, e = -tr/2, may now
be substituted into Eq. (22.3.6) and the resulting
two-dimensional aerodynamic work per cycle at each
spanwise station reduces to
WTOT

= 7T 2 pb

2

2f

2

-2

U Lk AhI h

2
2) 2
- 2]
- ( k AQR - k BhR a h + k BaI a

"here k " bw/U is the reduced fre Qu ncy pa ameter.
2
2
2
TJle use of the combinations k A ,}; A R' k B R' and
hI
k B I is dictated by convenience and ~y the Rvailabil~ty of the aerodynamic coefficients in this form.
Equation (22.3.7) is an expression for the twodimensional aerodynamic work per cycle at any arbitrary span station) say at radius r, as measured from

the engine centerline. The work done on the entire
blade is obtained by integrating Eq. (22.3.7) over
the blade span, from the root, at r " ro' to the tip,
at r " rT' and after normalizing the deformations,
h and a, with respect to the tip bending deflection,
Ii.r, this gives

entire blade-disk-shroud system to the average
kinetic energy of vibration of the system may be
made and this "ill be equal to the logarithmic decrement of the system. First, however, the normalized
aerodynamic work per cycle obtained for one blade in
Eq. (22.3.8) must be multiplied by the number of
blades on the entire disk, n, and then by the proportionality factor, 1/4, from Eq. (26) in
Ref. 22.8. The result is
-

8=-

nW/h T

2

(22.3.9)

"here ~/hT2 is the average kinetic ener!?, of the
system, also normalized with respect to hT2, and "here
a positive value of 6 represents stable operation.
Equation (22.3.9) yields an absolute measure of system stability which is independent of relative amplitudes. Hence the results obtained may be used to
evaluate both the absolute stability of a particular
configuration and the relative stability between two or
more configurations.

It was stated earlier that the stability of the
system was related to the algebraic sign of the work
expression; i.e., positive aerodynamic work implies

instability and negative aerodynamic work implies
stabili ty. As sho;m in Eq. (22.3.8), the aerodyn91nic
"ork done on the system is a dircct function of the
squares and products of the oGcillatory amplitudes
"hlch are ordinarily obtained from a numerical solution of the characteristic equation for the vibratory
system. It is well known from elementary vibration
theory that the results of such a calculation are
given in the form of relative amplitudes rather than
absolute amplitudes. Therefore, the aerodynamic
work can only be calculated on a relative basis and
in its present form it cannot be used to predict
either the absolute stabllity level of a particular
configuration or the relative stability levels between
t"o configurations. Since one of the objects of
this analysis is to devise a prediction technique that
"ill permit the evaluation of al terna ti ve rotor
designs from the standpoint of system stabUi to', the
theoretical devclopment must now be extended to overcome this deficiency.
In addition to the relative amplitudes of motion,
the structural dynamics computer program also calculates the average kinetic energy of vibration of the
entire blade-disk system, based on the relative
amplitudes of motion. It is shown in Ref. 22.8 that
for a simple, linear, spring-mass-dashpot system,
the ratio of damping "ork per cycle to average
kinetic energy is proportional to the logarithmic
decrement of the system, which is independent of the
absolute amplitudes of the system. A comparable
ratio of the aerodynamic "ork done per cycle on the
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To illustrate the use of this theory the stability characteristics of a typical rotor were investigated. The input quantities for usc in Eq. (22.3.8)
"ere obtained both from experiments and analytical
studies conducted on an actual rotor at a given rpm.
These data consisted of: (a) the geometric parameters
for the configuration, "CH' b, r , r , and n; (b) the
T
steady-state aerodynamic parametgrs, p and U; and

(c) for each prescribed disk nodal diameter pattel'n
and blade mode, the relative amplitudes of the blade
deformation components, fi, a, the average system
kinetic energy,

KE)

and the system natural frequency,

woo For each nodal diameter both fi and u were then
normalized with respect to the tip bending deflection,
and are plotted in Fies. 22.3.3 and 22.3. 11 as
func-cions of the dimensionless spanwise variable n,
defined by

hr'

(22.3.10)
In both of these figures the shroud location at n "
0.653 is indicated by short tic-mm'ks on each curve.
The dynrunic system chosen for analysis in
Ref. 22.8 consisted of a blade-disk-shroud configuration in which the blade oscillates in its first bending
and first torsion modes, and the overall system vibration modes encompass 2 through 8 nodal diameters.
Figures 22.3.3 and 22.3.4 contain the spanwise variations of bending deflection and blade twist, both
normalized with respect to the bending deflection at
the blade tip for the specific nodal diameter under
consideration. ,'igure 22.3.3 sho"s that as the number
of nodal diameters increases, the bending mode shape
Wldergoes a consistent change in vrhich the

deformation of the tip region, outboard of the shroud,
increases relative to the inboard region. In Fig.
22.3.4, however, it is seen that the torsional content
of the vibration (relative to the tip bending) first

A very revealing and informative plot is shown
in Fig. 22.3.5, in which only the tip value of the
normalized deformation ratio, (;/hT)T' has been
plotted as a function of frequency. ~i~ figure
indicates a very strong variation of (a/hT)T with
the number of nodal diruneters (i.e., with natural
frequency); it is relatively small at both small
and large nodal diameters and reaches a maximum
value at approximately 4 or 5 nodal diruneters.
Thus, it appears that torsion-bending coupling is
a maximum for intermediate nodal diruneters, with
a predominantly bending motion occurring at either
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increase in coupling for interme-

diate nodal diameters may be regarded as either a
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22.3.5

Variation of Blade Tip Deflection
Ratio with Frequency
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STATION, ."

Spanwise Variation of Twist Distribution Normalized with Respect to Tip
Bending Deflection for Each Nodal
Diameter

increases and then decreases with increasing number

of nodal diameters. This suggests a variable amount
of coupling between bending and torsion as the
system mode changes from one nodal diruneter to
another. Furthermore, the major change in twist
distribution for each curve occurs over the portion

of the blade inboard of the deformed shroud, which
imposes a twisting moment on the blade as a result
of this deformation. Hence, the presence of a
deformed shroud produces the coupling between blade
twist and bending, and the degree of this coupling
is modified by the diametric modal pattern.
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It is noted in Ref. 22.8 that the measured
velocities in the region of the rotor blade tip
are generally in excess of 1000 ft/sec. Although
these velocities are rather large, the unsteady

incompressible flow theory from Ref. 22.13 was
used to make the analysis amenable to parametric
variation. As stated earlier, the purpose of the
analysis in Ref. 22.8 was to understand the
mechanism of this coupled flutter phenomenon, and
to achieve that end, only the simplest of aerodynamic inputs are considered herein.
The stability analysis of the rotor system for
any given nodal pattern was performed by calculating
the spanwise variation of the reduced frequency
parameter, k, and using this to obtain the spanwise
variations in the unsteady aerodynamic coefficients, k2~I' k 2AaR , k 2BhR , k2BaI whlch are
functions of k. These quantities were then

inserted into Eq. (22.3.8) together with the
normalized mode shapes and other spanwise variables

and integrated numerically. Finally, the logarithmic decrement, 6, was computed from Eq. (22.3.9)
for each nodal diameter (2 through 8) at the
resonant frequencies appropriate for each case.

Results of these stability calculations are
found in Fig. 22.3.6. The natural frequency in
each case is denoted by the circled point. System
stability is indicated by positive values of 0 and
instability is indicated by negative values of 6.
It is seen from this figure that the system is
stable for the 2, 6, 7, and 8-nodal-diameter
modes and is unstable for the 3, 4, and. 5-nodaldiruneter modes, 1-dth minimum stability (i.e.,

maximum instability) occurring at four nodal
diameters. A comparison of Fig. 22.3.6 with Fig.
22.3.5 reveals a strong correlation between maximum system instability and maximum torsionbending coupling, represented in Fig. 22.3.5 by the
maximum values of (a/~)T at 4 nodal diameters.
Similar results have been obtained for a number of
rotor configurations which were analyzed using
these procedures.

Thus it was tentatively con-

cluded that the greater the degree of coupling
between torsion and bending in a shrouded rotor,
the greater is the likelihood of a coupled flutter
instability. The ability of this theory to predict the flutter boundary of actual turbomachine
rotors is discussed in the next section.

meeting appeared as a collection of papers published in the April 1975 issue of the Journal of
Aircraft (Ref. 22.74). It is interesting to note
that of the 39 papers presented at the meeting,
no more than 3 or 4 dealt with the design aspects
of flutter prevention. ~bis is indicative of two
facets of the flutter design procedure currently
employed. The first is that i t is limited in its
usefulness to only those problems that are amenable
to direct analysis, as will be seen presently. The
second is that it remains a proprietary item to
virtuallY all of the large engine manufacturers.
Therefore, the discussion of this section will be
limited by these constraints to material available
only in the open literature.
To begin with, it is useful to review briefly
the scope of the paper by Mikolajczak and his
coworkers (Ref. 22.10) that was presented at the
Monterey Symposium. The paper first discusses
the flutter prediction model which utilizes the
energy method of Ref. 22.8 (examined in the previous secti,on). The work pel' cycle is extended
somewhat by the inclusion of the material and
structural dynamic damping of the system, by noting
that flutter occurs when
0total =

where

0
~-

z

0
0

0.05

Ir

u

w

0

0

u

O'~

~

0
0

~

g

~STABL£

0

-0.05

23

-0.10

300

22.3.2

± 27TN/n

(22.3.12)

STABL(

0:

Fig.

However, for a conservative

prediction it is customary to assume that
6mechanical = O. Next the paper examines the
various possible mode shapes and frequencies.
It is noted that for a rotor with n blades
vibrating in a N nodal diameter pattern, the
interblade phase angle will be

eo OlO
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6 represents the logarithmic decrement for

each damping source.
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with the algebraic sign dependent on whether the
wave is traveling forward or backward on the rotor.
I t is further stated that both forward and backward
waves must be analyzed for flutter prediction to
determine the least stable mode. The paper then
goes into various methods to predict and to measure
the system mode shapes and frequencies to ensure

•

.500

Variation of Logarithmic Decrement
with Frequency using Isolated Airfoil
Theory from Ref. 22.13

ROTeR APPLICATIONS

A Symposium on Propulsion System Structural
Integration and Engine Integrity was held in
September 1974 at the Naval Postgraduate School,
Monterey, California. The proceedings of this

accuracy in the final analysis.
In a section on unsteady aerodynamics, the
paper discusses the characteristics and symptoms
of the several flutter problems illustrated by
Fig. 22.1.2. However, the emphasis here is placed
on supersonic unstalled flutter and most of the
remainder of the paper is devoted to this problem.
This situation is defined to exist if a self-excited
vibration of the blades in a rotor occurs when the
rotor inlet flow relative to the blades is supersonic over a significant portion of the blade
span and the internal passage flow is unstalled.
This flutter exhibits the following characteristics:

1) The boundary is a limit on high-speed
operation as shown in Fig. 22.1. 2.
2) Supersonic unstalled flutter is not related
to an off-design aerodynamic condition but can occur
at the design point.
3) Strain-gage records show that prior to
flutter each blade in a rotor may be vibrating 'at a
low stress level at its own natural frequency, but
when flutter is encountered and the stress level
becomes significant, all blades flutter at the same
frequency with a constant interblade phase angle
between the blades. Thus, there is a traveling
wave which rotates with respect to the rotor.
4) The onset of the flutter is characterized
by a sudden increase in blade stress at a natural

mode frequency.

It has been observed that the stress

boundary is very steep; however, because of mech&nical
damping and nonlinearities in the system, a cata-

strophic failure does not occur and it is possible
to obtain some data during flutter.
5) Flutter stress is reduced as the fan pressure
ratio is increased at a constant speed.

Hence, the

most critical requirement is to predict the onset
of flutter at the low pressure ~atios.
The unsteady aerodynamic forces.calculated using
the linearized supersonic and compressible subsonic

analyses of Refs. 22.12 and 22.41 can be used for
the prediction of the unstalled supersonic flutter
boundary for high speed fans with part-span shrouds.
Vibrational mode shape calculations show that for
such fans only the outer 50 to 60 percent of the blade
contributes significantly to the unsteady aerodynamic work. This is the portion of the rotor
blade where the relative inlet flow is supersonic,
blade camber is low, blades are thin, and at low
pressure ratio the steady state shocks are weak.

TABLE 1

Rotor A
Tip Speed

Rotor A was designed to experience supersonic
unstalled flutter in the second mode when the relative inlet Mach number was greater than 1.4. Rotor
B was an 1800 ftlsec tip speed NASA fan stage which
was designed to be flutter free. The aerodynamic
damping of both rotors was calculated using the
equations developed in Ref. 22.8 and subsequently
modified for actual use in the deSign applications.
Spanwise integration of the work term was carried
out over the portion of the blade where the relative inlet Mach number was greater than 1.1. For
both rotors, the first three vibrational modes were
analyzed to identify the least stable mode.

/

The rotor design is summarized in Table 1. The
blade aspect ratio, part-span shroud location and
thickness dist.ribution were chosen so that unstalled
supersonic flutter would occur in the second mode.
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Rotor B

1800 ftlsec @ 1800 ft/sec @
15,000 rpm
12,464 rpm

Hub to tip ratio
I,speet ratio based
on root chord
Part-span shroud
position

0.38
4.00

0.50
2.87

50%

65%

The rotor experienced supersonic unstalled flutter
at 13,290 rpm while accelerating along a low
pressure ratio operating line. Flutter occurred in
the second mode with a four-nodal diameter vibrational pattern.
The predicted aerodynamic damping for the least
stable nodal diameters of the first three vib~a
tional modes of the rotor is given in Fig. 22.3.7.
The calculated values sho\] that, for 10\/ pressure
ratio operation at this rotor speed, the second
coupled mode is the least stable Mode. The aerodynamic damping of the least stable vibr~tional
mode is negative.

Since flutter occurs when the

sum of the aerodynamic damping and mechanical
damping equals zero, n negative value of aero-

dynwnic

dam~ing

is necessary before flutter will

occur in a rotor where mechanical damping is

present.

4.0r--------------------------------,
ROTOR FLUTTERED IN SECOND MODE
3 AT FOUR NODAL DIAMETERS

;

The supersonic unsteady analysis and a coupled

blade-disk-shroud vibration analysis have been used
successfully to calculate the aerodynamic damping
and hence the susceptibility to flutter of high tip
speed fan rotors. Detailed comparisons of predictions with experimental data were given for two fan
rotors (Rotors A and B) and an overall comparison
Was made for four additional rotors.
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1

2.0

Cl

z

MODE 1

tf

Ii:
:;:
<tN

o

0

:;:
<t
Z

0

~ ~
0:
UJ

STABLE

O~------------------------------~
5
UNSTABLE
MODE 3

>- <t
goo
0:
UJ

<t

?

2qf 4

4

3

·2.0 f-MODEV

·4.0

L-:-_ _-1-:-_ _-:.l-I_ _-1-:-_---,~

0.2

0.3

0.4

0.5

0.6

REDUCED FREOUENCY. K

Fig.

22.3.7

Damping Predictions for Research
Rotor at Flutter Speed

The sensitivity of aerodynamic damping to rotor
speed is shown in Fig. 22.3.8. The rotor has been
analyzed at three different rotor speeds, the lowest
being where the least stable nodal diametel' in the
second mode has nearly zero aerodynamic damping. It
can be seen that susceptibility of the rotor to
flutter is reduced when speeds are lowered. The
amount of mechanical damping in this rotor has not

4,0 I-

(!l

2,0 '-

~:;:
..:

o

z

>-

11,500 RPM 0 ~
O~U~N~S=T~A~B~L~E------------~~~--·~~~J-~

STABLE

:E 0

..:

0:

W

..:

~<O

..:

P

10,500 RPM "'-....

o ><

-2,01-

13,290 RPM

\J

22.3.8

~

______L __ _ _ _

0,3

REDUCED FREOUENCY, K

Fig.

______

~

STABLE
OL-____

-"'1.-_--1
0,5
0,6

. 1 . . - '_ _

~

0,2 -

-4,0'---_ _...1-_ _ _
0,2
0,3
0.4

1,1

REDUCED FREOUENCY, K

Fig.

Second Mode Damping as a Function
of Rotor Speed

been !neasured, but estimates based on material
damping alone indicate that it could be as' high as
0.02. At this level of damping, the predicted rotor
flutter speed would be 5 percent lower than the
actual speed at which flutter occurred. If we
assume that the total mechanical damping (material
~.amping and frictional damping at part-span shrouds
and rotor root attachments) is approximately 0.03,
then the predicted and the actual rotor speed et
which flutter occurred match exactly, These comparisons show that the analysis predicts accurately
the least stable flutter mode. However, it is conservative in predicting the rotor speed at which
flutter occurs if the mechanical damping is assumed
to be no greater than that due to the material hysteresis damping alone.

Rotor B was designed to be flutter-free; its
design is also summarized in Table 1. This rotor
was tested successfully to 12,461. rpm and no supersonic unstalled flutter was observed. Figure
22.3.9 shows the results of analyzing the rotor at
the maximum speed condition. All modes are calculated to have positive aerodynamic damping at this
most severe condition. It can be seen that the
design is optimized insofar as all the vibrational
modes exhibit the same aerodynamic damping at this
rotor speed. The high positive aerodynamic damping
shows this fan to have been conservatively designed.
Other rotors were also analyzed using the
procedures described above with comparable success.
These included both shroudless and single and double
shrouded fan stages, and the results are summarized
in Ref. 22.10.
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22.3.9

Damping Prediction for NASA
1800 ft/sec Rotor at 100% Speed

A comparable but some;rhat more limited
discussion of design applications in the supersonic regime is presented by Halliwell in Ref. 22.75.
In general, he shows results that are similar in
most respects to those of Ref. 22.10, even to the
extent that the correct system mode is predicted to
be unstable, but that the instability usually occurs
at a lower nodal diameter value than is usually predicted (cf., Fig. 22.3.7). 1'his particular reference is interesting in that it examines the spanwise distribution of energy in the various components
of the work integral and clearly shows that: 1)
the dominant contribution to instability is from
the coupling term, 2) the dominant contribution to
stability is from the bending term, and 3) the bulk
of the energy in all three terms is concentrated
in the outer 15 percent of the span.
Finally, we return to Ref. 22.10 to summarize
its discussion of stalled flutter. This phenomenon
usually occurs near the compressor surge line, and
is identified by an increase in flutter stress
(usually in the torsion mode for subsonic flow and
in the bending mode for supersonic flow) as
pressure ratio is increased along a constant speed
line (cf., Fig. 22.1.2).
There are no experimental data available to
indicate whether at the onset of flutter the flow
is fully attached along the blade suction surface
or is separated during part of the blade oscillation or is separated during the entire blade
oscillation. Time-averaged flow measurements taken
recently in a research fan stage during stall
flutter have shown tlmt aerodynamic losses behind
the rotor did not increase measurably as the flutter
boundary was crossed. Hence, it does not appear that
a large portion of the blade was stalled duringflutter. Furthermore in some instances the stall flutter boundary has been observed to occur near maximum

compressor efficiency indicating that stalling is
not an essential condition for "stalled" flutter,
although it could be the most severe condition.
Indeed, it appears that a more accurate terminology
to describe this phenomenon would be loaded cascade
flutter.

22.4

Dimensionless distance of elastic axis
aft of midchord, in semichords, Eq.
(22.1.6) or speed of sound, ft/sec,
Eq. (22.2.22)

a,b

Cascade parameters, Eq. (22.2.69)
Influence coefficients, aerodynamic
moment per unit deflection, Eq.
(22.1.21)

Some efforts have been made to include the
effects of blade loading on cascade aerodynamic stability. One of these, described more fully in
Ref. 22.10, is an incompressible, unsteady flow analysis for small turning which was used in combination
with the coupled blade-disk-shroud stability analysis
to calculate the predicted aerodynamic damping for
the first three vibrational modes of a number of
shrouded fan stages operating at part speed. The
second mode was predicted to be the least stable,
and flutter was observed to occur in the second
mode in all cases. However, no instability was
actually predicted because the aerodynamic damping
in the least stable mode, although small, remained
positive even when the incidence was increased past
the measured values. Hence, it does not appear that
an incompressible, unsteady analysis for cascades with
low flow turning can be used to accurately model the
unsteady flowfield present during the "stalled" type
of flutter.
At this writing, the loaded subsonic theory of
Ref. 22.43 has not yet been completed and its use in a
design analysis must necessarily take place at some
time in the future. It is felt that this approach
ultimately offers some hope in providing the
designer with an analytical prediction technique
that is sorely needed. In the interim he must rely
on a combination of empiricism and approximation.
Also at this writing, no progress is known to
have been made in an analysis of the supersonic
stalled flutter instability in the bending mode.
The conditions to be modeled in this probler,l
include high back pressure and strong, curved shocks
both within and ahead of the blade passages, a combination that is much too formidible for the current
state of the art.

a

b

Airfoil semichord, ft, Eq. (22.l.1)

C

Damping coefficient, lb-sec, Eq.
(22.2.l23), or force coefficient
matrix, Eq. (22.2.85)
Critical damping, Ib-sec, Eq.
(22.1.44)
Force coefficient due to given motion,
Eq. (22.2 .85)

Noment coefficient, Eq. (22. 2 .104 )
Homent coefficient due to given motion,
Eq. (22.2.85)
Normal force coefficient, Fig. 22.2.18
Work coefficient, Eq. (22.2.l22)
Aerodynamic damping, lb-sec, Eq.
(22.1.42)
C{k)

Theodorsen circulation function,
Eq. (22.1.8)

c

Chord.length, ft, Eq. (22.l.3)

D

Cascade parameter, Eq. (22.2.98)

F

Aerodynamic force per unit span, lb/ft,
Eq. (22.2.60)
Real part of Theodorsen function, Eq.
(22.1.8)

LIST OF snmoLS

Note: Equation numbers refer to the defining
relationship or to the first use of the given symbol.
Multiple definitions are given for multiple use of
symbols.

A

Disturbance amplitude function, Eqs.
(22.2.27) and (22.2.l0l)

F,G

Compressible cascade functionals,
Eq. (22.2.l02)

f

Frequency, cycles/sec, Fig. 22.1.14

G{k)

Imaginary part of Theodorsen function,
Eq. (22.1.8)

g

Upper limit of integration, Eq.
(22.2.31)

In·fluence coefficients, aerodynamic
lift per unit deflection, Eq. (22.1.21)

A,B,D,E,
A,B

Coefficients in the equation of motion,
Eq. (22.1.25)
/ Matrices in Eq. (22.2.82)
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Hankel functions, Eq. (22.l.9)
h

Dimensionless bending deflection of
elastic axis (or rctation point) in
semichords, positive downward, Eq.
(22.1.4)

2
1,,= Jr dm
.±

q

Dynamic pressure, Ib/ft 2 , Fig. 22.2.22,
or blade vertical translation, ft/sec,
Eg. (22.2.79)

R

Radius function, ft, Eg. (22.2.28),

I·lass moment of inertia about elastic
axis, slug ft 2 , E~. (22.1.5)
E~.

Io,n

Influence functions,

(22.2.99)

K

Kernel function, E~s. (22.2.42) and
(22.2.77), or semi-infinite series,
E~. (22.2.101)

or dimensionless function, Eq.

(22.2.91)
l'

E~.

K
a

Possio Kernel function,

Kl

Kernel function,

KE

Average system kinetic energy, ft-lb,
E~. (22.3.9)

Kh

Bending spring stiffness, Ib/ft,
(22.1.4)

E~.

K"

Torsion spring stiffness, ft-lb,
(22.1.5)

E~.

k=bw/V

Reduced

k

Compressible reduced
(22.2.93)

k

Function defined by

L

Lift, positive up, Ib,

E~.

(22.2.87)

(22.2.88)

fre~uency, E~.

Chordwise coordinate relative to elas_
tic axis, positive aft, ft (used in
definition of S" below), or radius,
ft, Eg. ( 22. 3 .10 )

Radius functions, ft, Egs. (22.2.89),
(22.2.90)
Radius of gyration about elastic axis,

ft, Eg. (22.1.28)
Static moment about elastic axis, slug
ft, Eg. (22.1.4)

(22.1.1)

s

Cascade gap, ft, Fig. 22.2.2, or
La-lJlace transform variable, Eq.

~,

L"

fre~uency,

E~.

(22.2.47)

E~.

T

Disturbance period, sec, Eg. (22.1.2),
or time, sec, E~. (22.2.27)

t

Time, sec, Eg. (22.1.10)

u

Free stream velocity, ft/sec,
(22.2.1)

(22.2.33)
E~.

Lift influence functions,

(22.1.6)
E~.

(22.1.18)

E~.

Ll, L2

Lift functions, Eg. (22.1.49)

u

M

Moment about elastic axis, positive
nose up, ft-lb, Eg. (22.1.7), or Mach
number, Eg. (22.2.22)

Perturbation velocity, ft/sec, Eg.
(22.2.54), or function defined by
Eg. (22.2. 1'3)

v

Free stream velocity, ft/sec, Eg.
(22.2.1), or auxiliary function, Eg.
(22.2.67), or normal. velocity distribution, Eg. (22.2.101)

Mh , M"

Moment influence function, Eg. (22.1.18)

M1 , M2 , M3

140ment functions, Eg. (22.1.30)

m

Wing mass per unit span, slug, Eg.
(22.1.4), or blade number, Eg.
(22.2.62)

N

Propagation velocity, ft/sec, Eg.
(22.2.107)

Rotor speed, rpm, Fig. 22.1.14, or
number of nodal diameters, Eg.
(22.3.12)

n

Blade number, Eg. (22.2.88) or number
of blades in rotor, Eg. (22.3.12)

P

Modified relative pressure,
(22.2.95)

v

Induced vertical velocity, ftlsec,
Eg. (22.2.64)

W

Work per cycle,

w

Downwash velocity, ft/sec, E~. (22.2.1)
or transverse gust velocity, ft/sec,
E~. (22.2.79)

w'

Function defined by

ft~1b, E~.

(22.2.103)

E~.

l'

Pressure, Ib/ft 2 . Eg. (22.2.3)

Qh

Generalized force in bending mode per
unit span, Ib, Eg. (22.1.4)

Q"

Generalized force in torsion mode per
unit span, ft-lb, Eg. (22.1.5)

E~.

(22.2.33)

Fre~uency ratio used in flutter solution, F'ig. 22.1.9
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Location of center of gravity relative
to elastic axis, positive aft, ft,
Eg. (22.1.27)

x

Dimensionless ehordwise position in
semiehords, positive aft, Eq. (22.2.1)

Dimensionless aerodynamic damping, Eq.
(22.2.136)

Cascade parameters, Eq. (22.2.96)

Aerodynamic damping, ft Ib, Eq.
(22.2.132), or cascade stagger angle,
deg or rad, Fig. 22.2.2, or dimensionless chordwise coordinate in semichords, positive aft, Eq. (22.2.2)

Distance from blade 1. e. to pi tehing
axis, Fig. (22.2.8)
Vertical coordinate, positive up,
ft, Eq. (22.2.1)

Air Density, Slug/ft 3 , Eq. (22.1.6)

Angular deflection about elastic axis
(or rotation point), positive nose up,
rad or deg, Eq. (22.1.4)

a

Interblade phase angle, positive forward, deg or rad, Eq. (22.2.91)
Cascade gap, ft, Eq. (22.2.86)

Southwell stiffness parameter, Eq.
(22.1.58) or interblade phase angle,
positive forward, deg or rad, Eq.
(22.2.62), or compressible function
~, Eq. (22.2.86)

a*1
r

y

Disturbance potential, ft 2 /sec, Eq.
(22.2.44), or velocity potential, Eq.
(22.2.92)
Acceleration potential, (ft/sec)2,
Eq. (22.2.22), or modified velocity
potential, Eq. (22.2.94)

Cascade stagger angle, deg or rad,
Fig. 22.2.11
Airfoil bound circulation, ft 2 /sec,
Eq. (22.2.7), or circulation matrix,
Eq. (22.2.82)

n

Rotor angular velocity, rad/sec, Eq.
(22.1.58), or interblade function,
Eq. (22.2.97)

Damping ratio, Eq. (22.1.45), or
vorticity distribution, ft/sec,
Eq. (22.2.2)

IT

Auxiliary function, Eq. (22.2.12)

w

Oscillatory frequency, rad/sec, Eq.
(22.1.1), or reduced frequency based
on -full chord, Eq. (22.2.93)

Logarithmic decrement, Eq. (22.3.9)
Free vorticity, ft/sec, Eq. (22.2.51)
Vertical coordinate, ft, Eq. (22.2.27)

n

Chordwise coordinate, Eq. (22.2.64) or
dimensionless spanwise station, Eq.
(22.3.10)

Natural modal frequencies, rad/sec,
Eqs. (22.1.14), (22.1.15)
No flow frequency, rad/sec, Eq.
(22.1.40)
Frequencies used in Southwell Theorem,
rad/sec, Eq. (22.1.57)

Phase angle between torsion and bending, rad, Eq. (22.1.11), or cascade
stagger angle, deg or rad, Eq.
(22.2.91)

Compressible reduced frequency, Eq.
(22.2.49)

Auxiliary function, Eq. (22.2.17)
Disturbance wavelength, ft, Eq.
(22.1.2), or reduced frequency based
on full chord, Eq. (22.2.72), or
function defined by Eq. (22.2.43)

Subscripts, superscripts, and operators

On airfoil, Eq. (22.2.2)
Characteristic value of equation of
motion and no flow value, sec-I, Eqs.
(22.1. 39), (22.1.40)

Doublet, Eq. (22.2.34)
Imaginary part, Eq. (22.2.117)

11

v

Mass parameter, Eq. (22.1.26), or compressible function, = 1M2_I', Eq.
(22.2.93)

Pertaining to mth blade, Eq. (22.2.62)

Integer, Eq. (22.2.112)

Referred to mean camber line,
Fig. 22.2.22
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3,' Shannon, J. F.: Vibration Problems in Gas
Turbines, Centrifugal and Axial-Flow Compressors. A.R.C~ R.&M. No. 2226, 1945.

Root value, Eq. (22.3.10)
Due to blade vertical translation,
Eq. (22.2.80)

4.

Armstrong, E. K. and R. E. Stevenson: Some
Practical Aspects of Compressor Blade Vibration.
Journ. Royal Aero. Soc., Vol. 64, No. 591,
M9.rch 1960, pp. 117-130.

5.

Sisto F. and Ron Ho Ni: Research on the
Flutter ofAxial-Turbomachine Blading. Stevens
Institute of Technology, Technical Report
HE-RT 700011, June 1970.

6.

Carter, A. D. S.: Some Preliminary Notes on
the Flutter of Axial Compressor Blades.
N.G.T.E. Memorandum No. M. 181, November 1953.

7.

Carter, A. D. S. and D. A. Kilpatrick: SelfExcited Vibration of Axial-Flow Compressor
Blades. Proceedings of the Institution of
Mechanical Engineers, Vol. 171, 1957,
pp. 245-281.

8.

Carta, F. 0.: Coupled Blade-Disk-ShrOlld
Flutter Instabilities in Turbojet Engine
Rotors. Trans. ASME, Journ. Engineering for
Power, Vol. 89(A), No.3, July 1967,
pp. 419-426.

9.

Stargardter, H.: Dynamic Hodels of Vibrating Rotor states. Presented at ASHE Winter
Annual Neeting, November 1966, Paper No.
66-WA/GT-8.

Real part, Eq. (22.2.115)
Source, Eq. (22.2.30)
Source pulse, Eq. (22.2.27)
Tip Value, Eq. (22.3.8)
In wake, Eq. (22.2.2), or due to
transverse gust, Eq. (22.2.80)
Due to pitch, Eq. (22.2.80)
Just above plane of airfoil', Eq.
(22.2.55)
)-

Just below plane of airfoil, Eq.
(22.2.55)

().,

Free stream value, Eq. (22.2.23)

( )*

Transformed quantity, Eq. (22.2.47),
or dimensionless coordinate, Eq.

(22.2.48)
(.), (

.. )

First and second derivative with respect to time, Eq. (22.1.4)

n

Amplitude, Eq. (22.1.10)

D(

Substantial derivative, Eq. (22.2.24)

lI( )

Difference, upper minus lower, Eq.
(22.2.3)

10.

Nikolajczak, A. A., L. E. Snyder, R. A. Arnoldi,
and H. Stargardter: Adv~nces in Fan and Compressor Blade Flutter Analysis and Predictions.
AIAA Journal of Aircraft, Vol. 12, No.4,
April 1975, pp. 325-332.

ll.

Verdon, J. M.: The Unsteady Aerodynamics of a
Finite Supersonic Cascade With Subsonic Axial
Flow. Transactions of the ASHE, Journal of
Applied Mechanics, Ser. E., Vol. 40, No.3,
Sept. 1973, pp. 667-671.

12.

Verdon, J. M. and J. E. McCune: Unsteady
Supersonic Cascade in Subsonic Axial Flow.
AIAA Journal, Vol. 13, No.2, February 1975,
pp. 193-201.

13.

Theordorsen, T.: General Theory of Aerodynamic
Instability and the Hechanism of Flutter.
NACA Report 496, 1935.

Laplacian operator, Eq. (22.2.45)

1

L"place transform operator, Eq.
(22.2.47)

f

Cyclic integral, Eq. (22.2.115)

J
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Cauchy principal value, Eq. (22.2.2)
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INTRODUCTION
Engine stability, for the purposes of this

Alternatively, another measure of stability, loss

in surge pressure ratio (lIPRS) is defined as:

inlet/engine compatibility. The inlet side of this
interface was discussed in Chapter 13. The subject
of inlet/engine compatibility was addressed early
was not until the mid-sixties that the subject received extensive attention. This increased interest was due to severe aircraft restrictions and
other problems encountered because of engine surges.
Engine surge is the loss of engine control resulting from an engine compression flow instability
which manifests itself as a complete flow breakdown
and possible turbine inlet overtemperature. This
chapter vTill concentrate on the primary facet of
engine stability - surge free operation. Engine
surge can result in ~echanical damage to the inlet
and/or engine as well as loss of engine thrust. For
this reason, it is a safety as well as an operational consideration. Since the mid-sixties, much
attention has been paid to, and definite improvements achieved in, understanding the factors

The problem of providing sufficient surge margin to ensure stable engine operation within the
flight envelope is difficult and imposes a signifioptimally satisfy conflicting requirements of high
thrust levels, low fuel consumption, low weight,
long life, low cost, and adequate engine stability.

A portion of the material contained herein is
based on the work being done by the SAE Committee
5-16 relative to the proposed SAE Aerospace Recommended Practice 1420 - Gas Turbine Engine Inlet Flow
Distortion Nethodology.

f

I\

~ OPERATING LINE

PR CLEAN SURGE

LI~~

'

Ul

~

Ao

OPERATING LDE
CORRECTED FLCW

Figure 23.1

Surge Margin Definitions

EXTERNAL SURGE HARGIN USAGE is the surge margin
lost due to distortion (pressure and/or temperature)

imposed at the engine/aircraft interfaces.
INTERNAL SURGE

}~RGIN

USAGE is the surge margin

lost due to engine and control tolerances, deterioration, transients, etc.

This chapter deals primarily with engine stability;
however, some of the design tradeoffs are discussed.

The elements comprising the two basic factors
of engine stability - external and internal surge
margin usage - are combined in what is called a
"Stability Stackup or Audit." The "Stability
Stackup" is an orderly accounting or audit pro-

II

1"""'-

cant dilemma on the engine designer, i.e., how to

23.1

t

CLE~AN
SURGE
LIXE

affecting engine stability. Some of the more significant publications which track the development
of this subject are contained in the reference list
at the end of this chapter.

1
1

_PRCLEAN SURGE LINE - PROPERATING LINE
lIPRS PR CLEAN SURGE LINE

in the development of the jet engine; however, it

ENGINE STABILITY FACTORS

cedure used to establish required surge margins and

to monitor the engine development program. It is
based on the basic stability equation which in its
most simple form is:

These two destabilizing factors are discussed in
this section.
23.1.1

EXTERNAL FACTORS

In most applications, the external factor of
primary importance is inlet total-pressure distortion. This type of distortion is generated in
many ways: flow separation (in the inlet diffuser
or at the inlet lip), shock wave/boundary layer
interaction, vortex or boundary layer ingestion, etc.
In some applications, total-temperature or combined
total-pressure/temperature distortion must be considered. Total-temperature distortion can be
generated by: missile or gun gas ingestion, hot gas
reingestion during thrust reverser operation, hot

gas ingestion due to ground effects 'in VTOL or helicopter applications, etc. The aerodynamic response
of turbomachinery to steady and time-variant totalpressure and total-temperature distortion is covered

in some detail in Reference 23.1.

STABILITY = AVAILABLE SURGE NARGIN - (EXTERNAL +
INTERNAL) SURGE NARGIN USAGE

The advances made in the development of methods

~

or descriptors for defining the effe~ts of total-

0 - STABLE ENGINE OPERATION

pressure, -temperature, and/or combined total-

pressure/temperature distortion on engine stability

< 0 - POTENTIAL ENGINE SURGE

where, the available surge margin (lISH) illustrated
in Figure 23.1 is defined as:

J

lISH =

PRCLEAN SURGE LINE - PROPERATING LINE

have been primarily empirical in nature. However,
recent developments in analytical techniques or

models show significant promise. These models are
discussed briefly in Section 23.1.3.
23.1.1.1

_==--=:~=--c=c~_-=.===~==--==

TOTAL-PRESSURE DISTORTION·

PROPERATING LINE
Inlet total-pressure distortion is generated in
many ways; it is primarily the responsibility of the
inlet designer to minimize this distortion. The
23-1

pressure distortion characteristics to which the

step forward in quantifying the effects of unsteady
total-pressure distortion. The development of high

engine will be subjected and must assess and develop

response instrumentation" and data acquisition sys-

the compression components to operate stably with

tems had provided the capability of defining "peak"
inlet distortion patterns at sufficiently high

engine designer must be cognizant of the total-

this distortion. Total-pressure distortion affects
both the engine surge and operating lines. The
former effect normally is of predominant importance
and will be discussed in some detail.
The problem of defining the effects of pressure distortion on engine stability resulted in the
development of descriptors or indices. Each of
these descriptors had as its objective a procedure
for transforming a given inJet pattern into a
numerical value ,·,hieh would accurately correlate

the loss in surge pressure ratio (6PRS).

frequencies (on the order of one to one-half rotor

revolution).

The accepted practice was to duplicate

these peak patterns with screens to evaluate engine

stability. There was reason for concern that the
difference in distortion character between the inlet
dynamic peak pattern and a screen-generated simu-

lated peak pattern could have an effect on the
compression system response. Results of the aforementioned test program) Reference 23.5, led to the

following conclusion:

The

problem was compounded further by the time-variant
nature of the pressure distortion. The deleterious
effects of pressure distortion were recognized early

An "averaging time" equivalent to the time
for one revolution of the compression unit

in the development of the jet engine (Reference
23.2). HOI"ever, i t waS not until the mid-sixties
that the time-variant (unsteady) nature of totalpressure distortion was evaluated qualitatively
(Reference 23.3). Since that time, significant

measured and predicted loss in surge pressure ratio. The high degree of correla-

advances have been made in unsteady total-pressure
measurements, data acquisition, and analysis tech-

niques.

provided the proper "averaging time" is
used. In this test, the difference in results obtained using times between those

The first quantitative data, reported in Reference 23.4, supported the theory that the compression

rotor revolutions was small. Outside this
time interval, the correlation decreases

component would respond to total-pressure distortion

significantly for small changes in averaging time.

provided the best correlation between
tion indicates that screen-generated distortion test results can be used to accu-

rately as'sess inlet distortion patterns

required for one-half and one-and-one-half

patterns which persist for a period of time on the
order of one rotor revolution.

A more recent in-

vestigation (Reference 23.5) provided a significant

INLET DISTORTION PATTERN
- AS MEASURED BY STANDARD
8, 5-ELEMENT MKES AT
INLET/ENGINE INTERFACE
PlANE
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Pressure Distortion Methodology
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The numerical description of turbine engine
inlet-flow pressure distortion is defined through
the use of both inlet-distortion and enginestability descriptors. Inlet-distortion descriptors
are used to quantify inlet distortion data to identify the relative severity of the inlet flow distortion. Engine-stability and -performance descriptors are used to quantify the effect of the inlet
distortion on engine stability and performance.
The descriptors defined herein are based on the SAE
S-16 Committee Aerospace Recommended Practice. The
pressure distortion methodology is summarized sche-

or level of distortion is a numerical indication of
the magnitude of the pressure distortion. The
extent element is a numerical indication of the
circumferential size of the low pressure region.
The multiple-per-rev element is a numerical indication of the effective number of circumferential
regions of lot" pressure.

The lItntensit y " and lIextent" elements of circumferential distortion are obtained by linear
interpolation of the pressures in a given ring.
Figure 23.3 shows typical pressures in the ith ring

maticallY in Figure 23.2.

I
I

I

!,
1

The purpose of the inlet-distortion computation procedure is to reduce the aerodynamic-interface-plane (AlP) individual pressure readings to a
standard set of numerical values which describe the
inlet-distortion pattern. The inlet-distortion
descriptors define the complex (aircraft) inlet
pattern in terms of circumferential and radial pressure defects.

These distortion descriptors are

combined with engine sensitivities to determine
surge pressure ratio loss.
While it is desired to use one standard eA~res
sian to relate the distortion descriptors to the
loss of compressor surge pressure ratio, there does
not appear to be any formula that can meet the
requirements of every compressor; the following
equation, general in nature, can be expanded to form

nearly any distortion descriptor used to date:
Circumferential Location. VI degrees

lIPRS

( llPC)

. P

i

+

K ("PR)
ri
P i

+

CiJ

where:
lIPRS is the 10S8 of surge pressure ratio due to
distortion, expressed as a fraction of the
undistorted surge pressure ratio.

r'igure 23.3

Ring Circumferential Distortion for
a One-per-Rev Pattern

for a one-per-revolution Dattern (one pressure

N

is the number of instrumentation rings.

K

is the generalized distortion sensitivities (empirically determined).

defect in 360°). Theta ",inus, e-, is the circumferential extent of the low pressure reKion. It is
defined by the intersection between the ring average
pressure and the linear interpolation tvhic:h subtends

the low pressure region, as shown in Figure 23.3.
llPC

~

is the circumferential distortion
intensity.

~

llPR

is the radial di storti
i ty.
on i
ntens

C

is an empirically defined constant.

Subscript c refers to circumferential distortion.
Subscript r refers to radial distortion.
Subscript i refers to a particular instrumentation ring.
The sensitivity terms and constant C can vary with
distortion (extent, multiple-per-rev, etc.) and with
compression system. They are derived from test data
and can be of sufficient accuracy to correlate the
effect of distortion patterns to within approximately
±2 percent surge pressure ratio.

p(e)i is a function resulting from a linear fit
through the data points, as shown in
Figure 23.3.

CIRCUHFERENTIAL DISTORTION FLEHENTS
Circumferential distortion is described on a
ring-by-ring basis in terms of intensity, extent,
and multiple-per-revolution elements. The intensity
23-3

Multiple-Per-Rev

The circumferential distortion intensity and
extent elements for muJtiple-per-revolution distortion patterns also are determined by a linear
interpolation procedure. Figure 23.4 shows a pattern with tvlO low pressure regions separated by
two high pressure regions of extents 8+ 1 and 8+ 2 ,
In the general case, there can be any number of
separated low pressure regions. If either 8+1 or
8+2 is less than some minimum extent «25'), the
pattern is considered an equivalent on;-per-rev

provide a comprehensive distortion descriptor; a
rather large number of screens is required to
generate various pattern shapes and levels.

pattern .

R.o\otcs

Figure 23.5

Radial Distortion Pattern

Circumferential Location Ie, degl'ees
SCREEN

CUP)

Figure 23.4

Rjng Circumferential Distortion for

a Mul tiple-per-Rev Pa ttern
RADIAL DISTORTION ELEMENTS
The radial distortion intensity of a ring is
defined as the difference between the face-average
pressure and the ring-average pressure, divided by
the face-average pressure. Both positive and
negative values of radial intensity are considered; however, since positive values reflect a

ring-average pressure that is below the face
average, it is the basic distortion indicator. A
typical tip-radial distortion pattern is shown in
Figure 23.5. The arrows indicate the difference
in radial pressure for ring 5. For the general
ring, i, the radial intensity is:

TI P RADIAL

truB RADIAL

COMPLEX NlTERti

SCREEN TYPES

Figure 23.6

Typical Screen Test Configurations

It should be noted that screens produce basi. cally steady-state distortion, whereas inlet distortion has a large dynamic content.

(P FACE AV) - (PAV)i

However, as

mentioned previously, the results of the investigation of Reference 23.5 indicated that the screens
can be used to accurately assess the effects of

(P FACE AV)
where,

time-variant distortion provided proper lIaveraging"

or filter frequency characteristics are considered.

N

i=l
ENGINE PRESSURE DISTORTION SENSITIVITIES
The definition of the inlet dynamic totalpressure pattern in terms of a set of distortion

descriptors is but the first step in achieving the
primary objective of determining the sensitivity
of the engine to this distortion. The vast majority of the component and engine testing to determine distortion sensitivity has been done using
distortion screens.

llREV

These screens are designed to

permit determination of the basic circumferential
and radial sensitivities as well as the superposition factors required for complex distortion
patterns. A typical screen test setup (including
basic screen designs) is shown in Figure 23.6. To
23-4

The large number of screens required to develop
a comprehensive methodology results in a considerable amount of test time. This is due, to a large
extent, to the relatively limited "sdul flow range
of a given screen (reasonable distortion levels can
only be obtained over a small airflow range), the
time required to install a screen, and the test
time lost in shutting down and restarting the engine
or compression component for a screen replacement.
In order to improve test efficiency, alternate
distortion-generating devices are being developed
(References 23.6 and 23.7).
A number of other distortion-generating devices
has been developed for specific test purposes. Various systems developed to produce dynamic "inlet-type ll

distortion are described in References 23.3, .4, and
.5. Other devices developed for the purpose of
investigating the dynamic response of the compression

I
I-

f

I
I

II
I

1

i

system are described in References 23.6, .8, and
.9. The system described in Reference 23.8 provided data of significant value to the analytical
studies described in Section 23.1.3.
23.1. 1. 2 TOTAL-TEHPERATURE AND COHBINED-TOTALTEHPERATURE/PRESSURE DISTORTION

(References 23.11, .12, and .13).

etc.) or internal generation resulting- from the

23.1. 2

attenuation of pressure distortion by an upstream
compression unit~ Reg~rdless of the source of the
total-temperature distortion, it is accompanied by
some level of total-pressure distortion. The

ments; and, second, the state of the art of reli-

I

able high response instrumentation has hampered the
experimental effort.

I

INTERNAL FACTORS

Internal engine destabilizing factors comprise

a major part of the stability stackup and affect
both the compression unit surge and operating lines.
In general, engine transients are the primary single
internal destabilizing factor. However, the combined effects of tolerances and deterioration are

problem then is to determine not only the effect of
total-temperature distortion but also the combined
effect of total-temperature and -pressure distortion.
The subject of total-temperature distortion
has not received the attention afforded pressure
distortion. The primary reasons for this are twofold: first, the severity of the problem is closely related to the specific aircraft deSign/require-

The basic con-

cept of the parallel compressor, illustrated in
Figure 23.7, assumes that the overall compressor
operates as independent sectors with individually
defined inlet conditions and a common exhaust pressure.

Total-temperature distortion into a compression unit can be due to either external factors
(rocket, missile or gun firing, catapult launch,
thrust reverser operation, hover in grou~d effects,

,

I

Some degree of success in correlating pure
total-temperature as well as pure total-pressure and
combined total-pressure/temperature distortion with
the loss in surge pressure ratio has been obtained
in using a parallel compressor model technique

equally important and must be assessed carefully.
Another destabilizing factor can be attributed to
Reynolds number effects, which are reflected in both
the surge and operating lines and are quite Signifi-

cant at reduced Reynolds number.

Effects of Reynolds

number on compressor airflow, efficiency, and surge
line are included in the engine cycle deck and are
reflected in the clean available surge margin.
For
this reason, Reynolds number will not be c~nsidered

as a specific internal destabilizing item in the
stackup.

The SAE S-16 Committee has stated that sufficient experience does not currently exist to per-

23.1.2.1 ENGINE TRANSIENTS

mit recommending procedures for assessing totaltemperature distortion. It does seem quite logical, however, that the form of the total-tempera-

Two types of transients are of primary importance: (1) dry engine power transients which affect
the compressor on a turbojet or the high pressure
compressor on a turbofan; and, (2) augmentor tran-

ture-distortion descriptor shOUld be quite similar
to the pressure-distortion descriptor. A potential
approach for this type of formulation is discussed
in Reference 23.10.

sients which primarily affect the low pressure
compressor on a turbofan.

There are other tran-

sients to be considered in specific applications;
however, they will not be considered here.

COMPRESSOR MAP EXAMPLE CONDITIONS
1.
2.
3.
4.

ONE/REV TEMPERATURE
DISTORTION

INITIAL OPERATING POINT
AVERAGE ImATED OPERATING POINT
HOT-SIDE OPERATING POlh7
COLD-SIDE OPERATING POINT

INLET
PERCENT CORRECTED COMPRESSOR AIRFLOW,

Wa,,/ei6

Figure 23.7

SECTION A:
SECTION B:
at N
T2 Avg

100%
85· F

N/,,'a'

97.5%

Two Compressor Analogy
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T
T

110· F
60· F

DRY ENGINE POWER TRANSIENTS

low pressure compressor.

Bypass valves between the

spools now are being used to eliminate this problem.
Dry engine power changes require an increase
(decrease) in engine fuel flo," producing an increase

(decrease) in turbine torque above (below) the
steady-state level to accelerate (decelerate) engine

Dry engine power changes also result in surge
margin losses due to control system lags resulting

in off-schedule stator tracking and thermal effects

speed and increase (decrease) thrust. The increased
fuel flm" required for acceleration produces a
higher compressor discharge pressure than steadystate and, therefore, results in a loss in surge

on compressor tip clearances.
In some cases, these
effects are quite significant and must be considered

margin. From the standpoint of the turbojet compressor or high pressure turbofan compressor, the
acceleration is the destabilizing factor of con-

AUGNENTOR TRANSIENTS

cern.
The engine acceleration path on the compressor
map i8 illustrated in Figure 23.8.

in the overall stability assessment.

The effect of augment or transients is a primary
engine destabilizing item on the fan of an augmented
turbofan application. The direct flow path between
the fan and the augmentor Inozzle permits propagation
of disturbances resulting from such transients as
lightoffs and augmentor zone changes. The matching
of the augmentor fuel flow and nozzle controls
during augmentor transients is an area of signifi~·
cant concern.

Augmentor lightoff results in a very rapid rise
in augmentor discharge temperature. This "steptl
rise in temperature is translated approximately into
a lIstepll increase in required nozzle total pressure
which, if unattenuated, results in a direct increase
INTERMEDIAn:

IDLE

During augmentor transients, it is quite impor-

NOft\IAI, OPEftATHiG LINE

tant that augmentor fuel flow and exhaust nozzle
area rates be matched closely. If the transient

PERCENT COMPRESSOR CORRECTED AIRFLOW'

Figure 23.8

in the fan operating line. I f the augmentor fuel
flow is not limited to and held at the lightoff
level, much harder lightoffs and, hence, much larger
surge margin losses will OCClJr.

Acceleration Path on Compressor Map

nozzle area position is too far closed for the
transient level of fuel flow, the fan operating line
will be increased. This situation can occur during
either increases or decreases in augmentation level.

23.1.2.2 ENGINE AND CONTROL

The area between the steady-state operating and
acceleration lines is related to the acceleration.
The faster the acceleration time, the more margin

(higher acceleration line) that is required. The
acceleration schedule is designed to apportion the
margin usage throughout the engine speed range.
TYpical margin versus corrected engine speed characteristics for two acceleration time requirements

are shown in Figure 23.9.

TOLE~\NCES

Nanufacturing tolerances have a definite impact
on engine stability. Surge margin checks on new
production engines indicate a measurable variation
about the nominal value. These variations are due
to both surge-line variations arising from compres-

sion unit blade quality, buildup tolerances, etc.,
as well as variations in the engine operating line
arising from turbine nozzle area variations, com-

ponent efficiencies, etc. The prohlem is complicated further when the effects of control tolerances
are added.
16

In general, the engine and control tolerances
are combined in a statistical procedure. However,
transient control tracking errors, such as variable
stator position, ",,"hich are one-sided and measurable,
must be included as a direct additive item.
60

TIMB, SECONDS

70

80

90 100

110

PERCENT AIRFLOW

23.1.2.3

CLEARANCES AND BLEEDS

Rotor-blade-tip and cantilevered-stator-root
clearances play an important part in the stability
characteristics of the compression system.

Figure 23.9

Acce lera tion Surge Margin

The loss

of pressure rise capability and, hence, the loss of
stability margin is discussed in detail in Reference
23.14. Hodern engine designs contain extremely
sophisticated techniques to maintain tight tip

Engine decelerations on high bypass turbofans,
especially those 'tvith liT compressors, fI have caused
stability problems because of back pressure effects
on the booster stages. This results from a speed
mismatch between the low and high pressure com-

conducted to arrive at a design which permits running with proper clearances during all phases of
engine operation including transients. The effect

pressors.

of transient operation on compression system clear-

The Imver inertia high pressure com-

pressor decelerates rapidly resulting in a reduced
flow capacity and an increased back pressure on the
23-6

clearances. Computer simulations, material selection, casing construction, and other studies ar?

ances and the resulting loss in surge margin must be
accounted for in the stability assessment.

The importance of compressor clearances in

establishing stability margin has been recognized
for a long time; however, the effects of turbine
clearances are not well recognized. An increase in
turbine tip clearance results in a decrease in

turbine efficiency. This loss in efficiency impacts the operating line and/or transient characteristics.

The upper left hand corner of the flight envelope, in general, is the most critical for fighter
aircraft. This is due to the combination of aircraft maneuver requirements (high distortion) and
low Reynolds number (reduced available clean surge
margin). Subsonic aircraft generally have minimum
margin at rotation or during reverser operation.
Sea-level-static operation at maximum pmver has

been a problem on both types of aircraft.
Compressor bleed (interstage or discharge), in
general, is a stabilizing factor and has been used
successfully to increase stability margin during
extreme external disturbances such as missile
firing, thrust reverser operation, etc. Interstage
bleed also has been used to improve overall performance by providing a means to better match
stability requirements over the complete engine
speed range. The stability improvement is due to a
reduced overall compressor operating line and/or
reduced stage(s) loading resulting from a properly

A typical stackup format illustrating the destabilizing effects previously discussed and typical allocations are shown in Figure 23.10.
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designed bleed system. Hm"ever, compressor bleed
can result in significant losses in engine stabil-

PANDO\! (J-)

1.0

:1

1.0

ity if the bleed cavities are not properly designed.

'.0

Significant cross-flows and/or cavity resonances

(resulting in stability margin losses) have been
experienced during distorted inlet operation.
Normally, compressor bleed is not a specific stability stackup item; however, it is reflected in

'.0

_----0- ___1._0_

the available margin and other included items.

TOTAL
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$C

15,0

RSS ,. J.G

ANALYTICAL HDDELS

Prime tools in engine stability studies are
transient engine and compression unit mathematical
models. The former has been in use for many years.

The model consists basically of the steady-state
thermodynamic cycle coupled with complete dynamic

CO.'>IPRESSOI{ CORRECTED 101RFLO\"\·
somSAL OrtMTlSG 101'-1> SURGE

LI~ES

l'ONTAIS RE\'IiOLOS Nln!fIER EffECTS,

simulation of the engine controls and various

levels of sophistication in simulating internal
engine dynamics. The degree of sophistication in
simulating internal engine dynamics determines the
valid frequency response limit of the model. The
transient engine model is used primarily for analyzing and defining transient control schedules and
provides information for the stability stackup
relative to surge margin usage for transients and
tolerances.

The development of detailed, validated, compression-unit modeling techniques has progressed
significantly in the last five years. The techniques being developed include both steady- and
unsteady-flow systems based on stage-by-stage or
individual blade-row models. Two of the techniques
are discussed in detail in References 23.12, 23.13,
23.15, 23.16, and 23.17. The compression unit
model permits a detailed evaluation of the internal
stage or blade behavior as well as the overall
performance. Continued development of these models
will provide additional benefit early in the design, maximize test effectiveness, and provide a

firm basis for potentially required design modlfi-

Figure 23.10

Typical Stability Stackllp

A number of the destabilizing effects is directly
added, while others are statistical in nature and
are combined in a "Root Sum Squared" (RSS) method.
The presently accepted method of interpreting the
stackup is to add directly the totals of the direct
additive and the RSS items and subtract this total
from the ava'ilable margin. This is called a net
stability margin stackup. The stability stackup is
statistical in nature as mentioned previously;
therefore, it truly represents a probability of the
occurrence of surge for a set of specified condi-

tions. A statistical interpretation of the stackup
shm'7I1 in Figure 23.10 is summarized in Figure
23.11, where the random destabilizing effects are
assumed to follow a Gaussian distribution. In the
example net stability stackup (Figure 23.11), the
result would be a 1.5% deficit in surge margin.
Using the statistical method, the probability of
surge is 4% (4 surges per 100 occurrences of the
conditions of the stackup).

cations.

23.1. 4

These stability stackups should be an integral
part of the phased engine development program as
illustrated below.

STABILITY STACKUPS

The external and internal destabilizing facPRELIMINARY DES1GN PHASE

tors discussed in the previous sections are com-

bined in the stability stackup. Stackups are made
for specific flight conditions (Hach number, altitude, distortion level, and inlet pressure recov-

ery) and engine operating conditions (power setting,
transient, and bleed and power extraction) to
determine margin throughout the flight envelope.

23-7

During this phase,
be based on anticipated
experience with related
the stackup are used to
margin requirements.

the stability stackup must
requirements and previous
components. The results of
define preliminary surge

techniques, etc.

Future developments will be aimed

at achieving adequate stability margin with reduced
impact on engine installed performance.

r:

SM RWUIRED '"

15.0~3

23.3

.6%

:\::- ., J.6::' 8M

23.1

ASSUME: SM AVAILABLE'" 17.1'0
17.1-15.0" 2.1% SM

~

:!

REFERENCES

1.2% SM

'J ..

=:

Hercock, R.G. and Williams, D.D., "Aerodynamic
Response," AGARD Lecture Series No. 72 OT} Dis-

tortion Induced Engine Instability, AGARD
Report AGARD-LS-72, 197i1.

1. 75') .. 96% PROBABILITY - NONSURGIliG ENGINE

THE PROBABILITY OF SURGE'" 4".

23.2

Alford, J.S., "Inlet Duct - Engine Flow Compatibili ty," Fifth Aeronautical Conference,
June 1955.

23.3

Kimzey, H.F. and Lewis, R., "An Experimental

Investigation of the Effects of Shock-Induced

Sm! OF' NONRANUQM

SM LOSSES

=-

Turbulent In-Flow on a Turbojet Engine, II
AlAA 2nd Propulsion Specialist Conference,

15"'.

June 1966.

23.4

Plourde, G.A. and Brimelow, B., "Pressure
Fluctuations CalIse Compressor Instability,"

Proceedings of the Air Force AirframeDISTRIDUTION. sTM1JAnO DEVIATJO:iS, '=

Propulsion Compatibili ty Symposium, Air Force
Aero Propulsion La'Goratory, Technical Report

AFAPL-TR-69-103, June 1970.
23.5

Brimelow,
G.A.

t

n.,

Colli~s,

T.P., and Pfefferkorn,

"Engine Testing in a Dynamic Environ-

ment," presented at the AIM/SAE 10th Propulsion Conference, San Diego, California,

October 21-23, 1974 as AIM Paper No. 74-1198.
Figure 23.11

Stackup Statistical Interpretation

23.6

DEVELOPMENT PHASE

Heyer, C.L., HcAuley, J.E., and Busiadany,
T .J., "Technique for Inducing Controlled
Steady-State and Dynamic Inlet Pressure Disturbances for Jet Engine Tests," National Aeronautics and Space Administration, Report NASA

During this phase, the stackups are revised to
reflect component and engine test infonnation on
distortion sensitivity, transient margins, etc. In

TrlX-1949, January 1970.
23.7

addition, inlet data from model testing are factored into the stackups. As more infonnation
becomes available, it is factored into the stability stackup to define critical stability conditions.
PRODUCTION PHASE

Stevenson, C.H and Rakowski, W.C., "Evaluation

of an Airjet System for Producing Steady-State
Total Pressure Distortion at the Inlet of
Turbine Engines, 1/ Arnold Engineering and

Development Center, Technical Report AEDCTR-73-68.
23.8

During this phase, attention is focused on
deterioration and quality items in the stackup. In
addition, any inlet/engine modifications or control

Kutschenreuter, P.II. ,Jr., Collins, T.P., and
Vier, Iv.F., "The p 3 e - A New Dynamic Distortion
Generator," presented at the AIAA/SAE 9th
Propulsion Conference, Las Vegas, Nevada,

November 5-7, 1973 as AiM Paper 73-1317.

changes must be assessed relative to their impact

on stability.

23.9

Lazalier, C.R. and Parker, J.R., "Performance
of a Prototype Discrete Frequency Total Pres-

23.2

STABILITY AND PERFOIDW,CE TRADEOFFS
A simple approach to achieve engine stability

would be to increase available surge margin by
merely lmvering the engine operating line. This,
however, would lead to serious perfonnance losses
because the resulting match point on the compres-

sion unit would be moved from its peak efficiency.
In the majority of cases, the compression unit peak

efficiency occurs at a paint above the operating
line dictated by minimum surge margin requirements.
The engine design must be such that adequate sta-

bility margin is provided with a minimum performance
loss. The real challenge in the future will be to
reduce the required level of adequate stability
margin. Some approaches for achieving this goal
are outlined in Reference 23.18.
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CHAPTER TWENTY-FOUR
ENGINE NOISE
24.1

INTRODUCTION
The advent of the jet engine brought a new

noise nuisance and its introduction into civil
airline use was a major disaster for communities
living near airports.
This is indicated by

Fig. 24.1, taken from Interavia, "hich sho"s how the
area at a given level of sUbjective noisiness, the

so-called noise footprint, has changed over the
years. (More "ill be said about the sUbjective
assessment of noise in section 24.2).

The direction of sound radiation may be as important
as the intensity of radiation; if radiation can
occur a"ay from thc ground no community complaints
are likely to be received.
As an aircraft flies overhead the sound changes
with time, of course.
The levels change both
because of the variation in distance between aircraft
and observer, but also because of the angle changes.

Fig. 24.3 gives some idea of how the various sources
contribute as the airCTaft passes overhead.
AIRCRAFT APPROACHING

60

AIRCRAFT RECEDING

1965 B 101)

g

50

~

1';156 (DC 71

g

]

10

~
g
10

Figure 24.3
Figure 24.1

~le

change in dominant noise source and

the variation in noise level during
aircraft flyover.

The changes in 90 EPNdB footprint
area over fifty years.

The precise variation in noise uith time depends on

The jets in the 1960' s brought about a sixfold
increase in the footpr"int area, but the more recent

engines in civil aviation service with high bypass
ratios are

resto]~ing

conditions back to where they

"ere with propeller aircraft.
Hhere for particular
duties the propulsive efficiency requires a low
bypass ratio and high jet velocity the noise levels
remain very high.
At first the predominant source of noise was
produced by high speed jet mixing, but with the
introduction of low bypass engines the compressor
rapidly became every bit as irritating in some
circumstances.
In the more recent high bypass
ratio engines the fan is usually the predominant
noise nuisance, but this is mitigated to some

the englne, the installation, the aircraft and the
mode of operation, but nevertheless the salient
features are shown up by Fig. 24.3. .The noise time
histories of flyovers of one aircraft with a high
bypass ratio engine at approach, take-off and with
throttled take-off pmTer are shown in Fig. 24.4.

~

~

RA~~

fORWARD
NOISE llATEO

~DlATEO

/AFT~~ISE

extent by the incorporation of noise reducing
features.
The changes in the sources with bypass
ratio are indicated by the sketches in Figure 24.2.
The size of the lobes gi.ves an indication of the
strength of the source and the direction indicates
the direction in which radiation occurs.
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Figure 24.2

The comparative noise sources for low
and high bypass ratio engines.

Figul'e 24.4

Three flyovers for an aircraft with high
bypass ratio.

It should be noted thut the throttled take-off
extends the period cf high noise level so that in
certain cases its use may be found to increase the
noise nuisance.

The aircraft type influences the noise sensed
on the ground directly through the time for which
the noise persists and the nearness of the aircraft.

Since two engine aircraft climb faster than three
and three faster than four, the take-off noise
experienced tends to be lower with fewer engines.
Wing design affects drag and power at approach;
aircraft with low drag tend to have lower noise at
approach.
Hounting engines on top of the wings can
also be highly beneficial for engine noise since the
Naturally there
the wing can shield the ground.

noise are very small, and that a linear analytic
treatment is almost always justified.
It is
therefore a field ;,hich attracts considerable
interest from theoreticians.
The development of high bypass engines for
transport aircraft in the late 1960 I S and the
international recognition of the need to limit or
reduce noise led to a surge of interest in noise

research.
The literature grew accordingly and it
would be out of place to reference all of it in this
Chapter;

are endless permutations for different aircraft

Before considering noise sources from part icular

designs and engine installations and it is
inappropriate to consider this topic in any detail
here.

instead some excellent review articles

will be referenced as well as works which are of
.particular importance to anyone wishing to study the
subj ect further.

The over-riding effect is, of course, the

aircraft duty and the bypass ratio and jet velocities
that this determines.

components of engines in this chapter there are two
more general sections which bear on what follows.

In Sec. 24.2 the methods of rating noise are
described, the essential problem being to find
objective measures of a sUbjective annoyance.

In Sec. (24.3) the elements of duct acoustics are
The experimental study of noise is difficult in
general, but in the case of the high speed machinery
normal for aircraft engines it is both very difficult
end very expensive.

treated, since this bears on all aspects of noise

generation and attenuation due to liners.
TIle largest section of the Chapter, 24.4, is

The machinery in aircraft

engines typically operates with velocities close to
sonic and it also turns out that the acoustic
wavelengths are normally of the same order as the
blade chords.
This latter tendency ma.ltes the
localisation of sound sources by ray techniques
inapplicable.
~'he high Hach number flows refract
the sound and this further complicates the study.
The insertion of a probe into the flow can itself
initiate the generation of sound by adjacent moving
blades.
A picture for the noise generation has
gradually been built up by noting the changes
occurring as parameters are altered, but this remains
an erratic means of progress.

The theoretical study of noise, or acoustics, in
the case of aircraft engines presents special

problems because of the same two factors.
First the
flow Hach numbers are generally not far from unity,
and this.complicates the analytic description of

concerned with compressor ond fan noise.

As well

as being the most studied aspect it is also probably
the most serious noiGe nuisance after jet noise.
The noise from turbines is in some ways similar to
that of compressors and it is convenient to examine

it next in 24.5.
Except for jet noise, considered
separately in Chapter 25, all the other noise sources,
sometimes lumped together as core-noise, are

considered in 24.6.
TIle use of acoustic treatment
on the walls of the ducting around the cneines is
now CODIDlon.
This is an area where the designer can
exercise a very large beneficial effect and where

design is both relatively subtle and precise. Some
aspects of this are described in Sec. (24.71.
Prospects for the future and an over-view of
achievements are briefly considered in Sec. (24.8).
24.2

SCALES AND RATINGS FOR NOISE

acoustic processes enormously.
Second, the waveBecause acoustic signals vary by such large
length of the sound is typically comparable to the
amounts it is the almost invariable practice to use
physical dimensions of the machine, such as blade
logarithmic scales, expressing the level in tenns of
chord, and this also greatly complicates any analysis. decibels (dB).
Acoustic signals levels may either

) i

For both those reasons classical acoustics found in

refer to the local level of pressure fluctuation or

textbooks has not contributed very much to the growth
of understanding of the subject.

to the acoustic power generated.
In the former it
is known as the sound pressure level (SPL) defined by

A different theoretical approach to the problem
known as the aero-acoustic approach and described by
Goldstein Ref. (24.1), began with the work of
Lighthill Ref. (24.2) towards the understwlding of
noise from the turbulence of jets.
Over the last
twenty years or so this has been extended and
generalised to cover even the noise from arbitrarily
moving surfaces, Ffowcs Williams and Hawkings
Ref. (24.3).
Despite its generality this approach
leads to what an engineer might regard as a
mathematical statement of the problem rather than a
solution,

To provide a solution requires a range

of information which is unfortunately unavailable
and quantitative results are obtainable only by
incorporating the most sweeping assumptions. The
~ero-acoustic approach therefore provides less help
than one might expect, and the growth of
understanding is dependent on a more ad hoc approach.
Having drawn attention to the difficulties of
theoretical studies of noise it is proper to point
out ~ne ameliorating factor.
This is that the
amplitudes of the fluctuations normally of concern as
24-2

SPL

= 20

where p is the

R~!s

loglO ~
pref

dB

pressure fluctuation and Prefis

the reference RJ.lS pressure fluctuation equal to
20 VN/m 2 or 2.10- 5 dyne/cm2 •
~e acoustic power,or power watt level (PWL) is
defined by

PWL = 10 10glO

W

Wref

dB

where W is the acoustic power in watts and W
is
ref
the reference acoustic power equal to 10- 12 W.
(In some work 10-13W is used as the reference).
~e acoustic power carried by unit area of
wavefront is known as the intensity.
Generally
this is not a convenient quantity to use s.nd either
the pressure amplitude (or SPL) or else the total
acoustic power (or PWL) are mOre common.

For a plane wave, the intensity, power and
press1.1.Te level are conveniently related; a plane wave

being one in which the wavefront is flat and
perpendicular to the direction of travel.
For the
plane wave the intensity, or power per unity area,

is given by w ~ pu (units V1att/m2 ) u being the RMS
velocity associated with the RNS pressure p. For the
plane wave u ~
p and c being the density and

the levels are seen expressed as dBA or d~A).
Though less common there are also B,C and D scales
intended for different levels and conditions.
A great advantage of the A,B, e and D weighted levels
is that they Can be produced by an electrical
circuit to provide immediate direct readings.

{;c ,

velocity of sound in the medium.
For air at STP
(ooe and 101 kN/m2 ) pc ~ 428 kg m- 2 s- l •
The
acoustic intensity corresponding to the reference
RNS pressure, Pref = 20 \IN/m2 is therefore given by

w

= p2ref/Pc
4.10- 10

= 428
I
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I
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expressed in terms of intensity or sound pressure are

sufficiently nearly equal to be regarded as
equivalent.
For more complicated vtave:s, such as
spiraling waves in ducts or in the near-field close
to sources, the connection between power, intensity
and sound pressure is no longer simple.

Figure 24.5

The signals of pressure or power will have a
frequency spectrum, and the level referred to may

A more complicated noise rating, which is also
described in detail by Pearson and Bennett, is the
perceived noise level (PIlL) for which the units are
PlldB.
The numerical value of PllL was intended to
represent the sound pressure level of the octave
bruld of "white noise" centred at 1kHz which would
be judged equally noisy as the sound to be rated.
A sound is judged equally noisy to another when one
would just as soon have or not have it in ones home
during the night or day.
This definition
emphasises the essentially SUbjective nature of the
scale.
Unfortunately the calculation of PNL is
more complicated and cannot be produced by an
electrical circuit.
~be noise must first be
analysed into third octaves sound pressure levels
(SPL) before appropriate corrections for wnpli tude
and frequency are applied.
To make the value"
of PNL more tangible Fig. (24.6), taken from

either be the total signal (i.e. the spectrum
integrated over frequency) or else components of the
spectrum at particular frequencies. If the overall
signal is used to obtain the R14S pressure or power
the levels are generally known as the overall sound
pressure level (OASPL). or overall power watt level
(OAP,lL) respectively.
Very frequently the signal
is broken down into its spectral components and in
this case it is necessary to specify the bandwidth
over which the signal is summed. Mathematically the

computer algoritlms usually have a different bandwidth.
The bandwidth may be constant regardless
of the frequency being examined or it may vary with
frequency, usually so that the bandwidth is
proportional to frequency. The most common
bandwidths of this type are the octave and thirdoctave bandwidths.
An octave corresponds to a
doubling of frequency, a third-octave bandwidth is
therefore one where the upper frequency is equal to
312 times the lower frequency. Depending on the
choice of bandwidth very large differences in the
displayed spectrum can be obtained. This is
illustrated by Fig. (24.5) in which the same signal
WaS analysed with a constant bandwidth and with a
third-octave filter.
Evidently quite different
information is emphasised in the two traces. The
narrow, constant bandwidth filter is useful for
study and diagnosis, whilst the third-octave filter

I

SPl ~b

80

process is a fourier transform. Fourier transforms
produce p~wer-spectral density, for which the
bandwidth is 1Hz, but electrical analogue filters or

I

lilO

W/m2

-;:, 10-12

ONETH'RDO~IAVE
SPECTRA

11

ROltS·ROYCE cmlWAY
ENGINE AT PART POWER
NOISE MEASURED AT 30~
TO INTAKE AXIS

A single noise signal anal.ysed by a
constant bandwidth and a third-octave
filter.

Interavia, compares levels of representative

situations.
This figure also emphasises that with
modest reductions in aircraft noise the prime
nuisance for most of the population shifts to other
sources.

is more similar in its discernment to the human ear.

So far the discussion has referred to objective
measures, but noise is inherently SUbjective. To
assess noise One requires an assessment of the
annoyance produced on a person or, to be more
reliable, a large group of people, since no two

Figure 24.6

people will be affected in quite the Same way. The
different ratings used throughout the world have
been collected and described by Pear sons and
Bennett Ref. (2 11.4). The simplest ratings weight
the overall sound pressure level in a manner related
to the sensitivity of the human ear. The most
common of these, the A-weighted sound pressure level,
finds wide use in non-aeronautical as well as
aeronautical applications throughout the World and
24-3

Perceived noise levels for
representative situations.

The perceived noise level WaS found to be less
reliable as an indicator of annoyance when the
spectrum WaS no longer broad-band but contained a
strong tone.
A tone corrected perceived noise level
(PNLT) WaS therefore produced.
The third octave
spect~llU is first examined to determine if tones
are present, evident by the protrusion of one band

above its neighbours by a prescribed ratio. If a
tone is present a correction is added to the PNL
calculated in the normal way, the amount of the
correction depending on fre~uency and on the extent
of the protrusion.
The noise from aircraft is of short duration)

and the annoyance caused is related to the time over
which the noise level is high.
To take this into
account the Effective Perceived Noise Level (EPNL)
was evolved.
The tone corrected perceived noise
level is calculated at half second intervals and
these are smmned according to the following
expression to yield EPNL:
EPNL

= 10

where PNLTi
level after
is over the
of the peak

L

the i-th 0.5 s interval.
The summation
time for which the PNLT is within 10 dB
level, levels outside this being ignored.

The sideline noise is the maximum

anywhere along a line parallel to [illd at a fixed
distance from the runway.
The take-off noise is
prescribed at a fixed distance from the start of roll
and the approach noise is at a fixed distance from
the threshhold along a prescribed glide path. It
turns out that it is meeting the take-off and
approach noise limits which has created the greatest
challenge.

"'0

internationally agreed ICAO/FAA rules;
the
distances on the bottom of each part of Fig. (24.7)
show the distances at which the criteria are laid
down.
To take account of the reduced rate of
climb with larger numbers of engines the rules allow
differing take-off levels depending on the number of
engines.

The hatched regions contain a wide range of results,
The older jets are described as "narrow body" to

i=O
is the tone corrected perceived noise

The Effective Perceived Noise Level provides
the basis for the recent noise regulations. The
regulations specify maximum EPNL as a function of
all-up weight for sideline, take-off (flyover) and
approach.

manufacturers to reduce noise of civil aircraft,
The lower lines are the more recent and

The importance of aircraft type is borne out by
the measured levels superimposed on Fig. (24.7).

PNT,T.
antilog ~-13

d

log

Fig.(24.7) shows the levels of the regulations
at take-off and approach.
The highest line on each
corresponds to the United States FAR Purt 36
regulations which first put compelling pressure on

distinguish them from the more recent "wide-body"
aircraft.
Essentially it is the engines, and not
the aircraft, which have brought about the noise
change.
~1e

accurate measurement of noise from aircraft

in flight is difficult and costly.
A practical
scheme for doing this is illustrated in Fig. (24.8).
In this the second, third and fourth steps are those
which evaluate the level of EPIIL, the later steps are
corrections for atmospheric absorbtion and nonstandard aircraft conditions.
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INTRODUCTION TO ACOUSTICS OF DUCTS

To understand the noise of turbomachinery it is
first essential to understand the propagation
processes of acoustic waves in the ducts upstream
and downstream.
The need for this consideration
arises because the pressure waves are not all uniform
across the annulus or duct and do not propagate in
the purely axial direction.
In fact the pressure

I
I
f

J

I

varies circumferentially and radially in amplitude
and phase, and the wave fronts spiral along the
duct.
The consideration of acoustic linings also
requires an understanding of duct acoustics, but the
presence of acoustical~y soft walls .(i.e. walls
where the normal veloclty perturbatl0ns do not
vanish) introduces great complications.

The first comprehensive treatment of the
properties of the pressure field in both rectangular
and circular ducts was given by Tyler and Sofrin
Ref. (24.5).
Not long after another account was
given by 140rfey, Ref. (24.6).
These are clear and
complete and it would be inappropriate to consider
the details here.
Because of its importance it is
worthwhile to summarise the most important points
to remind readers of the subject, but a more serious
study should include reading mOre detailed accounts.
For a circular duct with no mean flow the homogeneous
~ave equation can be written
+ 1

?

ap
W

+

ap _ 1 ap = 0
P
CZ"atT

and

Qm~

for a

pressure is shown up"rards with radial direction

.'.
~---n

~--R

r---N
r--M r---M
r---~

where each function is a function only of the
variable shown.
Four separate equations are then
produced for 0, R, X and T, with constants interrelating them.
The variation with respect to time,
iwt
T(t), is given by e
and the requirement that
repeat around the circumference determines that
e eime in which m is any integer including zero.
The circumferential variation is therefore generally
sinusoidal in form.
By sUbstituting for m in the
equation for R, the familiar Bessel ordinary
differential equation is produced for which the
solutions are of the form

°

=

R(r) = Jm(km\/) + ~~Ym(km~r)

~---t=-\f1 .'.

r---M ..,

r---~
OfnPhlUdCL
rodiol

dlltonct

important in its own right.

p = ole). R(r).X(x).T(t)

t----~ .,'

prcuurr

Figure 24.9

This equation can be solved by separating the
variables so that the pressure fluctuation p is
written

"f.---H·,o

~--N

.The homogeneous equation is llsed,i.e. acoustic sourqes
are not considered, because the propagation is so

The radial variation in pressure
amplitude in a cylindrical duct with
0.5 hub-tip ratio. Circumferential and
radial orders of mode denoted by m and
~ respectively.

Negative pressure corresponds to perturbations in
anti-phase to that at the outer wall; note that
the radial order denotes the number of zero~rossings.
As the circumferential order becomes large the region
of high amplitude tends to collect near the outer
wall.
The radial eigenvalue, k ,appears in the
equation for the axial variatTgn X(x). Writing
X(x) in the form exp( ikXX) , the axial wave number
is then giv:n b:

.:h

c

~

r

Y.

Thus "hen ~ > k

j

m~

c

_

k
2
m~

the axial variation is harmonic

with no decrease in amplitude.

When ~ < k
,
c
m~

however, the axial variation becomes one of
exponential axial decay and the wave is said to be

where J m and Ymare Bessel functions of the first and
second kind of order m respectively.
k
and
~ are eigenvalues for the particular mo~M and
pa¥ticular hub-tip ratio.
The mode consists of
circumferential order m (i.e. m cycles or lobes
around the circumference) and radial order ~(i.e. ~
nodes or zero-crossings in the radial sense). When the
huh-tip ratic is zero, that is to say the duct is a
circular cylinder, ~ .. is equal to zero and only
Bessel functions of 'ffie first kind are involved. In
the case of ducts with hard walls the boundary
condition that there can be no velocity normal to
the wall gives

~=.£B.=O
ar
or
and this makes it possible to calculate

km~

Fig. (24.9) shows some of the
presented by Tyler and Sofrin for
of 0.5 D for various values of
and radial orders m and ~
In this figure the amplitude of

The circular nature

of the problem determines the equation describing
the propagation and the type of functions obtained.
}llien the hub-tip ratio, 0, becomes sufficiently high
it is often possible to unwrap the circula;- annulus
into an equivalent rectangular duct, thereby
simplifying the problem somewhat.

a2p + 1. ~
P
r ' or

range of cases.
radial patterns
a hub-tip ratio
circumferential
respectively.

outwards to the right.

Downstream of a fan or compressor the duct
is almost always aImular, but upstream it is
generally a circular cylinder.

Tyler and Sofrin have tabulated

cut-off.

When ~ = k
c

m~

,however, the axial

wavenumber, kx' is zero and this is referred to the
cut-off condition.
A comparison of predicted and
measured decay, taken from Ref. (2 1•• 7), is shown
in Fig. ( 24.10).
The form of the equation for kx can be given
more physical significance for turbomachinery by
realising that the frequency sensed by a stationary
observer will be related to the circumferential speed
with which the pattern sweeps the circumference.
If ~ is the pattern speed in radian/s, and rois the
outer radius, then ~r is the speed at the wall.
If m is the circumfergntial order w mO. Denoting

km~

and

~~.
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=

flro
by M the expression for
c
axial wave number becomes:

the wall Mach number

kx

=~r J M2m2 -

2
k m~

UJ
oJ

be expressed as M > ...!'!.l!.. Fig. (24.ll), taken from
Ref. (24.5) shows ho'P the decay rate varies with
the r.attern wall Mach number for a hub-tip ratio
of 0.5 and a radial order of zero.
For large
circumferential orders, i.e. large ill, the decay
rates below cut-off are enormous, so large in fact

that for most purposes it is possible to ignore such
The cut-off Mach number is

32
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slightly greater than one for large values of m,
and significantly greater than one for low values of
m.
When the hub-tip ratio becomes very nearly
equal to one the propagation in duct can be treated
as if it were in a rectangular duct;
the cut-off
Hach number then tends to unity for all the zero
radial-order modes.

1000

Z

and the condition fOf unattenuated propagation can

modes altogether.

:r
1e>

The corresponding Mach numbers

for the cut-off of the higher radial. orders are all
higher.
Thus for the 16th circumferential order in
a duct of hub-tip ratio 0.5, the cut-off l1ach numbers
are 1.13, 1.46, 1.71 and 1.95 for radial orders of
0,1,2 and 3 respectively.
In other words if the
zero radial-order mode is cut-off all the higher
radial order modes will be as well;
in fact the
ri se in cut-off l.<ach number with radial order is
even more rapid for small values of m.

a.

Vl

7

8

9

14

IS

WALL MACH.

Figure 24.11

Decay rates for modes of zero radial
order in ducts of hub-tip ratio 0.5.

The axial wavelength, Ax' is equal to
2n/k ,k being the axial wave number, and the
x x
circumferential ;;avelength, Ae , is equal to 2n/m.
~he angle bet;;een the direction in which a ;;ave
front propagates along the duct (i.e. at constant
radius) and the axial direction is equal to

A

tan -) Ax or tan -)~

e

•

Thus at the point of

x

cut-off, ;;hen kx = 0, the wave fronts, or surfaces
of constant phase, are axial and move in a
circumferential direction.
With k real and nonzero the wave fronts spiral along tiie duct so that
k

in the limit when

rnX +

~ the wave fronts are normal

to the axis of the duct and propagation is purely
axial.
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In the ducts of aircraft engines flow Hach
numbers are generally not negligible, being
typically between 0.2 and 0.5.
Sofrin and McCann
Ref. (24.8) extended the analysis to include the
effect of uniform axial flOW, such a flow being an
idealisation to that in ducts upstream and downstream

"

of compressors, fans and turbines.

The

circumferential and radial form of the solution is
unchanged by this mean flow and it is only the axial
variation which is altered.
In this case the axial
wavenumber can be written:

120

110

M is the axial mean flow Mach number and x is taken
x
positive in the direction of Mx'
The ± signs refer
to the downstream and upstream directions of
propagation respectively.
The effect of the axial
flow is to reduce the frequency (or pattern wall
Mach number) for cut-off.
At the point of cut-off
the argument inside the square root vanishes but in
the case with a mean flow the axial wave number is

10%~--------~'0~--~----~20~~~~t=3~0~:=~~
DISTANCE FROM ROTOR lem)

Figure 24.10

A comparison of measured and
predicted (broken line) decay ahead
of subsonic fan.

M

not eClual to zero, but to I-Mx 2 ~

The wave

x

fronts (or constant phase surfaces) are then
convected downstream and are not aligned in the
axial direction.
III fact with axie.l flow it is
24-6

specifically there is a Kutta condition to be
satisfied at the nozzle exit.
The radiation
patterns obtained are very little affected at
fre~uencies significantly above cut-of
with just
a slight change in the field around 90 to the axis.
The changes which occur close to cut-off are probably
related to the change in the duct cut-off fre~uency
The axial mean flow is a convenient idealisation produced by the me~n flo".
The lobes in the
for the situation upstream and downstream of
pattern to,rards 90 appear always to be those most
turbomachines.
Sometimes the behaviour is
a,ffected, and as Candel sllo"s it is also these lobes
re~uired between blade rows and these may be ~uite
which are significantly reduced by having soft
a significant distance apart.
Between blade ro,ls
lining to the duct.
the flo" is usually swirling and in general this
makes it impossible to separate the variables.
For
possible for ooth the upstream and downstream
propagating Waves to be travelling upstre~ relative
to the flow.
Only when the mean convectlon speed
is included does one of the waves move downstream
in a frame of reference stationary with respect
to the duct.

I

I
,

6,

certain special distributions of swirl, such as
forced or free V01~ex distributions, it is possible
to handle pressure waye propagation after some
restriction to small swirl, Kerrebrock, Ref. (21•• 9).
The general distribution is, however, beyond
present capabilities.
Indeed with swirl in the
flow inhomogeneities (like entropy or vorticity)
also give rise to pressure fluctuations and the
problem becomes most complicated.

The idealisation adopted so far has been the
constant diruneter circular or annular duct. In
practically all cases this is fulfilled for only a
short distance, and the diameter or shape of the
duct is changed.
Some methods have been produced
for considering propagation in ducts of varying
shape, this aspect is considered in the review by
Nayfeh, Kaiser and Telionis, Ref. (2 1j .10). In many
cases the principal effects can be uncovered without
considering the change of shape because if cut-off
occurs the attenuation is generally so rapid that
the amplitudes are very small before the change
of shape is significant.
The modal structure in a duct is ultimately
of less interest than the radiated field outside it.
The most common approach to this is that adopted
originally by Tyler and Sofrin, Ref. (24.5). The
mean flow is ignored and the duct exit is surrounded
by a large baffle.
This baffle is merely a
mathematical convenience but it appears that it does
not seriously distort the radiation field or to~al
acoustic power.
Lansing, Ref. (25.11) has
calculated the radiation field from an intake
represented rather more realistically by an unflanged
pipe and has shown very close agreement with the
T,yler and 0Sofrin flanged method, Fig.(24.12).
Towards 90 to the intake axis there is also a
discrepancy apparent in Fig. (24.12) because the
bounday conditions on the flange begin to be
evident.
Lansing, Drischler and Pusey, Ref.(25.l2)
considered this in greater detail and showet that
only for modes in the duct close to cut-off is the
calculation using flanged exits significantly in
error using the flanged model.
Fig. (24.12) is dominated by the results of
the Lowson, Ref. (24.22) which treats components
such as fans as if they were unducted, i.e. it
ignores the constraint of the duct on propagation
and radiation.
This is discussed further in
Sec. (24.3), but this Figure does show the
discrepancy, compared with Lansing's theory,
that it implies.

- _. - L.OWSON THEORY
•• • " SYNTHESIZED FROM TYLER L SOFRIN
- - LANSING TH EORY

SOUND PRESSURE L£VEL1dB

Figure 24.12.

Radiated field shapes predicted by
three models; Lawson I s theory is for

unducted source.
The analyses of radiation referred to have
omi tted at least two important effects. On the inlet
side there are fre~uently strong refraction effects;
the use of flared intakes reduces the velocity
gradients and refraction effects and, as will be
seen in the next section) with flared intakes

the radiated field is accurately predicted.
Flight type intakes fre~uently produce very severe
velocity gradients, including local supersonic
patches, and any prediction of field shape from this
is suspect, particularly in the forward arc. On the
exhaust side the radiated field shape is, in
practice, radically altered by the refraction
produced by the velocity and temperature gradients
in the exhaust.
The effect here is to move the
field away from the exhaust axis and has recently
been calculated by Savkar, Ref.(24.14).
In fact
the turbulence in the jet very fre~uently disturbs
the field shape so that the distinctly lobed pattern
is lost.
24.4

CONPRESSOR AND FAN NOISE
Having laid the basis of duct acoustics it is

possible to consider the noise from compressors

and fans.
This in turn will lead naturally into
consideration of noise from turbines.

The radiation method of Tyler and Sofrin does
not include the effect of mean flow and although the
formulation used by Lansing inc~udes it, the
calculated results shown do not.
Candel,
Ref.(24.13) considered a two dimensional (unflanged)
case to examine specifically the effects of flow and
soft duct walls.
The boundary condit;on at duct
ends are different for an inlet and an exhaust duct;
24-7

The earliest work Was concerned with noise from
the mUltistage compressors used with low (or zero)
bypass ratio engines.
'L'he compressors for these
engines were designed with no regard for noise
Whatsoever, and almost invariably used inlet guide
vanes,
When it was reco~1ised that the compressor
noise could be as disturbing as the jet noise the
mechanical constraints of these existing engines
prevented very much being done to ameliorate matters.
The advent of the high bypass-ratio fan allowed, for
the first time, noise to be considered from design
inception, but introduced a new type of noise

from the supersonic blade tips.
The engine is
dominated by a large fan on the front, the inlet
guide vanes (IGV) have disappeared, the fan tip
speeds are normally supersonic at high-power
conditions, and the fan flow is split into core and
bypass streams with very different geometries for
each. Very importantly fan noise from the rear may
be as significant or oore significant than that from
the front, often known as inlet noise. The new fans
therefore introduce a marked change in emphasis and
it was upon these that the largest amount of work
was expended.
It took some time for it to be
realised how important the rearwards radiated noise
is, and for it to receive equal attention.
The field of axial turbomachinery noise has
been thoroughly reviewed, with excellent and
readable accounts by ).lorfey, Refs.(25.15) and(24.16)
and one from a different point of view by Cumpsty,
Ref. (24 .17). Morfey, Ref. (24.15) referenced no
fewer than 180 papers in 1973, since when the number
has increased, and it is obviously impractical to
repeat that here.

SUBSONIC

section on duct acoustics.
The spectra illustrated
in 'Fig. (24.13) correspond to a particular angle to
the axis of the machine and, since the field shape
of each element of the spectrum is different, a
different spectrum could be found at another angle.
A" complete " picture requires spectra at a wide range
of angles, but very rapidly the amount of data becomes
too large to assimilate.
The normal approach is to
consider the spectrum at one angle and to look at the
field shape of particular spectral components, such
as the blade passing frequency tone.
The discussion of compressor and fan noise will

be under the headings: Interaction tone noise
(producing the fOTI/ard radiated t.ones from subsonic
machines and the rearJard radiated tones from all

machines), !4ultiple pure tone noise (a supersonic
phenomenon) and Broad Band Noise.
21,.4.1

Interaction tone noise has been the most widely
studied aspect of compressor noise, and relates to
the forward and rearward arc of subsonic machines,
as well as to the rear arc of supersonic machines.
The kinematics of the process are first examined.

After this the experiments relating to rotor stator

BLADE PASSAGE
FREQUENCY

interaction are considered,nnd this leads naturally

into the analytic studies. The theory has attracted
many "orkers and there is a perhaps disproportionate
amount to describe here. Finally, the effect of
inlet flow distortion is considered.

/

24.4.1.1

SUPERSONIC
MULTIPLE
PURE TONES

, h111..

KINEHATICS

From the discussion of duct acoustics it will
be recalled that the pressure field which is rotating
with a wall !<!ach number less than unity decays rapidly
in the axial direction, i.e. is cut-off.
It is
therefore at first sight remarkable that tones are
produced by machines with subsonic tip speeds.
The essential explanation was presented by Tyler
and Sofrin, Ref. (24.5) and is that the rotors
interact with stationary non-uniformities, such as
the wakes or potential field of stators,to set up an
interference pattern for which the circumferential
l<!ach number of a point on the wave is greater than
the cut-off value.
They shm/ed that for B rotor
blades and V stator vanes an interaction pattern is
set up with a circumferential order In given by

FREQUENCY. KHz

~

INTERACTION TONE NOISE

BLADE PASSAGE

/" FREQUENCY

1{lIi~~'MI

m=nB±KV

o

6
FREQUENCY. KHz

Figure 24.13

TYPical forward arc spectra of noise
from a fan or compressor with

subsonic and supersonic tip speeds.
Fig. 24.13 shows typical spectra of the noise
radiated from the inlet(i.e. forward arc) of a fan.
The subsonic tip speed case shows tones at blade
passing frequency and its harmonics and broadband
noise,

or

lower level, elsewhere.

where n is the hanuonic of blade passing frequency
and k is the spatial harmonic of the distortion
produced by the stators.
It follows that the
angular velocity of the interaction pattern, n , is
given by
p
nB
np = n nB±kV
where n is the rotor shaft angular velocity.
AI though formulated in terms of rotors and stators
interacting, it is equally valid for inflow
distortion where V would denote the circumferential
order of distortion.

The supersonic

spectrum shows tones at multiples of shaft passing
frequency with rather ill-defined broadband noise
between them. These tones at shaft frequency are
known as multiple pure tones, combination tones, or
"buzz-saw I! noise after the subjective impression

gained by listening to this supersonic phenomenon.
In the rear arc the spectrum at both subsonic and
supersonic tip speeds is generally like the forward
arc subsonic spectrum.
The radiated field shape was discussed in the
24-8

This expression is purely kinematic, and takes
no account of the interaction process involved.
The effect is illustrated schematically in Fig.(24.14)
where a four bladed rotor interacts with a three
bladed stator (B = 4, V = 3). The fundamental
blade passing frequency interaction, n = 1, would
therefore be expected to rotate at

4
4±k

t'lmes the rotor speed.

The largest

VB1 ue

is achieved taking k = 1 and the negat.ive sign to
give a ratio of 4.
Fig. (24.14), taken from a
recent article on fan noise by Lowr~e, Ref. (24.18) ,
shoWS that after the rotor moves 30 from the top

interaction the next interaction moves round by

I
I

1200 or fonr times as far.
This is continued so
0
that aftgr moving 90 the pattern has rot~ted a
full 360. I f there had heen fi ve stators, V = 5,
the smallest modulus of the
denoJnlnator would be achieved again "Then k = 1. In
this case the value of m is equal to -1 and the
pattern would again rotate at four times the
rotor speed but in the opposite sense to the
rotation of the rotor.

f

•

A schematic representation of the way in which
the waves from interactions which are above cut-off
add to produce wave fronts, whereas below cut-off
they overlap and cancel, is given in Fig. (24.15).
The analogy can be drawn between supersonic and
subsonic projectiles, the former producing
di sturoances which coalesce, the latter waves \rhich
interact and cancel.
24.4.1.2.

ROTOR-STATOR INTERACTION EXPERlllliNTS

Some insight into aspects of interaction processes
can be obtained from Fig. (24.16) which shows forward
arc field shapes of the second harmonic of blade
passing frequency from a high-speed fan.
These field
shapes were obtained by slowly traversing a
microphone along the arc of a circle drawn about a
point in the inlet plane.
The fan in this case had
no inlet guide vanes, 25 rotor blades and 39 outlet
guide Vanes placed very close behind the rotor. From
the blade numbers it will be noted that at blade
passing frequency a mode of order m
14 will be set
up rotating in the opposite sense to the rotor at

=

25
14

.
.
'
tlmes
rotor speed, 1-/lnlst
at the second l
1armOn1.C

an m = 11 mode

Figure

24.14.

Schematic representation of
rotor-stator interaction; B

V = 3.

l~,

PROPAGATING INTERACTION FIELD
AIRFLOW

,

.

lS

t

.

50

.

produced 1'0 at1ng 11 t1mes faster

than the rotor.
Even at the lower speed shown in
Fig. (2 11.16) the seccnil-harmonic will be well above
cut-off.
The strong .?ero-radial order (lJ :;:: 0) mode
is ;.;hovl!1 at the loyTPr :.peed, identified by overlaying
the field shape predicted by the flanged model (after
Tyler and 80frin).
The good agreement is apparent.
At the lower speed the field is dominated by the
lJ = 0 mode, even though bigher radial orders are
above cut-off, but at the higher speed the higher
radial order modes become much more important. F'urther
increases in speed actually led to a drop in the level
and to an increase in the random fuzziness visible in
the traces presented.
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Figure 24.16

FAN BLADE

Forward arc field shapes of tones at
second harmonic of blade passing
frequency.

ROW

FIXED STATOR
ROW

Figure 21\ .15

Schematic representation of wave
fronts for rotor-stator interaction
above and below cut-off

The second harmonic field shapes have been shown
here because field shapes at tht? blade pass:'::g
frequency fundamental were smooth in overall shape,
,Ii th no evidence of lobes due to rotor-stator
interaction, but a large level of fuzziness. This
fuzziness, or unsteadiness of the tone is
characteristic of the traces obtained when a rotor is
run without stators and the tone produced under these

circumstances is sometimes misleadingly called the
rotor-alone tone.
In fact it is the result of
interaction of the rotor with random, turbulent
distortions drawn into the machine and will be
discussed below in Sec. 24.4.1.4.
~he absence of
the rotor-stator interaction at the blade passing
frequency fundamental, even "'hen this is above
cut-off and the rotor and stator are close together,
and reduction in level noted for the second harmonic
as the speed is increased are a result of the rotor
blocking the sound eenerated on the outlet guid"
vanes. This, too) will be discussed below.
lliere have been a large number of tests run
to determine the level of the tones produced by the
interaction of rotors and stators.
In the early
tests) using mUltistage compressors, the principal
interaction was produced between the inlet guide
vanes and the rotor, and correlations were obtained
from these.
An example is sho'"n in Fig. 24.17,
taken from the discussion of Ref. (24.19).
Considerable variation in the details of the trends
with axial gap-chord ratio due to different
companies can be seen, but each shows the rapid rise
in level at small axial gnps between rows associated
with the interaction of the potential fields around
the blades.
At larger spacings it is the wake
which interacts with the downstream row, and the
viscous decay is much slower.
The true complexity
of the situation "as illustrated by the tests of
Kilpatrick and Reid, Ref. (24.20), where in some
cases the radiated tone level from a two-stage
transonic compressor actuallY increased with increase.
in spacing.

eliminated from the acoustic point of view. Any
tone produced in this reference Case must be
related to otber sources of distortion, almost
certainly the atmosphere.
At 4 chords spacinl'; the
tone can be therefore seen to be due to the
interaction with atmospheric distortlOn, with the
rotor-stator interaction playing no part. At higher
speeds this is also true for the forward arc noise
at 2 chord spacings, and this reflects the tendency
of the rotor to block the forward propagation of
the sound generated on the outlet guide vanes. The
srune blocking is not evident in the rear arc since
the sound is being generated on the furthest
downstream blade row.
Although.the tone levels do
increase rapidly with speed, particularly close to
cut-off, it may be seen from these results that the
trend is not so simple at higher speeds.
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250
%

Forward radiated tone level at blade
passing frequency fundamental (Blade
tip speed sonic at approx. 5000 RP~j).

300

J
135

Figure 24.17

Correlations of the change in tone
level with the ratio of axial gap
between rotor and stator to the chord.

llie generation 'l' hilh bypass ratio fans is
rather different from most multistage compressors,
both because of the absence of inlet guide vanes and
the low hub-tip ratio, but also because large
spacing is usually included between rotor and bypass
section outlet guide vanes to reduce the interaction.
Fig. (24.18) shows forward radiated power and
Fig. (24.19) the rearward power from tests of a
high bypass fan reported by Burdsall and Urban,
Ref. (24.21).
The reference case shown is one
where sufficient outlet guide yanes have been fitted
to ensure that the rotor-stator interaction is cut
off;
these results show the blade passing
frequency tone from an aerodynamically equivalent fan
with the rotor-stator interaction effectively
24-10
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Figure 24.19

Rearward radiated tone level at blade
passing frequency fundamental (Blade
tip speed sonic at approx. 5000 RPM).

24.4.1".3
The

ANALYSIS FOR INTERACTION TONE NOISE
rotor~stator

interaction in a high-speed

lo~ hub-tip ratio machine is highly complex. The'
row~ a~e,normallY highly loaded, so that as
as slgnlflcant pressure changes across the
large deflections are normally encountered,
partlcularly near the root.
The wakes from rotors
are distinctly different from those behind isolated
aerofoils, wld in addition the wakes in
turbomachines twist because of the radial variation
in the swirl velocity.
Thus the interaction will
not take place simultaneously along the whole span
but the wake will sweep along it.
The wake also
tends to collect at the hub or tip and become
confused ;ri th the secondary flows, which will
themselves produce an interaction with the
downstream row.
As already mentioned the blade
rows a~e ~bl,: to block the transmission of sound,
and thlS 1S Just one example of the more general
interaction where the two blade rows should really
be seen as a coupled pair.

blade
~ell

blad~s,

There have been a large number of analytical
models for the interaction between blade rQWS.
Basically, they may be divided into those which
treat the problem as a t"o-dimensional cascade
(i.e. ignoring radial effects) and those which
treat blade rows as if they were unducted propellers.
The unducted methods are often associated with
Lo~son, Ref., (24.22) and more recently, Hanson, Ref.
(24.23).
K1nematically both the cascade and the
unducted propeller are similar, "ith the interaction
between moving blades and stationary disturbances
(or vice versa) setting up a pattern rotating much
faster.
In the two-dimensional case the criterion
for unattenuated propagation is that the cut-off
Mach number should be exceeded, whilst for the
unducted propeller radiation becomes efficient only
when the distt~bance is supersonic, and the two
c~iteria are very similar.
At least two major
d1B,advantages may be associated with the unducted
models, one is that the field shapes are very
different from those predicted by other methods
which have themselves been shown to agree quite well
with measurement, Figs. (24.12) and (24.16). A
second disadvantage is that the blockage of sound by
~lade rows may be as important as the generation
~tself, and the unducted models do not lend
themselves to predicting this.
Directing attention to two-dimensional cascade
basic approaches to calculating the
of blade rows with inlet velocity or
sound waves can be fOWld.
Conveniently these can
be designated the compact and distributed approaches.
~ethods ~wo
~nteract10n

If the blade chords are assumed to be
sufficiently short in relation to the wavelength
they maY,be regarded as acoustically compact sources.
By t~eat7ng the sour?es as compact it is a simple
app11cat10n of class1cal acoustics to relate the
dipole source strength to the fluctuation in lift
(or drag) of the blades.
The lift fluctuation
is normally much larger than the drag and is
generally obtained by one of Sears, Ref.(24.24) or
Kemp and Sears, Ref.(24.25 and 24.26) methods for
incompressible flow about uncambered blades.
Probab~y the first example of this was applied by
Het~er1ngton, Ref. (24.27) who obtained quite good
est1mates for the po"er produce by IGV-rotor
interaction.
Another compact SOlrrce method is due
to Man~, Ref. (24.28) and this "as used to predict
~couSt1c power produced by a small rotor running
~n the wake of a number of rods in a Freon tunnel
Lips~ein and Hani, Ref. (24.29).
The theory
,
pred1cted that when the wave fronts generated are
24-11
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nearly parallel to the blade chord the power would be
much higher than when the wave fronts a1'e normal to
'the chord.
Hith 82 rods the wave fronts were very
nearly normal to the blade chords whereas with 41
the wave fronts were nearly parallel.
As Fig. (24.20)
shows the theory accurately prediced the levels in
each case and, in particular, the higher levels for
41 rods.
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Comparison of prediction and
measurement of rearward acoustic power
at blade passing frequency from 54
bladed fan in closed cycle Freon rig.

Despite these successes one is nevertheless
concerned about lIlany of the steps in compact source

models such as this;
the calculation of lift
fluctuation makes many restrictions which are not
satisfied but, perhaps more seriously, the blade
chord and the sound ;ravelength turn out to be very
nearly equal.
In calculating rotor-stator wake
interactions a very simple model is used for the
wake, and thin too is open to the most serious
doubt.
The more interesting methods for twodimensional cascades use the distributed SOurce
approach and do not make restrictions about chord
length, but match incident upwash with source
stren~th along the chord.
They are, nevertheless,
restrIcted to cascades of wlcambered blades at
zero incidence (flat plates) and become less
accurate at t·iach nunibers approaching unity.

The method due to Kaji and Okazaki, Ref.(24.30) is
presented only for the calculat ion of the effects of
incident pressure waves (although it may be
gener~ised) whilst methods by ylhitehead, Ref. (24.31)
~d SIDl~h, Ref: (24.32) admit both this and vorticity
d1stort1on as 1nputs.
Fig. (24.21) compares
measurements with predictions produced by Smith in a
special low speed test, and the agreement is evidently
excellent.
The rapid rise in the magnitude of the
pressure fluctuation rotor tip relative Mach numbers
close to 0.1 occurs as cut-off is approached. At
Mach numbers belo" cut-off the levels fall
pr8cipitously.
Quite recently, Kaji, Ref. (24.33) has compared
the predictions obtained using a distributed, i.e.
non-compact, so\u'ce model with that obtained for
a compact source.
The results for relative inlet
~nd, rotational ~1ach numbel's of 0.8, Fig. (24.22)
1nd1cate that large errors may be produced by the
compact source methods, particularly for the
upstream going wave.
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f01' the transmission and reflection agreeing closely
with those calculated using a distributed source
method for a chord comparable to a wavelength.
F'ig. (24.23) shows results calculated by Kaji and
Okazaki, Ref. (2 1,.30) for the transmission and
reflection of a sound Wave approaching a cascade of
uncambered blades froIn downstream.
The stagger
angle is 60°, the flow Mach number 0.5 and the
pitch-chord ratio is 1.0.
The angle (S-a) is the
angle between the incident i·lave propagation direction
and the clJOrd of the blades; (8-a) = 0 corresponds
to the direction of propagation of the ;raves being
parallel to the c hordline of the blades.
For
(8-a) = 0 propagation occurs with no reduction in
transmitted level and no reflected wave. The
product of wavenumber and chord is denoted by K; the
small effect of cl1anBes in this, particula.rly on the
tl"ansmi tted wave, are apparent.
The reasons for
this are not understood but it appears that it is
the inclination of the wave propagation direction
to the chord line which is crucial (the "venetian
blind effect").
'[hi s makes for convenient modeling
and using this Cumpsty, Ref. (24.34) was able to
explain some aspects of the blocking of SOillld already
referred to.
In general it would appear that modes
generated on outlet guide vanes which are rotating
in the opposite sense to the rotor (i.e.
m = nB ± kV negative) have an orientation relative
to the rotor blades such that the amplitude of the
,·lave transrni tted throl:[h the :rotor is lovl.
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The discrepancy found between the compact and
distributed source methods for predicting the
interaction of blade rows with flow distortion is
not found for the interaction of bladp rm.r[,! ·...rith
sound waves.
Methods "here the blade chords have
been v8nishingly short 01' very long produce results
24-12

F'jgurc 24.23

The level of the transmitted and
reflected pressure waves from a
cascade of uncambered blades
0
staggered at 60 • Incident pressure
wave from downstream.
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There have only been bm attempts at
calculating the coupled interaction between rotor
and stator blade rows.
Kaji and Okazaki,
Ref. (24.35) used their distributed source method
and Osborne, Ref. (24.36) used a compact source
method.
The effect of spacing on sound generated
is shown by these and the rapid rise of the
potential interaction at small spa_cings is
emphasised.
In calculating the potential
interaction steady blade loading is an essential
factor, and for this analysis it is assumed small.
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In the preceding paragraphs it has been
assumed that the principal mechanism for the
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generation of sound is the pressure fluctuation on

the blades when they pass through a distorted flow.
This is frequently referred to as dipole noise, and

Figure 24.24

in suitably idealised conditions gives acoustic

power proportional to the sixth power of inlet
Mach number.
Quite a different mechanism was
pointed out by Ffowcs Hilliams and Hawkings,
Ref. (24.37), in which the velocity perturbation
Vi interacts with the steady velocity field, V ,
j

Predicted spectra of acoustic power
produced by a rotor interacting with
isotropic, homogeneous turbulence.

The explanation appeared indirectly by comparing
the tone levels in the intake of an engine mounted
on an aircraft.
Hith the aircraft stationary on the
ground a high blade passing tone level was produced,
exhibiting the familiar unsteadiness.
In flight,
or with appreciable forward speed, the level of the
tone dropped dramatically.
This is shown by
Fig.(24.25) presented by Cumpsty and Lowrie,
Ref. (24.39) where the large reduction persists until
the tips are supersonic.
The change with forward
speed demonstrated the essential feature of the
turbulence drawn into a stationary intake, that it is
not isotropic, but is strongly elongated in the axial
direction.
Hanson, Ref. (24.40) has measured the
length scales and finds that in the axial direction
they are typically 100 to 200 times that in

surrounding the blades to produce noise
proportional to (pv.V.).
This is generally known
as quadrupole noiselahd the acoustic po~er is
proportional to the eighth power of incident ~~ch
number.
Quadrupole noise may therefore be expected
to become important at higher speeds than dipole
noise, but it is not yet known where the crossover
will occur.
Experimentally the two are virtually
indistinguisable because in practice it is
impossible to obtain the idealised situation in
which the noise varies as the sixth or eighth
powers.
~neoretical investigations have been
tried, but these are so limited by the assumptions
required that they only really indicate that the
transverse directions.
~~e long, axial eddies are
quadrupole noise probably dominates at very high
necessary for the production of narrow band noi3e
subsonic speeds.
which is recognisable as a tone.

24.4.1.4

RO'IDR-INFLOH DIS'IDRTION INTERACTION

The contraction of

the eddies in the lateral sense leads to an enormous
increase in the lateral velocities (explaining why
turbulent distortion remains important in even very

At the beginning of this section on
interaction tone noise attention was drawn to the

unsteady tone levels, which ;rere sometimes of higher
mean amplitude than the steady tones attributable
to rotor-stator interaction.

It was mentioned

there that this tone is due to the interaction of
the rotor with unsteady, turbulent distortions in
the inlet flow.
It may be added that steady inlet
distortions can be present. particularly in bad
test rigs, and these Can produce steady tones of
high level.
At one time it began to seem that the noise
of high bypass engines on approach (when the tips
are subsonic) would be dominated by the blade
passing frequency tone attributable to this
interaction.

It was not, however, understood

why the turbulence in the calm conditions normally
used for noise testing could give rise to the
high levels of distortion needed to produce the
high tone levels.
Mani, Ref. (24.38) applied
a compact source method to the interaction of a
rotor with homogeneous, isotropic turbulence and
an example of the power spectrum produced is
shown in Fig. (24.24).
Even with large scale
turbulence the spectrum does not contain peaks
of comparable sharpness to the tones (or, more

correctly, narrow band noise) nonnally measured.

calm conditions) and also allows the larger
atmospheric eddies to be compressed into the intake.
When the intake possesses a significant forward
speed this effect is decreased, and the two conditions
are illustrated by the sketch in Fig. (2 1; .26). Tests
with large screens designed to remove turbulence

placed in front of the contraction of the intake have
been shown by Lowrie, Ref. (24.41) and Roundhill and
Schaut Ref. (24.42) to reduce the tone level due to
interaction of the rotor with the flow distortion.
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Comparison of in-duct tone levels,
static .md in-flight.
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Schematic representation of
streamline patterns into an intake,
static and inflight.
Figure 24.27

Cumpsty and LO'IT~e, Ref. (24.39) however
reported a strong correlation between the unsteady
tone level and the intake boundary layer momentum
thickness at tip Mach numbers up to about 0.85.
Moore, Ref. (2h.113) has observed reductions in the
tone from a low speed fan when the annulus boundary
layer was removed, and Lowrie, Ref. (24. 41) reports
similar results on a high speed machine.
It has
not yet been clearly demonstrated how atmospheric
distortion and the boundary layer both play a part in
producing t~tone at lower tip Bach numbers.
Because this particUlar noise nuisance

disappears for propulsion engines in flight,
nt least for good installations, the emphasis now
must be On how to reproduce in-flight conditions for
static tests.
It is unfortunate that
contamination by this noise source has irrevocably
compromised data obtained from so many costly tests.

24.4.2

MULTIPLE PURE TONE NOISE

}fuen it was first decided to build engines
with tip Bach munbers of around 1.4 it was widely
expected that the steady pressure field around the
rotor would propagate unattenuated along the intake,
being above cut-off, to produce an unparalleled
noise nuisance.
In the event the situation was
considerably less serious than this primarily
because the steady pattern towards the tip consists
of shock waves and these attenuate non-linearly as
they propagate.
The essential processes are
demonstrated schematically in Fig. (24.27); the
upper sketch shows the situation for perfectly
uniform shocks ahead of the rotor whilst the lower
one shows the more realistic case of slightly
differing shocks.
The noise produced by supersonic rotors is
now perhaps better understood than that from any
other source, probably because it is inherently
more simple, being steady with respect to the
moving blades.
Multiple pure tone noise is also
well understood because of an unusual meshing
o~.theory and experiment.

24-14

Schematic representation of shock
waves ahead of a supersonic rotor.

In the development of knowledge about noise
from supersonic blades a crucial experiment was

reported by Sofrin and Pickett, Ref. (24.44) in
Which a sleeve was inserted ahead of a supersonic
rotor to produce a narrow outer annulus.
The shock
pattern and evolution Were essentially unc}langed

by the sleeve, indicating that for most purposes
the process may be adequately modeled twodimensionally.
Sofrin and Pickett dramatically
demonstrated the process of decay and evolution
ahead of several rotors.
Fig. (24.28) shows
results obtained with the narrow annulus for the
decay of the average shock wave amplitude;
initially it is proportional to

1_
;x-

and then further from the rotor as 1

x'

where x is the axial distance.
TheBe two rates of decay are shown by Sofrin and
Pickett to be predictable by one-dimensional shock
theory.
The prediction of the average rate of
decay says nothing, however, about the spectral
evolution.
TIle changes in the pressure-timo traces
and in the spectrum at small distances ahead of the
rotor are clearly demonstrated in Fig. (24.29) taken
from Burdsall and Urban, Ref. (24.21). The
evolution is essentially non-linear, and occurs

because the stronger shocks travel faster than the
weaker, eventually overtaking and absorbing them.
As Fig. (24.29) shows just ahead of the rotor the
shock strengths are nearly equal giving a spectrum
with a dominant tone at blade passing frequency.
Only a few pilches upstream the number of shocks is
decreased and the spectrum altered to be dominated
by tones at shaft rotating frequency.
The decay of shocks of uniform strength has also
been analysed by Morfey and Fishel', Ref. (24.115).
Although uniform shock strength is not the case of
principal interest they have emphasised that there
is a worst Hach number at which decay is least. 1~le
decay of a train of shocks (more precisely N waves)
with random initial amplitudes has been calculated
by Hawkings, Ref. (24.48), with the interesting
conclusion that the decay becomes slower as the
irregularity becomes greater.
The most interesting
theoretical work is due to Kurosaka, Ref. (24.47) "ho
considered a rather idealised system of shocks and
expansions around the leading edge of a cascade of
uncambered blades, Fig. (24.30), restricting
attention to shocks attached to the leading edges.
Random variations in both blade spacing and stagger
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vere considered.

With quite small variations in

stagger the spectrum only a short distance ahead
of the rotor closely resembles those measured,

Fig. (24.31).

Similar variations in blade pitch

produced nowhere near the correct spectrum.

Whilst this points very clearly to variations in
the inclination of the forward part of the blade
as being the principal cause of the spectral
evolution, it must be borne in mind that fans

usually operate with the shocks somewhat detached.
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dimensional supersonic cascade.
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Figure 24.28

Decay rates of the average amplitude

At one blode spacing
ahead of rotor

BPF (base)

of shocks ahead of a supersonic rotor.

I
II

Idealised shock and expansion system
around leading edge of a two-

(Blade pitch approx. 2.7 inch).

PRESSURE SIGNATURE EVALUATION IN INLET

At three blade spacings
ahead of rotor
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I
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Figure 24.29

Measured evolution of time histories
and spectra ahead of supersonic fan.
(Blade pitch approx. 2.7 inch).
Figure 24.31

Predicted spectra ahead of
supersonic cascade of uncumbered
blades for small variations in
stagger angle.

A large number of tests have been run to try and
reduce the multiple pure tone noise by altering
blade profile.
It will be appreciated that
subjectively a change in spectrum may be as important
as a change in level.
One school of thought favours
camber over the forward part to reduce the influence
of the turning around the leading edge which is
believed to produce the shock strength variations.
Another school favours a flat forward part to
minimise the shock strength, and hence the
24-15

propensity for the non-linear evolution. Since
only small variations are needed to produce the
evolution it is now known "hether the special

used in more sophisticated form by Morfey, Ref.
(24 .50), who llsed results from a number of different

blades will survive the rigours of operation.
In any case the success of acoustic treatment in

parameters implicit in his formulation.
One of the
techniques used by Morfey, which is extremely

intakes at attenuating multiple pure tone noise
has reduced the impact in this noise and with it
the interest in eliminating it at source.

common in aero-acoustics is to plot acoustic pm·rer
against Mach number, in this case inlet relative

24.4.3

fans and compressors to infer the magnitude of

Mach number.
Single stage compressors change their
incidence and loading relatively little as the
rotational speed is changed, providing the throttle

BROAD BAlm NOISE

is constant.

band noise is most unsatisfactory.

One of the

problems is the difficulty of pin-poining this
source experimentally.
Unlike the blade passing
tones, which are easily identified in the spectrum,
and from which something can be learnt of the

source by the time history and field shape, almost
nothing can be said unequivocally about the broad
band noise.
~he hroad band noise forms the
spectral background between the tones, as in
Fig. (211.13);
frequently "hat was believed
to be broad band noise in the past has found to

It has frequently been observed that on
throttling a fan or compressor at constant speed
there is an increase in the broad band noise level.
~is

is illustrated for a fan by Fig. (24.32) from
Burdsall and Urban, Ref. (24.21) .
~e changes
with throttling normally correspond to moving away
from the condition for which the blades were
designed, but Burdsall an~ Urban also present tests
when the design tip speed has been altered but the
design pressure ratio kept constant.

contain a large nU1!lber of tones when analysed
with a. narrower band··width filter.
There is in

general no way of knowing whether the noise

pressure rise the lowest speed machine seems to be

the quietest in terms of broad band noise.

produced by incident turbulence interacting with
the blade rows, or whether it is random
tU1steadines8 produced in the blade rows themselves
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It is the random character of broad band noise
which makes this so difficult to unravel. What

I

NEAR SURGE

understanding there is comes from observation of
changes in the noise with changes such as
removing a stator ro", or altering the pressure

I
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Unfortlmately removing
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on the rotor "hich are frequently overlooked, but
which are quite likely to alter the noise from it.
~!oreover, changing the pressure ratio by
throttling also affects transmission of sound
through blade rows.
Separated flow is "ell-known for the high
level of broad band noise generated, and Sharland,
Ref. (24.48), for example, compared noise from a
stalled rotor with the rotor unstalled.
Gordon,
Ref. (2 11.49) has looked in detail at the noise
from fully stalled bluff bodies in pipes. ~e
broad band noise po".er appears to be approximately
proportional to the cube of the steady pressure drop
across the obst~Jction.
One of the difficulties
in turbomachines is that only one part of the
machine needs to be stalled for it to dominate
the broad band noise.
A partially stalled set
of stators or a bad rotor hub could give results
which would be quite misleading if treated as
general.
The two main hypotheses for broad band noise
generation are the interaction of the blades with
turbulence and the self-generated unsteadiness of
the flow in the blades themselves.
To this must
be added the model proposed originally by Smith
and House, Ref. (24.19), where the turbulence in
the wakes of one blade 1'0;1 interacts with the next
row downstream.
An order of magnitude argument
shows that the length scale of turbulence in the
blade wakes is too short to correspond with noise
generation at the frequencies observed.
It is

possible, however, that the wakes from heavily
loaded blades are rather different to those
normally envisaged and used in theoretical models
and that they do contain significant components in

1'his hypothesis was also
24-16
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a downstream 5tator row has aerodynamic effects

the appropri ate range.

The broad

band noise is markedly higher at a given tip speed
for the more highly loaded fan, but for a given

originates in the rotors or r;tators, \-lhether it is

ratio by throttling.

This is certainly not the case for

multistage machines (some of those used by Morfey
had 7 and 8 stages) and as the compressor speed is
reduced the front stages move rapidly towards stall.

Whereas the multiple pure tone noise is
fairly well understood, the situation for broad
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Spectra of for>Tard arc broad band
noise from a fan at two operational

speeds.
~e blades of compressors and fan are diffusers
optimised to produce the largest pressure rise with
least loss and it will be recalled that the studies
of conventional diffusers reveal that peak

performance occurs in the transitory stall region.

It is not therefore surprising if the blade rows also
exhibit unsteady behaviour leading to radiation. with
increased noise as the pressure rise is raised, and

T.hat heavily loaded rows tend to produce generally
higher levels of unsteadiness.
Burdsall and Urban concluded from their tests
that rotor diffusion factor, approximately the ratio
of' the maximum change of velocity on the suction .
side to the velocity at inlet, was the best
correlating parameter and they chose to use the
value at 75% of the span.
Despite the rationale

The correlation described above does not postulate
a mechanism although it implies that incidence onto
the tip is a special concern.
The tip region of the
rotor COll be identified as a likely trouble spot, and
the annuXus bo\mdary layer interacting >lith the tip

behind this approach it has not ;'een ;ridely
adopted.
A recent correlation by Ginder and Ne;rby,
Ref. (24.51), is based on a total of nine single
stage fans ;rith design tip speeds ranging from
900 to 1450 ft/s.
The correlation uses rotor
incidence and tip relative J.lach number as the
primary correlating parameters.

is known to be very singi ficant to the tone
generation.
Nevertheless generalizing results can
clearly be misleading when the basic noise producing
mechanism is not understood.
Lawson et aI,

In fact Ginder

Olld lie;rby found rater loading at design to be a
poor indicator of broad band noise ~nd one of the
quieter fans for a given tip speed ;ras also the
rr.ost heavily loaded.
The broad bana' noise was
found to vary by up to 20 dB at a given tip speed
for the ;rhole range of machines considered. If
the forward arc at transonic and supersonic tip

speeds is ignored (and at this condition multiple
pure tone noise is dominant) the standard
deviation of measured levels from the correlation

Ii

II

curve is reduced to within ± 2 dB. Fig. (24.33)
gives the measured spectra together with the
correlation curve inferred.
Fig.(24.34) shows
the variation with incidence deduced by Ginder
and Newby, approxi::-,ately 1.7 dB per degree.
To arrive at this data the effect of tip Mach
number has been removed by assuming that the sum
of the forward and rearvard radiated acoustic
power will be proportional to the sixth power
of relative l~ach number, which is equivalent to
asslUIling a simple dipole source for the broad
band noise.
The collapse of the data around
the correlation is encouraging.

Ref. (24.52) identified the tips of th",ir low speed
ducted fan as being important and ;rere able to
modify the noise by clipping the trailing edge near
the tip.
The explanation for the reduction "ith
tip change given by Lowson et al for the illlducted
rotor is that there is less blade area for the tip
vortex to act on.
The presence of the vortex
unsteadiness is seen as the source of noise, worsened

by the proximity of the blade surfaces.
For the
ducted rotor (and Fossibly the unducted rotor too) an
equally plausible explanation is that the loading
near the blade tip will be reduced by clipping the
tips.
Changes in the tip loading also imply changes
elsewhere on the blade to satisfy radial equilibrium.
Nugridge and lft.orfey, Ref. (24.53) have also looked at
the effects of the tips on ducted rotors, considering

the vortex strengths due to secondary

flm-l

and tip

clearance flow.
The vorticity in these is of
opposite sign, and t·1ugridge and 110rfey hypothesise

that the noise '"ill be least when these cancel,
leading to an optimum tip clearance.
Flow
visualisation studies and measurements rather belie
this tidy division into discrete vortices.

For some time there has been an interest in the
noise generated by unsteadiness in the flo", on each

5dal

, .

blade, rather than in the diffusing combination of a
cascade or the interaction with the wall at the tip.
Sharland, Ref. (24.48) was probably the first to

:

investigate this.
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He considered noise due to the

interaction with incident turbulence carried by the
flow (discussed below) and what he called "vortex
noise" which is the noise produced by the aerofoil
in laminar flow.
luis is believed to be due to the

i;

random shedding of vortices, analogous to the nonTWldom Kal%an vortex street, produced by imbalance of

a

1
FRfOUHjCY

boundary layer thickness towards the aerofoil
trailing edge.
Using plausible assumptions Sharland
estimated the fluctuating lift and thence the compact
dipole strength;
the prediction agreed quite well

f
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with measurements made ",ith an isolated aerofoil held

The broad band noise spectrum of
high speed fans.

Fig. 24.33

in the potential region of a jet, see Fig. 24.35.
Inherent in such a prediction are estimates for the
pressures associated with the vortex shedding and
the correlation area over which it extends.
This

led to the pressure amplitude and correlation
measurements by ~lugridge, Ref. (24.54) on an isolated
aerfoil of unfortunately rather untypical design,
having a fairly blunt trailing edge.
The surface
pressure fluctuations were quite different to those

SPl
dB

20L

measured on wind tunnel walls, with much larger
amplitudes at low frequencies, just as one '..Jould

expect if vortex sbedding were important. The
boundary layer pressure fluctuations on the single
aerofoil were fOUlld to give significant crosscorrelation "lith a microphone signal \.J'el1 upstrcrun.
2

4

10

12

Moreover, the predicted spectral shape for the broad

14

band noise agreed well with the. measurements from two

low speed fans.
Figu. 24.34

Variation of broad band noise level
. with incidence (effect of ~!ach
number removea).

More extensive tests have also been carried out
more recently on an isolated aerofoil in a jet, and

several results are shovn by Burdsall and Urban,
Ref. (24.21).
In the non-turbulent region of the
jet there is a significant influence of incidence;

for a sy~netric aerofoil the over~ll noise rises by
about 5 dB 0to peak at around ± 20 incidence, but
within ± 10 the effect is small.
The spectra at
24-17

Theoretical considerations of broad band noise
by blades interacting with turbulence has frequently
been an adjunct to the calculation of tones.
Mani, Ref. (24.38), in considering the effect of
homegeneous isotropic turbulence interacting with a
rotor, calculated broad band noise with penY.s at
blade passing freC!uency.
Pickett, Ref. (2~.55)

10° show that the fre'quency scales with reduced

frequency ~c , c being the chord length, and the
amplitude as u3 . 6 , a lower index than expected.
lbe amplitude was also found to be approximately
proportional to drag coefficient.
A comparison
bet"een the spectrum of broad band noise from the
isolated aero foil and from a fe" fans given by
BUl'dsall and Urban using reduced frequency as
abscissa is fairly good, particularly at 10"
frequencies.
Ginder and Newby, Ref. (24.51)
sho"ed, ho"ever, that the drag is not sufficient
to account for the very large variations in broad

considering anisotropic turbulence fotmd the srune

type of spectrum althougll with sharper tones.
Hare recently Hanson, Ref. (24,56) has calculated
tones and broad band noise by representing the
eddies as a modulated train of pulses, and obtained
rather good agreement representing the sourCes as

band noise level obtained from fans;
a variation
in drag of approximately 300 would be required in
their comparisons.

~
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compact dipoles and deriving the fluctuating lift
from an incompressible unsteady method.
The
objections raised above to this procedure for tones
apply for the broad band noise as well,and it is
usually found that tl1e broad band noise peaks at a
frequency where the wavelength is comparable to the
chord.
In discussing tones the possible importance
of the quadrupole component was considered. The
same considerations apply to the broad band noise.
Up to now there has been no explicit distinction
between broad band noise from subsonic and supel"sonic tip speed compressors.
In the forward arc of

a supersonic compressor it seems highly probable that
the broad band noise will contain a different
mechanism due to the random time variations in the
bow shocks, but it must also be remembered that the
flow towards the hub is subsonic and the noise from
this may in some cases prevail.
In fact in the
fOylard arc noise spectra from ma'1Y supersonic fans

60

-+-+-

and compressors in which the multiple pure tones are
dominant it is difficult to decide what is broad band
noise.
In the rear arc the considerations for
supersonic fans are more akin to the subsonic fans,
but the aerodynamic behaviour in the supersonic
parts of the blades may give rise to quite different
character; sties;
the Ginder and lIewby results
appear to show that in the rear arc of fans the
mechanism and dependance is similar at both subsonic
and supersonic tip speeds.

Meosured

- - - - Prcdlchd
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VELOCITY AT PLATE CENTRE
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The overall position with broad band noise from
Figure 24.35

compressors and fans can only bs summarized as very

Broad band noise radiated from a
small plate held in a jet of
diameter D.

badly understood.
It must be recognised that the
dominant source can change with the design, with the
overall type of machine and with the mode of operation.
A bad or a heavily loaded design may have a region

So far the discussion of broad band noise has
been restricted to generation of unsteadiness

produced by the blades themselves.
The evidence
from this suggests that under some conditions,
such as when the blades are at high incidence, even
locally, tIle "self-generated" noise dominates.

When the blades are not in this condition it is not
clear whether "self-generation" or interaction with

ingested turbulence is wbat matters.
Sharland, Ref. (24.48) "as also probably the
first to investigate the noise generated by an
aerofoil in a turbulent jet in experiments linked
to his tests in non-turbulent flow.
By
application of unsteady aero foil theory and some
plausible assumptions about scale, and by treating
the aerofoil as a compact acoustic dipole,
Sharland was able to predict the sound pressure
level.
The agreement be obtained with
measurements over a range of conditions

vTaS

remarkably good, Fig. (24.35). By putting a
ring upstream of a fan rotor he also increased the
ingested turbulence to the rotor and again had some
success at predicting the rise in noise.
Smith
and House, Ref. (2~.19) also report a rise in
brond band noise when a ring "as placed upstream
of a rotor.
2~-18

of separati on as the dominant source, whilst for a

good design the interaction "ith the turbulence
ingested may be more important.
The effects of tip
speed are not fully appreciated, although highe:r
speeds for the same pressure rise seem to lead to

higher levels and so frequently do higher pressure
rises at the sruae speed.
Finally, the mode of
operation can radically alter the broad band noise,
with a rapid rise in broad band level being normal
as tlle machine is throttled.
24.5

TURBINE NOISE

1'urbine noise is considered here separately
from other sources radiating from the jet pipe, which
are generally grouped under core noise, because of

its resemblance to fans and compressors.
Interest
in turbine noise began far later than compressor
noise, and it is with the high-bypass engines,
producing relatively little jet noise, that it began
to be very important.
The spectra are rather
different for low and high bypass ratios, and examples
of these are shown in Fig. (24.36).
To date very
much less work has been devoted to turbine noise
thnn fan or compressor noise, ru1d because so little

work has been concerned with turbine broad band

t
J

i

noise it is not appropriate to separate this
section into subsections on tone and broad band
noise.
In any case the broad band noise is

included implicitly in the core noise.

!
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Typical real' arc spectra from low
and high bypass ratio engines at
low jet velocity.

Turbine testing tends to be even more
difficult and costly than compressor testing,
particularly when an attempt is made to run at
appropriate prsssure ratios and temperatures.
A significant number of tests have been
performed on cold models, whilst still more have
used the turbines of engines, but very little
indeed has been done hot using special test
installations.
The obvious disadvantage with
using an engine is that the pressure ratio adjusts
with the speed, so as to maintain the turbine close

to its design condition, and it is therefore only
possible to vary speed and pressure ratio
independently over a fairly small range.
The measurement of noise from turbines is
generally more difficult than from compressors or
fans.

The effect of duct geometry on the
spectral shape of turbine tones
perceived in far field.

The jets, particularly "'hen hot, cause

the field shape to be changed because of shear
layer refraction so that the sound always peaks
0
towards 60 or more from the axis.
The
propagation through the jet also brings about a
change in the spectral shape of the tones.
Instead of appearing as sharp spikes they frequently
become so "haystacked" that they are no longer

recognisable as anything but spectral humps,
Fig.(24.36).
The tones inside the duct do
tend to be sharp, unless there is a region of
large aerodynamic loss (and hence turbulence)

Almost all the published data has been concerned
with turbine tone noise.
Because of the jet and
core noise and the "haystacked" tones it is often
difficult to identify turbine broad band noise, but
the first papers to consider turbine noise, Smith
and Bushell, Ref. (24.60) did consider broad band
noise from cold model and engine turbines.
They
showed an increase in this for the cold turbines
according to the third power of inlet relative
velocity (not the 6th power as the simple dipole
analysis would sugBest).
There was very large
scatter, for which no explanation was available,
nor was the pressure ratio considered as a separate
parameter.
It would seem that there is still
considerahle uncertainty about the cause of broad
bund noise, and the influence of velocity, ?-1ach

number and pressure ratio on the level or spectrum.
Broad band noise is, nevertheless, included in some
prediction methods.
'rone noise in turbines, just like in
compressors, is susceptible to cut-off and subsonic
rotors produce tones which can propagate without
attenuation only by interacting with non-uniformities
in the flow.
By choosing the rotor and stator
numbers appropriately it is possible to arrange for
turbine tones due to their interaction to be cut-off.
This is generally easier than in fans or compressors
because of the much lower tip speeds than the fan
and the higher speed of sound;
it can usually be
achieved with less than twice as many stator blades
as rotor blades.
Nevertheless until recently it
has not been customary to include this in turbine
designs.

The effect of increased axial spacing between
rotors and stators is, just like in compressors, to

when the "haystacking ll can occur in the duct,

Fletcher and Smith, Ref. (24.57).
The thickness
of the jet shear layer compared with the acoustic
wavelength appears to playa crucial part in the
haystacking, and changes in bypass exhaust
geometry can have a striking effect as Fig. (24.37)
from Nathews, Nagel and Kester, Ref. (24.58) shows.
Kazin and Jolatta, Ref, (24.59) report that the
acoustic power is a.bout equal for the "unhaystacked"
tone in the duct and "haystacked" far-field tone.
24-19

reduce the tone noise.
The large blade loading of
turbines would seem to point to the potential field
interaction being relatively more important in
turbines.
However, many turbine blades have thick
trailing edges and the wake thickness may be large.
Tests have sho;m the large benefits to be obtained
with increased spacing both iq the last stage of an
engine turbine and on a model 3 stage turbine with
a clean intake.
An example of the reduction
measured with increased spac ing and the predictions

of this, described below published by Kazin and
Hatta, Ref. (24.59) are illustrated in Fig. (24.38).

Fig. (24.40) may be rather different to those for
turbines producing larger pressure drops.
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variation in velocity and temperature (entropy)
out of the combustion system.
Hoch and
Hawkins, Ref. (24.61) compared the rear noise
from a development engine when the combustion

130r----,

u

chrunber was changed from can-annular to annular.

Not only was the low frequency

~
'"

reduced, but the turbine tones were increased.

At first sight the more circumferentially uniform
design of an rulnular combustor would be expected
to be a route to lower tone noise, but it would
seem that the temperature or velocity variation
(perhaps unsteady) must be worse.
The main
point here is to show that the combustion system
"Was a strong source of tone-generating

distortion.
Kazin and I·latta, Ref. (24.59) did
try putting a turbulence producer upstream
of a single stage turbine, but found no effect.
however, is tmlikely to have reproduced

the longitudinal correlation expected of
turbulence out of the combustor.
The production
of tones by interaction of the rotor blades
with circumferential variation in entropy out of
the combustor is a problem not encountered in
compressors, of course.

NASA 3-STAGE TURBII,E
150

~

increased because of the circumferential

'l'his~

Changes in spectrum and field shape
(SPL and PIlL) with cllanges in
combustion chamber.

It is not clear that all turbine stages will
show the same reduction when the axial gap is

Fig. (24.39).
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It is not known how

significant this is, but a characteristic of
entropy variations is to diffuse rather slowly,
and it seems likely that this source will provide
a floor level for all stages.
Fig. (24.40) shows the results presented by
Kazin and Hatta, Ref. (24.59) for the effect on
the blade passing frequency tone power of
systematic changes in speed at constant pressure
ratio, and pressure ratio at constant speed. It
Can be seen that at constant speed there is a
general tendency for the power to rise with
pressure ratio, Whilst at constant pressure ratio
the tone power generally falls with increase in
rotational speed.
This data, of course, refers to
noise changes When the speed or pressure ratio
are altered about the design value. The
variation of noise as the design values are
changed is much more difficult ru1d expensive to
obtain.
Furthermore the trends illustrated in
24-20

Figure 24.40

Turbine BPF tone power; effect of
pressure ratio and speed.

Host data is presented in a way related to
the way in which it is used in the company's
correlation procedure.

How W1satisfactory this is

can be seen from Fig. (24.41) taken from Ref.(24.58)
which is a comparison of proprietary correlation
schemes (some ;rhich have since been superceded)
attempting to calculate the peak sound pressure
level from a neW engine at a range of jet speeds.
None of the methods predict even the trend with
turbine speed correctly, not even that by Pratt
and Whitney whose engine this is, and this must
surely point to the weakness of much of the
correlation that takes place.
The field shape
predictions are a little better, but just as varied
and only one method, based on the turbines of the
same company, is able to get anything like the

from engines was distinctly higher at low velocities
than the noise of pure jets, BUShell, Ref.(24.65).
It also became clear that the spectrilln from engines
with low jet velocities contained more high
frequency noise than the corresponding 3et, and that
the angle for peak noi 5e was near to 80 from the
jet axis, whereas for pure jet noise the peak occurs
around 30°.
One of the main problems ;rith this has
been removing the effects of jet noise so that the
behaviour of core noise call be studied in detail.
Although for 8, given jet velocity (relative to the
engine) core noise may be barely perceptible on a
static test bed, it may be very importa.nt with a
forward speed of, say, 200 knots, and the consequent
drop in pure jet mixing noise.
rro overcome this
there have been tests 1-lith ov('rsize nozz,les so that
for a given engine speed the jet velocity is
reduced.
Unfortunately this changes the engine
operating conditions and only ;,hen appropriate inlet
throttling is included, Hoch et aI, Ref. (24.64)
are engine conditions maintained.
Even then the
acoustic conditions are altered by the changes in
nozzle shape and impedance although the significance
of this is not known.

correct power spectrum for engine conditions
corresponding to approach.
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Compaxison of measured turbine
noise with predictions.

In discussing fans and compressors it was
pointed out that the theoretical models all require
the blade camber to be small.
In turbines the
camber is normally lru'ge and the models are even
less appropriate.
llevertheless Kazin and Matta,
Ref. (24.59), ;rorking on the assumption that the
rotor-stator interaction will be predominantly
from the wake, have predicted the level of tone
power for a single stage turbine at the last stage
of a three stage turbine.
The method is similar
to one proposed for compressors using the Kemp
and Sears, Ref. (24.26) method of calculating
fluctuating lift and treating the sources as
compact.
Despite the apparent unsuitability of
the method, surprisingly satisfactory predictions
of power, and change in power with change in
spacing, have been obtained, Fig. (24.38).
Only the last stage was considered because they
had no method for calculating the transmission
of sound through blade rows.
In fact an actuator
disc method such as Cumpsty and Harble, Ref.(2 11.62)
is very suituble for this beca.use the transmission
and reflection are not much affected by the ratio
blade chord to wavelength, as will be recalled
from section 24.4.1.3.
24.6

CORE NOISE

A definition of core noise is rather arbitrary
but it is taken here to mean the rear arc noise
origillating with the hot stream of the engine other
than that due to the jet and to the turbine. This
is illustrated by Fig. (24.42) taken from Mathews
and Perrachio, Ref. (24.63).
Whilst it is often
difficult in practice to distinguish the core noise
from the jet, because both are broad band, it is
conceptually possible to separate the turbine noise
and core noise and some authors, Boch et al,
Ref. (24.64) include the turbine noise with the
core.
The study of core noise bas recently
gathered considerable momentum and an up-to-date
review is given by BUShell, Ref. (24.66).

The discovery of core noise was held back for a
l?ng time by the use of unsatisfactory jet noise
T1.gs in which upstrerun valves and obstructions
produced more noise than the jet mixing itself
when the velocities vere low.
Hith the advent of
really good rigs it was apparent that the jet
noise really does follow V.S right down to very
low speeds.
It was then ~lear that the noise level
24-21
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MEASURED ENGINE

l F NOISE

Figure 24.42

Definition of core noise

As ;reI 1 as reducing the jet noise, flight
has also been found in some cases to lead to an
absolute rise in the level of the noise in the
forward arc from some engines, as well as a model
jet mounted on a rotating arm, Bushell, Ref.(2 l ,.67)
There is at the present time no satisfactory
explanation for this.
The earliest ideas on the core noise originate
with Bushell, Ref. (24.65) noting that low
frequency noise was generated by a turbine rig when
conditions were such that there was hibh inc idence
onto the dovmstream struts.
Bryce and Stevens,
Ref. (24.68) have followed thi s by a very
thorough investigation of strut noise in n BMRll
model of a turbojet exhaust.
rrhc swirl waG
pro~uced by vanes instead of the turbine of the real
englne.
They were able to correlate the extra
noise with strut incidence and flow velocity onto the
struts, obtaining a correlation to the sixth power
of velocity.
This correlation is consistant with
the results of Gordon, Ref. (24.119) who carried out
an extensive set of tests on bluff bodies in ducts
and, as noted in Sec. 2 11.4.3, found that the noise
appears to scale as the cube of pressure drop
introduced (roughly the sixth power of velocity).
No clear evidence has emerged that strut noise
is a significant source from engines, where designs
usually have low incidence and avoid, so far as
possible, blnff bodies to reduce aerodynamic
losses.
On the other hand deficiencies do occur,
a separated region on the centre body dOvrnstrerun
of the turbine is quite usual, and at lo;r thrust
conditions swirl may be large.
There is,
moreover, evidence that the system used in some
engines to mix the bypass and primary flow before
the final nozzle does not increase core noise.

annular combur;tor was installed in place of a
can-annular one, Fig. (24. 3q) •
I-lore recently
~Iathf'ws and Peracchio, Ref. (24. (3) cross-corrF'lated
the far field noise (from wllere the' peak of t,he cor"

Ti1ese mixers are one of the most drastic ways of
intro~uc.ltlg

turbulent mixitl!7, into the flow;

if

these do . not produce a larp;e illcr(:'3..se in noise it
seeOi that otll~r uc:rodynawic los0-mru:ers are
likelY to be fairly in,:;ignifica1Jt in comparison
\-li th thE: :real core noise too.

\(Ol~ld

Considerable Uleoretical ucti vi ty has r!-~cently
been devoted to the "excess" tloiAe of the jet, that
is to say noise which vould onCf~ have been taken
to be Jet noise but which is generated at the

nozzle ;.ip or upstream.
Crighton, Ref. (24.69)
has examined these and the reader wi 11 find the
subject carefully discuss-.'d tIlere.
Three
mechanismB stand out.
One is the generation of
sound at the nozzle lip itself because of the

the combustion chamber and the far field the cross
correlatiou wa:~ 0.05.
This latter value appears
Tather low, but since there are eight combustion

sudden changE: in boundary layer cc)ndi tions.

chambers, each of which is almost certainly wholly
uncorrelated with the others, the maximum that
could possibly have been achieved is 0.125.
The

Upstream of the lip the radial component of
turbulent velocity must vanish at the wall, but

this is relaxed at the lip.

noise i5 expected) with a pr~S81.l:tf~ transducer just
inside the nozzlt'; and also with a transducer in onp
of the eight combmition cans.
The CroGs-correlation
was filtered and in each cage found to peak at
around 400 Hz, ;,hich had been d"duced to be the
peak of the core noisp spectrum by 8ubstracting the
"true" jet noise from the overall measured nais€".
The peak cross-correlation between the n:-zzle
lip and tho'? fer 1"-[.::l r} was 0 .17 which has been cited
as evidence that lip noise is dominant.
Between

TlJere have been

several sugg~:;st,ions for the boundary condition at
the lip, one of which is the Kutta condition.
The analysis ::~ho\ls this mechanism to radiate

prefer0ntially at large angles to the jet axis.
Crighton also discusses the interaction of jet
shear layer inntabilitics with the nozzle to
produce unsteady :)utlpt flo,"" and thus noise.
Also) from a different point of view, the
turbulent shear JaYi7r provides n possible

amplificat.ion of sound p"opagatinll down the <iet
pipe.
This approach is usually associated with
ero>!, Ref. (24.70) '.ho demonstrated th i s
experimentally as well as theoretically.
Recent
model experiments by Gerend et aI, Ref. (24.71)
and Dechert. and Pfi7.enmaier (Ref. (24 .'(?) have

cross correlation bett.,een the combustor and the far
field is thus about 0.4 of the maximum possible,
which is quite high.
The hypothesis that pressure
fly.ctuations from the ~iet pipe propagate upstream
to the combustion chamber'is quite implausible, and
the dependence of the core noise on the combustion
systems is well established for this engine.

Althoueh combustion appears to be responsible
for much of the core noise there are two conflicting
views on how this com8S about. 1ne morc familiar
view is that combustion is a strong noise producing
mechanism, particularly in the highly turbulent
conditions necessary in a gas turbine combustor.
This is often referred to as direct combustion noise.

confi11J1ed thut tones in the upstream 11.ow can lead

to large increases in the broad band noise. A result
oy Bechert and Pfizenmaier is sh01m in Fig. 24.43.
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Turbulent flames are well known for their
roar, and have received quite wide study over the
last few years.
The flame may be rc,;arded as a
simple monopole source of low frequencies (so that
the flame is aconstically compact, or in phase) and
the sound generation is then related to the rate of
change of the volume of the flame.
A very clear
demonstration of tIJis was given by Hurle et aI,
Ref. (24 _73) who cross-correlated light (a measure

BROAD eAND
JET t~OISE
Al;lfliFlCATION

~

0.5

'.0

The other approach to combustion related noi se
preswnes that it is fluctuations in ~~erature
(more correctly, entropy) leaving the combustion
chambers which then interact with downstream
components, principally the turbine, to produce
noise.
This is often referred to as indirect
combustion noise.
Because it is more familiar,
however, the direct combustion noise will be
discussed first.

"

of instantaneous flame size) and sound emission.

At higher freqnencies the phase varies over the

STROUHAt No

flame surface, a.nd prediction is more complex.
~ne

Figure 24.43

Spectra, using Strouhal number as
abscissa, of jet noise with and
without pure tone excitation.

Whilst these mechanisms may indeed occur in
engines there have, as yet, been no definitive
experiments which have established their importance
there where the Reynolds numbers are at least an
order of magnitude larger.
It is a feature of the
theories that the intensity predicted always
includes an unknown constant of proportionality.
~Iuch

of the experimental evidence has
linked the core noise, or at least part of it, with
the combustion system.
A clear example of this
is the reduction in low frequency noise ;;hen e.n
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methods thus divide into the more intuitive
approach of Bragg, Ref. (24.74) and the mOre
analytical folloving the aeroacoustic approach for
turbulent noise of non-reacting fluids initiated by
Lighthill, Ref. (24.2).
Examples of this latter
approach are due to Chiu and Sununel'field, Ref. (24.75)
and Strahle, Ref. (2)1.76).
Hith combustion present
the difficulty in converting the "solution",
consisting of an integral, into a practical estimate
are considerably greater than in non-reacting cases
and only by the most drastic simplifying assumptions
is this possible, see Ref. (2)1.76) for example.
Experimentally the combustion in an open
turbulent flame introduces several variables in
addition to those found in, for instance, jet noise.
As an example an empirically developed expression
for the acoustic power, P, from lean premixed
hydrocarboll flame given by Strahle, Ref. (24 .77) is

p " 4.89.10- 5 U2 •68D2 • 84 8 1.35 FO • 1Il Watts, where
L
U and 8 are mean air velocity and laminar flame
speed iX feet/sec.
D is the diameter in feet
and F is the fuel mass fraction.
Such non-integer
indices make it seem liJ{ely that important
parameters are being overlooked.
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To cover the

lean to rich variation with premi>:ed and diffusion
flames for a range of fuel types clearly involves
extensive test programs, partic'Jlarly '..fhen the
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spectrum and field shape must also be found.

=60

The difficulty in applying this information
on open flame to gas turbines has been sUJl1I11arised
by Strahle, Ref. (2 1'.77).
"The main problems

1n application of current research results to
turbopropulsion systems appear to be (a) actual
combustors employ different stabilisation methods
and geometrical configurations than research
burners so the scaling rates and absolute power

output may be different, (b) the turbulence
structure is undoubtedly different, (c) enclosure
effects introduce

SOW1d power augmentation over

free field behaviour and feedback effects u.pon
the combustion process may be important and (d)
the sound propagation problem through turbines,
ducts and compressors is a difficult one to
address".
It might be concluded that the
noise of open flames bears little relation to
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combustion chambers.

A considerable number of tests have now been
performed to measure noise from combustion cans

Figure 24.44

Variation in acoustic power from an
isolated combustion can as a

function of air flo;r rate.

tested in isolation for example Strahle and
Shivashankara, Ref. (24.78).
'rhese are tested
vithout downstream nozzles so as to minimise jet

noise, but the pressures inside the can are
unrepresentatively low.
Furthermore, the
downstream boundary conditions represented by the
first turbine nozzle ro" is not correctly modeled.
Nevertheless, some very interesting results are
obtained including the strong dependence of
overall power on air mass flow, Fig. (24.44) and the
weak dependence on fuel flow from weak to
stochiometric in the primary zone, Fig. (24.45)
taken from Ref. (24.78).
Curiously the noise
spectra were found to be essentially unchanged
over large excursions in air and fuel flow rate.
Kazin and Emmerling, Rei'. (24.79) report on
-meast1rements of noise from a full scale annular
combustion ch~nber and Fig. (24.46) is taken from
this.
These tests used a downstream acoustic
horn, which might be expected to confuse matters,
but in fact appears to have had very little effect.
The acoustic power spectrum rises markedly as the
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temperature rise of the combustor is increased,

FUEL /TOTAL AIR

equivalent to raising the ratio of fuel to air.
Kazin and Emmerling also report tests where an
acoustic absorber Was placed downstream of the
combustor.
Large reductions in the noise were
produced, proving the origin of the noise to be
u:pstre9.lJl in the combustion region itself.

Figure 24.45

Variation in acoustic power from an
isolated combustion can as a function
of fuel/air ratio.

Ho and Tedrick, Ref. (24.80) examined the
combustion related noise from eight small gas turbines
with a range of very different types of combustion
chamber, and from a combustor tested on its 0'<11 ;rith
an open exit.
The noise :!'rom the engines was found
to collapse well when plotted against an empirically
determined noise factor, F, which was modified in the
light of dimensional analysis and included the
temperature rise.
It appeared that for engines the
power is proportional to F" whereas for rigs it is
proportional to F2.
This does suggest that the
presence of downstream components, mainly the turbine
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is highly significant.

As well as representative turbine flow Mach
mUllbers and angles, the indirect calculations reQuire
as input the magnitUde of the entropy fluctuation.
At constant pressure the entropy perturbation is
given by:

150

~ = T'

140

§!

T

\30

the prime denoting perturbation,
111e temperature
perturbation has been measured and a spectrum, taken
from Ref. (24.84) is shown in Fig. (24.47).
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Figure 24.46

The effect of temperatu~e rise on
the noise of a full-scale isolated
annular combustor.

Grande, Ref. (24.81) assumed that combustion
noise is proportional to flame speed and that this
varies linearly with temperature.
Using a crude
model for the effect of the nozzle and turbine on
the propagation of noise from the combustor, Grande
was able to predict the overall noise from two
engines with considerable success.
Results of a very extensive program on
combustion noise have recently been published by
Mathews and Rekos, Ref. (24.82).
Extensive tests
were conducted using isolated combustors of
differing design and engines for which the
combu:tion ?oise was deduced by subtracting the
pure Jet nOlse from the far field spectra.
The
correlation, which is based on simple models for
the noise generation and sweeping assumptions
provides a very satisfactory correlation of b~th
the overall, sound power and the spectnun, including
combustor slze, pressure, temperature, calorific
value and air fuel ratio.
Apart from some
differences in the constants, annular and canannular combustors appear to produce very similar
noise.
The indirection combustion noise is produced
by the interaction of entropy fluctuations (i.e.
hot spot~) with downstream components, in particular
the ~urblne, but also the final nozzle, which was
consldered by Candel , Ref. (24.83). 1'1e two
methods proposed for turbines by Cumpsty and
Marble, Ref. (~4, 62) and Pickett, Ref. (24.84) both
treat the turblne blade rows as two-dimensional
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111e spectrum of temperature
fluctuation measured at outlet from
a can-annular combustion chamber.
.

T'" .

111e overall magn1tude of ~ 1n the range of
audible freQuencies is about
2%. 111e indirect
combustion model predicts that the acoustic power
rises rapidly with pressure drop through the whole
turbine, and, in particular,. the drop across each
stage,
With some idealisation Pickett has shown
that the power is proport ional to the SQuare of the
stage pressure drop.
111us for a given overall
pressure drop the noise will be less with a larger
number of stages. The noise is also proportional to
the magnitUde of the entropy perturbation. Figure
(24.48) from C\unpsty and Harble, Ref. (24.85) compares
the predicted and measured spctra of rear arc
acoustic power for a Pratt and Whitney JT8D engine
T'
assuming T = 2%. The agreement in level and in
spectrum shape is satisfactory in view of the number
of asswnptions necessary.
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actuutor discs, assuming blades of infinitesi al

chord and ~itch and neglecting radial variati~ns.
'!be esse~tlal feature of both methods is that the
changes ln ~ properties across the blade row
are lar~e, but perturbations in the unsteady
propertles (en~ropy, pressure, vorticity) are small.
I~ the ?hange 1n mean properties is small entropy
glves nsc to only second order perturbations in
pressure,
Cumpsty and Marble were able to
examine the combined effect of many rows whiJst
Pickett considered rows one at a time.
.
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Figure 24.48

Heasured and predicted spectra of
rear arc acoustic power from a
JT8D engine at low jet velocity.

The situation with regard to combustion noise
is far from clear, with the possibility of direct or

indirect noise being most important. Experimental
tests to establish vhich is the more important
a.re not easy.
Removing the turbine removes the
prime generator of indirect noise but at the
same time it alters the conditions in the combustion
chamber both acoustically and from a more overall
point of view.
r.1easurements of pressure
nuctuation in the com"bustion chamber show" large
amplitudes, but these are attenuated by passage
through the turbine (which may be calculated).
On the other hand the generation of pressure and
entropy fluctuations is intimately related, and
the existence of one does not mean the absence or
unimportance of the other.
It would seem that very careful experiments
will be needed to finally resolve \1hether direct
or indirect combustion noise is predominant, and
it is quite possible that it ;Iill be found that
both may be important in differing CirClDT!stances.
It seems very probable that combustion noise of
one sort or other will be the prime source of
core noise under most conditions at low
frequencies.
24.7

acoustic advantages.
Certain special advantages
can be achieved using double layers, essentially one
over the other, as in Fig. (24.50), and these are now
being tried experimentally.

SANDWICH STRUCTURE

,Noise absorbent lining
on pylon splitter

,Perforate lining

laacking skin

="'"'''''' Noise

Figure 24.49

~b$orbent lining

Schematic Illustration of Installation
of Linings in a High Bypass-Ratio
Engine.

ACOUS1'IC TREATMENT

The character of this aspect of engine noise
is quite different from those set out in earlier
sections.
Here the emphasis is on the design,
achieving the optim~ configuration of acoustic
treatment for the l~ast cost and 'Ieight with least
effort and greatest confidence.
The1,'e is
not the saree uncertainty surrounding the subj~ct,
that there is, for example, regarding the broad,
band noise from compressors or the cause of cOre
noise.
The strong position is partly the
result of strenuous efforts over a number of years,
and an excellent review of the whole field of
aircraft engine duct acoustics has been provided
by Nayfeh et al, Ref. (24.10).

Fig. (24.119) shows where treatment can be
applied in a bypass engine and, a schemat ic of the
type of treatment used.
!·Iost impressive
attenuations have been shown to be possible in
this 'lay even ;rithout the introduction of
additional surfaces, such as splitters, into
the ducts.
'['he crucial quantity is the ratio
of length of the lined surface to the duct height
or diameter.
At the present time, with linings
in the inlet extending over an axial length equal
to about one radius, it is possible to reduce
the multiple pure tones until they essentially
vanish into the background, givine; an overall
reduction of the intake noise of perhaps 5 PNdB
in the case of a large, high bypass ratio engine.
Linings in the bypass duct of a similar engine
may reduce the r~ar arc peak noise level by about
8 PNdB and linings in the jet-pipe by about 3
PNdB.
Operation in service has demonstrated that
these linings can "Iithstand the rigous of flight
and, in particular, the rigours of maintenance
engineers.
111e need for strength, lightness and
the retention of very little liquid has meant,
however, that virtually all linings installed in
aircraft are of one type of construction. This
consists of a perforated or porous sheet over a
honeycomb structure with a solid backing and is
shown in the two upp?r drawin"·,, of y.: g. (24.50).
The honeycomb combines a structural role with
dividing the region behind the perforate into
small cavities so that the liner response depends
only on local conditions.
Although mechanically
less suitable the bulk absorber, Fig. (24.50), has
24-25
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PERFORATED PlATEHONEYCCt.\B

Figure 24.50

POROUS lAYER-HONEYCCt.1B

Schematic of Various Linings TYpes.

The special feature of acoustic liners is their
finite impedance defined by Z = l'., where p and u are
the acoustic pressure and veloci~y normal to the
surface.
For a hard wall u vanishes at the wall
and Iz I +
For a perforate-honeycomb liner, with
thin perforate sheet, the impedance may be
represent0d by
Q).

Z

=R

+

i(~m

-

cot

~d),

The resistance, R, is the

ratio of in-phase pressure and velocity.
In the
imaginary or out-of-phase part, the reactance, the
most important t~rm is cot wd
Here w is the radian
c
frequency, c is the velocity of 80und and d is the
honeycomb backing depth, the distance bet;reen the
perforate and the solid back.
The liner is
essentially an array of resonators and varying d is
the principal means of tuning the liner.
The
other imaginary term is usually small and is related
to the inertia of flow through the perforate; it is
affected by hole size.
The various impedance terms
for a perforate-honeycomb liner are 8h01m
schematically in Fig. (24.51).
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Figure 24. 51

Schematic of Impedance Components
of a Perforate Plate-Honeycomb
Backing Acoustic Lining.

It may be recalled from 24.1 that for a
plane ~lave the velocity and pres sure perturbations
are related by p ~ (pc)u; p is the mean density
of the medium p~d pc is then referred to as the
resistance.
It is usual and convenient to
non-dimensionalise the lining impedances with
respect to the plane wave value, pc, to give
what are called specific impedances.
The liner resistance is determined primarily
by the porDsity of the facing material, and
'.
this can be obtained approximately by measuring
the pressure drop through it with a steady flow
of air.
It does, however, increase at high
flow rates due to non-linear effects and allowance
must be made for this at high sound pressure
levels.
There is also very marked increase in
resistance with the Hach number of the grazing
flow past the liner and for the flow conditions
typical in engine ducts this will normally
override the effect due to sound pressure level.
Quite typically the resistance will be increased
two or three-fold by the grazing flow and
companies have proprietary methods for
predicting this.
The porosities of perforates
typically used are from 5 to 10%; at 5%
porosity the resistance would be in the range
l.Opc to 3.0pc, depending mainly on ~lach
number.
The bOillldary layer thickness is also
aaid to be significant to the resistance, but
this is not freely documented.
The appropriate resistance is therefore
not readily obtainable from laboratory bench
tests, and the specification of the porosity
requires a fairly accurate knowledge of
conditions in service.
In the past estimates
of resistance in service have been inferred from
the difference between predicted and measured
attenuation.
It is only fairly recently that
methods of measuring'impedance in situ have
been developed, Ref. (24.86).
Whereas the resistance is almost unaffected
by frequency, the reactive components are
strongly frequency dependent.
On the other hand
the reactance is only weakly affected by grazing
flow and SOillld pressure level and may be
reasonably obtained from laboratory experiments.
The noise from the aircraft engine components
propagates in ducts whose geometry varies and
where the flow ~lach number is significant,
typically from 0.2 to 0.5.
This would provide
a quite intractable problem were it not for the
24-26

restrictions put on the geometry by the need to keep
the mean flow attached and reasonably uniform.
It is therefore generally true that changes in area
are smooth, gradual and relatively small. The
boundary layers are generally thin end regions of
separated flow small enough to be neglected.
Finally, the propagation is either directly against
the flow as in an inlet (negative Hach number) or
with the flow as in a jet-pipe or bypass duct
(positive Bach number).
In the early work the
effect of flow Hach number was included by assuming
a uniform flow and only more recently has the
boundary layer been included.
In general the
effect of the boundary layer on downstream
propagat ing sound is small, >Thilst it can be very
significant for upstream propagation.
The effect
of temperature gradients and swirl may also be
important in some cases, but this is beyond the scope
of this present section and the reader should
consult Nayfeh et aI, Ref. (24.10).
In predicting attenuations or designing linings
the geometry of the ducts is nonnelly greatly
simplified so that only two classes of geometry are
considered, the annular duct (of "hich the circular
cylinder is a special case) and the rectangular duct.
1"'he latter is often used for narrow annuli, where

radial effects are negligible, and for the rather
curious and complicated passages often found in the
bypass ducting;
provided the duct is long in
relation to its transverse dimensions this is
probably reasonable.
Most of the analyses of acoustic attenuation
in ducts have used normal (i.e. independent) modes
which allow the wave equation to be separated in a
manner analogous to that outlined in Section 24.3.
Viscosity and shear stresses are ali-laYS ignored,

and the boundary layer is modeled by an inviscid
shear.
The presence of uniform flo" does not
seriously alter the n~des, but shear flow brought
the existence of norw~l modes into question. Shankar
Ref. (2 1" 87) considered Tlcoustic propagation with a
mean flow which is perturbed about a uniform flow
without assuming the existence of normal modes, and
was able to show that the results were indeed
consistent with the approach using such modes.
In the simple circular cylinder case considered
in Section 2 11.3 with rigid walls (infinite impedance)
and uniform flow, the specification of inner/outer
radii ratio, circwnferential order,

nt,

and radial

order, V, are sufficient to define the radial
eigenvalues Kmv and Q and eigenfunction
mv
J(kmvr) + ~vY(kmvr).
(For rectangular ducts the eigenfunction is a sum
of sine and cosines in place of Bessel functions).
When the wall impedance is finite the values of
k
ruld Q depend on the values of resistance and
mv
mv
reactance, but once these are specified the
eigenValues can be calculated analytically. This
is not in general straightforward and it is usual
to first calCUlate hard wall values of k
and
mv
~v and proceed by numerical methods from there.
From the eigenvalue kmv' the axial attenuation can
be immediately calculated.
Uniform flow does not affect the radial equation
or the eigenfwlction but it does change the
boundary condition.
Uniform flow is, of course,
on analytic model, not realisable in practice, which
implies slip between the "all and the fluid
immediately adjacent to it.
The acoustic pressure

is continuous across this discDntinuity at the
vall, but a controversy arDse as to whether the
acoustic velocity or displacement perturbations
normal to the vall should be equated across it.
I t has gradually become accepted that it is the
displacement which is to be used;
in
consequence the velocity changes abruptly.

The attenuation upstream and downstream is
affected by too many parameters for a simple
demonstration of all effects to be possible.
It is
usual therefore to illustrate the effects >lith one
or two cases, taking particular values of geometry
(hub-tip ratio for a circular duct, aspect ratio for
a rectangular duct). lining length, Mach ntunber,
boundary layer thickness and liner properties.

The presence of shear means that unless
resecti-ictions are made to sma.ll perturbations
from uniform flow an analytic procedure cannot
be used to calculate k
aItd Q...... Different

It is

more natural to consider the effect of boundary layer
first, although this was the most recent effect to be
included.

numerical methods are mil avail',',.'1Ole for finding
these eigenvalues.
Hariano, Ref. (2)1.88)
and Ko, Ref. (24.89) split the flow into a
• MEASUREMENT

uniform core and a boundary layer, using

analytic results for the core and matching this
at the edge of the boundary layer where a
numerical method is used.
I·fungar and Plumblee,
Ref. (24.90) and Kaiser, Ref. (24.91) use

20

CALCULATION
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- - - - IGNORING SHEAR

M=O.4
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numerical approaches across the entire annulus.
Because the inviscid shear represents the mean

,/if

flDw boundary layer there is no slip at the
vall and the velocity and displacement are both
con tinuous .
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Partly fDr histDrical reasons and partly
because the calculations are so much easier, much

of the published work to date considers Dnly
uniform flDw and neglects the shear in the wall
boundary layers.
The theory is sufficiently
well based and the mechanisms understood that
it can be definitely shown that the neglect of
the boundary layers is not in general justified.
For this reason the results shown here will
normally include the boundary layer.

A (dB)

In comparing liners and their effects
certain assumptions about the input sound field
must be made.

In some work the attenuation

of a particular mode is considered, whilst in
others the sum of radial modes making a radially
constant wave at entry is chosen.
Host work has
considered that at inlet the acoustic energy is
spread into all the modes propagating (i.e. above
cut-off) in an equivalent hard wall duct, either
O~--~---~--f-~~

assuming equal amplitude or equal energy
transmission in each mode.
The Observed

0·5

The assumption that all modes are propagating
and that no mode is preferred in terms of
amplitude matches the common method of teBting
linings between two reverberant chambers. With
any input other than a single mode the apparent
attenuation decreases with distance from the
entry.
This is because the rapidly attenuated
modes are quickly reduced leaving only those modes
which are least affected by the lining; finally
the least attenuated mode is all that remains.
Although the lowest order radial mode (in a
circular duct) or its equivalent in a
rectangular duct is often the least attenuated
mode, it is by no means always the case. ~~is
was demonstrated in calculations performed by
Ko, Ref. (24.89) in which high frequency sound
in the inlet was attenuated less in the second
radial order.
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differences in attenuation calculated for these
latter two assumptions is usually too small to be
significant.
Indeed One of the principal and
most fundamental limitations to the accuracy in
predicting the attenuation from engines is the
specification of the input to the calculation,
that is specifying the strengths of all the modes
generated by the engine, or its dominant
component.

Figure 24.52

Comparison of Predicted and ~jeasured
attenuation Spectrum in a Rectangular
Duct shoving Importance of Flml and
Shear (i. e. Boundary Layer) .

Figure 24.52, taken from Ref. (2 11.88) compares
measurement with prediction of attenuation ln a
rectangular duct.
The comparison is shown for
dmmstream propagation, as in an exhaust duct,
(H = + 0.4) for upstream propagation, as in an inlet,
(M = - 0.4), and also for the case of no flow.

The predictions are shown both including and neglecting
the boundary layer.
These attenuations assume equal
SPL for all propagating modes and growth in the
boundary layers along the length of the lining is
neglected.
The no flow case is vell predicted.
So, too, is the downstream attenuation, with or vithout
the inclusion of the shear layer.
For downstream
propagation shear has very little effect.
In the
case of upstream propagation the effect of shear can
be seen to be large, and when it is included the
prediction matches the measurements very well.
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It is apparent from Fig. 24.52 that the mean

flo" alters the peak freQuency of attenuation in a
given duct, as "ell as changing the maeni tude.
Propagating "ith the flo" (1-1 + vel the freQuency is
increased, against the flo" the peak freQuency is
reduced.
The effect of the shear on the upstream
propagating sound is to increase the peak freQuency
of attenuation, but to reduce the amount of
attenuation. All these effects appear to be
general for a wide range of duct geometries, wall
impedances and Mach numbers.
The satisfactory
agreement betvreen prediction and measurement
provides confirmation that the propagation and
attenuation processes are being adequately modelled.
This allo"s the effects of parameter changes to be
demonstrated usefully "i th the analytic methods.
Mariano, Ref. (24.92) has fOWld that the loss
in attenuation for upstream propagation with shear
can be recovered by reducing lining resistance and
increasing the backing depth.
In Hariano's
calculations the turbulent boundary layer has been
found to be adeQuately represented by a linear
profile given by

%= t

effect for downstream propagation in small, whereas
for upstream propagation it is large, affecting both
the peak frequency and peak attenuation. Fig.(24.54)
demonstratE'S the effect of Mach number at constant
boundary layer thiclaless; because of the small
effect of theboundary layer on downstream propae;ating
sound (Mach nwnber pocoitive) the dow11stream
attenuations have been evaluated assuming the flOtl to
be uniform.
The attenuation for sound propagating
against the floil is clearly very much greater than
i'n stationary conditions (but calculations ignoring
the boundary layer thcn predict even larger
attenuations) and the peak freQuency is lmler. The
effect of flow for dmmstream propagation is to
reduce the level of attenuation ar:d to raise the
frequency at '.{hich the peak occurs, but to a lesser
extent than for upstre8lJ1 propagation.

BOUNDARY LAYER
THICKNESS, b.,

= 0'025D

where 01 is eQual to half

the true thickness.
Jlayfeh et al Ref. (211.93) have
shown that it is the displacement thickness which is
most important in determining the effect of the
boundary layer and that the attenuation calculated
asswlling different types of laminar and turbulent
profile are similar if' compared on this basis.
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Figure 24.54.
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Variation in Predicted Attenuation
Spectrum with Flow l'lach Number in
a Cylindrical Duct of Diameter D.

'l'he parameter which primarily determines the
freQuency of the peak attenuation is the lining
depth, d.
The effect of this is shown in Fig.(21'.55)
from Ref. (24.89).
Over a wide range of lining
thickness the peak level of attenuation is more or
less unchaneed, only the frequency.
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Variation in Predicted Attenuation
Spectrum with BOW1dary IAyer Thickness
6 in a Cylindrical Duct of Diameter D.

Ko, Ref. (24.89) has carried out an extensive
parametric study of attenuation in a circular
cylindrical duct and these are shown in Figs.(24.53)
to (24.56). The effect of boundary layer shear is
included, although boundary layer growth in the test
section is neglected. Fig. (24.53) shows the effect
of bowldary layer thickness on the attenuation for
the upstream and downstream propae;ation "ith the
same flow Mach number.
The bOW1dary layer
thickness is non-dimensionalised "ith respect to
duct diameter, D. As in the rectangular duct the
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Variation in Predicted Att~ntuation
Spectrum "ith Lining Backing Depth d
in a Cylindrical Duct of Diameter D.
(Propagation Upstream).

If the lining de~th were to become comparable to
the passage height, the peak frequency would be
influenced by passage height as well.
It has
already been shown that the peak is also affected
by the flow Mach number and by the houndary layer
thickness.
Nevertheless the largest effect, and
the one over which control can be readily
exercised, is the backing depth and for a design
this would be arrivfd at by a combination of
experience and test calculation.
The other main parameter of the linings over
which control is exercised is the resistance,
depending on porosity but also Nach number and SPL.
Increasing resistance lowers the peak but broadens
it, Fig. (24.56);
the optimum value for a
particular noise problem, geometry and flow is in
general the result of calculation for a number of
possible values.
The complex part of the wm
impedenace associated with the facing sheet c
has a relatively small effect on the
overall attenuation.

Figure 24.56

Variation in Predicted Attenuation
Spectrum with Specific Resistance
R/pc of Lining in a Cylindrical Duct
of Diameter D. (Propagation
Upstream) •

The position with regard to the design and
prediction of acoustic liner performance is
relatively very satisfactory.
It remains, however,
a relatively costly procedure whenever numerical
calculations are performed to choose optimum liner
resistance and cavity depth.
This is because the
attenuation of all the propagating modes must be
found, and in general there are very many of these.
For example in an intake with an internal diameter
2.4 m (8 ft) there will be approximately 812 modes
propagating above cut-off at a frequency of 4 kHz.
For each of these the complex radial wavenumber
or eigenValues must be found.
As already indicated
the calculation of the eigenValues in the direction
normal to the surface is not straightforward for
non-rigid walls and it is finding these which is
most time consuming.
This has led to authors
attaching the problem without the resolution into
mOdes.
Whether these methods will supplant
the modal methods, or whether a fully satisfactory
quick algorithm for calculating eigenvalues will
be found, remains to be seen.
Most of the work to date has treated the
problem as if the lining extended to infinity so
that no waves are reflected back along the duct
from the change in liner impedance.
In practice
this is never realised and some reflection will
occur at the start and the end of the lining.
Recently interest has grown in exploiting
2h-29

this effect by deliberately changing the liner
characteristics at an axial station, Zorumski,
Ref. (24.94).
The possibility of further
significant attenuation from this and from more
complicated liners (such as double layers) appears
to be real.
24.8

CONCLUDING REtolARKS AND FUTURE PROSPECTS

The upsurge in research on aircraft noise over
the last few years has coincided with the introduction
of engines with high bypass ratios, typiCally about
5.
Nost of the research, which has been directed
at civil air transport, has therefore centered on
the problem of these high bypass engines.

The introduction of the high bypass ratio
engines has brought an enormous reduction in noise
from the newer aircraft and has stimulated the
manufacturers to silence many of the older, smaller
types.
Whilst it is true that all the potential fan
quietness could have been lost by careless design,
it is nevertheless also true that it was the
decision to have high bypass ratio which has made it
possible to reduce the noise so far.
The basic
reason for this is no more subtle than the reduction
in jet velocity which is implicit in the higher
bypass ratio and increased propulsive efficiency.
This is the intractable obstacle in the way of
reducing noise from high speed aircraft where
bypass ratios are necessarily low and jet
velocities are high.
The research into noise from
supersonic transport aircraft is, as yet, nowhere
near offering a solution with conventional engines.
Only with such refinements as variable bypass ratio
(high for take-off and landing, low for high speed
operation) does a real possibility exist for quiet
high speed aircraft.
The returns on noise research have been
surprisingly small over the last few years.
For
example little more is known about compressor or
fan rotor-stator interaction noise now than a decade

ago.
It was kno\lll then that the correct; choice of
rotor and stator blade numbers could make the
interaction tone cut-off, and if this was
impractical it was realised that a large axial gap
was essential.
(Interestingly, these 'rules'
were ignored on a high bypass ratio engine for a
military transport.
The noise levels were so
high that structural damage was incurred).
In terms
of broad band noise from fans, compressors or the

engine core the basic mechanisms have yet to be
identified conclusively and the control of noise except for obvious things like avoiding regions of
separation - is a long way off.
The area which continues to offer scope for
hope is in the use of acoustic liners. Remarkably
good results have been obtained with very simple,
single layer perforate-honeycomb layers.
It is
probable that over the next few years the
introduction of double layers and/or the use of bulk
absorber types of lining will lead to a further
marked increase in attenuation.
A feature of lining design is its comparative
precision - it is possible to specify what is
required and obtain a wall treatment attenuation
which closely approximates this.
The basic reason
for this is that the processes are well modeled and
the analytic tools are strong.
In the case of
noise generation the analysis has been of relatively
very little use.
As mentioned in the introduction
the reason for this is the complexity of the
mechanisms in high speed machinery;
the Mach
numbers are typically not far from unity and the

physical dimensions are comparaole with the
acoustic wavelength.
In addition the flow is
frequently highly three-dimensions,l. Yli thout
vishing to be unduly pessimistic it does not appear
to be very likely that analytical methods for
accurately descl'ibing and predicting engine noise
generation viII be sufficiently developed to be
of real assistance for the next decade.
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have revealed inadequacies of prior work (such as
summarized in References 1-5) in predicting the
results of these experiments in detail. The three
experimental papers, in particular, that are most
valuable are the papers of Lush (Reference 7),
Ahuj a and Bushell (Reference 8), and Hoch et al
(Reference 9). Some new ideas that have been
advanced in recent years to resolve some of the
discrepanCies between the Lighthill theory and data
are next described. We also give a brief account
of a type of combined turbulent mixing/acoustic
analysis that is currently gaining acceptance as a
rational way of proceeding to estimate jet noise.
Finally, we deal with the "excess" jet noise problem (the only aspect of which we consider in detail
is the "shock noise" problem for underexpanded
supersonic jets) and briefly describe some of the
puzzles that are encountered in the area of jet noise
in flight. (as opposed to the static case).
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The problem of jet noise in gas turbine exhaust systems arises from the mixing of the jet
exhaust stream with the ambient. The mixing
process is extremely unsteady at the high Reynold's numbers characteristic of gas turbine
engines so that one is inevitably dealing with a
noisy flow. From a fundamental point of View,
one may say that noise is a consequence of a flow
being both unsteady and compressible. Jet flows
are unsteady because the mixing of two streams
at different velocities is inherently unstable and
hence a continuous source of turbulence.

The gas turbine power plant designer is very
often interested in a wide variety of nozzle shapes
(Figure 1). The round convergent nozzle is, of
course, the simplest. possible shape for turbojet
engines. Sometimes (in fact to reduce jet noise),
turbojet engines employ non circular nozzles of
the "daisy" type. Multitube and other multielement
exhaust nozzles have been proposed though they are
not yet used in any flying airplane. Dual flow systems (wherein the stagnation pressure, temperature
of the two streams are different) are cl1<1.racteristic
of turbofan cycles. (Although not shown in Figure
1, dual flow systems are often characterized by
noncoplanar exit planes). Even with round convergent nozzles, a central plug is frequently employed.

The basis for the understanding of jet noise
was laid in the early fifties in two papers of
Lighthill (References 1 and 2) and since then
several authoritative review articles on jet noise
have appeared (References 3, 4, 5, and 6). The
purpose of lhe present chapter is therefore much
more restricted and would even strike some
readers as pedestrain. It is strictly tailored to
the industrial user who needs to glean from the
research literature ideas, equations, etc., that
enable the prediction and hopefully the achievement of some measure of control of jet noise for.
specific nozzle geometries with given stagnation
pressure and temperature. The ideas contained
in References 1-6 will first be summarized
especially with regard to what they imply for jet
noise estimation and prediction. This summary
is followed by citation of careful experiments with
both heated and room temperature jet flows that

The present chapter wi11not address at all the
problems with experimental teclUliques used to
measure jet noise. Some of the more important
of these will be briefly mentioned. Outdoor testing
very often produces confusing effects due to ground
reflections. When scale model tests are carried
out (often in anechoic chambers), it is common
practice to strive for geometric similarity, same
working fluid (air) at the same stagnation pressure
and temperature. The inevitable mismatch in
Reynold's number is accepted as of little consequence in view of the high Reynold's numbers
involved. Frequencies are scaled simply on the
basis that f ~ = constant (where f is the frequency
in cycles per second and ~ is a characteristic
length of the nozzle) and then the scaling principle
is just that the noise per unit area is the same for
both model and prototype in the appropriate third
octave bands. Provided proper precautions are
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taken to ensure the dominance of jet noise over
internally generated noise, etc., the above scaling
principle works reasonably well. Reference 10
provides evidence, e. g., that the above scaling
principle works well for three nozzle types;
namely a round nozzle, a multitube nozzle and a
daisy nozzle. One disadvantage of scale model
work is the need to measure to high frequencies
(as high as 40 kc). Atmospheric absorption effects
are an area of controversy above 10 kc. Engine
tests on the other hand are often vitiated by internally generated noise sources especially for jet
velocities below 1400 feet per second or so.
It should be reiterated that from a practical
point of view we do not know enough about the
scaling of jet noise for complex nozzle shapes
except with regard to the geometric size effect.
Thus every effort is made in practical model scale
studies to preserve the worldng fluid, stagnation
temperature and stagnation pressure. As will be
seen shortly, the celebrated Lighthill theory is.
in essence, viewed from a strictly utilitarian point
of view, an attempt to predict the scaling of jet
noise with jet temperature, jet velocity and
angle to the jet axis.

In Figure 2 we show, in schematic form,
a layout depicting the quantities that are measured
in a typical jet noise experiment. One is normally
interested in sound pressure level (abbreviated as
SPL) spectra (for full scale engine sizes) from
about 100 Hz to 10,000 Hz (for model scale, the
frequencies would obviously be higher),
angles e (in Figure 2) from 20 0 to 150 0 • Jet
velocities ranging from 600 fps to 3000 fps with
upstream stagnation temperatures ranging from
room temperature to 3000 0 R are commonly of
interest. When flight noise is of interest, flight
speeds from 0 to 400 fps are of interest.
We now proceed to a description of the Lighthill theory of jet noise and its consequences.
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Mach number, unheated flows it will be convenient
to take it as the undisturbed speed of sound t~us
eliminating (approximately) the term (p - a p ) 5 ..
in T... In (4) and in what follows, the usua con _ I]
venddn that repeated indices imply summation over
the repeated index going from 1 to 3 is followed.

p

than mere manipulation is involved in the development of (4). Source free linear acoustics of a uniform, homogeneous medium is governed by the
equation:
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(5)

On the other hand, if sources, say sex, t), are
present (5) would be modified to

(1)

o

By taking d/ 3t of (1) and a/ ax. of (2) and subtracting the latter from the formerlone arrives at
the Lighthill equation (which is an exact equation)
namely
d 2p
2 2
32
(4)
~ - a O " P = dXid X (T ij )

The ingenuity of Lighthill' s manipulating (1),

Lighthill himself introduced his theory of jet
noise (References 1, 2) as follows. The exact
equations of continuity and motion can be written
as:
+ dX

with DjDt denoting a differentiation following the
fluid). It should be noted that equations (1) and (2)
assume the absence of any explicit mass or force
sources in the fluid and are thus tailored to reveal
noise sources in the absence of any olwious sources
such as unsteady combustion, struts (which may induce fluctuating forces), etc. This development is
certainly pertinent to jet noise since we hope that
the burning, etc., is complete by the time the flow
leaves the nozzle and struts, etc., are usually
absent in the exhaust plume.

(2) to lead to (4) notwithstanding, it is important
to note (Reference 6) that a somewhat deeper idea
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dP
at

ents), x. the corresponding space coordinate, Pi]'
the combressive stress tensor consisting of a
pressure term pO .. ( 0.. is the Kronecker delta function) , T •• the visc6bs sYress tensor. It is character,istic oflLighthill's development of the jet noise
problem that he used the momentum equation in Reynold's form and that he made no use of the energy
equation (which for an inviscid, non heat conducting
gas of specific heat ratio Y would be

(6)

(2)

Based on (5) and (6), we may say that in attempting
to cast the jet noise problem in the framework of
classical, linear acoustics of a stationary, uniform,
homogeneous medium, Lighthill saw that noise
sources arise ~n this analogy to the extent t~t in
a fluid flow d P /a t 2 is not balanced by a ,,2p •
O

(3)

In (l~h (2), and (3), p denotes density, v. denotes
the i component of velocity (Cartesianlcompon-
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Reference 11 with two spatially separated probes
confirm this.) The reader is referred to Lighthill' s
papers for a fuller exposition of these ideas and the
end result is that, if eddy convection is accounted
for, the source compactness condition becomes
that the turbulent (fluctuating velocity) Mach numbel' (M ) be small. The reasons for this modified
t are that a frozen, subsonically convecting
condition
pattern generates no sound and hence only the time
variations (frequencies) in the eddy's own (convected)
frame of reference create sound. These frequencies
(in the eddy's own frame of reference) are proportional to (u'/9,) where u' is the fluctuating velocity.
The condition that M be small is likely to be met
t
even for high speed jets since turbulence levels
(referenced to the jet exit velocity) rarely exceed
15% or so. l','ven for a Mach 2.0 jet, thus M will
t
not exceed 0 .3 .

In other words, if one wishes to draw an analogy
to tho linear acoustics of a stationary, uniform,
homdgeneous medium, the sources are precisely
the extent to which the pertinent wave equation for
such a flow (L 0 = 0) is not satisfied. The ingenuity of Lighthi?l is, of cour se, in showing that
this residual or imbalance was exactly
0 2 /0 xi oX j (T ij )·
Retarded time solutions to (4) can be written
down formally but they show immediately that no
further progress can be made unless intuitive
assessments are made of the "source" term T ...
Lighthill argued that with a taken as the speedJ
O
of sound in the undisturbed medium and neglecting
viscous stresses, the dominant part of T .. would
be 0 v.v .. To make further progress, hel~ssumed
that (dvl.v.) could be approximated by o.vt.vt"
where lohs the mean jet density and v 1 J
the nonactustic portion of the fluid veloc1ties.
If we accept these arguments, we can then estimate the source terms at least on a similarity
basis. (In addition, hot film measurements, e.g.,
see Reference 11, do give us a good picture of
the velocity field in jet flows.)

f.

There is a small price to be paid for this
ability to cope with high jet Mach numbers which is
that the linear a..:oustic theory has to be developed
to handle the problem of radiation from convected
quadrupoles and the usual Doppler type effects on
frequency, pressure amplitudes, directivity, etc.,
have to be considered. This is the essence of
Lighthill's analysis, namely that it develops the
consequences of convection of the quadrupoles.

The second key idea that Lighthill advanced
relates to the consequences of the source term
appearing in (4) as a double divergence. The
physical result that he deduced was that jet noise
was due to a large number of small, statistically
independent volumes (called eddies) with each of
these eddies contributing noise of a SLUadrupole
character. To understand this, we need to first
note that if the spatial extent over which the
pv.V. term of T .. is correlated is small compared
to blk wavelengt~ of the emitted sound, the source
region is what is termed "compact" in acoustic
terminology an d can be treated essentially as a
point source. (Mathematically, at a given frequency' one would approximate o.v rV f by a threedimen.§Ional delta function repres~nlatton as
o.Q6 (x) exp (j(ut)). To decide when the source
rJgions are indeed compact we need to resort to
a dimensional argument as follows.

25.3 Results of Lighthill Theory and Comparison
with Experi ments
Analytical details of how to solve the problem
of radiation from convected quadrupoles (within
the framework of classical, linear acoustics of a
uniform, stationary, homogeneous medium) are
given in References 1, 2, 3, and 4, so that we
will not repeat the details of the procedure. The
purpose here is to summarize broadly the predicted results.
The results can be classified into: a) those
associated with nonconvective aspects and b)
those associated with the convection of the eddies.
The principal result of type (a) is based on the fact
that the acoustic power radiated by a point quadrupole of strength Q and frequency w is proportional
to w 4 Q2. Since the frequency itself scales as
(u/£) and for a given nozzle geometry we expect
9. to be insensitive to jet velocity, jet temperature
(at least as a first approximation), we arrive at a
famous prediction of Lighthill that jet noise power
at low jet Mach numbers (and the mean square
pressure at any given far field angle) would scale as
P .2U8 when jet velocityUand jet density are varied.
(Note that th~ quadrupole strength Q itself would
vary as p. U .) It is worth repeating that the eighth
power velo1city law is crucially related to the quad1'upole nature of the jet noise radiation. The quadrupole nature of the sources in tUl'll is not only
because we can manipUlate (1) and (2) to yield (4),
but also because we estimate the most important
part of T .. to be pv.V. and further assume (confirmed

If i, denotes a length scale of the eddies and
u the value of the velocity, Lighthill points out
that the associated frequency will be proportional
to (u/9, ) so that the ratio (9, A ) (, being the
wavelength of the emitted sound) will be proportional to (u/a o)' Based on this, we may say that
if the flow Mach numbers are small, the eddies
are likely to be compact. The condition of low
Mach number flows by itself is too restrictive
and not very interesting because jet flows are not
noisy at low Mach numbers.

To cope with the high Mach number jet noise
problem, Lighthill points out that the eddies that
create jet noise are convected with the flow and
in their own frame of reference are actually decaying rather slowly. (Hot film measurements of

1J
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by the experimental observations of Reference 11)
that the Reynold's stresses (v.v.) are correlated
over lengths small compared toJthe acoustic wavelength corresponding to the frequency at which,
the eddies radiate.
The convective aspects of Lighthill's results
will now be stated. The result for the acoustic
pressure of a convected point quadrupole is that
its pressure is modified from that of a stationary
point quadrupole as

Ps

( p2) -

In applying (7) to the jet noise problem, Lighthill himself (References 1, 2) suggested that the
mean square pressure would vary as

'{

~

(t,,/)
(1 - M cos e) 6

p} uS (intrinsic directionality)

(9)

[(1- M COS8)2 + (12 M 2]5/2
c
c

where (1 2 is a semi -empirical constant (noncompactness parameter) allowing for finite eddy correlation volumes. We will shortly discuss the term
"intrinsic directionality" that appears in the numerator of (9). For round circular nozzles, both the
far field acoustic data and the hot film measurements
in jets suggest that a is roughly somewhere between
0.3 and 0 _55. Apart from obtaining an expression
for (p2) valid for all angles and convection Mach
numbers, (9) also points out another important
feature of jet noise. Consider first angles e and
convection Mach numbers M such lhat I M coso
» 1 and I 1 - M cos 8 I »aM . (9) showsCthat
the acoustic meag square pres§ure will now vary
as U3 (since M itself varies as U). Similarly for
an~les (near e S such th~t I (1 - M cos e) I < <aM ,
<p > again va'i-!es as U . Thus tllS Ribner-FfO\$cs
Williams development is of paramount importance
in showing that for high velocities (in the supersonic eddy convection regime), the far field acoustic
mean square pressure and total acoustic power will
ultimately vary as U3. Since at low velocities these
quantities vary as US and the flux of kinetic energy
through the exhaust nozzle varies as U3, we may
say that the efficiency of noise generation (ratio of
acoustic power to jet flow power) varies as M.5 at
the lower velocities and finally (at high velocities)
levels off to a constant value.

(7)

where PM is the pressure of the movinp; quadrupole, Mc is its convection Mach number (referenced to the speed of sound of the uniform, homogeneous, stationary medium through which it
moves). The angle e in (7) is the angle made
between the source -observer direction and the
line of source motion with the source position
taken at (he instant where the source was when it
emitted (he radiation reaching the observer at
current time (see Figure 3). p is the pressure
that a stationary source ~ocateJ'at the retarded
position in Figure 3) would produce at the same
far field location. The restrictions on (7) are
that it is valid only for point quadrupoles convecting at a uniform velocity.

/P'M2)

along the direction 0,. This difficulty with the
original Lighthill reslilt (a foretaste of which is
that (8) "blows up" or is Singular at M cos = 1)
led Howcs Williams and Ribner to dev~lop a more
generally valid result than (8) and they concluded
that this result is that

(8)

c

Ffowcs Williams and Ribner (References 12, 13)
showed however. that two changes need to be made
to (8) before it can be applied to the jet noise problem. First they showed that wIlen the integration
over a finite jet volume of a large number of statistically independent eddies is carried out, the
proper factor in the denominator of (8) OU&t to
be (1 - M C088)5 rather than (1 - M cose) . The
eddy conv~ction velocity by measure)nent for round
nozzle flows is found lo be roug'hly 65% of the ideal
jet exit velocity.
The second modification introduced by Ffowcs
Williams and Ribner is of considerable importance.
We note first that, if the frequency of the eddy in
its own frame of reference is wo' the frequency of
the emitted sound in the far HeJa is given by the
Doppler shift formula w /(1 - M cos e). This
means that however sma~ w mi~ht be, for supersonic eddy convection (M >
the observed frequency along the directiog e = cos- 1 (lIM ) is
infinite and the associated w<fvelength is ze1-o.
This means that however small the correlated
source region, it cannot be regarded as compact

2),
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One last remark needs to be made related to
the fact (9) is in terms of the "retarded" position
angle e (Figure 3) whereas jet noise measurements
are made with reference to the center of the nozzle
exhaust plane. Jet noise eddies obviously do not have
an infinite lifetime and, in fact, have a coherent
lifetime (time between the "birth" and "death" of
an eddy) corresponding to a travel through several
nozzle diameters. (The coherent length is greater
for low frequencies as compared to high frequencies but, even for the lowest frequency eddies, does
not exceed about twenty nozzle diameters). Thus,
if the far field measurements are made at a distance of greater than say 150 nozzle diameters,
the distinction between the angle measured from
the center of the nozzle and the "retarded" position
angle need not be made. If, however. the radius
of measurement is significantly less than about
150 nozzle diameters, some accounting of the coherent length of the eddy may be needed especially
for the low frequency sound.

I
I

An expression "intrinsic directionality"
appears in (9). The most comprehensive development of this idea is due to Ribner and is summarized in Reference 14. The idea is as follows.
Consider even the Lighthill approximation to T ..
namely, p .v.v .. In a jet flow, to a first apprJ.~
imation, wJ I\11y consider the velocity field as one
composed of a transversely sheared axial mean
flow U(r) (I' denotes the transverse radial coordinate) and a fluctuating part u'.. Then the term
a2/ax. ax. (v.v.) appears as c1omposed of a part
1
J 1 J

nozzles was predicted to scale such that f 9. /V. was
constant. This last result was not so much art
insight from the Lighthill equation as simply based
on dimensional reasoning. When jet temperature
was changed ~eeping jet velocity constant), by virtue of the fact that jets are essentially constant
pressure flows, jet density will also be changed
and the theory suggests that noise rower and mean
squared pressure would vary as Pj . In Reference
3, Lighthill suggests that because jet nOIse arises
from the mixing of the jet with the ambient, the
strength of the quadrupoles ought to be taken as propOl'tional to (P. + p 0) /~ where Po is the density
of the ambientlfluid rather than just to p .• Hence,
he suggested that the variation with jet dknsity
might be expressible as a power law P. W where
W lies between 1 and 2 .
J

a2 [U (x2 ' x 3 ) u\
a Xl axi
(with 1 denoting the axial direction) and a part
aZ/a x.a x. (u'.u'.). If the turbulence is assumed
to be fsot1:opib ih its own frame of reference, the
above decomposition shows that there are mean
fl~w shear dependent axial quadrupoles
a /a x a xi [U (x , x 3 ) u\] and an omnidirectional
1

2

mix of quadrupoles a2 (u'.u'.)/ax. ax.). The mean
flow shear dependent soutcd ternts (1aid to produce "shear" noise) and the more or less omnidirectional group of terms (said to produce "self"
noise) differ from each other in three respects.
Firstly, the shear noise terms have an axial
orientation unlike the self noise terms which are
omnidirectional. Secondly, since the shear noise
involves only one power of the fluctuating velocity
while the self noise involves two powers of the
fluctuating velocity, shear noise would be expected
to account for lower frequency noise emission
than self noise. Finally, since fluctuating velocities will be smaller than mean velocities, shear
noise would be expected to be more important in
an absolute sense than self noise. It should be
pointed out that these remarks concerning self
noise and shear noise are, strictly speaking, true
only for the development of jet noise theory based
on Lighthill's equation (4). At any rate, Reference
14 points out that this development of Lighthill's
equation leads to an intrinsic directionality of jet
noise as [A(f) + B(f) cos 2 (e) 1for the mean square
pressure with f the frequency (more properly a
Strouhal number) and e the angle from the jet
exhaust axis. Based on the previous reasoning,
one would expect B (f) to peak at a frequency onehalf of that at which A(f) peaks and also expect
the peak value of B(f) to be higher than that of
A(f).
Essentially, the picture of jet noise prediction that emerged in the early sixties or so is
shown in Figure 4. The total acousti~ power was
predicted and measured to va~y as U at low jet
velocities transitioning to a U law at high jet
velocities. The directionality was predicted to be
basically as [(1 - M cos 8)2 + a 2 M ~l -5/2 with
Ribner's developmeRt predicting aIr additional
cos 2 0 type dependence at low frequencies. The
spectral distribution for geometrically similar
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Apart from the source aspects (such as low
frequency shear noise), the PIe dictions of the Li[{hthill theory whether for the U law, the :OJ 1 to 2/
dependence or the [(1 - M cos 8)2 + a 2 M' 21 -5 2
directivity are not noticeaBly frequency d8pendent.
The Lighthill theory led to at least two notable
ideas for jet noise suppression. Since the thrust
of a jet varies as A.V.2 (where A. is the jet exhaust
area) and its acousthclpower as ~. VB, it is easily
demonstrable that jet noise could ltJ reduced at
constant area by raising exhanst area and lowering
jet velocity. The high bypass ratio fan engine is
an embodiment of this concept and indeed by and
large the noise of these engines (especially the
ones that power the wide bodied transports averaging bypass ratios of 5; 1) is not dominated by jet
mixing noise at all. Even with straight turbojet
cycles, ideas due to Greatrex and others led to
the notions of "mixer" nozzles such as the daisy
nozzles shown in Figure 1. The exact basis by
which such nozzles serve to reduce noise is not
completely understood but it seems clear that at
least one ingredient in the reduction is the tendency
for these nozzles to produce enhanced jet mixmg
by allowing for greater entrainment (as compared
to a circular nozzle) and thus reducing the integrated
value of the Lighthill stress tensor (p v.v.).
1 J
The experimental data in the early sixties
tended to confirm several of the Lighthill predictions in the gross aggregate. Peak overall sound
pressure levels, overall power l1'vels (abbreviated
as OAPWL), etc., showed the UIJ - U3 behavior.
The directivity of the overall sound pres~ure levels
tended to follow roughly a (1 - M cos e) - type
variation with M taken as 0.65 M.. The predicted
density dependen1:e was, however,] never checked
out carefully. When nozzle size was varied (other
things being kept equal), frequencies do scale inversely as the length ratio but when jet velocity is
varied (other things being held fixed), the measured
far field frequencies do not appear to scale linearly
with velocity as would be eJo..1Jected from the notion
the (f ~/V) stays constant.

One of the first measured discrepancies from
the Lighthill theory was the fact that with jets
'yUh subsonic eddy convection velocities, the
directivity of the high frequency noise often does
not follow the predicted (1 - M cos e) -5 directivity
but exhibits a heart shaped dipcnear the jet axis
(Figure 5). Another significant discrepancy is
what has been picturesquely termed the "reverse"
Doppler shift by Hibner. If one measured jet
noise from e = 0 to e = 90 0 (again for convenience restricting oneself to jets with subsonic
eddy convection velocities), one would expect
from the Lighthill theory that the sound field at
shallow angles would be dominated by higher frequencies while that at the more broadside angles
by lower frequencies. This is because, by the
Doppler shift formula, the emitted frequency is
related to the source frequency w0 by the expression w 1(1 - M case). Actual measurements
exhibit qhe revefse tendency with the sound pressure level at 90 0 to the jet axis often being peaked
at a frequency three times higher than that at
e = 30 0 • Ribner Jlas explained this "reverse"
Doppler shift as due to two features. Firstly,
the self noise-shear noise decomposition itself
shows that the low frequency noise will be biased
towards the jet axis, whereas the high frequency
noise is omnidirectional. Secondly, Rilmer points
out that the mean flow velocity and temperature
profiles would refract away the high frequency
sound from the jet axis. Indeed, Ribner and his
students performed several experiments in the
mid sixties with artificial sound sources (discrete
frequency point sources) in jet flows which exhibit
heart shaped dips close to the jet axis in the far
field quite similar to jet noise data itself (Reference 14).
Lush's experiments (Heference 7) were notable
for the fact that for subsoniC, unheated jets over
a range of velocities (300-1000 fps). an attempt
was made to make a fairly detailed theory data
comparison with the Lighthill theory.
Lush begins (in terms of theory data comparison) by noting that from the Lighthill theory, one
would expect the far field acoustic pressure on a
given arc (for a given nozzle exhausting into a given
ambient) to vary as:

~p2) (e,

Pj2YjB FI(O, wo)G(w O)
w), -""-_....
- --"---~=----=----

(1 - M coso)5

where w = w 01(1 - Mccose)

tially unity (Le., he takes the intrinsic directionality to be omnidirectional) and also neglects the
(cx 2 .!vI 2) type correction in the denominator of (10).
(His €xperiments being with subsonic jets involved
M < 0.65 so that the (,,,2 M 2) term was always
sJiiall compared to (1 - M c1:>s e )~. Fllrther, to
avoid the need to know G( SO), Lush examined the
variation of (p2) (8, wOI(l - Mc coso)) with
fixed Wo and varying 8. Finally, in seeldng to
collapse data from different nozzle sizes and at
different velocities from a given nozzle size, Lush
examined the directivity at fixed values of
[wOd/21T V J where U is the jet velocity. This last
procedure is sometimes called determining the
directivity at fixed source Strouhal numbers and
note that it entails examining the far field acoustic
pressures at a frequency dependent on the angle,
namely at [0l 0 /(1 - Mccos e )]. Also a suitable value
of M must be assumed and Lush chose the usual
estin'iate of M = .65 M .. Since Lush was working
with room tenfperature Jail' jets operated at subcritical pressure ratios, the variation of 0. 2 in his
experiments was quite small and negligible J. Consistent with his assumption of an omnidirectional
FJ (e, w0)' Lush e:>'lJected to obtain (from Lighthill's theory) that the variation of
(p2) [e, (w /1 -!vI case)] at fixed wO' V with
O
G wouldbeas(1-1v{cosl1)-5 withM =0.65M ..
and at fixed e, w th.,; v'iriation with V {iould be J
as VB /(1 - M cos 9)0. Examining the data for
w(1 - M cos8)d/21fV from 0.03 to 1.00 (which
bracket£ the range of frequencies occurring in jet
noise quite well), Lush found the following. With regard to the directivity at fixed source Strouhalnumbel'S, he found that an expression of type
(1 - M cos 8)-5 overestimates the variation with
angle & the measured data at high source Strouhal
numbers and conversely at low source St"rouhal
numbers. the variation is underestimated. Similarly
at shallow angles to the~et axis and at high frequencies, VB 1(1 - M cos A) overestimates the variation
with V of the me<fsured data and conversely at
shallow angles and low frequencies the measured
variation with V is underestimated by the expression
u8 /(1 - 1\1 C088)5. At large angles (0 the jet axis,
Lighthill 'ltheory and ideas work fairlY well. For
eXamjle at e = 90 0 , the pressures scale very well
as II and the peak frequency scales extremely well
as Did. (Correspondingly at shallow angles, e.g.,
at e = 30 0 , the peak frequency appears almost
insensitive to jet velocity.) These results of Lush
are summarized in Figure 6 schematically.

c

(10)

In (10), Fr (8, w ) would be the intrinsic directo
ionality orthe sound at a source frequency wo
and G( ul ) the intrinsic source spectrum (not predieted aP all by the Lighthill theory but determined
in principle by knowledge of the turbulent dynamics
of the eddy in its own frame of reference). Lush
assumes (unlike Ribner) that F I ( e, w 0) is essen-

Ahuja and Bushell (Reference 8) obtained very
similar results with room temperature jets over
roughly the same velocity range as Lush. Developing the same idea. they point out that if the acoustic
data from a given nozzle geometry is plotted such
that we plot the quantity
(Sound pressure level) (SPL in dB) - 20 log10
(n/R) - BO 10glOYj + 50 10glO (1 - Mccose)
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(11)

I

It

I

I

for fixed values of {fD (1 - M cos 8) IV, }
where f is the observed frequegcy in cydles per
second, V, the jet velocity, D the nozzle size and
R the radihs of measurement one ought to obtain
a universal curve which is reallv a measure of
G( "'0)' This statement of Ahuja' and Bushell (for
room temperature jets) is what one has in mind
in saying that Lighthill's theory asserts, in a
strictly utilitarian sense, a powerful scaling principle. In fact, if we proceeded to subtract from
(11) an additional term 10 wlog (p,) where 0) lies
10
between 1 and 2, the scaling prmclple would allow
for density effects also. In principle the desired
universal curve could be obtained by just one
measurement (for a given nozzle type) of the far
field acoustic pressure spectrum at one angle, one
jet velOCity/density combination. Using (11)
(modified by subtracting lOw 10gtO( p ,)), one could
then predict the complete fa,r field a)coustic pressure spectrum at any other angle, any other
velocity and temperature and for any nozzle with
the same g'eometry as the baseline nozzle.
When Ahuja and Bushell (Reference 8) attempted a collapse of this type, they failed to obtain one
universal curve. Rather as shown in Figure 7
and explained earlier with regard to the Lush
data, if one draws the curve of the reduced quantity in (11) for 8 = 90 0 (since Lighthill's theory
works very well at e = 90 0 ), the problem is that
for shallow angles the high source Strouhal number data is overpredicted and the low Strouhal
number data is underpredicted.
Related to these discrepancies observed by
Ahuja and Bushell and by Lush is one with regard
to the scaling of the peak frequencies of the spectrum with jet velocity (Reference 15 and Figure 8).
This is that whereas the peak frequency of the
SPL spectrum at 0 = 900 varies linearly with jet
velocity, the peak frequency of the integrated
power level or PWL spectrum (which tends to be
dominated for subsonic jet noise by the shallow
angle levels) is often quite insensitive to jet velocity.
Last but not least, we must mention the
rather Significant discrepancies from the Lighthill theory in the area of heated jet noise found
by Hoch et ai, (Reference 16). As mentioned
earlier, the Lighthill theory leads one to expect
that the mean square pressures (as well as the
acoustic power) would vary as p,~1 where w lies
between 1 and 2 when jet density alone is varied.
Measurements by Hoch and colleagues of this
"jet density exponent, "".I are shown in Figure 9
as a function of log10(V,/C ) where V, is the jet
velocity and Cil the speJd oq sounci of tile ambient.
(The ratio V'/C is sometimes called the "acousO
tic Mach nll1iJber MO" in lhe literature.) The
expected values from the Lighthill theory are
also shown in Figure 9. Notice the rather substantial discrepancy especially at low jet velocities.
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As the bottom of Figure 9 shows, the effects of
heating also cause the frequency spectrum to be
biased progressively lowards the lower frequencies. A simple explanation of all these heating'
effects based only on changes of jet turbulence
structure due to heating is difficult to envisage
since the effects of heating vary with (V/C ) .

o

Before concluding this section, we wish to point
out some of the experimental advances that occurred
in the late sixties - early seventies that really
enabled the selective pinpointing of discrepancies
between measured data and the predictions of the
Lighthill theory. Firstly, especially with scale
model work, the use of anechoic chambers to measure jet noise came into vogue in this period thus
avoiding' ground reflections, etc. Secondly, it
became reco[,;niz(ed that non jet mixing noise
sources chiefly internally generated noise sources
need to be suppressed very carefully in order to
acquire good jet noise data. These internal noise
sources are usually equivalent to lower order
acoustic sources of the monopole or dipole type
and hence by the usual dimensional reasoning, one
would expect their contributions to the far field
acoustic power to vary as U4 and UB as opposed to
the U8 contribution cif jet noise (at the lower jet
velocities) (see Reference 17). Indeed as shoVin
in Figure 10, the test of the "goodness" of a facility for jet noise measurements has now come to
be evaluated by the lowest velocity to which the
OASPL at 90 0 to the jet axis exhibits an eighth
power law. We also expect a good facility to yield
SPL spectra at 90 0 to the jet axis (for the unheated
case) scaling all a proper Strouhal basis, i. e. ,
peak frequency varying linearly with jet velocity.
For the effects of heating, a good facility is cur1'ently required to produce jet density exponents
similar in values (as a function of V. ICo) to those
measured by Hoch. et al (Reference) 16). Thirdly
our understanding' of jet noise has greatly improved
because (even for simple nozzle geometries such as
a round convergent nozzle), jet noise data is now
available from good facilities over a wide range of
velocities and temper:l.tures. In the supercritical
case, some experiments (Reference 18) are even
available where the nozzle is carefully contoured
to avoid underexpancled flows and associated shocks
in the jet plume. (Such nozzles are often termed
C-D nozzles for "convergent divergent nozzles" or
as Laval nozzles.) Finally. the emphasiS placed
by the Lush and Ahuja-Bushell work on examining
the data on a constant source Stroullal number basis
is also significant inasmuch as it is a simple but
effective way of checking out the acoustic implications of any jet noise theory without confusion of
turbulence source spectrum effects. (In other
words, we need not be stymied in terms of theorydata comparisons clue to our ignorance of G( "'O) in
(10}) .

25.4 Acoustic-Mean Flow Interaction

"convective amplification".)

The estimation by Lighthill of (ov.v.) as the
most important part of Tr and his sub~Jquently
approximating it by (o.v t.~ .) has certainly proved
most valuable in provitlinh· tj key insights into the
jet noise problem as evidenced by the previous
section. However, it is also true that this approximation essentially suppresses all effects associated with the fact that the mean flow and mean
temperature environment of the jet convect, refract, and shield the radiation from the moving
eddies.

A highly simplified model problem of a simple
point mass source (i. e., not a point quadrupole)
convecting along the axis of a round plug flow jet
was worked out by the present author (Reference 23)
to examine this question in more detail. The
source oscillates at a frequency w in its own
frame of reference and the principPe result calculated
was the ratio of the power emitted by the source in
the jet flow to that which it would emit if there was
just a source convecting through a stationaJ.'Y,
ambient medium (the latter situation corresponding
to the Lighthill model). The results are a function
of the jet and eddy convection Mach number M and
the frequency parameterw Oalc (where c is the ambient speed of sound). The problem and key results
are shown in Figure 12. At high (koa) the problem
does yield the result of no convective amplification
but at low (leoa) a somewhat unexpected result that
convective amplification may be underestimated
by Lighthill type models was obtained. (We shall
not discuss this last result in any detail here except
to note that the experimental work of Lush and
Ahuja-Bushell also showed that Lighthill's theory
tends to underestimate convective amplification
at low frequencies.) Furthermore, as the result
in Figure 12 shows the flowing jet column provides
a natural (acoustic) mechanism for the enhancement
of low frequency radiation relative to high frequency
radiation. It was argued in Reference 23 tlmt this
effect more or less completely explains why the
peak frequency of the PWL spectrum is so insensitive to jet velocity (Figure 8).

This neglect of mean flow effects in the Lighthill development was pointed out by several writers
in the sixties, notably Hibner, Powell, Phillips
and Csanady (References 19, 20, 21 and 22). The
refraction effect alluded to earlier is, of' course,
one example of this. Powell pointed this out by
stressing the following. The convection of the
elementary quadrupole generators was an important effect recognized by Lighthill. However,
this very convection effect leads to the following
difficulty with the theory. Since the mean square
pressure of a moving quadrupole is different from 5
that of a stationary one by the factor (1 - M cos e) ~
by integrating this factor weighted by sine ~to
account for the solid angle) from e = 0 to 8 = 1T ,
one can show tlk'lt the acoustic power of the moving
quadrupole ought to be greater than that for ~
stationary one by a factor (1 + M 2)/(1 - M )2.
This means that from the Lighthlil theory, bne
would expect sa y the overall po\~er level to vary
not just as U8 but as U8 (1 + M . )/(1 - M 2)2
with M taken as 0.65 M.. As Powell poiRts out,
based Jh this one can expect not just an eighth
power law but a power law with a velocity exponent ranging from 9 to 16. Experiments, of course,
show a faithful adherence to an eighth power law.
Lighthill himself was aware of this difficulty but
felt that the turbulence intensity of jet flows (as a
fraction of the jet velocity) diminished with
increasing jet Mach number in a manner sufficient
to restore the eighth power law. The faithful adherence to an eighth power law of the OASPL at
90 0 to the jet axis, however. fails to support this
contention. Ribner, Powell and Csanady (References 19, 20, 22) suggested a much more reasonable resolution (see Figure 11). Figure 11 shows
a schematic of an eddy moving in a jet flow. The
reason that the eddy moves is, of course, that
the jet fluid moves and relative to its immediate
environment, the eddy is actually not moving at
all. Especially at high frequencies, one would
expect the power radiation of the eddy to be governed by its immediate environment and since the
eddy has no velocity relative to this environment,
one would expect no "convective amplification" at
all at high frequencies. (The enhancement of
power iR the Lighth~l theory by the factor
(1 + M )/(1 - 1\1 2) is often referred to as

c

c
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This idea of systematically accounting for the
effect of the jet flow on the radiation by the quadrupoles was pursued intensively first by Phillips
(Reference 21) and subsequently somewhat more
completely by Lilley (Reference 24). To explain
this idea, we revert to the notion of Lighthill that
jet noise sources arise to the extent to which some
st'lndard source free wave equation is not satisfied
(Reference 6). In Lilley'S development;the standard equation chosen is not the equation governing
wave propagation in a stationary, uniform, homogeneous medium. Lille y notes that to a rough,
first apprOXimation, we may treat the jet flow as
a constant pressure, parallel sheared flow. The
equation governing wave propagation in this type of
flow is the Orr-Sommerfield equation often used to
study the stability of such flows. Symbolically
denoting this by LOSp' = 0, Lilley attempts to
determine by using the full equations of motion
the extent to which LOSp' ;< O. We may symbolically summarize this exercise by saying that
(12)
The problem with (12), however, is that it is not
so easy to estimate SLilley from the full equations

of motion. Lilley however, does show the following. Assume: (i) that the mean flow is at .constant static pressure, (ii) that we are dealmg
with an inviscid, non heat conducting gas of constant specific heat ratio Y without any externally
imposed heat, mass or momentum sources,
(iii) that we decompose all field variabl~ int~ a
steady and fluctuatll1g part, e:g., ui = ui + u i '
where an overbar denotes a hme average or
steady part (also let l' denote log (p/pol where Po
is a reference pressure and c the local speed of
sound), (iv) that the mean flow is unidire?tional
and depends only on one transverse coordmate
x , i.e., i\ = V (x ) 8 ., (v) that whenever
s~cond order products oflhuctuating quantities
such as r'u'., 1',2, (c 2) 'u'., (c 2) '1" appear they
are neglecte1d (however se\:ond order velocity
products scch as u'.u'. are retained), (vi) that
c2 is ouly a functiOil of x 2 . Then subtracting the
time averaged portions or the equatlOns of mahan
from the full equations of motion (using th~ s~
assumptions previously listed) and letting D/Dt
stand for the operator

Lilley shows that one can develop an equation of
type (12) as under:
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From this point on, Lilley's equation (13) is followed through in terms of application to jet noise in
a manner similar to Lighthill' s equation. The
quantity 1" for small values of p' relative to Po may
be shown to be equal to (p' /pO) and taking u \ on
the righthand side of (13) to tie the known, solenoidal, turbulent velocity fluctuations, (13) provides
an inhomogeneous Orr-Sommerfield equation for
(pI/PO) much as Lighthill's theory provides ~n
inhomogeneous uniform, homogeneous, statlOnary
medium wave equation. (13) may also be written
in a form slightly more convenient for the hot jet
noise problem as (taking 1" to be p'/po and taking
Po to be the ambient pressure):
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It is clear that Lilley's equation (14) also exhibits

"self noise" and "shear noise" (proportional to
dV /dx in (14)) terms on the righthand side. But
(as digcussed in more detail in Reference 27), the
relationship between the "shear" and "self" noise
terms in (14) is quite different than that in the caS13
Lighthill's equation (4) and, as a result, it turns
out to be far less profitable or necessary to differentiate between them for a development based on
Lilley's equation (14) than for one based on Lighthill's equation (4).
It is true that several assumptions have to be
made in arriving at (14). But granting the validity
of these assumptions, a source term is obtained
in (14) which is purely quadratic in the fluctuating
velocities, unlike Lighthill's equation (or Phillip's
equation - Reference 21 - which was a predecessor
to Lilley's equation). While there is no do~bt U:at
Lighthill's equation is exact and thus conta1l1s, 111
principle, all the physics of jet noise (but then so
do the full equations of motion), it also seems that
precisely because intuitive estimates of nource
terms are ultimately involved, Lilley's development
is better tailored to the hi[{h speed, high temperature jet noise problem. It is, however, only proper
to note its limitations. It neglects jet spread by
assuming a parallel, sheared flow. It assumes the
jet flow to be at constant static pressure. With
multielement suppressors under static conditions
significant variations of "base" pressure occur
thus making the constant static pressure assumption
questionable. Despite the fact that the neglect of
terms is carried out systematically (assumption
(iv)) , it is true that Lilley's development assumes
fundamentallv that jet mixing and jet noise is a
process that 'can be regarded as a small perturbation
about a parallel, sheared flow. Since fluctuating
velocities as high as 40% of the local mean velocity
are common and even local flow reversals can occur
in jet flows, a "small perturbation" assumption can
clearly be questioned. It is not as easy to solve
Lilley's equation as it is to solve Lighthill's equation.
Especially we must note that it is almost impossible
to solve Lilley's equation when the jet cross section
Is not axially symmetric (as, e. g., would be the
case for a rectangUlar jet or a daisy nozzle, etc.)

A final objection to Lilley's equation arises
from the fact that it is an inhomogeneous 01'1'Sommerfield equation. Since there are unstable
solutions to the homogeneous Orr-Sommerfield

I
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equation, it is clear that even without any "sources"
(12) can yield solutions that yield acoustic radiaHon in the far field. (This is OBe advantage of
Lighthill's equation (4), namely that ~he only solution to the homogeneous equ::ltion d 0 / at 2
- a 2 " 2 p = 0 satisfying the radiation condition
o
of outgoing waves in the far field is the trivial
solution P = 0.)
While this difficulty with Lilley's equation is
still a matter of controversy, the present author
believes (along with several others to be mentioned shortly) that since Lilley's approach could be
regarded as a passive analogy approach similar
to Lighthill's, there is no need to avoid using it
on the basis of the possibility of unstable solutions
to the homogeneous Orr -Sommerfield equation.
The motivation to use an equation of the Lilley
type is that several authors (References 25-28)
have shown that practically all the previously
cited discrepancies between the Lighthill theory
and experimental data can be resolved if we systematically account for acoustic-mean flow interactions on the basis of an equation of Lilley's
type. Indeed exactly how one accounts for the
acoustic mean flow interaction seems less important than recognizing the need to account for it.
For example, in Reference 27 the accounting was
carried out in the crudest possible manner by
taking the jet to be a plug flow and yet reasonable
agreement was obtained with the data of Lush,
Ahuja-Bushell, except at high frequencies and
shallow angles to the jet axis. In Part II of
Reference 27, it was pointed out that per equation
(14) compact velocity quadrupoles can couple with
mean denSity gradients (which exist in heated jet
flows) to produce IJlwer order sing"ularities (whose
power scales as If' and UG and which are hence
important only at low jet velocities). With some
rough estimates of these density gradient terms,
good agreement was obtained with the heated jet
data of Hoch, et al not only for density exponents
for the OAPWL but also for those for the OASPL
at various angles to the jet axis including agreeIllent on the feature of the measured data that the
relative power spectrum is biased towards lower
and lower frequencies as one heats the jet.
In concluding this section, it is hard for the
present author to suppress the feeling that inclusion of acoustic -mean flow interactions has proved
to be a major step in bringing jet noise theory into
much closer agreement with reality. It seems to
be a step that completes and complements the
Lighthill picture. The relative success of these
studies (References 25-28) suggests that one
need not necessarily invoke substantial jet Mach
number, jet temperature effects on the dynamics
of the turbulence structure to explain the changes
in jet noise with velocity and temperature. It
should be reiterated that the developments of References 24 -2 8 have in fact retained all the key

ideas of the Lighthill theory. The two most important of these ideas are the idea of identifying the
"residual" from a standard wave equation as the
source term for jet noise and the recognition of the
convected, compact, quadrupole nature of the
eddies.
25.5 The Prediction of Jet Noise from Nozzles
with Arbitrarv Upstream Stagnation Pressures
and Temperatures
The procedure that is currently favored by
several groups is indicated in Figure 13. Some
scheme of mixing analysis (almost illvariably
based on an eddy viscosity type model) is used to
derive the evolution of the mean velocity and temperature of the jet plume downstream of the nozzle
exit plume. A scheme that is favored by the group
that the present author is associated with is based
on Reichardt's inductive theory of free turbulence
(Reference 29). Reichardt's theory is undoubtedly
considered simplistic by many workers in the turbulence modeling area but we have found that
because the governing equation in Reichardt's theory
is linear (for the axial momentum and enthalpy
fluxes), it is the only technique that allows construction of quite complex jet flow fields with relatively simple mathemalics. This capability is
rather imporlant since we need a capability to handle flow fields from complex nozzle shapes such as
dual flow systems, lobed nozzles, etc.
Having mapped the jet plume in ter:ns of the
mean velocity and mean temperature, the Jet is
broken up into a large number of elemental volumes.
Similarity arguments essentially derived from
relationships suggested in Reference 11 are next
used to associate a quadrupole strcngth, quadrupole cOllvection velocity, quadrupole self oscillafrequency,,) 0 and a source spectrulll (peaked at
lu ) with eac1l sllch volume. As an example,
Re~erence 11 shows by measurement that Wo is
proportional to dV /dr for round jets (where l' is a
radial coordinate). The local lllean velocity and
mean temperature profile at the axial station
where the elemental volume is located are used in
the acoustic theorv of Reference 28 (based on Lilley's equatIOn (14)i to obtain the far field SPL
spectrum generated by each elemental volume.
Summing up all the elemental volume contributions
in a mean square sense ( i.e., treating the jet.
as suggested by Lighthill. as a lar!~e assemblage
of uncorrelated clemental generators), the total
far field SPL spectrum is obtained. Note that
the method considers analytically all aspects of
the jet noise problem known to be important viz
evolution of the mean properties of Ule plume,
relevant quadrupole parameters such as convection velocities, source frequencies, etc., and
the influence of the jet flow and temperature profiles on the radiation by the eddies. Some empirical constants are undeniably involved, especially
in the mixing analysis and relation of quadrupole
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engine flows seem to be free from any significant
screech phenomena.

parameters to the mean flow properties but the
end result is a prediction of absolute sound pressure levels in various third octave bands at any
angle and radius in the far field given the nozzle
exhaust geometry and distribution of temperature
and velocity at the nozzle exit plane. A block
diagram of how such a calculation would proceed
is shown in Figure 14.

The mechanism by which shocks call produce
noise has been known for several years (Heference
33). In a uniformly flowing, homogeneous medium,
tlu'ee linearized unsteady modes of motion can be
identified, namely sound waves, shear waves and
entropy waves. To first order of smallness, such
modes propagate independently of each other but if
the flow has very steep gradients in localized areas,
even to first order, mode scattering or mode conversion can occur whereby for example a shear
wave produces sound and entropy waves, etc.
Shocks in the flow obviously create such localized
steep gradicnts in the flow -and since turbulence
in a flow can be thought of as a superposition of
shear waves, it is easy to see that there is a
situation of shear wave-shock inter,lction leading
to sound production. {In this context, it is briefly
worth no ling that Lighthill's theory of jet noise is
an example of a second order or nonlinear interaetion of a shear wave with itself leading to the
generation of sound (see Heference 34). This
second order nature of jet noise generation partially helps to explain why jet noise produetion is
by and large such an inefficient proeess. Objectionable as the noise of jets is, it is worth remembering that the efficieney of jet noise g-eneration for
a Mach one jet defined as the ratio of acoustic power
to the mean flow kinetic energy power is about
10- 5 . )

In Reference 30, absolute predictions of noise
for coaxial jets with both streams cold and for
velocity ratios (secondary or fan stream to primary or core stream) ranging from 0 to 1 and
area ratios ranging from 2.1 to 43.5 were carried
out by a simpler version of the above scheme
and good agreement with data was obtained. (One
example of a case of a hot core stream was also
predicted well.) A more sophisticated version
of Reference 30 is scheduled to appear in Reference 31 with extensive theory data comparisons
for conical nozzles, dual flow svstems of the duct
burning turbofan type {with fan ~tream temperatures and velocities greater than those of the core
sh'ean~ conical nozzles with central plugs, variatiOllS of the above with non coplanar exit planes.
Certainly there are discrepaneies here and there
between theory and data but on the whole, the
physics of jet noise seems to be well modified
by the procedures outlined in Figures 13 and 14.
25.6 Excess Noise in Jet Flows

I
I!
I

i!

The term "excess" noise in the present context clearly has no preeise definition. Loosely
speaking, it may perhaps be defined as a mechanism that is not in accord with the Lighthill picture of jet noise as due to the mixing of a high
velocity stream with the ambient generating convected eddies whose birth and decay produces
noise. The present author at least would not
include under the heading "excess" noise sources
which are completely upstream of the nozzle exit
plane such as eombustor or turbine noise. The
latter are perhaps best described as core noise.

A semi-empirical model for shock associated
noise based on shock-turbulence interaction has been
developed by Harper-Bourne and Fisher (Reference 35) for rounel converg-ent nozzles and has been
found to be extremely useful in prodicting this
component of noise. The physieal picture employed
by Harper-Bourne/Fisher is shown in Figure 15.
As the turbulent eddies convect through the shocks,
they generate broad band noise at each encounter.
In addition, however, to the extent that the eddy is
coherent between two encounters an "interference"
spectrum (see Figure 15) will be produced corresp.onding to a fundamental frequency governed by

The two most important excess noise mechanisms that have boon identified are shock associated noise and lip noise.
Shock associated noise arises with supercritieal operation and associated underexpansion
of the flow (unless, as previously noted, carefully contoured nozzles are used to avoid ullderexpansion) leading to shock waves in the flow
field aft of the nozzle plane. To avoid confusion,
we are not interested here in a notorious shock
noise phenomenon known as "screech" discussed
by Powell (Reference 32). Screech involves a
feedback mechanism and can indeed result in pure
tones of very high intensity but fortunately a very
high degree of nozzle symmetry and upstream
smoothness seems necessary to produce screech.
Practical jet configurations especially heated
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where L is the shock cell spacing in Figure 15, Vris the eeldy convection velocity, c the ambient
speed of sound and M = V /c . tnarmonics of
the above frequency cin al~o 8ccur but experimental
data show a peaking of the shock noise spectrum
only at the above fundamental frequency.) For
round nozzles, the shock eell spacing actually
varies (decreasing as one proceeds downstream)
but a good average value to use is L
=
1.1 ,I M. 2 - 1 D where M. is the ill¥ffl jet Mach
J
J
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number corresponding' to the supercritical pressure ratio across the nozzle. Reference 15 also
discusses by a combination of physical insight
and data examination several remarkable simplifying features of shock associated noise such as:

sin2(O/2) (thus causing it to peak well in the forward arc) not much can be said quantitatively at
the present time about how to predict this source.

(1) The overall level (OASPL) is independent
of jet temperature and deg~nds only on the shock
strength parameter B = IM."2---=--!. In fact, the
dependence on 8 is as 84 .]

The effects of forward flight on jet noise are,
at the present time, the least understood area of
this subject. Indeed the situation is so unclear
that by and large the technical debate at the current
time centers llluch less on what causes the flight
effect and much more on questions such as what is
the flight effect and how it should be experimentally
evaluated.

25.7 Effects of Forward Flight on Jet Noise

(2) The OASPL is relatively omnidirectional
and a good equation for the OASPL that fits the
data quite well is
OASPL = 158 . 5 + 40 log10(S) + 20 10g(D/R)
in dB where D is the nozzle size and R the radius
of measurement.
(3) The peak frequency of the spectrum is a
function of eddy convection velocity, ambient
speed of sound, Band D and should be deduced
from (15) using L = 1. 1 BD. In Reference 35,
a value of 0.7 U. is suggested for U .
J
c
It only· remains (for the static round nozzle
shock noise problem) to discuss the spectrum of
shock noise. The author's colleague, Mr. P. R.
Gliebe has found that a suggestion of Reference 36
that th~lhird octave pressure levels vary as
(wi w) for w > w (w being the peak frequency
alreiay discussed) ind'& (w /w )'1 for w < w
works quite well in matching tIlt? data.
p
The prediction procedure outlined previously
can then be modified to add on (in a mean square
sense) a shock-noise component (as discussed
above) to the previously discussed "turbulent
mixing" noise.
Lengthy as this discussion of shock noise may
seem to the reader, the problem of a generalized
shock noise prediction procedure valid for arbitrary nozzles (other than the round convergent
nozzle) is as yet unsolved. It should be added
that when the above suggested synthesis of "turbulent mixing" and shock noise prediction is
carried for round convergent nozzles, not only
do we get good agreement with data (Reference 31)
but one also finds that for supercritical pressure
ratios, shock noise often dominates "turbulent
mixing" noise for angles 8 2 90 0 •
Lip noise is a term used to describe a high
frequency noise source arising from an unsteady
interaction of the flow with the nozzle lip. It has
been described at length in Reference 37 but other
than the facts that it is high frequency (its length
scale being related to thin boulldary layers at the
nozzle exit plane rather than to the nozzle diameter) and that the baffling effect of the tailpipe
causes the directivity of this source to vary as

An extension of the Lighthill theory of convected
point quadrupoles through a stationary ambient to
account for flight effects was given by Ribner
(Reference 13) and Ffowcs Williams (Reference 38).
This theory gave a result that the flight noise for
a jet moving forward at a Mach number (referenced
to the ambient speed of sonnd) of MF would differ
in three respects from the equivalent static problem. First of all, the velocity depenqence of the
"source" contribution would be as V V. where
V. denotes the jet exhaust velocity r~latlve to the
n6zz1e and V the absolute velocity relative to the
ambient (V r= V. - V where V is the flight
velocity). rThe dJpenc£nce is nor quite as v,8
because while the turbulent velocities would Vary
as V rather than V., a lengthening of the jet plume
due to forward moti6n partially offsets the reduction
of turbulent velocities. It should be emphasized
that issues sllch as the above involving source
changes can only be ultimately resolved by measurement and credible turbnlent mixing analyses.
(By different assumptions, for example, some
have argued that the velocity dependence ought to
be V 5.5 V.2.5, etc.) Secondly, the convection
fact01' (1 - t1 cos 8) -5 (or its corrected version
including the c" 2M 2 term) ought to be the same
provided M is bas~d on V rather than V.. Thirdly,
an additionS "dynamic" c01'rection factor]
(1 + MFcos e) -1 needs to be applied to the mean
square p!'essure.
These results have been applied to the static
to flight comparison in the following mannel'.
Examining say the OASPL, an exponent n(8) as a
function of 8 is derived on the basis of fitting the
noise change flight/static as (V ./v.)n(B). The
sort of comparison that has bee11 o~tained for the
noise levels themselves (I. e., the OASPL) is
shown in Figure 16. There is some measure of
agreement i~l the exhaust arc but for 8 :: 90 0 , the
agreement is poor. For example, the theory predicts a reduction of noise with flight at all angles
whereas the data show no change at 90 0 and even
an increase of noise for B > 90 0 (sometimes called
a "forward arc lift"). The reasons for this lift
are too c.ontroversial at the present time to discuss
without misleading the reader. There seems to be
some agreement (Reference 39) based on careful
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measurements of the noise in flight from jets with
shocks and from shock free jets that the previously
mentioned shock noise prediction for the static
noise should be modified in flight by a factor
(1 + MFcos e) -'1 and such a procedure certainly
reconc11es some of the problems shown in Figure
16. (Note that the Ribner-Ffowcs Williams
development of References 13 and 38 was carried
out for "turbulent mixing" noise.) The only broad
comment that one can make presently is that many
people currently believe the forward arc lift to be
due to non "turbulent mixing, " nozzle fixed noise
sources such as shock noise, lip noise and perhaps even core noise which are not subject to a
"source reduction" due to forward flight and are
convectively amplified in flight by factors stronger
than the (1 + M COS8)-1 associated with the
Ribner-FfowcsJ;,Villiams theory for "turbulent
mixing" noise.
There is even the question of how one ought
to measure flight noise. Of the truly moving
frame faCilities, the Bertin Aerotrain used in
Reference 39 appears to be the "cleanest" but it
lacks flexibility being tied to specific engine
operating cycle points in terms of jet exhaust
velocity, temperature and flight speed. Anechoic
wind tunnels such as the 40' by 80' tWlllel at
NASA, Ames, U.S.A., have been proposed but
their acoustics leaves something to be desired.
(See Reference 40 for an evaluation of suitable
techniques for jet noise measurement in flight.)
A fixed frame facility which is a compromise
between a fully wetted wind tunnel (such as the
Ames tunnel) and a static anechoic chamber is
what has been called a free jet facility or open
throat wind tunnel. How to relate data taken in
such a facility to the flight case is still controversial.

in jet flows in jet noise generation. The principal
reason is again that, from the point of view of the
industrial user, it is not yet clear what the role of
these structures is and how their contribution can
be quantitatively assessed. The reader is urged
to consult Reference 41 for several interesting
papers, discussion, etc., on this subject.
Despite the pessimistic tone of the discussion
of flight effects, the present author is optimistic
that the physics of jet noise outlined in this review
for the static case involving "turbulent mixing"
noise, shock noise, excess noise, etc., will carry
over ultimately into the flight case (with prediction
procedures comparable to the static case) though
the "mix" or relevance of the various physical features may be quite different for the flight case.
In one respect, the void is hardly surprising. Inasmuch as it took the good quality static jet noise
data obtained in the early seventies (References
7, 8, 9) to advance the state-of-the-art from Lighthill's early work, we must, it seems, await similar
good quality data over wide parameter ranges in the
flight case before the next advance can occur.
25.8 Acknowledgments

The flight noise problem is of paramount
importance principally because a jet noise suppressor is often rated on the basis of tile noise
reduction it achieves relative to say a baseline
round nozzle and also on the aerodynamic performance degradation that it inevitably causes.
Unfortunately, it appears that on both these counts
many suppressors perform worse in flight than
statically. Indeed, this is the principal reason
why while aircraft employing engines not dominated by jet noise (such as the DC-lO, L1011 and
Boeing 747) have made significant progress in
noise reduction, one is unable to report similar
progress in the jet noise dominatecl engine area.
It mllst indeed seem disappointing to the
reader that the present chapter has not been able
to be as conclusive in the flight noise problem as
it was on the static noise problem. Even in the
static case, a grave omission exists in the present
review in that no mention has been made so far
of a topic of great current interest, namely [he
role of large scale, coherent structures observed
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26.1

INTflODUCTION

A jet propelled airplane is generally developed
for the achievement of a specified mission ",ith
varying considL'ration of performance and cost.
For military fighter and bomber types of aircraft,
achievement of the design mission is oftt.">n most
important. This mission gener.:)lly consists of
elern(:nts which incl ud E' max imulfi spe€'d or al t i turi e
capability, requirements for matching thrust lapse
rate 'vith drag and/or requirements for excess
thrust for maneuverability over the mission duration.
Cost and efficiency considerations generally
playa major role dur ing the ~efinition and design
of engine and airframe, and a secondary role for
the acquisition and operation of the niteraft,
where cost is controlled simply by number of aircraft ordered and amount of flying with aircraft
on hand. Hilitary and commercial transporls
require emphasis nn efficiency to guide the design
of the engine/airplane. The military transport
can trade p.:tyload for fuel requirements ,..'her£!as
the commercial transport can reduce operating
costs \-lhen an efficiency improvement is considered.
Acquisition and operating cost are of greut importance in COTJ.l(nerr: ial transports as they control
s~lcs relative to competitive designs.
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Engin8 thrust is usually defined in terms of
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CUSTOMf i1 DErWfD AIAI'\ M~E AH(AD

the effective velocity rise of the f;tr{~arl tube
captured by the engine.
Thl~ reml1inillg forct..~s in

tIle fligllt

dire~tion

are

dr~g.

TIlls

divi~lon

bSSION

I

Tt11AL
MISSIDr.
fROM
CUSTOMER

nozzle ef fects not pt·operly reproduced on the
model and a Reyno Ids number corret:t ion for the
airplane drag.
T1I0 flo . .: field intf..!Glctions
between inlet and airframe, nozzle and airframe or
all three for muJtimission aircraft call introduce
large uncertainties beyond those associated ,~'ith
uninstalled inl et and noz?;le per [ormanl'c and seal e
model airplane drag. Thus, (..ngine/airft'am~ interactions introdu(·~ p~r[ormancc risk and/or cost
penaltjes anJ should guide the design of many
airlliane types. Errors in early estimates of
engine-airframe intC'l"Clct ions, part icularl y t.;heo
insufficient development time Has planned, have
. seriously reduc.ed the effectiveness of certain
airplanes.
Early f.·ngines were purE' turhoj els with high
specific thrust and small engine c[lpture tltrf'amtubes.
In addition, the relatively lotJ maximum
speed airplall~s llscd inlets with low spillage drag
and fixed geometry exhaust nozzles tvith 10\'; boattail angles and little weight penalties.
In modern airplanes, the ,i.l i rframe and engine
should be desigoE!d simllilanf'ously hecause of the
close rnatctling re~uired.
lnstallation effects may
play such a large role that the "right" engine
cannot even be Ideotifit~d before the installation
effects arE! understoo(i. TI1U perfor~ance predictions for many modern aircraft where insufficient
attention \\1£-15 paid to engjne installation effects
have beE'n gf:.>nerally qui"te poor when compared to
flight tefit pcrforllllJnce.
Another rCa sun for poor performance of initial
models of some airplanes is insufficient thrust to
compensate for higher \'Jeight or drag of Lhe airplane than originally prl:'dicted.
At part-poHer some engine cycles are penalizl~d
marc than others. This is true because some
losses arc a function of airflow, others are a
function of engine diatneter and nozzle exit area
and still others a function of gross thrust.
At
equal net tllrust, lh0 airflow, engine size,
nozz1£:! exit area and gross thrust of engines of
various cycles can cause differing installatiun
1055(.>'5. It is therei"ore likely that if installntion losses had heen kn'm.,rn earlier in the program,
a different engine cycle might have been selected.
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Figure 26.1.1-1. Typical Engine/Airframe Development Schedule
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Engine Airframe Interactiuns

For purposes of analysis and disCllssibn of
the [10\.., field interactions Hhich may occur in the
engine-airframe integration problem the airplane.
systt.·m is hroken into fonr major elements and tHO
subsystems as 5hO\\'n in Figure 26.1.2-1.
. In the sketch, the interactions arc shown as
arrm.;s, indicating th.:1t .:I change in the inlet, for
example, infillences both engine tllrust and airpldne
d~:ag.

Inlet CharacteristicR
For tile airplane, tIle inlet's extvrnnl performance is important in that the mass f1 0\0,' rate
demanded by tIle engine n~y vary, affecting tIle
pressure oistribution 011 the body, and thus drag.
For the engine the inlet should provide uniform
floH at as high a stagnation prcssllrc as possible,
Excessive turbu] enc.e level and distortion at the
fan or compressor face Hsually demand an increased
surge margin \.;hich translates into a heavier
engine for a desired thrust lpvel.
Stabil ity of
the flow ttlrQugb tllP inll!L in the presence of flow
changes is necessary wililin tIle operating envelope
of the airplane.
Secondary factors \·,hich may influence the
design of specific inlets have to do \.Jith radar

The Airplane Development Prohlem

From the time mission requirements are specified to tlw time of production, the uncertainty
associated \-lith airplane \.,reight and drag decreases.
The engine design may be frozen at times ",here
these uncertainties reI11flin sizable in order to
meet the system devl':.J opment time goals. Figure
26.1.1-1 slhH']s an example of the airplane and
engine development timing.
The most .significant
engine milestones are shown in relation to airplane
development milestones. The dr.;.:g and vleight
uncertainties are Ghm-ln at the Luttom of the
figure.
It is important to plan the development
schedule so that when the engine design freeze
occurs, a pessimistic. interpretation of the uncertainties is acceptable.

Figure 26.1.2·1. Airplane System Elements and Subsystems
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reflection characteristics of the airplane as a
Hhole.

flo« d'eflections of lifting propulsion systems
require a large wind tunnel cross sectional area
to model-size ratio and perhaps a moving ground
plane for adequate simulation. This requirement
has forced the testing to small model sizes 'tvhere
the scale mismatch is severe or to testing in
large costly facilities. Integration effects are
therefore not understood with great accuracy at
present (Reference 26.1.2-1).
The uncertainty characteristics of furust and
drag of transonic and supersonic airplanes tend
to be as shown in Figure 26.1.2-3.

Nozzle Characteristics
The nozzle's function is to expand the engine's
exhaust air to a lower pressure to produce a high
momentum jet for thrust. The nozzle, like the
inlet, has internal and external surfaces. The
nozzle's flmv area and exit area are generally
tailored to maximize the net installed thrust.
Some of the conditions which may be of interest
for thrust will demand excessive closure rates on
the £101; around the afterbody or boat tail, leading
to flow separation and a drag increase. The
danger of flmv separation is particularly severe
and sensitive to operating parameters in the case
of twin engine airplanes with side by side nozzles.
The flow in the channel between the engines is
sensitive to the airplane body's boundary layer,
which, in turn, depends on airplane attitude and
speed.
Engine performance may not be sensitive to
the external floH for engines operating Hith
choked nozzles. For low pressure ratio jet flows
like that from turbofan engines, the interactions
are greater but important primarily during takeoff and climb. The challenge to achieve a successful turbofan installation is to locate the nacelle
by means of struts so that a minimum interference
drag penalty at cruise is incurred.
For such engine installations, the drag
associated wi th the transonic flm<1 between wing/
strut and nacelle must be clearly discernible from
external-flaw-induced changes in thrust so that
proper corrective action catt be taken. Furthermore,
in any airplane system, thd performance shortfall
should be assignable to engine or airframe performance deficits.
A more severe interaction situation arises in
the design of STOL aircraft where thrust is used
for lift as in upper surface blowing and blmmflap
nacelles (Figure 26.1.2-2). Wind tunnel testing
of such airplanes requires modeling of the airframe
flow field as well as propulsion flow. The large
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Figure 26.1.2-3. UncertaintY of Thrust and Drag in Transonic and
Supersonic Flight

Figure 26.1.2-2. Propulsion Nozzles Integrated Into Airframe Boeing
YC-14 (Top), McDonnel/-Douglas YC-15 (Bottom)

For VSTOL aircraft, the uncertainty bands
are even larger throughout their speed range.
In the following sections, the design and
characteristics of inlets and nozzles, the airplane
drag buildup technique, and performance verifica~
tion techniques are discussed. The sources of
uncertainty in thrust and drag and methods for
minimizing their impact are described in the last
section.
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26.1. 3· General Definition of Tenus
The follol1ing definitions or descriptions of
many of the major terms used in this chapter are
necessary fot an understanding of the integration
and cycle selection process. For convenience, the
terms are grouped under several general head ings
to which they best apply.
26.1.3.1
$

(4)

Turbomachinery - examples are thrust and
specific fuel consumption as a function
of ~Iach number, altitude, and pm,'er
setting.

~

Target Performance - Performance "'hich may
not have been demonstrated, but is deemed
achievable.

•

Demonstrated Performance - Performance Hhich
has been verified by test.

Phase - A time sequence in an aircraft development process characterized by specific types
of requirements and activities.

•

Figures of Herit - Those parameters used to
assess the performance or usefulness of one

systetn relative to another.
Examples are
takeoff gross \\~eight, range for a given
payload, life cycle cost, etc.

Pr~liminary

Design Phase - The period where
the general concepts are narro\\1ed to a ~ecific
configuration.
---

26.1.3.3

• System Development Phase - The period where
the design of the select-ed aircraft configuration is vdlidated, the propulsion system
component tests are run, and the engine
testing is conducted. A system flight test
program is also included in this phase.
26.1.3.2

Exhaust Nozzle - an example is aft-end
drag coefficient versus aft-end area
ratio and Hach number, possibly modified
for plume shape effects.

Time Phasing

• Conceptual Design Phase "- The earliest portion
of the development process, beginning Ylith
the Required Operational Capability (ROC)
definition, and proceeding up to the pOint of
selection a general aircraft and propulsion
system to satisfy the general ROC requirements.
•

(3)

•

Aero Force and Homent Hodel - A wind tunnel
model that defines the basic airft"ame aerodyanl!!ic informat ion.

•

Inlet Effects }Iodel - The wind tunnel model
used to measure inlet drags to correct the
force and moment model performance to operating inlet flight conditions.

•

Jet Effects Hodel - The l1ind tunnel model
used to measure aft-end perfor[l1~=1nce to correct
the force and moment model performance to
operating aft-end flight conditions.

Performance

• Levels - The state of the technology or
degree of sophistication for determining
system performance at the various stages of
the developrrlent process representative of
data accuracy.

Hodel TestIng

Level I - Historical data and analysis;
little geometric data needed. The most
elemental of performance prediction
techniques used for conceptual design.

• Hetric SplitlineR - Hodel boundaries I1hich
separate those portions of the model I1hich
have forces measured on force balance (metric)
from those no t measured (nonmetric).

Level II - Semiempirical and analytical
predictions using a representative
(though not necessarily exact) configuration of the system. Final aircraft
guarantees are based on such predictions.

•

Aerodynamic Reference Condition - A fu11scale aircraft configuration and the propulsion flow conditions to \O;~licil all .oeD's are
related during the drag buildup. In general,
this condition is chosen either for the ease
with "hich the drag may be calculated in an
analytic buildup or for the ease with \\!hich
it may be meaGured in an experimental buildup.
If an experimental buildup is used, correct ions should be a pplied for Reyno ld s number
effects and model mount interference.

•

Operating Reference Condition - A full-scale
aircraft configuration and propulsion flow
conditions to "olhich all drag increments are
related when calculating aircraft performance.
At this condition all drag is charged to the
airframe and none to the propulsion system.

•

Operating Condition - Any full-scale configuration or condition at which the aircraft may
operate.
Drag Polar - Lift coefficient versus drag
coefficient for the aircraft.

Level III - Scale model or component rig
data of the actual configuration being
developed. This is a verification of
the Level II predictions used in the
aircraft guarantees.
Level IV - Flight test and engine test
data of the configuration being developed.
• Elements .- Key portions of the overall system
for which individual performance tTl3pS are
obtained. The elements are: airframe, inlet
system, exhaust system, and turbomachinery.
• Haps - Plots of the performance of the various
elements over the full operat ing range.

(1)

Aircraft - usually in the form of drag
polars (CL versus CD)'

•

(2)

Inlet - examples are inlet drag versus
mass flow ratio and Hach number; pressure
recovery versus mass flow and Hach
number.

• Trimmed Drag Polar - A drag polar with modifiers accounting for such effects as angleof-attack, tail angle, surface roughness,
skin friction, etc.
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• Drag Buildup - The process of obtaining and
adding the pcrform..lncc of the var ious elements
to the basic drag polar (using the thrll!>t/drag
accounting procedure) and obtaining installed
performance.
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• Throt tIe Dependent Dr<Jgs - Those dr;:{gs resuJ ting from changes i~ engine pm,'er level settings 'I;\1hich cause inlet and nozzle operating
conditions to change relative to the op~rating
reference condition.
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Figure 26.2.1-1. Subsonic Inlet Nomenclature
A jet propulsion system generates thrust by

increasing the velocity of the fluid passing
through it.
The thrust is the sum of the local
static pressure integrated over the flow area and
the momC'ntur.1 [lux through the area.
The funct ion
of the inlet is to captur~ the fluid and reduce
its velocity so that tIle engine can work efficiently. Tho total pressure recovery of the fl1lid
entering the cng~ne sllould be as high as possibl~
to minimize the 1.Jork of trrt.' compressor.
The inlet
should also produce a relatively unifnrm velocity
profile to avoid excessive blade vibratioII or
compressor stall. Fillally the inlet should be
inlegrated 1~'ith the rest of the nacelle or airframe
so that tIle drag increment due to the preS€11Ce of
the inlet is mInimized.
Tile airplane speed, angle of attack, and
thrust requirements vary significantly over the
flight (!r1velope. Thu5 the inlet must operate
efficiently over a ran;;e vf frcestrcam :.L:tch numbers I
angIf>s of incidt~nce ~1nd EloH rates. The design of
the inlet is usually constrained by limits on
size, weight, mechanical complexity and. sometimes
by requirements of engine noi-s(2 suppression. In
all, the d~sign of modern illiets calls [or soptlisticated design techniqlles.
TIle bro.:ldest classification of inlets is
determined by ~.;I1Ether its maxir.1Uffi operating speed
is beluw or above tIle local speed of sound. The
engine face to fr~estream (P or) stat ie pres,c;ure
ratio of subsonic inlets can vary [rom less than
1:1 during ground ~tatic operation Lo abollt 1.7:1
tlCar sonic flight,
For subsoni~ applications the
inlet can usually be designed Hitll a fixed geometry.
Supersonic inlets operate ",ith higher maximum
pressure rCltio!'i; typically 7:1 at ~.k1.ch 2, 30:1 at
H:Jeh 3, lind 60:1 at (-bch 3.5. To' achieve these
high cor:lprC'ssion rat ios supersonic inlets are
genera] ty designt'd vlith vari{]ble geometry and
requ ire a control syst em. Act ive boundary layer
control also become!'> necessary to prevent flm~'
separation in the strong adv€'rse pressure gradients.

26.2.1.1
a)

be ca1(.u]ated from the ITL<J.ximum corrected airfloH
of the engine from the simple relotionship

HK2
(~F
whore 111(2 is the corrected flo\·, H2 UO;;-/6 2 )and(pu)*
49.4 lbm aiTfl2/sec.
Witl, the difftlSCr area ratio, AZIA 1 and tlle
maximum E'ntry Hach number (HI) given (A2 h.J.ving
b~en sel by the requireml'i1r fDr a design engine
[ace ~rach number), the re-qui red diffuser length
can be estimated u[.ling convent ional diffuser
dl.:'sign criteria.
A preliminary estimate of the
required contrllction ratio and fineness ratio can
be ubtililled from a comparison of the low speed and
cruise pur[ornwllcc: rt..:quiremer:.ts of the inlet ,·dth
the performance of existing designs. After obtaining pI"eliminary VAlues for these parameters the
analytic design of tile inlet call commence.

Cruise Aerodynamic Performance

b)

Subsonic inlets generally operate witll an
inlet velocity ratio below unity (Vc/V~ < 1) at
crllise~ as illustrated in figure 26.2.1-1.
At
tllese conditions most d~signs provide Iligl) total
jn'pssure r€'cov~ry iJnd lot... distortion and tbe
critical aerodynamic parameter ig tliC external

drag.
If \·:e model the inlet as indicated in Figure
26.2.1-2 \>lC'. see that the external f~rces acting on
the inlet are: the "add itive drag ll (or tip re-entry

Suhsonic Inlets

1_' x

Inlet Sizing

SHOCK

I

Some convenient terms commonly used to de.scr ibe

subsonic inlet geometry and performance are defined
schematically in Fit;ure 26.2.1-1. The highlight
is the ar12H bounded by the points most forHan! on
tIle inlet lip.
Inlet weight, drag, and cost
increase , ... ith size; thus it is desirable to design
the inlet to be as small as possible.
A point of
departure in the first design iteration is oftcn
the selection of the maximum uVI.;'rage throat Nach
number. Assuming the inlet losses ~o be nt.'gligible at this point t the required throat area can
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Subsonic Inlat at Cruise

drag") due to external diffusion, "lip suction"
due to overspced ing the flow on the forebody, and
"skin friction forces l1 ari~.dng [rom the shear
stress on the surface.
In an Inviscid fluid
friction forces are absent, and if the flot.J' is
everf\olhere subsunic, the lip suction force exactly
canc~ls the additive drag so that the inlet experiences no drag.
If the rlOH is accelerated to
supersonic velocities locally on the forebody, the
transition back to subsonic flow usually occurs
through a normal shock. The tr,omentUlTI loss across
the shock is sensed on the do,mstream surface
through an alte.ration in the pressure distribution,
and the lip suction no longer cancels the additive
drag completely. The residt!al force is clilled
"wave drag."
In a real fluid, fric.tion due to viscosity is
altvays present. The skin fr iction drag is def ined
as the surface integral of the shear stress and is
a function of wetted area and velocity distribution.
The boundary layer also alters the effective inviscid flOl; boundary by the virtue of its displacement thickness. The real pressure distr ibution is
developed by the displaced boundary, but is applied
to the real body so that tIle ideal lip suction
force is not realized. This loss of lip suction
is "pressure clr<1g. II Experimentally the pressure
drag may be determined by subtracting the calculated skin friction drag frolll the measured total
drag, if no shocks are present.
The freestream Nach number where supersonic
flow first appears on the forebody is called the
"critical Hach number" of the inlet. A further
increase in the freestream Hach number results in
wave drag which can be aggrevated hy the appearance
of flm.J' separation at the shock/boundary layer
intersection, if the shock strength is sufficient.
The rapiel rise in drag is called the "drag divergence!! or "transonic drag rise. II The critical
Hach number is a function of the inlet velocity
ratio and forebody contours, a specific case is
illustrated in Figure 26.2.1-3.
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Figure 26.2. 1-4. Inlel Surface Mach Number Distribution at Cruise,
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Figure 26.2.1-3. Inlet Drag Characteristics
The designer I S obj ective is to minimize the
boundary layer groHth and skin friction by properly
contouring the for~l)ody surface. Over the past
fey.' years v,=!luable analytic tools have been developed to this end. Various computer programs are
available that combine solutions from inviscid and
viscous flatol calcul ations to evaluate the design.
The compressible floV! field, including shocks, is
first computed for the inlet contours. The surface
boundary layer development is then computed from
the inviscid velocity distribution. The surface
contours can then be r.lOdified to account for the
boundary layer displacement thickne.ss and the
inviscid field can be recomputed. This procedure
can be it~.'rated until the solut ions converge. The
computed Hach number distribution is compared with
wind tunnel te!:t results for an inlet in Figure
26.2.1-4 illustrating the accuracy of the analysis.
Subroutines can be inc.orporated into the program
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M",,;;<M""CRIT
to calculate the inlet drag. A method was developed by Steger and Baldl'lin (Reference 26.2.1-1) to
determine the \\'ave drag, from the characteristics
of tl1e normal Sl10ck. The total viscous drag on a
body was shO\~rl1 to be a function of boundary layer
propert ies at its trail ing edge by Gra nv 1lle
(Refer~nce 26.2.1-2).
The skin friction drag can
be calculated separately by integrating the local
skin friction <llong the surface. Near sonic
speeds, most practical designs \~'ill have supersonic
flow. A wave drag equal to about lOX of the Lotal
inlet drag is usually considered acceptable.
The
contours should he designed such that the drag
divergence occurs ahove the maximum operating Nach
number of the inlet.
c)

Lov' Speed Aerodynamic Performance

During takeoff and landing maneuvers inlet
drag is not significaIlt because of tile low flight
speed. The inlet total pressure recovery and
distortion are the critical aerodynamic parameters
since the 1 ip and d if fuser are usually operating
near their design 1 fmits. At takeoff the inlet
velocity ratio is much greater than onc (tending
toward infinity at zero forward speed) and the
flm·} stagnates on the outside of the cov,1. As a
result, part of tile captured flow experiences a
rapid acc~leratiori (to supersonic speeds at the
most severe conditiuns) approaching the highly
curved highlight. The recompression on the inside
of the lip thickens the boundary layer, and the
boundary layer profile may detE'riorate sufficiently
to separate immed i3tc1y or further dOvmstream in
the diffuser. On conventional ai.rplanes the most
severe condiLions usually occur during takeoff
rotation ,~'hcn the inlet angJe of atta(~k is maximum
or on the ground Hh11e operating \<lith .1 cross,,,ind.
In hoth cascs the i.Jindward side of the inlet is
affected as the stagnation 1 ine moves further aft
on the outside of the nacelle effectively increasing the capture stream tube area on the side of
the inlet.
Figure :16.2.1-5 shaHS the surface Mach
number distribution on an inlet at low speed at
two angles of attack.
Lmol speed operation of V/STOL airplanes pose
the most challenging design problem. Takeoff and
landing generally lake place at very high angles
of attack with respect to the inlet. The requirement for acceptable performance is usal1y compensated for by incrcasing the inlet contraction
ratio. The larger area contraction alJmols a
reduction of the Hall curvaturt: near the highlight,
thereby reducing the peak velocity and the adverse
pressure gradiE:~nt in the flow. At the same time,
however, the cruise veloc ity ratio is also reduced
which results in a reduction of the inlet '5 critical H-'1ch number.
Generally an inlet designed to
tolerate high angles of attack and cross,,,ind
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Figure 26.2.1-7. Subsonic Inlet Performance Characteristics

Figure 26.2.1·5. Inlet Surface Mach Number Distribution at Low
Speed end At Two Angles of Attack
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during low speed opera.tion will experience the
drag divergence at a relatively 1m., freestream
N:iCh number, thereby 1 imit ing the cruise speed.
On some airplanes , attempts have been made to
achieve good performance at 1m., speed wi thout compromising the cruise Hach number by varying the
inlet geometry. The usual approach is to provide
hinged panels in the cowl (blOW-in doors). The
panels are free floating or lightly spring loaded
and require no powered actuation. During loVl
speed operation when the internal static pressure
is lower than the external pressure, the panels
open to allow additional flOt., to enter the inlet I
thereby reducing the aerodynamic loading on the
lip, At high speed when the internal pressure
exceeds the t2xternal pressure, the panels are held
closed and provide a streamlined configuration.
Designs of this type, shmm schematically in
Figure 26.2.1-6, have been used with success. The
primary dr.awbacks of variable geometry are the
"eight of the mechanism and the fan noise associated with the interaction bet"een the fan and the
".Takes of tlw support structure between the door s.
These drawbacks must be weighed against the higher
drag of a competing fixed geometry design.
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Figure 26.2.1,8. Effect of Contraction Ratio on Separation

--------Figure 26.2.1·6. Blow In Door Inlet

Typical performsnce characteristics of subsonic
:.!,.lets are shown ill Figure 26.2.1-7 showing pressore recovery and distortion as functions of
3i1:"£10\'1 and nngle of attack (or cross'i.,ind) for a
sVecific geometric configuration. A comparison of
t:"'o inlets with different contraction ratios
(Ac/Al) is shown in Figure 26.2.1-8. The operational requirements of a particular airplane arC
shmvu on this plot of speed versus angle of at tack
showing that the inlet 'With the larger contraction
rntio will not experience internal flow separation.

The analytic tools used in developing the
external contours for iligll speed operation are
available to aid the designer.
In analyzing the
high speed cases, assUm?tioils of tHO dimensional
or aXisymmetric flow can be made with validity~
and various existing computer programs are capable
of solving such problems (Reference 26.2.1-3), As
noted earlier, the critical design points during
low speed operation occur at angles of attack when
the flO\vf ield is three dimensional. Computer
programs for solving three dimensional mixed flows
(subsonic and supersonic) are only now emerging,
Until these programs become operational, the low
speed performance of inlets mllst be substantiated
by the traditional Hind tunnel tests.
Experience has 5hOI"l1 that the best internal
lip contours resemble elliptic shapes (see Figure
26.2.1-5) "Hh major to minor axis ratios of
betHeen 2 and 3. Trends in test data also indicate
that it is desirable to avoid discontinuities in
the wall curvature that appear on some designs at
the highlight and the throat.
Designing the subsonic diffuser is an easier
problem since three dimensional flow effects tend
to be much less significant downstream of the
throat, as indicated in Figure 26.2.1-9. The diffuser contours can be developed by carrying out
the analysis at zero angle of attack. This is
usually accomplished llsing the stnndard iterative
analysis procedure bettoJeen potential flow and
boundary layer analysis. For a converged solution,
the boundary layer shape factor should be such
that separation does nnt occur \vithin some nlargin
of the worst design point. Figure 26.2.1-9 shows
surface Nach number profiles for a flow "'lith
sufficiently high inlet angle of attack to result
in separation.
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waves. A dramatic reduction in noise leve.l can be
perceive.d experimentally l\lhen the engine· airflow
is increased to the point 1..1here the inlet chokes.
Since noise attenuation is desired during landing
approach, when the engine airflo,",' is near idle
setting, as well as dJ..lring takeoff at maximum
pmver, sonic inlets generally require a variable
area throat. The transition from the small to the
large throat must be qUick to alloto1 for a goaround in case of a missed approach. A further
complication in the diffuser design is that while
the entry area (throat) varies, the exit area

1.4

"
1.0
~

~

":r"
Z

O.

~

(engine face) remains fixed.

w

ties have thus far discouraged the use of sonic
inlets on transport airplanes. Reference 26.2.1-~
summarizes the results of an experimental program
designed to explore the potential of sonic inlets.
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Figure 26.2.1-9. Mach Number Distribution Along the Surface of
An Inlet At Low Speed Inferred From Surface
Static Pressure Measurements

Low Speed Noise Suppression

Several concepts have been proposed to suppress or attentuate the engine noise that escapes
through the inlet during near-<.ti;port operation.
The two concepts that have received most attention

are:

Supersonic Inlets

Inlet Types

The design procedure as well as the inlet
configuration becomes increasingly complex as the
design Hach number of the inlet increases. For a
subsonic inlet Lhe cruisf; problem is essentially
one of 1m·, external drag since nearly isentropic
internal diffusion can be achieved with relative
ease and the inlet flow rate is self regulating in
the sense that tile capture area adj\\sts to the
mass demand.
For supersonic inlets the internal
aerodynamic perfonnance is also a crucial problem
since efficient supersonic diffusion over a wide
range of Mach numbers is difficult to achieve, and
the inlet must have an actively controlled flow
metering capability.
The simplest design is the normal shock inlet

DISTANCE ALONG COWL SURFACE, IN

d)

The design difficul-

a) lining the inlet with sound absorbing

material, and b) setting up an aerodynamic barrier
against noise propagation by accelerating the flow
to transonic spf.eds at the throat. Designs of

illustrated in Figure 26.2.l-l0a. This is basically
a subsonic inlet to1ith a sharper lip, and its use

both types have been sholm to be effective in
reducing noise.

since the shock losses rapidly become prohibitive
as the freestream ~Lqch number is increased (Figure
26.2.l-l0b). The inlet must also be equipped with
a bypass system to control the £101, into the inlet
such that the shock remains attached to the lip

is limited to very Im<1 supersonic !>iach numbers

Hhen acoustic waves impinge on a smooth hard

surface they are reflected undiminished.

Various

materials containing small cavities have been
developed that tend to absorb noise at certain
frequenc ies. The internal surfaces of "lined
inlets" are treated with material chosen for good

LIP SHOCK.......

~~~>-- --=--1

absorption characteristics in the most annoying
frequency band of the part icu1ar engine I s noise
spectrum.
Since the 1 ining can only absorb waves
that are incident on the surface, it is necessary
to provide a large lined surface to achieve effective noiR(~ attenuation. To obtain sufficient surface area the length of the inlet may need to be
increased beyond wha t is required for good aerodynamic performance. Acoustically treated (lined)
ring" or grids may also be placed in the flow passage for similar reasons.
These devices also make
the flow passages narroto1er YThich appears to be
beneficial for noise reduction. The viscous
losses in lined inlets tend to be much higher than
in similar hardwall designs, since the skin friction coefficient for typical lining materials is
greater than for polished aluminum. This effect
may be aggrevated by the increased wetted area.
The increased engine pressure ratio and fuel
consunlption required to operate with a lined inlet
must be weighed against the noise suppression
benefits.
The high throat Hach number, or I'sonic inlet, II
operat('.8 on the principle of the choked convergentdivergent nozzle.
The fluid is accelerated to
approximately Hach 1 at the throat, and the resulting surface of transonic flow acts as an aerodynamic
barr icr to the forward propagation of acoustic
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regardless of the engine airflow demand. Flot.,
around the lip llsually cannot he tolerated
because of a high drag penalty, as shmm in Fjgure

spilla&~

DESIGN MASS flOW

26.2.1-100.

Due to the limits of its applicability.
this design is mon.~· properly a transonic flight

inlet.
Supersonic inlets designs in common use may
be broadly classified on the basis of how they
perform supersonic diffusion. The three basic
types are shown schematically in Figure 26.2.1-11.
As tlie name implies, with the "external compression
inlet" all supersonic diffusion takes place on an
unopposed external body and the flow inside the
inlet itj subsonic throughout the diverging duct.
loll tll "f!lixed compression inlets" the supersonic
diffusion is partially carr fed out on the external
body, and is continued internally to a throat well
dm·mstn.'am of the cU1.Jl lip. Hith Itinternal compression inlets" the flow is captured at the freestream
~~ch tlumber, and all supersonic diffusion takes
place inside the inlet duct. For nIl three inlet
types the transition from supersonic to subsonic
flm., j s sho'Y.'11 to occur through a normal shock. In
theory, an isentropic transition is possible but'
the precise cOl)trol requirL·d to maintain sonic
flat.] is difficult to achieve in practice. The
normal shock desjgn Nach number is the minimum
value compatible with the control system capabilities, as will be discllssed later.
The necessity o[ geometry variation in a
supersonic inlet will be developed in the following
sections. The relative ease of implementing the
geometry variation can have a bearing on the
selection of the inlet shape. ThG entry plane
cross section can be axisymmetric, rectangular, or
some odd shape to 5uit the local body or wing
contours. Axisymmetric designs tend to be the
sllortest and lightest and have the best performance,
particularly at tLc higher Hach numbers. However,

it is difficult to design axisymmetric inlets to
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Figure 26.2.1-12. Design Off-Design Operation of Supersonic Inlets
operate efficiently over a ",ide Nach number range,
and they cannot be. integrated easily with cerlain
airframes. Two-dimensional designs provide the
easiest means of area variation required for
operation over a wide Hach number range.
Install.J.tion is usually less of a problem; however, the
transition from the rectangular duct to the annular
engine involves aerodynamic losses and adds to the
length and weight of the inlet. Half round,
quarter round, 0 shape, and other designs are
sometimes used on airplanes where externally
mounted nacelles are not feasible.
These designs
tend to combine the undesirable aerodynamic features of the axisyrnmetr ic and two-dimensional
geometries, but may still be the best compromise.
In general, the optimum inlet design is specific
to the airframe, engine, and mission requirements.

b)

Inlet/Engine Airflow Hatching

DUT lng supersonic flight the maximum ideal
capture flow rate of the inlet is equal to the
floy,Trate 1_n the freestream through the proj ected
area of the inlet entry plane. The capture flow
cannot be increased above this value regardless of
the type of supersonic diffusion employed, ho\o,evl~r}
it can be decreased with external or mixed compresB.

MIXED COMPRESSION INLET

sion inlets by deflecting the flow further upstream
of the entry plane as indicated in Figure 26.2.112.

We define Ao as the maximum capture area and

Ac as the capture area. the quantity Ac/Ao is
identical to the mass flow ratio
may be use.d interchangeably.

nl lin
C

and the two
0

Figure 26.2.1-13 illustrates the capture area
needed to satisfy the airflow demand of a typical

jet engine over the flight placard.

Ideally the

inlet capture area should follot.f the same schedule.
As we shall discuss later, we require that the

normal shock be kept at the throat for the mixed
C.

INTERNAL COMPRESSION INLET

Figure 26.2.1·11. Supersonic Inlet Types

compression inlet, thus subsonic spillage is not
allowed.
It follows, then, that during supersonic
operation the inlet capture area is completely'
determined by the Ereestream Bach number and the

inlet geometry.
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It also follows that the Hach

____L--

---'-------'

.....
Figure 26.2.1·13. Inlet Capture Area Requirements

Figure 26.2.1-14. SST-Type Inlet Showing Blow-In and
Bypass Doors

number and capture area determine the thoat area
required for efficient operation. As indicated in
Figure 26.2.1-13, the capture area demand of the
engine at a given Hach number varies ",ith the mode
of operation. e.g. climb and acceleration, le~el
flight, or descent.
Smaller variations in engine
air flow-demand resul t from ch3.oges in ambient
temperature, airplane gross weight ~ etc. The
combination of these fdctors make the matching of
the inlet to the engine a challenging problem.
c)

As we noted earlier, supersonic inlets generally require a bypass system. Flow must be bypassed
while operating with reduced thrust, including
engine failure modes. Part of the bypass flow can
be routed through the nozzle cooling ducts if
extra capacity is available; the remainder must be
vented overboard through separate exits.
External Com.rression

Inlet Siz ing

The inlet must be sized So that it can
capture the maximum flow required by the engine at
any Hach number. The inlet lS generally designed
to operate "'ith a capture ratio of unity at cruise
to n~inimize the cruise drag.
If the inlet geometry
ts unchanged the capture ratio ~.,rlll decrease \Olith
decreasing Hach nllTnhf'r because of the increase in
the bow shock angle. This dec):"ease may not coincide
with the ffi3ximum airflow schedule of the engine.
The capture flow can be further reduced by a
forward translation of the external body. In any
case, the throat area must be changed simultaneously
to maintain the upstream Mach number of the normal
shock close to one. With the capture area schedule
designEd for the maximtnn airflow detlk1.nd, the inlet
supply exceeds the engine requirements during
reduced power operation, c.g., desceuL The
excess fJ 0';11 is generally vented overboard through
a bypass system. It is desirable to design the
inlet to require no bypass dul' ing cl 1mb.
Supersonic inlets share \-!ith subsonic inlels
the problem of insufficient £lmy area at takeoff.
The sharp leading edges of supersonic inlets
produce muell higher losses ~len operating with
velocity ratios (Vo/V=) above one (Reference
26.2.1-5). To !'tnO,] the airplane to take off,
supersonic inlets are generally equipped with
auxiliary flow passages to increase the inlet
supply. See for example Figure 26.2.1-14 showing
an SST type inlet.

Because of their relative simplicity, external
compression inlets arc ideally suited to lower
supersonic applications, say belml1 Hach 2.
Figure
26.2.1-15 shows the three operating modes of the
external compression inlet. During "critical"
operation the flow p~lssing through the supersonic
capture area is equal to the inlet flow demand J
the oblique and normal shocks impinge on the cowl
lip, and the external flow is everywhere supersonic,
wtdle the internal flow is subsonic: If th~ inlet
cannot pass all of the capture flow, the normal
shock will move forward from the em·,l lip to a11m.,
spillage of the excess flow. This mode is called
"subcriticnll/ operation,
If the inlet demand
exceeds the available capture flow the normal
shock will be: drawn further inside the inlet duct,

A variety of devices have been developed to
achieve proper matching of the inlet supply flow
to the engine demand. During low speed operation
the blow-in door, introduced in Section 26.2.1.1,
or some similar concept can be used. The supersonic
capture area is most easily controlled by means of
a translating center body as suggested in Figure
26.2.1--12. The aft part of the translating body
is often shaped such that it provides the required
internal area distribution at edch operating
position. For some applicatiuns this simple
approach is not feasible, and hinged panels are
used to achieve the required area variation. With
axlsymmctr ic designs, the lat ter approach demands
relatively cOInplcx mechanisms si.nce the compression
surfaces must move in umbrella-like fashion.
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A.

CRITICAL OfIERAT1ON

B.

SUBCRITICAlOf'ERATION

C.

SUPERCRITICAlOf>ERATION

Figure 26.2.1-15. External Compression Inlet Operating Modes

a mode called "supercritical. 1I The minimum duct
area is at the lip station for an external compression inlet, therefore supersonic flay! entering the
inlet tends to re-expand. Because of the expansion, the normal shock 'I;\lil1 be stronger, resulting
in a larger total pressure loss. The inlet characteristics, usually plotted as total pressure
recovery as a function of inlet mass flo,,,, are
plotted in Figure 26.2.1-16 for an ideal, fixed
geometry, external (or mixed) compression inlet.
In this plot the inlet mass flow is normalized to
the design value at ~Lod' At lower H~, the recovery
increases and the maximum capture milSS flm" decreases.
Clearly, a variable geometry inlet should be designed
to join the corner points as indicated, to minimize
external drag and I11-1."{imize the recovery.

I
1.0

forward, resulting in increased flow spillage
around the cowl lip. The increased spillage may
divert part of the wake overboard, thereby unchoking the inlet and allowing the normal shock to
move aft toward its initial position, and the
cycle is repeated. Since the inlet/engine installation has a resonant frequency (flow speed/inlet
length), buzz may persist even after the disturbance causing the initial flow decrease has
disappeared.
Another mechanism for buzz can arise under
the conditions illustrated in Figure 26.2.1-17.
In normal operation of an external or mixed compression inlet, a shock terminates the supersonic flow
region. This shock may separate the flow from the
wall, causing choking downstream ,,,hich requires
spillage: Hhen the spillage changes thE: conditions
which result in the existence of the shock and the
reason for separation, the flow is re-established
and the cycle may start again.
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Figure 26.2. 1·17. Buzz Flow Sequence

Figure 26.2.1·16. External Compression Inlet Performance
Characteristics

Supercritical operation should be avoided
because the total pressure loss reduces the engine
thrust. Furthermore, it is usually accompanied by
a floi-! profile distortion ",hich could cause excessive blade vibration or compressor stall. Suber it ical operation is also undesirable since subsonic
spillage causes a rapid increase in the external
drag which can be aggravated by flow separation on
the cowl. further J • in a certain range of their
subcritical operation, inlets generally experience
a dynamic flow phenomenon called "buzz." The most
obvious manifestations of buzz are a rapid fareand-aft fluctuation of the external normal shock
and a corresponding instability of the local
pressure field. The pressure pulses can have
sufficient amplitude to cause structural failure.
Inlet Buzz
It has been suggested that the inlet flow
field becomes unstable against small disturbances

when the slope of the pressure recovery is positive
with respect to mass flow ratio, see Figure 26.2.1The ingestion of vortex sheets has been proposed by Ferri (Reference 26.2.1-6) as a mechanism
triggering buzz.
In this scheme a vortex sheet
originates from ~he velocity discontinuity at the
intersection of the bow shock with the external
normal shock. The low kinet ic energy wake chokes
the inlet and moves the normal shock further

16.

The buzz characteristics of an inlet must be
evaluated experimentally, since the phenomenon
does not lend itself easily to analysis. BU7-z
conditions can usually be avoided by increasing
the bypass flow "hen the engine cannot accept all
of the corrected flow supplied by the inlet.
The foregoing discussion indicates the desirability of operating the inlet at the critical
point; i.e., the capture flow as determined by the
external geometry should equal the fl.o'" requirements of the inlet. The flow demand of the inlet
is the sum of the engine flow and bypass flow (and
boundary layer bleed flow, if used).
External compression is achieved by turning
the fIm" al\Tay from the freestream direction so as
to reduce the flow area. The turning can be
accomplished in a single step by a straight wedge
or cone as indicated in Figure 26.2.1-18a or in
several steps as illustrated in Figure 26.2.1-18b.
The total pressure recovery of the flow ahead of
the normal shock is higher for a multiple shock
inlet than for a single shock inlet operating at
the same compression ratio. This becomes evident
when considering the isentropic compressiQn inlet
illustrated in Figure 26.2.1-18c. In this concept
the supersonic diffusion is accomplished without
shocks.
(In reality a weak shock is present at
the beginning of the compression since the leading
edge angle must be finite, and there is a weak
normal stock termiMting the supersonic diffusion
process.) The inlet is said to be "on-design" when
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ON-DESIGN

internal cm.,l lip angle. Supersonic diffusion
takes place on two opposing surfaces. A typical
mixe.d-compression inlet is shm.;rn schematically in
Figure 26.2.1-l2b. Since the throat is located
well downstream of the entry plane, the initial
cm.,l slope is not constrained and may be chosen to
be upstream floyl direction.
The external cOyll can
be closely aligned with the freestream direction
to minimize the drag during high speed flight.
The inlet is generally configured to operate with
a capture ratio of unity (minimum drag) at the
design point, and the throat is sized for an
average Nach number of between 1.2 and 1.3. Since
diffusion to Nach 1 is not practical because of
stability considerations. The tenninal normal
shock is positioned at the beginning of the diverging flow area.
(Normal shocks cannot maintain a
stable position in a converging duct.) During
off-design operation the throat area must be
varied vIi th the capture area so as to keep the
throat Hach number wi thin the design 1 imits.
When the. normal shock first appears at the
throat the inlet is sajd to Ilstart.1I The term
"started" refers to operating in the mixed com~
pression mode. A "self-starting" inlet naturally
transitions to the mixed compression mode at a
particular point as the geometry is varied along
the normal Hach number schedule. Nore commonly,
inlet start is initiated by the control system.
In any event, the inlet initially operates in the
external compression mode during passing transonic
acceleration. The engine thrust margin is generally
critical during the transonic drag rise.
It
follows that the inlet capture flow should be
maximized and normal shock spillage must be avoided
while operating ncnr sonic speeds. These requirements dictate that the throat be positioned just
inside the entry plane.

OFF-·OESIGN

A.

SINGLE SHOCK INLET

B.

MULTIPLE SHOCK INLET

C.

ISENTROPIC COMPRESSION
INLET

Figure 26.2.1·18. External Compression Surface Configuration
the capture ratio is unity. This condition occurs
when the bow shock impinges on the cOHl lip. "'hen
the capture ratio is less than one, the inlet is
"off-design. lI To maintain efficient operation
during off-design conditions, the normal shock
~~ch number should be kept relatively constant.
This can be achieved by varying the deflection
angle as a function of the freestream Hach number.
The entry area must also vary with the supersonic
capture area to keep the inlet critical.
The upstream Nach number of the normal shock
on-design is slightly over one.
(In the interest
of stability the value is usually 1.2 or 1.3.) To
maintain this value the deflection angle must be
increased with jncreasing H3 eh number. As an
example, consider a two-dimensional inlet with one
oblique and a 'normal shock Hach number of 1.3. At
a freestream Nach number of 2 the required deflection angle is about 18.5°, while at Hach 3 i t is
about 31.5·. The total Prandle-Heyer turning
required for isentropic compression (to H=l or
1.3) is about 20° and 40·, respectively. Since
the minimum duct area is at the coy:l lip, it
follows that the initial slope of the internal
cowl wall must be somewhat higher than the final
deflection angle for two dimensional designs (see
Figure 26.2.1-18). For axisymmetric designs the
cowl lip slope is lower than tha t of a 2-D inlet
due to the characteristics of conical flow.
Obviously the external lip slope must be still
higher. The dr-og penalty associated with the cowl
lip shock prohibits the use of external compression
inlets at high Mach numbers. For transport airplanes, where cruise efficiency is of utmost
importance, the limit may be taken as approximately
Bach 2. If high speed maneuverability is important
and abundant thrust is available, the limit can be
increased to about Bach 2.5.
Hixed Compression Inlets
The design of mixed compression inlets is not
restricted by the requirement of a predetermined

External compression is generally maintained
up to a specified freestream Hach number. Starting
is accomplished by increasing the dOvl11stream flow
demand.
In this procedure care must be taken to
keep the normal shock from becoming supercritical
as it enters the inlet duct. Once the inlet is
started, the throat arca must be varied a's a
function of the freestream Hach number and captu!"e
area.
In the started mode the inlet is said to be
tlcritical fl when the throat Hach number is one, or
when the normal shock is positiont~d just aft of the
converging area. Since tile shock position is not
stable in tile c(lnverging duct, a red\lction in the
upstream Hach number or the downstream flmv demand,
while the inlet is critical, causes the normal
shock to be expelled from the inlet in a sudden
surge. This phenomenon is referred to as an
HUl1start." Once the shock leaves the duct it may
reach a stable position or it Ilk'!y buzz. The
unstart is accompanied by a sudden reduction in the
inlet total pressure recovery and flow rate, and a
large increase in the inlet drag. The internal
disturbances have a high potential for surging the
compressor and losing all thrust. Unstarts silould
obviously be avo ided, and i f they occur, the inlet
must be lIrcstarted" immediately. The restart
sequence is similar to the starting procedure and
must be available at all operating speeds.
Internal Compression Inlet
An obvious extent ion of the supersonic diffusion concept is the internal compression inlet.
As the name implies, this device captures the flow
at fr~estreatn conditions, Clnd all supersonic
diffusion is done internally. Although internal
compression is conceptually feasiule, it suffers
from seve['al practical handicaps. Among these
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are: excessive supersonic diffuser length, difficulty in varying the capture area, and the need
for external and mixed compression modes for
starting the inlet.
Inlet Starting
During the starting process the terminal
normal shock moves from a position upstream of the
cowl lip to a position downstream of the internal
throat~
If we assume that the supersonic diffusion
is accomplished isentropically, \\'e can calculate,
from continuity t the ra tio of the throat area to
the entry area that will resul t in sonic flow at
the throat. The solid curve in Figure 26.2.1-19
shows the required supersonic diffuser area ratio

1.0
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---______
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as a function of entry Mach number which may be
considered to be the ideal operating schedule of
the inlet. t~'hen a normal shoek is present at the
entry plane, the throat area calculated above
cannot pass the entering flow because of the
reduced total pressure in the stream behind the
external shock. To prevent, the subsonic flow from
spilling around the co;rl lip, the diffuser area
ratio must be increased to a value above the
broken curve in Figure 26.2.1-19. This curve is
obtained by calculating the area ratio required to
achieve sonic flov' conditions behind a normal
shock at the entrance to the supersonic diffusion
section. Thus

.2

2.0

3.0

2.5

35

4.0

ENTRY MACH NUMBER,"'l

Figure 26.2.1·19. Area Ratio Variation in Starling Inlet At M,
inlet the calculation of diffuser and bypass area
ratios must include the effects of internal losses,
boundary layer bleed, and operating throat Hach
number (>1).
Referring to Figure 26.2.1-19, we
may write the continuity equation as an equation
for:

This ratio change may be accomplished by increasing
the throat area to A,* or by decreasing the entry
area AI.
In either ~ase the engine is usually
constrained to run at constant corrected airflow
which is equivalent to running at constant axial
Mach number at the eng ine fac e.
If Al is fixed, the throat area must be equal
to or greater than /0'2*' which means that - A/A* at
the engine face is smaller than it would be tn the
started condition oud the H,·:lch number at the
engine is larger. this flow Mach number can be
reduced by effectively increasing the flow tube
area at the engi.ne face, i.~. J by providing for
flo" to bypass the engine through door s between
A2 and the engine.
If, on the other hand, .Al is reduced to
achieve a starting area ratio, the bypass door will
not be necessary since the flow Hnch number
distribution from the throat rearward does not
depend on "hether the inlet is started or not.
In
practice, both inlet area variation and bypass are
often used. The area ratio change may be accomplished by either increasiflg the throat area or
decreasing the entry area, or both. The corrected
airflow demand downstream of the throat may be
adjusted to satisfy continuity, generally by
varying the bypass exit area which can be better
controlled than the engine-corrected airflow.
~len the starting area ratio is achieved,
a further increase in the downstream flow demand
causes the shock to enter the inlet and will
stabilize at a position downstream of the throat.
At this point the inlet geometry can be restored
to the high recovery (operating) conf igurntion
(solid curve in Figure 26.2.1-19).
For a real

*

1.5

1.0

At the operating condition (A/A*)2 is the sonic
area ratio corresponding to the operating throat
VJ3ch number, while at the initiation of the starting transient (A/A*)2 = 1.
Figure 26.2.1-20 shows the operational modes
at various flight Nach numbers of a mixed compression inlet designed for Moo ~ 2.2.
In designing the diffuser wall contours,
viscosity as well as compressibility must be taken
into account. To simplify matt8rs, the flow is
initially assumed inviscid. The throat Hach
number is determined from stability requirements,
as will be discussed later, and is kept relatively
constant throughout the starte·d regime. The
throat area schedule can then be calculated from
the maximum airflow requirement schedul e of the.
MACH 1.2
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Figure 26.2.1·20. Operational Modes of a Mixed Compression Inlet
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engine. We can similarly compute the capture area
requirement as a function of freestrearn Hach
number.
Since the supersonic capture area is a
function of the freestream Hach number and the
external geometry, the external diffusion surface
must be designed such that sufficient capture flow
is alway~:i available. Strong shocks and severe
pressure gradif>nts should be avoided on the internal diffuser surfaces to prevent the flow from
becoming subsonic upstream of the throat. The
basic design tool in this effort is a supersonic
flow computer program of which several are available; see Section 26.3.1.
e)

Boundary Layer Control

The central problem of supersonic inlet
design is ef f icient boundary layer control. If
the inlet is made short the adverse pressure
gradients become high, lead iug to rapid thickening
and deterioration of the boundary layer profile.
If, on the otter hand, the length of the inlet: is
increased to relieve the pressure gradients, the
increased yletted area may make matters worse than
they were at the outset. The flow must remain
attached in the supersonic diffuser since a separation c.an ,easily unstart the inlet. At the
throat the bounda.ry layer must have. sufficient
energy to withstand the pressure rise associated
with the normal shock; the displacement thickness
should be small since the performance of the
subsonic diffuser is strongly dependent on the
entry blockage. Supersonic diffusers in general
require active boundary layer control.
The traditional approach to controlling the
boundary layer is to remove, or "bleed, II part of
the low velocity flow near the surface through
holes, slots, or scoops (Figure 26.2.1-21) (Ref.
26.2.1-7, 8). The bleed flow is often vented
overboard from the inlet cowl, but a smaller drag
penalty is incurred if the bleed can be rOllted to
the nozzle \o]hen an ejector nozzle is used. In
designing the bleed system \ole are concerned with
maximizing the internal performance of the inlet
and minimizing the bleed drag.
Although viscosity is present throughout the
flowfield, its effect is only important in the
boundary L.lyer. For convenience we treat the f1m.,r
outside of the boundary layer as though i t were
inviscid. The boundary layer parameters having
most importance for the inlet designer are the
displayement thickness and the prof ile shape
factor. Various definitions of the shape factor

are currently in use, and anyone is acceptable us
long as it gives a good indication of the likelihood of flow separation. The value of the displacement thickness must be knot·m since it inj)uences
the inviscid floyl boundaries.
I f the inviscid flowfield contains oblique
shocks, bleed is generally required at the locations where the shocks reflect from the diffuser
surfaces. A generalized shoe k/boundary layer
interaction is depicted schematically in Figure
26.2.1-22. The purpose of the bleed is to remove
the low velocity portion of the boundary layer so
that it will not separate in the pressure gradient
produced by the shock reflection. Isentropic
compressions also distort the boundary layer
profile and bleed is often required in shock free
pressure grad ient regions. The inviscid and
viscous portions of the flowfield are generally
analyzed by separate computer programs, or separate
subroutines of the same program. As a first
approximation, the inviscid flowfield may be
computed neglecting viscous effects. The surface
velocity distributions thus obtained can then be
used as inputs for the boundary layer program.
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Figure 26.2.1-22. Oblique Shock/Boundary Layer Inter8ction
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Figure 26.2.1·21. Bleed System Design Schematic
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The surface contours should be modified by ca1cu:1ated displacement thickness "hen recomputing the
inviscid field. For a high fIach number inlet
several iterations of this procedure may be required
to obtain convergence. If at any point in the
calculation the boundary layer shape factor indicates incipient separation, bleed must be provided
to improve the profile or the original surface
contours must be changed to obtain a more favorable
boundary layer developmenL. The effects of bleed
must be inc I uded in subsequent calculations.
The severe pressure gradient produced by the
normal shock requires boundary layer control in
the throat region. Again bleed is a common method
used for providing the control.
In addition to
keeping the flow attached, a properly designed
throat bleed systern reduces the additional flow
area required to pass the lov velocity air and
provides a marf,in of stability for the normal
shock, as will be discussed later.
The work of Reference 26.2.1-9 gives some
insight into the general problem of shock-boundary
layer interactions. From an inlet design point of
view, the questions which must be addressed are;
1) is the shock strong enough to separate the
boundary layer flo;l and 2) hOI, little bleed flo,,"
can be used to change the boundary layer characteristics so that the. flo" remains "ell behaved?
Typically the bleed flo" reached 10% of the inlet
f10\, at K, ~ 3, increasing linearly [rom 11" : 1.
Roughly 60% of this flow is bled at the throat and
the remainder on the compression romps. Reference
26.2.2-8 describes a numerical procedure for
calculating chonges in boundary layer characteristics through shock "aves.
The bleed flo;l prior to its removal from the
boundary layer has suffered significant momentum
losses ,,·hich must be added to the external drag
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Figure 26.2.1-23. Bleed Hole Characteristics

"hen the flow is vented overboard. This drag
increment constitutes a large fraction of the
total drag force acting on a high speed inlet.
Therefore i t is important to minimize the bleed
flow as "ell as any additional losses in the flow
that is nec.essary. Figure 26.2.1-23 illustrates
typical discharge coefficients for bleed holes.
Slots or scoops can also be used for bleeding.
The bleed flO\, is generally collected in a plenum
chamber prior to being discharged through a nozzle
designed for this purpose or into the engine
nozzle ejector.
For a given flo;lrate the bleed drag is a
function of the plenum pressure and nozzle efficiency. If cowl exits are used, the discharge
angle and "ave drag produced by the discharged
flo'" must also be considered. Since the boundary
layer flow possesses 1m., momentum, the maximum
pressure in the plenum can be only slightly higher
than the local surface static pressure. Thus, if
a single plenum is used for collecting flow from
several bleed regions, the plenum pressure must be
kept below the value of the minimum static pressure
region. Othen,rise the flow ,,:tIl tend to recirculate through the bleed holes from the higher
pressure bleed regions. For minimum drag, each
bleed region should have its separate plenum and
exit so tha t the individual plenum pressures can
be maximized.
Alternately, the boundary layer can be energized by inj ection of high pressure fluid at the
surface (blo"ing), or in hypersonic inleta the
boundar)' layer prof He can be J.mproved by cooling
the lurfa.e. To dnte, neith~r of these concepts
have been widely applied.
f)

Subsonic Diffuser Design

Downstream of the normal shock, the flow is
at a high subsonic Hach number and needs to be
further decelerated to be acceptable to the engine.
This function is performed by the subsonic diffuser.
l1ismatches bet"een the supersonic diffuser flo"
supply and the engine demand are resolved by
removing excess flow from the subsonic diffuser
via a bypass system. The engine face area (diffuser
exit) remains constant while the throat area
(diffuser entry) varies "Hh }!ach number. A
versatile design, "lth efficient operation over a
\dde range of conditions, is required. The problem
is further complicated by requirements of varying
cross sectional shape if the supersonic diffuser
is not axisymmetric.
The diffuser performance is basically a function of the flat; profile at the entry plane, the
diffuser length J area distribution, and overall
area ratio. These parameters all influence the
development of the boundary layer on the walls
that governs the diffuser losses. If a thin and
full boundary layer profile can be maintained
throughout the diffuser, the losses "ill be minimal,
whereas thick, distorted profiles can lead to flow
separa tion and resul t in significant total pressure
losses and velocity distortion at the engine face.
By the nature of its operation, the dif fuser
imposes a continuous adverse pressure gradient on
the boundary layer. Therefore it is important
that the boundary layer profile at entry be thin
and full. This condition is usually measured in
tenus of throat "blockage," where blockage is
defined as the circumferential area covered by the
boundary layer displacement thickness as a percentage of the local geometric area. For most applications, efficient diffusion can only be obtained if
the throat blockage does not exceed a few percent.
Lo" blockage values are generally obtained by
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relatively heavy bleeding near the normal shock.
In optimizing the design, the recovery improvements
must be weighed ,against the excess throat bleed
drag. The diffuser duct area distribution and
wall contours should be designed to minimize the
locCll adverse pressure grad ients without unduly
increasing the diffuser length. This is an obviously difficult task and boundary layer control
often is necessary in the subsonic diffuser.
Because of thE: high drag penalty associated
with bleed. "vortex generators" (Figure 26.2.1-24)
can generally he used profitably in the subsonic
diffuser. These devices shed axial vorticity near
the surface and increase the average axial velocity
in the boundary layer by entraining fluid from the
core flow into the boundary layer. The fluid
transfer jnvolves mixing losses, but the price is
often justified by the avoidance of flm.; separation.
The vortex generators are usually triangular or
rectangular plates placed normal to the surface at
some angle of attack with respect to the local
flow direction. Vortex generators with heights on
the order of the local boundary layer thickness
have been found to be most beneficial.

Figure 26.2.1-24. Boundarv Lever Profiles Ahead end Behind
Vortex Genera tor
g)

Inlet Stability and Control,

In this section we consider the external
influences that tend to reduce the efficiency or
to break dov.'11 the proc('ss of mixed compressi~nJ
and the control required to mainta in efficient
operation. He arc primarily concerned with the
location of the normal shock. If the shock moves
downstream of its design position it becomes
increasingly "supercritical" and occurs at a
higher Hach number, increasing the total pressure
loss of the flow. If the shock moves upstream to
its critical position, the inlet will unstart.
The primary function of the inlet control
system is to vary the supersonic diffuser geometry
and bypass flmrrate such that a relatively constant
throat Hach number is maintained, and the normal
shock is positioned just downstream of the aerodynamic throat. The throat Hach number is a function
of the throat area, the capture area and the freestream Hach number. The throat area could thus be
scheduled against the flight Bach nUPlber. A more
convenient signal is obtained by monitoring the
local pressure from "hich throat Hach number may
be calculated. For instance, the control system
may be programmed to rna inta in a ref erence value of

the static to total pressure ratio in the throat
by' increasing or decreasing the area. The normal
shock position may be controlled in like manner by
programming the bypass control to maintain a fixed
local static to total pressure ratio at some point
dm,<"'l1stream of the design pOSition of the normal
shock. These systems can cope with relatively
slow but substantial changes in the freestream
Nnch numbert and Elm-nate, respectively, and thus
have a finite response time. The normal shock is
also sllbject to small amplitude transient disturbances and it must have an inherent margin of
stability. For example, a sudden reduction in
upstream Hach number (commonly referred to as a
tail gust) may occur when crossing the boundaries
of a jet stream.
If the design throat Hach number
were one, the gust ~wuld unstart the inlet.
Limited stability against this type of disturbance
Bach tolerance is obtained by using a re.ference
throat Hach number greater than one. The re.quired
tolerance can be determined from statistical
analysis of atmospheric conditions at the operating
altitudes.
Increasing the Hach tolerance in this
manner reduces the total pressure recovery potential
of the inlet. He may note that a gust causing an
increase in ~~ results in a temporary reduction of
recovery.
The normal shock must also have stability
against do\mstream transient disturbances. Limited
normal shock stability is provided by two natural
flow characteristics if the reference position of
the shock is chosen to be slightly supercritical.
First, a reduction in the corrected oirflow demand
of the engine ClllHH.:!9 the shock to move upstroum.
but since the shock is moving toward its critical
position, the do"mstream recovery is increasing,
thereby reducing the dO"'l1stream corrected flow
without changing the absolute flow rate. Second,
fin increase in throat bleed generally accompanies
the forward motion of the normal shock, Hhich
reduces the primary flo,rrate of the inlet. This
occurs since, as mentioned, tIle boundary layer is
usually bled near the operating position of the
normal shock; as the shock travels upstream it
increases the static pressure acting on the bleed
region, thereby increasing the bleed flowrate.
For some applications the natural stability of the
normal shock mU6t be augmented with B fast response
valve system to vent excess airflow whIch the
throat cannot handle overboard.
The same built-in stability characteristics
of the inlet provide limited tolerance to variations in the inlet angle of at tack. Hm,ever. i f
high speed maneuverability is a design requirement
this may be insufficient. At higher angles of
attack, mixed compression inlets generally require
po",~ered control.
h)

Supersonic Inlet Drag

A generalized schematic of the external
forces acting on a supersonic inlet is shown in
Figure 26.2.1-25. The internal forces are a part
of the thrust expression and we shall not be
concerned with them here. The add itive drag is
equal to the streamwise component of the pressure
force acting on the surface of the capture stream
tube. Hhen the bow shock impinges on the cowl
lip, the capture stream tube surface becomes
parallel to the freestresm direction, and the
additive drag vanishes. If the normal shock is
positioned upstream of the inlet duct, part of the
supersonic capture flow will be spilled around the
cowl lip. The force associated with the spilled
flow and the resulting change in the axial pressure
force on the external cowl are comb::f.ned in the
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Figure 26.2.1-25. Forces Acting on a Supersonic Inlet
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normal shock spillage drag term. Iihen bJ eed or
bypass flow is vented overbuard, three aspects of
the resulting force must be recognized. These
are, first, the momentum deficiency of the fluid;
second, the flow discharge angle and of the
thrust vector is lost; third, the shock generated
by the discharge flow which increases the co~.r1
pressure farce.
Spillnge and dIscharge flows may
alter the cowl boundary layer development, the
associated spillage drag change is difficult to
isolate. Unless the external em.;l is parallel to
the freestream direction, the pressure force
acting on it "Till have a .5treamvise component in
the drag direction. Minimizing the external cowl
angle is an important part of the inlet design.
Typically, for an inl et of a spec if ic des ign J the
sum of drags due to spillage and due to bypass
minimize at some combination \o.'here both are present.
Figure 26.2.1-26 shows the variation of bypass
drag and spillage drag and their sum which minimizes at Some value of the inlet mass flow ratio.

.05

INTAKE MASS F/.OW RATIO

Figure 26.2.1-27. Additive and Cowl Drag Variation
All of these external forces interact with
airplane drag.
Propulsion and aerodynamic forces
must be separated by carefully designed accounting
techniques which minimize uncertainty in the
performance within the constraint of work division
and timeliness. The problem of force testing
methodology is discussed in Sections 26.3 and
26.4.
2.1.3

The inlet must perform the tasks of diffusing
the high speed external flow to a speed that is
acceptable to the engine with a mInimum of total
pressure loss. For minimimum surge margin requirement and vibratory stress level fn the blades, the
diffuser should be devoid of temporal and spatial
flow non-uniformities. The inlet's performance is
usually given as a map of the (1) total pressure
recovery, (2) distortion, and (3) turbulence, as a
function of some imposed flow condition. This is
usually corrected airflow (for engine cycle calculations), Hach number, or angle of attack (of interest
for maneuvering flights). Figures 26.2.1-28 and
26.2.1-29 from Reference 26.2.1-10 S1101;S a comparison of an axisymmetric and a two-dimensional inlet
under varying Hach number and angle of attack
conditions.

lJ,y,..us D~AQ
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INLET MASS FLOW RATIO

Concluding Remarks

MO· 2.0

1.0

Figure 26.2.1-26. Bypass and Spillage Drag Variation at Instant MN
The pressure drag is the force in the external
flow directibn ~vhich results from pressure forces
acting on the body surface. Skin friction drag is
a fUnction of the wetted surface area and velocity
distribution. The cowl drag and additive drag
forces can be traded aga inst each 0 titer for a
minimum total drag configuration for a supersonic
inlet like that shown in Figure 26.2.1-12 in a
critical operation mode, I.e., with the first
shock generating ramp pulled back so that it
contacts the inlet lip at inlet mass flow ratio
equal to unity we have lhe variations of cowl and
pre-entry drag shown in Figure 26.2.1-27. In
conSlrast, for well-designed subsonic inlets, the
sum of these two drag, components are very smail,
because the cowl drag is actually negative (lip
suction) •

Figure 26.2.1·28. Isolated Two-Dimensional Versus Axisymmetric
Inlot Performance in Maneuvering Flight
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zero cutback (full side plate) gives Imver recovery.
This confjguration also shows a positive slope on
the recovery map, indicating the possibility of
instabil ity or "buzz. 11 Hith increasing cutback,
the maximum air flow capability drops and recovery
increases. The improved recovery is balanced by
increased spillage drag associated 1tlith the air
flo,.., which can spi1] het\.Jeen the first shock and

INLET RECOVERY
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the cutback edge.
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Nodern computer methods allow the simulation
of various operating conditions to aid in optimizing the inlet design. Under some circumstances
experimental vwrk is required to check out the
results of the calculation or to obtain data for
wide ranging conditions quickly and eaSily. While
the problem of Reynolds number simulation is not
of concern for the si.rnulation of the maj or portions
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of the flow (see Figure 26.2.1-31 from Rderence
26.2.1-11), [or controlling shock boundary layer
interactions, and for the design of bleed systems,
the boundary laye.r characteristics must be
understood.

2.0
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Figure 26.2.1-29. Two-Dimensional and Axisymmetric Inlet
Installed Performance Variation with Mach
Number
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The third dimension of 2-D inlets presents a

\

further design problem in that the side plates
which bound the flO\.J introduce the possibility of
losses. For example the impingement of shocks on
the boundary layer on the side plates gives rise
to streamt.Jisc vorticity which may reduce the
available flow area or may separate the flow along
that wall. Boundary layer bleed systems to improve
this situation arc awkward to install because of
the lack of spilce available in these thin plates.
A meallS to reduce the neE:'d for bleed is to reduce

the side plate area.

RAMP SETTING RELATIVE TO
FREE STREAM flOW DIRECTION

Figure 26.2.1-30 shows the

total pressure recovery characteristics for various
configurations with varying degrees of "cutback"
(expressed as a percentage of the normal distance
from the ramp to the opposite J ip). Note that

- - HIGH BEYNOLDS NO
SHOCK POSITION
- - - - lOW REYNOLDS NO.
SHOCK POSITION
- - - THEORETICAllNVISCID
POSITION

Figure 26.2.1-31. Effect of Reynolds Number on Critical Shock
Pattern I 02 ~ 9.f50, M- ~ 1.9)
The design of the inlet thus revolves around
the problem of managing the behavior of the boundary
layer.
For SUbSOllic applications tilis can be
usually achieved by properly sizing and contouring
the inlet surfaces. Supersonic inlets generally
require active control, 1. e., surface suction or

~I
w

~ .1
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blo,dng.

26.2.2
26.2.2.1

Exhaust System
Functional requirements of the nozzle.

The prill13ry function of an aircraft engine
propulsion nozzle is to divide the pOi.Jer available
from the combustor exit gas between the requirements
of the turbine and the jet power. The nozzle thus
serves as:
a)
b)
.7

.8

.9

a back pressure control mechanism for the
engine, and as
a gas acceleration device to convert the

available thermal energy of the gas to
jet kinetic energy.

1.0

Secondary design considerations for the nozzle are
requirements for:

CAPTURE RATIO - A"/Ac

Figure 26.2.1-30. Two-Dimensional Characteristics With Varying
Amounts of Sideplate Cutback
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c)

thrust reversal and vectoring,

t

t
I
1

I

t
r.

t

I

d)

I.'

control of infrared (IR) radiation and

rear radar cross section, and
e)

a)

...
...
~

matching the exterl1:11 contours of the
airplane aft-body.

Engine Back Pressure Control

The nozzle throat size is the primary means
available to the airframe designer to control the
thrust or fuel consumption characteristics of the

engine.

>
oc

<

~

i'

A particular design choice of the nozzle

J

area determines the thrust at takeoff and cruise.

...
.92

Hithin the constraints of the turbo machinery,
performance at one of these conditions may be
maximized at some expense to other operating conditions. The choice of size, and perhaps variability,
is thus rnade on the basis of the propulsion requirements of the engine.

...
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PfHMARY NOZlLE PRESSURe RATtO (P/JI'RJ

Figure.26.2.2·1. Fan Flow Suppression of Primary Nozzle Flow
on a Blown 3/4 Length Fan Cowl Nacelle

For a specific nozzle throat area, the ability
to pass the desired engine mass flmv is usually
measured in terms of discharge (or flow) coefficient:

CD ~

-JI

ill (actual)

m (ideal)

<

b)
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Figure 26.22·2. Nozzle Non·ldeal Expansion l.oss "f" 1.33
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Expansion of Engine Flow

Ideally, nL1ximum thrust is realized when the
compressed engine flm~r is fully expanded to ambient
pressure. For nozzle pressure ratios above choking~
supersonic expansion must be realized along aftfacing internal or external surfaces. A small
amount of underexpansion does not produce significant thrust losses; overexpansion, hm.,rever, is more
harmful. Figure 26.2.2-2 shows these thrust losses
for isentropic, hot flow, and the nozzle expansion
area ratio needed for full expansion. as a function
of nozzle pressure ratio. Here Cv is the ratio of
thrust obtained by expansion to area A to thrust
obtained by (>xpal1sion to the area ""here the exit
pressure matches ambient pressure,
The nozzle pressure ratio is a function of ram
preS!3Ure ratio. inlet recovery, and engine pressure
ratio. Even nt lm.,r engine pressure ratios, the
nozzle pressure ratio and required area ratio rise
quickly at supersonic airspeeds and convergentdivergent nozzles (or equivalent plug nozzles) are
usually required for supersonic airplanes. h1Jlen
engine operation with v3riaLIe augmentation is
required t con1plex variable-geometry nozzles must be
employed, To date, these an.! convergent-d ivergent
nozzles lvith variable throat and exit areas, The
throat area is controlled to satisfy engine back-

e;;"')

v~

At nozzle pressure ratios near or belo~.,r that
required for choked flow, the discharge coefficient
may be influenced by external flovl effects as well
as by nozzle shape. These external effects may be
associated with the local pressure due to the flO'.;
around the aft b0dy, or local pressure variations
due to the presence of wakes from control surfaces,
In the case of a primary nozzle of a bypass engine,
the external flow is that of the fan stream. Hhen
the threat velocity Is sonic all of the external
flow determines the aerodynamic throat size for the
nozzle and thus controls its mass flow carrying
capability. Figure 26.2.2-1 shmls the magnitude of
the effect on a 3/4 length fan cowl nacelle operating
statically.
In afterburning engines, large changes in
nozzle throat area are necessary to compensate for
the large changes in density due to changes in
temperature.
If a variable area nozzle is required
for afterburning, it can also be used for back
pressure control at non-afterburning pOlver settings.

~
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Figure 26.2.2-3. Required Variation of Nozzle Geometry of a High
Performance Fighter Aircraft
pressure requirements. The exit area is scheduled
with throat area, The most sophisticated nozzles,
such as those on the F-15 ilnd B-1, have two schedules. a low speed mode and a high speed mode.
Figure 26.2.2-3 sho"s the magnitude of the required
area variation for a high performance fighter
aircraft throughout its flight speed regime.
Various nozzle designs which achieve to some extent
the obj ectives of exit and throat area variability
are sho"n in Figure 26.2.2-4. In this figure the
short arro~lS it1dic.ate the presence and flow direction of cooling air "'hich is usually eng in" bypass
(inlet bleed) or compressor bleed air.
c)
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Figure 26.2.2-4. Typical Nozzle Concepts for Afterburner Engines
Thrust reversers are commonly used to supplement brakes on commercial transports to aid in
stopping when brake effectiveness is reduced.
Inflight thrust reversal has also been shown to
enhance combat effectiveness of fighters, although
no current operation~l fighters have reversers.
Basically, there are two types of rever~ers.
In the blocker and cascade concept, the normal
nozzle exit is blocked off and cascades are opened
in the duct upstream to reverse the flow. The
other concept moves the blockers dOm1stream of the
nozzle exit, such that the jet stagnates against
them and then spills in the reverse direction (see
Figure 26.5. Sa). Combinations of concepts have
also been investigated.
DEPLOYED

~)~)~~M:'0L/

-7.) ---~--~'--'

BLOCKER

CASCADE REVERSER

--

CLAM SHELL REVERSER

Figure 26.2.2-5a. Thrust Reversers
Thrust reversing mechanisms usually produce a
change in effective. nozzle area during deployment
or when deployed. RcvcrBen:; are designed, with an
area to match the engine, within the specified
limits at takeoff powr. This match is usually
verified by tests using the actual hardware because
the impact on the complex nonlinear engine characteristics, stIch as stall and blade vibration,
cannot be obtained analytically. Typically, exit
area tolerances range from ±.5% for the gas generator (or primary) to as much as -1 to +10% on separate flow fan nozzles.
Because exit area mismatch cannot be accepted
until the engine's tolerance to mismatch has been
determined, a substantial risk is involved in the.
reverser design in that it may not turn out to be

internally eompatible with the engine. A new
reverser must have sufficient design flexibility in
exit area to eover this cont ingency and must be as
efficient as possible to minimize the flow turning
losses that cause mismatch c.onditions at intermediate power settings. The need for model and full
scale tests must be anticipated on some reverser
configurations, in addition to early coordination
with the engine manufacturer. The reverser should
also accept a limited engine growth (up rating)
1>,.lhere internal pressures, temperatures and airflow
may be increased (assuming no major change in
hard"Jare size).
Transient area mismatch during reverser deployment or stowage often grossly exceeds the steady
state 1 imits on some installations. Fortunately J
the exit area of most reversers is increased rather
than decreased dur iog the brief transition period.
A sudden reduction in exit area during reverser
transition may cause engine stall and thus must be
investigated carefully before the reverser design
is committed to production.
The successful match bet\-leen reverser (usually
designed and built by the airframe manufacturer)
and engine is achieved with the timely establishment
of matching requirements between the respective.
m.anufacturers. This matching problem usually
increases in severity with increasing nozzle pressure ratio.
Aside from back pressure. problems, reverser s
can lose their eff~ctiveness or create side effects
when improperly installed. Reingestion and crossingeBtion of reversed hot flow may cause engine
thrust .losses and surging, thus reducing installed
reverse thrust. The danger is reduced by limiting
the turning angle of the reverser and by judiciQUS
selection of direction into which the revcrs~d
gases are exhausted. Care must also be taken not
to crcate stagnation areas be.tween free stream flow
and engine flow under lhe w1.ng t as this decreases
the dowm.,ard load on wheels and reduces brakine
effectiveness. Down-and-forward pointed jets stir
up dust, gravel and IIforeign objects" off the
rum-my y,Thich may he ingested by the engine, causing
accelerated ",Jear and damage.
Thrust vectoring by means of nozzles is used
on VTOL airplane and has been proposed for improved
maneuvering and lift augmentation in combat.
Thrust vectoring, like reversing, may be accomplished by internal turning (e.g., "lobstertail"
duct or external turning) such as deflection by a
target or coanda effect along a curved surface.
Examples are shOlm in Figure 26.2.2-5.
Control of nozzle effective area may pose
problems a9 it does.. for reversers. For VTOL and
combat airplanes, it is desirable to vector the
thrust at augmented engine power settings. HO-';vever,
cooling of structure in contact with turning or
stagnatiug £10'"9 is very difficult, as film cooling
becomes impractical in such cases. The only operational VTOL combat airplane, the AV-8 or Harrier,
does not use augmentation.
d)

Control of IR Radiation and Rear Radar Cross
Section
Infrared-guided missiles have caused signifi-

COANOA - YC14

Figure 26.2.2-5b. Thrust Vectoring Nozzle Concepts
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cant aircraft losses in 1973 in the Niddle East
these instrumentation probes. Furthennore, the
war. Aft fae ing, visihle hot eng inc and no;.::zl e
£10\" bel1ind the turbOTIl3chtncry 1s rarely suffi.cient;,. 1)' ·st.tad·, and uniform to enahle the measurement of
p'l.rts provide an excellent source of nJd<a'<-ion.
desired [low quant ities at all pmo}cr set tings (RPN)
The last stage of the turbine is plainly visible
\.Jith fixed geometry instrunlentation. The ~lppro<Jch
through the exit area of an axisymmetr ie, convergcntdivergent nozzle.
It also SC'fves as a good reflecgenerally taken to circumvent this problem is to
tor o[ incoming radar signals.
develop ins trumen ta t ion corr elat j ons beu.Jeen fl 19h t
nozzles and so-called "ref Cl·cnce nozzles!! \.Jhosc
Control of radiation is accomplished by concealbehavior is ,,,ell understood.
Such correlations are
ing hot metal from direct vie~.J as in a plug nozzle
cooled by unaugmented fan flow or ram air. Similarusually carried out for easily measured average
pressures and temperatures. A discussion of the
ly, an E:xternal plug ~,'il1 scatter incoming radar
steps necessary to minimize thrust detErmination
energy and return a much ,\'caker signal thEln a short
error is described in Reference 26.2.2-2 relative
conventional nozzle.
to a turbo-pmllered propulsion simulator (TPS).
In
e)
The matches of external airplane contours to
real engines, this calibration is more difficult in
tIle nozzle is discussed in detail in secti6n
that the facilities, the equivalent of ,;~'hich Here
developed for the small scale 'IPS, do not exist or
26.2.2.3
cost too mue}l to run.
Drag on items in the flow duct is usually
26.2.2.2 Nozzle Internal Performance
treated by calculating the equivalent one dimension··
The efficiency of converting enthalpy available
al average total pressure reductiun as~ociated with
at the turbine e::d t to jet kinet ic energy depends
the drag forces.
In this way struts, cC/oll.-'rs,
on losses ahead of the nozzle and losses associated
splitters, reverser links. turning van~s and instr1Jdirectly io}ith the nozzle. These losses are dismentation TTk'1Y be accounted for.
The increments are
cussed for each of the common nozzle types.
usually assumed indepetldent so th~t tile total
pressure drop is the sum of all the invidllal contributions. Tile fractional total prcssur~ drop of an
a)
Duel Flow Performance
item ~"ith \.Jctted area ~~T1 \~lhere the local friction
The flow leaving the engine is generally
coefficient due to flo\v at Hach number HL is e f ,
can
be calculated from
ducted at 1m" ~bch number from the engine to the
nozzle. Hhf:!n the flm>; arrives at the nozzle for
expansion to lot·,'cr pr~ssure, the veloc ity field is
three dimensional and unsteady because of imperfect
mixing, nonuniform corr,bustion (for instabililY
suppression), and of drag on any surfaces bet'.Jeen
or from (Reference 26.2.2-3):
tIle engine and the nozzle.
The nonuniform flow through the nozzle TIld.Y be
described using approximate theories for several
limitjng case.". The simplest approach for determining thrust and m...1SS flow is to obtain area or mflSS
flow averages of tile total pressure and temperature
and ca Ic ula t e the one-d irnens ional va lues 0 f these
under circumstances where the drag coefficient Cn
quantities. A better approach (~vhich is particularbased on the referenc(> area ARef is knot·ll1. Here A
ly appropriate in cases \·lhere the dis lance bet,.;een
is the flo\<,' cross sectional area_
The friction
the nozz] e station pressure and temperature profiles
coefficjent Cf is detennine.d from empirical corare knm.m. and ,,'here the nozzle ex1t is shurt) 1s
relations apprOlJriatc to tile geometry in question.
to assume thaL the flot,! consists of layers \\,hich
The boundary layer on the side \o}alls grmlls
are separated by contact surfaces that prevent
thicker because of the frictional retardiIlg force.
mixing but a110\.; pressure communication across the
This force may be larger than the flat plate sllcar
flm". Thus the flo\.J is modelled as a set of paralforce because of the roughness of \\1alls due to
lel £10\0.'5 \Ilhich can each expand to the exit pressure
acouslic treatment and because of step~ and gaps
and contribute to the total exit momentum. The
reSUlting froIn assenlbly and tIle nec~ssity for
method of Reference 26.2.2-1 can be used [or this
access doors, etc.
For aCt/ust ic 1 iners, val tICS of
calculation.
the friction coefficient determined experinlcntally
are gcncrnlly used.
Steps and gaps are handled as
On the other extreme, if mixing is permitted
described in Reference 26.2.2-4, 5 if accuracy of
by a long duct (LID> 10) or is promoted through
this level is warranted.
the use of an internal mixer, jet characteristics
Boundary layer buildup on the inside of the
may be calculated using one--dimensional flow theory
nozzle causes an effective reduction in inlernal
for a constant area mixer (if appropriate). For
flow area, as \vell us a thrllst penalty due to skin
such cases, the conservation statements for mass,
friction.
The thrust loss may be found from the
momentum and enthalpy can be used to calculate
boundary
layer momentum loss as follm.Js:
conditions at mixer exit or nozzle entrance t.Jhich
arc then used for calculating avernge total temperaConsider the convergent nozzle 8ho\\1].1 in
ture and pressure.
Figure 26.2.2-6. Assume incompressible fully
For most conditions of interest, the spread in
expanded floY!. The gross thrust is the integral of
thrust using the v.11-i0US models described above is
the exit momentum, viz:
quite small. Assuming that the real flow behavior
lies bet\\~e.cn these extremes, there is a good probability that thrust unce.rtainty due to nanuni form
flmll effC'cts is less than the spread between mixed
and unlnixed cases.
It is of interest to note that under many
circumstances, the profiles or averages of total
pressure and temperature are difficult to obtain.
u
•
conE VELOCITY (AVERAGE)
Often, insufficient instrumentation is used to
Figure 26.2.2·6. Nomenclature Definition
prevent excessive losses due to the presence of

="w,~," l:~+
_
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internal steps, leaking, secondary and cooling flow
preclude the application of elementary boundary
layer theory.

THRUST =

b)

Nozzle Performance Prediction from Empirical
Correlations

Convergent-Divergent Nozzles
This can be written as
Each U.S. aircraft engine company has established its own methods for estimating full scale
internal performance for convergent-divergent
nozzles. In regions of attached internal flow,
these methods are similar in theory and account for
performance losses resulting from viscous effects,
flow angularity, underexpansion, and flap seal
losses.

with the d ef initions

J <I

2

(uu - uU2)dy = e = incompressible momentum

In one method three operating regions are
recognized:

thickness,

u
J 6( 1 - U)dy

Region 1 unchoked and separated at throat (approxitnately constant thrust coefficient) with
varying nozzle-pressure ratios;

incompressible displacement
thickness,

Region 2 choked throat, separated "ithin the
divergent section; and

we have for the total momentum leaving the exit
plane
= F = npU 2 (R2 - 20R - 2<1*R), again using <I «

Region 3 £1m,ing full (choked throat and attached
supersonic £10\, throughout divergent section).

R.

The air mass flow rate is
The GE and P&WA formulations are very similar
in Region 3:

pn(R-<l)2U

+ 2nJ R

purdr

npU(R-<l)2

F = C x Ideal Thrust
v

R-6

+

C

2nRPU[ Jo<ldy - J6(1 - ~)dyl
o
U

with 6 «

v

F = C
x Ideal Thrust
fg

(P&lvA) = C
(GE)
fg

R

2<1R

+

6 2 )U

+

2nRpU6 - p2nRU6*

C

V

= npU [R 2 .' R6*1

C (m V
s 9 9

+ P 9A9 ) - PoA9
Fi

Then defining

m(ideal, 6=0)
Here F is the nozzle gross thrust.
illustrates the nomenclature.

c

1 -

26*

~

The similarities between the two expressions
are quite evident in this form. Note that Cs "
eyc s because CvC S mUltiplies only the momentum
term, while Cs also mUltiplies a pressure te,nn.
Both Cs and evc S are described to be composed of
the same three parts:

where the last tenn represents

the loss in discharge coefficient due to the presence of the boundary layer.
Similarly, defining
C
v

F
F(ideal, 6=0)

C

R2 - 2R(O + 0*)
R2 - 2M*

V

1)
F

2)

IW
1 -

Figure 26.2.2-7

~
R

3)

Boundary layer calculations such as these may
be useful for smooth-walled model nozzles wi th
large wetted areas. Even there, due to the highly
accelerated flow, flat-plate (zero pressure gradient) equations for 6, 6* and 0 VB Reynolds number
will not produce accurate results. In real nozzle,s,

A loss due to angularity of the exhaust
velocity vector at the exit plane.
A loss in the magnitude of the velocity
vector due to friction in the boundary
layers.
A loss of mass flow between the nozzle
charging station and exit plane due to
leakage through the nozzle walls.

The coefficients Cs and CvC S are obtained from
model data where leakage is usually absent. For
such models, the friction portion of the thrust
loss increment can be calculated and the angularity
portion is obtained by subtracting this calculated
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Convergent Noz?les

EXIT (Ag)
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The convergent nozzle has the advantage of
simplicity and light-weight. Its performance is
also good in the pressure ratio range of 1.0 'to

5.0, making it a strong contender for use on

Ps-_ _ _ Po

subsonic airplanes or multirnission aircraft that do
not require long supersonic mission legs.
The simplest prediction methods for convergent

\

II
!

nozzle performance are sufficient for preliminary
airplane performance estimates.

Figure 26.2.2-7. Convergent-Divergent Nozzle Nomenclature

.1

\

increment from that measured on the model. For
estimating full scale coefficients, the frictional

t

Results of paramet-

ric performance data from analytic studies and
experimental tests of co~vergent nozzles are used
for more accurate estimates of under expansion
losses. Such parametric studies are discussed
in this section.
Experimentally determined sonic line locations
for a typical convergent nozzle are shown in Figures

portion is again calculated J "lith the increased
Reynolds numbers and perhaps altered geometry
upstream of the nozzle. Tllis is added to the
angularity component from model data and a full
scale leakage estimate to obtain full scale Cs and
CvC S '

26.2.2-9A.

These data. taken from Reference 26.2.2-6,

shov] the variation of sonic line shape and location
with nozzle pressure ratio. The nozzle discharge

The angularity stream thrust correction factor
for full-flowing convergent and convergent-divergent

nozzles is prirearily a function of nozzle area
ratio and divergence angle, and are independent of
pressure ratio, specific heat ratio or external
flow effects. Cs factors were determined for these
nozzles from data correlations summarized in Figure
26.2.2-8.

coefficient curves (Figure 26.2.2-9B). show that
the discharge coefficient becomes constant at the
same pressure ratio at ""hich the sonic line position
becomes fixed. Note that this pressure ratio for
"hard choking" (i. e., mass flow independent of

pressure ratio), does not correspond to the critical
pressure ratio where a one-dimensional sonic line
spans the nozzle exit. This results from the twodimensional nature of the flow field.
It will be
evident from the following discussion that the

pressure ratio for choked flow is one that allows a
Prandtl-Meyer expansion approximately equal to the
nozzle half angle.
Consider the nozzle in Figure 26.2-l0(A)
showing a 2-D supercritical but un choked nozzle of
half angle Q. The sonic line and flow streamlines
are sho,,'ll. From point Q. a ce.ntered Prandtl-Heyer
expansion expands the flow to Po' If Pais not low
enough (Le .• i f the Nach number behind the expansion
is not high enough). characteristics from points on
the boundary, such as A, C, and E, intersect the
sonic line at B. D. F; thus the pressure Po is
felt upstream of the nozzle affecting the nozzle
mass flow rate. The point E is the origin of the
last characteristic which intersects the sonic line
(!It F) and is thus the limit line. Hhen this limit

line originates from the nozzle lip and fails to

O,tt,:'.---:',--,L..._-L_J,---,J,.---,.L.'--1.'-,--,J..•-_,L
.•_--l,.O
NOZZlt: AREA RATIO - Ag

intersect the sonic line. the nozzle is choked.
This flow configuration is shOl,n in Figure 26.2.2lOeB). Note that the flow area is a minimum at the

Aee D

"

1

Figure 26.2.2-8. Convergent and Convergent - Divergent Nozzle
Stream Thrust Correction Factor
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The resultant inviscid discharge coefficients
are given in Figure 26.2.2-12 and the inviscid
velocity coefficients are given in Figure 26.2.2-13.
Note that highly convergent nozzles have a slightly
higher velocity coefficient than indicated by onedimensional calculations. This is due to the fact
that values of (pu 2 + r)dA are a minimum at H =
l~O; but fer increasing convergence angle the sonic
line bulges further out of the throat, as shown in
Figure 26.2.2-9, c.hanging the exit Hach number to
local values greater than one.
For smooth-walled nozzles, boundary layer contributions to discharge and velocity coefficient
losses may be computed as indicated in Section
26.2.2. 2a. The accuracy of the method of correc ting
for boundary layer effects, when these are calculated by the technique described in Reference
26.2_2-8, has been checked with test data at pressure ratio 2.2. The. discharge coefficient was
predicted to within +1/2 percent of measured
values as shown in Figure 26.2.2-14, while the
velocity coeffic.ient was predicted to within +0.2
percent of measured values as shown in Figure26.2.2-15.

\

1

_ _ _ - _ _ _ _ 1_ _ -

Figure 26.2.2-10. Flow in Convergent Nozzles
la} Supercritical and Un choked,
Ib} Supercritical and Choked
nozzle exit plane at this choked condition, and the
average Hach number at the exit plane is less than

unity.
In the unchoked flow case, the identified
points are located in the hodograph plane in Figure
26.2.2-11 (a). The inviscid flow stream line along
the wall is initially inclined at an angle 0..
Around the point Q, from Q to Q', the flow tU!"'IlS
through the Prandtl-Heyer angle, v, consisLent '-'lith
the pressure ratio. Since the static pressure on
the jet boundary is constant and equal to ambient
pressure, the velocity OP the jet boundary (assuming inviscid flow) is everywhere equal to that at
point Q'. Thus the jet boundary is represented on
the hodograph d iagrrun by a circle of radius N* =
Q'
The sonic line is represented by the circle
H* = 1.0 in the hodograph plane.
The hodograph plane is shown for the "j ust"
choked flow situation in Figure 26.2.2-ll(b). In
this case, the limit line EF originates from the
Point Q; 1. e., points E and Q' on the hodograph
plane coincide. Thus, the Prandtl-Heyer turning

1 I.

1

I

I

Ideal one-dimensional thrust

'\

-\_---------------- "
!OJ

'A'

cv

UMlTltNE

angle v ~ n/2 as shown because, for two-dimensional
flow, the characteristics in the hodograph plane
are independent of the geometry of the physical
plane and are identical to or are reflections of
one another. In aXisymmetric flow, the shape of
the characteristics depends On the geometry of the
flow and 1 therefore, are not symmetrical. Consequently, the choked pressure ratio for an axisymmetric nozzle is slightly higher than that for the
two-dimensional nozzle of the same half angle.
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Figure 26.?'.2-12. In viscid Flow Discharg~ Coefficient of
Convergent Conical Nozzles
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Figure 26.2.2-11. Holograph Plane Representation of the Critical
Flow Though a Convergent Nozzle at Unchoked
(a) and "Just" Choked Conditions Ib}
Sonic line shapes and locations for other
convergent nozzles may be computed for pressure
ratios above 2 using the method of Reference 26.2.27. This has been done for a series of convergent
nozzles applicable to aircraft use. Using these
distributions, the inviscid nozzle discharge and
velocity coefficients for non-one-dimensional flow
of a perfect gas with y = 1.4 were then computed by
integration of flow properties over the exit plane
as follows:
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Figure 26.2.2·14. Parametric Variation of Conical Convergent Nozzle
Choked Discharge Coefficient

Multi-Element Nozzles

Figure 26.2.2-15. Parametric Variation of Conical Convergent
Nozzle Velocity Coefficient

nozzle exit hydraulic diameter and is sho>.ffi in
Figure 26.2.2-16. This figure shows that the

A multi-·element nozzle differs from a conven-

correlation method agrees quite iVell with test data
from a wide range of nozzle designs equivalent to

tional convergent nozzle ill that th~ jet is broken
into a series of smaller jets or into a jet with a

longer perimeter (daisy petal design).

The general

purpose of such nozzles is to decrease the exhaust

noise level by increasing the mixing of exhaust
gases ,dth the external air. A series of multielement nozzle designs are shOl.ffi in Figure 26.2.216. A mixing nozzle has a reduced maximum velocity
coefficient when compared to a simple convergent
nozzle. This performance reduction has been
correlated in Reference 26.2.2-9 as a function of

hydraulic diameters. The characteristics of multielement C-D nozzles for SST-type aircraft are
described in Reference 26.2.2-10, 11, 12.
Plug Nozzles
The plug nozzle is a form of convergentdivergent nozzle in which the flow expansion is
guided partially by a nozzle ccnterbody, or plug,
and partially by the surrounding external airflol<.
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Figure 26.2.2·16. Convergent Nozzle Performance Maximum Velocity Coofficient
for Noise Suppressor and Jet Mixing Configuration
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behave muen ilKe

~ncompresB~nLe,

lUV1SC1G tlow.

Thus, inviscid analysis may be used to estimate
interactions between forebody and afterbody, support
system and model, and model Bnd tunnel walls.

1.00

In the aerospace industry, many types of

computer programs are available for solving flow
problems. These vary in cost and accuracy and may
be detailed as follows:

o

1)

Incompressible, inviscid flow using
distributed sources) sinks, and vortex
lattices to represent bodies; two-dimenstonal and three-dimensional

.14

2)

OESIGN

NOZZLE

Pt/PO

o CONVERGENT PLUG

o CONVERGENT _
DIVERGENT 120 ANGLE

Compressible sub critical inviscid flow
about bodies of revolution using relaxa-

,."

3)

tion methods or line.arized equations
Transonic flow analysis using streamline
coordinate transformation and relaxation

.BO'-_ _'--'--'--'-'-'_"--'-'-'-'-~L..L-,-...L-L....o-,-~-,-,-,-...L-.LJ
4

12

16

20

4)

24

NOZZLE PRESSURE flATIO, PrlPo

Figure 26.2.2-18. Plug Nozzle and Convergent - Divergent Nozzle
Performance Comparison

interactions

L"~~tNUMY

5)

~~\
MA::::

[

,

6)

SHROUJ)

7)
8)

- ' -_ _ _ _ _ _ 1

Airplane/Nozzle External Performance

Propulsive flows impact the behavior of the
external aircraft flow because they meet at the
nozzle exit. The flow field depends on the characteristics of the external flow. Thus, the proper
determination of thrust and drag forces involves
understanding the external flow near the nozzle.

This flow is complex in that compressibility and
viscous effects are important because the aftbody's
role is to smoothly recompress the flow around the

aircraft.

Linearized supersonic 2-D and aXisymmetric
solutions
Linearized compressibility correction to
Ill.
Boundary layer solutions coupled to #2
and #3 in an iterative manner
Quasi-time dependent methods

Of these the axisymmetric flow
three-dimensional flow programs are
for airplane configuration design.
"classes" of analysis programs will
below.

Figure 26.2.2-19. Shrouded Plug Nozzle

26.2.2-3

(handles shocks)
Method-of-characteristics analysis of
.2-D and 3-D axisymmetric, supersonic
flows, including oblique shocks and
reflected shocks coupled to boundary
layer solutions and shock-boundary layer

The region is characterized by local

Hach number greater than freestrepm, thick boundary
layer, and an adverse pressure gradient.

programs and
most relevant
These two
be discussed

Axisyrnmetric Geometries, Subsonic Freestream, Flm'l

Field Without Jet
This important class of analytical capability
is generally directed to\,ard nacelle inlet and
nozzle design. The analytical prediction of the
axisymmetric nacelle performance provides a basis
for measuring the success of the installation
process) for both external drag and for nozzle
efficiency. The extent to which analysis can

support the nacelle design is determined by

}~ch

In the following, the analytic and empirical
tools used for the design of aftbodies are described.

number.
The greatest success is found for nacelles

a)

which have entirely subsonic flow on the external
surfaces and are free from large viscous effects.
Incompressible, inviscid methods using distributed

Analytical Methods
Although exact equations may be written for

some inviscid cases, solutions Oil digital computers
are always approximate to some degree. Some solutions are based on exact equations, others on

linearized equations.

Solutions have also been

sources, sinks and vortices have been in use for
some time. These basic solutions are corrected for

compressibility and iteratively corrected for the
displacement effect of the boundary-layer to yield

coupled ,>lith boundary layer solutions in an iterative manner. Pressure force integrations in the

predictions which are very accurate for surface
pressures and drag. Recently these solutions have
been extended to conditions where the nacelle

drag direction are very sensitive to the number and

boattail is separated.

location of sources, sinks, vortices, etc., used to
represent boundary conditions and body surfaces.
Errors in the evaluation of pressure integrals in

Reference 26.2.2-15 shows the degree of success

the axial direction are easily as large as measured
pressure drags because of large opposing pressure
forces. No pressure integrations in the drag

Figure 26.2.2-20 from

that has been enjoyed to date.
Recent developments have been successful in
analyzing f1m.,s where M is less than unity, but
with locally supersonic~flows. These programs most

frequently employ a transonic relaxation potential
flow technique which is iteratively corrected by a

direction should be accepted without checking for
insensitivity to variations in the way the problem
is formulated and checking the result against a

boundary layer solution, until the converged flow

field with imbedded shock waves is found.

known casc, such as a pressure integral around a

semi-infinite body in incompressible, potential
flow.
Real flows at high Reynolds numbers, subcritical ~~ch numbers, and without separation, will

These

solutions provide both the surface pressure distribution (Figure 26.2.2-21) and the drag.
In the absence of separation and at subsonic

free stream

}~ch

numbers, boattail drag consists of

shear forces due to friction, pressure drag due to
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potentially high-drag boat tails ,i.e., those subj ect
to subsonic separation and those which exhibit a
drag rise below the expected flight Hach number.

o TEST
AGARD NOZZLE
DATA

Cp
·0.2

~~/~H. '2~8X 10SfFT

o

·0.4

Supersonic boat tail drag prediction is controlled by combinations of boattail curvature or angle
and free stream Hach number. At higher ~!ach numbers
and for lower boattai'l angles, when the shocks are
weak and do not cause· boundary layer separation,
method-af-characteristics and streamline curvature
methods can produce good results.
In supersonic flow, viscous effects are only
part of the causes of pressure drag. Additional
losses occur outside the boundary layer due to
shock losses and wave drag. Wave drag is due to
the flow acceleration over the afterbody and recompression at the trailing edge which cannot cancel
the effect of expansion. Boundary layer effects
tend to reduce the drag by reducing the initial
expansion and allo,",ing the pressure behind the
trailing shock to propagate some distance upstream.
Thus, inviscid results are generally pessimistic
depending on boundary layer thickness. Shockinduced separation further reduces afterbody drag.
A large body of experimental data is available for
hoattail drag at supersonic Hach numbers (see
References 26.2.2-16 to 21). In addition, methodof-characteristics solutions have been obtained for
conical, circular-arc and ogive boattails of various
lengths and exit-ta-maximum area ratios. Examples
are shown on Figures 26.2.2-23 and 26.2.2-24.

NPR' 4.9

L

4
R.INCHES
2

Axisymmetric Geometries, Supersonic Freestream.
Flow Field Without Jet

AGARD NOZZLE
15° BOATTAIL

EFFECTIVE
BODY CONTOUR'

o
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Figure 26.2.2.20. Analytical Prediction of Nacelle Boattail
Pressures
·0.8,--------------,

SURFACE PRESSURE
COEFFICIENT. Cp
0.2

0.4

O.S

0.8 \ , 1.0

o

Research activity in support of supersonic
cruise airplane programs has also produced reliable
flow field analysis methods for supersonic free-

o

o

0.2
PRESSURES ON
COWL

stream Hach numbers (1<Hoo <5). A modified version
of the Lighthill method (Reference 26.2.2-22) is
frequently employed. Another class of solutions
predicts the wave drag of the nacelle from its
equivalent area distribution (see Reference 26.2.223). Hathods to handle the oblique shock-boundary
layer interaction are being reported (Reference
26.2.2-24).

0.4
0.6L..._ _ _ _ _ _ _ _ _ _r='===A_
_ _-'

-1-

Figure 26.2.2·21. Transonic Cowl Pressures. Comparison of Analysis
and Test

displacement thickness growth (also due to friction), and shock losses when local supersonic flow
pockets appear. Pressure drag due to displacement
thickness is small (as long as separation does not
occur). Therefore, the pressure drag of such
boattails is generally very low up to a critical
Mach number when shock losses appear. At this
point a steep drag rise occurs. The new transonic
analysis methods (Reference 26.2.1-3) can predict

.20
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CoP'

.10

3)

These observations permit using subsonic and
transonic analysis as a tool to avoid or recognize
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Figure 26.2.2·22. Experimental Pressure Drag Coefficients of Some
Circular - Arc Boattails (Reference 26.2.2·20)
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Boattails with large radii of curvature
have 101' pressure drags below the drag
rise,
The drag rise ~illch number is a function
of boattail curvature and length
The drag rise is very steep for all
boat tails
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classes of boat tails t we have:
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! -.5
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shocks is soon followed by shock-induced separation,
at which point the analysis becomes invalid.
Typical data for boat tails are shown on Figure
26.2.2-22. It is seen that the drag rise is
extremely steep for all boat tails shown, and that
belo,", the drag rise, all longer boattails have very
low pressure drags. The shortest boat tail (LID =
• 8) suffers from separation at all Hach numbers.
Generalizing from data of this type for various
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shock losses, but generally the appearance of
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Hypersonic flmo], where the freestream Hach
numb'er is greater than five, is handled by se:veral
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CONICAL BOATTAIL ANGLE

analytical methods (Reference 26.2.2-25) Hhich give
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a good representation of the inviscid flow field
about the configuration and are useful for design
purposes.
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Axisymmetric Geometries, Flows Hith Jets

.08

The previous discussion has been about wall
geometries with no exhaust jet. However, the
exhaust jet can playa very important role in

5° OGIVE

.06

determining the overall floH field around the body,
especially in the case of the nacelle. Current
analytical capability for the exhaust jet characteristics is not as advanced as for the nacelle geometry and is divided into two classes, those with and
those 'toJ'ithout mixing.

.04

4°
.02

Jet Hithout Hixing
2°

.2

.8

.6

.4

The first class of analysis methods assumes an
inviscid, nonmixing jet. For subsonic external
flow, there a~e three type~ of solutions. The
first developed was the streamtube curvature technique, where the curvature of stream tubes Hithin the

1.0

AgiA'0

Figure 26.2.2-23. Method·of-Characteristics Prediction of Boattail
Wave Drag (Ref 26.2121)

jet and the external floH field are related 'by
continuity and transverse static pressure balance.

This method is not reliable when the .exhaust jet
becomes supersonic, because large local slope

changes in the outer jet boundary begin to appear
and drive the stream tube curvature to large values
and the solution consequently diverges.
Better success is shown for the transonic
relaxation technique, a method similar to that used
for transonic cowl analysis. This method can
represent subsonic and supersonic local floHs in
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by finding the position of characteristic lines,
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technique cannot predict the fine structure of the
supersonic flow field. The method-of-characteristics

(H-O-C) solution is used to calculate the floH field
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tld m = 1.0
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both the exhaust and external floH field. A measure
of the accuracy of this·kind of exhaust floH calculation technique is shoHn On Figure 26.2.2-25
(Reference 26.2.2-26). The transonic relaxation

which implies that the floH must be entirely supersonic (Figure 26.2.2~26). This means that use of
H-O-C for the nacelle aft flow field must be "n
iterative solution 'toJ'ith a potential flow technique,
such as the transonic reiaxation technique for the
A

exterior flow, for the floH along the boundary of
the plume, and for the subsonic flow in the plume.
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Figure 26.2.2-24. Variation of Jet - Off Boattail Pressure-Drag
Coefficient with Mach Number

i

(

CALCULATED BY TRANSONIC
RELAXATION

Figure 26.2.2-26. Nozzle Flow with Superimposed Methods of
Characteristic Solutions

Figure 26.2.2-25. Plume Shape by Transonic Relaxation Method
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For the imbedded supersonic cells the M-O-C must be
patched into the subsonic flow; this is a costly,
tedious process which is not often used. Where the
exterior flow is entirely supersonic, the M-O-C
technique can easily be used for both the plume and
exterior flow fields.

exterior flo", as shown in Figure 26.2.2-27 (Reference 26.2.2-27). The mixed jet shape far downstream
of the exit is well matched by analysis, but usually
not near the exit plane.
Because they are still in the development
stage, mixing analyses do not yet playa large role
in analytical design capabilities. This is because
at conditions where mixing is not important (attached

Jet With Mixing

flow boattails, nozzle pressure ratio <2, Hoo <1)

The second class of jet modelling analyses is
for plume shapes with the effect of mixing included.
This analysis is not "ell established and is limited
to the modeling of the mixed plume for subsonic

t

the mixing analyses do well; where mixing ;'s important, for example l1w = 0 or large-angle boat tails
which have separated flow, mixing analyses are not

yet reliable.
Three-Dbnensional Geometries

4.0

Analytic method to support the design process
for three-dimensional geometries (including axisymmetric geometries at angle-of-attack) is well
developed for subsonic conditions, but are less

3.5

aeGura te wi th increasing Hach number.

The accuracy

analysis also depends on whether the exhaust jet
and remaining flow field are independent of each
other or whether they strongly interact.
3.0

Mj = 2.22

i•,.. 2.5

THROAT DIA.

°=

0.706 IN.

tions at subsonic speeds where the effects of

JET DIA. OJ = 1.007 IN

~
15
«
II:

o

viscosity are small but not necessarily negligible
is "ell established. }'igure 26.2.2-29 sho"s predicted versus measured surface pressures on a model
flow-through nacelle at 0.7 Hach number; the surface
pressures, drag and mass flow rate all compare very
favorably with experiment. Similar results are
obtained~on full scale nacelles.
The powered
nacelle can be similarly represented by adding the
isolated plume shape as a hard-wall geometry;
Figure 26.2.2-30 shows this result. These calcula-
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AXIAL POSITION

Z
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o
0;
zw

Figure

26.2.2-28 summarizes the important jet-freestream
flow interactions usually dealt >lith in aft body
design.
Considering the independent flow situation
first, the ability to analyze arbitrary configura-
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ANALYSIS INCLUDES EFFECT

or VISCOSITY &: 3-D EFFECTS

Figure 26.2.2·29. Analytical vs. Experimental Determination of
Flow Nacelle Properties

tions are typical of compressibility-corrected,
linearized solutions with boundary conditions
applied as Bources, sinks, and vortices in the flow
field (Reference 26.2.2-28). In the general threedimensional case, the effect of viscosity cannot
yet be reliably determined.

capability in this flight region is important.
These methods are just becoming established for
,nng-body geometries (Figure 26.2.2-31, Reference
26.2.2-31), and continued research will soon allow
these calculations to be done for the installed
nacelle as well.
For supersonic Bach numbers, slender body
theory has seen ,ride application to threedimensional geometries. The nacelle plume is
modeled as a solid body, and surface pressures and
wave drag can be calculated to perform optimization
trades. Figure 26.2.2-32 from Reference 26.2.2-32
shows the nacelle drag variation on the Boeing SST
as a function of nacelle position.
Recent analyses have also emerged for hypersonic
flow, especially for the wing-body-fin configuration.
Figure 26.2.2-33 from Reference 26.2.2-25 shows the
quality of the method by allowing comparison of
measured and computed wing pressures on a Moo=10
vehicle.
A far more difficult class of flows involve
conditions whe.re the exhaust plume interacts strongly
with the pressure field resulting from flow around

Extensive examinations of various potential
flow analysis methods \d th boundary layer correc-

tions have been conducted by Lockheed and Pratt &
Whitney under the progrwn titled, "Experimental anti

Analytical Determination of Integrated Airframe
Nozzle ::?erformance," and are reported in References
26.2.2-29, 30.
Because many aircraft cruise under conditions
of subsonic free stream H£tch number with local
regions of imbedded supersonic flow, analytic
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of body thiekness is approximated using the following formula:

the airframe to the extent where the shape of the
exhaust plume is substantially altered. A typical
subsonic case is the overwing D-nozzle nacelle such

as found on the Boeing YC-14 (Figure 26.1.2-3) or
~he Quiet Short Haul research aircraft (QSRA).
For

ClI

these installations, three-dimensional subsonic

analyses are invaluable in providing a design guide
for the nacelle external contours (Reference 26.2.233); but the effect of the exhaust jet, its true

where:

The

K = 0.5 ~ for bodies of revolution,

lumped together with the drag due to discrete

the jet is not attached to the wing surface.
~lach

K) Cf

For conflguration definition studies, the drag
due to roughness of the aerodynamic surfaces is

over-wing pylon-mounted nacelle is slightly easier
to handle from the analytical point of view since
At the far end of the

+

2 ~ for plane surfaces.
e

shape, and any mixing between it and the external

flow field cannot yet be reliably predicted.

(1
f

excrescences which cannot be precisely defined t
sueh as mismatched butt joints, leaks, oil-canning
of skin panels, etc., by increasing the skin fric-

nWllber scale,

future hypersonic cruise vehicles may represent the
extreme case of nacelle-airframe interaction, where

the airframe forms half the nozzle and the bow
shock Wave forms the other (Figure 26.2.2-34). This
kind of design is not accurately analyzed at the present time.

tion drag by 10%. Hhen the design is defined to
the point that these items ean be identified they
are accounted for i.ndividually.
Roughness and excrescence e.ffects are generally
as large as effects due to thickness and much
larger than the differences between various popular
skin friction formulae. Therefore, sophisticated
mGt hods to compute skin friction in the presence of
accelerating and decelerating flows over bodies of
revolution appear unwarranted until skin tn3.terial,
paint, gaps, excrescences, and leakage are defined.
Hence, reliance on empirical methods should be

exercised until the geometry is well defined.
P-reS8ure Drag

Figure 26.2.2-34. Conceptual Propulsion - Airframe Integration
for Hypersonic Flight
In stnnmary) inviscid analytical solutions are

correlations ",ere developed based on a function of
correlations were developed based on a function of

available for axisyrrrnetric and three-dimensional
nozzle/aftbody geometries for both subsonic and
supersonic flows. In engine installations that
include three-dimensional features such as support

the area variation as described in the next section.
The correlations are applicable to afterbodies with
smooth area variations, subject to separation due

struts, wing pressure field, twin nacelles on
integrated fuselage-taile-nozzle, the flOl' regions

to excessive slopes.

Undet these circumstances theoretical
However, in cases when the jet

The correlations are valid for those cases wht3.re

,.nth choked convergent n02zles, convergent-divergent
nozzles which are not excessively overexpanded, and

shape is independent of the aircraft pressure
field, jet effects can be adequately predicted.
Since fully three-dimensional viscous-transonic
flow analysis tcchniques are likely to become
available, reliance on prediction by correlation
IDld ~nnd tunnel test may be de-emphasized. Even
short of the ultimate capability, these evolving
analytical tools would be invaluable aids to the
design process and in the interpretation of wind
tunnel data.
b)

between twin boattails may not be properly predicted.
external flo,,' conditions do not influence the
internal flow conditions, i.e., for afterbodies

methods are usually inadequate to calculate installation losses.

The effect of separation due

to base areas, sharp corners, or divergent surfaces

affected by these features are driven into operation
with shocks and separation by trades between drag
and weight.

Empirical correlations are available for
isolated single and twin boattails. Single afterbody datn are available through NACA and NASA
reports for a variety of geometries. Data for
correlated in Reference 26.2.2-34. Subsequently,

plug nozzles when the plug is within the ~!ach cone
of the internal flow (see Figure 26.2.2-35).

Empirical Hethods

Skin frictioll is usually the largest single
drag component of nozzle/afterbodies at subsonic
}!ach numbers. Skin friction prediction methods are
numerous. Flat plate coefficients versus Reynolds
number and roughness are often used on body surfaces

with slight inclination to the freestream.

The

effects of accelerations over bodies of revolution
are accounted for by empirical factors or by "stretch-

ing" of the wetted area as a function of the local
veloeity. Various integral solutions for turbulent

NOT EXCESSIVEl Y
OVER EXPANDED

[XCE$SIVEL Y

OVER EXPANDED

boundary layers are also used to compute skin

frietion losses with pressure gradient and to
predict separation.
In most performance estimates, flat plate skin

friction is applied to the wetted area.

Figure 26.2.2-35. Flow Configuration for Convergent - Divergent
Bnd Plug Nozzles

The effect
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ratios (1.89 for convergent nozzles) correlates
with the IHST parameter raised to the 2.77 power.
This correlation, the plot of IHST versus Hach
number, and the area plot are sufficient to predict
the pressure drag of any configuration falling into
the class of those tested. Figure 26.2.2-36 summa-

Integral Hean Slope Correlations - Subsonic
This correlation method has been developed by
Pratt & Whitney Aircraft (Reference 26.2.2-35)
and modified by the Boeing Company to extend its
usefulness for afterbodies with steep slopes. It
was developed for twin nozzle afterbodies behind a
long (L/De = 8) forebody with a long (LID
= 4)
cylindrica~ section. Afterbody shape vari~gions
included slenderness from 1.3 to 3.6, exit to
maximum area ratio of 0.1 to 0.4, spacing ratios of
0..67 and 1.28 of equivalent maximum diameter and
area plots were varied to yield values of integral
mean slope from 0..34 to 1.1. The integral mean
slope is defined by the following equation:

HIS

1 A9

(1 - ~D)

f

1 d

(A/~D)

d(X/D

eq

)

d

rizes the method.

Note that the IHS T twin correlation does not

cover configurations with vertical tails tangent to

or outboard of the nozzles, like those illustrated
in Figure 26.2.2-37.
Afterbody drags for such configurations are a
strong function of vertical tail position and are
as much as two. or three times higher than drags of
after bodies with tails on axes of symmetry. Since
IHST is only a function of the area plot, it cannot
correlate losses to strong tail interference - or
any other effects such as excessively close spacing,

A/~D

lack of fairings, etc. which cause local losses
independently of the area distribution.
Although the IHST correlation was developed
from twin aft-end data at two spacings, no spacing
effect was d,etected. Therefore, the correlation
should be applicable to single engine aft-ends as
well. Figure 26.2.2-38 shows a correlation developed from isolated boattail data at H~ = 0..7. The
IHS correlation for twin afterbodies is shown for

A9 /AlD

IHS represents the area-weighted average slope
of the non-dimensional area plot and is proportional
to the ideal pressure area integral of the aft
body. Here AID is the maximum fuselage cross
sectional area.

comparison. Isolated boattail data do not include
tail effects, nor are localized lo'sses b.etween
boat tails and interfairings pres~nt, which may

For afterbodies with locally steep slopes in
the area plots, the integration fs terminated at a

maximum slope instead of the real final slope to
improve the correlation. This final slope depends
on freestream Hach number. The resulting parameter
is called IHST. Data from convergent and conver-

explain the lower level.
The effect of sharp corners between boattail
and f,orebody is also shown. These data are very
sensitive to boundary layer thickness and Reynolds

gent-divergent nozzles operating at design pressure

number.
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1.6

0.'

Reynolds Number Effects - Subsonic

NOTES:

The IHS T afterbody pressure drag correlation
is based on model data at a unit Reynolds number of
3.5 to 4 x 10 5 per foot, and a model scale resulting
in 4.6 feet of farebody length and an equivalent

0 .•

maximum diameter of 0.6 feet for the narrower

0.1

spacing. The Reynolds mnllber based on length at
the end of the forebody Has 1. 6 to 1.85 x 10 7 •
f-

ii

Data from References 26.2.2-30 and 26.2.2-36
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CONICAL AFTERBODIES or
CIRCULAR SECTION~

'" 0.50
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0 .•

u

§

indicate that subsonic pressure drags on bodies
without sharp corners and bases are not strongly
affected by Reynolds number at unit Reynolds numbers
above 2.5 x 10 5 per foot.
The data were obtained
wHh models Hhose forebody length Here 9.5 feet and
4.25 feet, respectively. The equivalent diameters
were 1.35 feet and 0.54 feet. The Reynolds number
effect seems to flatten out at the same unit
Reynolds number for both model sizes. Heasured

ou
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0:

o

0.4

"

0.3

pressure coefficients reported in Reference 26.2.2-37
are more negative in the expansion region and more
positive in the recompression region as Reynolds
number is increased. These two effects Here compensating and, and a result, thel~e is little or no
effect of Reynolds number on the pressure drag of
the isolated boat tails. A comparison v-li th analysis
indicated that these results were caused by the
thinnjng of the boundary layer as Reynolds number
increased; the analysis is based on an inviscid
solution of Hess and Smith (Ref. 26.2.2-38) with a
boundary-layer displacement thickness from a modified Reshotko-Tucker (Ref. 26.2.2-39) solution, and
a separation model based on the '\owrk of Presz (Ref.
26.2.2-40) •

CIRCULAR ARC AFTERBOOIES
OF CIRCULAR SECTION
(Ag'AlO '" .901

DATA FROM FIGURE 26 2."J - 39
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Figure 26.2.2-40. Comparison of IMS Correlation and Theoretical
Wave Drag for Isolated Axisvmmetric After·
bodies - Mach 1.2

Integral Nean Slope Correlations, Transonic and
Supersonic
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In 1 inear ized, t\.;ro-d imensional, super sonic
pres~ure drag is directly proportional to
the integral mean slope. Therefore, it is expected
that IHS might provide a good correlation at supersonic Hach numbers. The correlation is illustrated
on Figure 26.2.2-39 from Reference 2b.2.2-30, where
pressure drag coefficients computed using a methodof-characteristics program are plotted against DIS
for circular arc boattails. Figure 26.2.2-40 shows
external \vClVe drag versus INS for conical and circular arc arterbodies. These curves were obtained
by the application of Similarity laws to solutions
derived by the use of second-order theory and the
me thad-of -char ae teri st ic sl qua::; i -cylind cr t heary for
the truncated cone and cin::ular arc afterbodies
respectively (Reference 26.2.2-41). The data from
Figure 26.2.2-39 is replotted on Figure 26.2.2-40
for comparison.
Data for isolated and twin boat tails from
Reference 26.2.2-30, 26.2.2-42 are as much as 50%
lower than the results of a method of characteristics. Slender body wave drag calculation programs
tend to give better predictions, although also on
the high side.
Pressure drag coefficients have been obtained
experimentally at H'-n=1.2 for equ ivalent bodies of
revolution (EllOR) and twin jet models. These are
shoHn in Figure 26.2.2-41. The EBOR ,bta were
obtained from an integration of measured pressure
distributions. The twin jet data are obt.:dned from
balance force measurements from which calculated
skin friction drag was subtracted. The data are
therefore presented in drag coefficient form b.:1sed
on the projected area AlO-A9'
These pressure drag coefficients provide the
basis for the ~L=1.2, P9/ P";=1.0 for the correlation
shaHn in Figure 26.2.2-41. The drag correlation is

flow the

c

0.8 1.0

IMS - INTEGRAL MEAN SLOPE IMS - INTEGRAL MEAN SLOPE

Figure 26.2.2-39. IMS Correlation of Pressure Drag on Axisvmmetric
Circular Arc Boattails Using the Method of Char·
acteristics
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not expected to be significantly different for
other pressure ratios.
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The empirical methods described in the previous
section do not apply to plug nozzles when the flo,;
conditions on the plug can be affected by freestream
flow conditions, i.e., when the nozzle flow is
subsonic or at low supersonic exit ~mch numbers
such that a Hach line drawn from the shroud towards
the plug intersects the plug (see Figure 26.2.2-43).
In such cases, forces on the shroud due to
flow expansion are often counteracted by recompression forces on the plug acting through the jet.
Boattail forces are then large in the drag direction, while thrust-minus drag measurements indicate
internal and plug forces are exceeding values for
loss-free expansion (C v > 1.0).
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Figure 26.2.2·41. Afterbody Drag Correlation
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various assumptions for the plume shape to that

point. When the thrust is computed, using the
assumption that only skin friction losses on the
plug are significant and that the internal flow is
fully expanded, the sum of computed thrust and
nlST-derived drag does not correlate well with
experimental data. Apparently, significant variations in thrus t recovery on the plug occur with

BODY SURFACE

t t

by treating an isolated axisymmetric plug nozzle as
an "equivalent boat tail ," see Figure 26.2.2-41,.
The overall thrust-minus drag of the plug nozzle is
approximated by the thrust-minus drag of the equivalent boat tail with a convergent or convergentdivergent nozzle.
HIS or IHST type correlations have not worked
well on axisymmetric plug nozzles using the fully
expanded jet diameter at the end of the plug with

PLUG

""
-,,",,---------------------

~MACHCONE

Figure 26.2.2·43. Plug Nozzle with Strong External Flow Effects

presented
since the
presently
also that

as a function of INS rather than illST
HIS T afterbody slope limits are not
available for supersonic flows. Notice
the correlation has been written only for
P9/Poo=1.0. The Mach 1.2 correlation can be extended
to other operating conditions by using the plume
correlation presented in Reference 26.2.2-42.
Additional supersonic (f~ = 1.2-2.2) aft
fuselage drag data have been compiled from industrial and government wind tunnel test programs.
From the' data, a method of extrapolating the Hach
1.2 drag to higher Mach numbers Was formulated.
The }~=1.2 drag can be extrapolated to higher flach
numbers using the following empirical lIach number
similarity relation:

D

L

:ss:~.-.,-

D

A comparison of this similarity method with
twin-j et data is shOlm in Figure 26.2.2-42. The
data hav(' been presented for jet-off conditions·
(P9/Po = 1.0) since more data was available at high
lIach numbers for this condition than for any nozzle
pressure ratio. The drag trend with Mach number is

=

-- --

D
FULLY EXPANDED SET
DIAMETER

Figure 26.2.2·44. Comparison of Plug and Con·Di NozzllIS
Showing Comparable Equivalent BoaltaH
Lengths.
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Figure 26.2.2-45. Nozzle Configurations and Sensitivity Mechanism
to External Flow
minor design changes to which the value of IMST or
calculated thrust is not sensitive.
c)

External Effects on Internal Nozzle Performance

The external flow has an effect on the mass
flow of an unchoked nozzle. The effects can persist
at pressure ratios above those for one-dimensional
choking when the velocity distribution is nonuniform and parts of the nozzle exit are not choked
(see Figur, 26.2.2-9.) These effects can be significant for high bypass ratio engines, which generally
operate at low nozzle pressure ratios. "Suppression" of the primary flol< due to fan flow, and
"Suppression" of both flows due to converging freestream flows over boattails, or due to the pressure
field of the wing, must be considered.
Figure 26.2.2-45 shows examples of nozzle
configurations whose performance is sensitive to
external flow effects. In the case of the convergent and plug nozzles, the sonic line shape and
hence CD and Cv are influenced by the shear flow
boundary. Plug pressures are affected by the wave
reflection characteristics of the boundary. The
tertiary mass flow through the blow-in door ej ector
(BIDE) nozzle is governed by local boattail pressures and flol< configuration. The nozzle/airframe
interactions are therefore large and depend on
viscous flow eff ects I<hich make small scale modeling of such configurations very difficult. Further,
three-dimensional flol< effects arising from I<akes
due to wing and tail surfaces can affect BIDE
nozzle performance.
The external flol< can have a significant
effect on the thrust performance of highly overexpanded convergent-divergent nozzles. In such
nozzles, overexpansion is followed by a normal
shock and separation within the nozzle. The static
pressure in the separated flow is slightly belol<
ambient due to jet entrainment. With an external
flow, the internal pressure in the separated region
will be slightly above or below base pressure,
depending on the boattail shape and boundary layer
thickness just upstream of the base. These changes
in internal pressure level will also cause the

normal shock to stabilize in different positions in
the nozzle. Thus, if thrust is defined as a pressure
and momentum integral is at the nozzle exit, free
stream conditions will influence the value. This
effect is difficult to predict or measure. Fortunately, it is generally not important to predict
t.he magnitude of this effect as such severe overexpansion usually occurs'at very low power settings
where thrust is not critical.
26.2.2.4

Concluding Remarks

The design of the exhaust system involves
minimizing total pressure losses bet\oleen the turbomachinery and the nozzle exit wi th considera tion of
the aerodyn~mic forces acting on the aftbody or
boattail of the airplane. The latter is usually
very important because of the role the propul.sive
jet plays on the local static pressure near the
nozzle exit. In design, large body curvature is
used to shorten the aftbody on an airplane or
nacelle as much as possible to minimize weight.
Hence. the flow is generally close to separation
and may be easily influenced by the jet.
The measure of efficiency with which the
nozzle converts thermal energy into jet kinetic
energy for thrust is the nozzle velocity coefficient.
The performance of the nozzle depends primarily on
the nozzle pressure ratio and on afterburn employment. At high nozzle pressure ratio and with
afterburning, variable nozzle area is usually
required for aircraft I<ith multiple design point
capability such as many military combat aircraft. /
For subsonic aircraft, particularly transports t the
nacelle nozzles are designed to achieve best thrust
minus drag at cruise and adequate performance in
particular corners of the flight envelope.
The difficult design areas are those with
strong internal/external flow interactions, particularly ,,,here the effect of viscous forces causes
large Bcale flow separation. The use of subscale
experiments and similarity correlations to infer
performance constitutes an area of risk, which may
not 1>e avo ided.
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26.3

PREDICTION OF AIRPLANE PERFORMANCE

The rell13ining tenn is lieD whieh is one of the main
results of the wind tunneY test:

The success of an airplane design dependf; on
achieving the expected performance of the engine/
airplane in flight. The problem of reconciling
expected and actual performance requires a detailed
under standing of airplane drag. The available
analytic tools and their capabilities were described
in Section 2.6.2.2 in connection with the external
flow characteristics of inlets and aft ends.
The capabilit:ies of large computers and the
use of sophisticated aerodynamic theories have
resulted in an improved ability to predict a major
portion of the aircraft tIm., field at subsonic and
supersonic speeds. During the design, the analyLfc
methods can provide far more information than does
the typical wind tunnel test, and usually at a much
reduced cost. For example, analysis can describe
the flow field off the aircraft as Hell as on its
surface. Analysis also readily provides the force
distribution on the configuration for performance
and structural design.
However, the current state of the analytic.).l
art does not reliably predict drag or other forces
associated 'vith the complex flmv field interactions
of a viscous uatUt-e. Thus \dnd tunnel testing
remains a fundamental step in the aircraft design
sequence.

26.3.1

IIC
Dp

and is acquired at subcritical speeds with no control surface def lections (CD;!ACH = 0, CDTRIN = 0).
It represents the drag due to corner flows. n011elliptic leading interference pressure fields, and,
unfortunatdy, the quality of the model.
Tho wind tunnel model experiences two kinds of
forces:
frictional (tangent to surface) and pressure
(normal to surface) forces.
Both forces are dependent on Reynolds number, although the dependence of
the pressure for ces on Reynold s number is much less
than that of the frictional forces. This consideration js important to the scaling of the wind
tunnel drag forces to full scale conditions. A
customary assumption is that only CDmin is a function of Rey"nolds number. Since CDmin and CDi make
up over half the drag and are calcu.latcd values,
less than half the full scale drag is determined
from wind tunnel testing.
An alternate form of the drag equation is usually employed for supersonic conditions, because_ of
the appearance of wave drag:

+

C

Dcamber

Wind Tunnel Neasurements

\olhere:

There are two prin~:ipal areas where wind
tunnel testing is required. First, it can provide
da tn. on complex flm., phenomena which analysis
cannot.
Examples include inlet distortion stability
at high angles of pitch 311d yavl, at transonic
speeds, and in the presence of vortex interaction.
Sc·cond, "'iqd tunnel testing provides the opportunity
to observe unusual flrn\T fields visually.

26.3.2

= C
- C
- C
Dmeasured
Dmin
Di

Skin friction drag, a calculated value.
Hultiplier for roughness.
>lave drag due to volume of individual
components and interferences; a calcu1 ated value.

Drag Coefficients

Drag due to lift.

This discussion deals with drag data on unpowered models, and or subsonic and supersonic f1m.,rs.
As in the case of analytical computer programs,
each aerospace company has its own process for
bookkeeping the components of drag. The coefficients used, ",hlch are listed below, are only onc
of a number of "laYS of uea1jng "'ith these forces.
For brevity, this disclission is not detailed to
expose wind tunnel drag bookkeeping methodology.
Such methodology varies some\vhat with each company
and the product involved.
For subsonic conditions, the drag may be
defined as (see Figure 26.3.2-1)

C
= Drag a t off-design CL due to camber;
Dcamber a calculated value.

Paralleling the subsonic fJow case, the purpose of the. wind tunnel testing is to establish the
size of the 1:1 and K2 coeffIcients. Reynolds
number scaling is similar to that for the subsonic
case; that is, only CDf is scaled.

26.3.3

Hind Tunnel Hodeling

Unfortunately for the c-xperimentalist, the.
wind tunnel has three fundamental limits. These
FRICTION
• PRESSURE

• FRICTION

.INTERFERfNCE
• EXCRESCENCE"
• ROUGHNESS

• PrlESSURE
• NON-ELLIPTIC
LOAD VORTEX

(1

where:

C

DHIN

HinimuID drag of the configuration, free
of Hach number effects, with C
removed.
Di
This is a calculated value.

COp MIN

v--'--"
I ..\ COl

• ELLIPTIC
LOAD
VORTEX

• WAVE DRAG

• SEPARATION

C
01

--~-I----

I
I
I

Induced drag due to lift which is calculated assuming an elliptical lift
distribution.

• VORTEX
• PRESSURE

Drag rise due to compressibility. This
is measured in the wind tunnel and varies
HlthC V
Drag due to cbanges in aircraft center of
gravity (C. C.) location. This is measured
in the wind tunnel and varies with CL and
C.C. location when control surfaces are
deflec ted.
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Figure 26.3.2-1.

Components of Subsonic Drag Polar

o

are problems of parameter matching, differences in
flow field from the free-flight condition, and the
inevitable requirement that the model be attached
to Bmne physical restraint if forces are to be

measured.
matching~

Three variables are

SMOOTH

•

AEDC TF-l39

A FLIGHT

The most difficult of the three is the require-

ment for parameter

TRANS. FIXED

o

.55

of the most interest: ~1ach number t dynamic pressure,
q, and Reynolds number. Hach number is important
.60
since the flow fIeld characteristics are dominated
by its magnitude. Hany subsonic configurations are
influenced by compressibility effects near their
.65
design points. Fortunately, Hach number can be
matched exactly in model testing.
.70
The dynamic pressure is important at low speed
in powered-lift models, and at high speed because
(a)
2
of aeroelastic effects on the model shape. Full
Bcale dynamic pressure cannot usually be matched at
high speed, but the aeroelastic properties can be
Figure 26.3.3·2. Wing Shock Position as a FUllction
duplicated by appropriate changes to the model
Reynolds Number (Angle of Attack =;fJ,
structural properties.
Fractional Spall Position = .389, Moo = .825)
The last variable is Reynolds number and is
the most difficult to match in the wind tunnel. An
extensive testing art has evolved to use wind
tunnel techniques that evoke model characteristics
which will allow reliable predictions of full scale
Reynolds millIber. Although the outer flow field
.108
around a configuration is not strongly dependent on
200
Reynolds number when the flow is attached, the near
field frictional drag is a strong function of this
parameter.
" .
160
Since most test facilities provide Reynolds
nUIIlbe.rs that are one to two orders of magnitude
lower than that required at full scale, a procedure
using trip strips has evolved in an attempt to
120
Pt,atm
747 ENVELOPE""), / ' .
produce a boundary layer similar to the full scale
......
8.8
R
article while closely modeling dynamic pressure
C
and Hach number.
The wind tunnel forces are then
/
7.1
80
extrapolated to full scale conditions. Figure
/
26.3.3-1 (Reference 26.3.3-1) shows a typical
/
5.5
variation of drag with Reynolds number. Often the
3.7
modeling is inadequate, and serious errors in
40
predicting the nature of the full scale flow field
CRUISE
occur at transonic speed. Figure 26.3.3-2 (Reference 26.3.3-2) shows the sensitivity of the wing
L -_ _ _ _
____
_ _ _ _ _ _L __ _ _ _
____
aerodynamic characteristics (wing upper surface
shock position) to Reynolds number. In addition,
.2
1.2
.6
1.0
the role played by the use of boundary layer tripMACH NUM8ER
ping mechanisms on the model is illustrated. Note
Figure 26.3.3-3. National Transonic FacilitY Operating Envelope,
that the shape of the drag curve with Reynolds
Mean Chord = .08 x (Test Section Area) %
number does not follow that of the flat plate skin
friction line. In the example shown, model data
had been available, a substantial error may have
were obtained at a Reynolds number sufficiently
occurred unless proper trip techniques were used.
high to allow a good prediction of the flight drag
An alternate procedure ~.,ould be to change the
level. But if only the low Reynolds number data
wind tunnel flow characteristics so that the model
would experience the same Reynolds number as does
the full scale geometry. Some facilities ve
attempted to raise the Reynolds number by increasing
density, but model forces usually lirr,it these
facilities to about five atmospheres, whereas ten
I
10.10. 3
!
t
I
to fifteen would be necessary for Reynolds nutnber
a
I A
0611 ,06
I
A ~ 6 J" 106
119
42,.; 106
c
FLIGHT
6
tc.
wl~m TUNNel e
simulation. Another way to increase Re.ynolds
_
1l1"'CAlE)
~
~
number is to reduce the viscosity by lowering
I_I
• • F!XEOTRAN$ITION
temperature.
.4
.1 Cfp
" ' ' ' ' ' ' ' ' _ \ _ ' ' ' ' , "~ __ "''''~ ___ ' ' ' ' . ' ' _
A combination of cryogenic temperature and
increased pressure can produce full scale Reynolds
CfTLIR!lUlE"NTF~
COEFFlC!ENT .'~'~~:="
numbers on a typically sized Hind tunnel model
fSMOOTH AD!ADATIC
FLAT PLAH, M ~ 0 5)
while not exceeding allovlable model forces. The
1.10-3
NASA is constructing such a facility. When operational in the 1980' s, this facility will provide
Reynolds number simulation for the B-747 at cruise
10
soo)( ,06
so
100
conditions (Figure 26.3.3-3, Reference 26.3.3-3).
'00
The quality of the tunnel flow field is a
EaUIVALENT REYNOLDS NUMBER
lesser problem than parametric matching, since the
Figure 26.3.3·1. Wind Tunnel Correlation of Minimum Drag Flight
tunnel flow quality depends on the funds available
for "Caravelle"
to improve it. In general, the test section flow
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poor pressure recovery due to the presence of a
thick boundary layer.
An instructive but qualitative test technique
is the use of a surface film preparation to reveal
the nature of the boundary layer flow. Experienced

field "here the model is to be placed <lill show
timewise and spatial variations in velocity, pressure and temperature.

These are often referred to

as crossflow and upflm', bouyancy and turbulence
levels. These effects can be important in that
they may lead to an uncorrectible error in the model

observers can detect boundary layer transition,
separation, shock waves and the presence of vortex

force data.

Hhen the model is installed, further changes

flm,s by observing these surface films.

A typical

in the tunnel flow arise because of tunnel wall

fluorescent oil visualization test is sho'WIl on

effects. Corrections are applied for blockage,
circulation produced by lift, and for model volume

Figure 26.3.4-1.

effects at transonic speeds. At supersonic speeds,
shock wave reflection limit~ the size of the model.
These factors are all unlque to some degree,
and a combination of techniques and corrections can
minimize their effect.
Finally, there are a variety of model mounting

26.3.5

Concluding Remarks

Airplane drag is determined to the maximum

advantages, but also introduces mounting effects
which must be carefully assessed.
Such mounting effects play a special role in
propulsion wind tunnel testing of isolated inlet,
nozzles, or nacelles in that the techniques are

extent by analytic means; the more expensive wind
tunnel is reserved for determining that part of the
total drag lolhich cannot be obt~lined analytically.
Serious modeling problems, associated with scale
effects and the ,,,ind tunnel environment, still cast
into uncertainty the ability of the airplane to
achieve its design objectives or performance
guarantees. Bueh ,,,ork remains to be done on both
analytic and experimental fronts to reduce this

devised to allow detailed examination of a particular part of the flow field. A mount strut from the
tunnel floor is usually employed. For the installed
nacelle, the half-model arrangement is often used
for wing mounted designs, since a model size twice
that of the typical model can be obtained.

uncertainty.
The need for an element performance integration
method in an airplane development program arises
largely from the inability to determine the performance of the complete airplane system (with simultaneous real inlet and exhaust system operation) in

26.3.4

often desirable to optimize the inlet and exhaust
system in separate tests which are independent of
the general aerodynamic drag teating of the basic
airplane configuration. Thus, a well-defined performance integration system is required to ensure
that the performance estimates for the various

techniques (Figure 26.3.3-4), each of which possesses

one test or one calculation.

Specific Teat Techniques

Besides the usual force dnta, the wind tunnel
allows spedal data to be taken >!hich often adds to
the understanding of the flow field.
Host often, inatrumen'tation in the form of
static pressure taps on the surface of the nacelle
is used. Less often employed because of the time
and expense involved are wake or plume surveys.

These can reveal jet plume problems or regions of
MACH
TYPE

<

~
4

~

"]

PERFORMANCE INTEGRATION METHODS

26.4.1

Elemen·t Performance Hap Formats

Airplane performance is predicted from the
airframe aerodynamics, propulsion system performance,
and estimates of the system weights. The performance of the airframe and propulsion systems are
described by elements <lhich interact, such as
inlet, turbomachinery, exhaust system, etc. (Figure
26.4.1-1). The performance of each element can be
divided into a portton that is integrated into the
propulsion system and a portion integrated into the
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YES NO
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YES NO

YES

YES

YES

YES

PLATE

~r--:e-----:;=;---.-:z:P'~~""'A::;S7l/

1~~1~~)777)

turbomachinery) of the airplane system are properly
integrated to yield an accurate prediction of over26.4

EXTERNAL

BENT
STING

./J

elements (i.e., inlet, exhaust system, airframe,

all system performance.

BALANCE

STRAIGHT
STING

~

I

1 >1

Furthermore, it is

FLOOR

airframe system. Traditionally, the propulsion
system performance contains the turbomachinery
performance, inlet recovery, and internal nozzle
performance, and may contain power sensitive inlet
and nozzle drag increments. The remainder of the
inlet and nozzle drags, as well aR the airframe

drag, is
The
airframe
specific

lumped with the airframe system drag.
inlet and nozzle drags contained in the
drag polar generally correspond to a
geometry and internal flm' condition as a

function of Nach number. In the past, the conditions were chosen with regard to the ease with
Y,STING

~"
I
Figure 26.3.3·4.

YES

I

Examples of Wind Tunnel Model
Mounting Techniques

which analytical predictions of airframe system
drag could be made. Thus, the inlet flow condition
corresponded to zero spillage (Hass flow ratio =
HFR = 1.0) and with a cylindrical jet. 1m alternative reference condition was one that utilized the
inlet and exhaust system geometry and flow conditions of a \vind tunnel model. Nost recently, an
operating reference condition has been used where
inlet and noz:7.1e geometry and flow conditions are

those existing on the airplane at a specH led power
setting, Hach number, and altitude.
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Figure 26.3.4·1. Flow Visualization

26.4.1.1

Inlet Performance

Coefficients, curves or tables that describe
the performance of these elements are called element performance maps. The maps provide the
information actually utilized in the airplane
performance prediction process. ~he basic requirements to be -satisfied by the element per-

total inlet drag coefficient (the sum of bleed
drag, bypass drag, and spillage drag increments) as
a function of engine corrected airflow demand per

formance maps are:

unit inlet lip area,

a)

given in Figure 26.4.1-1. A drag map is given in
Figure 26.4.1-2. These maps provide a complete
description of the inlet installation losses. The

The maps must provide the information required
for the airplane performance prediction over

b)
c)

the complete range of flight and operating
conditions;
They must be consistent with the element
performance integration system; and
They should be presented in such a manner that
the performance characteristics of each
element are visible.

Inlet performance maps give inlet recovery and

dramatic change in behavior noted between operation

at H=1. 649 and H=1. 65 in Figure 26.4.1-1 arises
when the external shock is swallowed and the inlet
started.
These maps provide the correct inlet recovery
characteristics, and in conjunction with the engine
characteristics, provide the nozzle entrance pressure.

This section describes a format to represent
the performance of each element and a method to
define thrust and drag forces on external and
internal surfaces of the airplane while providing
maximum visibility of the performance of the
elements.

A sample recovery map is

Using the engine company's nozzle internal

performance maps, the airframer can then determine

the nozzle area schedules which optimize overall
installed thrust-minus-drag.
Although available drag polar buildup methods
account for the effect of external inlet contours

26-41

1.00

AIRPLANE DRAG COEFFICIENT INCREMENT:

.~

A CD' "Co INLET lOP REFI - - ( SREF

AcTOTAL)

NOTE: 11 Co INLET REF ACCOUNTS FOR
DIFFERENCE BETWEEN REFERENCE
INLET OPERATION AND INLET
REPRESENTATION IN AERO DRAG

.OJ
1.65

.~

BUILD~UP.

LeO
2.30

,? .f12

f,.

2.70/

oL-__- i____LL____

1

ffi

o

.90

0.4

>
0

0.8

~

___

~

1.2

_____ L_ _ _ _

1.6

2.0

~~~

7..4

2.8

LOCAL MACH NUMBER, MO

lL

Jr.

.... .sa
~

Figure 26.4.1·3. Drag Due to Inlet Spillage at Baseline Conditions

~

on wave drag and skin friction drag, they assume a
cylindrical capture stream tube. Thus J a drag
increment is required to correct the drag polars
from these conditions to the actual operating mass
flow ratios. These drag increments are shown for a

.00

.84

sample inlet in Figure 26.4.1-3. In this plot, a
particular variation of mass flow ratio (HFR) with

.\12

Mach number is assumed.
If the drag polar is a result of a wind tunnel
14
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Figure 26.4.1·1. Inlet Drag Map MacIl2.72·D Mixed
Compression Inlet

test, it includes the drag of the inlet at the mass
flow ratio obtained in the "iod tunnel. In a welldesigned model t this mass flow ratio tvi11 be near

the critical value.

However, the model inlet may

not be an exact scale model of the inlet intended

for the airplane, both because of model scaling
difficulties and because of design configuration
changes incOi.~porated after model fabrication. The
drag differences due to these effects must be
estimated and displayed as in Figure 26.1,.1-3.

26.4.1.2

Aft-End Performance

Aft-end Drag Map Formats
A typical aft-end incremental drag map is
shown in Figure 26,1.. 1-4. The parameter Ag/ AIO

is the ratio of total nozzle exit area to maximum
fuselage cross-sectional area (for a fuselage

buried engine).

The parameter

Pg/P~

is the ratio

of the nozzle exit static pressure to freestream
static pressure. The map gives the incremental
aft-end pressure drag relative to the drag polar at

an Ag/AIO value of 0.470. The drag increments
found in this map define the exhaust system installation loss charged against the engine net thrust.

The absolute drag level at the operating reference
condition (Ag/AIO = 0.470) would be included in the
airframe system drag polar.
The aft-end drag map can also be presented in
the form of total drag Figure 26,1,.1-5. This map
gives absolute pressure drag, rather than incremen-

tal drag, as a function of Ag/AIO' This kind of
map provides much greater visibility for the aftend performance, provided a reasonable plan of
separation between the airframe and aft-end can be
defined. In potential subsonic flo\<, around slender
bodies, the pressure integral may be shown to be

near zero around the forebody and afterbody individually, as well as around the total body. Therefore,
afterbody pressure drags integrated to the maximum
cross sectional area may be compared to values

Figure 26.4.1-2.

Inlet Recoverv Map, Mach 2. 72-D Mixed
Compression Inlet

obtained from other slender afterbodies with different area variations. The differences will hence
reflect drag changes due to real flow effects
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rather than differences. Hhen this form of map is
used, the drag polar operating reference value of
A9/AlO (0.470 in this case) must be specified, as
also must the absolute value for the drag of the

afterbody of the a.nalyticnl or wind tunnel model.
\.fhen this aft body drag is subtracted from the
airframe drag and the drag value from the aft body
map evaluated at the operating reference is added
to this difference, the airframe drag at the
operating reference condition is obtained. The
appropriate installation loss increments can then
be calculated and the airplane drag polars can be
adjusted to reflect the appropriate absolute aftend drag levels.
These pressure drag maps are presented with no
altitude dependence indicated. It is recognized
that, in reality, pressure drag is a function of
altitude through the variation of the Reynolds
number. However, for most configurations of
interest, the Reynolds number dependence on dl'ag is
difficult to assess because of the complex nature
of the flol; resulting from the shock/boundary
layer interactions in that region, and formal
tnethods of estimating such Reynolds number effects
have yet to be developed.

.25
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Nozzle Internal Performance Hap Format
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A typical nozzle internal performance map is
shown in Figure 26.4.1-6 [or the case of a convergent-divergent nozzle. The map gives the nozzle
velocity coefficient Cv as a function of nozzle
pressure ratio Pt8/P~, and nozzle exil-ta-throat
area ratio Ag/A8' Nozzle maps for separate flo,.;
bypass engines require additional parameters .
-L
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Figure 26.4.1-4. Aft End Incremental Drag Map
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b)

'-'I~ .20

'"

",:f~
0'

o~

Turbomachinery Performance Maps

The turbomachinery performance maps are given
in tabular form and provide thrust, fuel f lot" , and
airflm.;r of a hypothetical propulsion system hnving
a specified internal inlet and nozzle performance
schedule and having no external losses, as a function of Huch number, altitude, and power setting.

'"

o

Airframe System Drag Hap Format

The airframe drag polars themselves, of
course, constitute the performance maps for tile
airframe system. The data for such drag polars can
be generated by means of d wind tunnel test and
scaling equations, or by being built up from analytical and experimen tal increments as discussed in
Section 26.3.
The airframe system drag includes all external
forces on the airplane at one designated inlet and
exhaust operating condition, called the operating
reference condition .
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Airframe and Turbomachinery Performance:
Isolated Components
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Figure 26.4.1-5.

Figure 26.4.1-6.

Aft End Drag Map
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Nozzle Internal Performance Map = 1.35

airframe system or propulsion system performance of
competing airplane configurations. Airframe system
drag, for example, can be a strong function of the
srnnewhat arbitrary choice of reference exhaust-

system/aft-end geometry.

In addition, wind tunnel

drag polars, corresponding to ~nrealistic reference
exhaust system conditions, are not directly compara-

ble to drag polars based on flight test results.
Such a comparison would play a useful role by
highlighting the need for improvements in obtaining

Figure 26.4.2·1. F{ow·Through Aerodynamic Force-and-Moment
Model

thrust and drug forces.
The purpose of this section is to recommend a

In order to facilitate the calculation of exhaust
system installation losses the turbomachinery maps

more flexible approach to the

usually give such additional information as nozzle
pressure ratio) nozzle exit area, nozzle throat
area as a. function of Hach number, altitude, and

formance integration.

fOl~ulation

of a per-

Because the impact of the

configuration details on the performance integration
system requirements may be substantial, a single
element performance integration system will not be

power setting.

applicable to all airplane systems.
26.4.2

Force Accounting Hethodology

Here, the

The approaches taken by the major airframe

contractors (References 26.4.2-1 through 26.4.2-5)
to performance integration are quite similar. The
aerodynamic drag testing of the basic airplane
configuration is done with some reference inlet and
exhaust system conditions.

e~phasis

is on

probl~ns

associated

with airplane configurations with body-integrated
propulSion system installations. For such configurations the interactions between the propulSion
system and the airframe can be the dominant factors
influencing overall airplane system performance.

The diocussion applies specifically to performance integration systems utilizing flow-through

Host commonly this

testing ]s done with the propulsion system repre-

propulSion simulation for the general aerodynamic

sented by

drag testing.

a:

flow-through duct (Figure 26.4.2-1),

in ~~lich case the reference inlet and exhaust
system conditions are· those achievable with such a

26.4.3.

flow-through duct.

Host important is the requirement for

accuracy in predicting the overall thrust-minusdrag performance of an airplane system.
The performance integration procedures recommended here are summarized in Section 26.4.2.1. It

In separate inlet and exhaust system tests the

model geometry and flow properties are reprodu~ed
in the vicinity of the airplane element (inlet or
exhaust system) being studied. Then as conditions
are changed to simulate the real conditions (e. g.

The application to testing with

turbopowered simulators is discussed in Section

is shown that by using the concept of operating
reference conditions, the techniques recommended

J

by blowing high pressure air through the exhaust

here will produce airplane drag polars and installed propUlsion system performance with which

system to produce the real operating pressure
ratio) drag increments are taken \-lith respect to

the drag levels associated >lith the reference
conditions. The drag levels are determined using
techniques that exclude the thrust or drag forces
on the surfaces of the internal ducting of the
models.

meaningful comparisons can be made between competing airplane configurations.
The use of static thrust measurements to isolate the external force on blowing models, combined
with the use of operating reference exhaust and
inlet system conditions, renders the recommended

The inlet and exhaust system drag increments
are then combined with the internal propulsion

techniques applicable over an entire airplane
development program. Thus, drag polar predictions

system thrust and the airplane drag (at reference
conditions) to obtain a prediction of overall

based on theoretical calculations, wind tunnel
measurements, or flight test results may all be
developed on a common basis and meaningfully
compared.

thrust-minus-drag performance of the airplane
system.
Fundamental to these performance integration

26.4.2.1

Summary of Recommended System

methods is the definition of thrust and drag forces.
All the forces in the flight direction which act on
an aircraft in level flight are divided into one of
the two groups. The way in \>7hich the split is

a)

made, of course, has little direct impact as long
as all forces exerted on the airplane are considered.

The approach reconunended is based on the
premise that the wind-tunnel reference propulsion
system conditions (inlet mass flow ratio and

This split, however, has an effect on the visibility
afforded the propulsion system elements.
In virtually all systems currently in use, the
inclusion of internal propulsion system performance
in thrust and of external forces on the airframe at
reference conditions in drag are standard. For the
remaining inlet and exhaust system force increments
that bridge the gap between these two major force
components, there is somewhat more leeway (see

Figure 26.4.2-2) in the division between installed
engine performance and in the airplane drag polar.
An approach is to charge these remaining force
increments entirely ,to the engine performance

(Figure 26.4.2-3), since they are functions of
engine throttle setting. The·airplane drag polar
is then by definition, the drag polar corresponding

General Features

\

\

configuration and exhaust system pressure ratio and

I
j

geometry) is to minimize the probability of aft-end
flow separation by using small boattail angles.

!

The obj ective here is to obtain reference exhaust

1

system flow conditions for in an exhaust system
blowing test with faired-over, plugged inlets.
The drag polar so obtained may differ considerably from that associated with more realistic

i

1

I

exhaust system operating conditions. Thus, it is
required that a non-throttle-dependent portion,

@EXH. SYS., of the drag increments measured in the
blowing tegts be used to correct the wind tunnel
drag polar to a realistic "operating reference"
exhaust system condition. This operating reference
geometry and t.his pressure ratio combination corre-

to reference inlet and reference exhaust system

spond to a specified engine throttle setting,

conditions.
This approach can make i t dif ficult to compare

usually maximum power.

All remaining drag incre-

ments associated with throttle setting changes
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Figure 26.4.2·2. Defining the Split Between Thrust and Drag
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Figure 26.4.2·4. Recommended Definition of Thrust and Drag

verify analytical performance build-up procedure.

relative to the operating l'eference conditions are
then charged to engine net thrust, and do not
affect the drag polar (Figure 26.4.2-4). This

approach requires no additional testing beyond that
required [or conventional performance integration

schemes.
It is also recommel!d~d that the thrust-minusdrag force build-up not deal >lith the absolu te
force acting on some arhitrari1y specified section
of the external surfaces. Such a procedure can
make it difficult to account properly for the
forces between the surfaces on balance (metric) und
the adjacent non-metric surfaces. It also impairs
accuracy by including the need to 5ubtra,'t large
tare forces from the measured forces.
The present approach does not preclude the: use
of auxiliary "piggyback" balances (Figure 26.4.2-5).

Such a balance may be used as a development tool to
guide modifications of the airplane geometry or to

In all of the discussion that follmvs unless
stated otherwise, any reference to a "measured"
drag is meant to describe a rrediction of a fullscale airplane drag based on a particular measure-

TANDEM BALANCES.
BALANCE

(£;

BALANCE

® READS

D

Db

READS 'F
- D
- D
gab
D

+ Db'

AFT BODY DRAG

a
=

However, such balances are generally inadequate for
the build-up of total system performance.
To determine the external force on a wind tunnel model using a force balance, it is necessary to
estimale the internal force of any simulated propulsion system in order to e.liminate it from the
balance reading. The method used to do thjs, with
flow-through ducts or with 11 blowing model simulating
flm'l-through (reference) conditions, will depenu on
the experimental facilities availahle, the kind of
model being used, and the details of the model
geometry. An exit Hake momentum survey, a static
thrust measurement, a "piggyback" internal balance,
and a static pressure integration corrected for
skin friction are a few of the possibilities.
When real 2xhaust syslem operation is being
simulated using a blowing model, producing realistic
nOZZle pressure ratios ,-lith realistic exhaust
system geometry, 0 ther c onsiderat ions bec(lme important. The effect, if any, of external flow on
nozzle internal performance must be properly
accounted for in the overall thrust-minus-drag
build-up. The definition of external drag should
be One that is applicable throughout au entire
airplane development program. These ohjectives are
most easily met if the internal forces are determined using a static thrust calibration, as recommended in Section 26.4.2.4.

BASE DRAG

Figure 26.4.2·5. Piggy Back Balance

ment. Thus, for exa~ili, the "measured" drag of a
scale model in a wind tunnel is the drag \~'hich
results after correcting for flow angularity or
tiP flow in the test sectIon, model support interference effects, wall interference effeC'ts, longitudinal tesL section pressure gradients (buoyancy), and

Reynolds number effects on skin friction. Furthermore, if base aress are artificially introduced on
the rl'ference exhaust system to control nozzle exit
areas
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o~

to redllCC boattsil angles, tile base drag

exhaust system in quiescent air at a specified

is subtracted from the balance reading along with
the internal forces, and is specifically excluded
from lImeasured!l external drags.

pressure ratio, and the ram drag on the engine

streamtube at the specified flIght conditions.
The term "gross thrust" used in this definition

b)

is the force that .would be measured on the balance
in a blowing test, in quiescent air, if the inlet

Force Equation

All forces in the flight direction on an aircraft in level flight have been divided into the

air were introduced in a direction normal to the

propulsion system thrust and airframe system drag.

thrust direction. For most exhaust systems the
gross thrust equals the integral of total momentum

The total force in the fligbt direction, FTOTAL' is
given by the following equation:

ambient) across the nozzle exit plane.

(axial momentum flux plus pressure increment above

For a plug

nozzle it also includes the force (in quiescent

-

fiD

air) on the part of the plug extending beyond the
exit plane.
The "ram drag" used in this definition of
engine net thrust is the product of the mass flow
in the engine streamtube and the flight velocity.

- fiD EXH
SYS

1NL

The engine streamtube includes, by definition, all
of the airflow demand at the engine face as well as

(26.4.2-1)
All
26.4.2-1
The
equation

of the terms on the right side of equation
are defined in Figure 26.4.2-6.
first three terms on the right side of
(26.4.2-1) is, by definition, the propul-

sion system net thrust when summed over the number

of engines on the airplane. The three remaining
terms subtracted at the end combine to form the
airframe system drag, which by definition is independent of engine throttle setting. All drag
variations associated with changes in throttle
setting are included in the inlet and exhaust
system force increments, 6F N1NL and 6FNEXH • SYS.'
respec tively.
c)

any secondary airflow captured by the engine inlet
and due ted around the engine to the exhaust system.
Any additional airflo.w captured by the inlet and
due ted overboard through bleed or bypass systems,
or simply lost by leakage, is not part of the
engine stream-tube.
The effects of inlet internal performance,
i.e., inlet total pressure recovery, steady-state,
and dynamic distortion, are acc.ounted for in the
engine net thrust. Thus, identical engines in a

multi-engine airplane might produce different
engine net thrusts because of different inlets.
The effects of engine bleed, engine power extraction, and exhaust system internal performance

(at static conditions) are also accounted for in
the engine net thrust.
Thus, the engine net thrust FNENG can be

determined in an altitude chamber with an available

Engine Net Thrust FNENG

engine using conventional techniques. The effects
of inlet internal performance would be simulated,
and the measured thrust would be corrected for the

The engine net thrust FNENG is defined to be
the difference between the gross thrust of the

INSTALLED ENGINE
NET THRUST

.-'
6F NEXH

"-..

+ 6FNTRIM -

SYS

--------v-------~
INSTAllED PROPULSIVE THRUST

DREF -

6D INL - 6D EXH - 6D TRIM
SYS

'---.----v-------'
AIRFRAME SYSTEM DRAG
( REFLECTED IN THE DRAG POLAR I

WTAL FORCE IN THE FLIGHT DIRECTION ON AN AIRCRAFT IN LEVEL FLIGHT AT A GIVEN ATTITUDE.
MACH NUMBER. AND ALTITUDE
NET INTERNAL FORCE GENERATED BY THE ENGINE. ACCOUNTING FOR THE EFFECTS OF INLET INTERNAL
PERFORMANCE. NOZZLE INTERNAL (STATIC) PERFORMANCE. ENGINE BLEED. AND POWER
EXTRACTION

N

N

EXH
SYS

6F
NTRIM
DREF

THROTTLE·DEPENDENT EXTERNAL FORCE INCREMENT BETWEEN OPERATING REFERENCE AND
OPERATING CONDITIONS DUE TO INLET

t

THROTTLE-DEPENDENT EXTERNAL FORCE INCREMENT BETIVEEN OPERATING REFERENCE AND ANY GIVEN
OPERATING CONDITION DUE TO EXHAUST SYSTEM

t

CHANGES IN TRIM DRAG ASSOCIATED WITH OPERATION AT PROPULSION SYSTEM CONDITIONS OTHER THAN
OPERATING REFERENCE
EXTERNAL FORCE (ASSOCIATED WITH AERODYNAMIC FORCE AND MOMENT MODEL) AT REFERENCE
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Figure 26.4.2-6. Definitions of Installed Thrust and Drag Quantities
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t

proper ram drag for the flight conditions being
simulated.

is, in general, desirable.

However, the

external flow field associated with the
reference mass flmy ratio must also be

d)

Inlet Force Increments 6FNINL and 6DINL and
Reference Aerodynamic Drag DREF

precisely reproducible on the inlet drag
model. Large spillage drags are generally associated vlith lip flow separation,

The inlet force inr!rements (as well as exhaust
system force increments) are keyed to the concepts
of operating reference dragpolar conditions and
wind tunnel reference condjtions. The expression
"operating reference conditionsl! is used here to
distinguish the wind tunnel "reference ll conditions

Hhich is likely to be affected by changes
in Reynolds numbers. The primary criterion for selecting the reference mass
flow ratio at subsonic and transonic

conditions should be that it must represent a low spillage drag condition for
the reference inlet configuration.

which are: (a) used on the basic aerodynamic drag
model; and (b) reproduced on the propulsion models
to obtain zero-points for propulsion drag increments.
The operating reference conditions are those to

At supersonic flight Hach numbers,
realistic operating mass flo,., ratios will
normally be close to the critical mass

which the drag polar corresponds by definition,
whether the drag polar results from analytical
build-up procedures or wi.nd tunnel test results.
The definitions of the inlet force increm"nts
6FNINL and 6D 1NL and of the reference aerodynamic
drag DREF are based specifically on the key definitions given below:
i)

flow ratio of the inlet for an externalcompression inlet. (For a mixed-compression inlet, when the inlet is operating
above the starting Hach number the normal
operating condition will be precisely at
the critical inlet mass flow ratio.)
Critical inlet flow, however, can be
reproduced from test to test far more

Reference Inlet Configuration--The reference inlet configllr3.tioll, used in the
aerodynamic drag testing of the basic

reliably than a specified mass flow ratio
slightly less than critical. For this
reason it is recommended that the critical

airplane configuration, is specified as a

function of flight Hach number. It
should represent a realistic inlet geometry, subject to the condition that the
external flow field associated with it
must be precisely reproducible on the
inlet drag model. Since the inlet drag
model is typically larger scale and thus
is tested at different model Reynolds

inlet mass flow ratio be used as the
reference inlet mass flow for inlets
operating supersonically.
iii)

numbers, bleed and bypass system charac-

teristics will be difficult to reproduce.
Thus, bleed and bypass doors should be

configuration at the same engine power

closed on the reference inlet configura·~
tion. The rest of the reference inlet

setting (generally maximum power) as that

geometry can usually be specified to

used to define operating reference exhaust
system conditions. The operating refer-

correspond to the real inlet configuration

ence configuration should reflect the

at each flight Hach number and at the
reference mass flow ratio (see definition
(ii) below).

same bleed and bypass system configura-

tions as the real inlet at the corresponding conditions.
iv)

At the low Reynolds numbers typical of
wind tunnel model tests a problem in
operating supersonic.ally at a desired
reference mass flow ratio without using
the inlet bleed system can sometimes
arise. Shock-boundary layer interactions
can reduce the effective inlet throat
area enough that the inlet throat becomes
choked at an inlet mass flow ratio less
than the desired reference mass flow
ratio. When this occurs. or is expected
to occur, it is recommended that the
inlet ramp angles or centerbody angles
(for two-dimensional or axisymmetric
inlets, respectively) be sufficiently

ii)

Operating Reference Inlet Configuration-The operating reference inlet configuration, which is reflected in the airplane
drag polar, is specified as a function of
flight Hach number. It is selected to
correspond closely to the real inlet

Operating Reference Inlet }Jass Flow
Ra tio--The operating reference inlet mass

flow ratio, reflected in the airplane
drag polar, is specified as a function of
flight 1-1ach number. It too is selected
to correspond closely to the real inlet
mass flow ratio at the same engine power
setting used to define other operating
reference conditions.
v)

Internal Force--The internal force on a

flow-through duct model is equal to the
difference in total momentum bet,.,een
free-stream conditions and nozzle exit
conditions for the streamtube that passes

reduced for the reference inlet config-

through the nozzle.

uration to guarantee adequate throat
areas.

artifically introduced to the reference
exhaust system configuration in order to
control nozzle exit area or to reduce

Reference Inlet Hass Flow Ratio--The

afterbody boat tail angles, the pressure
drag associated with this base should
also be included in the internal force.

reference inlet mass flow ratio, used in

the aerodynamic drag testing of the basic
airplane configuration, is specified as a
function of flight Hach number.

vi)

At subsonic and transonic Hach numbers,
the selection of a reference mass flow

If a base area is

External Force--The external force on a
flow-through duct model is the measured

drag

f~rce

of the model minus the inter-

nal force.

ratio near the realistic operating reference mass flow ratio (defined below)

vii)
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Auxiliary Air Drag--The auxiliary air

drag j B the drag associated "ith removing
auxiliary air from the inlet for miscellaneous purposes, such as for use as a
heat exchanger coolant. The amount of

simulated on a \vind tunnel model.

UJ

0::

--'

u

!i

The

drag penalty is specifically defined to

UJ

Q

be the difference in total momentum (in

u.
u.

the flight direction) between freestream

UJ

and exit conditions for the streamtubes

8

involved.
viii)

REFERENCE
MASS FLOW
RATIO

u.

airflow involved is usually quite small
and this flow "ould not typically be

ti:

::;

Leakage Drag Increment--This increment is
intended to account for the relative
leakage characteristics of the inlet

NOTE: MFR

UJ

U

Z

UJ

a:
w

models and the real inlet. Drag due to
leakage is defined as the difference in
momentum (in the flight direction)

u.

UJ

0::

REFERENCE DRAG COEFFICIENT, C
DREF

between freestream and exit conditions of

all the stream tubes that are captured by
the inlet and that leave via leaks. This
quantity is usually estimated for both
the models and the real inlet.

Figure 26.4.2-1. Drag Polar Generation at Reference Conditions

MACH NUMBER = CONSTANT

The reference aerodynamic drag, DREFJ is then
the measured external force on a flow-through duct
airplane model, operating at the reference mass
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system conditions described bela. . ' and in Section
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As is the case when measuring

obtained experimentally may be appropriate to

MACtl NUMBER'" CONSTANT

REFERENCE IFlOW NACElLE)'

At subsonic flight ~bch numbers ilDI1~ and
t.FINL vary primarily due to changes in inlet mass
Figure 26.4.2-8.

MFRREF

Figure 26.4.2-8. Measurements of Inlet Force Increments at a
Subsonic Mach Number

SYS' in

DREF' interpolation between two or three curves

DIFFERENCE DUE TO
AUXILIARY AIR DRAG
AND LEAKAGE DRAG
INCREMENTl

0::

The throt tle-dependent drag increment. ilFNINL

!I
J

0::

8

is obtained from the inlet drag model and consists'
of the difference in the force measured at the
"operating reference ll condition and that measured
at the desired condition.
It is charged against

order to obtain the installed propulsion system
performance.

i

Z

value. This procedure is illustrated in Figure
26.4.2-7.
The inlet drag increment, ~DIN1' is the differ-

may be appropriate, under conditions where the
model scale is large enough, to operate the inlet
of the drag model at the operating reference conditions, so that nD rNL is chosen as zero.

)

--'
<{

o

!

I

12

UJ

ence in the inlet drag increment, fiD 1NI. . , is the
difference betVleen the external force measured on
the inlet drag model at "operating reference conditions," and that measured at "reference conditions, /I

j

CORRECTED FOR AUXILIARY AIR DRAG
AND LEAKAGE DRAG INCREMENT

0::

preferable to test at several mass-flow ratios near
the reference value and interpolate to the desired

corrected auxiliary air drag, and leakage drag.

OPERATION AT REFERENCE INLET
CONF IGURATION

o SIMULATED REAL INLET OPERATION,

U

26.4.2.2.
,,'hen DREF is determined experimentally for
those Bach numbers for which the reference inlet
mass flow ratio is less than critical, it is usually
very difficult to operate precisely at the desired
reference mass flow ratio. In those cases it is

1.

!l

INLET MASS
FLOW RATIO

0

z~
~

8

i
w

1

AP"o~~
, - -"'-..
\.j

At supersonic ~l1ch numbers tiDINL and ~FNINL
include the effects of bleed and bypass flows. In

---~

addition, 6DrNL may also account for any geometry
changes Hhich may be required to achiev2 adequate
throat area at refet"cnce conditions. A typical

-REFERENCE IS INTENOED TO BE CLOSE
SIMULATION OF OPERATING REFERENCE

~----~MFR OPERATING REF

MFRREF

CONDITION

experimental determination of ilDINL and I\FNI);L for

Figure 26.4.2-9. Measurement of Trilet Force Increments at
Supersonic Mach Number

a supersonic Mach number is illustratt~d in F'igure

26.4.2-9.
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In the case of a theoretical build-up of airplane system performance, IIFNINL and IIDINL must
also be calculated theoretically. A typical calculation procedure is illustrated in Figure 26.4.2-10.
Here Dr is intended to include the additive drag on
the. inlet capture streamtube and the pressure and
friction drag on all external surfaces directly
effected by inlet flow conditions.
The bleed and bypass drag DB' for purposes of
the theoretical build-up, are defined as the differences in total momentum (in the flight direction) bet\-leen freestream and exit conditions for
their respective streamtubes.
The theoretical build-up described here is
consistent in every detail with the experimental
buildup. The predicted "external force" (on the
real airplane) that rest11t~ from either approach
includes the additive drag on the ~~~ str&1.mtube, as well as the forces on all internal surfaces which arc wetted by 6tre;Jrntubes other than
the engine streamtube (i.e. I bleed, bypass, auxiliary air, and leakage stleamtubes).

e)

Exhaust System Thrust Increment 6FNEXH. SYS.
and Exhaust System Drag Increment 6DEXH. SYS.

the mounting strut, it is necessary to simulate
both the reference conditions associated \olith the
reference aerodynamic drag model and the real
operating ·conditions of the real exhaust system.
As explained in detail in Section 26.1, .2.3, no
unconventional extra testing is required to'accommodate the concept of a set of operating reference
condj tions l since the operating reference condi,....
tions merely represent one of the many throttle
settings of the real airplane system which would
normally be simulated.
IVhen a real exhaust system condition is being
simulated, the present approaeh calls for subtracting the thrust corresponding to the measured mass
flow, temperature, and pressure ratio from the
measured thrust-minus-drag to obtain the external
drag force. Note here the velocity coefficient
used is determined from a blowing model without
external flow effects. As djscussed further in
Section 26.1J. 2.4, this means the "external drag"
force includes the difference tiFG between static
and wind on internal noz'zle perf ormanc e, which (in
the case of a plug nozzle, for example) could be
significant.

In an exper !mental performance build-up, both

of the exhaust system force increments 6FNEXH. SYS.
and 6DEXH. SYS. would resul!: from the same tes t.
They represent the splitting of the conventional
eIDlaust system force increment (one bridging the
gap between reference exhaust systenl drag and real
exhaust system drag) into two parts. The nonthrottle-dependent part, 6D EXH . SYS.' is considered
a drag increm~nt rather than a thrust increment,
and thus corrects the airplo.ne drag polar to some
realistic operating referenc~ exhaust system conditions. The other part. IIFNEXH. SYS.' is used in
the conventional way to correct the engine thrust
for drag changes resulting from throttle setting
changes.
The word "operating reference" is used here to
distinguish these exhaust system conditions (geometry and pressure ratio) from the reference conditions represented in the reference aerodynamic
drag DREF • The operating reference conditions
actually correspond to a reference throttle setting
on the real airplane.
Figure 26.4.2-11 compares this approach to the
conventional approach. The main effect is to mGke
the drag polar correspond to a realistic exhaust
system geometry and pressure ratio rather than to
a possibly unrealistic aft-end geometry and the low
pressure ratio associated with a flow-through duct.
In an experimental build-up of exhaust system
force increments, using a model with faired-over
inlets and with exhaust system air ducted through
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Figure 26.4.2·12. Example of Exhaust System Force Increments
Figure 26.4.2-12 defines 6F

of drag incrementR due to changes in inlet conditions.
Specifically, it is assumed that the drag
increment associated with changing from a reference
exhaust system to a real exhaust system can be

NEXH . SYS. and

6DEXl!. SYS. and demonstrates both a theoretical and
an experimental build-up of these force increments
using the present system. The interference drag
represents the difference between the drag of all
external surfaces affected by exhaust system conditions and the calculated sum of the draes of the
individual nozzle hoattails. This figure illustrates the correspondence between a theoretical and
an experimental build-up of these force increments.
Changes in trim drag increments associated
with operation at propulsion system conditions
other than operating reference conditions are
likely to be very small in most cases. If not,
however, they should be included as ~\FNTRnl' which
becomea one of the throttle-dependent force increments accounted for in the installed propulsion
system performance.
The definitions and criteria for selection of
wind tunnel reference conditions and drag-polar
operatin.a re~~~e----C-onditions are summarized in
Figure 26.4.2-13 for both the inlet and the exhaust
system.
26.4.2.2

obtained ,,,ith nonrepresentative inlet conditions
(i.e., a capped, faired-over inll~t for blm"ing
tests), and then applied to an airplane with real
inlet conditions. Since changes in inlet spillage
and the dumping of inlet boundary layer bleed air
can significantly affect the boundary layer conditions approaching the aft-end, this assumption
could be invalid for many configurations.
The magnitudE' of the resulting errors in the

build-up of airplane system performance will, in
general, be a function of the reference exhaust
system conditions sclec ted for the flow-through
models. Hays to minimize these errors through a
prudent selection of reference exhaust system
conditions can be found in the following \Vay.
If we let D represent the total external force
(as defined in Section 26.4.2.1) on an airplane or
on a scale model of an airplane, then D is clearly
a funcrion of the inlet conditions, symbolically
represented by the letter i, and the exhaust system
conditions, e:

Reference Exhaust System CondHions

D

One fundamental af!sumption underlies all performance integration systems which utilize flow-

=

D(i, e)

(The symbols i and e represent both the physical
geometry of the inlet and exhaust system, respectively) as \VeIl as the flov.r conditions, e.g., inlet
mass flow ratio and exhaust system pressure ratio.)
For the purposes of evaluating ~he drag effects
of the inlet and exh.:lust system, the drag D may be

through propulsion simulation for the general aerodynamic drag testing, inlet drag testing, and
blowing models for the exhaust system drag testing.
The assumption is that drag increments due to
changes in exhaust system conditions are independent
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Figure 26.4.2·13. Summary of Reference Conditions and Operating Reference Conditions
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considered to be composed of three parts: Di. the
drag of the inlet-related parts of the airplane,
including all surfnces directly affected by inlet
flow conditions; De' the drag of the exhaust system
of the airplane, including all surfaces directly
affected by the exhaust system conditions; and Da ,
the drag of the remaining surfaces of the airplane,
which are not directly affected by iIllet or exhaust
system conditions. Thus,

The error

£

in the prediction is:
26.4.2-5

If 'de substitute equation (-4) into equation
(-5), and then use equation (-3) to express the
results in terms of inlet related forces Di'S,
exhaust system related forces Dels, and other
forces Da 's, we find the error £ is a function of
only the exhaust system related forces:

The fundamental assumption identjfied above is
that Di = Di (i) and De = De (e), that is, Di is not
a function of exhaust system conditions and De is
not a function of inlet. conditions. Thus,
26.4.2-2
Since inlet conditions can affect boundary
layer conditions approaching the aft-end) the
separation characteristics of the aft-end could be
strongly influenced by inlet conditions. Even
without separation, cL.:lnge::. in displacement thickness characteristics could also affect pressure
drag or wave drag. Thus, equation (26.4.2-2) may
not be strictly true, and a better represl2.ntation
~'ould be:

26.4.2-6

26.4.2-3
There are three sets of inlet cowJltions i,

and three sets of exhaust system

[
r

t

I
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~
t

i

~oriditions

c,

,"lhieh are relevant to the performance integration
system. First, there are the real inlet and exhaust
system conditions, to be reprcsentE'd symbolically
by ir and C r , respectively, to which the final
airplane system performance prediction applies.
Secondly, there are the reference inlet and exhaust
system cor.di tion s) called io and eo' respee t1 vely,
which correBpond to the> flow-through duct conditions
of the reference aerodynamic drag model. Finally,
there are the conditions used for one element
(:J.nlet and exhaust system) while drag increments
are being measured for ch.:lnges in the other element.
Thus, ic represents the capped jnlet conditions
used in obtaining exhaust system force increments.
Similarly, ci represents the exhaust systC!m conditions used while measuring inlet force increments.
Neglecting for the moment any splitting of the
external forces into thrust components and drag
componentv, all perfor.mance integration schemes of
the type considered develop a prediction DpR (ir,e )
r
for the total external force on the real airplane
from three parts as foll(lws. The first part is the
measul'ed drag D(i O ) eo) from a flow-through duct
model with reference inlet and exhaust system
conditions. The second part, the inlet force
increment, is the difference in external drag
between real and reference inlet conditions with
specified exhaust system conditions ei:

Thus the error can be divided into the three
bl'acke.ted components numbered I, 2, and 3 fn equation (-6), each of "hich has physical significance.
Bracket 1/1, the change in drag of the real
exhaust system when the real inlet is replaced by a
capped inlet, is the obvious error resul ting from
testing the real aft end with a capped inlet.
Similarly, bracket 112 is the error obtained in
trying to reproduce the reference back end drag of
the reference aerodynamiC drag model on the exhaust
system blowing model, using a capped inlet instead
of the actual reference inlet conditions.
Bracket 1/3 is the error in the inlet drag
tests which results if the drag of the aft-end is
includ€!d in the balance measurement and changes
when the inlet is changed from ref erence to real
conditions.
There are two approaches which can he taken to
minimize. the error shown in equation (-6).
Method I--~rethod 1 takes Advantage of the
fact that bracketn 112 and 113 in equation (-6) can
be very small and the remaining bracket Ifl is
the residual error in predicted drag. This may be done
when the following conditions apply:
1)

The el-roJr contribution from bracket 112 is
a strong function of reference exhaust
system conditions. It can be essentially
eliminated if the refe.rcnce exhaust
system is allowed to deviate enough from the
real exhaust system to guarantee that no
separatiun occurs on tbe reference exhaust
system and to provide a minimal amount of
aft-facing projected area (exclusive of
base area). This means that all significant boattail angles will be reduced or
eliminated for the reference exhaust
system. In their place would be \Y"elldefined base areas, ,.,hose drag would be
subtracted from external force measurements. For a configuration with engines
buried in the fuselage, this same principle should be applied to all clOSing
surfaces, e.g., interfairings between
engines tho t could be influenced by
inlet flow cond itions.

2)

The error contribution from bracket 113
can be e1 iminated in exactly the same way
by using tl1is same reference aEt-end
configuration for the inlet drag testing.
This error contribution can also be
eliminated by using a non-metric aft-end

The third part, 'the exhaust system force
increment, is the difference in external drag
between real and referC'tlce exhaust system conditions with a capped inlet ic:

Thus. the predicted external force is:
26.4.2-4
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in the inlet drag tests. Some potential
disadvantages to this latter approach,
however, arc discussed in Section 26.4.2.5.
Hethod II--Method II is based 011 the following observation: if ei,e r , and eo conditions
(i.e., exhaust conditions for inlet testing, real
and reference exhaust conditions) were identical,
say e, then equation (-6) would become

+

{D (i ,e) - D (i ,e)}

ere

0

3

or combining brackets #1 and #2,
D (i ,e)}

e

+

0

{D (i ,e) - D (i ,e)}

ere

0

1+2
3

0

Bracket #3 would then cancel the rest of the
error, and no error would result. In other words,
the change in aft-end drag, reflected in the measured
inlet drag increments "lhen changing from reference
to real inlet conditions, would represent real aftend charact(;:ristics and would exactly canc.el the
errors which occur in the aft-end tests with the
capped inlet.
Obviously in practice the reference exhaust
system conditions must differ from the real conditions since the real nozzle pressure ratio cannot
be simulated under reference conditions with a
flow-through duct. However, for any configuration
for which there is reason to believe that the
effect of inlet conditions on aft-end drag is
insensitive to nozzle pressure ratio (i.e., is
sensitive only to aft-end geometry), Nethod II
would be preferable to Nethod I, and would require
the following:
1)

The reference back end geometry should
have the same external contours as the
real back end geometry.

2)

The inlet drag testing should be done
with the reference aft-end configuration
installed and on balance.

the airplane drag polar were defined to correspond
to reference exhaust system c.onditions, meaningful
comparisons between predicted cmd flight test drag
polars would be difficult to make. Comparisons of
drag polars of two competing airplane configurations
would be equally d i f f iClllt to make.
The concept of opera ting ref erence conditions
provides a tolaY to correct the drag polar to realistic.
exhaust system conditions. At each external flow
Mach number the operating refer~ncc conditions
would be selected to correspond to a specific
throttle setting for the real airplane.
The use of these operating reference conditions
does not require any additional testing or modified
test techniques relative to conventional performance
integration schemes. This fact is illustrated in
Figure 26.4.2-14, which shows hen-l the resul ts 0 f
the same exhaust system performance test would be
analyzed both in a conventional performance integration scheme and in the proposed scheme. The curve
labeled "real exhaust system cond itions" gives the
measured external force corresponding to the full
range of engine power settings. It is typically
obtained by cross-plotting the results of tests
with several exhaust system geometries, each tested
over a range of pressure ratios. The resulting
curve thus includes the effects of changes of both
nozzle geometry and pressure ratio associated with
throttle changes. This curve is also based on the
use of a static-thrust measurement in isolating the
"external forcel! from the thrust-minus-drag balance
measurement.
The exhaust system drag increment DDEXH. SYS.,
as defined here, is independent of throttle setting.
All throttle-dependent effects) as in a conventional
system, \.JQuld still be reflected in a net thrust
penalty, 6FNEXH SYS'
It shOULd be' noted that lift increments would
be handled much like drag increments in the pcoposed

A,

CONVfNTIOrJAL PERfORMANCE
INCREMENT fOR SYSTEM
rERFORMANC[ CALCULATION

f'nOrOSEO PERfORMAtICE
INCREMENT rOR SYSTEM
PEAI"OAMM4CE CALCULATION

'FFERENT

~f

For most configurations of practical interest,
the exhaust system drag chnracteristics are sensitive to the exhaust system pressure ratio. For
this reason, Hethod I is generally recommended as
the best way to minimize the errors in the performance build-up resulting from the influence of
inlet conditions on the exhaust system performance.

NOZZlE

IEXTERNAL fl<Yoli MACH NU1,40EA .. CONSTANT)

PRESSURE RATIOS

"'"
"

~

'"

-""N EXH

26.4.2.3

{C)l

'10

SYS

Operating Reference Exhaust
System Conditions

I
I

i
I

The use of a set of operating reference exhaust
system conditions as recommended here is closely
tied to the recommendations of Section 26.4.2.2.
The use of Hethod I would allow the reference
exhaust system geometry to deviate significantly
from the real geometry for the sake of overall
system accuracy.
(Even if the reference exhaust
system geometry corresponded to the real geometry,
reference exhaust system pressure ratios t.Jould, in
general, have to be unrealistically 10>1.) Thus, if
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Figure 26.4.2·14. Two Ways to Analyze Exhaust System
Performance Data

system. At each airplane angle of attack any lift
increment assoeiated with changing from reference
to operating reference exhaust system conditions
would be added to the corresponding lift measured
with the reference aerodynamic drag model. In this
way, at each test Hach number, the entire airplane
drag polar can be constructed to correspond to
baseline conditions.
26.4.2.4

Determination of Exhaust System
I1External Forces ll

The element performance integration system
recommended here does not explicitly denl 'Vlith
nozzle internal performflnc€'. under the influence of
the external flow field of the airplane. The
increment between static and "tyind-an ll gross thrust
is neither easily measured nor necessary for an
accurate airplane performance build-up. The approach recommended here automatically leaves this
increment in the exhaust system "external force."
The r('sulting wind tunnel drag polars will be
consistent with conventional flight test drag
polars, \vhich also include this increment.
"'hen simulating real exhaust system operation
in a blowing Lest, the approach recommended here is
to subtract the thrust corresponding to the static
performance of the same model (at the same pressure
ratio) from the balance readjng to determine the
external force on the modeL
Figure 26.4.2-15 illustrates how this leads to
an accurate accounting of all forces un the airplane. The upper left box of the figure illusLrates
a conve.ntional determination of the external force
DEXT REF "'hen reference conditions are being simulated. Here FREF represents the total gross thrust
of the reference nozzles and DBASE' the drag of the

base area introduced in accordance with the recommendations of Section 26.4.2.2. FREF , however,
includes the ~ffects of the external flow. When
the jet flow is supersonic, the reference nozzle
internal performance is usually insensitive to
external flmy and a static thrust measurement will
suffice to determine FREF . lihen the jet flow is
subsoniC, hmyever, the nozzles will be unchoked and
other methods (e.g., a static thrust measurement
corrected by the ratio of \vind-on to sta tic d ischarge coefficients) will be required to determine
F
:
(The nomencl attIrE' for the drag components
REF
identified in Figure 26.1~ .2-15 is the same as that
used in Section 26.4.2.2.)
The upper right box in Figure 26.1,.2-15 illustrates the determination of the. external force
DE
A for real exhaust system operation accordin~Tt~Etke.. procedures recommended. Here FREAL and
F EAL S""ATI represent the total. gross thrust of
t~e reaf exEaust systems under wlnd-on and static
conditions, respectively.
Althout;h the internal performance of the model
exhaust systems will, in general, not represent the
performance of. the real full-scale nozzles, the
difference betl<een FaEAL STATIC and FRr: AL should
produce the correct lnCrer:1ent corresponCIlng to the
real nozzles. Tlli5 occurs because the parts of the
real nozzles affected by the eXlernal flow, Le.,
plug surfaces exlendirlg beyond the nozzle exit
planes, ylill in gc>nt'ral be quite accurately represented on the model.
Equation (-7) in the figure shows the formation
of the. total exhaust ~y5tem force increment by
subtracting DEXT REAL from DEXT REF' Equation
(-8) restates the total engine net thrust defined
in Section 26.4.2.lc in terms of FREAL STATIC and
DR..A}I' the total ram drag on the eng1:ne streamtubes.
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Figure 26.4.2·15. Development of Exhaust System Force Increments
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Equation (-9) is the result of adding equations
(-7) and (-8) to obtain three of the five terms

requjred for the fundamental force equation, equation (-1). What results is the true total net
thrust of the engines opcrat tng in the real airplane
flo\-l field t plus the force increment required to
bridge the gap between the real exhaust system drag
and the reference exhaust system drag that i6
reflected in DREP' The key here is that both the
engine manufacturer and the airframe contractor arc
measuring thrust under identical static conditions,
for which it is most easily done.
A potential problem can arise with this procedure when the airplane configuration involves
closely spaced nozzles, particularly plug nozzles.
The nozzles tnn.y be interfering "'ith one another
under static conditions, producing different static
thrusts than if they ,.,ere tested isolate.d. Yet,
full scale rig or altitude ehamber thrust measurements would normally be done with a single, isolated
engine. Thus, drag (external force) estimates from
model tests and from flight tests would still not
be directly comparable.
When this is felt to be a potential problem for
a specific configuratIon, there are two approaches
which can be taken.
First, the blowing model can
be designed so that it is possible to blow one
nozzle at a time, with the others plugged.
The otller, less desirable, approach is to
build another model to the same Hcal"e with a single
nozzle and none of the. upstream airplane details of
the original blowing model reproduced. The isolated
nozzle model ,wuld then be tes ted only sta tically
to determine the static performance of the nozzles
on the regular blowing model. Any discrepancies
between the static model internal performance and
the (wind tunnel) blowing model internal performance
would, of course, become errors in the overall
perfurmance build-up of the airplane system.
A key consequence of the procedures recommended
here is that the airplane. drag polar includes the
gross thrust increment bett.,een sta tic and wind-on
operation for the operating reference conditions.
This, plus the operilting referenc.e concept, means,
for example, that if two different candidate nozzle
designs are being considered for a given airplanE
then two differenL airplane drag polaTs must be
considered as >lcll. This merely reElects a feeling
that it is altogether proper for the drag polar to
reflect the interactions hetv]Cen the airplane flow
fJ.eld and the exhaust system Elo>] fields.
26,1•• 2.5

External Hetric Breaks

The recommendation has been made here that
inlet and exhaust system force measurements be made
with as much of the airplane model on balance as
possible, instead of using metric breaks to isolate
parts of the external surfaces on the balance.
This recommendation is based on several considerations.
Firf?t, particularly at subsonic conditions,
the regions influenced by changes in, say, exhaust
system conditions [or a buried engine configuration
can be so extensive that a major portion of the
airplane model would have to be metric anyway to
determine accurately the total force increment
resulting from the changes. In general, isolating
smaller parts of the airplane on balance to measure
inlet or exhaust system force jncrements represents
a dangerous gamble, unless costly prell'~ ~nary
testing is done ''lith a pressure model to verify the
adequacy of the metric break location.
The use of a metric break to isolate t'he
smallest ac.ceptable piece of the model on balance
often appears, in principle, to offer an advantage

in accuracy. Since smaller balances can be used,
the balance accuracy in absolute terms should be
better. However, if the metric break involves a
significant projected are;' in the flight direction,
internal cavity pressures produce an important tare
force.
The balance must be sized for this force)
reducing the potential payoff. The tare must be
measured independently and subtracted from the
balance reading. Experience has shown that the
limitations in the accuracy >]ith which this tare
force can be determined usu~lly destroy the potential improvement in the drag accuracy inherent in
the smaller balance.
2.6.4.2.6

Element Performance Visibility

Three otjectives related to element visibility
have been identified:
1)

~ompare

element performance of competing
This is often
attempted in the preliminary design
period of an airplane development program.
airp~ne co_1!!.~gurations.

2)

Identify the source of dragyroblems.~
given c~~~ati0I!.' Thus, for example,
one may attempt to determine Hhether a
given exhaust system installation is
"good" or "bad" from a drag standpoint.

3)

Trace element performance evolution "lith
tim~.

The impact of performance inte8ration methods
on the ability to achieve these obj ectives will be
discussed below.
Host of the element performance integration
systems in use in the industry today follow the
general procedures schematically illustrated in
Figure 26.4.2-3. Usually, the airplane drag polar
is defined to be that corresponding to the reference
configuration of the f1o",-through duct reference.
aerodynamic drag model. The entire exhaust system
force increment obtained with the blowing model,
being throttle-dependent, is charged to the engine
net thrust.
The reference exhaust system configuration is
often modified relative to the real geometry in
order to Rvoid separation, as suggested in Section
26.4.2.2, 01' to accommodate a support sting.
The amount of configuration tailoring required
to avoid separation will vary considerably for
different types of airplane configurations. The
amount of tailoring of the reference configuration,
however, has a TI1aj or impac t on the split between
the airplane drag and the exhaust system force
increment with a conventional performance integration system.
It lS nevertheless possible to salvage a
modicum of element viSibility, for purposes of
comparison het\.]een different types of configurations, by using the element performance integration
procedures suggested here.
Since the operating reference conditions can
be defined at or near the engine pOVler setting
required to fly at a given point of the mission,
the drag polars of t,.,o different configura tions can
be directly overlaid and compared on a conmw:ln
basis. Thus, a configuration which appears to have
more airplane drag than another (using the same
engines) on an acceleration leg, for example, will
indeed have a smaller excess thrust margin. This
is not necessarily true with conventional performance integration procedures.
Simil~rly, the thrust increments, LlFNEXH. SYS.'
obtained wlth the proposed procedures will now also
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be directly comparable and will accura tely reflect
the performance increments associated with changing
the throttle setting, and nothing more.
It must be emphasjze.d, however, that the drag
increments, lIDEXH. SYS. still cannot be compared
for two different configuration types, for the same
fundamental reasons outlined earlier. The arbitrary
nature of the selected reference configurations
generally makes it impossible to compare the external performance to two competing but different
configurations on an element-to-element basis.

Only the integrated external performance of each
airplane system can be made comparable.

The second objective for element visibility,
the ability to rate an exhauBt system drag as
"good" or "bad" can be met only by comparing the
bDEXH. SYS. to others for the same type of airplane
configuration, based on the same type of reference
configuration.
The third objective, the ability to trace the
element performance evolution with time, can usually
be accomplished. As long as the reference configuration is fixed, 6DEXH. SYS. can be tracked as an
indicator of the changes in the exhaust system drag
in the drag polar, and bENEXH SYS. can always be
used to monitor the throttle-dependent drag effects.
It should be noted that internal performance
definitions do not require the definition of airplane reference confjgurations and are not made in
terms of forces acting on parts of a body_ Thus,
comparisons, evaluation and tracking can readily be
accomplished to provide complete visibility for
internal element performance.
26.4.2.7

Applicability Over Entire Development
Program

The element perforl1l!lnce integration techniques
reconunended here are generally applicable over an
entire airplane development program. Thus, for
example, with only minor corrections (discussed
below), the drag polars generated theoretically in
the earliest phases of a program, those generated
experimentally in wind tunnel programs, and those
generated in flight test programs can all be based
on the pame element performance integration rules
and thus can be meaningfully compared with each
other.
The abHity to compare flight test drag polars
wIth those generated in a wind tunnel program,
rarely found in conventional performance integration
schemes, stems from two key parts of the present
system. Firat, the concept of correcting the drag
polar to 8. set of lIopernting reference" conditions
eliminates the corresponde.nce of the wind tunnel
drag polar to an arbitrary reference configuration.
It should perhaps be noted that this approach
assumes a great deal of cooperation between aerodynsmic and propulsion staffs within an airframe
company, since part of the drag polar, bDElm. SYS.
and bDINL' is to be generated in what has traditionally been a propulsion man's test.
The second key part affecting the. comparison
of wind tunnel and flight test drag polars is the
use of a static thrust measurement to isolate the
external force on a blowing model simulating real
exhaust system operation. The increment bet\<leen
static and wind-on gross thrust is thus included in
the wind tunnel drag polar in exactly the same way
it is conventionally included in a flight test drag
polar.
The only corrections required in the present
system to compare flight test and wind tunnel
polars stem from a desire to avoid a "floatingll
definitIon of operating reference conditions.
Thus, the operating reference conditions would nat

be changed for minor engine changes at the throttle
settings used to define operating reference conditions. If, for example, nozzle exit areas were
rescheduled at a maximum-power operating reference
condition, the operating reference geometry would
be held fixed and ,'ould no longer correspond exactly
to the real maximum-pm<ler geometry _ Changes in
inlet ramp schedules Hould be handled in the same
way.
For major engine changes, on the other hand,
operating reference conditions ~ould be redefined.
The philosophy here 'lOuld be that any engine changes
which effectively define a new engine would justify
a redefinition of drag-polar operating reference
conditions.
26.4.3

Turbopowered Simulator Testing

Considerable effort has been devoted to the
understanding of power plant installation effects
since the advent of the gas turbine engine and the
consequent encounter \<lith important drag effects
due to compressibility (References 26.4.3-1,-2).
In this section, the problem of model testing using
turbopm,ered simulators ('IPS) is addressed. The
problem of thrust-drag accounting procedure is
described so that the thrust and the installation
drag can be identified in an accurate manner consistent with full-scale and drag accounting procedures.
This will be fo11011eu by a fe11 comments on unique
aspects of testing with turbopowered simulators for
the development of supersonic aircraft.
The ideal engine simul.a tor for mod el tes ting
would be a miniature jet engine capable of simultaneously respresenting the full-scale nacelle's
inlet mass flO\, and the exhaust plume pressure and
temperature profiles. For large models (one-third
scale or lnrger) omall jet engines are Bometimen
used, but trJoat model testing is done at scalea of
about one-twentieth for which miniature jet engines
are not available. The procedure used to simulate
the full-scale geometry becomes difficult, and an
improper choice in modeling technique can result in
a procedural bias so large that results accurately
representIng the full-scale installation cannot be
obtained, regardless of the accuracy with which the
test data may be acquired. The turbopowered simulator has been in use as a testing tool for the
past decade (References 26.4.3-3 through -9) because
of the aerodynamic advantage over other nacelle
simulations where jet and inlet effects must be
modeled simultaneously. Its principal disadvantage
has been mechanical complexity and the. consequent
difficulties with operational reliability over
purely gas dynamic sImulators such as the ej ec tor
and blown jet nozzle. In addition, test techniques
had not been developed where reliable results with
understood accuracies could routinely be obtained.
The turbopo,,'ered simulator uses high pressure
air brought to the model through the support system
to drive a turbine. which. in turn, drives a fan or
compressor. The compressor air may then be mixed
with the turbine exhaust air to simulate a jet
engine or the fan air may be exhausted separately.
Figure 26.4.3-1 shows a model of a high bypass TPS.
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Figure 26.4.3·1. Cross Section View of 8 Turbopowered High
Bypass Fan Engine Simulator

These definitions, as in the case of flownacelle/ blo,m-model testing, lead to external
force numbers which can easi1y be combined with the
engine company's net thrust predictions to yield a
consistent prediction for overall system thrustminus-drag. Furthermore, the usc of the realistic
operating reference drag polar conditions discussed

Turbo PoWtlred
Simulator (TPS)

Nacello

above would be equally applicable to a turbopowcred
simulator program. As before, drag polars could
then be defined on a consistent basis throughout an
entire development program.
In a typical application, the turbopowered
simula tor model would be used to supplement flownacelle testing.
In this case the simulator model
would replace the conventional inlet drag and exhaust system drag models. The selection of the
reference conditions li.sed to relate the simulator
testing and the flow-nacelle testing would involve
considerations of the operating characteristics of
the simulator. Specifically, two inlet models or

Flow Nacelle

Figure 26.4.3-2. Schematic of Flaw, Blown, and TPS Nacelles

Because the turbine drive air is brought to the
model, the inlet air flow rate will be less than
that of the exhaust. This difference may not be
large or detrimental but the deficit in inlet flow
must be accounted for.

The turbofan nacelle shown

in Figure 26.4.3-2 can represent 80% to 90% of the
real engine I s inlet flow.

The pressure ratio of

the fan and core flow jets can be simulated as well

flow nacelles (Figure 26.4.3-2) are required to

as the fan flow temperature, but the core f1m'l
temperature c.annot be duplicated. This may not be
too serious if there is a 'Heak dependence of jet
and freestream flow characteristics on temperature

establish the force increJnents involved between the

inlets of the TPS model and the real engine with

effects (Reference 26.4.3-10). Lee (Reference
26,1,.3-11) notes that besides the jet pressure
ratio, the specific heat ratio ra ther than the

temperature plays a role in the modelling of the
j et/ air frau,e flow field.
Thus the TPS nacelle
currently provides the best simulation technique

where coupling between the inlet and exhaust flow

field may occur and where air displaced by the
fully blown nacelle (Figure 26.4.3-2) affects
installation drag.
Although many specialized test techniques are
involved in testing with turbopowered engine simulators, a consistent element performance integration
system is ~til1 required to: (1) separate internal
and external forces; and (2) split the external
force into an airframe system drag, reflected in
the drag polar, and an installatioll loss, charged
against engine net thrust. The procedures reCommended in Section 26.4.2 for accomplishing these
tasks are, in general, directly applicable to the
case of turbopowered simulators and offer the same
advantages dincussed in connection with flow-

its larger inlet mass flow. This incrt'"ment is
usually obtained at common values: of the inlet
velocity ratio. Typically, the exit aFea of the
flow-through nacelle is enlarged to pass the proper
inlet flow and then reduced by a plug to reproduce
the turbopo\·li.~red nacelle flm-,.
Thus, aft end flow
condition and geometry changes are introduced along
""ith the intended inlet £10\'1 condition changes.
While the aft end geometry and flow conditions

of flOl,-through models can be reproduced in a blown
model (but rarely are), the large exit area, high
through-flow and low nozzle-pressure ratio canno't
be reproduced in a turbopO\,ered model without
extensive internal changes which have not been
attempted to date. In practice, turbopowered and
blowl"l nacelle datil Ilre corrected for inlet effect.
using flow-through models which differ in exhaust
geometry.

This leaves a gap in the perforTnance

buildup. The gap is bridged by making an assumption
that the exhaust system drag does not vary with
geometry for the flow-through models.
Thrust Determination for Turbopo«ered Nacelles

nacelle/blown-mod el s,imula tion.
Thus, the internal force for a model with a
turbopowered simulator would be defined as the difference between nozzle gross thrust t based on

velocity coefficient, and the ram drag of the
streamtube captured by the simulator. This definition is convenient to use for simulator testing for
the same reasons that the analogous engine net

thrust definition is convenient for a flight test
program.
The external force would then be defined as
the difference between the measured thrust-minusdrag and the internal force. (The assumption here
is that any forces associated with externally
supplied turbine drive air or with bleed air removed
from the model would be calibrated out of the
thrust-minue-drag measurement.)

The best calibration method used for the
determination of thrust consists of ~etermining the
engine nozzle velocity coefficient (Reference
26.2.2-2). For pure turbojets or engines with a
single nozzle, a single velocity coefficient is
appropriate. For fan engines with separate nozzles
for the primary and fan airstream two velocity
coefficients are required. The air mass flow rate
for the primary stream i9 easily measured using
appropriate instrumentation in the model air
supply line. The fan or inlet flow rate must be
determined either by static pressure calibration of
the inlet or, if possible, as in the case of the
high bypass turbofan, by the use of a nozzle discharge coefficient. All of these nozzle coefficients should be determined as functions of the

As a result of these definitions:

nozzle pressure ratio in the range where it is

1)

going to be used in the wind tunnel. Using the
separate flow high bypass turbofan TPS as an
example, the net thrust is obtained from:

2)

3)

Additive drag on the simulator capture
streamtube is included in the external
force.
If an inlet bleed or bypass system is
operating, the associated orag is included
in the external force.
If the external flow influences the flow
of the exhaust streamtube over nozzle
surfaces, such as over a plug, the result-

ing force incrementR are by definition
part of the external force.

FN = gl CDF WIF(C VF

VIF-V~)

+

~

Cvp WAP VIP
(26.4.3-1)

where:
C ' C = fan and primary velocity coefficients
VP
VF
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ideal velocities of the fan and primary nozzle based on convergent-

SIMULATED REAL ENGINE
OPERATION -

divergent theory and nozzle chargi.ng
conditions (Sta. 8)

MACH NUMBER SPECIFIED

ideal weight flo;, of the fan nozzle
based on nozzle charging station conditions and throat area of nozzle
fan nozzle discharge coefficient

INLET AND NOZZLE
"INSTALLATION LOSS"

FORCES

measured primary weight flow

freestream velocity
g

gravitational acceleration

A simple and accurate thrust calculation procedure requires an accurate calihration facility. The
nozzle coefficients as well as the relationship
between real and measured thermodynamic pressures and
temperatures are best determined using a flight simulation chamber (FSC) with an internal balance "'hich
is not unlike that in use or being developed for

testing of full-scale engines (Reference 2G.4.3-l2).
FN

Calibration
The static calibration is carried out to relate
TPS instrumentation system readings to measurements
of thrust and weight flows, using the following definition of nozzle coefficients:

fan gross thrust coefficient
(26.4.3-2)

:.1

fan discharge coefficient
(26.4.3-3)
CVF ~ CGF!C ; fan velocity coefficient
DF
(26.4.3-4)
where

FGP= HAP x CVP VpI!g is the primary thrust and
CVP is the indendently determined primary nozzle
veloci.ty coefficient. 'FGt, HAt) WAP are the
measured total thrust, total alr weight flow
rate, and primary nozzle weight flow rate.
FCFI is the ideal value of fan gross thrust.
Nozzle coefficients, used to relate the indication system readings and calculated net thrust,
must reflect any changes in bias of tIle indicating
system resulting from power setting or l-l'1ch number
(see Section 26.6). TIlis necessitates using nozzl~
coefficient levels that depend on power setting as
well as nozzle pressure i'atio.
Inlet/Exhaust Interactions
Engines with high average exhaust temperatures
can be better simulated in terms of inlet and
exhaust geometry, inlet flow, and exhallst pressure
ratio than the turbofan. The following disclIssion
pertains to simulation of such engines which, in
contrast to high bypass turbofal1s, llsually require
the capability for multimode operation. For such
engines then, the TPS will be 5110\\>n to have a
unique capability for identifying the existence of
inlet exhdust interactions.
Figure 26.4.3-3 illustrates the resulting
determination of installation luss drag with 3

ENG

IFN

ENG

MAX

Figure 26.4.3-3. Determination of "Installation Losses" with a
Tur!;opowered Simulation
turbopowered simulator model. The simulator model
would first be used to reproduce the reference
inlet and nozzle conditions of the flow-tllrough
nacelle model. If the mounting systems are different
for the t,.,o models, the absolute level of external
forces may not agree. The level obtained with the
simulator 'tepresenting flow-through nacelle conclitions provides a zero point from which to take
external force increments when real engine operation
is simulated. The resulting increments may then be
divided, as shown, into the installation loss drags
charged to engine net thrust and a drag polar
increment llsed with the flow-through nac.elle results
to obtain thE:' airplane drag polar.
If a simulator model were used in this way to
simulate only real engine operiltion, much of its
value as a diagnostic tool could be lost. In this
kind of test the inlet drag increments, exhaust
system drag incrementf;, ann any interactions between
them would all be measured simultaneously. The
simulator could also be used, hmolever, to separate
these effects, as described below.
For a high thrust-to-weight airplane designed
to cruise subsonically at a pOHer setting 'veIl
below military power, the powered simulator may be
used to check for interactions between the inlet
flow field involving higb spillage rates and the
exhaust plume effects at relatively lot-7 nozzle
pressure ratios.
Instead of only simulating real engine operation the simulator ,,,ould explore the effects of
independent variations of inlet and nozzle conditions, within its capabilities. The variation of
external force witll nozzle pressure ratio could
then be obtained at several inlet masS flow ratios,
as 8hm17n in Figure 26.4.3-4. The "engine operating
line ll represents those combinations of inlet and
nozzle conditions ohtained by the real engine and
corresponds to curve in Figure 26.4.3-3.
In the ahsence of any inlet and nozzle interaction effE-~('ts, all of the [orce-versus-nozzlepressure-ratio curves for the given constant values
of inlet mass flow ratio would be parallel to each
other, displaced vertically with respect to each
other.
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and most important, is the requirement for accuracy
in predicting the overall thrust-minus-drag performance. of nn airplane Bystem. Secondly, the performance integration procedures should afford as much
visibility as feasible to the performanc.e of the
individual elements of the airplane system. Finally,
the element performance integration system should
be applicable throughout an entire airplane development program.
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The approach recommended here is based on the
premise that the reference propulsion system conditions (inlet mass fImv ratio and geometry and
exhaust Systl-'lTi pressure ratio and geometry) of the
flow-through wind tunnel models used for the general
aerodynamic drag testing should be selected solely
on the basis of overElll experimental accuracy .
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angles are recommended for the reference exhaust
system configuration to minimize the probability of
aft-end flO\'l separation. The obj ec tive here is to
obtain reference flmoJ conditions ''''hich can be
preCisely reproduced in an exl1<1ust system blowing
test wi th faired-over) plugged inlets.
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Figure 26.4.3·4. Inlet/Exhaust-System Interaction Effects

The lines of constant nozzle pressure ratio
can be used as shown to obtain the inlet spill age

drag increments.

In the absence of an interaction,

the resulting spillage drag curve would be independent of the nozzle pressure ratio to which it

corresponds.
Figure 26.4.3-4 illustrates tile case of an
unfavorable interaction bet\\1een inlet and nozzle
flow fields. At the high spillage rate associated
with inlet mass flow ratio HFRl, the drag penalty
resulting from reciltcing nozzle pressure ratio is

much greater than at the higher mass flow ratios.
Conversely, the cross-plotted spillage drag curves
show a larger increment for operating at HFRI at
low pressure ratios than at high prE-'BSUre ratios.

",i

Thus, if the intersection o[ the engine operating
line ,",yith the HFRI line represent ed n cruise power
setting, the simulator data could be used to show
that an unfavorable inlet-nozzle interaction ,,,,as

penalizing cruise performance and to estimate the
magnitude of the penalty.
(Other information,
however, SUdl as static preSSUrE! distributions,
boundary layer measurements, and f low field visuali-

zation results, would likely be required to determine the ey.act physical mechanism responsible for
the interaction.)
The absencf;' of such interactions, of course,
is the uud('.rlying assumption on which flow-nacelle/
blm..'l1-rlJoclel test procedures are based. When sueh
interactions exist, the use of Hethods I or II
recommended here will help minimize, but not eliminate, the associated error. Only with the capability for independent inlet and nozzle flow variations,
inherent in the turbopmvered simulator, can this
error be, first, evaluated and, secondly, eliminated.

II

mance of the complete airplane system in a single
test or computation.

j

Three criteria are used to judge the effectiveneBS of a performance integration systel1l. First,

1

,

26.4.4

A conseqllenC€~ of the above procedure is that
the ''lind tunnel drag polar corresponding to reference exhaust Systl'nI conditions may differ considerably from that associated with any realistic exhaust
systc'.m operating conditions. HO\>lever, it is also
recommended that ·part of the drag increments measured
in the blowing tests be used to correct the wind
tunnel drag polar to a realistic exhaust system
geometry and pressure ratio. This geometry and
pressure ratio combination would correspond to a
specified !3ngine throttle setting. All remaining.
drag increments due to lhrottle selting changes
relative to the bastd inc conditions· ,wuld be charged
to engine net thrllst, not affecting the drag polar.
This approach dops not require additional tCGting
relative to conventional performance integration
schemes.
The use of n static thrllst measurement to
define the internal force and thereby isolate the
external force on a blowing model, when real exhaust
system operation is being sinullated, is also
recommended.
It is also suggested that the element performance integration system nut deal
th the absolute
force acting on any arbitrarily specifjed (metric)
section of the external surfaces.
The approach recommend cd here satisfies all
the previously described cr iteria for evalua ting
element performance integration f'ystems. It allows
for an accurate evaluation of airplane system
performance, ensuring that all force components
acting on an airplane are counted only once in the
overall thrust-minus-drag bui ld-up.
Heaningful element-to-element performance
comparisons between airplanes of different types
are generally not physically possible (except for
internal performance parameters). However, using
the concept of reference exhaust system conditions,
the techniques recommended here will produce airplane drag polars ,·lith which lneaningful eomparisons
can be made between competing airplane
conf igurations.
The use of static thrust measurements to
isolate the. external force on blowing models,
combined
th the use of exhaust system conditions,
renders the recommended techniques applicable over
an entire airplane development program. Thus, drag
polar predictions based on theoretical calculations,
wind tunnel measurements, or [light test results,
may all be developed and compared on a common

",i

Concluding Remarks

The need for an element performance intt'gration
system in an airplane development program arises

largely from thQ inahility to determine the perfor-

basis.
The turbopowered simulator gives the best

measure of propulsion system effects on drag that
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may be obtained for aircraft using turbojets or
turbofans. The flow field modeling is accurate
when corrected for the scale deficit, as long as
the flow fields are attached on model and full
scale aircraft. For turbof ans, a compromise must
be accepted either in terms of inlet mass flow or
in exhaust nozzle pressure ratio because of the
airflow supplied through the model support. For
turbojet simulators, part of this simulator drive
air may have to be returned through the model
support. In comparison to models that use blown
nozzles with faired-over inlets, the force increments necessary to determine thrust and drag are
usually smaller with the result that decreased
dependence on the validity of force superposition
is realized.

26.6

power extraction. Heasurements and calculations
which define thrust are selected and the demonstration method (static, altitude facility, flight) is
agreed upon.
26.5.2.1

PERFORMANCE VERIFICATION

26.5.1

Introduction

Engine performance verification is needed: 1)
to validate the engineering estimates and guarantees
made during the engine design and development phase
and, 2) to identify the absolute in-flight thrcst
levels to assist in the determina tion of airplane
drag. Validation is particularly i,nportant as
airframe manufacturers turn toward comprehensive
airplane guarantees.
Comprehensive airplane guarantees usually
require the airframe manufacturer to guarantee
airplane drag and engine specifjc fuel consumption
as well as fuel mileage. As a result of this type
of guarantee, the airframe and engine manufacturer
must jointly conduct analyses and Lests to determine
the installed engine performance on the airplane in
flight and correlate this performance wi th IIreferee"
engine performance under guarantee conditions.
26.5.2

Thrust Definition

Engine thrust may be measured in several ways.
Gross thrust is measured directly as a restraining
force on the engine in a static thrust stand as
shown and described in Section 26.5.3.
In a directconnect altitude facility, thrust is obtained
partly from pressure and flow measurements to
define the inlet momentum. In flight, thrust is
calculated from pressure and temperature measurements made in the exhaust systePl, from inlet and
exhaust system ait'flow rates, and from flight
velocity, Figure 26.5.2-2.
The installation force increments associated
with inlet and aftbody/exhaust, which are necessary
for the determination of drag, are rarely determined
in flight tests and are thus handled as adjustments
from subscale tes ts t assuming that analytic scale
adj ustments are va~id.
There are t~"o common ways of establishing net
thrust of an engine from calibrations. It can be
obtained by the so-called "brochure" method or the
"gas generator ll method.
The brochure method is a simple correlation of
thrust to the measurements made in flight. For
example, ram pressure ratio and engine shaft speed
may be used to develop nondimensional thrust and
mass flow functions such as
Thrust function

Performance Verification Methodology

In its simplest fermJ engine perfot~ance
verification is accomplished as show in the flow
chatt of Figure 26.5.2-1. Engine performance
requirements are identified as a result of airplane
performance requicements over the flight envelope.
A number of critical points are selected at which
thrust or specific fuel consumption or both are to
be guaranteed. GUarantee conditions are further
specified to include installation (inlet and exhaust
system) losses incurred with a defined set of
"referee" hardware and with specified bleed and

Mass Flo" Function

Here the corrected shaft speed N/re; is related to engine pressure ratio, EPR = I'U/ P t2
and corrected fuel flo" rate = .'f/(Pt2iTt). Shaft
speed, EPR, and fuel flOI" rate are therefore equally
valid as correlation pal'ameters and the choice
between them is made primarily on the basis of
tradition as well as consideration of relative
sensitivity. For the brochure method to be valid,
calibration over the entire flight regime must be
available and similarity in total pressure profi~es
between calibration and flight is assumed.
PT
TT

Po>

~~~

________E_N_G_IN_E________

FN

FG - FR

FG

EXHAUST MOMENTUM

~

J~

______

= W9 V9/g + (P9. P~)

Ag

RAM DRAG

Figure 26.5.2·1. Considerations Impacting Engine Performance V
Verification Procedure
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Figure 26,5.2-2. Station Number Schematic and Nomenclature
DDfinition

"Gas generator" methods for gross thrust
determination rely on the measurement of nozzle
entrance conditions and the calibration characteris-

tics of the nozzle.

case, the coefficient C defined in the W method
becomes the velocity coefficient discussed in

Section 26.4.2.

These methods avoid the probTable 26.5.2-1, adapted and modified from Ref.
26.5.2-1, gives the functional form of the ideal

lems associated with flow nonuniformities at the
engine inlet but, in turn, demand accurate determination of flow conditions in the nozzle. Thus
nozzle gas flow rate, nozzle total pressure, Pt7'
and temperature, Tt 7' must be determined. These

thrust; weight flow function is associated with the

definition of the discharge coefficient (Section
26.4.2)

measurements together with nozzle throat area (AS)'
appropriate external static pressure, and calibrations of the nozzle coefficient allow the calcula-

C

tion of FG'

D

There are two basic approaches to the employment of nozzle coefficients, these involve the use

of thrust-per-unit weight flow rate and the.thrust-

/ (ideal, convergent nozzle)

AS PtS

Note that CG,con

per-unit nozzle exit area. In the former, a measurement of gas weight rate is required, whereas in

CD x Ccon '

It is therefore evident that in-flight thrust

the latter neither gas flow rate nor total temperature is required. No uniformly accepted description
of these two methods is in use and they shall be
described here by the principal measurement required

by each method:

HS~

=---

area (A), and weight flow rate

(w) •

Thus, in the H method a nozzle coefficient is

defined by

measurement depends on in-flight measurement of
engine flow conditions and perhaps on previously
determined nozzle coefficients.
j
Nozzle coefficients are a functi~n of nozzle
geometry, nozzle pressure ratio, exhaust gas temperature, Reynolds number and last, but not least,
the manner in \V'hich average gas properties at the
nozzle entrance (Station 8) are determined. Thus,
the "artl1 of in-flight thrust measurement revolves

largely around the proper determination of fu11scale in-flight nozzle coefficients from model

C

scale data, full-scale altitude facility data, and
static full-scale data.
The following procedure is typical of those

and in the A method

used to extrapolate model nozzle coefficients to

full-scale for turbofans or turbojets that utilize
a single exhaust or for turbofans with separate
exhaust nozzles. For simplicity of description, a
mixed-flow, single-nozzle engine 'viII be used in

/ (ideal)
The ideal quantities shmm may be those associated with a fictitious convergent nozzle or with a
fictitious flexible convergent-divergent nozzle

= Pro'

which adjusts Ag to matQh Pg

In the latter

the following example. Extension of the methodology to dual flow nozzle is straightforward, although
it requires the additional consideration of flm.,
interaction effects such, as those illustrated in

Figure 26.2.2-1.

Table 26.5·1. Ideal Weight Flow and Thrust Expressions, Here r =
foy-I)h, and Z = PT/P
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Figure 26.5.2-3. Model Nozzle Coefficients Determined Over the
Nozzle Pressure Ratio Range of Interest for'the
Full Scale Article
The nozzle model tests are generally conducted
over a range of nozzle pressure ratios (PT/Pro)
consistent with mission requirements. Nozzle

velocity coefficients (C v) and discharge coefficients (CD) as shown on Figure 26.5.2-3 are obtained
from the model test data. Here, and in the follo,;ing
discussion, attention '\-vill be restricted to tlflexibIe" ideal nozzles satisfying P9 = Poo' Hence,
attention will be focused on coefficients Cv and

CD such that CG

=

CVCD'

These nozzle coefficients are used in the
equation for gross thrust 'tvhieh can be written as

follows (with Pg-Pro

v,-y2re)~(
2:1 -'Y·1
r+1 Z1-Z·rf
26-61

= 0) :

Below critical pressure nozzle pressure ratios,

MODEL
AS TESTED

-yy+1 y-1
(-2-) , PT

2
y-1

---

.,..,...---,

and at choking pressure ratios and above,
ADJUSTED FOR REYNOLDS NO.
AND GEOMETRIC DETAILS

-1,
(AI

The symbols are defined in Section 26.4.3.
The thrust function ~ in the basic gross
thrust equation depends on nozzle pressure ratio

only.

In the model tests, densely spaced total

ADJUSTED
MODEL DATA

pressure rakes are used to determine the entrance
station total pressure distribution. The average
effective nozzle total pressure is then calculated:
the entrance area is divided into a number of
constant total pressure stream-tubes each of which
is expanded to ambient pressure, their thrust
contributions are summed; effective total pressure

at the entrance station is defined to be that which
would ideally produce an equal thrust. This type

(PT/P co I MODEL

(BI

of averaging tends to minimize the difference in

nozzle coefficients due to slightly diff erent total
pressure profiles at the entrance. On this basis,
the assumption is made that nozzle coefficients are
a function of nozzle geometry, pressure ratio, and

Reynolds number for equivalent effective total
pressures. However, when the full-scale nozzle is
attached to the engine, it is not practical to
obtain as dense a survey and as f~at a profile as
in model tests due to the characteristics of the
engine flow discharge into the nobzle. The engine
flow includes swirl, total pressure depressions due
to struts, and the possibility of combinations of
radial and circumferential pressure gradients--not
at all the ideal type flm, provided by the carefully
designed choke plates and screens upstream of model
scale nozzles. Comparable nozzle pressure ratios

between model and full-scale data are derived from
static or altitude cell full-scale test data and
model data by correcting the latter for known scale

,

(PT/P.,

I FULL SCALE
(CI

Figure 26.5.2-4. Development of Correlation Between Thrust Function of Model Scale and Full Scale Nozzles
been corrected for known scale effects, the model .curve of FG/PcoAg is~idered correct and the

discrepancy between predicted and measured FG/PooA9

effects and then forcing agreement between model

and full-scale Cv and CD used in the thrust equation.
26.5.2.2

MEASURED

Extrapolation of the Full-Scale Engine
Data to Flight

is assigned to the full-scale'pressure ratio; the
pressure correction is then obtained from Figure

26.5.2-5. A curve of APT/Poo can be generated as
shown on Figure 26.5.2-6 for each en~ine tested.
Thus, the pressure ratio needed on the model to

calculate the same thrust on the full-scale engine
can be found:

Hodel nozzle coefficients are adjusted for

full-scale Reynolds number effects and estimated
effects of geometric differences due to struts,
roughness, steps, gaps, etc., of production nozzle

hardware. Boundary iayer theory, skin friction
data, data on losse,( due to steps on flat plates
(Ref. 26.2.2-5), and in-house data on model and

full-scale

model

corrected

measured

corrected

'

= APT/Pro correction.

The new pressure ratio is then the value that,

The thrust equation

is therefore rewritten as:

model

full-scale

'-v

full-scale nozzles are used to estimate the
correction.
On full-scale engines, it is not practical to

determine Cv and CD separately.

correlation to

when used in the thrust equation, will yield the
same thrust as measured on a ground test rig for
the engine when using model nozzle coefficients.
Thus, the thrust measured
a test stand can be
correlated 'tV'ith model nozzle data, and guarantees
from the standpoint of the nozzle performance' and

on

The non-dimensional term

FG/p~A9= ~Cg

of pressure ratio only and

c~n

is a function

be shown as in

Figure 26.5.2-4a which is calculated from adjusted
model data of Figure 26.5.2-4b. Similarly Figure
26.5.2-4c shows the data as measured directly on a
full-scale engine static rig.
Since the nozzle pressure ratio determined
from full-scale testing is subject to uncertainties
in pressure measurements and the model results have

fuel flow can be measured to determine SFC compliance. The question of whether the gas generator
(engine) produces flow ,dth the total pressure
indicated for a given fuel flow rate remains open.
For example, if the engine meets thrust requirements

but is high on fuel flow, is the full-scale nozzle
deficient or is the engine deficient in total
pressure? The answer to this question can be
obtained from measured engine parameters, but
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errors are generally associated with effects which
are not or cannot be controlled, particularly
environmental effects.
Thus) for facilities such as those to be
described below, the potential exists for correlating
propulsion forces with thermodynamic and flow
measurements. In this way the thermodynamic and

flow measurements made in flight may be used to
infer in-flight thrust. T~~ problem centers on
achieving this while minimizing testing time and
cost.

26.5.3.1
FULL SCALE PRESSURE
INDICATION CORRECTION

Static Outdoor Test Facilities

Figures 26.5.3-1 and 26.5.3-2 show typical
outdoor test stands. Figure 26.5.3-1 shows a stand
capable of measuring performance of large high-

PT/P~

bypass turbofan engines.

In the facility shown in

Figure 26.5.2·5. Corrections Required to Correlate Model and Full
Scale Nozzle Performance for Particular Pressure
Measurement Schemes

FULL SCALE
PRESSURE
CORRECTION
VARIOUS ENGINES

l::PTI Poo

PTI Poo

Figure 26.5.2-6. Plot of Pressure Corrections Obtained from Figure
26.5.2-5

Figure 26.5.3-1. Large Outdopr Test Facility The Boeing Company
Tula/ip Site~ Marysville, Washington

additipnal testing is necessary to verify full-

I

scale engine performance in addition to that

described above.
cussed in

26.5.3

These additional tests. are dis-

the.fo~lowing

section.

Static Test Facilities

There. are essentially three types of engine
test facilities. Airframe manufacturers generally
use outdoor test faciliites for the evaluation of
sea,level static performance and acoustic character-

istics. Engine manufacturers utilize both outdoor
and indoor test facilities since the indoor facili-

ties provide an altitude test capability.

Govern-

ment facilities also include wind tunnels wherein
small engines can be run on an airplane model and
full-scale engines on partial airplane models.
This section is a brief examination of the characteristics of these types of facilities.
In addition to the gas property measurements
usually made to determine the relation between
ideal and measured thrust, static facilities are
used to measure fuel flow and airflow, all to
varying degrees of accuracy. Thrust measurements
on engine test stands are usually obtained from a
strain gage on a nearly frictionless flexure mount.
Accuracy levels of these measurements can be quite
high and representative values ~"{ll be quoted below
in connection with a specific facility. Fuel flow
rates can usually be determined quite accurately,
using calibrated orifices. Airflm., is determined

using standard (ASHE, bellmouth, etc.) subsonic
venturi or choked orifices; the accuracy varies
,.,ith the type of device used, but the largest

Figure 26.5.3-2. G.E. Peebles Crosswind Test Facility, Evansdale,
Ohio
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Figure 26.5.2, the engine/nacelle can be oriented
at angles to a wind machine. The turntable on

ACOUSTIC TREATMENT - - - - - - - ,

which the engine is mounted can rotate to provide

crosswind tests.
Testing on outdoor facilities may be carried
out with bellmouth or flight-inlet, reference or
flight nozzle. Operation with bellmouth and reference nozzle is usually carried out to determine
mass flow or thrust characteristics because of

INLET

AIR CONDITIONING
IFANY

those component's 'wel1-undel:"stood performance.

Flight hardware is used for testing for design
weaknesses (inlet lip flow separation, structural
failures, etc.). Since aircraft noise is primarily
a low speed flight problem, static evaluation of
nacelle noise treatment, as well as basic engine,
noise characteristics, is determined on outdoor
test stands.
When altitude facilities are not available,

WATER
COOLING
AI RFLOW MEASURING
BELL MOUTH

Figure 26.5.3-4. Sea Level Static Facility
STRAIN GAUGE
THRUST MEASMT

I
I
I

I

SUPPORT
PUMP
OR

EXHAUST

EJECTOR~

I

the outdoor test facility is used to estimate

flight performance of the nacelle. Typically,
nozzle velocity coefficients (Cv) are developed up
to the maximum nozzle pressure ratio of the nozzle.
Nadel nozzle coefficients are then used to estimate
the Cv level at cruise where the nozzle pressure
ratio is higher by:

STACK

+ r2l

1,.......lI~4~r--_____
~

'\

•

y/ (y-l)
(1

I

INLET
POO+....j

COOLING
AND
OEHUMIDIFYING

M 2)
00

"SOFT" SEAL
WITH CONTROLLED
ORNOLEAK

Figure 26.5.3-5. Indoor Altitude Facility Schematic (Not to Scale)

Figure 26.5.3-3 illustrates the overall procedure.

CONE I,NSTALLATION
THRUST STAND FAIRING

I

i

MODEL DATA

FLlGHl'NOZZLE
PRESSURE RATIO

~--.

MAXIMUM

OUTDOOR TEST
STAND DATA
/

ISOLATION
DOOR
INFLIGHT
THRUST
CALCULATION

--

STATIC-NOZZLE
PRESSURE
RATIO

.8L---------~--------------~~

1

TURNING VANES

NOZZLE PRESSURE RATIO--=---

SEAL BALANCE AI R
INLET SUPPLY

Figure 26.5.3·3. Plot of Nozzle Performance Data as Obtained from
Model and Static Tests, Showing the Extrapolation
Required to Flight Conditions
26.5.3.2

JWa \!ili~

,-!1m!!

c:::J~

Indoor Sea Level Test Facilities

Indoor sea lev~l test facilities are used
primarily for c1imaiic control of the engine inlet
air as in engine id'ing tests. In such facilities
air temperature, pressure and humidity can be
adjusted t~ the needs of the test. Figure 26.5.3-4
is a sketch of a typical indoor engine test facility.
Engines may be run with flight hardl;are but more
often inlets and nozzles which are mass flow calibrated are used. Advantages of such a test cell
over outdoor test stands may be the ease with which
instrumentation may be handled by personnel.
E~vironmental noise is rather easily reduced by
acoustic treatment of inlet and exhaust stacks.
The primary disadvantage oii.lindoor fac ilities is
that airflow around the engine, if not controlled,
may result in pressure forces on the external
surfaces of the engine. These forces, as well as
pressure drops across the inlet and exhaust stacks
of the cell, depend on the engine throttle setting
and, hence, must be kno-V;ffi over the operating range
of the engine. The lack of kno"ledge concerning

LABYRINTH SEAL DETAIL

Figure 26.5.3-6. Engine Installed in the J-1 Test Cel!
such forces may lead to a significa~t bias
uncertainty.
26.5.3.3

Indoor Altitude Facilities

Figure 26.5.3-5 shows a schematic of an indoor
facility where the ram pre'ssure ratio of flight can
be duplicated in a test cell. To achieve this a
pump or ej ector reduces the pressure in the aft
portion of the test cell space to the desired
value, Pco' The forward portion is maintained at
pressure Pt2 (atmospheric less pressure losses
through the air conditioning· and the venturi system)
by a barrier connected to the engine in a tvay which
introduces small knotm mechanical forces in the
thrust direction. Thus soft bellO\;s (Figure 26.5.35) or controlled leakage labyrinth seals (Figure
26.5.3-6) are commonly used. The pressure barrier
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temperature simulation.

o lOW PRESSURE

Airflow rates can be

obtained up to 1300 lb/sec and temperatures can
range from +750 oF to -30°F for the various airflows.
A TF-39 is shmm installed in the test s'ection with

ITfHIGH PRESSURE

the door open.
The pump or ejector used to reduce the exit
static pressure can allow replacement of subsonic
venturis with choked venturis for airflow measure-

ment (if sufficient power is available) because the

choked venturi characteristi~ally demands a larg~r
total pressure drop. This enhances the airflow
measurement accuracy considerably 'tvhich is particu-

larly desirable for (high bypass) turbofan engines.
Indoor facilities of the sea level and altitude

P·ACOMPENSATING CHAMBER

type are both used to examine compressor tolerance
to inlet distortion. Thus screens with nonuniform
grid are mounted in the engine inlet duct to simu-

121

Figure 26.5.3-7. Flight Simulation Chamber

late nonuniform airflow of the real inlet in flight.
The cost of running indoor facilities is large
because of the heavy pm,er demand of the airconditioning and pump systems.

Alternative means, such

as flying test beds, usually do not ailow the
careful instrumentation and operation'hl choice

offered by altitude facilities.

The cost can be

justified if the risk associated with the uncertainty when such testing is not carried out is

intolerable.
26.5.4

Force Accounting in Static Facilities

Figure 26.5.4-1 shows the control volume
configurations used most commonly to evaluate the
forces that interact 'tvith those recorded on the

force balance for the three types of static test
facilities. The force recorded on balance through
the strut consists of the momenta of the fluid
entering and leaving the volume plus the pressure
area integrals over the various surfaces.

Thus

Figure 26.5.3-8. AEDC-RTF Cell J-1
FBAL

= mV9 - mVO +

,(P9-P~) A + J(p-p~)dA

can make a significant contribution to the tbrust
force measurement made by the load cell. This
force equals approximately (Pt2-P~) times the
barrier area. This force is minimized by reducing

where the integral is tile pressure force acting on

the size of the barrier to the engine cross sec-

mized by minimizing the surface area subject to

tional area. A mechanism for nulling the' barrier
pressure force is shoWn in Figure 26.5.3-7 where an
indoor altitude facility for turbopoweted simulators
is shown (labeled ,p-A Compensation Chamber). In

pressures other than Poo'

i

the engine's external sJrfqce.

This term is mini-

The inlet momentum term

is associated with the wind and is therefore important primarily in outdoor test stands. Specifying

that facility, surface areas are provided so that
the pressure forces cancel, resulting in only

---1" . . _____ ~ CONTROL VOLUME

thrust being measured by the balance.
, A large altitude test cell is shown in Figures
26.5.3-6 and 26.5.3-8 (U.S. Air Force Arnold

-- --"

Engineering Development Center, Tennessee), The
figure shows most of the major fea~ures of test

cell J-1.
'
The labyrinth seal shown in Figure 26.5.3-6

1
I_~

STA

a

is used to provide a frictionless coupling device

between the engine and the connected air supply.,
Air, conditioned to the pressure and temperature

required to simulate an altitude and }fach number,
enters the plenum at the front of the facility.

IAI

The airflow rate is determined 'tvith either a ~ingle
large venturi or 'tvith multiple venturi systems -and
enters a large duct where flow straighteners are
located. The air passes through the engine and is

captured by the collector duct.

OUTDOOR AND SEA LEVEL STATIC INDOOR
CONTROL VOLUME DEFINITION

CONTROL VOLUME

The collector duct

is driven by an ejector to match the ambient pressure in the vicinity of the engine exhaust nozzle.

Flight conditions can be set to +0.1 Hach and +100
ft. in altitude.
-

Po:>

This Arnold J-l test facility is 16 ft. in
diameter and 92 ft. long. It can accommodate

IBI

subsonic or supersonic airbreathing propu~sion
systems at Mach numbers from 0 to 3,3 at true

INDOOR ALTITUDE FACILITY CONTROL
VOLUME DEFINITION

Figure 26.5.4-1. Test Facility Control Volume Definitions
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Table 26.5·2. Measured Parameters

zero wind ,one may write the zero term for a wel1designed bellmouth inlet with little friction as

llle steady"state performance parameters arc listed below. Accuracies
are to a 95% cvnfidence level.

Item
no.

This equation shows how the pressure area integral
on the inlet, F 1NL , appear s in the stun of forces
impacting the balance reading. Thus, one may write

If the inlet is on balance as it is in Figure
26.5.4-la, FINL is only of interest for the designer
of the inlet at tachment. If the inlet is of f
balance as in 25.5.4-lb, FINL = 0 and the momentum
at station 1 must be determined accurately.
The integral of pressure over the nacelle
external surface is small enough to be negligible
under most situations of interest in outdoor facilities. For sea level indoor, this term may give
rise to a significant (buoyancy) force. In altitude
indoor facilities, it is obviously large as discussed above.
Calculated force increments are often applied
to the measured thrust which nre used to adj ust for
items like bleed and horsepower extraction, improper
condition setting, and scrubbing drag if there are
geometric differences between the configuration
tested and that desired.
26.5.5

Comparison of A and W Bethods
The approach to a detennination of random
error due to uncertainty in the measurements used
for obtaining net thrust described in Sectiun 26.6
may be used to compare the A and \, methods of gas
generator thrust calculation. Reference 26.5.5-1
is a detailed analysis of these methods as applied
to the afterburning turbofan engine used in the
F-lllA. The influence coefficients of net thrust
on particular measurements are shown in Figure

Min

Max

Estimated
accuracy

1

Nl

Low pressure compressor
10tor speed

0

3800 rpm

±5rpm

2

N2

High pressure compressor
rotor speed

0

8000 rom

±12rpm

3

FG

GrO!s thrust

±.25%f.s.

4

POAR

Ambient pressure

5

PT2.5

6

PSI

0

50K 11>$

14.0

15.3 psia

±.07%f.s.

Fan discharge total pressure

0

±.25%f.s.

High pressure compressor
static pressure
Low pressure turbine
discharge total pressure
8 separate wall statics
Engine inlet static pressure
(Calibrated for Bellmouth
inletl
Arneient temperature

0

8 psig
300 psig

±.25% f.s.

0

8 psig

±.25% f •••

0

·5 psig

±.25% f ••

High pressure turbine
di~charge total temperatllre

0

100°F
16500 F

0

100°F

dischar~

Accuracy

The accuracy of outd.oor tes trig da ta used to
determine engine thrust is a function of: ,I) the
instrumentation used to measure the force, 2) the
calibration of the measuring device, and 3) the
ambient conditions. Typical accuracies of meaSurements made on a modern high bypass ratio engine are
shown on Table 26.5-2.
The total random error associated with any
particular parameter is therefore determined by
combining all the appropriate accuracies shown on
Table 26.5-2 in a root-sum-square (R.S.S.) method
for that parameter (see Section 26.6). }'or example,
the accuracy by which primary nozzle Cv could be
determined is a function of nozzle pressure (PT7)
and temperature (TT7F) , ambient pressure (PBAR) and
temperature (DAIF), compressor inlet static pressure
(PS2) and gross thrust (FC) accuracIes shmm on
Table 26.5-2. The resulting'R.S.S. accuracy for
primary nozzle Cv calculated from ground test data
is 0.7%.
The accuracy of indoor sea-level static test
facilities should be better (no wind) than outdoor
test facilities. In actual fact, however, the
magnitude of corrections applied to the test data
to give comparable results to outdoor data may be
as large as the configuration effects or engine
changes being evaluated. As a result, indoor test
facilities are not as accurate as outdoor cells
when used with an engine which is large relative to
the t~st cell.

Range
Description

Sym

7

PT7

8

PW2·1
PW2·8

0

9

OATF

10

TT6F

11

TF

Fuel sample temperature

12

SG

Fuel sample specific gravity

13

TFI

Fucl inlet temperature

0

100°F

14

WF·I

Fuel flow

20

50GPM

15

SVA

Stator vane angle

16

WINDV

Wind speed

17

WINDO

Wind direction

0.77

-40°

0
·IBO

0.B3

+10°

±.50F
±.5% of rdg
(53o"F 10
165o"FI

±loF
±.l£t%ofrd

±loF
±.5%of rdg
±lo rot.

10MPH

:t.5mph

+180

:!5 0

18

R.H.

Relative humidity

0

19

TT7F

Turbine exhaust temperature

0

100%
14000 F

±.5%f.s.
±.5% of rdg

20

WIF

Water injection flow

0

55 GPM

±.5% of rdg

21

TT2F

Compressor inlet total
temperature
Compressor inlet total
pressure
Compressor intet static
pressure
low pressure compressor
di~hargc total pressure
Low pressure comprCisor
discharge $tatk pressure
Combustion chamber
discharge static pte$Sura
Low pressure compressor
discharge total temperature
High pressure compressor
discharge total temperature

0

100°F

±,50F

0

·5" H2O

:!5%f•••

0

·100" H2O

153o"F 10
o F)

lIoo

23

PT2

21

PS2

25

PT3

26

PS3

•

PS51

28

TT3

29

TT4

30

PLA

Power lever angle

±.25%f•••

0

25 psig

±'25% f~.

0

20 psig

±.25% f •••

0

300 psig

±.25% f •••

0

1400"F

0

55°

1400"F
127 0

±:1°F
±.5% of rdg
(53o"F 10
1400"F)
±Io

26.6.5-1 for each of the methods. These influence
coefficients shm1 the sensitivity of the data
groups charac.terizing flight conditions, engine
pOt1er conditions, nnd engine/afterburner performance
indexes. Note that belm." a po~ver level angle of
65 0 the afterburner is off. Further, when afterbut"ning, Tt7 cannot be determined directly and must
be inferred from an energy balancej hence the
dependence of nct thrust on afterburner efficiency
using the IV method. These influence coefficients
may be combined with the measurement uncertainties
to arrive at an expected uncertainty in net thrust.
Figure 26.5.5-2 shot;s the results together with
thrust measurements made statically with both
engines operating.
The conclusions of Reference 26.5.5-1 (from
which Figure 26.5.5-2 is adapted) are that the W
method tends to be sup!?rior to the A method at
midrange pm.,.,er. At 1m.,., and high power the two
methods tend to be comparable and both should be
used \olhenever possible. The difference between
calculated and measured static thrust lies in the
to 5% range.
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Figure 26.5. 5·2. Comparison of Root Sum Square Thrust Uncer·
tainty and Measured for a Static Run, Two Engines
Operating (Reference 26.5.3)
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Flight Testing

Flight testing is carried out to determine
fuel consumption, drag, and thrust-minus-drag
charac teristics of the complet(·d a irplane. The
relative importance of each of these performance
characteristics depends on the type of airplane and
its primary design mission. For example on a new
fighter aircraft, thrust mintls drag is a measure of
combat effectiveness. On new transports or bombers,
the payload-range characteristics (estimated in the
design process) can be detemined preCisely. The
measurement of drag alone may be useful (or tiE!~v
aircraft designs which are to be operated in environments which cannot be '5 imulated.
In the flight test, the "re<Jl" f'nvironment i~J
thus encountered for the first time, particularly
for the inlE't and exhaust/aft body \"ho1":€ performance
may be Hach- and ReynoJds-nunber dependent. Unfortunately the flight test environment rarely affords
the luxury of extt".nsive instrumentation that is
required for the accurate determination of quantities like mass flows I engine face total pressure
and nozzle exit ambient pressure. Thus to the
extent that such instrumentation is not available
and usc: is made of correlation techniques, uncertainty exists. This uncertainty may play an important role in preventing flight test data from being
useful for the improvement of design methods.
The determination of thrust in flight is the
inversion of the nozzle coefficient definition
procedure. Using the !lA" method, gross thrust is

,

0 0 20 40 6:-80

Wind-Tunnel Facilities

Engine tests in wind tunnels are carried out
at the aerodynamics/propulsion oriented laboratories
of the NASA and military facilities. The useful
testing carried out with small engines in such
facilities is related primarily to the understanding
of propulRive floyl interactions t;dth the 'Jerodynamic
flow around the airplane. Such flows are interactive under circumstances wllere tllP propulsive jet
is large in size and small in pressure ratio or
velocity. Further, such interactions are interesting at low speed on VSTOL types of airplanes.
Thus, for the most part, engines for such purposes
are turboshaft or h1gh bypass turbofan engines
where the engine core performance is determined
prJmarlly in the sea level facilities described
earlier.

AFTERBURNER

ENGINE
COMBUSTION
EFFICIENCY

20 40 80 80 100 120

POWER LEVER ANGLE. DEG

Figure 26.5.5·/. Net Thrust Influence Coefficients on a Full Scale
Afterburning Turbofan Engine at .85> M > 2.2
(From Reference 26.5.5·/) Dashed Line: "A"
Method, Solid Line "W" Method

Here the nozzle thrust coefficient and the ideal
thrust function may be for the convergent or for

26-67

the convergent-divergent nozzle, but consistency
must be maintained. The air flow may be determined
from the discharge coefficient or from independent
measurements nlade in the engine or inlet.
Gross thrust may be obtained with the "Wit
method using the appropriate nozzle coefficient and
any of the possible measurements of mass flow.
Thus

F

G

[C =

Cv

FG )
=CWrr-::-9

t9 ( \oIfT .
t 1deal

i f convergent-divergent theory is used]

The advantage of the 'v method is the reduction of
error associated with the fact that gross thrust
and ram drag are determined using common measures
of air flow rate. Thus the net thrust is not the
difference of two large, independently unc;rtain
measurements.

26.6

UNCERTAINTIES IN THRUST AND DRAG

A quantity like thrust or drag is usually
determined from a compl~x calculation procedure
using measured quantities, experimentally or analyt
ically obtained increments, and a reliance on the
concept of modeling similarity to minimize the
number of independent var iables.

26.6.1

w

•

Random Error

The random variation of measured data around a

true mean value constitutes the simplest form of
error estimation. It can -be shown that the difference between true value and the mean of a series of
measur€'Tuents is proportional to a factor which
varies as Nl/2 where N is the number of data points
taken. lienee i t is always possible to reduce
measurement error by increasing the number of
measurements.
A common problem related to the reduction of
random error is to determine hov.· much repeat data
'to obtain and how stwJIl the random uncerta inty of
the transducer should be to achieve a chosen level
of result uncertainty from a particular experiment.
The usual approach in the analysis of random errors
is to obtain the logarithmic derivative of the
desired quantity (dependent variable) wi th respect
to the independent variables or, in the CDse of a
data reduction program, the input qu<"ntiti.es. This
derivative, or influence coefficient, when multiplied by the fractional uncertainty of the measured
input quantiLy, 6xi/xiJ gives the utlcertainty of
the-dependent variable, ~Yj/Yj' Specifically the
total uncertainty in the output Yj is

~
Yj m

=

[~ [ J [x':<]2}1/2
i-+

Hn Yj
Hnx i

2

ti

"

The process of obtaining the various influence
coefficients in complex computations or data reduction programs requires automation. An approach is
to use a complete set uf input data and sequentially
perturb each of the input quantities so that three
values of Yj are obtained for three nearby values
of Xi' The quantity Yj (Xi) is fitted with a parabolic arc, and the slope at xi. is determined. The
influence coeffieients can be obtained in this way,
either with test data or with dummy input d.1ta
judged as representative, to determine thl' appropriateness of transduc er sensitivit ies and to det.ermine

whether the overall accuracy objectives can be
achieved.
Although this SlIDl square addition procedure
applies only to independent ramdom uncertainties,
it is convenient to combine instrumentation bias
and random uncertainties so that the large number
of errors may be "added. II The. uncertainty of the
combined measurements can then be determined in
addition to the major contributors. Should the
uncertainty thus obtained fall outside the uncertainty goals, additional test points may be obtained
or better transducers should be chosen for the
important measurements.
The power of the numerical error analysis
technique lies in the ease of adapting it to new
calculation procedures. Furthermore, the program
perturbs each of the measured quantities, some of
which may be differential measurements. These
kinds of measurements are awkward to handle analytically, using conventional differentiation of the
governing equations.
Since transducer uncertainties such as those
for pressure and force are generally quoted as
percent of full scale, the influence coefficients
should be adjusted to reflect the fact that they
may be used at 1o,,, or mid-range. In the matrix
printed out for each test condition, the influence
coefficient should be multiplied by the ratio of
full-scale reading to actual reading.
Table 26.6-1 shows the table output (abbreviated
to save space) from an error analysis on the static
calibration of a flight simulation chamber with
balance for calibrating a turbopowered nacelle.
The run condition is shown at the top of the table.
The resulting nozzle coefficients are listed across
the top of the table. Other column headings are as
indicated: the transducer full-scale value in
conventional dimensional units, the transducer
uncertainty (given i_n percent of full-scale or
dimensioned units i f scale indicated is zero), the
nominal value of the transducer reading, and the
symbol (and name) of the transducer read ing.
Inspection of the computer output version of
this matrix shO\;s the significant contributions to
the total uncertainty quoted at the bottom of the
table. The transducers not actually used show zero
influence coefficients. The important measurements
for the determination of fan nozzle coefficients
are ambient and chamber pressures, fan flow parameters, and the axial force balance reading. For
the determination of the prinmry nozzle discharge
coefficient, the air supply line multiple critical
flow venturi readings and primary flow parameters
have the largest influence coefficients. It is
seen that the fan nozzle coefficients' uncertainties
are in the 0.5% size range.
Table 26.6-2 shows a similar result for a
wind-on run in a transonic wind tunnel during an
isolated nacelle test. Note that the random error
net thrust uncertainty at this condition is on the
order of 0.6%.
Figure 26.6.1-1 is an expanded view of the
data shown in Table 26.6-2. The total uncertainty
because of measured quantity uncertainties is shown
for the airflow rate and components of the net
thrust. To illustrate the effect of power setting
and the need for making sure that the most appropriate instrumentation is used, the net thrust uncertainty is shown at H = 0.85 for reduced power
setting.

26.6.2

Bias Uncertainty

The uncertainty introduced by the procedures
involved in measurement is generally referred to as
bias error. This error could be eliminated by
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Table 26.6-1. Flight Simulation Chamber Test Influence Coefficients
INFLUENCE COEFFICIENTS AT PrJ/Po
FPR
UNCERTAINTY,'
%

SCALE

3200.0
1600.0
1200.0
130.0
1500.0
1000.0
1000.0
0.0
1000.0
15.0
7.5
0.0
0.0
15.0
15.0
0.0
0.0
0.0
0.0
0.0

MEASUREO
VARIABLE

NOMINAL
VALUES

-7.330 PM
5.901 YM
4.00666 RM
215.46
AF
3.864 NF
- .053 SF
380.92
P1FN3
TTFN
535.43
296.24
PBEl
14.661 PA
5.6697 DPVCl
602.18
TT3
285.Q1
TT5
7.3400 PT3
1.2707 PT5.1
525.33
TTVCl
TTVC16
525.04
524.62
TTVC32
524.58
TTVC64.1
TTVC64.2
524.58

0.1000
0.1000
0.1000
0.1000
0.1000
0.1000
0.1000
0.0467
0.1000
0.1000
0.1000
0.6542
1.4035
0.1000
0.1000
0.7614
0.7618
0.7625
0.7625
0.7625

PITCH M
YAWM
ROlLM
AXIAL F
NORMAL F
SIDE F
MCV
MCV
AIRLINE
AMBIENT
CHAMBER
FAN EXIT
PRIMARY
FAN EXIT
PRIMARY
CHAMBER
MeV
Mev
MCV
MCV

TOTAL PERCENT

~

2.4423

= 1.50
CDF3

CVF3

0.9805

0.9620

0.B855

0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
.. 0.9433
0.1906
0.0000
1.5414
-1.1135
0.5013
0.0000
-6.250
-0.0000
-0.0052
-0.0754
0.0000
-0.2990
-0.2990

.0268
.0400
.0040
1.436B
.1549
.0113
0.4181
-0.0845
-0.0026
-1.6190
0.5743
-0.5006
-0.0993
-0.3310
-0.'1616
0.0052
0.0754
-0.0000
0.2990
0.2990

0.0001
-0.0000
0.0000
0.0000
0.0000
0.0000
2.6535
-0.5363
-0.0000
-0.7892
-0.1068
-0.0000
0.5060
0.0000
-1.0424
0.0000
0.0000
0.0000
-0.0000
-0.0000

0.5140

0.5286

0.7644

COP

UNC~RTAINTY

"Note: Uncertainties are based on Instrument manufactures guaranteed accuracies.

Table 26.6-2. Iso/ated TPS Test Influence Coefficients
INFlUENCE COEFFICIENTS AT FNPR3 • 2.4062
MACH· 0.66

SCALE

NOMINAL
VALUES

UNCERTAINTY,
%

FN
85.120

2160.0
2160.0
0.0
0.0
10.0

1~:~ I

0.0
1000.0

0.0500
0.0230
0.6620
0.0365
0.1000
0.5812
0.1700

1333.2
807,28
604.21
548.69
5.6984
688.19
1,5687
287.87
270.72

1.3895
0,0300

PS

TUNNEL STATIC

0.1073

Pl·PS

TUNNEL
TUNNEL TOTAL
MCV INLET
FAN EXIT
FAN EXIT
TURa EXIT
TURB EXIT
TURS INLET

- 0,7720
0.2080
0.6382
0.7720
0.3200
0.2040
1.5040

TT

TTFN
PT31
TT31
PT51
TT51
PT.

a

- 0,0472

FGF
181.09
0.2071
1.0267
0.0000
0,0000
0.6430
- 0.0006

0.0000
0.0000
0.0000

FOP

WAP

WAF

35.403

1.6303

•. 3'935

- 0.6502
0.7697
- 0.0000
0.5000

~O,O298

0,6595

0.4161

0.1100

-0,0298
0.6706
0.0000
0.0000
0.0000
·0.5000
04540
0.0000
0.0000
0.0000 I 0.5010
- 0.0000
0.0296! -0.0000
0.7704
04910 ·0.0000 1.0.0000
3.6160 1-0.0000
3.6160

I

-~~-

0.5703

TOT AL PERCENT
UNCERTAINTY

0.0386

0.1259

NUll INFLUENCE COEFFICIENTS ARE NOTED FOR:
LIFT, DRAG, SF, P1FN, PS2, TT4, PAL. RPM

.......
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identifying and improving the method used.
Bias error includes improper calibration,
static friction, and electrical hysteresis. Most
calibration procedures are suffi~icntly accurate
that this error is quite small. For purposes of
error analysis discussed above, it is possible to
add bias and random instrument uncertainties into a
single equiva lent random uncertainty so that a
large number of uncertainties can be added as
described above. This leads to a conservative
estimate of result uncer ta inty. The bias component
of uncertainty can be larger than cited for an
instrument if the envjronment in \vhich it is used
(temperature, temperature grad ient, pressure) is
outside the calibration range.
The measurement of average total pressure and
temperature \Yith a finite number of probes in a
flow is compromised by nonuniform distribution,
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The ability of the probes to sense these changes is
limited by the number of probes employed, otherwise
the probes will influence the experiment.
Nodeling to obtain scale effects Hud increments
for losses due to struts or rakes in the flow

cannot be designed without considering the airplane
and its mission. To this end, the methodologies
used fo~ the determination of the required thrust,
unambiguous for~c accounting during the development
process, and verif iea t ion of flight performance are
presented together Hith a description of the thrust
or drag force increments assoc.iated with the propulsive flmv. Described below is an eXclmple to illustrate the extent to which a design mismatch between
engine and airplane may be experienc.ed.

usually lead to bias error because the relevant
similarity parameter is incorrect. \.Jhile the most
commonly violated parameter is the Reynolds number,
the procedure may still be valid i f the flow is not
separated and if secondary flotvs are knmm to be
small. In that case, the procedures described in
Section 26.3 are appropriate and can do much to

An Example

minimize this uncertainty.
An important case of bias error is that introduced by similarity arguments where the £lm1 is
three dimensional, separated and, to some extent,
controlled by viscous flow effects. This is often
the case in determining afterbody boattail performance on an airframe ~vhen dissimilar, improperly
scaled data is used due to lack of testing time or
money.
These last two components of bias generally
introdqce the largest risk that a performance
shortfall Hill be experienced when the full scale
article is tested.
Problems arise in the "lind tunnel where bias
and nonrepeatability may occur in the construction
of the model and in the wind tunnel [lmv.
Bias
level shifts can be caused by model assemblies that
require the use of aerodynamic filler for contour
buildup and fairings. Uncertainty also arises in
the wind tunnel because of upflow and crossflow,
wall and mounting effects, buoyancy effects, and,
in some cases, tunnel flow temperature gradients.
To the extent that they are known, corrections can
be made during the data reduction procedure, and
the effect can be assessed from the magnitude of
these correction factors.
The inability to scale small models geometrically has forced testing of larger scale portions
of the airframe. In such cases the poor quality of
the full model is traded against the risk of errors
due to the establishment of force increments between
models of varyjng scale. The geometric configuration of the airframe near the larger component
model is often modeled by an oversimplified surface
y!hich introduces some unknmvn error. Careful
design of such surfaces can, however, be utilized
to establish appropriate boundary layer characteristics, minimizing to some extent the Reynolds number
mismatch problem.
Support systems introduce unkno~vn errors which
are often minimized by utilizing two mounting
systems which arc "independent" of each other. For
example, sting mounts from the rear of an aircraft
model often alter the flow locally, and front or
bottom mounts may be needed to obtain aft end I1j et"
ef :ects. Considerable "art l1 has evolved to reduce
errors to manageable levels.
26.6.3

1,

!

Although aircraft are designed to carry out
many types of missions, a common and very important
one is the ability to deliver a payload over a
certain range. The payload-range problem is central
to the successful design of commercial and military
transports as well as bombers. Using it as an
example, hmv uncertainties in thrust, drag, and
aircraft gross weight impact the ability to fly the
desired range can be s11O\vn.
Assume that there is an uncertainty in aircraft
gross weight which stems from a lack of detail
design information. Since lift equals weigllt, this
uncertainty in weight resul ts in uncertainty In
lift required. The drag polar, or a relationship
like that shown in Figure 26.6.3-1, gives the drag
associated with a given lift. Since the drag is
itself uncertain, there results a total ullcertainty
in estimated drag:

D

e

2-

26.6-1

L

I·
L
Figure 26.6.3·1. Variation of Drag With Lift Showing Uncertainty
in Thrust Required ,

Here U is an unsigned uncertainty ~~Therein
sub.cripts refer to the drag and to the weight.

Concluding Remarks

When insufficient time or budget is available
for developing mndel forces, data from "Similar"
configurations is often used. The errors in modeling thus introduced or the failure to verirv the
performance of components which have been aitered
or "improved" as development progresses have historically led to the largest differences between predicted and actual performance. These differences
are rarely resolved once the configuration is
frozen and the development budget is dry. This
unfortunately prevents the design problems from
being resolved and little learning results ~vhich
could lead to better procedures.
This chapter was assembled with the aim of
illustrating the notion that an aircraft engine

th~

W

and (~) are the best estimates of the gross "eight
and l~ft-to-drag ratio. This estimated drag is
transmitted as a thrust requirement together with
its uncertainty, UFo
To determine rati.ge, the actual ~veight of the
airplane~ H, ~\Thich al\.,rays equals lift, L, is
required.
Hence~ the thrust required is:

D

a

26.6-2

This actual drag is uncertain only because of
the uncertainty associated with the drag determina-

26-70

tion procedure. The fuel flow rate required by the
engine to provide a thrust equal to drag is:
Wf = Da (SFC) (1

(~)L

Since a fuel flO\, rate measurement, Wf (l±U FF ),
and thrust measurement, UFH), determine SFC,
26.6-6

± Us)
combining these,
26.6-3

(1 ± Us) (1 ± UD)

U 2

26.5-7

R

where Us is the SFC uncertainty shown in Figure
26.6.3-2.
The Breguet range equation may be integrated

Here UFF may be quite small.

\ve note that

range uncertainty depends on measured engine thrust,
drag, and weight uncertainties.
The errors in the items described above arise,

with constant SFC and (i) and W = L to give:

in part, from the fo11m,ing items:
Range, R

Thrust (and SFC)

26.6-4

1)

incomplete knowledge of component performance

2)

increment in component performance at cruise
conditions,

(turbomachinery as well as inlet and exhaust),

where Wo is the airplane weight at the mission end,
i.e., empty weight, payload, reserves, crew, etc.
The range factor,

1

3)

improper engine cycle for the final airplane

4)

configuration,
incorrect engine size,

5)

engine deterioration in service.

SFC
Drag (and LID)
is uncertain by Us' U • The range suffers further
D
uncertainty for a given fuel load, because Wo may
not be known preciselx at the time range is calculated. Letting Wo = Ho (1 ± Uwl and expanding for
Uw«l, the logarithmic term becomes:

1)

3)

calculation of model and full-scale skin
friction drags,
Reynolds number scale-up of wind tunnel data
for 3-D, nununiformity, compressibility effects,
wind tunnel environment for determining items

4)

geometric uncertainty.

2)

(2) ,

Thrust and Drag
1)
2)
3)
4)
5)

where a

The a parameter is plotte.d in Figure 26.6.3-3

inlet spillage effects,
inlet boundary layer bleeds,
boundary layer bypass ramp characteristics,
jet/freestream interaction effects,
jet modeling techniques.

r

1.0.-------------------,

The uncertainty in range and thrust required

are obtained by the combination of independent
uncertainties, viz:
2
UR

U2
S

U 2

22

+ D + « UI{

O.S

(range)
26.6-5

(required thrust)

ex
0.6

0.4

SFC

0.1

3

0.3

10

:!!i
Wo

Figure 26.6.3·2. Variation of SFC With Thrult
From an Enr;lno Test

Figure 26.6.3·3. Variation ora With. Ratio of Fuel Weight to Air·
plano Weight at Mission End

26-71

r
I

Weight
1)
2)

Sharp-Lip Inlets at Subsonic Speeds,"
NACA Report 1193, 1954.

structural empty weight,
engine weight.

For design purposes the least predictable
items are weights until the aircraft and engine are
actually built and refined. A decrease in weight
can always be traded for payload, which may not be
desirable, but the most serious possibility of
error is that due to the interaction bet'. . een engine
cycle choice and engine "eight.
The discussion throughout this chapter has
focused on the airplane components which impact the
ability of the engine and the airplane to achieve
the mission. Some of the developnlent techniques
which playa role in the iterative design procedure
necessary to identify an optimum engine/airplane
system are discussed from the viewpoint of highlighting their capabilities and limitations. The
magnitude of potential performance shortfall between
prediction and flight and the extent to which the
airplane is "successful" is illustrated.
Remaining Problems
The techniques described in this chapter are
adequate to predict the performance of the airplane
or isolated inlets and nozzles, particularly under
conditions for which a point design is appropriate.
The problems which renmin are those of calculating
the compressible vis cons flow field in three dimensions. This lack has motivated much empirical work
as well as the development of ne" computational
methods.
A second source of design risk is the customary
limitation of time and money which limit the number
of cycles through >Ihich a design may be iterated.
Techniques are needed to reduce the time required
to identify an optimum configuration.
For example,
if efficient calculation methods could be substituted
for traditional wind tunnel tests, considerable
time and money could be saved. Future propulsion
simulation devices may make it possible to model
simultaneously inlet and jet effects, at the right
~~ch and Reynolds numbers in a single test!
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