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High Fidelity Modeling of Field-Reversed

Configuration (FRC) Thrusters

Justin Koo:, Éder M. Sousa;, R. Martin§

April 18, 2017

1 Introduction and Program Description

The project has focused on developing the required tools for accurately simulating Field-Reversed
Con�guration (FRC) thruster operation. This thruster concept was chosen as it is representative of
many of the ubiquitous modeling challenges in the domain of dynamic low-temperature magnetized
plasma. For the spacecraft power levels expected in the foreseeable future, a deep understanding of
this plasma regime is critical to advance plasma propulsion technology beyond the current generation
of electrostatic propulsion devices such as the Hall thrusters and ion thrusters in use today. In this
report, FRC technology is �rst reviewed. Then an overview of the challenges the technology poses as
well as the progress that has been made thus far on the project is provided. The subsequent sections
describe in greater detail the e�orts and successes for each of three critical phases of FRC operation.
Finally, the appendices provide auxiliary reference material and work published in pursuit of these
objectives.

1.1 Review of FRC Technology

The FRC, a type of Closed-Field Plasmoid (CFP), is a self-organized, magnetized plasma con�g-
uration in the shape of a highly compact toroid characterized by the presence of closed magnetic
�eld lines and a high ratio of toroidal to poloidal current. The ratio of plasma pressure to magnetic
pressure (β) is close to unity, i.e. the highest plasma density that can be attained for given external
magnets. A small poloidal �eld also contributes to the particle con�nement. Since FRCs are mag-
netically insulated from the external �eld - the plasma is not tied to an external �eld line - they
can readily detach from the con�ning external �eld. Furthermore, most of the current in FRCs is
in a layer near the surface of the plasmoid so they can be e�ciently translated and accelerated by
applied magnetic �elds. Due to a number of ancillary bene�ts for this con�guration such as having
no external electrodes (the plasma being quasi-neutral, there is no need for beam neutralization),
wide propellant compatibility, high power e�ciency, and low speci�c weight, FRCs are attractive
candidates for next-generation Air Force in-space propulsion needs.

The interest in using FRCs for space propulsion involves much lower power levels (in the tens-
hundreds of kW) compared to fusion energy applications which have been the focus of prior interest
in the con�guration. This leads to the biggest challenge in designing FRC thrusters - the di�culty

:corresponding author: justin.koo@us.af.mil, AFRL, Edwards AFB
;ERC Inc., Edwards AFB
§AFRL , Edwards AFB
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in e�ciently producing and accelerating plasmoids within the constraints of a limited on-orbit
power budget.1 A fundamental constraint on any �xed-power EP system is the tradeo� between
propellant mass e�ciency (known as speci�c impulse or Isp) and total thrust. Given the very
disparate range of Air Force mission requirements - high Isp/low thrust for on-orbit operations
and low Isp/high thrust for rapid orbit transfer - it is critical to optimize a FRC system over a
very wide trade-space. Spanning this space requires an innovative approach to thruster design for
which high-�delity simulations play a very important role. Therefore, developing this fundamental
capability to study the plasma physics, especially associated with FRC thrusters, is at the heart of
this report.

Figure 1: Schematic of θ-pinch FRC formation

To date, a limited number of laboratory thrusters have demonstrated the feasibility of using FRCs
for propulsion application. Two of the most advanced designs are the Electromagnetic Plasmoid
Thruster (EMPT), which uses a θ-pinch formation, and the Electrodeless Lorentz Force (ELF)
thruster [1].In the θ-pinch formation, starting from a background uniform plasma at a constant
axial (bias) �eld, the FRC is formed by pulsing external coils and reversing the applied �eld. This
induces currents at the plasma boundary and "pinching" of the plasma at both ends (see Fig. 1).
The initial bias �eld is trapped inside the plasma and forced to reconnect at the end points (X-
points of the "separatrix") creating an elongated toroidal shape. In the second approach, a RMF,
produced by two AC antennas typically phased at 90 degrees, creates an electron plasma current
large enough to reverse the axially applied bias magnetic �eld (see Fig. 2).

Though recent e�orts to assess the feasibility of neutral entrainment and peristaltic dynamic accel-
eration [2, 3] (capture of ambient gas) for higher thruster performance have greatly furthered the
engineering design of FRC thrusters, signi�cant gaps remain in the scienti�c understanding of the
critical plasma processes involved in basic FRC formation, acceleration, and interaction with am-
bient gases. Computationally, the primary challenge lies in the multiscale (a typical FRC thruster
spans over 5 orders of magnitude in space and 6 orders in time2) and multiphysics (approximate mod-

1In addition, design of any �ight-like system must necessarily have a high power e�ciency otherwise the challenges
due to heat rejection become insurmountable.

2Temporal scales range from inertial e�ects of electron motion (i.e. plasma frequency, ωpe) to the transit time of
neutral �ows - from O(1 ns) to O(100 ms) - and spatial length scales range from the electron Debye length (λDe) to
the device size - from O(1 µm) to O(10 cm).
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Figure 2: Schematic of RMF FRC thruster (left) and typical saddle coil geometry (right)

els are known to miss important physics while fully detailed kinetic simulations are computationally
prohibitive) aspects of the problem. Furthermore, as progress has been made computationally, the
need for highly resolved validation data have increased rapidly. To this end, AFRL/RQRS has led
both 6.1 and 6.2 (on-going) experimental e�orts to develop diagnostics and FRC testbeds speci�-
cally to support better understanding of critical FRC plasma processes. Although this experimental
campaign is critical to developing general design philosophies for low-power plasmoid formation, the
complexity of non-linear plasma processes rapidly reduces the utility of approximate design tools as
the design space moves away from known regions. Ultimately, numerical simulations are an essential
component for robust predictive design and optimization capability for FRC thrusters.

1.2 Technical Challenges

The overall goals of the project were aimed at developing and using high-�delity modeling tools to
study the most important physical processes in FRC operation with the aim of improving thruster
design and developing a predictive design capability. It is important to describe brie�y the oper-
ational phases of the FRC thruster in order to better identify the technical challenges associated
with each of them. These phases are:

1. Preionization - An FRC pulse begins with neutral propellant �ow into the thruster. In all
but the highest power FRCs, it is necessary to create a low level (« 1%) of background plasma
through some sort of Preionization (PI) process. The energetic requirements for this PI stage
are low; however, the spatial distribution de�nes critical ionization initial conditions [4] for
the formation of the �rst plasmoid. Recent results by Kirtley indicate that for multi-pulse
plasmoid operation, the second and subsequent FRC formation processes are inherently facili-
tated by the �nal conditions of the previous pulse. The implication of this is that the residual
species distribution from the �rst pulse must be modeled correctly. Modeling preionization
in general is extremely di�cult since injected propellant could be preionized by a number of
di�erent mechanisms - indeed, besides various gas injection strategies, propellants as diverse
as ionic liquids requiring separate vaporization stages are already being tested as potential
FRC propellants. Since even the shortest of FRC �rings consists of hundreds of individual
plasmoid ejections, high-�delity modeling e�ort focused on weakly ionized, rare�ed, chemi-
cally reacting �ow for the accurate evaluation of the residual state of the neutral gas for the
10s of milliseconds after FRC expulsion until the subsequent formation pulse.

2. Formation - The plasmoid formation sequence contains the most complex series of physical
processes needed for accurately modeling the operation of FRC thrusters. During this phase,
the critical details of ionization kinetics drive the �ow from a weakly ionized rare�ed state to
a fully ionized continuum state. Given the very weak collisionality at the beginning of this
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process, it is strongly suspected that non-equilibrium aspects of the Electron Energy Distribu-
tion Functions (EEDFs) play a critical role in the beginning of FRC formation. As the degree
of ionization of the plasma increases, the EEDF should relax toward local thermodynamic
equilibrium and the spatio-temporal interaction between the electron current and the applied
magnetic �eld becomes more and more critical in de�ning the �nal envelope of the FRC.

3. Translation - After formation, the typical plasmoid residence time in the thruster is on the
order of 10 µs. During this time, the plasma remains essentially fully ionized and the strong
toroidal current interacts with the external �eld to produce the Lorentz force which accelerates
the plasmoid. As the plasmoid translates downstream, it interacts with slow neutrals in its
path through elastic and inelastic collisions. Predicting the degree to which these interactions
remove/add3 momentum from the plasmoid dictates the ultimate performance of the FRC.
While the electrons may be su�ciently collisional to maintain a Maxwellian EEDF, the ions
and neutrals, especially those external to the FRC, are unlikely to reach such an equilibrium
and therefore may require additional kinetic treatment to accurately model their interactions
with the FRC and trajectories in the near-spacecraft environment.

Each phase of FRC operation is associated with a set of technical challenges which, in turn translate
into several areas of focus of our research program. The technical challenges are the following:

1. Field/plasma model - Plasmas are extremely rich in physics largely because of the coupling
between the phase space con�guration and self-induced electromagnetic forces; furthermore,
in a sharp break from neutral �ows, plasma responds to non-local e�ects (such as external
magnetic �elds) at the timescales of the speed-of-light. In FRCs, given the relatively slow
frequency of the RMF driving �eld and the di�usion of neutral gases relative to the electron
plasma frequency, there is an enormous range of timescales which the �eld/plasma model must
resolve. Di�erent plasma models attempt to circumvent this multi-scale problem through
fundamental assumptions which restrict the limit to which the model is valid. For instance,
MHD has been frequently used for FRC simulation but makes the very strict assumption
that the plasma is a single quasi-neutral �uid. While this is most likely not the case (as the
electron current moves almost orthogonal to the bulk ion motion), these models can provide
good qualitative insight and are computationally inexpensive. Moving through the hierarchy
of �uid models gradually relaxes these assumptions and permits more fundamental physics of
the FRC device to emerge. Kinetic models, such as a Particle-In-Cell (PIC) approach, free
the simulation to explore the full range of plasma even when non-local thermal equilibrium is
required.

2. Collisional physics - The kinetics of ionization are critical to the e�ciency (and ultimate
success) of FRC formation at low power levels. This process can best be simulated through
the use of a su�ciently detailed Collisional-Radiative (C-R) model. Furthermore, since the
electrons are likely to be non-Maxwellian to some degree during the formation process (espe-
cially since the PI stage generates such a small number of electrons), the potential need for
non-Maxwellian C-R must also be considered. Inelastic particle collisions, particularly dealing
with momentum and energy exchange between charged and neutral species in the multi-�uid
plasma model, must also be consistently derived from underlying excitation, recombination
and ionization cross sections to ensure that comparison/hybridization between continuum
(which use rate based terms) and kinetic (which use cross-sections) codes are consistent.

3The neutral entrainment concept actually relies on the elastic Charge Exchange (CEX) mechanism to recover
momentum from the �ow between pulses of additional downstream coils
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3. Multi-scale e�ects - FRC simulation is particularly challenging because of the dramatic
di�erences in plasma behavior inside and outside the separatrix. In the interior, continuum
approaches can generally be used e�ectively to average the small scale features (such as the
Debye length and Larmor radius); however, it is the kinetic e�ects which at the boundary
of the separatrix, such as magnetic reconnection at the X-points, which drive critical physics
of FRC formation. Developing numerical techniques to extend kinetic simulation to larger
time and length-scales without losing numerical stability and accuracy, as well as developing
hybridization techniques to couple with continuum models is critical to resolution of the full
spectrum of scales necessary to correctly predict FRC physics.

4. System complexity - Any realistic FRC simulation toolkit requires at least a certain level
of accuracy in the representation of geometric and materials complexities. For instance, the
driving coil for the RMF requires an antenna with a complex shape ("saddle coil", see Fig. 2)
which results in an applied �eld that is neither truly uniform nor conveniently symmetric.
Although the experimental validation program at AFRL/RQRS is attempting to reduce the
geometric complexity as much as possible, certain geometric complexities such as a conical
discharge channel and �nite size downstream acceleration coils may be unavoidable. In ad-
dition, while gaseous monatomic propellants are the �rst choice for study of FRC thrusters,
new materials such as ionic liquids are rapidly gaining traction as potential propellants. The
complex physics of propellant decomposition, vaporization, and potentially even combustion
require the development and integration of complex numerical and physical models.

Though necessary for understanding FRC thrusters, the technical challenges listed above have ap-
plication to a broad range of plasma conditions beyond FRCs. For instance, the same challenges
we will address with the �eld/plasma model are immediately applicable to problems as theoretical
as astrophysics and applied as plasma processing. Similarly, the same collisional physical models
needed to study FRC plasma evolution are critical to developing spectral pro�les for Space Situ-
ational Awareness. Similarly, the same multi-scale e�ects which characterize FRC thrusters also
challenge our existing generation of Hall E�ect Thruster (HET) simulation tools [5, 6]. Any ad-
vancements made in bridging the scale gap will contribute directly to further investigation of the
plasma turbulence characterizing virtually all magnetized plasma environments, both for propulsion
and power generation.

1.3 Progress and Objectives

The overall goal is to develop a coherent hierarchy of computational models from kinetic to contin-
uum regimes capable of modeling complex multi-scale plasma encountered in Air Force propulsion
applications like those speci�cally encountered in the FRC thruster. Though understanding the de-
tails of every phase of FRC operation is a lofty challenge, enormous progress can be made through
the appropriate development and implementation of fundamental physics models.

In addition, gains in algorithmic acceleration, hardware acceleration, and the recent development of
our modern, �exible object-oriented simulation framework, TURF[7], o�er promising opportunities
to apply and couple these disparate models. Computational developments coupled with our ongoing
in-house 6.2 experimental validation campaign and preionization studies provide a comprehensive
foundation which can dramatically improve our ability to engineer high-e�ciency, low-power FRC
thrusters.
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In particular, considerable progress has been made during the course of this LRIR initiative in the
following areas:

1. Multi-scale/multi-physics capability - Numerical simulation tools have been developed
based on a hierarchy of models so that various physical assumptions may be explored in rel-
evant regimes for FRC physics. For example, a multi-�uid plasma framework which includes
electron momentum potentially crucial for understanding the validity and breakdown of stan-
dard magnetohydrodynamic physics in the FRC thruster has been developed. Though relying
on fewer assumptions, the inclusion of the electron physics adds disparate time scales to the
model and additional numerical e�ciency must therefore be attained to complete simulations
in a timely manner. This e�ort has been the primary focus of this LRIR initiative as described
in Section 3 and Appendix B.2 to support the late-stage formation and translation phases of
the FRC modeling e�ort. This development has focused on the groundwork for coupling a
multi-physics framework that includes not only �uid macro-properties but coil-�elds, elastic
collision, and collisional-radiative solvers in a consistent manner. These multi-�uid methods
are historically the least extensively developed of the plasma hierarchy, but they are expected
to be the critical component required for coupling the extremely expensive kinetic models
to the more computationally e�cient �uid resistive MHD models of the type traditionally
employed in FRC thruster design.

2. FRC formation dynamics - Initial formation simulations using the θ-pinch and RMF have
been conducted in Section 3. Though �eld reversal was expected on the axis of symmetry, the
simulations show that the reversal instead begins in isolated magnetic islands that eventually
coalesce at the geometric axis of the experiment. Those simulations, however, assume an
initially fully ionized gas which is dissimilar to the experimental reality. There therefore
remains a need to implement inelastic collision e�ects such as ionization, recombination and
charge exchange models into the multi-�uid models.

3. Preionization - The initial phase of this ionization process will occur with a high degree of
non-equilibrium, both in velocity and atomic state, that is fundamentally inaccessible to the
multi�uid approach. To tackle this initial weakly ionized, rare�ed, early stage, fully kinetic
e�orts in parallel to the multi-�uid work have also been explored. These e�orts include both
in-house work adapting the TURF tool for neutral �ow in the preionization stage as described
in Section 2 as well as the development of coherent inelastic complex collision models for the
atomic state distribution in collaboration with university partners for ionization and neutral
entrainment described in Section 4 along with Appendices A and C.

4. FRC stability and turbulence onset - The multi�uid simulations of Section 3 eventually
become unstable and crash due to the formation of �ner scales than are representable in the
model. Numerous such physical plasma instabilities are known to exist in the FRC regime
including tilt, rotational (with the n=2 one being the most likely), and even possibly the lower-
hybrid drift instability. This last instability could lead to an increase in the resistivity of the
plasma. Anomalous resistivity e�ects can be measured and the �rst indications point to them
being at least one order of magnitude larger than the Spitzer resistivity. Though additional
studies are required in order to verify this observation, this represents an interesting path for
further investigation into the e�ects of anomalous resistivity in electric propulsion devices.

5. Collisional-radiative characteristics - Leveraging work from an ongoing 6.2 program to
couple a detailed argon collisional-radiative model into TURF, the Maxwellian C-R model
has been adapted to a form compatible with multi-�uid codes to provide detailed spectra
for validation with experimental measurements as described in Section C.3. The inelastic
cross-sections underlying this detailed model have been leveraged through the Laser Plasma
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Interaction (LPI) LRIR to generate mass, momentum and energy exchange terms for the MF
closure model in the method suggested by Le [8, 9]. This ensures that the plasma hierarchy is
consistent with respect to collisional transport. In the future, this work will be extended to the
application of non-Maxwellian C-R models as in Section C.2 to the problem of non-equilibrium
kinetic behavior of the plasma during the initial phases of ionization.

These components enable many of the most challenging physical problems critical to FRC modeling
to be addressed within their own limited temporal and spatial scales. Integrating these disparate
models into a uni�ed framework capable of spanning the time, space, and complexity scales required
for the full device operation, however, remains an outstanding challenge impeding understanding of
the full end-to-end operation of these devices. Addressing this challenge is critical to accelerating the
development cycle of such plasma propulsion systems. Coupling these models requires asymptotic
consistency to be established through convergence to equivalent solutions in regimes where more
than one of the models should be applicable. Establishing this level of consistency would enable
computational e�ciency to be dynamically balanced with required �delity moving towards fully
hybrid methods able to traverse this model hierarchy with a bounded level of error. This tighter
model integration remains a key area of focus for the e�ort moving forward.

2 Preionization Model Development

Work on the preionization stage of FRC modeling currently has been split between two distinct
physical regimes. In the �rst, basic neutral rare�ed kinetic modeling of noble gas �ow is applied to
the complex injector geometry of the RP3X FRC experimental collaboration between MSNW Inc.
and AFRL/RQRS. The second regime consists of the MHD �uid modeling of molecular fuels with
non-equilibrium collisional-radiative (C-R) decomposition and ionization kinetics in a simpli�ed
glow geometry in collaboration with the e�orts of Professor Panesi's group at the University of
Illinois Urbana Champaign. Combining these capabilities consistently will be a major goal of the
continued e�orts in modeling these systems.

2.1 Rare�ed Neutral Flow

In the context of a steady-state operation of a FRC pulse train, the preionization phase consists of
the highly rare�ed predominately neutral �ow in the time between pulses as well as the evolution
of the weak ionization and recombination processes occurring intermixed with the neutral �ow.
Current FRC designs tend to rely on a steady neutral �ow to circumvent expected reliability issues
with pu� valves in the required cycling lifetimes. It also removes additional degrees of freedom in the
complexity of the design to simply �ow the propellant gas. Even with steady �ow, the preionization
and injection design has been primarily empirical. Figure 3 shows an example of rare�ed neutral
�ow in the preionization stage of such an injection scheme designed for the RP3X FRC as generated
by the TURF code developed at AFRL/RQRS.

The simulation is based on the experimentally de�ned 20sccm xenon choked in�ow through a 1/16th
inch diameter ori�ce using the gas injector CAD model design for a domain extending from the rear
of the feed tube up to the conical section of the thruster 10.5cm downstream. The standard
Direct Simulation Monte Carlo (DSMC) method[10] was used to model the collisions throughout
the domain though the neutral collisionality is negligible outside the injector nozzle. The range of
spatial scales, density scales, and geometric complexity highlight many of the key factors that make
this problem challenging.

Strong statistical noise dominates in the crucial downstream region of the RP3X simulation while
the vast majority of computational particles and expense is dominated by the high density feed
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Figure 3: Rare�ed neutral xenon density (m´3) for typical mass �ow rates in the RP3X FRC feed
lines and preionizer 8µs after initiation of �ow.

line as the cost of the DSMC method scales proportionally to the number density. This highlights
the need for advanced fractional DSMC methods such as the one under development described in
Appendix C.1 that enable dynamic control over the number of physical particles represented by
each simulation macroparticle. Though this method was also developed within TURF, it has not
yet been fully transitioned into the main codebase that is capable of modeling realistic triangulated
surface physics. This upgrade is expected to provide a major enhancement of computational �delity
at a fraction of the cost. This speedup will be even more critical once transient rather than time
average mean �ows are required for the inter-pulse regime.

2.2 Non-equilibrium RF Ionization

Accurate modeling of the ionization process is a critical �rst step in understanding the evolution
of the plasma conductivity needed for successful �eld-reversal. Experimentally, a seed ionization
source is required to initiate the process even though the residual ionization from previous pulses may
be su�cient for subsequent pulses in quasi-steady multi-pulse operation. Because the geometry is
relatively simple and they operate in a continuous mode, the reduced complexity of the preionization
sources compared to the full system is particularly advantageous. Despite this apparent simplicity,
the high frequency operation (on the order of MHz) facilitates direct probing of rich, Non-Local
Thermodynamic Equilibrium (NLTE), physical e�ects which are likely critical to the 100ns-1µs FRC
formation process timescales through a much more experimentally accessible quasi-steady operating
condition than that of the full pulsed FRC system. This makes preionization a particularly useful
testbed for model validation critical to understanding these NLTE processes. Figure 4 depicts an
example of one such RF preionization stage under development at AFRL.

For the typical noble gas propellant commonly used in electric propulsion such as argon and xenon
gas, these C-R processes were investigated in great detail as part of an associated Laser Plasma
Interaction lab task (14RQ05COR, PM: Dr. J. Marshall). Future 6.2 and 6.3 model development

8



Figure 4: AFRL 15MHz RF preionizer for FRC applications.

for FRC thruster design using these gases will rely heavily on the developments therein.

However, one of the major advantages of the FRC technology compared to Hall and ion thrusters
currently in use is the potential for greatly enhanced fuel �exibility resulting from the electrode-
less design. MSNW has explored several such potential fuels for an In-Situ Resource Utiliza-
tion (ISRU) study as shown in Figure 5 during the course of a related NASA SBIR program
(Contract NoNNX11CB24C) they presented in Reference [11].

Figure 5: MSNW Preionizer Experiments using a variety of potential FRC fuels.

As application of greater interest than ISRU for Air Force applications would be the use of chemical
thruster propellant as electric propulsion reaction mass. This �multi-mode� operation would enable
an unprecedented degree of mission �exibility through the use of a combination of high thrust and
high ISP maneuvers selected as needed throughout the spacecraft lifetime.

In particular, the AF-M315E energetic green ionic liquid mono-propellant (a blend of primarily
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hydroxyethylhydrazinium nitrate, hydroxylammonium nitrate, and water) as a proposed multi-
mode hybrid thruster fuel is on the long term roadmap for FRC technology. However, due to
the limited availability of chemical kinetic and ionization cross section data for AF-M315E speci�c
molecules, validation on component surrogate and decomposition product gasses where more data
is available such as the case for water and nitrogen gas represents a particularly fruitful direction
of investigation for the near term. This surrogate gas approach provides a key route in limiting
the number of interacting unknowns for the critical physical and numerical parameters required to
validate the technique prior to addressing the full complexity system. Once the methods have been
validated with the well understood gasses, the codes then become a tool for investigating the related
processes and missing data for the complex fuels.

To that end, e�orts were coordinated with and leveraged Professor Panesi's AFOSR Summer Faculty
Fellowship program to extend the NLTE hybrid State-to-State C-R models for nitrogen gas to
develop models for an Inductively Coupled Plasma (ICP) RF plasma torch similar to the preionizers
under development at AFRL and MSNW. Appendix A shows the results of these e�orts contrasting
the full NLTE results to simpli�ed multi-temperature models. The most dramatic di�erences were
observed in the near wall regions. Further e�orts to validate the models against experimental data
are left to future e�orts however.

3 FRC Formation Physics

The FRC formation studies constitute the core of the in-house e�orts directed towards this lab task.
The following sections describe the multi-�uid plasma model e�orts as well as an investigation into
the applicability of the quasi-steady state collisional model in place of a full collisional-radiative
modeling for propulsion relevant conditions.

3.1 The Multi-Fluid Plasma Model

The multi-�uid plasma model is obtained by taking velocity moments of the Boltzmann equation for
each of the species present in the plasma. The model is a reduction from the kinetic representation
of the plasma by assuming a Maxwellian distribution function. Each species is modeled as a separate
�uid with its mass, momentum and total energy are described as,

Bρs
Bt `∇ ¨ pρsusq “ 0, (1)

Bρsus
Bt `∇ ¨

´
ρsusus ` psÐÑI

¯
“ ρsqs

ms
pE` us ˆBq `

ÿ

r‰s
Rrs, (2)

Bεs
Bt `∇ ¨ ppεs ` psqusq “

˜
ρsqs
ms

E`
ÿ

r‰s
Rrs

¸
¨ us `

ÿ

r‰s
Qrs, (3)

where the subscript s denotes the species, ρs is the density, us is the velocity, E and B are the
electric and magnetic �elds, m is the mass, qs is the charge, ps “ nsTs is the pressure, and εs is the
total energy given as

εs “ ps
γ ´ 1

` 1

2
ρs|us|2. (4)

The momentum transfer between species s and r is accounted for by the term Rrs, and Rrs ¨ us is
Ohmic heating. The momentum transfer term is described as

Rei “ ´n2
ee

2pη‖v‖ ` ηKvKq (5)
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where η is the resistivity and v “ ue ´ ui. The subscripts ‖ and K denote the directions parallel
and perpendicular to the magnetic �eld.

The Spitzer resistivity is used to calculate the parallel component,

η‖ “ πe2m
1{2
e ln Λ

p4πεoq2T 3{2
e

, (6)

where ln Λ is the Coulomb logarithm and the electron temperature, Te, is in units of energy. The
perpendicular component of the resistivity is ηK “ 1.96η‖.

In Eq. (3), Qrs is the thermal equilibration term between species, which drives the plasma to reach
an equilibrium temperature for all species in the absence of other transport terms. The thermal
equilibration is evaluated di�erently for ions and electrons, respectively

Qie “ Q∆ “
3η‖n2

ee
2

mi
pTe ´ Tiq, (7)

Qei “ ´Rie ¨ pue ´ uiq ´Q∆. (8)

To close the system, the electromagnetic �elds are evolved using the Maxwell's equations in purely
hyperbolic form[12],

BB
Bt `∇ˆE` γ∇Ψ “ 0, (9)

1

c2

BE
Bt ´∇ˆB` χ∇Φ “ ´µo

ÿ

s

qs
ms

ρsus, (10)

1

χ

BΦ
Bt `∇ ¨E “

ÿ

s

qs
ms

ρs, (11)

1

γc2
BΨ
Bt `∇ ¨B “ 0. (12)

The equations are presented in this form to account for the divergence constraint of the magnetic �eld
and Gauss' law. The divergence errors that arise due to numerical discretizations are propagated
out of the computational domain at speeds γc and χc, therefore, larger values will result in faster
"cleaning" of the computational domain. However, larger values of γ and χ impose smaller time-
steps, and, choosing a value of one is usually su�cient.

3.1.1 Initial FRC formation Studies in WARPX

FRC formation studies were initially conducted for the RMF and a theta-pinch con�gurations using
the Washington Approximate Riemann Plasma Solver (WARPX)[13] code. WARPX is a structured,
second order �nite volume two-�uid plasma code developed at the university of Washington. The
r-θ simulations try to reproduce the RMF results produced by Milroy[14] in an attempt to verify
our simulations.

For a better understanding of the formation physics, di�erent aspects are investigated separately
by turning certain terms of the equations on and o�. The �rst simulations are conducted assuming
a collisionless fully-ionized hydrogen plasma, Rrs “ ÐÑ

Π s “ qs “ 0 and Qrs “ 0. According to
Ref. [1], the appropriate generalized Ohm's law is given as

E “ ηJ` JˆB

ne
, (13)
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Figure 6: Electron mass density (a), ion mass density (b), magnetic �eld (c), and current pro�les
for a collisionless multi-�uid plasma simulation using a RMF boundary condition. The formation
of the closed �eld lines and the current in the theta direction point to the formation of a FRC.

and the dominance of the second term, JˆB ą ηJ, leads to the FRC formation. In a collisionless
plasma the ηJ term is zero since the resistivity is zero. In this limit FRC formation is governed
by the RMF magnitude and frequency. Because the electron inertial is not neglected (as is the
case in MHD) the electrons rotate synchronously with the rotating �eld and form a current in
the θ-direction as can be seen in Figure 6. Starting from a uniform plasma with RMF boundary
conditions, a FRC forms in the center of the domain with closed magnetic �eld lines.

Modeling Instabilities:

Unbalanced forces in a plasma can cause instability, and di�erent plasma con�guration are suscep-
tible to certain known instabilities. For FRCs, the three principal global instabilities are:

1. Rotational instability, which is driven by the centrifugal e�ect of rotational �ow, causes friction
between the plasma and the wall and consequently loss of energy;

2. Tearing instability, where friction in the plasma causes the topological changes in the magnetic
�eld con�guration;

3. Tilt instability, which can distort the X-point, can cause magnetic reconnection and the open-
ing closed magnetic surfaces.

In addition to these global instabilities, during the formation of a FRC, other local instabilities can
grow. For a RMF there are two competing torques on the electrons. The �rst torque is produced
by the RMF that penetrates the plasma and drive the electrons into a synchronous rotation with
the RMF (θ-direction current). The second is a resistive torque that results from the electron-ion
collisions. At the interface of these competing torques, the plasma develops a shear layer that
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is prone to instabilities resembling Kelvin-Helmholz (K-H). For FRCs formed using a θ-pinch,
Rayleigh-Taylor instabilities, shown in Figure 7, dominate caused by the acceleration resulting from
the increasing magnetic pressure external to the FRC.

Our model, with a separate electron �uid, is ideal for the understanding of plasma early instability
onset in FRCs. The model couples the RMF with the electron �uid through the Maxwell equations,
producing the RMF torque, and quanti�es the electron-ion momentum transfer, which produces the
resistive torque. Instabilities are inherently a multi-scale problems where small disturbances in the
�ow grow to large disruptions in the �ow ultimately leading to generation of turbulence.

To overcome the high cost of resolving all these electron time scales to extend this methodology
into the longer time scales of the turbulent regime suggests implicit-time integration for the sti�
terms. Initial studies in one dimension have been successfully implemented in Reference [15] and are
also described in the publication of Appendix B.3, where the sti� portion of the multi-�uid model
- electron �uid and electromagnetic �eld - are integrated implicitly. This work is to be extended to
space-time formulation described in Reference [16], to adapt locally in both the spatial and temporal
directions for higher resolution only where it is needed. This will not only speed up the calculations,
but with the higher resolution will lead to a better understanding of the underlying physics.

Ultimately the simulations on structured rectangular domain produced some artifacts at corners
that seem to be unphysical which has led to the development of an unstructured solver to properly
compute these �ows.

(a) Charge separation, ne ´ ni. (b) Magnetic �eld lines.

Figure 7: Initial simulations of the FRC formation using a theta pinch show the development of
Rayleigh-Taylor instabilities. In �gure (a) regions in red depict where the electron number density
is higher while blue is where the ion density is higher.

3.1.2 Investigation of FRC formation physics using Apollo

The RMF FRC formation problem is a primary area of interest. The RMF can be implemented
through boundary conditions, but successful solution of this problem also requires good coupling
between the �uid variables and the �elds. The problem is inherently multi-scale (disparate time
scales between the electrons and the ions �uids) and multi-physics.

For these simulations, a new unstructured DG tool, Apollo, was created to better handle the complex
geometry and boundary conditions as described in Appendix B. The nodal DG method used is
described in greater detail in Appendix B.1.2 and validation of the resulting tool is covered in
Appendix B.2.
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Figure 8: Schematic of the experimental setup. The RMF �eld is produced by the antennas, the
�ux conserver maintains the total magnetic �ux through the plasma cross-section constant, and the
bias �eld generates the initial Bz �eld perpendicular to the shown cross-section.

A signi�cant bene�t of using the DG method is that it provides good coupling between the �uxes
and the source terms, which in turn allows for multi-physics models to couple the �uid through the
source terms without the need for source splitting schemes. This makes DG an excellent method
for the RMF FRC formation problem.

FRC simulations schematic:

The simulations are based on an experimental device at AFRL Edwards. It is modeled in 2D as an
in�nite length quartz cylinder of radius 3 cm. A successful simulation couples the electromagnetic
�elds with the plasma, described here as an electron �uid and an ion �uid (two-�uid plasma model).

The experimental setup schematic is shown in Figure 8. The RMF antennas produce an in-plane
rotating �eld, while the �ux conserver maintains a constant integrated �ux through the discharge

tube,

ż

A
BzdA =constant.

The eight coils carry a time dependent current in such way as to produce a RMF. Each coil is
designed to produce a desired peak magnetic �eld of magnitude Bω uniformly around the plasma
chamber. The time-dependent magnitude of the magnetic �eld is given as Bt “ Bω r1´ expp´t{τqs,
where τ is the amplitude of the rise time.

Boundary Conditions:

Separate boundary conditions need to be applied for the magnetic �elds produced by the RMF
antenna and the �ux conserver. It is worth pointing out that the antenna �eld is in the plane (Bx
and By), while the �ux conserver boundary conditions is the plane perpendicular to the plane, Bz.

The RMF consists of a fundamental component pj “ 1q that rotates at an angular frequency of ω,
and odd spacial harmonics pj “ 2, 3, 4, ...q. The p2j ´ 1qth harmonic rotates at a angular frequency
of p´1qj´1ω{p2j ´ 1q, indicating that every other harmonic rotates in the direction opposite to the
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fundamental [17].

The magnetic vector potential for a polyphase winding of a two-phase system with two coils per
phase is given in [17] as

Az “ 2µoIo
π

8ÿ

j“1

cospp2j ´ 1qα{2q
2j ´ 1

´ r
R

¯2j´1
sin

“
ωt` p´1qjp2j ´ 1qθ‰ (14)

where α is the angular spacing between two coils pertaining to each phase, R is the radius of the
location of the coils, ω is the RMF frequency, and (r,θ) is the polar coordinates along the boundary.

In the case of the two-�uid plasma model, the boundary conditions are actually applied to the
electric (E) and magnetic (B) �elds, which can be obtained from the magnetic vector potential by
taking the time derivative and curl respectively,

E “ ´BABt , B “ ∇ˆA.

The �ux conserving ring produces a current in the θ-direction that keeps the Bz �ux constant, using
a boundary condition is described in [18], given as

Bzpa, tq “ b2Bap0q
b2 ´ a2

´ 1

πpb2 ´ a2q
ż a

0
rdr

ż 2π

0
dθBzpr, θ, tqdθ, (15)

where r “ a is the plasma radius, r “ b is the radius of the �ux conserver, Bap0q is the initial value
of Bz at r “ a. The second term on the right-hand-side represents the calculation of the axial �ux
throughout the plasma. Solid wall boundary conditions are applied for the electron and ion �uids.

FRC Simulation Results:

The formation of the FRC using a RMF follows certain steps which should culminate in the reversal
of the Bz �eld. What is expected to be seen in the simulations is the generation of a current in the
θ-direction caused by the fact that electrons, which are frozen-in the magnetic �eld lines, get spun
by the RMF. The current causes inhomogeneities in the magnetic �eld which results in a change
in the magnetic �ux through the computational domain. The �ux conserving ring will react to the
changing Bz in an attempt to keep the total �ux constant and reversing the �eld.

For the simulation, we assume that the plasma is initially a charge neutral (ni “ ne), uniform,
hydrogen plasma. The initialization is Ti “ Te “ 5 eV, Bω “ 10 G, Bz “ 30 G, n “ 1019 m´3,
ω “ 2.2 MHz and all other variables of the two-�uid plasma model are set to zero.

There are two competing torques exerted on the electrons; the RMF torque and the retarding
torque caused by collisions of electrons with ions (resistivity). The RMF torque manifests itself by
producing a current in the θ-direction because the electron �uid is frozen to the B-�eld and moves
as the �eld rotates. In Figure 9 we can see that the penetration of the �eld into the plasma occurs
early in the simulation at about t=12ns. The momentum transfer term of Eq. 2 is responsible for
generating the retarding torque by modeling ion-electron collisions needed to break the frozen-in �ux
condition of the electrons. However, in this case the temperature is relatively high which decreases
the resistivity and the RMF is capable of penetrating the plasma with relative ease.

In Figure 10a the current density generated by the RMF is plotted at 100ns. It can be seen that
the current is dominant at the plasma edge where the magnetic �eld has had the opportunity to
penetrated the plasma. In Figure 10b the number density for both species shows that there are high
frequency oscillations in the electron �uid and large gradients towards the edge where the current
density is larger. Broad and thick current sheets are associated with �anomalous" resistivity[19].
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(a) t=5ns (b) t=12ns

Figure 9: Magnetic �eld lines showing that the penetration of the �eld in the plasma occurs early.

Anomalous resistivity is a process by which electrons are slowed down by collisions with random
electric �eld �uctuations instead of ion collisions. This process is usually associated with plasma
turbulence, but in our case the �eld �uctuations are due to the RMF.

The Bz-�eld reverses direction at the edge of the plasma, as can be seen in Figure 11a. However
as time progresses the �eld goes from a strong reversal at t=100ns to a weak reversal at t=300ns.
This is due to the fact that the Jθ current is being disrupted and does not form a uniform current
sheet, as can be seen in Figure 11b. From Figures 10a and 11b we can see that the cross-sectional
shape of the current density and Bz �eld, respectively, becomes elliptical, which points to the
development of an n=2 (where n is the azimuthal mode number) rotational instability[20]. The
development of this instability occurs when the ion get spun-up (rotate) in the same direction as
electrons causing currents in opposing directions. The e�ect of having ion and electron current in
opposing directions also reduces the Bz �ux through the plasma cross-sectional, which reduces the
current in the �ux conserver and the strength of the �eld reversal. At t=520ns the �eld reversal is
completely eliminated and the simulation behaves more like a θ-pinch.

For the simulations shown in �g. 12 we can see the magnitude of the z-component of the magnetic
�eld. The plots show that the �eld reversal initially occurs in small islands and eventually coalesce
at the center of the computational domain. The simulations are spatially fourth-order accurate,
and start from a uniform fully ionized hydrogen plasma. This is a boundary value problem as the
dynamics of the simulation is driven by the RMF through the boundary conditions.

Previous simulations of FRC formation have used the MHD model, which neglects the electron
inertia and remove plasma frequency oscillations. In this particular problem, however, the electron
dynamics are quite relevant and high frequency �eld oscillations (through the RMF) play an im-
portant role. This demonstrates the need for the Multi-Fluid Plasma (MFP) model for problems of
this type.

With the MFP model, multiple instabilities that arise during the FRC formation can be studied.
Micro-instabilities are of particular interest because they increase transport rates[21] and can disrupt
the plasma current. Figure 13 plots the in-plane magnetic �eld lines and the electric current. In
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(a)

(b)

Figure 10: (a) In plane current density magnitude and direction at t=100ns. The RMF has caused
the electrons at the plasma edge to rotate, but collisions with the ions at the center have slowed
the electrons down. (b) Ion and Electron number density across the mid-plane at t=100ns. There
is an inhomogeneous density distribution of both species, which could trigger instabilities.

(a)

(b)

Figure 11: (a) Bz-�eld pro�le at t=100, 200, 300ns. The �eld reversal at the plasma edge is de-
creasing over time. (b) Bz and current density vector plot at t=300ns. The current density can no
longer be characterized as a uniform current sheet.
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(a) t=250ns (b) t=500ns (c) t=1500ns

Figure 12: Z-component of the magnetic �eld is plotted over time showing the �eld reversal is
achieved at the center as a result of small magnetic islands coalescence.

Figure 13: Electric current (black vectors) and in-plane magnetic �eld lines at t=4000ns. We can
see that there is full RMF penetration in the plasma and that current in the θ-direction has formed
as expected.

this particular case, the �eld line show a full penetration into the plasma. In addition, simulations
show that the �eld reversal is dependent on the chosen value of the resistivity. At high resistivity
(„ 10µΩ) the �eld does not reverse. This result is consistent with previous simulations[22].

3.2 Collisional-Radiative Model and the QSS Approximation

Through other prior and existing LRIR e�orts (PM: John Luginsland / Jason Marshall), we have an
extremely detailed C-R model for argon („ 52, 0000 lines) and an innovative level grouping scheme
by Le [23] to more e�ciently implement this dataset. However, potentially even more relevant is the
possibility of reducing the computational complexity further through the use of a QSS C-R model.

The QSS solutions of the C-R rate equations o�er a convenient approach to take into account excited
states in the e�ective exchange rates between charge states. The two key assumptions are (a) the
time scales of the excited states are much faster compared to the transport time scales and (b)
the number density of the excited states is much smaller than the ground state ions. This greatly
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simpli�es the implementation cost as only ground states for the neutrals and ions need to be tracked
directly. For a more thorough discussion, the reader is referred to [24, 25, 26] and the references
therein.

Previous work in justifying the QSS approximation have focused on fusion-like plasma conditions
[27, 28]. Our goal in this work was to establish whether a QSS assumption could be used for relevant
propulsion conditions. For the purposes of this study, the atomic data for all the charge states of
argon (Ar`0-Ar`18) was compiled by Los Alamos National Laboratory as extracted from Cowan's
CATS code (https://www-amdis.iaea.org/LANL/argon/)[29]. Similar to Sawada and Fujimoto [27],
unsteady simulations were performed to validate the QSS rates. In the �rst test, shown in Figure 14a,
an ionizing plasma was simulated, i.e., the excited states are populated only through excitation from
the ground state, with ne “ 1020 m´3 and Te “ 5 eV, by solving the C-R rate equations in a time
accurate fashion. This result indicates that the time it takes for the excited states to reach QSS,
denoted as τQSS , is about 0.1 µs, and the ionization rates converge to the QSS values as expected.
In the second test, we simulate a recombining plasma, i.e., the excited states are populated only
through recombination, with same ne and Te. The results in Figure 14b indicate the same value of
τQSS and convergence to QSS recombination rates. The same results for ne “ 1019 m´3 are shown
in Figure 15.
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Figure 14: Various rates for an unsteady simulation of an ionizing Ar plasma with density of 1e20
particles per cubic meter. The dashed-dotted line corresponds to the QSS rate.
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Figure 15: Various rates for an unsteady simulation of an ionizing Ar plasma with density of 1E19
particles per cubic meter. The dashed-dotted line corresponds to the QSS rate.
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Figure 16: Results of a calculation for argon using the QSS model for plasma conditions similar to
the AFRL FRC experiment (ne “ 1019 rm´3s, Te “ 3 revs). Red color is neutral argon, green is
singly ionized argon and blue is doubly ionized argon.

Figure 17: Results of a calculation for xenon using the QSS model for plasma conditions similar to
the AFRL FRC experiment (ne “ 1019 rm´3s, Te “ 5 revs). Red color is neutral xenon, green is
singly ionized xenon and blue is doubly ionized xenon.

Based on these results, it appears possible to leverage the QSS-mode for propulsion plasma with
timesteps of >1 ns at the cost of, at maximum, approximately 10% from detailed ionization rates.
(In reality, this is an overly pessimistic estimate as typical plasma conditions, such as ionization pro-
cesses shown in Figure 16 and Figure 17 do not change signi�cantly on such a short timescale.) Lever-
aging the QSS-based OpenADAS [30] database for plasma spectroscopy through a well-engineered
interface with TURF will allow us to readily evaluate the spectrum and energy balance from C-R
processes for most of the elements of the periodic table. This would represent a signi�cant compu-
tational cost savings for �uid and multi-�uid simulations over the Op10msq timescales important
to late stage formation and translation and where detailed rate information is unavailable. The
dramatic reduction in the number of independent plasma species required to be independently
tracked also represents a major bene�t for kinetic modeling. This consistent kinetic cross-section
data underlying both kinetic and �uid treatments is a critical step towards future consistent model
hybridization e�orts as well.
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4 Translation and Neutral Entrainment

Attempts at modeling of the transition phase of FRC propulsion concepts have typically relied on
single �uid MHD codes such as NIMROD[31] and Mach2[32] adapted from the fusion community.
Work of this type was extended by Meier[33, 34] to two �uids to include plasma-neutral interac-
tions, but the plasma model remained inherently a single �uid dissipative MHD representation. At
propulsion relevant energies and densities, the inherent assumptions of fully ionized single plasma
�uid MHD are not expected to remain valid.

The e�orts of Brackbill et. al. in conjunction with the initiation of this project on neutral entrain-
ment for FRC thrusters in Reference [35] is a notable extension to include kinetic e�ects. Neutral
entrainment is a concept to enable FRC thrusters to attain a wider range of potential speci�c im-
pulses by modifying the accelerated mass for a given energy through charge exchange collisions as
the plasmoid translates through a region of background neutral density. In this work, the fully
kinetic Celeste3D implicit particle in cell code was adapted to include critical elastic and inelas-
tic collision processes for elastic, charge exchange, electron impact ionization, Coulomb, and C-R
collisions needed to accurately model the complex plasma chemistry and dynamics. Figure 18 de-
picts a parametric study of the impact of various background neutral density pro�les on the initial
Schmid-Burgk kinetic equilibrium distribution. For these simulations, neon gas was used as it was
identi�ed as a good candidate for balancing radiation energy losses with e�ective charge exchange
cross section. The simulation was performed in the translating plasmoid reference frame relative to
background neutrals. Background density cases were performed at 0, 1e18, and 3e18 m´3 densities
and at either 20 or 30 km/s relative velocity. The di�erence between the 1e18 and 3e18 density
results demonstrate a strong sensitivity to background neutral density in this density range.

Figure 18: Free molecular neon ion density (1018m´3) of parametric FRC neutral entrainment
simulations from Reference [35].

The simulations were performed in 2D on a coarse mesh due to the signi�cant computational
cost of performing the fully kinetic simulation. Even with these constraints, the electron mass
had to be greatly increased to allow for tractable computation time. This directly modi�es the
plasma frequency and the potential impact of this change on e�ective anomalous resistivity remains
an open question. This demonstrates how far the computational tools must still evolve before
kinetic simulations might be used to estimate the interaction of FRC plasmoids with realistic three-
dimensional residual neutral distributions from prior FRC pulses.
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To extend the neutral entrainment activities described above, Appendix C shows some progress
made during the course of this lab task in conjunction with 14RQ05COR (PM:Marshall) as well
as AFOSR Grant FA9550-14-1-0283 (PM:Marshall) to develop the necessary elastic and inelastic
collision models for kinetic and multi-�uid FRC simulations. The models will be used to augment
or accelerate the kinetic (Section 2) and multi-�uid (Section 3.1) models currently in use for these
types of plasma and described in the prior sections.

Consistent coupled in-elastic collision models are necessary not only for neutral entrainment but also
the initial ionization in the formation process. Appendix C.2 demonstrates e�cient Monte Carlo
Collision (MCC) kinetic techniques that enable stochastic sampling of these inelastic collisions. This
technique is consistent with the C-R rate equations needed for the source terms to the multi-�uid
models which were also developed in Appendix C.3. This model consistency is critical to the future
hybridization of the kinetic and multi-�uid models.

Though Appendix C.1 deals only with standard elastic DSMC kinetic collisions, it demonstrates
a �rst step toward fully three-dimensional kinetic collision kernels that could potentially hybridize
stochastic particle methods with multi�uid collision models. Though this approach may already
improve the e�ciency for kinetic models with extremely disparate density scales, extending the
approach to split the �rst �ve moments of the distribution from positive and negative weight de-
viational particles in the manner pioneered by Ca�isch and Yan in References [36, 37] with the
distinction of variable positive and negative particle weights o�ers an exciting path towards hy-
bridization of the kinetic and �uid models.

Unifying all of these disparate tools into one consistent framework is a critical next step along this
path towards the development of computational tools capable of tackling these types of plasma
which fall on the boundary between kinetic and continuum �uid regimes. This uni�cation e�ort is
a primary focus to the follow-on work.
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ABSTRACT

This paper discusses the modeling of non-equilibrium ef-
fects in inductively coupled plasma facilities. The model
relies on the solution of the Navier-Stokes and Maxwell
equations in a one-dimensional geometry. Steady-state
solutions are obtained by means of an implicit Finite
Volume method. Non-equilibrium effects are treated by
means of a hybrid State-to-State formulation. The elec-
tronic states of atoms are treated as separate species, al-
lowing for non-Boltzmann distributions of their popula-
tions. Thermal non-equilibrium between the translation
and vibrational of heavy-particles is accounted for by
means of a multi-temperature approach. The results show
that non-equilibrium plays an important role close to the
walls, due to the combined effects of Ohming heating,
and chemical composition and temperature gradients.

Key words: NLTE plasmas, State-to-State modeling, In-
ductively Coupled Plasma torch.

1. INTRODUCTION

Inductively coupled plasma (ICP) torches have wide
range of possible applications which include deposition
of metal coatings, synthesis of ultra-fine powders, gener-
ation of high purity silicon and testing of thermal protec-
tion materials for atmospheric entry vehicles [1, 2].

In its simplest configuration, an ICP torch consists of
a quartz tube surrounded by an inductor coil made of
a series of parallel current-carrying rings. The radio-
frequency (RF) currents running through the inductor in-
duce toroidal currents in the gas which is heated thanks to
Ohmic dissipation [2, 3]. If the energy supplied is large
enough, the gas flowing through the torch can undergo
ionization, leading to the formation of a plasma.

The accurate modeling of the flow-field and electromag-
netic phenomena inside an ICP torch requires the cou-
pled solution of the Navier-Stokes and Maxwell equa-
tions [2]. In literature, the Local Thermodynamic Equi-
librium (LTE) assumption is often used to describe the
state of the gas in the discharge region [4–17]. However,

Non Local Thermodynamic Equilibrium (NLTE) simula-
tions of Argon [18, 19] and air plasmas [20], have shown
that the LTE assumption may not always hold.

An accurate modeling of NLTE effects in ICP RF plasmas
can be achieved by means of State-to-State models [21–
33]. These treat each internal energy state as a separate
pseudo species, thus allowing for non-Boltzmann distri-
butions. Rate coefficients are usually obtained through
quantum chemistry calculations [34–39] or through phe-
nomenological models [40, 41]. State-to-State models
provide a superior description compared to conventional
multi-temperature models, which are based on Maxwell-
Boltzmann distributions [42–45]. However, due to the
large number of governing equations to be solved, their
application to multi-dimensional problems can become
computationally demanding [46–50].

The purpose of the present work is the development of
a magneto-hydrodynamic NLTE model for an ICP torch.
The flow model has to be simple enough to allow for the
implementation of sophisticated NLTE models describ-
ing the kinetics of atoms and molecules in the inductor
region. The final goal is the assessment of the extent of
non-equilibrium phenomena occurring in ICP generators
used for Thermal Protection System (TPS) testing.

The paper is structured as follows. Section 2 describes
the physical model. The numerical method is presented
in Sect. 3. Computational results are discussed in Sect.
4. Conclusions are outlined in Sect. 5.

2. PHYSICAL MODELING

The NLTE model for the ICP torch is built based on the
torch geometry displayed in Figure 1. To make the prob-
lem tractable, the following assumptions are introduced:

(i) Constant pressure and no macroscopic streaming,

(ii) Charge neutrality and no displacement current,

(iii) Steady-state conditions for gas quantities (i.e.,
∂()/∂t = 0),

(iv) No gradients along the axial and circumferential di-
rections (i.e., ∂()/∂z = 0, ∂()/∂φ = 0).
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Figure 1: Torch geometry and adopted reference frame.

2.1. Electromagnetic field

The electromagnetic field inside the ICP torch is de-
scribed by the Maxwell equations:

∇ ·E =
ρc

ǫ0
(1)

∇ ·B = 0 (2)

∇×E = −∂B

∂t
(3)

∇×B = µ0J+ µ0ǫ0
∂E

∂t
(4)

where quantities E and B are the electric and magnetic
fields, respectively. Quantity ρc stands for the charge den-
sity. The current density J is assumed to obey Ohm’s
law J = σeE [51], with σe being the electrical conduc-
tivity. Quantities ǫ0 and µ0 are the vacuum permittiv-
ity and magnetic permeability, respectively. The applica-
tion of the simplifying assumptions just introduced to the
Maxwell equations (1)-(4) leads to the following induc-
tion equation for the induced toroidal electric field:

∂

∂r

(
1

r

∂rEφ

∂r

)
= −µ0σe

∂Eφ

∂t
(5)

Since the induced eddy currents which are responsible for
the heating of the gas are induced by a primary current
whose intensity varies sinusoidally in time, it seems nat-
ural to seek for a mono-chromatic wave solution, Eφ =
E exp(ı2πft), where f is the frequency of the primary
current. To account for the possible phase difference be-
tween the induced electric and magnetic fields, the am-
plitude E is taken complex, E = Ere + ıEim. The substi-
tution of E exp(ı2πft) in Eq. (5) leads to:

0× ∂rUem

∂t
+

∂rFem

∂r
= rSem (6)

The electromagnetic (em) conservative variable, flux and
source term vectors are:

Uem = [ Ere Eim ]
T (7)

Fem =

[
∂Ere

∂r

∂Eim

∂r

]T
(8)

Sem =

[
Ere

r2
+ ωµ0σeEim

Eim

r2
− ωµ0σeEre

]T

(9)

where the angular frequency is ω = 2πf . The symbol T
denotes the transpose operator.

Equation (6) must be supplemented with boundary condi-
tions at the axis (r = 0) and at the torch wall (r = R, with
R being the torch radius). On the axis, due to symmetry,
both the real and imaginary components of the induced
electric field must vanish:

Ere = 0, Eim = 0, at r = 0 (10)

The boundary condition at the torch wall is obtained as
follows. The amplitudes of the toroidal electric field and
the axial magnetic field are linked via [17]:

1

r

∂rE

∂r
= −ıωB (11)

where the amplitude B is taken complex. Immediately
outside the wall the magnetic field must be real and, since
there is no plasma outside the tube, its value can only
depend on the ICP operating conditions and characteris-
tics. If the torch is long enough, the magnetic field at the
torch wall can be approximated with the expression for
an infinite solenoid, B(r = R) = µ0NIc, where quan-
tities N and Ic are the number of turns per unit-length
and the amplitude of the primary current. The evaluation
of Eq. (11) at the torch wall and the use of the relation
B(r = R) = µ0NIc gives the wall boundary condition
for the induced electric field:

1

r

∂rEre

∂r
= 0,

1

r

∂rEim

∂r
= −ωµ0NIc, at r = R

(12)

2.2. Gas field

The gas contained in the torch is made of electrons,
atoms and (diatomic) molecules. Charged particles com-
prise electrons and positively singly charged ions. The
set S stores the chemical components, and the heavy-
particles are stored in the set Sh. The atomic and molec-
ular components are stored in the sets Sa and Sm, respec-
tively. The previously introduced sets satisfy the relations
Sh = Sa ∪Sm and S = {e−} ∪ Sm, where the symbol e−
indicates the free-electrons. The electronic levels of the
heavy components are stored in sets Iel

s (with s ∈ Sh) and
are treated as separate pseudo-species based on a State-
to-State approach [52]. The notation si is then introduced
to denote the i-th electronic level of the heavy component
s ∈ Sh, with the related degeneracy and energy being
gel
si and Eel

si , respectively. A multi-temperature model is
instead used for vibration of molecules and translation
of free-electrons (with the related temperatures being Tv

and Te, respectively) [53]. Rotational non-equilibrium
effects are disregarded.

Thermodynamics

The gas pressure is computed based on Dalton’s law of
partial pressures by summing the contributions of free-
electrons and heavy-particles, p = pe + ph, where the
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symbol kB stands for Boltzmann’s constant. The partial
pressures of free-electrons and heavy-particles are, re-
spectively, pe = nekBT

e and ph = nhkBT , where quan-
tities ne and nh denote, respectively, the related the num-
ber densities. The number density of heavy-particles is
obtained via nh =

∑
s∈Sh

ns , with ns =
∑

i∈Iel
s
nsi .

The gas total, vibrational and free-electron energy densi-
ties read:

ρe =
3

2
p+

∑

s∈Sm

ns[Ẽ
r
s(T ) + Ẽv

s (Tv)] +
∑

s∈Sh

ns∆Ef
s+

∑

s∈Sh
i∈Iel

s

nsiE
el
si (13)

ρev =
∑

s∈Sm

nsẼ
v
s (Tv), ρee =

3

2
pe (14)

Quantity ∆Ef
s stands for the formation energy (per parti-

cle) of the heavy component s ∈ Sh. The average particle
rotational and vibrational energies (Ẽr

s and Ẽv
s , s ∈ Sm

,respectively) are computed, respectively, according to
the rigid-rotor and harmonic-oscillator models [54].

Thermodynamic data used in this work are taken from
Gurvich tables [55] (with the exception of the spectro-
scopic data for the electronic levels taken from [26]).

Kinetics

Collisional processes The NLTE model for ICP RF
plasmas developed in this work accounts for the follow-
ing kinetic processes:

(i) Excitation by electron impact (EXe),

(ii) Ionization by electron impact (Ie),

(iii) Dissociation by electron impact (De),

(iv) Dissociation by heavy-particle impact (Dh),

(v) Associative ionization (AI).

Rate coefficients and production terms The en-
dothermic rate coefficients for electron induced processes
and associative ionization reactions are taken from the
ABBA model [26–29]. Those for dissociation by heavy-
particle impact are taken from the work of Park [43].
Reverse rate coefficients are obtained based on micro-
reversibility [56, 57].

The mass production terms for free-electrons and heavy-
particles due to the kinetic processes considered in this
work are computed based on the zeroth-order reaction
rate theory [56, 57]. In what follows, the latter quanti-
ties are indicated with the notation ωe and ωsi .

The energy transfer terms for the gas vibrational en-
ergy account for (i) vibrational-translational (vt) en-
ergy exchange in molecule heavy-particle collisions, (ii)
vibrational-electron (ve) energy exchange in molecule
electron collisions, and (iii) the creation/destruction of vi-
brational energy in chemical reactions (cv). The first two
energy transfer terms (indicated in what follows with Ωvt
and Ωve, respectively) are evaluated based on a Landau-
Teller model [58], while the chemistry-vibration coupling
term (Ωcv) is computed by using the non-preferential dis-
sociation model of Candler [59]. The relaxation times for
vt energy transfer are computed by means of the mod-
ified formula of Millikan and White proposed by Park
[43]. The energy transfer in molecule-electron inelastic
collisions is considered only for N2. The corresponding
relaxation time is taken from the work of Bourdon [60].

The energy transfer terms for the free-electron gas ac-
count for energy exchange undergone by free-electrons
in (i) elastic collisions with heavy-particles (Ωel), (ii) in-
elastic electron induced excitation, ionization and disso-
ciation processes (Ωin) and (iii) Joule heating (Ωj). The
expressions for the first two can be found in [27–29]. The
(time-averaged) Joule heating source term is obtained by
averaging over a period the instantaneous Joule heating
power and reads [15, 17]:

Ωj =
1

2
σe(E

2
re + E2

im) (15)

Transport

Transport phenomena are treated based on the results
obtained from the application of the Chapman-Enskog
method to the Boltzmann equation [61]. In the present
work, transport phenomena are modeled by assuming that
(i) inelastic and reactive collisions have a no effect on the
transport properties and fluxes and (ii) the collision cross-
sections for elastic scattering do not depend on the inter-
nal quantum states. In view of the last assumption, the di-
mension of the transport matrices shrinks from the num-
ber of species to the number of chemical components.

Heavy-particle gas The translational component of
thermal conductivity (λt) is:

λt =
∑

s∈Sh

αλ
sXs (16)

where the mole fractions of the heavy components are
Xs = nskBT/p (s ∈ Sh). The coefficients αλ

s are solu-
tion of the linear (symmetric) transport system:

∑

p∈Sh

Gλ
spα

λ
s = Xs (17)

s ∈ Sh. Quantities Gλ
sp are the entries of the thermal

conductivity (symmetric) transport matrix [56]. The con-
tributions of the gas rotational and vibrational degrees of
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freedom to the thermal conductivity (λr and λv, respec-
tively) are taken into account by means of the generalized
Eucken’s correction [56].

Electron gas The thermal and electrical conductivity
of the electron gas are (in the second and third-order
Laguerre-Sonine approximations, respectively) [62, 63]:

λe =
75

8
kB

√
2πkBTe

me

XeΛ
22
ee

Λ11
ee Λ

22
ee − (Λ12

ee )
2

(18)

σe =
3

2

e2

kB

√
2πkB
meTe

XeΛ
11
ee

Λ00
ee Λ

11
ee − (Λ10

ee )
2

(19)

where the mole fraction of free-electrons is Xe =
nekBTe/p and e = 1.602× 10−19 C is the electron
charge. Quantities Λi,j

ee are the Devoto collision integrals
[62].

Mass diffusion and heat fluxes The mass diffusion
fluxes are found by solving the Stefan-Maxwell equa-
tions under the constraints of global mass conservation
and ambipolar diffusion [62–65]. The diffusion driving
forces include only mole fraction gradients (thermal and
baro diffusion are both neglected). In view of the as-
sumed independence of the elastic collision cross-section
on the internal quantum states, the Stefan-Maxwell equa-
tions are solved for the free-electron and heavy compo-
nent diffusion fluxes (Je and Js, s ∈ Sh, respectively).
The mass diffusion fluxes for the internal (electronic) lev-
els are then found as shown in [17]. The total, vibrational
and free-electron heat fluxes are:

q =
∑

s∈Sh

(
5

2
kBT +∆Ef

s

)
Js
ms

+
∑

s∈Sm

Ẽr
s(T )

Js
ms

+

∑

s∈Sh

i∈Iel
s

Eel
si

Jsi
ms

− λtr
∂T

∂r
+ qv + qe (20)

qv =
∑

s∈Sm

Ẽv
s (Tv)

Js
ms

− λv
∂Tv

∂r
(21)

qe =

(
5

2
kBTe

)
Je

me
− λe

∂Te

∂r
(22)

where the translational-rotational thermal conductivity of
the heavy-particle gas is λtr = λt + λr.

Governing equations

The governing equations for the gas chemical composi-
tion and temperature distribution in the ICP torch are:

∂rUg

∂t
+

∂rFg

∂r
= rSg (23)

where the gas (g) conservative variable, flux and source
term vectors are:

Ug = [ ρe ρsi ρe ρev ρee ]
T (24)

Fg = [ Je Jsi q qv qe ]
T (25)

Sg = [ ωe ωsi Ωj Ωv Ωe ]
T (26)

i ∈ Iel
s , s ∈ Sh, with Ωv = Ωvt + Ωve + Ωcv and Ωe =

Ωel +Ωin + Ωj.

The boundary conditions used for solving Eq. (23) are a
symmetry boundary condition at the axis and an isother-
mal non-catalytic boundary condition at the torch wall
(with the related imposed wall temperature indicated with
Tw). In analogy with the work of Mostaghimi et al.
[18, 19], an adiabatic boundary condition is used for the
vibrational and free-electron temperatures at the torch
wall.

3. NUMERICAL METHOD

3.1. Coupled formulation

The governing equations for the gas and the electromag-
netic fields are strongly coupled due to the presence of the
Joule heating term in Eq. (26) and the electrical conduc-
tivity in Eq. (9). This suggests to adopt a fully coupled
approach by casting Eqs. (6) and (23):

∂rΓU

∂t
+

∂rF

∂r
= S (27)

where conservative variable, flux and source term vectors
are now U = (Ug, Uem), F = (Fg, Fem) and S =
(Sg, Sem). The matrix Γ in Eq. (27) reads:

Γ =




1 0 0 0 0 0 0
0 δsipj

0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0




(28)

i ∈ Iel
s , j ∈ Iel

p , s, p ∈ Sh, where δsipj
= δsp δij , with δ

being Kronecker’s delta.

3.2. Spatial discretization

The application of the Finite Volume method to Eq. (27)
leads to the following ODE describing the time-evolution
of the conservative variables of cell c:

Γ
∂Uc

∂t
rc∆rc + rc+ 1

2
Fc+ 1

2
− rc− 1

2
Fc− 1

2
= Scrc∆rc

(29)
with the cell volume (length) and centroid location be-
ing ∆rc = rc+1/2 − rc−1/2 and rc = 1/2(rc+1/2 +
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rc−1/2), respectively. The evaluation of the diffusive
flux Fc+1/2 is performed by approximating the values
and the gradients of a given quantity p (e.g., tempera-
tures and electric field components) by means of an arith-
metic average and a second order central finite differ-
ence, respectively. To facilitate the implementation of
the constant pressure constraint, the solution update is
performed on primitive variables consisting of mass frac-
tions, temperatures and electric field components, P =
(ye, ysi , T, Tv, Te, Ere, Eim):

ΓTc
∂Pc

∂t
rc∆rc + rc+ 1

2
Fc+ 1

2
− rc− 1

2
Fc− 1

2
= Scrc∆rc

(30)
The transformation matrix T can be easily obtained
from the time-derivative of the conservative variables
(∂U/∂t) by exploiting the global continuity equation
(i.e., ∂ρ/∂t = 0).

3.3. Temporal discretization

Equation (30) is integrated in time by means of the back-
ward Euler method [66]:

ΓTn
c

δPn
c

∆tc
rc∆rc+rc+ 1

2
Fn+1

c+ 1
2

−rc− 1
2
Fn+1

c− 1
2

= Sn+1
c rc∆rc

(31)
where δPn

c = Pn+1
c − Pn

c . The local time-step ∆t
is computed based on the von Neumann number (ξ) as
∆t = ξ/(2ρd) [67], where quantity ρd stands for the
spectral radius of the diffusive flux Jacobian ∂F/∂U.

In order to advance the solution from the time-level n to
the time-level n + 1, Eq. (31) is linearized around the
time-level n. To facilitate the linearization procedure, the
flux F is written as F = A∂P/∂r and the matrix A
is kept frozen during the linearization. The source term
is linearized by evaluating the related Jacobian analyti-
cally to enhance stability. The outcome of the lineariza-
tion procedure is a block-tridiagonal algebraic system to
be solved at each time-step:

M n
L c δP

n
c−1 +M n

C c δP
n
c +M n

R c δP
n
c+1 = −Rn

c (32)

where the right-hand-side residual is:

Ri = −
(
rc+ 1

2
Fc+ 1

2
− rc− 1

2
Fc− 1

2

)
+ Sc rc ∆rc (33)

The left (L), central (C) and right (R) block matrices
can be found from the linearization procedure (see, for
instance, [68] for more details). The block-tridiagonal
system (32) is solved by means of Thomas’ algorithm
[67] and the solution updated at the time-level n + 1,
Pn+1

c = Pn
c + δPn

c . This process is continued until
steady-state is reached.

Boundary conditions are implemented through ghost
cells [67] and the related folding in the central block ma-
trices MC is performed as suggested by Candler [59].

4. COMPUTATIONAL RESULTS

The gas contained in torch consists of nitrogen molecules
and the related dissociation and ionization products (i.e.,
S = {e, N, N2, N+

2 , N+}). Simulations are performed
by means of the ABBA State-to-State (StS) model [26–29]
and the multi-temperature (MT) model proposed by Park
[43].

The torch radius, the number of coils per unit-length, the
frequency of the primary current and the wall tempera-
ture are set to 0.08m, 50, 0.5MHz and 350K, respec-
tively. The current intensity of the primary circuit is not
prescribed. Instead the former is found from the solution
by imposing that the dissipated power (per unit-length) in
the plasma:

P = 2π

∫ R

0

Ωj r dr, (34)

is equal to P0 = 350 000W/m. In order to match the
condition P = P0 at steady-state, the current intensity is
multiplied by the scaling factor γ =

√
P0/P after updat-

ing the solution at each time-step [12, 16]. Three different
values are adopted for the pressure in the torch: 3000Pa,
5000 Pa and 10 000Pa.

In all the cases, the solution is initialized with a uni-
form equilibrium distribution at 7500K (with both elec-
tric field components equal to 0.1V/m). The starting of
the simulation is quite violent. Severe temperature and
chemical composition gradients occur at the wall, due to
the cold temperature imposed. During this initial phase
(in particular when using the StS model), the time-step
must be limited to avoid numerical instabilities. For this
reason, during the first few iterations, the von Neumann
number is kept within the range 1000-10 000. Once the
initial transient passed, its value is increased interactively
(up to 500 000 000) to accelerate convergence to steady-
state. Such large values are possible due to the adoption
of a fully coupled implicit time-integration method.

For the conditions adopted in the present work, the vibra-
tional and free-electron temperature profiles are essen-
tially on top of each other. This is due to the efficient
energy exchange in N2-e− interactions [53]. For this rea-
son, in what follows, the vibrational and free-electron
temperatures are indicated as a unique temperature by
means of the notation Tve.

4.1. Assessment of NLTE effects

Before investigating in detail NLTE effects, an LTE simu-
lation is performed and compared with the NLTE results
to assess the extent of the departure from equilibrium.
The pressure is set to 10000Pa as, for this relatively high
value, LTE conditions are often assumed [17].

Figure 2 compares the LTE and NLTE translational-
rotational temperature, Joule heating and electric field
distributions. Close to the wall, the curvature of the LTE
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Figure 2: LTE and NLTE translational-rotational temperature (a), Joule heating (b) and induced electric field magnitude
(c) distributions at 10 000Pa (unbroken line LTE, dashed line MT, dotted-dashed line StS).

temperature distribution changes sign. This is a conse-
quence of the non-monotone behavior of the equilibrium
total thermal conductivity of the working gas (nitrogen).
The same trend is also found in the MT solution (though
less enhanced), while the one predicted by the StS model
does not exhibit any sign change in its curvature. Both
NLTE models predict that the gas is in thermal equilib-
rium close to the axis (the free-electron temperature is
not shown in Figure 2a), though the equilibrium is dif-
ferent between the MT and StS solutions. In both the
LTE and NLTE simulations, the temperature is maxi-
mum on the axis, due to the absence of radiative losses
in the plasma [7, 8]. Overall, the LTE solution predicts
higher temperature values, with the difference being max-
imum on the axis. This is a general trend observed in all
the simulations performed in this work (and also in the
multi-dimensional results obtained by other investigators
in [17, 20]). In NLTE conditions, the temperature is lower
because the plasma is heated over a wider region com-
pared to LTE conditions. This is confirmed by the Joule
heating distribution shown in Figure 2b. The results in

Figure 2 show that, even when adopting relatively high
pressure values, the LTE assumption can lead to a severe
overestimation of the gas temperature and, as a related
consequence, to a prediction of the chemical composi-
tion. It is worth to recall that in the present work, the
effects of a macroscopic gas flow (which enhance non-
equilibrium) are neglected.

4.2. StS vs MT

After assessing the importance of NLTE effects, the pre-
dictions obtained by the StS and MT models are com-
pared in Figure 3 in terms of temperature and N mole
fraction. For both the StS and MT solutions, decreas-
ing the pressure has the effect of enhancing thermal
non-equilibrium. In the case of the MT model, the
translational-rotational temperature is maximum on the
axis and decreases monotonically when approaching the
wall.
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Figure 3: Comparison between the StS and MT solutions in terms of temperature (left) and N mole fraction (right) at
different pressures: (a)-(b) p = 10 000Pa, (c)-(d) p = 5000Pa, (e)-(f) p = 3000 Pa (in (a), (c) and (e) unbroken line T
StS, dashed line Tve StS, dotted-dashed line T MT, dotted line Tve MT; in (b), (d) and (f) unbroken line StS, dashed line
MT).
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Figure 4: Normalized population of the electronic levels of N at different pressures: (a) p = 10 000 Pa, (b) p = 5000Pa,
(c) p = 3000Pa (line with circles r = 0m [axis], line with squares r = 0.04m, line with triangles r = 0.08m [wall]).

On the other hand the free-electron temperature in-
creases, reaches a maximum and then decreases till
reaching the value determined from the adiabatic bound-
ary condition. The observed behavior is due to the bal-
ance between the Joule heating (which heats up the elec-
tron gas) and the energy loss in elastic and inelastic col-
lisions, and chemical reactions. The peak location of the
free-electron temperature moves towards the wall when
decreasing the pressure. This is a consequence of the
Joule heating distribution (not shown in Figure 3) which
becomes sharper and clustered to the wall at lower pres-
sures.

It is worth to notice that, in the StS simulation, (i) the
translational-rotational temperature no longer exhibits a
monotone behavior and (ii) the axis values of both tem-
peratures are systematically lower than those predicted
by the MT model. The differences observed between the
StS and MT distribution have an effect, as it should be
expected, on the chemical composition of the gas (see
Figures 3b, 3d and 3f).

Figure 4 shows the normalized population of the elec-
tronic levels of N on the torch axis (circles), in the mid-
point of the torch (squares) and at the wall (triangles) at
different pressures. The population distributions exhibit
significant distortions from a Boltzmann shape only close
to the wall (where recombination occurs and the Joule
heating is close to its maximum value). Deviations from
a Boltzmann distributions are more significant when in-
creasing the pressure due to higher recombination (see
Figures 3b, 3d and 3f).

5. CONCLUSIONS

A tightly coupled magneto-hydrodynamic solver for the
study of the weakly ionized plasmas found in RF dis-
charges has been developed. A hierarchy of thermophys-
ical models have been added to the solver to model the
non-equilibrium effects in atomic and molecular plasmas.
These include LTE, multi-temperature and the more so-
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phisticated State-to-State models. The governing equa-
tions for the flow and electromagnetic fields have been
written as a system of time-dependent conservation-laws.
Steady-state solutions have been obtained by means of an
implicit Finite Volume Method.

Results obtained by using a multi-temperature and State-
to-State models have shown that the LTE assumption
does not hold and that its use can lead to a wrong predic-
tion of the thermo-chemical state of the gas. The analysis
of the translational-rotational and free-electron tempera-
ture distributions indicated that non-equilibrium plays an
important role close to the walls, due to the combined ef-
fects of Ohming heating, and chemical composition and
temperature gradients. The accurate investigation of the
population of excited electronic states has shown that,
in view of the absence of a macroscopic gas flow, non-
Boltzmann distributions are limited to a narrow region
close to the torch wall.

Future work will focus on (i) including the effects of
radiation and macroscopic gas flow and (ii) using more
sophisticated State-to-State models to better characterize
NLTE effects.
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The objective of the present work is the development a tightly coupled magneto-hydrodynamic model for
Inductively Coupled Radio-Frequency (RF) Plasmas. Non Local Thermodynamic Equilibrium (NLTE) effects
are described based on a hybrid State-to-State (StS) approach. A multi-temperature formulation is used
to account for thermal non-equilibrium between translation of heavy-particles and vibration of molecules.
Excited electronic states of atoms are instead treated as separate pseudo-species, allowing for non-Boltzmann
distributions of their populations. Free-electrons are assumed Maxwellian at their own temperature. The
governing equations for the electro-magnetic field and the gas properties (e.g. chemical composition and
temperatures) are written as a coupled system of time-dependent conservation laws. Steady-state solutions
are obtained by means of an implicit Finite Volume method. The results obtained in both LTE and NLTE
conditions over a broad spectrum of operating conditions demonstrate the robustness of the proposed coupled
numerical method. The analysis of chemical composition and temperature distributions along the torch radius
shows that: (i) the use of the LTE assumption may lead to an inaccurate prediction of the thermo-chemical
state of the gas, and (ii) non-equilibrium phenomena play a significant role close the walls, due to the combined
effects of Ohmic heating and macroscopic gradients.

I. INTRODUCTION

Inductively Coupled Plasma (ICP) torches have wide
range of possible applications which include deposition
of metal coatings, synthesis of ultra-fine powders, gener-
ation of high purity silicon and testing of thermal pro-
tection materials for atmospheric entry vehicles.1,2 In its
simplest configuration, an ICP torch consists of a quartz
tube surrounded by an inductor coil made of a series of
parallel current-carrying rings (see Fig. 1).

FIG. 1. Example of ICP torch in operating conditions (mini-
torch facility; credits von Karman Institute for Fluid Dynam-
ics).

The radio-frequency (RF) currents running through
the inductor induce toroidal currents in the gas which

a)Electronic mail: munafo@illinois.edu
b)Electronic mail: alfuhai2@illinois.edu
c)Electronic mail: jean luc.cambier@us.af.mil
d)Electronic mail: mpanesi@illinois.edu

is heated thanks to Ohmic dissipation.2,3 If the energy
supplied is large enough, the gas flowing through the
torch can undergo ionization, leading to the formation
of a plasma.

The physico-chemical modeling of the flow-field and
electromagnetic phenomena inside an ICP torch requires,
in theory, the coupled solution of the Navier-Stokes and
the Maxwell equations. The numerical solution of this
coupled system of partial differential equations represents
a challenging task, due to the disparity between the flow
and the electro-magnetic field time-scales.4 Since in the
modeling of ICP facilities one is not normally interested
in resolving electro-magnetic field oscillations,5 displace-
ment currents can be safely neglected without introduc-
ing an appreciable error.2,6 This leads to a more tractable
formulation, as it eliminates the speed of light from the
eigenvalues of the governing equations.4

The first attempts to model the temperature and
electro-magnetic field distributions inside ICP torches
were published in the 1960-1970’s. Examples are the
works of Freeman and Chase,7 Keefer et. al.,8 and the
series of papers by Eckert.9–12 In most of these references,
the torch was approximated as an infinite solenoid and
the plasma generated was considered in Local Thermo-
dynamic Equilibrium (LTE) conditions. This reduces the
problem to the coupled solution of the energy equation
for the gas (known as the Elenbaas-Heller equation7,13)
and an induction equation for the electric field. The
induction equation is formally identical to the one de-
scribing induction heating of metals.14,15 The authors
use the heat conduction potential (i.e. s =

∫
κ dT ), in

place of the temperature T , as thermodynamic variable.
This choice allows one to hide the non-linearity of the
gas (total) thermal conductivity κ and can partially alle-
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viate numerical instabilities that may arise when solv-
ing the discretized set of equations by means of an
iterative procedure. As recognized by Pridmore and
Brown,16 the use of the heat conduction potential be-
comes less effective for molecular gases (e.g. air and
nitrogen mixtures). The major developments achieved
in the field of Computational Fluid Dynamics (CFD)
during the 1970-1980’s, led to the possibility of solv-
ing the ICP magneto-hydrodynamic equations in multi-
dimensional configurations. Examples are given in the
papers by Boulos,17 Mostaghimi, Proulx Bouos and co-
workers,18–23 Kolesnikov and co-workers,24–30 Chen and
Pfender,31 van den Abeele and Degrez32, and more re-
cently Panesi et. al.33 and Morsli and Proulx.34 In these
works, numerical solutions are obtained using an explicit
coupling approach, by solving independently the flow and
the electric field governing equations, and updating cou-
pling terms after each iteration. As observed by van den
Abeele and Degrez,32 the explicit coupling approach pre-
vents the use of Newton’s method during the first it-
erations and requires to resort to more conservative it-
erative techniques (e.g Picard’s method32) at the begin-
ning of the simulation. Convergence issues with Newton’s
method may also arise when solving the flow governing
equations in time-dependent form. This is especially true
when the current intensity in the inductor is updated to
match the imposed value of the power dissipated in the
plasma. The cause of the instability is most probably
due to the lagged update of the Joule heating term in the
energy equation, which is quadratic in the electric field
amplitude.17,31,32

Most of the simulations available in the litera-
ture assume that the plasma in the torch is in LTE
conditions.17–19,31–33,35 This assumption is often justified
by saying that, for the pressure values at which ICP fa-
cilities are operated (e.g. ≈ 104 Pa and above), the colli-
sional rate among the gas particles are sufficiently large to
maintain local equilibrium. A second, and more practical
reason, is the significant stiffness and CPU time reduc-
tion compared to Non-LTE (NLTE) situations. More-
over, in LTE conditions, the gas thermodynamic and
transport properties are only function of two independent
state variables36 (e.g. pressure and temperature). Hence,
they can be easily tabulated to further reduce the com-
putational time. Simulations performed by Mostaghimi
et al.20,22 and by Zhang et al.37 (in Argon and air plas-
mas, respectively) have shown, however, that the use of
the LTE assumption may not always hold.

An accurate modeling of NLTE effects in ICP plas-
mas can be achieved by means of State-to-State (StS)
models.38–50 These treat each internal energy state as a
separate pseudo species, thus allowing for non-Boltzmann
distributions. Rate coefficients are usually obtained
through quantum chemistry calculations51–56 or through
phenomenological models providing a simplified descrip-
tion of the kinetic process under investigation.57,58 State-
to-State models provide a superior description compared
to conventional multi-temperature models, which are

based on Maxwell-Boltzmann distributions.59–62 How-
ever, due to the large number of governing equations to
be solved, their application to multi-dimensional prob-
lems can become computationally demanding.63–67

The purpose of the present paper is development of a
tightly coupled non-equilibrium model for ICP RF plas-
mas. To alleviate the possible occurrence of numerical
instabilities, typical of an explicit coupling approach, the
following steps are taken: (i) the flow and the induced
electric field governing equations are solved in a fully cou-
pled fashion, and (ii) steady-state solutions are obtained
by means of a time-marching approach (as often done in
CFD applications68). The governing equations are dis-
cretized in space by using the Finite Volume method.
Time-integration is then performed by means of a fully
implicit method. As it is shown in the paper, the time-
dependent formulation introduces a local relaxation in
the set of space-discretized equations, which enhances
convergence significantly. The computational ICP frame-
work developed in this work allows for the use of both
LTE and NLTE physico-chemical models. Non-LTE ef-
fects are described based on a hybrid StS model. A multi-
temperature (MT) formulation is used to account for
thermal non-equilibrium between translation of heavy-
particles and vibration of molecules. Excited electronic
states of atoms are instead treated as separate pseudo-
species. Free-electrons are assumed Maxwellian at their
own temperature.

The paper is organized as follows. Section II describes
the physical model. The numerical method for solving
the governing equations is given in Sec. III. Computa-
tional results are presented in Sec. IV. Conclusions are
discussed in Sec. V.

II. PHYSICAL MODELING

This section describes the physical model developed
for the investigation of non-equilibrium effects in ICP
RF plasmas. The non-equilibrium model for the ICP
torch is built based on the torch geometry displayed in
Fig. 2. To make the problem tractable, the following
assumptions are introduced:

(i) Constant pressure and no macroscopic streaming,

(ii) Charge neutrality and no displacement current,

(iii) Steady-state conditions for gas quantities (i.e.
∂()/∂t = 0),

(iv) No gradients along the axial and circumferential di-
rections (i.e. ∂()/∂z = 0, ∂()/∂φ = 0).
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FIG. 2. Torch geometry and adopted reference frame.

A. Electro-magnetic field

The electromagnetic field inside the ICP torch is de-
scribed by the Maxwell equations:

∇ ·E =
ρc

ε0
, ∇ ·B = 0, (1)

∇×E = −∂B

∂t
, ∇×B = μ0J+ μ0ε0

∂E

∂t
, (2)

where quantities E and B are the electric and magnetic
fields, respectively. Quantity ρc stands for the charge
density. The current density J is assumed to obey Ohm’s
law J = σeE, with σe being the electrical conductiv-
ity. Quantities ε0 and μ0 are the vacuum permittivity
and magnetic permeability, respectively. The applica-
tion of the simplifying assumptions just introduced to the
Maxwell equations (1)-(2) leads to the induction equation
for the induced toroidal electric field:

∂

∂r

(
1

r

∂rEφ

∂r

)
= −μ0σe

∂Eφ

∂t
. (3)

Since the induced eddy currents which are responsible
for the heating of the gas are induced by a primary
current whose intensity varies sinusoidally in time, it
seems natural to seek for a monochromatic wave solution,
Eφ = E exp(ıωt), where ω = 2πf (with f being the fre-
quency of the primary current). To account for the pos-
sible phase difference between the electric and magnetic
fields, the amplitude E is taken complex, E = Ere+ıEim.
The substitution of E exp(ıωt) in Eq. (3) leads to:

0× ∂rUem

∂t
+

∂rFem

∂r
= rSem. (4)

The electromagnetic (em) conservative variable, flux and
source term vectors are:

Uem =
[
Ere Eim

]T
, (5)

Fem =

[
∂Ere

∂r

∂Eim

∂r

]T
, (6)

Sem =

[
Ere

r2
+ ωμ0σeEim

Eim

r2
− ωμ0σeEre

]T
. (7)

Equation (4) must be supplemented with boundary con-
ditions at the axis (r = 0) and at the torch wall (r = R,
with R being the torch radius). On the axis, due to sym-
metry, both components of the electric field must vanish:

Ere = 0, Eim = 0, at r = 0. (8)

The boundary condition at the torch wall is obtained as
follows. The amplitudes of the toroidal electric field and
the axial magnetic field are linked via:6

1

r

∂rE

∂r
= −ıωB, (9)

where the amplitude B is taken complex. Immediately
outside the wall the magnetic field must be real and, since
there is no plasma outside the tube, its value can only
depend on the ICP operating conditions and characteris-
tics. If the torch is long enough, the magnetic field at the
torch wall can be approximated with the expression for
an infinite solenoid, B = μ0NIc, where quantities N and
Ic are the number of turns per unit-length and the am-
plitude of the primary current. The evaluation of Eq. (9)
at the torch wall and the use of the relation B = μ0NIc
gives the wall boundary condition for the induced electric
field:

1

r

∂rEre

∂r
= 0,

1

r

∂rEim

∂r
= −ωμ0NIc, at r = R. (10)

B. Hydro-dynamics

The gas contained in the torch is made of electrons,
atoms and molecules. Charged particles comprise elec-
trons and positively singly charged ions. The set S
stores the chemical components, and the heavy-particles
are stored in the set Sh. The atomic and molecular
components are stored in the sets Sa and Sm, respec-
tively. The previously introduced sets satisfy the rela-
tions Sh = Sa ∪ Sm and S = {e−} ∪ Sh, where the
symbol e− indicates the free-electrons. The electronic
levels of the heavy components are stored in sets Iel

s

(with s ∈ Sh) and are treated as separate pseudo species
based on a StS approach.69 The notation si is used to
denote the i-th electronic level of the heavy component
s ∈ Sh, with the related degeneracy and energy being
gelsi and Eel

si , respectively. A multi-temperature model is
instead used for vibration of molecules and translation
of free-electrons (with the related temperatures being Tv

and Te, respectively).60 Rotational non-equilibrium ef-
fects are disregarded.

Thermodynamic properties

The gas pressure is computed as p = pe+ph, where the
symbol kB stands for Boltzmann’s constant. The par-
tial pressures of free-electrons and heavy-particles are,
respectively, pe = nekBTe and ph = nhkBT , where quan-
tities ne and nh denote, respectively, the related the num-
ber densities (with nh =

∑
s∈Sh

ns and ns =
∑

i∈Iel
s
nsi).

The gas total, rotational, vibrational and free-electron
energy densities are:

ρe =
3

2
p+ ρer + ρev +

∑

s∈Sh

∑

i∈Iel
s

nsi(E
el
si +ΔEf

s) (11)
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ρer =
∑

s∈Sm

nsẼ
r
s(T ), ρev =

∑

s∈Sm

nsẼ
v
s (Tv), ρee =

3

2
pe.

(12)
Quantity ΔEf

s stands for the formation energy (per par-
ticle) of the heavy component s ∈ Sh. The average

particle rotational and vibrational energies (Ẽr
s and Ẽv

s ,
s ∈ Sm ,respectively) are computed, respectively, accord-
ing to the rigid-rotor and harmonic-oscillator models70.
Thermodynamic data used in this work are taken from
Gurvich tables71 (with the exception of the spectroscopic
data for the electronic levels taken from Ref. 43).

Chemical-kinetics

The NLTE kinetic mechanism for ICP RF plasmas de-
veloped in this work accounts for:

(i) Excitation by electron impact,

(ii) Ionization by electron impact,

(iii) Dissociation by electron impact,

(iv) Dissociation by heavy-particle impact,

(v) Associative ionization.

The endothermic rate coefficients for electron induced
processes and associative ionization reactions are taken
from the abba StS model.43–46 Those for dissociation by
heavy-particle impact are taken from the work of Park.60

Reverse rate coefficients are obtained based on micro-
reversibility.72,73

The mass production terms for free-electrons and
heavy-particles are computed based on the zeroth-order
reaction rate theory.72,73 In what follows, the latter quan-
tities are indicated with the notation ωe and ωsi , respec-
tively
The energy transfer terms for the gas vibrational en-

ergy account for (i) vibrational-translational (vt) en-
ergy exchange in molecule heavy-particle collisions, (ii)
vibrational-electron (ve) energy exchange in molecule
electron collisions, and (iii) the creation/destruction of
vibrational energy in chemical reactions (cv). The first
two energy transfer terms (indicated in what follows
with Ωvt and Ωve, respectively) are evaluated based on
a Landau-Teller model,74 while the chemistry-vibration
coupling term (Ωcv) is computed by using the non-
preferential dissociation model of Candler.75 The re-
laxation times for vt energy transfer are computed by
means of the modified formula of Millikan and White
proposed by Park.60 The energy transfer in molecule-
electron inelastic collisions is considered only for N2. The
corresponding relaxation time is taken from the work
of Bourdon.76 The energy transfer terms for the free-
electron gas account for energy exchange undergone by
free-electrons in (i) elastic collisions with heavy-particles
(Ωel), (ii) inelastic electron induced excitation, ioniza-
tion and dissociation processes (Ωin) and (iii) Joule heat-
ing (Ωj). The expressions for the first two can be

found in Refs. 44–46. The (time-averaged) Joule heat-
ing source term is obtained by averaging over a pe-
riod the instantaneous Joule heating power and reads
Ωj = σe(E

2
re + E2

im)/2.
31,32

Transport properties and fluxes

Transport phenomena are treated based on the re-
sults of the Chapman-Enskog method for the Boltzmann
equation77 under the assumption that: (i) inelastic and
reactive collisions have a no effect on the transport prop-
erties and fluxes and (ii) the collision cross-sections for
elastic scattering do not depend on the internal quantum
states.
The translational component of thermal conductivity

is λt =
∑

s∈Sh
αλ
sXs, where the mole fractions of the

heavy components are Xs = nskBT/p (s ∈ Sh). The co-
efficients αλ

s are solution of the linear (symmetric) trans-
port system for the translational thermal conductivity
(see, for instance, Ref. 72 for the details). The con-
tributions of the gas rotational and vibrational degrees
of freedom to the thermal conductivity (λr and λv, re-
spectively) are taken into account by means of the gener-
alized Eucken’s correction.72 The thermal and electrical
conductivity of the electron gas are:78,79

λe =
75

8
kB

√
2πkBTe

me

XeΛ
22
ee

Λ11
eeΛ

22
ee − (Λ12

ee )
2
, (13)

σe =
3

2

e2

kB

√
2πkB
meTe

XeΛ
11
ee

Λ00
eeΛ

11
ee − (Λ10

ee )
2
, (14)

where the mole fraction of free-electrons is Xe =
nekBTe/p and e = 1.602× 10−19 C is the electron charge.
Quantities Λij

ee denote the Devoto collision integrals.78

The mass diffusion fluxes are found by solving the
Stefan-Maxwell equations under the constraints of global
mass conservation and ambipolar diffusion.78–81 The dif-
fusion driving forces include only mole fraction gradi-
ents. In view of the assumed independence of the elas-
tic collision cross-section on the internal quantum states,
the Stefan-Maxwell equations are solved for the diffusion
fluxes of chemical components (Je and Js, s ∈ Sh, respec-
tively). The mass diffusion fluxes for the internal levels
(Jsi), are then found as shown in Ref. 6. The gas total,
rotational, vibrational and free-electron heat flux are:

q =
∑

s∈Sh

∑

i∈Iel
s

(
5

2
kBT + Eel

si +ΔEf
s

)
Jsi
ms

− λt
∂T

∂r
+

qr + qv + qe, (15)

qr =
∑

s∈Sm

Ẽr
s(T )

Js
ms

− λr
∂T

∂r
, (16)

qv =
∑

s∈Sm

Ẽv
s (Tv)

Js
ms

− λv
∂Tv

∂r
, (17)

qe =

(
5

2
kBTe

)
Je
me

− λe
∂Te

∂r
. (18)
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Governing equations

The governing equations for the gas chemical compo-
sition and temperature distribution in the ICP torch are:

∂rUg

∂t
+

∂rFg

∂r
= rSg. (19)

The gas (g) conservative variable, flux and source term
vectors are:

Ug =
[
ρe ρsi ρe ρev ρee

]T
, (20)

Fg =
[
Je Jsi q qv qe

]T
, (21)

Sg =
[
ωe ωsi Ωj Ωv Ωe

]T
, (22)

i ∈ Iel
s , s ∈ Sh, with Ωv = Ωvt + Ωve + Ωcv and Ωe =

Ωel +Ωin +Ωj.
The boundary conditions used for solving Eq. (19)

are a symmetry boundary condition at the axis and an
isothermal non-catalytic boundary condition at the torch
wall. Following the work of Mostaghimi et al.,20,22 an adi-
abatic wall boundary condition is used for the vibrational
and free-electron temperatures.

III. NUMERICAL METHOD

The governing equations for the gas and the electro-
magnetic fields are strongly coupled due to the presence
of the Joule heating term in Eq. (22) and the electrical
conductivity in Eq. (7). This suggests to adopt a fully
coupled approach by casting Eqs. (4) and (19):

∂rΓU

∂t
+

∂rF

∂r
= rS, (23)

where the conservative variable, flux and source term
vectors are now U = (Ug, Uem), F = (Fg, Fem) and
S = (Sg, Sem), respectively. The matrix Γ in Eq. (23)
reads:

Γ =

(
I(ns+nt)×(ns+nt) 0(ns+nt)×2

02×(ns+nt) 02×2

)
, (24)

where quantities I and 0 are, respectively, the identity
and null matrices. Their number of rows and columns
are indicated by the first and second lower-scripts, re-
spectively. The symbols ns and nt denote, respectively,
the number of species and temperatures.

Spatial discretization

The application of the Finite Volume method to Eq.
(23) leads to the following ODE governing the time-
evolution of the conservative variables of cell j:68

Γ
∂Uj

∂t
rjΔrj = −Resj . (25)

The right-hand-side residual reads:

Resj = rj+ 1
2
Fj+ 1

2
− rj− 1

2
Fj− 1

2
− Sj rj Δrj , (26)

where the cell volume (length) and its centroid lo-
cation are computed as Δrj = rj+1/2 − rj−1/2 and
rj = (rj+1/2 + rj−1/2)/2, respectively. The evaluation of
the diffusive flux Fj+1/2 is performed by approximating
the values and the gradients of a given quantity p (e.g.
temperatures and electric field components) by means
of an arithmetic average and a second order central fi-
nite difference, respectively. To facilitate the implemen-
tation of the constant pressure constraint, the solution
update is performed on primitive variables (P) consisting
of mass fractions, temperatures and electric field compo-
nents, P = (ye, ysi , T, Tv, Te, Ere, Eim):

ΓTj
∂Pj

∂t
rjΔrc = −Resj . (27)

The transformation matrix T can be obtained from the
time-derivative of the conservative variables (∂U/∂t) by
exploiting the global continuity equation, ∂ρ/∂t = 0.

A. Temporal discretization

Equation (27) is integrated in time by means of the
backward Euler method:68

ΓTn
j

δPn
j

Δtj
rjΔrj = −Resn+1

j , (28)

where δPn
j = Pn+1

j − Pn
j . The local time-step Δt is

computed based on the von Neumann number (ξ) as
Δt = ξ/(2ρd), where quantity ρd stands for the spectral
radius of the diffusive flux Jacobian matrix ∂F/∂U.68 To
advance the solution from the time-level n to the time-
level n + 1, Eq. (28) is linearized around the time-level
n. The outcome of the linearization is a block-tridiagonal
algebraic system to be solved at each time-step:68,82

Ln
j δP

n
j−1 +Cn

j δP
n
j +Rn

j δP
n
j+1 = −Resnj , (29)

where the left, right and central block matrices are:

Lj =
2 rj−1/2

Δrj +Δrj−1
Aj− 1

2
, (30)

Rj =
2 rj+1/2

Δrj +Δrj+1
Aj+ 1

2
, (31)

Cj =

[
ΓTj

Δtj
−
(
∂S

∂P

)

j

]
rjΔrj − (Lj +Rj), (32)

where quantity A stands for the (primitive) diffusive flux
Jacobian matrix, A = ∂F/∂P. The block-tridiagonal
system (29) is solved by means of Thomas’ algorithm68

and the solution updated at the next time-level, Pn+1
j =

Pn
j + δPn

j . This process is continued until steady-state
is reached.

A-17



6

Notice that the discretized time derivative in Eq. (32)
plays the role of a relaxation term. Setting this term
to zero (i.e. infinite time-step) is equivalent to solve
the steady-state form of the governing equations (23)
by means of Newton’s method. Preliminary calculations
performed in LTE conditions indicated that this strategy
can easily lead to numerical instability problems in the
initial transient of the simulation.

IV. APPLICATIONS

The gas contained in torch consists of molecular nitro-
gen and the related dissociation and ionization products,
S = {e−, N, N2, N

+
2 , N

+}. Simulations have been per-
formed by means of the abba StS model43–46 and the
MT model developed by Park.60

The torch radius, the number of coils per unit-length
and the wall temperature are set to 0.08m, 50, and 350K,
respectively. The current intensity of the primary circuit
is found from the solution by imposing that the dissipated
power (per unit-length) in the plasma:

P = 2π

∫ R

0

Ωj r dr, (33)

is equal to a fixed value P0. To match the condition
P = P0 at steady-state, the current intensity is multi-
plied by the scaling factor γ =

√
P0/P after updating

the solution at the new time-step. This approach was
originally introduced by Boulos17 in the 1970’s, and it
has been used since then by other investigators.18,31–33,37

In the present work, no scaling is applied to the electric
field (as opposed to explicit coupling methods32), due to
the use of a fully coupled formulation.
In order to assess the influence of the ICP operating

conditions on non-equilibrium effects, different values of
pressure, frequency of the primary circuit and dissipated
power have been adopted (see Table I).

TABLE I. Adopted values for the pressure, frequency of the
primary circuit and dissipated power (per unit-length) in the
plasma.

Quantity Units Values
Pressure (p) Pa 3000, 5000 and 10 000
Frequency (f) MHz 0.1, 0.5, 1 and 2.5
Dissipated power (P0) MW/m 0.2, 0.3, 0.35 and 0.4

A. Performance of the coupled numerical formulation

The coupled numerical method developed in Sect. III
has been applied over a wide spectrum of operating con-
ditions (given in Table I) in both LTE and NLTE condi-
tions. In all cases treated in this work, no need arose for
the use of techniques to cope with numerical instabilities

such as under-relaxation factors, conservative iterative
strategies (e.g. Picard’s method) or choice of a smart
initial guess for the solution.
To demonstrate in practice the robustness and the

effectiveness of the proposed computational method, a
MT NLTE simulation has been chosen as working ex-
ample. The operating conditions are: p = 10 000Pa,
f = 0.5MHz and P0 = 0.35MW/m. For the sake of sim-
plicity, an isothermal wall boundary conditions has been
used for all temperatures. The solution has been initial-
ized with a uniform equilibrium distribution at 7500K,
with both the real and imaginary electric field compo-
nents set to 0.1V/m. The initial value of the current
intensity was 250A.
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FIG. 3. Time-history of (a) current intensity and (b) nor-
malized L2 norm of the relative error on the translational-
rotational temperature for the MT NLTE model (p =
10 000Pa, f = 0.5MHz, P0 = 0.35MW/m; isothermal bound-
ary condition for all temperatures).

In the early stages of the numerical simulation, strong
gradients in temperature and chemical composition form
in correspondence of the wall, due to the isothermal
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boundary condition imposed. Despite the challenges im-
posed by the problem, the initial value of the von Neuman
number was set to to 1× 105, and increased interactively
(every 25 iterations) up to 5× 108. Such large values
were possible due to the adoption of a fully implicit time-
integration method. Figure 3 shows the time-history of
the current intensity and the L2 norm of the relative error
on the translational-rotational temperature:

errnL2
(T ) =

√√√√ 1

nc

nc∑

j=1

(δTn
j )

2, (34)

where quantity nc denotes the number of cells, and
δTn

j = Tn+1
j − Tn

j . A converged solution is achieved

in less than 100 iterations (see Fig. 3(b)), with a reduc-
tion of more than nine orders of magnitude in the relative
error for the temperature. In practice, the solution is al-
ready converged after 80 iterations, as can be observed
from the current intensity time-history (see Fig. 3(a)).
Figure 4 shows the temperature distribution along

the torch radius. Due to the efficient energy exchange
in N2-e

− interactions,60,76,83 the vibrational and free-
electron temperature profiles are essentially indistin-
guishable. This feature has been observed in all NLTE
simulations performed. This is the reason for the use of
the notation Tve in Fig. 4 (and also in what follows).
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T
, T
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 (

K
)

FIG. 4. MT NLTE temperature distribution (p = 10 000Pa,
f = 0.5MHz, P0 = 0.35MW/m; unbroken line T , dashed-line
Tve; isothermal boundary condition for all temperatures).

B. Assessment of non-equilibrium effects

Before discussing in detail NLTE effects, LTE simula-
tions have been performed and compared with the MT
NLTE results to assess the extent of the departure from
equilibrium. The pressure is set to 10000Pa as, for this
relatively high value, LTE conditions are often assumed.6

The frequency and the dissipated power are 0.5MHz and
0.35MW/m, respectively.
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FIG. 5. Comparison between the LTE and the MT NLTE
temperature (a) and Joule heating (b) distributions (p =
10 000Pa, f = 0.5MHz, P0 = 0.35MW/m; unbroken line
LTE, dashed line NLTE).

Figure 5 compares the LTE and NLTE translational-
rotational temperature and Joule heating distributions.
Close to the wall, the curvature of the LTE tempera-
ture distribution changes sign. This is a consequence
of the non-monotone behavior of the equilibrium total
thermal conductivity of the working gas (nitrogen). The
same trend is also found for the MT solution, though less
pronounced. The MT model predicts that the gas is in
thermal equilibrium close to the axis (see Fig. 4). In
both the LTE and NLTE simulations, the temperature
is maximum on the axis, due to the absence of radiative
losses in the plasma.9,10 Overall, the LTE solution pre-
dicts higher temperature values, with the difference being
maximum on the axis. This is a general trend observed in
all the simulations performed in this work (and also in the
multi-dimensional results obtained by other investigators
in Refs. 6 and 37). In NLTE conditions, the temperature
is lower because the plasma is heated over a wider region
compared to LTE conditions. This is confirmed by the
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Joule heating distribution shown in Fig. 5(c). Analogous
conclusions can be drawn when comparing with the StS
NLTE model adopted in this work.
The results in Fig. 5 demonstrate that, even at rela-

tively high pressures, the LTE assumption can lead to a
severe overestimation of the gas temperature and, in gen-
eral, to an inaccurate prediction of the thermo-chemical
state of the gas. This is further confirmed by the com-
parison for the mole fractions given in Fig. 6. It is
worth recalling that in the present work, the effects of
macroscopic flows (which enhance non-equilibrium) are
neglected.
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10
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10
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10
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10
0

X
s

N
2

e
-
, N

+

N

FIG. 6. Comparison between the LTE and the MT NLTE
mole fraction distributions (p = 10 000Pa, f = 0.5MHz, P0 =
0.35MW/m; unbroken line LTE, dashed line NLTE). Due to
the low concentration of N+

2 (not shown), the mole fractions
of e− and N+ are essentially indistinguishable in both LTE
and NLTE conditions.

C. Influence of frequency and power on non-equilibrium

In order to assess the influence of operating conditions
on non-equilibrium phenomena, it was decided to per-
form a parametric study on the frequency of the primary
circuit and the power dissipated in the plasma. Figures 7-
8 show the results of this investigation for the MT NLTE
model at p = 5000Pa. Increasing the frequency (Fig. 7)
has the effect of narrowing the extent of the skin-depth,
which is the zone over which most of the power is dissi-
pated by Ohmic heating. This can be seen from the re-
lation for the skin-depth14,15, δ = (σeπμ0f)

−1/2. The re-
duction of the skin-depth induces sharper gradients close
to the wall, thereby enhancing non-equilibrium. These
findings are in accordance with the observations reported
by Mostaghimi et al.22 for NLTE Argon plasmas. The in-
crease of the dissipated power (Fig. 8) has an opposite
effect. As can be observed from the results, higher power
levels favor the establishment of thermal equilibrium con-
ditions.
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FIG. 7. MT NLTE temperature distributions for different
values of the frequency of the primary circuit: unbroken line
f = 0.1MHz, dashed line f = 0.5MHz, dotted-dashed line
f = 1MHz, dotted line f = 2.5MHz (p = 5000Pa, P0 =
0.35MW/m; unbroken line T , line with symbols Tve).
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FIG. 8. MT NLTE temperature distributions for differ-
ent values of the dissipated power (per unit-length) in the
plasma: unbroken line P0 = 0.2MW/m, dashed line P0 =
0.3MW/m, dotted-dashed line P0 = 0.35MW/m, dotted line
P0 = 0.4MW/m (p = 5000Pa, f = 0.5MHz; unbroken line
T , line with symbols Tve).

D. Comparison between the StS and the MT predictions

This section compares the predictions obtained by the
StS and MT NLTE models. Figure 9 shows the compar-
ison in terms of temperatures and N mole fraction. For
both the StS and MT solutions, decreasing the pressure
has the effect of enhancing thermal non-equilibrium. In
the case of the MT model, the translational-rotational
temperature is maximum on the axis and decreases
monotonically when approaching the wall.

On the other hand the free-electron temperature
increases, reaches a maximum and then decreases
until reaches the value determined from the adiabatic
bound-
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FIG. 9. Comparison between the translational-rotational temperature (left) and the N mole fraction (right) distributions
predicted by the StS and the MT NLTE models at different pressures: (a)-(b) p = 10 000Pa, (c)-(d) p = 5000Pa, (e)-(f)
p = 3000Pa (f = 0.5MHz, P0 = 0.35MW/m; in (a), (c) and (e) unbroken line T StS, dashed line Tve StS, dotted-dashed line
T MT, dotted line Tve MT; in (b), (d) and (f) unbroken line StS, dashed line MT).

ary condition. This behavior is due to the balance be-
tween the Joule heating (which heats up the electron gas)
and the energy loss in elastic and inelastic collisions, and

chemical reactions. The peak location of the free-electron
temperature moves towards the wall when decreasing the
pressure. This is a consequence of the Joule heating dis-
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tribution (not shown in Fig. 9) which becomes sharper
and clustered to the wall at lower pressures. It is worth
noticing that, in the StS simulation, (i) the translational-
rotational temperature no longer exhibits a monotone
behavior and (ii) the axis values of both temperatures
are systematically lower than those predicted by the MT
model. The differences observed between the StS and
MT temperature distribution have an effect, as it should
be expected, on the chemical composition (see Figs. 9(b),
9(d) and 9(f)).
Figure 10 shows the normalized population of the elec-

tronic levels of N on the torch axis (circles), in the mid-
point of the torch (squares) and at the wall (triangles)
at different pressures. The population exhibit significant
distortions from a Boltzmann shape only close to the wall
(where recombination occurs). Deviations from a Boltz-
mann distributions are more significant when increasing
the pressure due to higher recombination.

V. CONCLUSIONS

A tightly coupled magneto-hydrodynamic solver for
the study of the weakly ionized plasmas found in RF
discharges has been developed. A hierarchy of thermo-
physical models have been added to the solver to model
the non-equilibrium effects in atomic and molecular plas-
mas. These include LTE, multi-temperature and the
more sophisticated State-to-State models. The govern-
ing equations for the flow and electromagnetic fields
have been written as a system of coupled time-dependent
conservation-laws. Steady-state solutions have been ob-
tained by means of an implicit Finite Volume Method.
Results obtained by using a multi-temperature and

State-to-State models have shown that the LTE assump-
tion does not hold and that its use can lead to a wrong
prediction of the thermo-chemical state of the gas. The
analysis of the temperature distribution in the torch indi-
cated that non-equilibrium plays an important role close
to the walls, due to the combined effects of Ohmic heat-
ing, and chemical composition and temperature gradi-
ents. The accurate study of the population of excited
electronic states has shown that, in view of the absence
of a macroscopic gas flow, non-Boltzmann distributions
are limited to a narrow region close to the torch wall.
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67A. Munafò, M. G. Kapper, J.-L. Cambier, and T. E. Magin, “In-
vestigation of nonequilibrium effects in axisymmetric nozzle and

A-23



12

blunt body nitrogen flows by means of a reduced rovibrational
collisional model,” AIAA Paper 2012–0647 (2012) 50h AIAA
Aerospace Sciences Meeting including the New Horizons Forum
and Aerospace Exposition, Nashville, TN.

68C. Hirsch, Numerical Computation of Internal and External
Flows (John Wiley & Sons, New York, NY, 1990).

69M. Capitelli, C. M. Ferreira, B. F. Gordiets, and A. I. Osipov,
Plasma Kinetics in Atmospheric Gases (Springer, 2000).

70L. Pauling and E. B. Wilson Jr., Introduction to Quantum Me-
chanics with Applications to Chemistry, Dover Books on Physics
(Dover Publications, Mineola, NY, 1985).

71L. V. Gurvich, Thermodynamic Properties of Individual Sub-
stances (CRC press, 1994).

72V. Giovangigli, Multicomponent Flow Modeling (Birkhäuser,
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B.1 Apollo: An Unstructured Framework for Multi-Fluid Plasma Modeling

A great amount of time has been dedicated to the development of a code that is able to address
some of the bigger challenges associated with plasma and FRC modeling. The multi-scale and multi-
physics nature of the problem requires that special attention be payed to the numerical methods that
are used, so that a seamless and accurate integration of the di�erent physics is attained. With that
in mind a framework, Apollo, has been developed that incorporates some of the best practices in
scienti�c computing as it is shown schematically in Figure B1. The observations resulting from this
investigation will make a major impact on the trajectory of the Thermophysics Universal Research
Framework as it is adapted to encompass these types of models in the future.

B.1.1 Code Implementation

A hyperbolic solver framework for the multi-�uid plasma model has been developed. The objective
was to create an unstructured solver that would be able to accommodate the complex geometry that
is associated with experimental setup, as well as include the state-of-the-art scienti�c computing
principles.

The framework is implemented using the PETSc[B1] developed at the Argonne National Laboratory
to ease in the development of large-scale scienti�c application codes. It consists of a variety of
libraries which manipulate a particular objects (like vectors and/or matrices) and the operations
one would like to perform on the objects. In essence, PETSc addresses the various phases of solving
Partial Di�erential Equations (PDEs), while separating the issues of parallelism from the choice of
numerical methods.

A PETSc subclass that is particularly useful is the DMPlex[B2] for unstructured data management.
DMPlex stores the connectivity information associated with the mesh as a layered Directed Acyclic
Graph (DAG), which allows for dimension free programming, and optimization of not only �le I/O
but also parallel data distribution using graph partitioning libraries. The framework accepts meshes
generated in gmsh[B3]. Gmsh is a fast, light and user-friendly �nite element meshing tool with a
built-in CAD engine and post-processor.

Output �les are written using the VTK[B4] �le format which can be easily read by Visit or Paraview.
VTK is an open-source, object-oriented software system for computer graphics, visualization, and
image processing.

PETSc Time Stepping (TS) library is used to advance the algorithm in time; this supports both the
solution of PDE's and Di�erential algebraic equations (DAEs). Currently only explicit PDE's time
integrators are implemented, with the default being the Strong-Stability Preserving (SSP) second
order Runge-Kutta method[B5]. The DAE functionality will prove very useful when the code is
extended to include implicit time integration to address the multi-scale nature of the plasma of
interest for FRC applications.

The packages described above are the "backbone" of the framework meant to speedup �le I/O, as
well as making the domain partitioning and parallel communication more e�cient. In addition the
framework is not "married" to any speci�c numerical method, allowing any or many di�erent spatial
discretizations to be implemented.

B.1.2 Numerical Method: Discontinuous Galerkin Finite Element

Currently only the discontinuous Galerkin �nite element method has been implemented, but the
continuous Galerkin �nite element method should follow soon as well. The nodal DG method[B6]
belongs to the set of �nite element methods that does not enforce C0 continuity at element bound-
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Figure B1: Schematic of the Apollo code. On the left is the input �les, a grid �le generated in gmsh
or an exodusII �le. The PETSc time-stepper evolves the framework in time, allowing for multiple
strong-stability-preserving Runge-Kutta methods. The PETCs DMPlex handles the data structure
and domain partitioning the communication between processors. On the right is the unstructured
VTK �le output (extension .vtu). The output .vtu �les need to be post processed in order for it to
be visualized in Visit or Paraview.

aries, i.e. at the boundary of two elements the variables are allowed to be discontinuous. In the DG
method the conserved variables are represented as a summation of polynomial basis functions that
describe how these variables change inside each element as

Qspt, xq “
mÿ

j“1

qjptqφjpxq, (16)

where φj are the spatial basis functions and qj are the temporal coe�cients.

The governing hyperbolic equations that evolve the conserved variables Qs are multiplied by the
test functions (in a Galerkin representation the test and the basis functions are the same), and
integrated over each element volume,ż

Ω
dxφi

BQs

Bt `
ż

Ω
dxφi∇ ¨ F “

ż

Ω
dxφiS

s. (17)

Integration by parts is applied to the second term and the above equation becomesż

Ω
dxφi

BQs

Bt `
¿

BΩ
dA ¨ Fφi ´

ż

Ω
dx∇φi ¨ F “

ż

Ω
dxφiS

s. (18)
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The surface integral in Eq. (18) accounts for the �uxes across element boundaries, which are com-
puted using a numerical �ux, Lax-Friedrichs �uxes[B7] in this case, and given as

F “ 1

2

“
FpQè q ´ FpQ´

e`1q
‰´ 1

2
|λ|pQè ´Q´

e`1q, (19)

where |λ| is the largest eigenvalue of the �ux Jacobian using surface values averaged from elements
e and e ` 1, and where the superscripts ` and ´ represent the values at the upper and lower
boundaries of the elements. The surface and volume integrals are evaluated using quadrature rules.

Separating the temporally and spatially dependent terms, Eq. (18) can be written as

Bqi
Bt “

ż

Ω
dxφiS

s ´
¿

BΩ
dA ¨ Fφi `

ż

Ω
dx∇φi ¨ F ” LipQsq, (20)

where LipQsq is an operator containing all the spatially dependent term. One of the major bene�ts
of the DG method is the data locality of the spatial operator, which is limited to nearest neighbor
elements. The equation Bqi{Bt “ LipQsq becomes a simple or Ordinary Di�erential Equation (ODE)
that can be integrated in time using simple Runge-Kutta time integrators. In this application
second-order strong-stability-preserving method[B5] is used.

Prior to using the code for FRC simulations, the code was extensively veri�ed for the solution of
Maxwell's equations for the �eld solver and Euler equations for the �uid solver independently. This
veri�cation is discussed in more detail in Appendix B.2
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B.2 Apollo Veri�cation Cases

Before the code was used to study FRC formation simulations it was veri�ed against standard
problems. The veri�cation consisted of two phases, the �rst one being for the Maxwell equations
for the �eld solver, and the second one for the Euler equations for the �uids.

Figure B2: Convergence plot for 2nd, 3rd, and 4th order accurate for the nodal DG implementation.
The slope of each line should be the order of accuracy of the numerical method.

The �rst problem that we use to test the code is the two-dimensional Maxwell equation in the
transverse magnetic form[B7]. The problem models a metallic cavity, Ω “ r´1, 1s2, where µ “ µo
and ε “ εo, the vacuum values. For boundary conditions the walls of the cavity are assumed to be
perfectly electrically conducting such that the tangential component of the electric �eld vanishes
at the wall. The magnetic �eld boundary conditions are implemented by setting the values on the
outside of the boundary equal to the ones on the inside, H˚ “ H´.

The bene�ts of using the cavity problem is that the exact solution over time is known, and given
by,

Hxpx, y, tq “ ´πn
ω

sinpmπxq cospnπyq sinpωtq, (21)

Hypx, y, tq “ πm

ω
cospmπxq sinpnπyq sinpωtq, (22)

Ezpx, y, tq “ sinpmπxq sinpnπyq cospωtq, (23)

where the resonance frequency is de�ned as ω “ π
?
m2 ` n2. For all simulations presented here

m “ n “ 1.

This problem is used to verify the spatial convergence of the discontinuous Galerkin �nite element
method numerical method. To do so multiple simulations were conducted, where the time-step
was held constant, while the spatial resolution was increased. The resolution is increased either by
increasing the number of elements, K, or the polynomial order of the DG representation.

Figure B2 plots the convergence of the electric �eld, under element and order re�nement. The slope
of each of the lines is 2, 3, and 4 corresponding to 2nd, 3rd, and 4th order spatial accuracy for the
DG method.
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Another problem used to benchmark the unstructured DG implementation is the forward facing
step, and Fig. B3 shows agreement with the results given in Ref. [B8]. This test case shows the
ability of the method to capture complex physics and represent non-trivial geometries that may be
present.

(a) Forward facing step. (b) Backward facing step.

Figure B3: Solution of the density for the forward and backward facing step problems[B8].

The forward facing step problem simulates a right-going Mach 3 uniform �ow as it propagates
through a wind tunnel of 1 unit wide and 3 units long. The step is 0.2 units high and is located
0.6 units from the left-hand end of the tunnel. Re�ective boundary conditions are applied on
the top and bottom walls of the tunnel, the right end has an in-�ow and left end an out-�ow
boundary conditions. The corner of the step is a singularity; it is common to modify the numerical
method around that point in order to proper entropy. In our cases no modi�cation is applied to the
scheme near the corner. No analytical solution is available for this problem so this is a qualitative
comparison of Apollo with published results and there is visual agreement among the computational
and published solutions.

The backward facing step simulation has a 1 unitˆ5 unit in�ow forming a step attached to a 12
unitˆ11 unit downstream region. It is initialized with a right-moving Mach 5.09 shock which is
initially located at 1/2 unit upstream from the step edge. The shock moves into undisturbed air
at a density of 1.4 and pressure of 1. The boundary conditions are in�ow upstream and out�ow
downstream. The other boundaries are either re�ective on the top and back side of the step or
Neumann at top and bottom of the domain. No special treatment is applied at the corner which is
a singularity of the solution. Just like the forward facing step, the visual comparison of the Apollo
solution and the published results show agreement. For both problems it is easy to get negative
pressure errors and positivity is enforced by Tu and Aliabadi[B9] limiter.
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The multi-fluid plasma model represents electrons, multiple ion species, and multiple 
neutral species as separate fluids that interact through short-range collisions and long-
range electromagnetic fields. The model spans a large range of temporal and spatial scales, 
which renders the model stiff and presents numerical challenges. To address the large 
range of timescales, a blended continuous and discontinuous Galerkin method is proposed, 
where the massive ion and neutral species are modeled using an explicit discontinuous 
Galerkin method while the electrons and electromagnetic fields are modeled using an 
implicit continuous Galerkin method. This approach is able to capture large-gradient ion 
and neutral physics like shock formation, while resolving high-frequency electron dynamics 
in a computationally efficient manner. The details of the Blended Finite Element Method 
(BFEM) are presented. The numerical method is benchmarked for accuracy and tested using 
two-fluid one-dimensional soliton problem and electromagnetic shock problem. The results 
are compared to conventional finite volume and finite element methods, and demonstrate 
that the BFEM is particularly effective in resolving physics in stiff problems involving 
realistic physical parameters, including realistic electron mass and speed of light. The 
benefit is illustrated by computing a three-fluid plasma application that demonstrates 
species separation in multi-component plasmas.

© 2016 Elsevier Inc. All rights reserved.

1. Introduction

Plasmas can be represented by a hierarchy of models; the more general the model, the higher the computational cost. 
In plasma simulations it is therefore important to devise methods that maximize computational efficiency, while capturing 
the desired physics.

In kinetic theory, each constituent plasma species is represented by a probability distribution function f (x, v, t) that 
depends on position, velocity, and time. The evolution of the distribution function is governed by the Boltzmann–Maxwell 
equation system. Solving the Boltzmann equation is computationally expensive due to the fact that the distribution functions 
occupy a six-dimensional phase space.

The two-fluid plasma model can be derived from the kinetic model by taking velocity moments [1], which reduces 
the six-dimensional space to three dimensions. Inherent in the derivation of the two-fluid model is the assumption of 
local thermodynamic equilibrium within each species, but not between different species. The governing equations for the 
two-fluid model are derived by taking the first three velocity moments of the Boltzmann equation for the electrons and for 

* Corresponding author.
E-mail addresses: sousae@uw.edu (E.M. Sousa), shumlak@uw.edu (U. Shumlak).
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the ions. The zeroth moment describes the conservation of mass, the first moment describes the conservation of momentum, 
and the third moment describes the conservation of energy. The moments of the Boltzmann equation describe the evolution 
of the bulk properties of the plasma: density, momentum, and energy. In the simplest two-fluid description, the pressure is 
assumed to be isotropic and the heat flux is assumed to be negligible [1].

The magnetohydrodynamics (MHD) model, the most widely used plasma model, is derived from the two-fluid plasma 
model by neglecting the electron inertia (zero electron mass) and assuming the speed of light is much larger than any other 
speed in the system (infinite speed of light) [2]. As a consequence of neglecting the electron inertia, the electron momentum 
equation reduces to the generalized Ohm’s law and the kinetic energy of the electrons is zero. By making these asymptotic 
assumptions, the physics of high frequency electromagnetic waves is ignored and the vacuum permittivity is effectively 
set to zero. This means that the displacement current term of Ampere’s law is zero, and from Poisson’s equation a zero 
permittivity implies that the electron and ion number density must always be equal, thereby enforcing charge neutrality. 
The MHD model is often further simplified to an ideal MHD model, which limits its applicability to high collisionality, small 
Larmor radius, and low resistivity regimes [3].

The two-fluid plasma model can be generalized to a multi-fluid plasma model that includes multiple ions and neutral 
species, where the mass, momentum, and energy of each species is evolved separately, and the species interact with each 
other through collisions and electromagnetic fields [4,5]. By separately evolving the constituent species, the multi-fluid 
plasma model is able to capture more generalized physics than MHD, but at a higher computational cost. The mass of the 
constituent species and their plasma parameters set the range of spatial and temporal scales. Since the multi-fluid plasma 
model does not make asymptotic assumptions about the speed of light, it captures more waves than MHD, including waves 
that propagate faster than the magnetosonic speed. This has been demonstrated for the two-fluid plasma model [1].

The characteristic speeds of the multi-fluid plasma model are the species’ acoustic speeds and the speed of light, both 
of which can severely limit the time step size for the numerical time integration. In addition, the characteristic frequencies 
(plasma and cyclotron) need to be resolved to capture the full physics of the multi-fluid model.

For a given model, the partial differential equation (PDE) type informs the choice of numerical methods used to solve it. 
The multi-fluid plasma model is an inhomogeneous hyperbolic equation system and can be described by balance laws. Such 
equation systems can be solved using a variety of methods, including finite volume methods [6–8], continuous Galerkin 
finite element methods [9,10], and discontinuous Galerkin finite element methods [11–14].

Finite volume methods have been used extensively and differ depending on the technique used to evaluate fluxes. One 
type of finite volume method is the wave propagation method, which is second-order accurate and provides good resolution 
of shocks and discontinuities even when the initial conditions are smooth [6]. Other types of finite volume methods have 
been successfully applied to the MHD plasma model [15–17] and to the two-fluid plasma model [1,18]. Since the source 
terms in the PDEs cannot be directly incorporated into the calculation of the fluxes in the wave propagation method, the 
approach requires source splitting. As a result phase errors can be produced when the characteristic frequency is high 
compared to the frequency of information propagation [14].

Continuous Galerkin (CG) finite element methods have also been used for solving MHD [9] and extended MHD equations 
[10]. The CG method represents the solution variables within each element using polynomial basis functions. The order of 
the polynomial determines the spatial order of accuracy. The CG method enforces continuity of the solution across element 
boundaries, i.e. C0 continuity. Some CG methods enforce C1 continuity of the solution across element boundaries [9]. The 
CG method is particularly well suited for smooth solutions and offers the ability to compute solutions at high-order spatial 
accuracy on regular and unstructured grids [19–22]. With no dissipation, CG methods can be prone to dispersive errors and 
often require adding an artificial dissipation to damp high frequency oscillations [23]. The ideal multi-fluid plasma model 
has no physical source of dissipation, and thus using a CG method necessitates the introduction of artificial dissipation.

CG methods require the simultaneous solution of the global system of equations, which involves a matrix inversion. This 
feature allows CG to be coupled with an implicit time integration method with only minor modification. Plasma dynamics 
encompass a large range of timescales, which makes implicit time integration desirable. With implicit time integration, the 
solver is not subject to CFL (Courant–Friedrichs–Lewy) restrictions that limit time step size based on the fastest speed in the 
system. As two relevant plasma examples, in Ref. [24] an implicit method is applied together with a CG spatial discretization, 
and in Ref. [25] the hyperbolic MHD model is converted into parabolic equations in order to make them more amenable to 
multigrid and physics-based preconditioning that allow for fast Jacobian-free implicit time integration.

A numerical method that combines the shock capturing and conservation properties of finite volume methods with 
high-order accuracy and flux/source coupling of CG methods is the discontinuous Galerkin (DG) finite element method. 
The DG method was introduced in Ref. [26] for the study of two-dimensional neutron transport. Like the CG methods, DG 
methods represent the solution by a set of polynomial basis functions in each element; however, continuity of the solution 
is not enforced across the element boundaries. The DG method was expanded to solve non-linear equations in Ref. [11] who 
used it with total variation diminishing (TVD) Runge–Kutta time integration. Likewise the DG method has been applied to 
solve Navier–Stokes equations [27] on unstructured grids with linear, quadratic, and cubic elements [28–30].

In plasma simulations the DG method has been applied to the ideal MHD model [12,13,31], and to the Vlasov–Poisson 
equation system [32]. In Ref. [14] an extensive study of the DG method is applied to the two-fluid plasma model and ex-
plores the challenges associated with capturing the physical dispersion of the model. It is shown that the DG method is able 
to accurately capture physically expected high frequency oscillations using higher order discretizations without producing 
phase errors. A major benefit of the DG method is that it is remarkably robust in the presence of rapid oscillations while 
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simultaneously capturing discontinuity fronts. A drawback of the DG method is that with a polynomial basis function of 
degree p, the explicit time step size is limited by the CFL condition for the fastest wave to be less than 1/(2p − 1) [33]. This 
can be extremely restrictive for problems that require high spatial accuracy. Using DG with implicit time integration can 
be challenging [34], this is because defining the Jacobian for a limited flux leads to a stiff matrix since small variations in 
the conserved variables can produce large changes in the flux. Reference [35] presents a complete two-fluid plasma model 
discretized using the DG method with an implicit time integrator; however, the non-linear Newton solver required for time 
advance does not always converge. This is due to the fact that regions that exhibit sharp gradients require limiters, which 
make the Jacobian for the non-linear solver ill-conditioned.

An ideal numerical method for the multi-fluid plasma model would have high-order accuracy, would be capable of 
capturing shocks, would provide good resolution of fast oscillations, and would not impose restrictive time step limitations. 
To that end, this paper presents a one-dimensional blended finite element method (BFEM) in which the electron fluid and 
the electromagnetic fields are represented using an implicit CG method, while all ions and neutral fluids are represented 
using an explicit DG method. This choice of blended discretization is informed by the physical properties of electrons, ions, 
neutrals, and fields.

Implicit–explicit (IMEX) methods have been used in the past for advection–diffusion problems where the implicit dis-
cretization is applied to parabolic diffusive source term and the explicit discretization is applied to the hyperbolic convective 
term [36]. IMEX methods have also been applied to geometry-induced stiffness [37], when a problem has complex geome-
try and consequently a broad range on mesh sizes. In our cases the stiffness comes from the electrons and electromagnetic 
fields that need to be solved everywhere in the domain and though the convective term. In the implicit–explicit scheme 
presented here is as if two separate problems exist, one advanced implicitly and the other explicitly and them both are 
coupled through the source term.

In many plasma configurations of interest, e.g. Z-pinches [38], tokamaks [39], stellarators [40], inertial confinement fusion 
capsules [41], the electron fluid and the electromagnetic fields may not have sharp gradients or discontinuities, which makes 
them suitable to being modeled with the CG method. Smooth solutions in the electron fluid and electromagnetic fields 
alleviate the need for limiters and enable the use of implicit time integration. Using the BFEM for the multi-fluid plasma 
model thus removes the strictest time step limitations associated with the speed of light, the electron acoustic speed, and 
the electron plasma and cyclotron frequencies. Shocks, which require limiters, only occur in ion and neutral fluids, and are 
efficiently captured with the DG method.

By coupling CG for the electrons and fields with DG for the ions and neutrals, the BFEM maintains high-order spatial 
accuracy, is able to resolve fast oscillations, efficiently captures shocks, and the implicit electron evolution relaxes the time 
step restrictions considerably by removing the most stringent limitations. This makes the BFEM for the multi-fluid plasma 
model more computationally efficient and robust than using a single type of finite element discretization.

This paper presents the development of a blended continuous–discontinuous finite element method, investigates its 
application to the multi-fluid plasma model. This method is particularly helpful in multiscale problems with disparate 
time-scales and where the fast dynamics does not play a vital role, nor is of much interest. Therefore, the fast dynamics 
is integrated using an implicit time integration to avoid very restrictive time-steps while the slow physics is integrated 
explicitly to capture the relevant aspects of the problem. The fast physics, which is unlikely to shock, is discretized us-
ing a continuous Galerkin finite element method and requires no limiters or flux calculations reducing the complexity of 
the numerical method. The slow dynamics is spatially discretized using a discontinuous Galerkin finite element method to 
capture shocks that may form in the solution. In summary the BFEM is designed to capture shocks for slow fluids while 
time-stepping over the fast dynamics fluids in problems where these two fluids are coupled throughout the computational 
domain. The paper is organized as follows: Section 2 describes the multi-fluid plasma model and the associated partial 
differential equation system. Section 3 introduces the BFEM implementation details and presents the continuous and dis-
continuous Galerkin portions of the method and their coupling. Section 4 presents numerical results for the two-fluid soliton 
problem and the electromagnetic shock tube problem. It also includes the application of the BFEM to a three-fluid plasma 
simulation of species separation [42] during the implosion of inertial confinement fusion capsules. Section 5 presents con-
cluding remarks and opportunities for future work.

2. Multi-fluid plasma model

The multi-fluid plasma model [4] represents each species, e.g. electrons, ions, neutrals, as a separate fluid. The model 
allows for multiple ion and neutral species. Each fluid is described by its local mass density, momentum density, and total 
energy density. The evolution of these properties obeys underlying conservation laws. The motion of the electrically charged 
fluids generates and responds to electromagnetic fields, which are described by Maxwell’s equations.

The equations that govern the evolution of the fluid properties of species α are derived by taking velocity moments of 
the Vlasov equation, where the nth moment is given by

mα

∫
vn ∂ fα

∂t
dv + mα

∫
vn+1 · ∂ fα

∂x
dv + qα

∫
vn (E + v × B) · ∂ fα

∂v
dv = 0, (1)

where fα(x, v) denotes the distribution function, mα is the particle mass, and qα is the charge. The electric and magnetic 
fields are E and B.
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Expressions for the conservation of mass, momentum, and total energy for each species are obtained from the first 
three moments, n = {0, 1, 2}, where a tensor contraction is performed for the second moment to give a scalar energy. The 
resulting equation system is the multi-fluid plasma model. Each fluid species α has a set of five moment equations,

∂ρα

∂t
+ ∇ · (ραuα) = 0 (2)

∂ραuα

∂t
+ ∇ · (ραuαuα + pαI) = ραqα

mα
(E + uα × B) (3)

∂εα

∂t
+ ∇ · ((εα + pα)uα) = ραqα

mα
uα · E, (4)

where ρα is the mass density, which is the product of the particle number density and particle mass, ρα = nαmα , uα is the 
fluid velocity vector, pα is the pressure, which is the product of the particle number density and temperature, pα = nα Tα , 
I is the identity matrix, and εα is the total energy given by

εα = pα

� − 1
+ 1

2
ραu2

α, (5)

where � is the ratio of specific heats. Maxwell’s equations govern the evolution of the electric and magnetic fields.

1

c2

∂E

∂t
− ∇ × B = −μ0

∑
α

qα

mα
ραuα (6)

∂B

∂t
+ ∇ × E = 0 (7)

ε0∇ · E =
∑
α

qα

mα
ρα (8)

∇ · B = 0 (9)

where μ0 and ε0 are the vacuum permeability and permittivity, respectively, and c = (μ0ε0)
−1/2 is the speed of light. 

Maxwell’s equations are overdetermined with six scalar unknowns and eight equations. The two divergence expressions 
are analytically satisfied over time if they are initially satisfied, but computational round-off errors can produce fields that 
violate the divergence expressions. To clean the divergence errors, Maxwell’s equations are cast in a purely hyperbolic form 
as described in Ref. [43].

∂B

∂t
+ ∇ × E + γ ∇	 = 0 (10)

1

c2

∂E

∂t
− ∇ × B + χ∇� = −μ0

∑
α

qα

mα
ραuα (11)

1

χ

∂�

∂t
+ ∇ · E =

∑
α

qα

mα
ρα (12)

1

γ c2

∂	

∂t
+ ∇ · B = 0 (13)

Error correction potentials � and 	 are introduced to propagate the divergence errors out of the computational domain. 
The divergence error propagation speeds are set by the dimensionless positive parameters χ and γ , which are set to values 
greater than one. Larger values better preserve the divergence constraints on the fields, and zero effectively eliminates any 
divergence corrections. The characteristic wave speeds for the purely hyperbolic Maxwell’s equations are {±c, ±χc, ±γ c}.

The governing equations of the multi-fluid plasma model can be cast in balance law form as

∂Q

∂t
+ ∇ · F(Q) = S(Q), (14)

where Q is the solution vector, F is the flux tensor and S is the source vector. The solution vector in Eq. (14) represents 
the union of the solution vector for electromagnetic field equations and the vector of the conserved variables for each fluid, 
e.g. electron fluid, ion fluid,..., such that Q = [QEM, Qe, Qi, . . .]. The homogeneous version of Eq. (14) with S = 0 is hyperbolic, 
meaning that the flux Jacobian, ∂F/∂Q, is diagonalizable with real eigenvalues and has a complete set of eigenvectors. The 
source term in Eq. (14) depends only on Q and not on derivatives of Q, such that S can be evaluated locally.

The eigenvalues of the flux Jacobian (∂F/∂Q) are the characteristic speeds of the multi-fluid equation system, and are 
combinations of the species’ flow speeds, acoustic speeds, light speed, and divergence error propagation speeds. The eigen-
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values of the source Jacobian (∂S/∂Q) are all purely imaginary [18,14] and the first three are 0, ±iωp , where ω2
p = ∑

α ω2
pα

and

ωpα =
√

ραq2
α

ε0m2
α

, (15)

which is the plasma frequency of the species α.
The imaginary eigenvalues of the source Jacobian indicate that dispersive behavior is physically expected and not nec-

essarily a numerical artifact. This dispersion is due to the presence of a wide variety of plasma waves that result from the 
interaction of the charged fluids with the electromagnetic fields.

The characteristic timescales for the multi-fluid plasma model span a large range from extremely fast electromagnetic 
waves and electron response to much slower ion and neutral responses. The multi-fluid plasma model is mathematically 
stiff, which presents a challenge for numerical methods; explicit methods must resolve the shortest timescale, and implicit 
methods must invert a poorly conditioned matrix.

3. Blended finite element method

The stiffness introduced by the disparate timescales can be addressed by decomposing the multi-fluid plasma model 
according to physically expected temporal and spatial characteristics. The BFEM accomplishes this physics-based decompo-
sition by modeling the ion and neutral fluids using a DG method with explicit Runge–Kutta time integration and modeling 
the electron fluid and the electromagnetic fields using a CG method with implicit time integration [44]. Since the fast mov-
ing electrons and the fields do not form spatial discontinuities, such as shocks, limiters are not needed and the Jacobian for 
a Newton solver is well-conditioned. This allows for larger time steps compared to an explicit method. The CFL constraint 
for explicit treatment of only the massive fluid species is less restrictive in this BFEM than in the case where all variables 
are evolved explicitly. Furthermore, the evolution of the ions and neutrals is often the goal of the simulation, so the tempo-
ral resolution provided by the explicit time steps is appropriate for these species. Source terms in the governing equations 
of the multi-fluid plasma model couple the fluids and fields, as described in Sec. 2. The BFEM computes the source terms 
in a manner that is consistent with both the CG and DG methods.

3.1. Continuous Galerkin finite element method

The finite element method discretizes the computational domain into elements and the solution is expanded within each 
element, , in a series of polynomial basis functions. The order of the polynomials defines the spatial order of accuracy 
of the numerical method. The CG method enforces the solution to be continuous across element boundaries providing C0

continuity. Continuity of derivatives across the element boundaries is not enforced [45].
The governing equations for the electron fluid and the electromagnetic fields of the multi-fluid plasma model are ex-

pressed by Eq. (14) where the solution vector is limited to Q f = [QEM, Qe]. This subset of the governing equations accounts 
for the fast dynamics, denoted by the f superscript on the solution vector. The equation is then written as

∂Q f

∂t
+ ∂F

∂Q f
· ∂Q f

∂x
= S f , (16)

where ∂F/∂Q f is the flux Jacobian. Since the flux F is a tensor of rank-2, Fi j in index notation, the flux Jacobian is a 
tensor of rank-3, Ai jk = ∂Fki/∂ Q f

j . Equation (16) can be expressed as

∂ Q f
i

∂t
+ Ai jk

∂ Q f
j

∂xk
= Si, (17)

where repeated indices in a term are summed, as usual in Einstein notation. The solution vector is expanded within each 
element using polynomial functions

Q f (t, x) =
m∑

j=1

q j(t)ψ j(x), (18)

where ψ j are the spatial basis functions and q j are the time-dependent coefficients. The f superscript is omitted from 
the temporal coefficients to simplify the notation. If Lagrange interpolation polynomials are used as the basis functions, q j

represent the values of the solution vector Q f at each nodal location x j . The Lagrange polynomials are defined as

ψ j(x) =
m∏

k=1,k �= j

x − xk

x j − xk
, (19)
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where x j and xk are nodal coordinates. The polynomials have the property that ψ j(xi) = δi j , where δi j is the Kronecker delta 
and xi is the nodal location. An m − 1 order polynomial basis function is represented by m nodes.

The finite element method proceeds by multiplying the governing equation, Eq. (16), by test functions and integrating 
over each element volume∫



dxvi
∂Q f

∂t
+

∫


dxvi
∂F
∂Q f

· ∂Q f

∂x
=

∫


dxviS
f . (20)

This integral equation is the weak form of the governing equation. The Galerkin method chooses the test functions to be 
the same as the basis functions, vi = ψi , so the weak form of the governing equation with the solution expansion becomes

∫


dxψi
∂

∂t

⎛
⎝ m∑

j=1

q jψ j

⎞
⎠ +

∫


dxψi
∂F
∂Q f

· ∂

∂x

⎛
⎝ m∑

j=0

q jψ j

⎞
⎠ =

∫


dxψiS
f , (21)

which is the element equation. Since the nodal values q j are independent of x, the element equation can be rewritten as

m∑
j=1

⎡
⎣∫



dxψiψ j

⎤
⎦ ∂q j

∂t
+

m∑
j=1

⎡
⎣∫



dxψi
∂F
∂Q f

· ∂ψ j

∂x

⎤
⎦q j =

∫


dxψiS
f . (22)

The first integral is the element mass matrix for element e,

Me
i j =

∫


dxψiψ j. (23)

The element equation is integrated from time t to t + �t , i.e. time level n to n + 1, to give

m∑
j=1

Me
i j

t+�t∫
t

dt
∂q j

∂t
=

m∑
j=1

Me
i j

(
qn+1

j − qn
j

)
. (24)

Moving the spatially dependent terms of Eq. (22) to the right-hand side of the equation, integrating over �t , and combining 
with the previous result yields

m∑
j=1

Me
i j

qn+1
j − qn

j

�t
= −

m∑
j=1

⎡
⎣∫



dxψi
∂F
∂Q f

· ∂ψ j

∂x

⎤
⎦q j +

∫


dxψiS
f , (25)

where the right-hand side is computed using values appropriately averaged over the time interval [t, t + �t].
The CG method as described by Eq. (25) introduces no dissipation, and in regions of sharp gradients high frequency 

oscillations (Gibbs phenomenon) can develop. These oscillations indicate numerical dispersion and can be dampened by 
adding an artificial dissipation. This is achieved by introducing a term to Eq. (14) that consists of a second derivative of the 
conserved variables,

∂Q f

∂t
+ ∇ · F = S f + ∇ · (κ∇Q∗) , (26)

where κ is the artificial diffusivity coefficient and is chosen to minimize the impact on the physical solution while mini-
mizing numerical dispersion. The vector Q∗ indicates that the variables being dissipated may be a subset of Q f .

Multiplying the dissipation term by the test functions, integrating over the element volume, and expanding Q∗ with basis 
functions yields

∫


dxψi
∂

∂x
· κ ∂Q∗

∂x
= −

m∑
j=1

⎡
⎣∫



dxκ
∂ψi

∂x
· ∂ψ j

∂x

⎤
⎦q∗

j +
m∑

j=1

⎡
⎣ ∮

∂

A · ∂ψ j

∂x
κψi

⎤
⎦q∗

j , (27)

where the last term accounts for boundary conditions and is assumed to be equal across element boundaries since the 
solution for the electron species and the electromagnetic fields has C0 continuity. Enforcing C0 continuity is simplified by 
using the nodal representation given by Eq. (18) and placing nodes at the element boundaries. Nodes from neighboring 
elements overlap and the values at the overlapping nodes are set equal.
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The CG method applied to the electron fluid and the electromagnetic fields of the two-fluid plasma model can be 
expressed in a simpler form by defining the element dissipation matrix

De
i j = −

∫


dxκ
∂ψi

∂x
· ∂ψ j

∂x
, (28)

and the element source vector

fe
i =

∫


dxψiS
f . (29)

The element evolution equation can be written as

Me
i j

qn+1
j − qn

j

�t
= −

⎡
⎣∫



dxψi
∂F
∂Q f

· ∂ψ j

∂x

⎤
⎦q j + fe

i + De
i jq

∗
j +

⎡
⎣ ∮

∂

A · ∂ψ j

∂x
κψi

⎤
⎦q∗

j , (30)

where the summation over index j is assumed. Let Re(q j) be the right-hand side of Eq. (30). Re(q j) is computed using 
solution values that approximate the appropriately averaged values over the time interval [t, t + �t]. Nodal values qn+1

j are 
solved simultaneously for all elements. The element equations are assembled into a global system with global mass M and 
dissipation D matrices. The integral terms and the source vector fi in Eq. (30) are evaluated by Gauss–Legendre quadra-
ture rules and are also assembled into a global vectors. The correspondence between the element and global matrices 
is expressed through a connectivity matrix whose coefficient bij is the global node number corresponding to node j of 
element i. The element matrix coefficients Me

kl are combined to give the global matrix according to

Mmn =
E∑

e=1

N∑
k=1

N∑
l=1

Me
kl, (31)

where global node numbers are defined using the connectivity matrix, m = bek , n = bel . The mass matrix and dissipation 
matrices are assembled independently of each other. The total number of elements is E and the number of nodes per 
element is N . The resulting global matrix equation

Mqn+1 − qn

�t
= R(q) (32)

can be solved to yield the solution for the electron fluid and electromagnetic field at the time level n + 1.
Time integration for the CG method requires a matrix inversion to solve the global matrix equation even if the RHS 

is explicitly defined as R(qn
j ), while an implicit formulation only slightly complicates the solution method. However, an 

implicit solution method permits time steps larger than the short timescales dictated by the fast response of the elec-
tron fluid and electromagnetic field. Avoiding this limitation is a primary motivation for the BFEM and the physics-based 
decomposition.

The implicit formulation of the BFEM uses the θ -method [46] to solve the global evolution equation, which is written as

Mqn+1 − qn

�t
= (1 − θ)R(qn) + θR(qn+1). (33)

Choosing θ = 1 gives the implicit backward Euler method, and θ = 0 gives the explicit forward Euler method. Setting 
θ = 1/2 gives the Crank–Nicolson method [47]. Because of its higher temporal accuracy, θ = 1/2 is chosen for the BFEM 
implementation.

A Newton–Raphson method [48] is used to solve for qn+1. The Newton method yields an iterative process to find suc-
cessively better approximations to the roots of a real-valued residual function, which for Eq. (33) is given by

G(qn+1) = M
�t

(qn+1 − qn) − (1 − θ)R(qn) − θR(qn+1). (34)

The Jacobian is

J (qn+1) = ∂G(qn+1)

∂qn+1
= M

�t
− θ

∂R(qn+1)

∂qn+1
. (35)

The Newton method is formulated as

J (qm)�q = −G(qm), (36)
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where �q = qm − qn and m is an iteration index. When the iteration equation, Eq. (36), converges, the solution at the next 
time level is given by

qn+1 = qn + �q, (37)

using the value from the previous time level and the solution for �q from the Newton method.

3.2. Discontinuous Galerkin finite element method

Similar to the CG method, the DG method discretizes the computational domain into elements and expands the solution 
in a series of polynomial basis functions. However, the DG method does not enforce continuity of the solution across 
element boundaries. Unique solutions to the weak form of the governing equations are determined within each element 
by specifying element boundary fluxes that are defined in a consistent manner – the flux leaving an element equals the 
flux entering the adjacent element, e.g. Ref. [11]. The DG method that is incorporated into the BFEM is similar to the 
implementations of Refs. [49,35,50].

The DG method evolves the ion and neutral fluids of the multi-fluid plasma model. The governing equations are ex-
pressed by Eq. (14) where the vector of conserved variables excludes the electron fluid and electromagnetic fields. Namely,

Qs = [Qi1,Qi2, . . . ,Qn1,Qn2, . . .],
where multiple ion and neutral species are possible. This subset of the governing equations accounts for the slower dynam-
ics. The vector of conserved variables is expanded within each element using polynomial functions as

Qs(t, x) =
m∑

j=1

q j(t)φ j(x), (38)

where φ j are the spatial basis functions and q j are the temporal coefficients. The s superscript, denoting slow dynamics, is 
omitted from the temporal coefficients to simplify the notation. The DG method uses a modal representation of the solution 
within an element, unlike the nodal representation of the CG method; therefore, the temporal coefficients in Eq. (38) do not 
directly represent values of the solution vector Qs . A modal representation simplifies the application of flux limiters [49,50].
Legendre polynomials of order m − 1 are used as basis functions because they form an orthogonal basis,

1∫
0

dxφiφ j = 1

2 j + 1
δi j, (39)

which can be normalized to the element volume.
The governing equations of Eq. (14) that evolve Qs are multiplied by the test functions, which are the same as the basis 

functions, and integrated over each element volume,∫


dxφi
∂Qs

∂t
+

∫


dxφi∇ · F =
∫


dxφiS
s. (40)

Integration by parts is applied to the second term and the above equation becomes∫


dxφi
∂Qs

∂t
+

∮
∂

dA · Fφi −
∫


dx∇φi · F =
∫


dxφiS
s. (41)

When the solution vector is expanded using Eq. (38) and the orthogonality of the basis functions are taken into account the 
first term of Eq. (41) simplifies to

∫


dxφi
∂Qs

∂t
=

m∑
j=1

∂q j

∂t

∫


dxφiφ j = ∂qi

∂t

V 

2i + 1
, (42)

where V  is the volume of the finite element. The surface integral in Eq. (41) accounts for the fluxes across element bound-
aries, which are computed using a numerical flux, such as an approximate Riemann flux [1,51] or a Lax–Friedrichs flux [52]. 
The surface integral is evaluated using Gauss–Legendre quadrature over the element’s surface. Simpler Lax–Friedrichs fluxes 
are typically adequate and are given at any point along the surface by

F = 1

2

[
F(Q+

e ) − F(Q−
e+1)

] − 1

2
|λ|(Q+

e − Q−
e+1), (43)
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where |λ| is the maximum characteristic speed (eigenvalue of the flux Jacobian) using surface values averaged from elements 
e and e + 1, and superscripts + and − represent the values at the upper and lower boundaries of the elements. The volume 
integrals in Eq. (41) are also evaluated using Gauss–Legendre quadrature rules.

Using the relation given by Eq. (42) and rearranging the temporally and spatially dependent terms, Eq. (41) can be 
written as

∂qi

∂t
= 2i + 1

V 

⎛
⎝∫



dxφiS
s −

∮
∂

dA · Fφi +
∫


dx∇φi · F
⎞
⎠ ≡ Li(Qs), (44)

where Li(Qs) is an operator containing all the spatially dependent term. An attractive feature of the DG method is the data 
locality of the spatial operator, which has a spatial dependency that is limited to nearest neighbor elements. The equation 
∂qi/∂t = Li(Qs) can be integrated in time to advance the solution from time level n to n + 1.

The time integration for the DG method uses the second order total variation bounded (TVB) Runge–Kutta time integra-
tion scheme [11], which is given as

q∗
i = qn

i + �tLi(Qsn) (45)

qn+1
i = 1

2
q∗

i + 1

2
qn

i + 1

2
�tLi(Qs∗), (46)

where Qs∗ is evaluated by Eq. (38) using the temporal coefficients q∗
i .

The CFL stability condition of the DG method limits the CFL number as

λs
max�t

�x
≤ 1

2p − 1
, (47)

where �x is the size of the element, p is the order of the basis function, and λs
max is the largest characteristic speed. The 

system of equations being solved by the explicit RKDG method only includes the slower responding ion and neutral species 
and excludes the fast dynamics of the electron fluid and electromagnetic field. Therefore, the fastest characteristic speed 
for this subset of the governing equations is an ion or neutral acoustic speed and is typically much slower than the fastest 
characteristic speed for the complete system discussed in Sec. 2. With the explicit treatment of the ions and neutrals, the 
maximum time step size that satisfies Eq. (47) can be significantly larger than the time step size for an explicit treatment 
of the full multi-fluid plasma model.

3.3. Source treatment for the continuous and discontinuous Galerkin methods

The fluids and fields couple through the source terms of the governing equations. Source terms couple the solution 
variables Q f that represent the fast dynamics of the system to the solution variables Qs that represent the slow dynamics 
of the system. Therefore, the CG and DG methods must provide an accurate source treatment that is consistent between the 
two methods. Although the CG method uses a nodal representation and the DG uses a modal representation, converting the 
variables between the representations to compute the source terms is unnecessary.

Both the CG and DG methods solve weak formulations of the governing equations, so the source terms appear as integrals 
over the element volume in Eqs. (29) and (41). The source term integrals are computed numerically using quadrature rules, 
which require evaluating the integrand and hence the solution vector at specified spatial locations. The solution expansions 
given by Eqs. (18) and (38) allow the evaluation of Q f and Qs at any spatial position within an element. The source term 
integrands are thereby evaluated at the quadrature locations using the nodal and modal representations directly to compute 
the integrals.

4. Benchmarks and performance of the BFEM

The BFEM is applied to a set of problems with known analytic solutions. Spatial and temporal convergence tests are 
first performed to verify that the order of accuracy of the solution is in agreement with analytical results. The BFEM is 
benchmarked against the one-dimensional two-fluid plasma soliton problem [53] and the two-fluid electromagnetic shock 
tube problem [1,50]. These tests compare the computational time and accuracy of the BFEM with that of conventional 
finite volume and pure DG methods. The tests also evaluate the effects of the artificial dissipation in the CG portion of the 
method, and investigate the consequences of the implicit time integration on the solution. In addition, a three-fluid species 
separation problem is solved, which demonstrates the computational savings potential of the BFEM in a realistic application.

4.1. Linear advection: convergence study

The linear advection equation is a simple homogeneous hyperbolic equation that provides a test case to study the 
spatial and temporal convergence of the solution as the polynomial order for the solution is increased [35]. The DG and 
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Fig. 1. Log–log plot of the L2-norm of the error as a function of element size, �x, for the linear advection problem using a fixed time step of �t = 1/800
and spatial orders 3, 4, and 5 for the CG and the DG methods. The artificial dissipation coefficient used with the CG method is κ = 10−7. The linear portion 
of each line has a slope that corresponds to the order of accuracy of the numerical method. Both methods converge as expected. Higher order CG methods 
saturate at larger values of �x because the dissipation is applied at each node, and higher order methods have more nodes and therefore more dissipation.

CG components of the BFEM are separately used to solve the linear advection equation. The accuracy of the solution is 
determined by the order of accuracy of the numerical method. The one-dimensional linear advection equation is given by

∂ Q

∂t
+ ∂ Q

∂x
= 0, (48)

where Q is a scalar variable and the advection speed is set to one. A Gaussian pulse is initialized with Q (x) = e−10(x−2)2

on a domain [0, 10]. The pulse’s peak starts at x = 2 and propagates x = 8 over a total time interval of t ∈ [0, 6] and 
is compared to the analytical solution given as Q̂ (x) = e−10(x−8)2

. The error in the numerical solution is calculated by 
evaluating the L2-norm as

||�Q ||2 =
√√√√1

n

n∑
i=1

(
Q̂ (xi) − Q (xi)

)2
. (49)

where Q̂ is the analytical solution and Q is the numerical solution. The positions xi represents the quadrature locations for 
both the DG and CG methods, and n is the total number of quadrature points [35].

Fig. 1 shows the L2-norm of the error for the advected pulse using a fixed �t = 1/800 with different order polyno-
mial spatial basis functions for the DG and the CG methods. Using a fixed time step size isolates the spatial convergence. 
The plot shows that for basis functions of the same order the CG and DG methods converge at the same rate as the 
grid is refined. The slope of the curves for similar order DG and CG should be the same even though the DG method is 
slightly more accurate than then CG one. The L2-norm of the CG method plateaus around 10−5 due to the artificial nu-
merical dissipation, which damps the solution and decreases the peak of the original Gaussian shape. The required value 
of κ for stability decreases as the polynomial order is increased. The fixed value of κ = 10−7 is the minimum value re-
quired for the coarsest grid for spatial order three and used for all simulations for consistency, allowing only on variable to 
change.

To test the temporal convergence rate, a fixed time step size is chosen. The time step size is set as �t = �x for all 
polynomial orders of the spatial basis functions, which isolates the temporal convergence. For the CG method, a value of 
θ = 0.5 is selected to give the second-order accurate Crank–Nicolson method. The DG method uses a second-order TVB 
Runge–Kutta time integration. Fig. 2 shows the calculated L2-norm for the advection problem using a fixed CFL number. The 
slope of the lines for both methods is two for all polynomial orders of the spatial basis functions. The convergence rates of 
the error for a fixed CFL verify that the temporal integration is second-order accurate for the implicit CG method as well as 
the explicit DG method.

4.2. Plasma soliton: accuracy and computational cost

The propagation of a one-dimensional plasma soliton [53] is modeled using the multi-fluid plasma model. This problem 
is used to study the accuracy and computational cost of the BFEM as compared with an explicit DG method. The soli-
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Fig. 2. Log–log plot of the L2-norm of the error as a function of element size, �x, for the linear advection problem using a fixed CFL of one and spatial 
orders 3, 4, and 5 for the CG and the DG methods. The artificial diffusivity coefficient used with the CG method is κ = 10−7. The linear portions of all lines 
have a slope of two corresponding to the temporal order of accuracy of both the implicit CG and explicit DG portions of the BFEM method.

Table 1
Total computational time and time savings for plasma soliton simulations using the BFEM as 
compared to an explicit DG method for different values of electron to ion mass ratio and of 
the ratio of the speed of light to the ion sound speed.

Case mi/me c/csi DG time (s) BFEM time (s) BFEM cost over DG

1 25 10/
√

2 0.32 37.7 +11681%
2 100 10/

√
2 1.28 37.7 +2845%

3 500 10/
√

2 6.82 37.7 +452.8%
4 1000 10/

√
2 12.4 38.2 +208.1%

5 1836 10/
√

2 23.5 40.4 +71.91%
6 3672 10/

√
2 47.2 39.2 −16.95%

7 3672 100/
√

2 520 265 −49.04%
8 3672 1000/

√
2 5274 2735 −48.14%

ton consists of a two-fluid plasma composed of an electron fluid and an ion fluid, and offers a simple test case for the 
BFEM. The expected solution is smooth, which requires minimal artificial dissipation for achieving stable solutions with the 
BFEM, eliminating the detrimental effect on convergence that is described in the previous section. The artificial diffusivity 
coefficient κ , used in Eq. (26), is set to a value of 10−10.

The normalized variables of the two-fluid plasma model are initialized with a uniform transverse magnetic field Bz = 1.0, 
uniform ion and electron temperatures Ti = Te = 0.01, no fluid velocity ui = ue = 0, and unitary charges qi = −qe = 1. The 
initial particle number densities produce a Gaussian pulse on top of a background value ni = ne = 1 +e−10(x−6)2

on a domain 
x ∈ [0, 12]. The ratio of specific heats as used in Eq. (5) is set to � = 2. The simulation uses 512 second-order elements both 
for the BFEM and for the comparison case using the DG method. Periodic boundary conditions are used.

It is common practice in plasma simulations to artificially decrease the ion to electron mass ratio as well as the ratio of 
speed of light to ion sound speed [54]. This is done to relax the numerical time step restriction imposed by electron plasma 
frequency and the speed of light. Using an artificial mass ratio and/or an artificial speed of light can, however, affect the 
physics of the problem. To evaluate the effect of using physical and unphysical parameters, the computational cost of the 
BFEM versus the DG method is compared for artificial and realistic mass and speed ratios.

Since the implicit CG component of the BFEM allows time steps that are unconstrained by the electromagnetic fields or 
electron fluid, computational savings of the BFEM over the explicit DG method are achieved when using physical values for 
the ion to electron mass ratio and the speed of light to ion sound speed ratio. Table 1 shows the computational time needed 
to advance the solution from normalized time t = 0 to t = √

2/120L/csi for different mass ratios and normalized speeds 
of light. The ion sound speed is defined as csi = √

�pi/ρi . For a mass ratio of 25, the DG method is considerably faster 
than the BFEM; however, as the mass ratio is increased by decreasing the electron mass, the computational time of the DG 
method increases while that of the BFEM remains about the same. This is due to the fact that the decreasing electron mass 
increases the electron plasma frequency, which needs to be resolved when explicit time integration is used. The speed of 
light to ion sound speed ratio has a bigger impact on the computational time than the mass ratio. The explicit DG method 
requires that the time step size be decreased as the speed of light increases to satisfy the CFL stability condition given by 
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Fig. 3. Ion density profiles for the plasma soliton problem at t = √
2/30L/csi are shown for the explicit DG solution and the BFEM solution using 512 

second-order elements. The simulations use a realistic mass ratio and normalized speed of light. The solutions are compared to a converged FV solution of 
5000 cells. Ion density fluctuations propagate from the center of the domain towards the boundaries. Both methods resolve the oscillations of the problem, 
but the BFEM exhibits phase error since it does not resolve the electron plasma frequency. Second-order BFEM is used.

Fig. 4. L2-norm of the relative error, see Eq. (50), in the ion density solutions for the plasma soliton problem from the DG method and the BFEM as a 
function of time. Realistic values for the ion to electron mass ratio and the speed of light to ion sound speed ratio are used. The DG method produces 
a more accurate solution than the BFEM. The BFEM error relative to the converged solution – as measured by the L2-norm – is only about 1.5%, this 
corresponds to case 8 from Table 1.

Eq. (47). Therefore, as the ratio of speed of light to ion sound speed approaches realistic values, the BFEM computational 
time becomes considerably less than that of the DG method.

The ion density solutions at t = √
2/30L/csi from the DG method and the BFEM using 512 second-order elements are 

shown in Fig. 3 and compared to a converged solution with 5000 cells using a finite-volume high-resolution wave propa-
gation method [18]. In this case the plasma soliton is initialized with mi/me = 1836 and c/csi = 1000/

√
2. The DG solution 

exhibits a large amount of dispersion, which appears when a realistic mass ratio is used. The reason for the dispersion on 
the DG method is not well understood at this point, further studies are need. The BFEM has a higher peak value than the 
other methods because both the DG method and the FV method can be more dissipative even for smooth solutions. This 
is due to the fact that both the FV and DG method use flux limiters that tend to decrease value on those cases. Fig. 3
also shows that the BFEM solution has phase errors due to the fact that the electron plasma frequency is not resolved. The 
phase error is evidenced by the BFEM solution being spatially shifted relative to the converged FV solution. Phase error 
is expected whenever high-frequency dynamics are not resolved by implicit time integrators. The dissipation in the BFEM 
method comes from the artificial dissipation term, Eq. (26), but for smooth solutions the value of κ can be small as in this 
case where κ = 10−10.

Fig. 4 plots the evolution over time of the L2-norm of the relative error for the DG method and the BFEM when using 
physical values for the ion to electron mass ratio and the speed of light to ion sound speed ratio. The relative error is 
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Fig. 5. L2-norm of the relative error for the plasma soliton solution from the DG method and the BFEM as a function of time for a case where mi/me = 1. 
The L2-norms for the DG method and the BFEM are comparable since both methods use the same time step size and resolve the electron plasma frequency.

defined as

ρk
i − ρc

i

ρc
i

, (50)

where ρc
i is the mass density for the converged solution and ρk

i represents the solution given by the DG method or BFEM. 
The error is evaluated at each quadrature point (DG) or the nodal values (BFEM), and compared to the corresponding cell 
average (FV) at the same physical location. The L2-norm of the DG error is lower than that of the BFEM error, and the 
BFEM error relative to the converged solution is approximately 1.5%. It is important to note that the BFEM resolution is only 
10% of the converged solution resolution. The BFEM solution has a larger error because the DG and converged solutions 
are obtained using explicit time integration, which resolves the electron plasma frequency, whereas the BFEM does not 
resolve the electron plasma frequency. A fully explicit treatment is expected to be more accurate, but it is not always 
feasible or desired for stiff problems. The oscillatory behavior of the L2-norm for the BFEM continues even for longer time 
intervals.

Fig. 5 compares the L2-norm of the relative error for the DG method and the BFEM for a plasma soliton simulation in 
which the ion to electron mass ratio is one. The errors for the DG method and BFEM are comparable since the time step 
sizes are the same, and both methods resolve the electron and ion plasma frequencies.

The soliton problem demonstrates that the BFEM is less computationally costly than the DG method for problems where 
realistic ion to electron mass ratio and speed of light to ion sound speed ratio are used. In an hydrogen plasma, a realistic 
ion to electron mass ratio is 1836 (Table 1, case 5), which is at the lowest limit of mass ratios. For realistic fusion plasmas, 
the explicit time step limitation is even more restrictive because the ion to electron mass ratio is two or three times larger 
(see Table 1, case 8). Thus for fusion-relevant plasmas the BFEM offers considerable computational cost savings over the DG 
method, and it offers an even bigger advantage in plasma applications that use non-hydrogen plasmas where mass ratios 
would be even larger.

4.3. Electromagnetic plasma shock problem

The BFEM is applied to the two-fluid version of the electromagnetic plasma shock problem [55] as presented in Refs. [1,
35,50]. The electromagnetic plasma shock problem offers a comprehensive physics test for the BFEM because it exhibits the 
different limits of MHD behavior and of multi-fluid plasma effects by changing the ion Larmor radius, rL . Note that MHD 
assumes the limit of rL → 0, and multi-fluid plasma model allows for arbitrary values of rL .

The electromagnetic plasma shock is initialized with a discontinuity in the variables such that half of the domain is at 
one state and the other half is at another state. For the test case presented here, the mass ratio mi/me = 1836. The problem 
is described in detail in Ref. [1]. The solution features are shown in Fig. 6 for the case with rL = 0.73. From left to right 
the structures are: a fast rarefaction wave (FR), a slow compound wave (SC), a contact discontinuity (CD), a slow shock (SS), 
and another fast rarefaction wave (FR). For ion Larmor radii comparable to or smaller than the domain size, the ion fluid is 
tightly bound to the magnetic field and the solution contains wave-like structures. These structures are fast electromagnetic 
waves, which propagate faster than MHD waves and can be seen at the left of the first FR in Fig. 6. The fast waves, which 
include the whistler wave, correspond to the right-hand and left-hand circularly polarized plasma waves that propagate 
parallel to the magnetic field.
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Fig. 6. The solution features of the electromagnetic plasma shock for rL = 0.73 are a fast rarefaction wave (FR), a slow compound wave (SC), a contact 
discontinuity (CD), a slow shock (SS), and another fast rarefaction wave (FR). The solution also shows fast electromagnetic waves (including the whistler 
wave) that propagate faster than MHD waves [1].

The electromagnetic plasma shock is initialized by setting the two-fluid plasma variables to
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, (51)

for the left and right halves of the domain. The parameters used for the problem are obtained from Ref. [1], and are 
c/csi = 110, rL = 0.73, �e = �i = 5

3 and the ion to electron mass ratio is mi/me = 1836. A grid resolution of 512 second-order 
elements is used. Time is normalized to the ion cyclotron time τc = 1/ωci .

The solution from the BFEM is compared to a solution from the DG method [50] and to the finite-volume wave prop-
agation method [18]. Fig. 7(a) shows the mass density profile at time t = 0.05τc for all three methods. The BFEM solution 
smooths the physical oscillations in the solution due to the artificial dissipation and is discussed in more detail in Sec. 4.3.2. 
The BFEM also does not resolve the fast electromagnetic waves, which are driven by electron dynamics. Fig. 7(b) shows B y

which is smooth and represented by the CG portion of the BFEM, showing that there is good agreement between all the 
methods where the electron dynamics is not very relevant.

4.3.1. Implicit and explicit time integration comparison
As evident in Eq. (47), the CFL condition depends on the characteristic speeds of the system, the species speeds of sound, 

csα , and the speed of light, c. Moreover, the temporal discretization must also resolve the species cyclotron frequencies 
ωcα = qα B/mα , and the species plasma frequencies ωpα = √

nαq2
α/ε0mα , as described in Sec. 2. The initialization parameters 

for the electromagnetic plasma shocks studied are shown in Table 2.
The maximum explicit time step size is determined from these parameters by the following expression,

�tmax = min

(
�x

cse
,
�x

csi
,
�x

c
,

β

ωce
,

β

ωci
,

β

ωpe
,

β

ωpi

)
, (52)
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Fig. 7. The total mass density, mini + mene , and y-component of magnetic field are plotted for the electromagnetic plasma shock problem at t = 0.05τc , 
when c/csi = 110 and mi/me = 1836. Second-order BFEM is used. The main features of the problem are captured by all three methods, but the BFEM does 
not properly resolve the fast electromagnetic waves, which require accurately resolving the electron dynamics by using a fully explicit treatment.

Table 2
Characteristic speeds and frequencies for 
the electromagnetic shock problem.

Electron Ion

c 1.0 1.0
csα 3.9 × 10−1 9.1 × 10−3

ωcα 1.8 × 102 1.0 × 10−1

ωpα 4.3 × 102 1.0 × 101

Fig. 8. The total mass density, mini + mene , is plotted for the electromagnetic plasma shock problem at t = 0.05τc using different time step size �t . 
Second-order BFEM is used. The time step size is expressed relative to �tmax , which corresponds to the maximum value allowed for explicit methods based 
on the CFL condition. Note that �t = 42.9�tmax is the maximum time step allowed by the BFEM, where the ion dynamics restrict the time step size.

where β is the number of time points required to resolve an oscillation, typically, β = 1/10. The electron plasma frequency 
imposes the most stringent restriction on the time step size, �tmax = 2.33 × 10−4. This restriction is particularly severe 
for methods that use fully explicit time integration. Since in the BFEM the electron fluid and the electromagnetic fields 
are advanced implicitly, the time step restrictions only depend on the slower ion and neutral fluids. Therefore, the BFEM 
permits larger time steps.

Fig. 8 compares the total mass density solution for BFEM using a time step equal to the explicit time step limit, �t =
�tmax , with a solution using a larger implicit time step, �t = √

mi/me�tmax = 42.9�tmax . The implicit time step is limited 
by the ion plasma frequency. The solution attained using the implicit �t resolves all the main features of the problem 
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Fig. 9. The total mass density, mini + mene , is plotted for the electromagnetic plasma shock problem to demonstrate the effect of varying the artificial dis-
sipation on the electron fluid, κe , for fixed electromagnetic artificial dissipation κEM = 10−4. The solution for κe = 10−7 captures the wave-like behavior of 
the electromagnetic plasma shock problem. The amplitude of the compound wave increases, and the right fast rarefaction wave is not visible. Second-order 
BFEM is used.

Fig. 10. The total mass density, mini +mene , is plotted for the electromagnetic plasma shock problem where the artificial dissipation on the electromagnetic 
fields is decreased from κEM = 10−4 to 10−5, and second-order BFEM is used. The electron fluid artificial dissipation is fixed at κe = 10−6. The reduced 
dissipation solution agrees better with the solution from the DG method, reinforcing the point that the wave-like behavior arises from the interaction of 
the electron fluid with the electromagnetic fields. Second-order BFEM is used.

except the fast rarefaction wave, which should be ahead of the slow shock, but instead there are small oscillation ahead 
of the SS. The slow compound wave (SC) is better resolved with the larger time step of the BFEM because this wave is a 
feature of the ion dynamics.

4.3.2. Effects of artificial dissipation
As described in Sec. 3.1, an artificial dissipation term is added to the governing equations for the electron fluid and 

electromagnetic fields to damp numerical oscillations that are produced by the CG method in regions of sharp gradients in 
the solution. The artificial diffusivity coefficient κ scales the amount of artificial dissipation applied to the electron fluid and 
electromagnetic fields. If κ is too small the solution develops high amplitude node-to-node oscillations that grow over time, 
making the solution of the nonlinear Newton solver more stiff and requiring more iterations to converge [35]. On the other 
hand, if κ is too big the solution smooths relevant features of the solution producing an inaccurate result.

It is possible to apply different values of κ for the electron equations and electromagnetic field equations, e.g. κe and 
κEM . Reducing the artificial dissipation coefficient in the electron fluid (κe) from 10−6 to 10−7 while keeping κEM fixed 
makes the compound wave more distinct as shown in Fig. 9. The oscillations due to Langmuir and whistler waves are 
also more visible. However, the second fast rarefaction wave (right-most FR) is not resolved, and small oscillations are 
present instead. Decreasing the artificial dissipation applied to Maxwell’s equations while keeping κe fixed allows the BFEM 
solution to better resolve the oscillations due to the fast electromagnetic waves. Fig. 10 shows the total mass density for 
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the electromagnetic plasma shock problem when the electron fluid dissipation is κe = 10−6 and the electromagnetic field 
artificial dissipation is varied from κEM = 10−4 to κEM = 10−5. In addition, the fast rarefaction wave is better resolved with 
the smaller value of κEM .

Overall there is remarkable agreement between the BFEM solution and the computationally more expensive DG method 
solution. It is evident from the electromagnetic plasma shock results presented in Figs. 9 and 10 that artificial dissipation 
plays an important role in the accuracy of the BFEM solution. Thus the BFEM can be further improved by devising a 
systematic means of calculating the parameter κ or using a different form of artificial dissipation.

4.4. Species separation in fusion capsule implosions

The multi-fluid plasma model is applicable to problems where the plasma is composed of multiple species that exhibit 
dynamics at different scales. A motivating problem is the species separation [42] that can occur during the implosion phase 
of inertial confinement fusion (ICF) capsules, where deuterium and tritium are heated and compressed to fusion condi-
tions. The compression process uses laser-driven shocks that produce electric fields [56], which can cause the deuterium to 
accelerate faster than the tritium. The phenomenon is not captured by single-fluid plasma models. Low neutron yield mea-
surements [57] point to the possibility of fuel stratification caused by baro-diffusion [56] (pressure gradient-driven diffusion) 
that causes the separation of the ion species during the implosion.

The multi-fluid plasma for this problem is composed of two ion fluids, deuterium and tritium, and an electron fluid. The 
dynamics of the ions, electrons, and electromagnetic fields occur at a vastly different timescales, which introduces numerical 
stiffness making this problem ideally suited for the BFEM. The different timescales in the ICF fuel species separation problem 
result from the characteristic speeds and frequencies for the constituent species. The differences are particularly large when 
realistic speed of light and species masses are used.

Following the problem setup in Ref. [42], a Cartesian geometry is used and the plasma is initialized with a discontinuity 
in the parameters. The left half of the domain (x < 0) has a total ion density given by 

∑
α nα = 4 × 1019 cm−3, where the 

sum is only over the ion species, with all species having a temperature of Tα = 100 eV. The right half of the domain (x ≥ 0) 
has a total ion density given by 

∑
α nα = 1 × 1019 cm−3 with all species having a temperature of Tα = 10 eV. The plasma 

is initialized to be charge neutral everywhere, ne = ∑
α Zαnα , where the sum is again only over the ion species. Heat flux 

and viscous effects are neglected. The computational domain is x ∈ [−30 μm, 30 μm], and zero normal gradient boundary 
condition are applied at the boundaries. The speed of light to proton sound speed ratio (c/csp ) is 3065 and the proton to 
electron mass ratio is 1836. The ion species are characterized by ion mass ratio in relation to a proton mass, μ = mα/mp

and by the ionization state, Z = qα/e. The species separation from the deuterium is magnified by using a heavier second 
ion species with μ = 10, instead of μ = 3 corresponding to tritium.

Fig. 11 compares the ion number densities at t = 150 ps for simulations with an electron CFL number of 1 and an 
electron CFL number of 20. An electron CFL number of 1 restricts the time step size to resolve all electron characteristic 
timescales. The ion species separation is the same for both cases but the oscillations behind the shock front differ. This 
may be due to the fact that the electron dynamics are not fully resolved with an electron CFL number of 20. The effect of 
electron CFL number on the required computational time (defined as the total elapsed time) and solution accuracy is shown 
in Fig. 11(c). There it can be seen that there are considerable CPU cost saving as the CFL number is increased, although the 
gains are minimal after CFL = 10. The L2-norm (Eq. (49)) increases after an electron CFL number of 10 but remains small.

5. Conclusion

A blended finite element method (BFEM) is presented for the multi-fluid plasma model. The method uses a DG spatial 
discretization combined with explicit Runge–Kutta time integration to describe the ion and neutral fluids and a CG spatial 
discretization combined with implicit Crank–Nicolson time integration for the electron fluid and electromagnetic fields. The 
DG method accurately captures shocks and discontinuities that can occur in the ion and neutral fluids, and the CG method 
efficiently and robustly computes smooth solutions for the electron fluid and electromagnetic fields. The physics-based 
decomposition of the algorithm into implicit CG and explicit DG portions yields numerical solutions that resolve the desired 
timescales and match the expected solution structure.

Each component of the numerical method is independently verified to converge at the expected order of accuracy. 
The two-fluid soliton problem is used to compare the computational cost of the BFEM to an explicit DG method. For 
unphysical values of the ion to electron mass ratio and speed of light to ion thermal speed ratio, the DG method is more 
computationally efficient than the BFEM. However, for realistic values of the mass ratio and normalized speed of light, the 
BFEM is less costly than the DG method. It is worth noting that for non-hydrogen plasmas, the mass ratio for the ion 
species relative to electrons can be many times greater than 1836, and even for fusion hydrogen plasmas the ion fluids are 
deuterium and tritium, so the mass ratio is 3672. In these cases the computational cost savings offered by the BFEM over 
the DG method are considerable.

The BFEM and DG method are further compared using the electromagnetic plasma shock problem. The total mass density 
from DG and BFEM solutions are compared to solutions given by a finite-volume high-resolution wave propagation method. 
The electron fluid and the electromagnetic field equations are advanced implicitly using a time step 42.9 times larger 
than the time step required for an explicit method. The fast electromagnetic waves and the fast rarefaction wave are not 
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Fig. 11. Depicted are the ion densities from a multi-fluid plasma simulation of the species separation problem composed of two ion fluids (μ = 2 and 
μ = 10) and an electron fluid using (a) an electron CFL number of 1, a time step size that resolves all electron characteristic timescales, and (b) an electron 
CFL number of 20. The ion species separation in both cases is the same although the solution behind the shock fronts differ. (c) The L2-norm of the 
densities and the computational time for different electron CFL numbers are shown. The CPU time is calculated as a fraction of the computational time 
used for the case with electron CFL number of 1. The solution error increases as the computational time decreases.

resolved, but the location of the shock, contact discontinuity, and compound wave are accurately computed. The artificial 
dissipation added to the CG portion of the BFEM is adjusted for each equation system independently to produce more 
physically accurate results. When the artificial dissipation for Maxwell’s equations is reduced by a factor of ten, there is 
remarkable agreement between the DG and BFEM results. This shows that artificial dissipation plays an important role in 
BFEM solutions.

Application of the BFEM to the multi-fluid plasma problem of species separation in ICF capsules demonstrates the ability 
of the method to take time step sizes that are much larger than the electron timescales. The method generates stable 
solutions that capture the overall ion structures but at a significantly lower computational cost.

The BFEM has large potential to be useful in problems where the slow dynamics are of primary interest, but the fast 
dynamics still play an important role, i.e. problems that span a multitude of temporal and spatial scales. The method offers a 
computationally efficient means of modeling plasma dynamics using realistic parameters. The BFEM can be further improved 
by dynamically adjusting the artificial dissipation. While the results presented are for one-dimensional applications, the 
extension to multiple dimensions is straightforward. The reduction in computational cost achieved by the BFEM is due to 
fast dynamics being treated implicitly. This means that the cost savings are expected to hold for higher dimensions. The DG 
method takes less computational time to advance the solution by one time step, however �t is much smaller than that of 
the BFEM. Thereby a fully explicit DG solution takes many more time steps, independent of the dimensionality, which also 
means that the computational cost savings using the BFEM only occur for relatively large implicit time-steps compared to 
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explicit time-steps. The physics-informed blending of the CG and DG representations offers a way to reduce computational 
cost while retaining the generalized physics of the multi-fluid plasma model.
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Conservative Bin-to-Bin Fractional Collisions
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Abstract. Particle methods such as direct simulation Monte Carlo (DSMC) and particle-in-cell (PIC) are commonly used to model
rarefied kinetic flows for engineering applications because of their ability to efficiently capture non-equilibrium behavior. The
primary drawback to these methods relates to the poor convergence properties due to the stochastic nature of the methods which
typically rely heavily on high degrees of non-equilibrium and time averaging to compensate for poor signal to noise ratios. For
standard implementations, each computational particle represents many physical particles which further exacerbate statistical noise
problems for flow with large species density variation such as encountered in flow expansions and chemical reactions. The stochas-
tic weighted particle method (SWPM) introduced by Rjasanow and Wagner overcome this difficulty by allowing the ratio of real to
computational particles to vary on a per particle basis throughout the flow. The DSMC procedure must also be slightly modified to
properly sample the Boltzmann collision integral accounting for the variable particle weights and to avoid the creation of additional
particles with negative weight.

In this work, the SWPM with necessary modification to incorporate the variable hard sphere (VHS) collision cross section
model commonly used in engineering applications is first incorporated into an existing engineering code, the Thermophysics
Universal Research Framework. The results and computational efficiency are compared to a few simple test cases using a standard
validated implementation of the DSMC method along with the adapted SWPM/VHS collision using an octree based conservative
phase space reconstruction.

The SWPM method is then further extended to combine the collision and phase space reconstruction into a single step
which avoids the need to create additional computational particles only to destroy them again during the particle merge. This is
particularly helpful when oversampling the collision integral when compared to the standard DSMC method. However, it is found
that the more frequent phase space reconstructions can cause added numerical thermalization with low particle per cell counts due
to the coarseness of the octree used. However, the methods are expected to be of much greater utility in transient expansion flows
and chemical reactions in the future.

INTRODUCTION

Stochastic particle methods such as direct simulation Monte Carlo (DSMC) and particle in cell (PIC) have been the
primary engineering tools for rarefied gas and plasma dynamics for decades. The computational cost of suppressing
statistical noise in these methods has long been a hindrance for flows with high dynamic range in densities and in
length-scales such as ionizing breakdown, chemical reactions with trace species, and spacecraft plume interaction
models. The noise is further exacerbated by unsteady flows where time averaging is inappropriate and in cases where
fluctuations can non-linearly feed back through the system as in the case of evaluating electron mobility in hybrid
Fluid/PIC models used for modeling Hall effect thrusters [1]. To address the issue of poor statistical power, models
that relax the constraint on uniform physical to computational particle ratio have been developed. The addition of
conservative local dynamic phase space reconstruction using these weighted particles enables direct control over the
number of particles per cell, a key parameter influencing statistical noise, while simultaneously preserving velocity
distribution shape so that numerical thermalization and artificial entropy growth are inhibited [2, 3].

The development of robust phase space reconstruction has also opened the door to a new class of collision
models for particle codes based on fractional particle jumps. This change enables much more direct control over the
statistical noise due to collisions through a finer stochastic sampling of the collision integral than was previously
possible. Such fractional collision methods replacing MCC ionization as well as DSMC elastic collisional relaxation
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have been demonstrated in conjunction with octree phase space reconstruction methods in References [2, 3]. For the
DSMC replacement, fractional collision methods are particularly critical because the standard all-or-nothing collision
of the DSMC method is inherently incompatible with variable computational weight particles. Even compensating for
the dynamic range of relatively simple axii-symmetric flows can cause significant on-axis issues related to variable
radial weighting procedures that simply use cell averaged weights in the collision routines [4]. Without global phase
space reconstruction, merging the fractional pre- and post-collision fragments within the collision step is a particularly
poor choice because it necessarily violates energy conservation, merges particles far apart in velocity space causing
artificial thermalization, directly violates detailed balance, and fails to converge to the physical solution even with
refinement of increased particle count.

Though fractional collision methods with phase space reconstruction have been demonstrated to reproduce re-
sults based off the original fixed weight methods, in this work, the stochasitc weight particle method is first adapted
to use standard engineering cross sections and combined with the octree phase space reconstruction. These ideas are
then extended to fuse the fractional collision and the reconstruction process into a single step. This is done as a means
of reducing the memory overhead from storing extra fractional collision particle information which is only destroyed
in the subsequent conservative merging reconstruction process. The combined collision process then becomes con-
servative non-local fluxes of mass, momentum, and energy between phase space bins used to update the quantities
required for generation of the reconstructed particles. The modified and fused algorithms are then shown to reproduce
results from the standard DSMC model when sufficient numbers of computational particles are used.

STOCHASTIC WEIGHT PARTICLE ALGORITHMS

The Boltzmann equation, ∂ f
∂t + ∇x · (v f ) + ∇v · (a f ) =

[
d f
dt

]Coll.
, for the evolution in time, t, and space, x, of

the velocity distribution function, f = f (x, v; t) represents the fundamental evolution equation for kinetic rar-
efied dilute gasses where v and a are the velocity and acceleration in phase space. The collision term is[

d f
dt

]Coll.
=

∫
R3

∫
S 2 B(v,w, ê) ( f (v′) f (w′) − f (v) f (w)) dê dw, where the collision kernel B(v,w, ê) is the differential prob-

ability of collisions between particles of velocities u and v scattering on to a momentum and energy conserving sphere
ê ∈ S 2 centered at the pair’s center of mass, (v + w)/2, with radius |v − w|/2.

Though used in engineering applications for several decades preceding formal proof, Wagner demonstrated that
Bird’s direct simulation Monte Carlo (DSMC) method converges to the solution of the Boltzmann equation in the limit
of infinite particles using a Markov jump process using a random time transformation in Reference [5]. The DSMC
method therefore represents a relatively computationally efficient stochastic sampling of the Boltzmann collision inte-
gral. This enables solution of the Boltzmann equation when coupled with an operator split particle advection scheme
between spatial cells used to localize collision partner selection. However, for finite cost realizations of the method,
the signal to noise ratio in the solution resulting from the stochastic nature of the method represents a significant
limitation on the method which is particularly exacerbated by solutions with large dynamic range in density and in
transient solutions where time averaging is inappropriate.

Fractional Weight Collisions
Relaxing the constraint on the model that each computational particle represents the same number of physical particles
helps address the issue of poor dynamic range. This modification does not affect the representation of the spatial
transport side of the Boltzmann equation, but it does complicate the sampling of the collision process. The necessary
adjustments for the the collision algorithms were addressed as the the stochastic weight particle method (SWPM)
introduced by Rjasanow and Wagner in Reference [6]. The method revisits the Markov process relaxing the constant
weight assumption assuming the Np-particle distribution jumps from one computational particle configuration, zt =

{(x1, v1,w1), ..., (xNp , vNp ,wNp )}, to the next, zt+1, through a series of k-infinitesimal jumps as shown in Equation 1.

zt+1 = J(zt, i, j, ê) =



(xk, vk,wk), if k ≤ Np, k , i, j,
(xi, vi,wi −W(zt, i, j, ê)), if k = i,
(x j, v j,w j −W(zt, i, j, ê)), if k = j,
(xi, v′i ,W(zt, i, j, ê)), if k = Np + 1,
(x j, v′j,W(zt, i, j, ê)), if k = Np + 2

(1)
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Here, the function W(zt, i, j, ê)) is the “weight transfer function” which transfers a portion of the ith-particle
weight, wi = fi δΩ, to a new, (n + 1), particle as defined in Reference [6]. Algorithm 1 shows pseudocode to adapt the
DSMC method to use variable particle weights via the weight transfer function with associated modification to reject
fictitious collisions and account for the weight variation in the monte carlo acceptance-rejection procedure.

Algorithm 1: Stochastic Weight Particle Cell Collision Algorithm (Modifications to Standard DSMC in red)

1 n← Np // Variable to Account for Growth in Computational Particles
2 wmin/max ← min/max(wi ∈ {w}) // Find Particle Weight Bounds
3 w̄← ∑

(wi ∈ {w})/Np // Calculate Average Particle Weight
4 Attempted Collisions/Cell:

5 Ncollide ← Poisson(cm(2w̄ − wmin)Np(Np − 1) 〈σv〉max dt) // Collison Rate from Poisson Sample of 〈σv〉max Frequency
6 For k ∈ [1 : Ncollide]:
7 Select Random i and j∈n While: // Adapted from Eq 2.24 in Reference [10]

8 Rand(1) < (wi + w j − wmin)/(2wmax − wmin) // Eliminate Excess Rejection by Maximum Probability
9 -AND-

10 i , j // Equal Velocity Particles Never Collide
11 Collide If:

12 Rand(1) < (cm max(wi,w j))/(wi + w j − wmin) 〈σv〉i j / 〈σv〉max // Adjusted Monte Carlo Probability
13 Perform Standard VHS Collisions:

14 (xn+1, xn+2)← (xi, x j) // New Particles at Old Positions
15 (vn+1, vn+2)← VHS(vi, v j, ê) // Isotropic Scatter with Velocity Dependent Cross Section of Reference [4]

16 Generate/Modify Particles with:

17 ∆w← min(wi,w j)/cm // Guarantees Positive Particles for cm ≥ 1 Collision Integral Sampling
18 (wi,w j) -= ∆w // Adjust Original Weights
19 (wn+1,wn+2)← ∆w // Transfer Weight to New Particles
20 Update:

21 〈σv〉temp ← Max(〈σv〉i j , 〈σv〉max) // Track 〈σv〉max for Subsequent Iterations
22 n← n + 2 // Allow New Particles to Subsequently Collide
23 Update Maximum Cross Section:

24 〈σv〉max ← 〈σv〉temp // Modify 〈σv〉max for Efficiency
25 Remove all particle i ∈ n such that wi = 0

For variable weight particles, this results in a growth of the number of computational particles as only a fraction of
each original computational particle is collided with its collision partner. When the collision multiplier is unity, cm=1,
the transferred weight is equal to the lesser of the two particles colliding such that the smaller particle is completely
eliminated and only one particle is effectively added to z. In the special case that all the particles have the same weight,
wi=w j=constant, and the collision multiplier is unity, the standard DSMC method is recovered as all terms highlighted
in red in the algorithm vanish or are unity with the exception that instead of replacing the original i & j particles with
the post collision velocities, the original particles are essentially deleted by zeroing the weight. In standard DSMC,
the new particles (n + 1) and (n + 2) would simply replace i and j respectively to avoid the need to remove 0-weight
particles. If the collision multiplier is greater than unity, cm > 1, only a fraction of both original particles is transferred
to new particles which over-samples the Boltzmann collision integral when compared to standard DSMC but at the
expense of two new computational particles per collision.

The growth in the number of computational particles per cell of the basic SWPM is unsustainable. The problem
of differing particle weight and computational particle growth have been encountered in the past, particularly with
respect to so-called radial weighting schemes for axii-symmetric flows [4] and flows involving trace species [7].
Generally in the particle method community, these errors have been simply accepted with attempts to produce the
correct asymptotic behavior as in the case of the radial variation of weight within a cell, or the pre- and post-collision
pieces are non-conservatively combined in a manner that either violated energy or momentum conservation as well
as detailed balance as in common binary merge algorithms [8]. In fact, non-conservative merging of pre- and post-
collision fragments within the collision step is particularly problematic as in general the isotropic elastic collision
models commonly used in rarefied flow have significant non-local behavior in velocity-space that exacerbates the
conservation errors.
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Phase Space Resampling
In the original method of Reference [6], the number of particles is controlled by merging subgroups of m-particles
into two particles preserving mass, momentum, and energy. This approach to particle merging has been periodically
rediscovered throughout the literature on stochastic particle methods [8, 9], but is often disregarded due to the impact
of distribution thermalization despite conservation of mass, momentum, and energy as in Reference [8].

In a subsequent work on the SWPM algorithms [10], Rjasanow, Schreiber, and Wagner analyze the importance
of particle clustering in phase space to minimize the product of cluster root mean square velocity (RMS) and weight to
inhibit the error resulting from the merge as well as the advantage of approximately uniform cluster weights. Because
optimal clustering is known to be np-complete, they avoid attempting to find a global optimal clustering in favor a
binary space subdivision method along the plane of maximum variance efficient enough to be run several times on a
large database.

In prior work by Martin and Cambier [2, 11, 3], these issues were again encountered with respect to particle
merging and fractional particle collisions. In these References, particles within a spatial cell were first sorted into
approximately uniform weight octree-bins in velocity space prior to (m:2) merging within the leaves of the octree for
leaves containing more than two particles. This algorithm was efficient enough to be applied continuously and when
coupled with an analogous particle split, it was also shown to maintain a stable weight distribution among particles
through repeated merging and splitting [3]. In the algorithm, both the target leaf weight and adaptive velocity cell scale
shrink automatically with increasing target number of computational particles per cell suggesting that, combined with
the Lipschitz metric of Reference [10], the method converges with increased particles/cell and decreased cell size.

Fused Bin-to-Bin Collide and Merge
Preliminary investigation of the fractional collisions suggested that oversampling the Boltzmann collision integral
could result in lower fluctuations in the directional components of kinetic energy (i.e. kinetic temperature components)
during a thermalization process [11]. In the current notation, this is equivalent to increasing the cm multiplier. In doing
so, more collisions are sampled with a smaller fraction of each particle being transferred to new locations in velocity
space which reduces the impact of large rare scattering events of outlier particles that disproportionately impact the
kinetic temperature. However, increasing cm also increases the number of particles created per step by the collision
algorithm. This increases memory requirements as well as increases the cost of particle sorting while the particles are
immediately eliminated by the merge algorithm anyway as large cm rapidly increases particle counts per cell beyond
the target values. To avoid this step, a combined collide/merge step is investigated.

The algorithm is quite similar to the merge algorithm as described in Reference [3]. One key difference is that
instead of discarding octree cells during the velocity space sort such that only active velocity cells with non-zero
weight are retained, in the fused collide/merge algorithm, the inactive cells are flagged and retained along with point-
ers from parent to child octree cells. These links are used to rapidly identify the cell in which the post-collision
velocities, v′,w′, land. After the particles have been sorted into octree velocity cells, the active cell 0th moment
as well as the 1st and diagonal 2nd moments of velocity and position are accumulated for particles within the cell
as M̄t =

⋃
ci=1:Nc

M̄(ci) =
(
(w)(ci), (wxd)(ci), (wx2

d)(ci), (wvd)(ci), (wv2
d)(ci)

)
. These moments are the same used to construct

the merge particle pairs in the original merge algorithm. Note that subscript d = {x, y, x} denotes directions for the
position and velocity vectors such that 13 total moments are conserved.

To avoid storing new particles, the fused algorithm then jumps to a collision phase analogous to the SWPM
collision algorithm. Instead of collisions between the variable weight particles, the collisions are sampled using the
velocity cell weights and cross section for collision between pairs, p = [a, b], of randomly generated particles from
the bin moments created as they are in the original merge algorithm. If the collision is accepted, both “a − a” and
“b − b” collisions are performed. This means the “a” particle of velocity cell “ci” collides with the “a” particle of
cell “c j” to new “a′” velocity locations. The same process is repeated for the “b” particles such that the independent
random orientations of “a” with respect to “b” collide all combinations of “a/b” orientations and the original cell
moments are decremented proportionally. The collision is sampled using acceptance rejection and the bin moments
of the original particle locations are decremented by the fraction of weight collided out of the bin. The binary elastic
collisions are performed just as described by Equation 1, but the octree is traversed to find the most appropriate cell
in which to transfer the weight, ∆tw = W(M̄t, ci, c j, ê, p = [a, b]), such that the fragments of computational particle
are mixed with other fragments localized in velocity space. Instead of creating new particles at vp′(ci)

d and vp′(c j)
d , a

fraction of the conserved moments proportional to ∆tw are then transferred from the ci and c j velocity cells to the
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ci′, c j′ velocity cells respectively. The modified jump process for velocity cell moments is shown in Equation 2. The
modified algorithm is equivalent to a stochastically sampled flux of mass, momentum, directional kinetic energy,
center of mass, and directional RMS position due to the Boltzmann collision integral.

M̄t+1 = J(M̄t, ci, c j, ê) =
∑

p=[a,b]



M̄(k), if k ≤ Nc, k , ci, c j, ci′, c j′,
M̄(ci) − ∆tw

(
1, xp(ci)

d , (x2
d)p(ci), vp(ci)

d , (v2
d)p(ci)

)
, if k = ci,

M̄(c j) − ∆tw
(
1, xp(c j)

d , (x2
d)p(c j), vp(c j)

d , (v2
d)p(c j)

)
, if k = c j,

M̄(ci′) + ∆tw
(
1, xp(ci)

d , (x2
d)p(ci), vp′(ci)

d , (v2
d)p′(ci)

)
, if k = ci′,

M̄(c j′) + ∆tw
(
1, xp(c j)

d , (x2
d)p(c j), vp′(c j)

d , (v2
d)p′(c j)

)
, if k = c j′

(2)

Each individually sampled collision preserves mass, momentum, and energy such that the fluxes of the moments
maintain conservation of these conserved quantities within a spatial cell as well. The method does thermalize the
distribution within local velocity bins as does the original merge algorithm. This has implications on detailed balance,
but in the limit as ∆v → 0 for the velocity space cells, with increased number of particles per cell, the method
should at least consistently converge to the solution of the Boltzmann equation as does the un-fused collide and merge
algorithms. The convergence properties will be investigated qualitatively in the results section though a more rigorous
analysis is left to future work.

RESULTS

This section will compare the performance of the SWPM using Octree merge and fused bin-to-bin Octree collisions
to the standard DSMC method. Test cases include a 0D thermalization of a bi-Maxwellian distribution, a 1D Mach 2
shock in Argon gas, and a 2D Mach 8 flow around a flat plate. All the cases use the VHS model described in Reference
[4] using the parameters dre f =4.17Å, α=0.31, Tre f =273K.

The first case is the homogeneous thermalization of a bi-Maxwellian distribution of Argon. Each half Maxwellian
has a number density of 5e21/m3 initially at 293K with ±sound speed (246.948m/s) drift velocities aligned along the
x-axis. A baseline case was run using standard DSMC with a real to computational particle weight fraction of 1.314e8
in a 2mm3 cube. Time is stepped in 10ns increments for 500 time-steps. Table 1 lists computational performance
of the SWPM+Octree and Bin-to-Bin model implementations for a range of collision multipliers. All the weighted
particle cases use the same target number of particles though the range shown is the particle count range for the last
0.4µs. Figure 1 shows the relaxation results for the 3 cases each of SWPM+Octree and Bin-to-Bin method.

TABLE 1: Runtime and Particle Count for 0D-Thermalization.

Method Multiplier Runtime (s) Particle Count (x1e3)

DSMC n/a 48.8 609
Octree 1x 2.51 14.9-25.1
Octree 4x 3.75 15.5-25.5
Octree 16x 6.99 15.1-15.9
Bin-to-Bin 1x 2.59 17.1-25.9
Bin-to-Bin 4x 3.71 15.8-18.7
Bin-to-Bin 16x 6.53 17.1-18.6

As expected from prior work [11], increasing the collision multiplier results in a smoother thermalization. In
general, the results approach those of the basline DSMC case with increased multiplier, with a notable exception
in the SWPM+Octree case with 16x multiplier. For the high multiplier SWPM+Octree method, the relaxation rate
noticeably deviates from the baseline solution. The deviation for the high multiplier SWPM+Octree method is likely
the result of the same particles colliding repeatedly within a single time-step between merges. If the time-step is
reduced by an order of magnitude to 1ns, the correct relaxation rate is recovered. The method is still convergent, but
has a maximum fraction of particle collision per iteration. This error may be correctable in the future, but further
analysis is required.

It is interesting to note that the Bin-to-Bin method appears to remain stable for large multipliers (up to 1024 was
tested). This did require an additional modification to skip collisions such that the resulting fractional particle would
have a real to computational weight ratio less than 1. With very high collision multiplier values, particles are scattered
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FIGURE 1: Comparison of 0D Thermalization Cases. Top row is SWPM+Octree method and bottom row is Bin-to-
Bin method. Red is Tx while Green and Blue are Ty and Tz. Lighter thicker lines are baseline DSMC results. Collision
multipliers are [1x,4x,16x] from left to right.

FIGURE 2: Comparison of DSMC, SWPM+Octree, and Bin-to-Bin results for 1D Mach 2.0 argon shock scaled by
the upstream mean free path, L. Red line is the normalized temperature jump and black is normalized density jump.
Results are for the 1x collision multiplier.

far into the tail of the distribution. Some limit is required to avoid floating point precision roundoff issues. Considering
this weight ratio is approximately eight orders of magnitude lower than the particle weight of the baseline DSMC case,
this is expected to have a minor impact of the results and enabled collision multipliers significantly beyond where the
algorithm would otherwise run into precision issues. Though all these cases run considerably faster than the baseline
DSMC case, the “error” and computational efficiency have yet to be quantified and measured. The results only indicate
qualitative convergence towards the baseline solution. Further analysis of results across a broader range of parameter
space is needed.

For the 1D example, the flow is setup as a stationary Mach 2 shock case from Chapter 12 of Reference [4].
Again argon gas is used with an initial (pre-shock) density and Temperature of 1e22/m3 and 293K respectively. Based
off the VHS cross section, the upstream mean free path is 13.2µm. The right half of the domain is initialized with
the post-shock conditions of 2.229e22/m3 and 608.891K. To maintain a stationary shock, the left side flow enters
at 637.411m/s and exits to the right at 278.878m/s. Left and right boundary conditions are enforced through 3-cells
worth of ghost cells with the initial left and right states. The domain used is (2cm x 2mm x 2mm) with grid spacing,
dx=20µm. A time step of 10ns is again used with the flow stabilizing over 8µs and then the solution is averaged over
the following 2µs.

The solutions as shown converge to the baseline CPU DSMC case when more particles are used, but the full
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FIGURE 3: Comparison of Mach 8 Argon Shock Case for Standard DSMC (top half) and SWPM+Octree Merge
(bottom half). The left figure shows argon number density and the right shows the number of computational particles
per cell.

convergence properties with octree depth and particle count are beyond the scope of this work. Though the standard
DSMC method can converge to the correct solution with only a few 10s of particles per cell in long time averages,
the adapted algorithms introduce large errors likely resulting from the coarseness of the velocity bins below several
hundread particles per cell though the results are considerably smoother than a DSMC solution with equivalent particle
count. The impact of octree resolution on the higher moments that are only approximately conserved as a result of
the velocity space binning should be investigated further. Based off the error analysis in Reference [10], rather than
simply aiming for bins with approximately equal weight, it may also be advantageous to adapt the octree refinement
to select for cells with approximately uniform product of weight multiplied by bin size. This too is left to future work.

For a final multidimensional example, a Mach 8.0 argon flow is impinged on a stationary plate. The same tem-
perature and density of 293K and 1e22/m3 are used, but the inflow velocity is increased to 2550.455m/s. For the
simulation, the domain size is increased to (2cm x 1cm x 2mm) using (dx=dy=80µm), and a time-step of 20ns was
used. Specular ±y and ±z boundary conditions were used, and the left inflow boundary was set through filled ghost
cells as in the Mach 2 case. The outflow boundary was also set to the inflow condition which does not account for the
flow variation, but as the flow is supersonic at the exit, the results are reasonably independent of outflow boundary
condition. In addition to the boundary conditions on the edges of the domain, a plate is added that extends 2mm into
the flow from the lower y-boundary. This is simply a 0.4mm thick region with specular reflection boundaries that
faces the flow to standoff into a curved bow-shock configuration. With the specular boundary conditions, this flow
approximates flow through an array of plates blocking 20% of the flow. In the figures, the methods are compared to
the mirrored version of the DSMC results. As in the 1D case, the method seems to converge to the baseline DSMC
result, but again only with sufficiently high numbers of particles per cell. Quantifying the necessary particle counts
for a given error level is therefore a critical next step in the development of these methods.

CONCLUSION

This work demonstrates the ability of conservative fractional weight collision schemes to converge to the baseline
DSMC solution for a few simple flows. For accurate results, the number of particles per cell must be sufficiently high
to control merge errors due to continuous splitting and merging of particles. This means that the methods will likely
have trouble outperforming the standard DSMC method for steady state problems with relatively modest density
jumps as in the cases shown here.

However, these cases were selected to be accessible DSMC baseline benchmark cases to demonstrate conver-
gence of the fractional collision models. These new models are more likely to provide significant performance im-
provements for time accurate non-equilibrium flows where high particle/cell counts are already required to extract
the transient signal from noise. The methods are also likely to be more useful for mixtures with large mass ratios
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FIGURE 4: Comparison of Mach 8 Argon Shock Case for Standard DSMC (top half) and Fused Bin-to-Bin Collide
and Merge (bottom half). The left figure shows argon number density and the right shows the number of computational
particles per cell.

between species once adapted to the mixture case. Conservation of mass, momentum, and energy is enforced while
higher moments and detailed balance are recovered in the many-particle/small octree bin limits. Detailed analysis of
the sources of these errors is needed but left to future work. The method’s ability to control particle/cell count and
statistical fluctuations may prove particularly helpful in high density dynamic range flows such as plume expansion.

Another particularly noteworthy feature of the Bin-to-Bin method is that the collision integral can be sampled
up to the velocity octree space quadrature accuracy with increased collision multiplier without a dramatically larger
memory footprint. This highly adaptive binning and collision sampling could even find application in efficiently ac-
celerating the Boltzman integral calculation in models that use Vlasov advection schemes in the future. More accurate
solutions with fewer particles would be particularly advantageous for memory bandwidth bound applications and
early results indicate improved parallel efficiency for an 8-processor version of the 2D plate case as the collision work
increases relative to the communication overhead.

Because the collision multiplier is a local parameter, if coupled with an error estimate, it could also be used
for adaptive refinement. In the future, it would also be particularly interesting to attempt to adapt the stochastic
weight models to the positive/negative deviational particle methods as in Reference [12] so that collision work is only
performed on positive and negative weight particles sampled from the deviation of the velocity distribution from a
local Maxwellian.
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1 Introduction
Simulations of plasma dynamics can be computationally challenging due to the large number of
relevant physical processes and the wide range of space/time scales over which they operate. This is
particularly true when accounting for inelastic collisional processes such as excitation/deexcitation
and ionization/recombination in an atomic plasma, due to the large number of electronic states and
reaction pathways. The relative significance of collisional interactions is determined by examining
the respective strengths of the various terms of the Boltzmann equation for the distribution function
f :

Btf ` v¨∇xf ` a¨∇vf “ Qpfq (1)

where Q is the collision operator, with a stationary state feq being the equilibrium, Maxwellian
distribution. The left-hand-side of (1) is the streaming operator in physical (x) and velocity (v)
space, and apE,Bq is the acceleration due to the electric (E) and magnetic (B) fields. Thus, the
Knudsen number Kn “ Lc{L0, in which Lc is the mean free path between collisions and L0 is a
characteristic length scale of the gradient operator, determines the relative strength of collisions
versus advection. In the limit of small Knudsen number and weak fields, the energy distribution
function f for each of the particle species is close to an Maxwellian equilibrium, and the evolution of
the plasma can be described by fluid-like equations, in which individual particle interactions do not
need to be resolved. On the other hand, for Kn Á 1 and/or large fields, the distribution f can be far
from equilibrium, in which case particle representations and a Monte Carlo simulation procedure
are appropriate. In this work, we consider the electron-induced inelastic collisions for excitation,
ionization, and their reverse processes (deexcitation and recombination) for a dilute atomic plasma.
For simplicity, we consider the simplest atomic species, Hydrogen, using a Bohr model of the Atomic
State Distribution Function (ASDF); this is sufficient to examine the effects of multiple scales in the
energies exchanged, as well as time-scales of reactions, while focusing on some mathematical and
algorithmic aspects of the solution. For the same reason, other physical processes such as radiative
transitions, atomic (heavy-particle) collisions, charge-exchange and elastic (Coulomb) collisions are
also not considered. Note that we are solving for the local inelastic collision operator, and other
effects due to transport in physical and velocity space, i.e. left-hand-side of (1), would be treated
separately.

This paper consists of two parts. The first part (Section 2 - 4) reviews the mathematical description
of excitation/deexcitation and ionization/recombination, in terms of the differential cross sections
for each process. The modeling of the ionization cross sections by electron impact has been started
from the early quantum models in the 1920s (see for example a recent review [1]). In this work, as
a platform for development of numerical methods, our model uses the semi-classical cross section
(for example, see [2]) for the energetic cross section of ionization and an extension of this cross
section for excitation. The cross sections for the reverse processes are then found through detailed
balance. A Boltzmann equation is also formulated for the evolution of the electron distribution and
for the atom and ion densities. Using this Boltzmann equation, we formulate and derive a version
of Boltzmann’s H-Theorem for excitation/deexcitation and ionization/recombination, originating
from the classical definition of physical entropy. Although not unexpected, the H function is new
in this context to the best of our knowledge.

The second part (Section 5 and 6) of this paper describes the development of a particle simulation
method for these kinetic processes. Ionization and recombination processes have been included in
the kinetic equations describing particles collisions in, for example, [3–5]. In those work the reaction
rates depend on the macroscopic number density and temperature, since they were computed by
assuming the electron distribution to be a Maxwellian. For non-equilibrium conditions, (see for
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example [6]), more realistic reaction rates depend on the electron velocity (or energy) rather than
temperature. The recombination rates are particularly difficult to treat, since they are singular as
the electron velocity goes to 0; thus, an electron with lower energy can more easily be recombined,
see for example [7]. This singularity presents a new numerical challenge that we overcome in this
work, using either the Reduced Rejection method of [8] or a binary search method. We employ
here the framework of the Kinetic Monte Carlo (KMC) method ( [9,10]), or equivalently the Gille-
spie method [11]. Simulations are performed by random sampling from all of the relevant kinetic
processes. We would also like to mention that [12] gives a deterministic method to solve the same
system.

The remainder of this paper is organized as follows. The formulation of the kinetic processes and
their rates and the resulting Botlzmann equations, along with some preliminaries, are presented
in Section 2. The analogue of Boltzmann’s H-theorem is formulated in Section 3. The models
for the cross sections are described in Section 4, and the Monte Carlo simulation method, using
a particle representation for the electrons, is presented in Section 5. Computational results from
this simulation method are presented in Section 6. Finally, conclusions and future directions are
discussed in Section 7, while some technical details are presented in Appendices A-E.

2 Formulation
2.1 The Distribution Function

The plasma is assumed to consist of electrons (e), a single type of ion, of unit charge, and neutral
atoms in various electronic states. The atoms and ions are modeled as a continuum with uniform
density; the electrons are modeled through an energy distribution function, which is simulated using
a discrete set of particles. Throughout this paper, the temperature Te will have units of energy so
that the Boltzmann constant kB “ 1 (i.e., it can be omitted).

The problems solved here will be spatially homogeneous (no spatial gradients and no transport)
and isotropic in velocity. Thus, we can describe the system in terms of a time-dependent electron
energy distribution function (EEDF) for the free electrons, fpE, tq (E is the energy of the particle).
The normalization is such that macroscopic electron number density ne and temperature Te can be
obtained from by taking the first two moments:

ne “
ż 8

0
fpEq dE, (2a)

3

2
neTe “

ż 8

0
EfpEq dE. (2b)

Here, Te defines the scale of the macroscopic energy of the electrons, without necessarily assuming an
equilibrium, Maxwellian distribution. Note that the energy distribution function f and the velocity
distribution function F (under the assumption that F is isotropic, i.e., F “ F pvq for v “ |v|) are
related by

fpEq “ 4π

me

ˆ
2E

me

˙ 1
2

F, (3)

since E “ mev
2{2 and dv “ 4πv2 dv.
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We use the following notation for the other variables.
kmax : the total number of levels included in atoms,
nkptq : the number density of atoms at excitation level, k “ 1, . . . , kmax,

na : number density of all neutral atoms

˜
“

ÿ

k

nk

¸
,

ni : number density of ions p” neq ,
Lk : the energy of atoms at the k-th excitation level, k “ 1, . . . , kmax,

Li : the ionization energy of an unexcited atom,
gk : the degeneracy of level k,
gi : the degeneracy of an ion,
ge : the (spin) degeneracy of the electronp“ 2q.

The subscript i is this work always refer to “ion”. The subscript k always refer to the atomic level.
As mentioned earlier, we use the simple Bohr model for Hydrogen, such that:

Lk “ p1´ k´2qIH , Li “ IH “ L8, gk “ 2k2, gi “ 2, (4)

where IH is the Rydberg unit of energy (13.6eV). By definition, the atomic ground state, from which
all energy levels are measured, corresponds to k “ 1, i.e. L1 ” 0. Without transport of particles,
charge neutrality of the system is assured, i.e. ni”ne, while mass and energy conservation imply
d
dtntot “ d

dtεtot “ 0, with ntot the total number density of (bound and free) electrons and εtot the
total energy of the system defined by

ntot “ ne`na “ ni`na, (5a)

εtot “ εe`εa`εi “
ż
EfpEq dE `

ÿ

k

nkLk ` niLi. (5b)

Note that momentum conservation is not used here, since it leads to terms of order of the ratio
of masses, me{Mi Æ 1{2000, which are neglected. At equilibrium, the electron distribution is the
(isotropic) Maxwell-Boltzmann distribution

feqpEq “ ne2pπT 3
e q´

1
2

?
E e´E{Te . (6)

The equilibrium densities neqk and neqi for atomic level populations and ions are given by the Boltz-
mann and Saha distributions respectively [13]. The former describes the ratio of number densities
between two levels (e.g. l, u), and the latter is the ratio between electron and ion densities and that
of the atomic level from which ionization takes place 1

Boltzmann : BlupTeq “ nequ
neql

“ gu
gl
e´∆Elu{Te , (7a)

Saha : SkpTeq “ neqi n
eq
e

neqk
“ gi
gk

Zee
´Bk{Te , (7b)

where h is the Planck constant, and

Ze “ ge

ˆ
2πmeTe
h2

˙3{2
“ geλ

´3
e , (8)

is the electron partition function (we recall that ge”2). Here λe is the de Broglie wavelength of an
electron (see [13] for example). We have also defined the energy gap ∆Elu“Lu´Ll and the binding

1We emphasize that only electron-impact collisions are examined here, and therefore both functions depend only
on Te. The equilibrium distributions being used here only to express equilibrium relations and verify the H-theorem,
no assumption is made about the actual thermodynamic state of the plasma.
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energy Bk “ Li´Lk. These expressions are equivalent (under the assumption that ne “ ni; i.e.,
charge neutrality) to the following:

neqk “
na
Za
gke

´Lk{Te , (9a)

neqi “cie´Li{2Te , (9b)

where Za and ci are:

Za “
kmaxÿ

k“1

gke
´Lk{Te , (10a)

ci “
«

2giZ
´1
a na

ˆ
2πmeTe
h2

˙ 3
2

ff1{2
. (10b)

Here Za is the atomic partition function. Note that Te used here is also the equilibrium temperature
of the electrons, i.e. that of the Maxwellian distribution (6).

We end this section with a lemma, which shows that specification of temperature is equivalent to
specification of total energy:

Lemma 2.1. Suppose ntot ą 0 is the total number of free and bound electrons, and εtot ą 0 is the
total energy of the system. Then there are unique values of Te, ne and na satisfying

ne ` na “ ntot,

3

2
neTe `

ÿ

k

neqk Lk ` neqi Li “ εtot,

with neqk and neqi “ ne obtained using (7a)-(7b).

The proof is given in Appendix A for completeness.

2.2 Interaction Types and Rates

We consider here a thermal (single-fluid) plasma; because of the small electron/atom mass ratio,
the relative velocity and relative energy of the collision is well approximated by electron velocity
and kinetic energy. We also assume also that the differential cross sections are independent of the
angular variables and only depend on the collision energy. We consider four types of collisions,
ordered in pairs of forward and backward processes:

1. The excitation of a lower state l to an upper-state u by an electron of energy E0 with E0ą
∆Elu leaves a post-collision electron with energy E1 “E0´∆Elu. We write this process as
pl, E0q Ñ pu,E1q, with a cross section σexclu pE0;E1q.

2. The reverse process is deexcitation from the upper-state u down to a lower-state l after collision
with an electron of energy E1, leaving a post-collision electron with energy E0“E1`∆Elu.
We write this process as pu,E1q Ñ pl, E0q, with cross section σdexul pE1;E0q.

3. Ionization from an atomic level k, by a free electron with energy E0 ąBk, which generates
a scattered electron with energy of E1 “E0´Et, a new electron with energy E2 “Et´Bk,
and an ion. The transferred energy Et satisfies Bk ď Et ď E0. We write this process as
pk,E0, Etq Ñ pE1, E2q, with σionk pE0;E1, E2q.

4. The reverse process is three-body recombination, where a free electron (E1) and an ion re-
combine into an atomic state k, after collision with a second free electron (E2). This second
electron gains energy from the collision, with post-collisional energy E0 “E2`E1`Bk. We
write this process as pE1, E2q Ñ pk,E0q and σreck pE1, E2;E0q.
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Explicit formulae for these cross sections are presented in Section 4. For each process, we can define
a rate r per electron (more precisely, per electron pair for recombination):

rionpk,E0, Etq “ nkvpE0qσionk pE0;E1, E2q, (11a)
rrecpk,E1, E2q “ nivpE1qvpE2qσreck pE1, E2;E0q, (11b)
rexcpl, u, E0q “ nlvpE0qσexclu pE0;E1q, (11c)

rdexpu, l, E1q “ nuvpE1qσdexul pE1;E0q (11d)

where vpEq “ a
2E{me is the electron velocity and only depends on the energy. An integrated

ionization rate per electron is:

riontot pk,E0q “
ż E0

Bk

rionpk,E0, Etq dEt “ nkvpE0qσiontot pk,E0q. (12)

The total, macroscopic rates are (in units of (volume ¨ time)´1):

Rion “
ÿ

k

ż 8

Bk

riontot pk,E0qfpE0qdE0, (13a)

Rrec “
ÿ

k

ż 8

0

ż 8

0
rrecpk,E1, E2qfpE1qfpE2q dE1 dE2, (13b)

Rexc “
ÿ

l

ÿ

uąl

ż 8

∆Elu

rexcpl, u, E0qfpE0q dE0, (13c)

Rdex “
ÿ

u

ÿ

lău

ż 8

0
rdexpu, l, E1qfpE1q dE1 (13d)

2.3 The Principle of Detailed Balance

The principle of detailed balance determines the relations between the rates of different pro-
cesses [13], by asserting that, at thermal equilibrium, each reaction pÑ q is exactly counterbalanced
by its inverse q Ñ p. In other words, rpÑq “ rqÑp for all pairs of states p and q. Hereafter, to
simply expressions and unless specified otherwise, we will use the short notations

vp “ vpEpq, fp “ fpEpq, for p “ 0, 1, 2 (14)

and
σion “ σionk pE0;E1, E2q, (15a)
σrec “ σreck pE1, E2;E0q, (15b)
σexc “ σexclu pE0;E1q, (15c)

σdex “ σdexul pE1;E0q, (15d)

For the ionization and recombination processes, the principle of detailed balance states that:
neqk f

eq
0 v0σ

ion “ neqi f
eq
1 feq2 v1v2σ

rec. (16)

Note that neqk , f
eq and neqi are temperature dependent, describing the statistical properties of the

reactants (average over initial states), while the microscopic quantities vp, σion and σrec are inde-
pendent of temperature. Using the Saha equilibrium relation (7b), we obtain the Fowler-Nordheim
relation between microscopic variables [13]:

gk E0 σ
ion “ 16πme

h3
giE1E2 σ

rec. (17)

Similarly, for the excitation and deexcitation processes, detailed balance implies:
neql f

eq
0 v0σ

exc “ nequ f
eq
1 v1σ

dex. (18)
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Using the equilibrium Boltzmann relation (7a), we then obtain a similar relationship between mi-
croscopic variables, the Klein-Rosseland relation [13]:

glE0 σ
exc “ guE1 σ

dex. (19)

The fact that the cross-sections for forward and reverse processes are not independent is to be
expected from invariance under time-reversal of the microscopic, quantum interactions. Thus, eqs.
(17,19) are more fundamental than (16,18) and in turn, can be used to relate the rates of forward
and backward processes, independently of thermodynamic equilibrium conditions.

2.4 The Boltzmann equation

Now we formulate the Boltzmann type equations for the electron energy distribution fpE, tq and the
atom density function nkptq, for inelastic collisions only. We present the results here and go through
the details for ionization/recombination processes in Section 2.4.1 and excitation/deexcitation pro-
cesses in Section 2.4.2. Since we are only examining here the collisional processes, we can restrict
ourselves to a homogeneous system with no electro-magnetic fields, so that the streaming operators
on the left-side of (1) vanish. Thus, the reduced Boltzmann equations for ionization / recombination
and excitation / deexcitation are:

BtfpEq “ QeIR `QeED,
Btnk “ QkIR `QkED,
Btni “ QiIR `QiED,

(20)

with the ionization/recombination collision operators

QeIR “
ÿ

k

ĳ
pδ1 ` δ2 ´ δ0q

`
nkf0v0σ

ion ´ nif1f2v1v2σ
rec

˘
dE0 dEt,

QkIR “ ´
ĳ `

nkf0v0σ
ion ´ nif1f2v1v2σ

rec
˘

dE0 dEt,

QiIR “
ÿ

k

ĳ
pnkf0v0σ

ion ´ nif1f2v1v2σ
recq dE0 dEt,

(21)

and the excitation/deexcitation collision operators

QeED “
ÿ

u

ÿ

lău

ż
pδ1 ´ δ0q

´
nlf0v0σ

exc ´ nuf1v1σ
dex

¯
dE0,

QkED “
ÿ

u

ÿ

lău
pδuk ´ δlkq

ż ´
nlf0v0σ

exc ´ nuf1v1σ
dex

¯
dE0,

QiED “ 0.

(22)

Here E1 and E2 in the ionization/recombination equations (21) are defined by
E1“E0´Et, E2“Et´Bk, (23)

and E1 in the excitation/deexcitation equations (22) is defined by
E1“E0´∆Elu. (24)

The short notations (14), (15) and
δp“δpE ´ Epq, p “ 0, 1, 2, (25)

are used. In QkED the Kronecker delta function δij “ 1 if the two subscripts i, j are equal, and 0
otherwise.
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2.4.1 Ionization and recombination

Considering ionization and recombination from and to a single level k only, the kinetic equation for
electrons includes a source term:

BtfpEq|k “ QeIR|k “nk
ż
f0v0 σ

ion
k pE0;E1, E2qδpE1 ´ EqdEt dE0

` nk
ż
f0v0 σ

ion
k pE0;E1, E2qδpE2 ´ EqdEt dE0

´ nk
ż
f0v0 σ

ion
k pE0;E1, E2qδpE0 ´ EqdEt dE0

´ ni
ż
f1f2v1v2 σ

rec
k pE1, E2;E0qδpE1 ´ Eq dE1 dE2

´ ni
ż
f1f2v1v2 σ

rec
k pE1, E2;E0qδpE2 ´ Eq dE1 dE2

` ni
ż
f1f2v1v2 σ

rec
k pE1, E2;E0qδpE0 ´ Eq dE1 dE2.

The first three lines describe respectively the gain/gain/loss of electrons during an ionization process,
the next three lines describe the loss/loss/gain of electrons during a recombination process, and the
integration takes place over the initial states. These expressions implicitly contain the relationships
between the electron energies, i.e. (23) from energy conservation, and such that dE0 dEt“ dE1 dE2.
Summing over all excitation levels, we obtain:

BtfpEq “ QeIR “
kmaxÿ

k“1

ĳ
pδ1`δ2´δ0q

`
nkf0v0σ

ion ´ nif1f2v1v2σ
rec

˘
dE0 dEt, (26)

with δp defined in (25). Similarly, the equation for the atomic state is:

Btnk “ QkIR “
ĳ

nif1f2v1v2 σ
rec
k pE1, E2;E0q dEt dE0

´
ĳ

nkf0v0 σ
ion
k pE0;E1, E2q dEt dE0

“ ´
ĳ `

nkf0v0σ
ion ´ nif1f2v1v2σ

rec
˘

dE0 dEt.

(27)

The first term describes the gain of atomic level density in the recombination process, while the
second term describes the loss of neutral density in the kth level due to the ionization. The equation
for the ions is

Btni “ QiIR “ Bt
ż
fpEqdE “ ´

ÿ

k

Btnk

“
ÿ

k

ĳ
pnkf0v0σ

ion ´ nif1f2v1v2σ
recqdEt dE0.

(28)
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2.4.2 Excitation and deexcitation

Consider now an excitation and deexcitation process between two levels (l, u) only. The kinetic
equation for the electrons is

BtfpEqulu “ QeEDulu “
ż
nlfpE0qvpE0qσexclu pE0;E1qδpE1 ´ EqdE1

´
ż
nlfpE0qvpE0qσexclu pE0;E1qδpE0 ´ EqdE0

`
ż
nufpE1qvpE1qσdexul pE1;E0qδpE0 ´ Eq dE0

´
ż
nufpE1qvpE1qσdexul pE1;E0qδpE1 ´ Eq dE1.

(29)

The first two lines correspond respectively to the gain/loss of electrons in the excitation processes,
while the next two lines correspond to the gain/loss of electrons in the deexcitation processes.
Summing over all pairs of levels pl, uq and using short notations again, we obtain the compact form:

BtfpEq “ QeED “
ÿ

u

ÿ

lău

ż
pδ1 ´ δ0q

´
nlf0v0σ

exc ´ nuf1v1σ
dex

¯
dE0. (30)

Here E0 and E1 are related by (24). Similarly the equation for the density function of atoms is

Btnk“QkED“
ÿ

lăk

ż
nlfpE0qvpE0qσexckl pE0;E1qdE0´

ÿ

uąk

ż
nkfpE0qvpE0qσexcuk pE0;E1q dE0

`
ÿ

uąk

ż
nufpE1qvpE1qσdexku pE1;E0q dE1´

ÿ

lăk

ż
nkfpE1qvpE1qσdexlk pE1;E0qdE1

“
ÿ

u

ÿ

lău

ż ´
nlf0v0σ

exc ´ nuf1v1σ
dex

¯
pδuk ´ δlkq dE0.

(31)

The first two tems correspond to the gain and loss of atoms at k-th level in excitation processes,
and the next two terms corresponds to the deexcitation processes. In the last line, the summation
is over all pairs of pl, uq with l ă u by introducing the Kronecker delta function.

3 Entropy and the H-Theorem
3.1 Entropy
The Boltzmann entropy of a macroscopic system of Np particles of type p is defined as

Sp “ kB log Wp,

where Wp is the number of independent micro-states available and compatible with a given total
energy of the system. The total phase space available to the system can be divided into unit cells,
such that the number of possible arrangements of Nppnq particles distributed into Gp available
quantum states in the nth cell is

Wppnq “ G
Np
p

Np!
.

We have assumed here a classical approximation (Gp"Np), since the studied conditions are such
that no quantum statistical effects need to be considered. The Np! factor is a correction for the fact
that particles in the same unit phase space are indistinguishable. The number of particles being
variable, the total number of possible arrangements for a given macro state (in units of kB “ 1) is

Sp “ log
ź

n

Wppnq “
ÿ

n

log
GNpp
Np!

, (32)
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in which the dependence of Gp and Np on n is implicit. Using the Stirling approximation logpN !q«
N logN´N , the entropy (32) becomes

Sp “ ´ř
nNp

”
log

Np
Gp ´ 1

ı
. (33)

For a very large number of cells (continuous distributions), we can approximate the discrete sum-
mation by an integral, yielding

Sp “ ´
ż
NppEq

„
log
NppEq
GppEq ´1


dE. (34)

We introduce now the definition of the occupation number

ζppEq “ NppEqGppEq . (35)

The occupation number ζp is a temperature-dependent, intensive variable.

For electrons, consider a small (or infinitesimal) volume d3v d3p in phase space. The number of
possible micro-states in this phase space cell is

Ge ” ge
d3x d3p

h3
“ ge

m3
e

h3
d3x d3v,

where ge “ 2 is the spin degeneracy, and the remainder is the elementary volume in phase space.
Assuming that the distributions are spatially homogeneous, we can replace d3x by a spatial cell of
volume 1. After a change of variable from velocity v to energy E (assuming isotropic distributions),
one has

Ge ” ge

«
4πm2

e

h3

ˆ
2E

me

˙1{2ff
dE “ gegtrpEq dE, (36)

in which gtrpEq is the energy-dependent degeneracy per unit volume due to the translational modes
only. Similarly, the number of particles in a unit spatial volume with energy in an interval of size
dE can be written as

NepEq “ F pvq d3v “ fpEqdE

The occupation number (35) becomes

ζepEq “ NepEqGepEq “
fpEq

gegtrpEq . (37)

From (34), we can write down the entropy for the free electrons:

Se “ ´
ż
fpEq plog ζepEq ´ 1q dE “ ´

ż
fpEq

ˆ
log

fpEq
gegtrpEq ´ 1

˙
dE. (38)

For atoms in a specified atomic state k, the same definition applies; i.e.,

Gk “ gk

«
4πM2

A

h3

ˆ
2EA

MA

˙1{2ff
dEA “ gkgtr,A dEA,

where gk is now the level degeneracy, EA,MA are respectively the kinetic energy and mass of the
atom, and Nk “ nk dEA. Combining with (36), the occupation number for atoms at level k is

ζk “ NkGk “
nk

gkgtr,A
, (39)

and the entropy for the atoms is

Sa “
ÿ

k

Sk “ ´
ÿ

k

nk plog ζk ´ 1q “ ´
ÿ

k

nk

ˆ
log

nk
gkgtr,A

´ 1

˙
. (40)
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Similarly the occupation number for ions is

ζi “ ni
gigtr,i

, (41)

with the translational degeneracy

gtr,i “ 4πM2
i

h3

ˆ
2Ei
Mi

˙1{2
.

Because of the small electron/atom mass ratio, the kinetic energy of the atom is approximately
constant during collisions, i.e. Mi « Ma and Ei « Ea. Therefore gtr,i « gtr,A. The entropy for the
ions is then:

Si “ ´ni plog ζi ´ 1q “ ´ni
ˆ

log
ni

gigtr,i
´ 1

˙
. (42)

The total entropy of the system is the sum of that of its constituents,
S “ Se ` Sa ` Si, (43)

with Se, Sa and Si defined by (38)(40)(42).

3.2 Relation to H theorem

It is traditional to define a H function2 to describe the constrained evolution of the system towards
equilibrium. The definition of a H function includes the equilibrium distribution,

H˚ “
ż "

fpEq log
fpEq
feqpEq ´ pfpEq ´ f

eqpEqq
*

dE

`
ÿ

k

"
nk log

nk
neqk

´ pnk ´ neqk q
*

` ni log
ni
neqi

´ pni ´ neqi q.

(44)

This expression is commonly referred to as the relative entropy, since it is identically zero at equilib-
rium. One can recognize it as the Kullback-Leibler divergence between the two probability density
functions f, feq. Using (6)(8) and (37), we can express the two distribution functions for the elec-
trons as

fpEq “ gegtrpEqζepEq, (45a)

feqpEq “ neqe
gegtrpEq
ZepT q e

´E{T . (45b)

The electron contribution to the H function is therefore

He̊ “
ż
fpEq log ζepEq dE `

ˆ
log

ZepT q
neqe

˙ż
fpEq dE ` 1

T

ż
EfpEqdE ´ ne ` neqe .

Note that
ş
fpEq dE “ ne and

ş
EfpEqdE “ εe are the electron density and energy. For atoms at

level k, (39) leads to nk “ gkgtr,Aζk. Combining with (9a), the contribution by atomic states is

Hå “
ÿ

k

nk log ζk `
ˆ

log
gtr,AZa
neqa

˙ÿ

k

nk ` 1

T

ÿ

k

nkLk ´ na ` neqa .

The last term is the total energy of the atoms εa “ ř
k nkLk. For ions, (41) leads to ni “ gigtr,iζi.

(9b) gives

pneqi q2 “ 2neqa
gi
ge

Ze
Za
e´Li{T .

2In most cases, this function is equivalent to the negative entropy, and therefore is minimized at equilibrium.
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The contribution by ions is

Hi̊ “ ni log ζi ´ ni ` neqi ` ni log
gigtr,in

eq
i

pneqi q2

“ ni log ζi ´ ni ` neqi `
ˆ

log
gtr,in

eq
i Za

neqa Ze

˙
ni ` niLi

T
.

The last term is the total energy of the ions εi “ niLi. Combining, we find

H˚ “
ż
fpEq log ζepEqdE ´ ne `

ÿ

k

nk log ζk ´ na ` ni log ζi ´ ni

` ne log
Ze
neqe

` na log
gtr,AZe
neqa

` ni log
gtr,in

eq
i Za

neqa Ze

` εe
T
` εa
T
` εi
T
` neqe ` neqa ` neqi .

Using ni“ne“ntot´na, εtot“εe`εa`εi, and gtr,A«gtr,i, we have

H˚ “
ż
fpEq log ζepEq dE ´ ne `

ÿ

k

nk log ζk ´ na ` ni log ζi ´ ni ` C, (46)

with C a constant term in time

C “ ntot log
gtr,AZe
neqa

` εtot
T
` neqe ` neqa ` neqi .

Thus, the relative entropy provides the same dynamics as the true entropy (43) since H˚ “ ´S`C.

3.3 H-Theorems

In this section we show the H-Theorems for the Boltzmann equations ((20)(21)(22), based on the
relative entropy. We first summarize the results on moments conservations. The proof is left in
Appendix C.

Proposition 3.1 (Conservation of density and energy.).

(a) Suppose tf, nk, niu is the solution to the ionization/recombination kinetic equations, i.e. (20)(21)
with QeED“QkED“QiED“0. Then the total density and total energy are conserved, i.e.,

d

dt
ntot “ d

dt
εtot “ 0,

where ntot and εtot are defined by (5a) and (5b).
(b) Suppose tf, nk, niu is the solution to the excitation/deexcitation kinetic equations, i.e. (20)

(22) with QeIR“QkIR“QiIR“ 0. Then the densities for each species and the total energy are
conserved, i.e.,

d

dt

ż
fpEq dE “ d

dt

ÿ

k

nk “ d

dt
εtot “ 0,

where εtot is defined by (5b).
(c) Suppose tf, nk, niu is the solution to the ionization/recombination and excitation/deexcitation

kinetic equations (20)(21)(22). Then the total density and total energy are conserved,
d

dt
ntot “ d

dt
εtot “ 0.

Now we give the stationary states:

Proposition 3.2 (Stationary states).
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• If the ionization and recombination processes are included, the stationary solutions tf8, n8k , n8i u
are given by

f8 “ feq, n8i “ neqi , n8k “ neqk , for k “ 1, . . . , kmax. (47)

Here feq, neqk and neqi are the equilibria with temperature Te determined by the total number
density ntot and the total energy εtot.
• If only the excitation and deexcitation processes are included, i.e. without the ionization and
recombination processes, the stationary solutions tf8, n8k , n8i u are given by

f8 “ feqpE;TeqηpEq, n8i “ n0
i , n8k “ neqk pTeq, for k “ 1, . . . , kmax, (48)

where ηpEq is a periodic function in E, defined by

ηpEq “
ř
j fpE ` j∆E, t “ 0qř
j f

eqpE ` j∆E;Teq . (49)

with fpE, t “ 0q the initial electron distribution and Te the equilibrium temperature determined
from energy conservationż

EfeqpE;TeqηpEqdE `
ÿ

k

neqk pTeqLk “
ż
EfpE, t “ 0qdE `

ÿ

k

n0
kLk. (50)

where n0
i is the initial ion density and neqk pT q is the k-level equilibrium atom density (9a) at

temperature Te. The summation in (49) is over all integers j “ jpEq, such that E` j∆E ě 0.

This proposition is a direct result of the following H-theorem on the relative entropy. We define:

Definition 3.3 (Relative entropy). Define the relative entropy of the system
H “ He `Ha `Hi, (51)

with He, Ha and Hi the relative entropy of electrons, atoms and ions respectively

He “
ż
f log

f

f8 dE ´ ne ` n8e ,

Ha “
ÿ

k

ˆ
nk log

nk
n8k

´ nk ` n8k
˙
,

Hi “ ni log
ni
n8i

´ ni ` n8i ,

(52)

where ne “
ş
f dE and n8e “ ş

f8 dE; tf8, n8k , n8i u are the the stationary solutions given in
Proposition 3.2.

Note that přnk ` niq is constant and ne “ ni, the total relative entropy (51) can be rewritten as

H “
ż
f log

f

f8 dE `
ÿ

k

ˆ
nk log

nk
n8k

` nk ´ n8k
˙
` ni log

ni
n8i

. (53)

The H-theorem can be presented as follows:

Theorem 3.4 (H-theorem). One always has He ě 0, Ha ě 0 and Hi ě 0 in (52), hence H ě 0 in
(51). If one further assumes the solution f to the kinetic system (20)(21)(22) is smooth, then for
the entropy defined by (51)(52), one has d

dtH ď 0. The equality holds if and only if H “ 0, which
is equivalent to the fact that fpEq, nk and ni are the stationary solutions given in Proposition 3.2.
This result is also valid for the solely ionization/recombination process (with QeED“QkED“QiED“0)
or the excitation/deexcitation process (with QeIR“QkIR“QiIR“0).

The non-negativity of He, Ha and Hi comes from the inequality y log y
x ě py ´ xq, for x, y ą 0. We

prove the decay of the relative entropy for different processes in the following sections.
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3.3.1 Ionization and recombination

We first prove the H-theorem for the ionization/recombination process, i.e., the equations (20) (21)
with QeED “ QkED “ QiED “ 0. To start, we derive the weak form of the Boltzmann equations.

For any smooth function φ “ φpEq, one has for electrons,

Bt
ż
φf dE “

ż
φQeIR dE

“
ÿ

k

ĳ
pφ1 ` φ2 ´ φ0q

`
nkf0v0σ

ion ´ nif1f2v1v2σ
rec

˘
dE0 dEt

“
ÿ

k

ĳ
pφ1 ` φ2 ´ φ0q

ˆ
nk
neqk

f0

feq0

´ ni
neqi

f1

feq1

f2

feq2

˙
neqk f

eq
0 v0σ

ion dE0 dEt,

(54)

using the detailed balance relation (16). Similarly, for atoms and ions,

Btnk “ QkIR “ ´
ĳ ˆ

nk
neqk

f0

feq0

´ ni
neqi

f1

feq1

f2

feq2

˙
neqk f

eq
0 v0σ

ion dE0 dEt, (55)

Btni “ QiIR “
ÿ

k

ĳ ˆ
nk
neqk

f0

feq0

´ ni
neqi

f1

feq1

f2

feq2

˙
neqk f

eq
0 v0σ

ion dE0 dEt. (56)

The following lemma, proven in Appendix B, will be used in the derivation of the H-theorem.

Lemma 3.5. Suppose fpEq is a smooth function and feq, tneqk u, neqi are the equilibrium functions
defined by (6)-(9b), sharing the same total number density and total energy with f , tnku and ni. If

nk
neqk

f0

feq0

“ ni
neqi

f1

feq1

f2

feq2

, (57)

for every E0 and Et, then
f “ feq, nk “ neqk , ni “ neqi .

Now we are ready to give the H-theorem for the ionization/recombination process,

Theorem 3.6 (H-theorems for ionization/recombination). Assume the solution f to the ioniza-
tion/recombination kinetic equations ((20) (21) with QeED “ QkED “ QiED “ 0) is smooth. Then for
the entropy H defined by (51)(52) with the stationary solution (47), one has d

dtH ď 0. The equality
holds if and only if H “ 0, which is equivalent to say fpEq, nk and ni are the equilibrium values.

Proof. Utilizing the weak forms (54)-(56), a straightforward computation gives

BtH “
ż
Btf log

f

feq
dE `

ÿ

k

Btnk log
nk
neqk

` Btni log
ni
neqi

` 2Btntot

“ ´
ÿ

k

ĳ ˆ
log

ˆ
nk
neqk

f0

feq0

˙
´ log

ˆ
ni
neqi

f1

feq1

f2

feq2

˙˙

¨
ˆ
nk
neqk

f0

feq0

´ ni
neqi

f1

feq1

f2

feq2

˙
neqk f

eq
0 v0σ

ion dE0 dEt

ď 0.

The equality holds if and only if
nk
neqk

f0

feq0

“ ni
neqi

f1

feq1

f2

feq2

,
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for every E0 and Et. Lemma 3.5 then implies
f “ feq, nk “ neqk , ni “ neqi ,

which is equivalent to H “ 0.

3.3.2 Excitation and deexcitation

We then prove the H-theorem for the excitation/deexcitation process, i.e., the equations (20) (22)
with QeIR “ QkIR “ QiIR “ 0. Again we derive the weak form of the Boltzmann equations.

For any smooth function φ “ φpEq, one has for electrons

Bt
ż
φf dE “

ĳ
φQeED dE

“
ÿ

lău

ż
pφ1 ´ φ0q

´
nlf0v0σ

exc ´ nuf1v1σ
dex

¯
dE0

“
ÿ

lău

ż
pφ1 ´ φ0q

ˆ
nl
neql

f0

feq0

´ nu
nequ

f1

feq1

˙
neql f

eq
0 v0σ

exc dE0,

(58)

using the detailed balance relation (18). Similarly for atoms

Btnk “ QkED “
ÿ

lău

ż ˆ
nl
neql

f0

feq0

´ nu
nequ

f1

feq1

˙
pδuk ´ δlkqneql feq0 v0σ

exc dE0. (59)

Note that for any sequence tφku,
Bt
ÿ
nkφk “

ÿ

lău

ż ˆ
nl
neql

f0

feq0

´ nu
nequ

f1

feq1

˙ÿ

k

φkpδuk ´ δlkqneql feq0 v0σ
exc dE0

“
ÿ

lău

ż ˆ
nl
neql

f0

feq0

´ nu
nequ

f1

feq1

˙
pφu ´ φlqneql feq0 v0σ

exc dE0.

(60)

With only excitation/deexcitation, the equilibria feq and neqk defined in Section 2.1 are not the only
stationary solutions. The proof of this uses the following results.

Lemma 3.7. (i). Suppose f is a solution to the excitation/deexcitation kinetic equations (20) (22)
with initial value fpE, t “ 0q. Then

d

dt

ÿ

j

fpE ` j∆E, tq “ 0, for any E ě 0, (61)

where the summation is over all integers j such that pE ` j∆Eq ě 0.

(ii). If f is in the form fpEq “ feqpE;TeqηpE;Teq, for some temperature Te and some periodic
function ηpE;Teq in E with the period ∆E, then η is given by (49).

(iii). There is a unique value of Te satisfying the energy conservation (50).

The detailed proof is given in Appendix D. The equation (61) describes the fact that an electron
can only gain or lose an energy of integer multiplication of ∆E with only excitation/deexcitation
included. (ii) gives the formula of η, as a result of (61). (iii) shows the uniqueness of the equilib-
rium temperature, as an analogy to Lemma 2.1 where the ionization/recombination processes are
included.
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Theorem 3.8. Assume there is ∆E ą 0, such that ∆Elu is an integer multiplication of ∆E, for
every l, u. Suppose fpEq is a smooth function such that

nl
neql

f0

feq0

“ nu
nequ

f1

feq1

(62)

holds for every l, u and E0, in which feq “ feqpE;Teq, tneqk u “ tneqk pTequ are of the form (6) and
(9a)(9b) for the temperature Te determined from (50). Then

fpEq “ feqpE;TeqηpEq,
nk “ neqk pTeq,

(63)

where ηpEq is the periodic function (49), with period ∆E.

A detailed proof is given in Appendix D. Here we would like to point out several facts.

• ∆Elu is a rational multiple of IH in our model, so that ∆E exists.
• The period ∆E decreases to 0 very fast as the number of excitation levels increase. As ∆E Ñ

0, η becomes a constant function and the stationary solutions are given by the Boltzmann
distribution (6) and (9a), with temperature determined by energy conservation.

Now we are ready to give the H-theorem for the excitation/deexcitation process,

Theorem 3.9 (H-theorems for excitation/deexcitation). Assume the solution f to the excita-
tion/deexcitation kinetic equations ((20) (22) with QeIR “ QkIR “ QiIR “ 0) is smooth. Then for
the entropy H defined by (51)(52) with the stationary solution (48), one has d

dtH ď 0. The equality
holds if and only if H “ 0, which is equivalent to say f and tnku are given by (63).

Proof. Note that with only excitation and deexcitation, one hasÿ

k

pnk ´ n8k q “ ni log
ni
n8i

“ 0.

The entropy becomes

H “
ż
fpEq log

fpEq
feqpE;T qηpEq dE `

ÿ

k

ˆ
nk log

nk
neqk pT q

˙
.

Utilizing the weak forms (58)(59), a straightforward computation gives

BtH “
ż
Btf log

f

feqη
dE `

ÿ

k

Btnk log
nk
neqk

` Bt
ż
f dE ` Bt

ÿ

k

nk

“ ´
ÿ

lău

ż ˆ
log

ˆ
nl
neql

f0

feq0 η0

˙
´ log

ˆ
nu
nequ

f1

feq1 η1

˙˙ˆ
nl
neql

f0

feq0

´ nu
nequ

f1

feq1

˙
neql f

eq
0 v0σ

exc dE0

“ ´
ÿ

lău

ż ˆ
log

ˆ
nl
neql

f0

feq0

˙
´ log

ˆ
nu
nequ

f1

feq1

˙˙ˆ
nl
neql

f0

feq0

´ nu
nequ

f1

feq1

˙
neql f

eq
0 v0σ

exc dE0

ď 0.

This inequality used
ηpE1q “ ηpE0´∆Eluq “ ηpE0q,

since ∆Elu is an integer multiplication of ∆E, the period of η. The equality holds if and only if
nl
neql

f0

feq0

“ nu
nequ

f1

feq1

,

for every l, u and E0. By Theorem 3.8 and 3.7, f and tnku are given by (63), which is equivalent
to H “ 0.

The stationary solution is unique for any specified initial data as a result of this theorem.
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3.3.3 Full Kinetic Equations

Finally consider the full kinetic equations including all four processes (20)(21)(22). We are ready
to give:

Proof of Theorem 3.4. The proof of the non-negativity of H is the same as the one in Theorem 3.6.
Then it is straightforward to obtain

BtH “ ´
ÿ

k

ĳ ˆ
log

ˆ
nk
neqk

f0

feq0

˙
´ log

ˆ
ni
neqi

f1

feq1

f2

feq2

˙˙

¨
ˆ
nk
neqk

f0

feq0

´ ni
neqi

f1

feq1

f2

feq2

˙
neqk f

eq
0 v0σ

ion dE0 dEt

´
ÿ

lău

ż ˆ
log

ˆ
nl
neql

f0

feq0

˙
´ log

ˆ
nu
nequ

f1

feq1

˙˙ˆ
nl
neql

f0

feq0

´ nu
nequ

f1

feq1

˙
neql f

eq
0 v0σ

exc dE0

ď 0.

The equality holds if and only if both (57) and (62) hold. Then by (57) and Lemma 3.5,
f “ feq, nk “ neqk , ni “ neqi ,

which is consistent with (62) with the periodic function η “ 1.

4 Idealized Energetic Cross Sections
This section describes semi-classical cross sections, which have explicit analytic formulas.

4.1 Ionization

For ionization events pk,E0, Etq Ñ pE1, E2q, experimental measurements and numerical calculations
of the differential cross section have been performed (e.g., [14], [15]) but the results are rather
complicated. As a simpler alternative, the semi-classical cross section [2] is used. This is sufficient
for demonstrating the Monte-Carlo procedure, while highlighting some key difficulties due to the
scaling of the cross-sections with energy – an issue which remains for any physically realistic cross-
section model. In the semi-classical approximation, we have the differential cross section

σionk pE0;E1, E2q “ 4πa2
0I

2
H

1

E0

1

E2
t

1BkďEtďE0 . (64)

where 1”1 if the conditional argument is satisfied, ”0 otherwise. The total ionization cross section
for a given initial atomic energy level k, and electron energy E0, is

σiontot pk,E0q “
ż E0

Bk

σionk pE0;E1, E2qdEt

“ 4πa2
0I

2
H

1

E0

ˆ
1

Bk
´ 1

E0

˙
1E0ąBk .

(65)

The corresponding ionization rate per electron E0 from (12) is
riontot pk,E0q “ nkvpE0qσiontot pk,E0q

“ 4πa2
0I

2
H

c
2

me

nk?
E0

ˆ
1

Bk
´ 1

E0

˙
1E0ąBk .

(66)
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In simulation of ionization from level k, the incident energy E0 is sampled according to (65), then
the energy transfer Et is chosen from the energy interval Bk ă Et ă E0 according to the probability
density

pionpEtq “ σionk pE0;E1, E2q
σiontot pk,E0q “ E0Bk

E0 ´Bk
1

E2
t

1BkďEtďE0 . (67)

Note that this expression diverges rapidly when the excess energy E0´Bk Ñ 0.

4.2 Recombination

The cross section for a recombination event pE1, E2q Ñ pk,E0q is obtained from the relation (17),
using Et “ E2 `Bk,

σreck pE1, E2;E0q “ 1

16πmeh´3

gk
gi

E0

E1E2
σionk pE0;E1, E2q

“ 4πa2
0I

2
H

16πmeh´3

gk
gi

1

E1E2

1

pE2 `Bkq2 .
(68)

The corresponding recombination rate per pair of electrons E1, E2 from (11) is
rrecpk,E1, E2q “ nivpE1qvpE2qσreck pE1, E2;E0q

“ a2
0I

2
H

2m2
eh
´3

ni?
E1

?
E2

gk
gi

1

pE2 `Bkq2 .
(69)

Both cross-sections are divergent as E1 Ñ 0 or E2 Ñ 0, conditions obtained at either end of the
allowed range of energy transferred, i.e. near threshold (Et » Bk) or near maximum (Et » E0).

4.3 Excitation

For the energetic cross section of excitation pl, E0q Ñ pu,E1q, the semi-classical cross section is [2]

σexclu pE0;E1q “ p4πa2
0I

2
Hqp3fulq

1

E0

ˆ
1

∆Elu
´ 1

E0

˙
1E0ą∆Elu , (70)

where the absorption oscillator strength is

ful “ 32

3π
?

3

1

l5u3

1

pl´2 ´ u´2q3 . (71)

The corresponding excitation rate per electron E0 from (11) is

rexcpl, u, E0q “ 12πa2
0I

2
H ful

c
2

me

nl?
E0

ˆ
1

∆Elu
´ 1

E0

˙
1E0ą∆Elu . (72)

4.4 Deexcitation

For the cross section of the deexcitation pu,E1q Ñ pl, E0q, the Klein-Rosseland relation (19) is used:

σdexul pE1;E0q “ gl
gu

E0

E1
σexclu pE0;E1q

“ 12πa2
0I

2
H ful

gl
gu

1

E1

ˆ
1

∆Elu
´ 1

E1`∆Elu

˙
.

(73)

The corresponding deexcitation rate per electron E1 from (11) is

rdexpu, l, E1q “ 12πa2
0I

2
H ful

c
2

me
nu

gl
gu

1?
E1

ˆ
1

∆Elu
´ 1

E1`∆Elu

˙
. (74)
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5 Monte Carlo Particle Method
Using the rates detailed in the previous sections, we now formulate a Monte Carlo simulation method
for plasma dynamics, including ionization, recombination, excitation and deexcitation interactions
between electrons and atoms/ions. The simulation is performed using a method like that of Direct
Simulation Monte Carlo (DSMC) [16] designed for binary elastic collisions. Coulomb collisions and
other physical processes are not included here, but could be easily added to the method.

There are several difficulties in simulation of excitation/deexcitation and ionization/recombination:

1. There are many processes to be simulated, including pkmaxpkmax ´ 1qq excitation/deexcitation
processes and (2kmax) ionization/recombination processes. One needs to pick the processes
and sample corresponding electrons with the right rates.

2. The recombination rate depends in a singular way on the electron energies, so that efficient and
correct sampling of the electrons for recombination events is difficult.

3. The rates for different interactions are widely varying, so that it is difficult to efficiently include
all of the interactions.

In this section we mainly focus on dealing with the first two difficulties. The third involves the
multiscale properties which will be investigated in future work.

5.1 The Framework of Algorithm

We employ a Kinetic Monte Carlo (KMC) method to deal with the first difficulty. The method can
be summarized as

Step 1. Find upper bounds for the total rates of each of the four collision types, denoted as r̃j

with the superscript j “ exc, dex, ion, rec. The total rate of all types of collisions is given by
R̃ “ ř

j r̃
j .

Step 2. Choose collision type j with rate r̃j{R̃. Update the time with t “ t`∆t, where ∆t “ 1{R̃,
so that there is only one virtual collision in one time step.

Step 3. For the selected collision type, choose the participating particles, including electrons and
atom levels before and/or after the collision, with the rate used in computing the upper bound
r̃j . Denote this rate to be r̃jP , with the subscript P representing the particles.

Step 4. For the selected collision type and particles, compute the actual rate rjP of this collision.
Accept and perform the collision with probability rjP {r̃jP .

5.2 Sample Electrons from a Singular Distribution

In step 3 of the framework, electrons for excitation, deexcitation and ionization processes are uni-
formly chosen from the numerical particles. For the recombination process, the actual rate rjP scales
like pE1E2q´1{2, if two electrons with energy E1 and E2 are uniformly chosen from the numerical
particles. This makes the upper bound r̃rec extremely large and the acceptance/rejection procedure
in step 4 very inefficient. This is the second difficulty mentioned above.

To avoid this singularity, we choose electrons E with rate ppEq, in which the distribution ppEq
scales like E´1{2 as E Ñ 0. As described in the following sections, the two electrons E1 and E2 in
the recombination are chosen with probabilities

p1pEq “
1?
E
,

p2pEq “
1?
E

ÿ

l

gl
pE `Blq2 .

(75)
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Suppose in each time step one needs to choose an electron Ej with probability pj “ ppEjq from Ne

electrons with energy tEj , j “ 1, . . . , Neu. To simulate over a time interval r0, tmaxs, a total number
of OpNeq collisions are needed. We propose four different methods here and give a numerical
comparison in Section 6.4.

5.2.1 Acceptance/Rejection Method

For this method, first compute
pmax “ max

1ďjďNe
pj , (76)

then uniformly choose an electron Ej and accept it with rate pj
pmax

. Keep sampling until one electron
is accepted. The value pmax can be updated after each collision.

This method is used for the excitation, deexcitation and ionization. But it is very inefficient for the
recombination due to the singularity as E Ñ 0. To see this, consider the case when the system is at
equilibrium. At equilibrium for small E˚, using equation (6), the fraction of electrons with E ă E˚
is

P pE ă E˚q “ C

ż E˚
0

?
Ee´E{Te dE “ OpE3{2

˚ q, (77)

so that

P

ˆ
min

1ďjďNe
Ej ď E˚

˙
“ 1´ p1´ P pE ă E˚qqNe “ OpNeE

3{2
˚ q.

Hence the minimum of E is OpN´2{3
e q and pmax “ 1?

E
“ OpN1{3

e q. The acceptance rate is

rAR “ 1

pmax
“ OpN´1{3

e q.
To simulate over r0, tmaxs, the total cost is

CAR “ O
ˆ
Ne

rAR

˙
“ OpN4{3

e q.

However, in simulation the cost is usually much larger than OpN4{3
e q. This is due to two reasons.

First, the simulations may not start from the equilibrium, making the estimate (77) invalid. Second,
the way we update pmax in (76) may lead to an overly large pmax. Consider the case that the electron
with smallest energy gains energy from a deexcitation or recombination. This leads to the increment
of minj Ej , hence the decrement of pmax. However, as we are not lessening pmax accordingly, the
actual cost is larger than the expected. In Section 6.4, we show that the actual cost may increase
as large as OpN2

e q.

5.2.2 Direct Search Method

A direct search method is to sample a number r uniformly from r0, 1s and look for

j “ min

#
ξ, s.t.

ξÿ

i“1

pi ě r
Neÿ

i“1

pi

+
. (78)

Here the summation s “ řNe
i“1 pi can be updated after each collision. In this method the singularity

is not a problem. However the searching for j takes OpNeq operations. The total cost to simulate
over r0, tmaxs is

Cdirect “ OpN2
e q.
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5.2.3 Binary Search Method

The direct search method can be accelerated by a binary search method to find j in (78). Divide
r0, Nes into two equal size subdivisions and first locate which division Ej is in. If this idea is applied
iteratively to each subdivision, the total cost can be reduced to Oplog2Neq. This is the widely used
binary search method. For this method the sum s “ ř

pi in each subdivision can be updated after
each collision. A total number of Oplog2Neq updates is need for each collision. For completeness a
detailed algorithm is given in Appendix E. The total cost to simulate over r0, tmaxs is

Cbinary “ OpNe log2Neq.

5.2.4 Reduced Rejection Method

The recently developed reduced rejection method [8] can be applied, by combining with the Marsaglia
table method [17]. See Section 6 in [8] for a detailed description.

There are two sources of computation costs. Suppose the Marsaglia table is re-created after K
collisions. Then there are OpKq particles in the L-region, where a regular acceptance/rejection
method is applied. According to Section 5.2.1, the cost of sampling one electron is OpK1{3q in
the L-region. Hence the total cost of sampling OpNeq particles is OpNeK

1{3q. A total number of
OpNe{KqMarsaglia tables are re-created, since the cost of creating one table is OpNeq, the resulting
total cost in this part is O

`
Ne
K Ne

˘
. Therefore the total cost of the reduced rejection method to

simulate over r0, tmaxs is
CRR “ O

ˆ
NeK

1{3 ` N2
e

K

˙
“ OpN5{4

e q,

if K “ N
3{4
e . Note that to minimize the total cost, we need the costs in the two sources to be

approximately equal, i.e., NeK
1{3 « N2

e
K . In practice, we use a simple technique to make the cost of

re-creating Marsaglia tables and the cost of sampling from L-regions approximately equal:

• Step 1. Create the Marsaglia table. Record the computation time as ttable.
• Step 2. Perform collisions. Keep track of the total time tsample used in sampling particles for

recombination. When
tsample ą ttable,

set tsample “ 0 and go to step 1.

5.3 Large Scale Variation in the Rates

This section illustrates the large variation in the rates of different processes. Efficient multiscale
algorithms will be investigated in future works.

The total rate of excitation from level l to level u at equilibrium is

Rexcpl, uq “
ż
rexcpl, u, E0qfeqpE0qdE0 “ 3fulnlCpne, Teqψ

ˆ
∆Elu
Te

˙
,

where ful is the absolute oscillatory strength (71), Cpne, Teq is a function of ne and Te, and

ψpxq “
ż 8

x

ˆ
1

x
´ 1

y

˙
e´y dy.

One can easily check

ψpxq “ O
ˆ

1

x

˙
, as xÑ 0.
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For large l, the value of ful is maximized at u “ l ` 1, for which

fl`1,l « 4

3π
?

3
l.

∆Elu is minimized at the same post-collisional level u “ l ` 1,

∆El,l`1 « 2

l3
IH .

Therefore, since nl “ Opl2q,
Rexcpl, l ` 1q “ nlfl`1,l ¨O

ˆ
1

∆El,l`1

˙
“ Opl6q. (79)

Similarly, at equilibrium the total rate of ionization from level l is

Rionplq “ nl ¨O
ˆ

1

Bl

˙
“ nl ¨Opl2q “ Opl4q. (80)

(79) and (80) indicate that there are two different scales in the excitation/ionization problem.

First, the scales of excitation and ionization vary dramatically as the atom level l increases. The rate
of ionization increases as Opl4q and the rate of excitation increases as Opl6q, a range of 104 „ 106

for typical values of kmax “ 10.

Second, the rate of excitation is much larger than that of ionization for large excitation level, with
ratio

Rexcpl, l ` 1q
Rionplq “ Opl2q.

Some numerical examples are presented in Section 6.5.

5.4 Particle/Continuum Representation

The plasma is described by a discrete set of particles for the electron diestribution fpE, tq and a
continuum description for the atoms nkptq and ions niptq. The electron distribution function fpE, tq
is represented by the following discrete distribution

fpE, tq “ Neff

Neÿ

j“1

δpE ´ Ejptqq. (81)

The number Ne “ Neptq of electrons is not constant because of ionization and recombination. The
units of f are (number of particles) per energy per volume, and the constant Neff is the effective
number which represents the number of physical particles per numerical particle per volume.

5.5 A No Time Counter DSMC method

This section describes in detail a Direct Simulation Monte Carlo method without time counter. The
method follows the framework illustrated in Section 5.1. It preserves the total electron density ntot
(including the free and bound electrons) and the total energy εtot , due to the fact that ntot and εtot
are preserved in each collision. Moreover, since the algorithm satisfies detailed balance, if initially
the system is in an equilibrium state, then it is always in equilibrium. This is numerically tested in
Section 6.1.

Step 1 : Decide the rates of virtual collisions.
First find upper bounds on the total rates of collisions of each type. The upper bounds need to
be not too large, while at the same time easy to compute. The actual total rates of collisions
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in each type can be derived by taking the summation of the rates (66), (69), (72), (74) over
all electrons and atom levels:

rexc “ Neff
ÿ

l

ÿ

uąl

ÿ

k

rexcpl, u, Ekq

“ 12πa2
0I

2
H

c
2

me
Neff

ÿ

l

ÿ

uąl

ÿ

k

nl?
Ek

ful

ˆ
1

∆Elu
´ 1

Ek

˙
1Eką∆Elu ,

rdex “ Neff
ÿ

u

ÿ

lău

ÿ

k

rdexpu, l, Ekq

“ 12πa2
0I

2
H

c
2

me
Neff

ÿ

u

ÿ

lău

ÿ

k

nugl
gu

ful
?
Ek

∆Elup∆Elu ` Ekq ,

rion “ Neff
ÿ

l

ÿ

k

riontot pl, Ekq

“ 4πa2
0I

2
H

c
2

me
Neff

ÿ

l

ÿ

k

nl?
Ek

ˆ
1

Bl
´ 1

Ek

˙
1EkąBl ,

rrec “ N2
eff

ÿ

i‰j

ÿ

l

rrecpl, Ei, Ejq

“ a2
0ni

4m2
eh
´3g`

I2
HN

2
eff

˜ÿ

i,j

1a
EiEj

ÿ

l

gl
pEi `Blq2 ´

ÿ

i

1

Ei

ÿ

l

gl
pEi `Blq2

¸

“ a2
0ni

4m2
eh
´3g`

I2
HN

2
eff

˜ÿ

j

1a
Ej

ÿ

i

˜
1?
Ei

ÿ

l

gl
pEi `Blq2

¸
´
ÿ

i

1

Ei

ÿ

l

gl
pEi `Blq2

¸
.

(82)
Note that these are just a numerical approximation of (13). They have the following upper
bounds:

rexc ď ˜rexc “ 12πa2
0I

2
H

c
2

me
NeNeff

ÿ

l

nl
ÿ

uąl

2

3
?

3

ful
p∆Eluq3{2

,

rdex ď ˜rdex “ 12πa2
0I

2
H

c
2

me
NeNeff

ÿ

u

nu
ÿ

lău

gl
gu

ful
2p∆Eluq3{2 ,

rion ď ˜rion “ 4πa2
0I

2
H

c
2

me
NeNeff

ÿ

l

2

3
?

3

nl
pBlq3{2 ,

rrec ď ˜rrec “ a2
0ni

4m2
eh
´3g`

2

me
I2
HN

2
eff

ÿ

j

1a
Ej

ÿ

i

˜
1?
Ei

ÿ

l

gl
pEi `Blq2

¸
,

using the inequalities x´1{2p1{a´ 1{xq ď 2
3
?

3
a´3{2, for x ě a, and 2

?
x

apa`xq ď a´3{2. Then

R̃ “ ˜rexc ` ˜rdex ` ˜rion ` ˜rrec

is an upper bound on the total rate of all collisions.
Evaluation of R̃ requires total computational cost of Oppkmaxq2`Neq at beginning, with kmax

the number of excitation levels. Since only one or two electrons and one or two atom levels
are updated after each collision, it is easy to update R̃ in each step.

Step 2 : Update time and choose collision type.
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For a time step ∆t, there are R̃∆t virtual collisions. For the space homogeneous problem, one
can take

∆t “ 1

R̃
.

This eliminates the time error.
An equivalent choice is to take

∆t “ 1

R̃
lnp1{uq,

with u a number uniformly sampled from r0, 1s. This has been widely used in the simulation
of chemical reactions since Gillespie’s work [11]
Then update the time t “ t`∆t. The collision type is chosen with probability

r̃j

R̃
, for j P texc, dex, ion, recu.

Step 3 and 4 : Perform one virtual collision
We combined the steps 3 and 4 in Section 5.1. For the different collision types, the algorithms
are slightly different.
• For excitation:
Step 3.1 Choose a free electron E0 uniformly.
Step 3.2 Choose a prior-collisional level l and post-collisional level u ą l with rate

nl
ful

p∆Eluq3{2ř
l nl

ř
uąl

ful
p∆Eluq3{2

,

by the following method: Denote alu “ ful
p∆Eluq3{2 and bl “ ř

uąl alu. taluu and tblu
are pre-computed. Then apply the direct search method described in Section 5.2.2)
to choose first l with rate nlblř

l nlbl
, then u with rate alu

bl
. The total cost in this step is

Opkmaxq.
Step 3.3 Sample a number q uniformly from r0, 1s. If

q ď
1?
E0

´
1

∆Elu
´ 1

E0

¯
1E0ą∆Elu

2
3
?

3
1

p∆Eluq3{2
,

accept the collision and perform the excitation
pl, E0q Ñ pu,E1 “ E0 ´∆Eluq.

Otherwise reject it.
• For deexcitation:
Step 3.1 Choose a free electron E1 uniformly.
Step 3.2 Choose a prior-collisional level u and post-collisional level l ă u with rate

nu
gl
gu

ful
2p∆Eluq3{2ř

u nu
ř
lău

gl
gu

ful
2p∆Eluq3{2

,

by a method similar to Step 3.2 in the case of excitation.
Step 3.3 Sample a number q uniformly from r0, 1s. If

q ď
?
E1

∆Elu`E1

1
2p∆Eluq1{2

,
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accept the collision and perform the deexcitation
pu,E1q Ñ pl, E0 “ E1 `∆Eluq.

Otherwise reject it.
• For ionization:
Step 3.1 Choose a free electron E0 uniformly.
Step 3.2 Choose a prior-collisional level l with rate

nl
pBlq3{2ř
l

nl
pBlq3{2

.

Step 3.3 Sample a number q uniformly from r0, 1s. If

q ď
1?
E0

´
1
Bl
´ 1

E0

¯
1E0ąBl

2
3
?

3
1

pBlq3{2
,

accept the collision and sample the transfer energy Et according to
E0Bk
E0 ´Bk

1

E2
t

1BkďEtďE0 .

and perform the ionization
pl, E0q Ñ pE1 “ E0 ´ Et, E2 “ Et ´Blq.

Otherwise reject it.
• For recombination:
Step 3.1 Pick up one free electron with with

1?
Ejř

j
1?
Ej

,

and denote it by E1. Pick up a second electron with rate
1?
Ei

ř
l

gl
pEi`Blq2ř

i

´
1?
Ei

ř
l

gl
pEi`Blq2

¯ ,

and denote it by E2. As described in Section 5.2, this step can be accomplished
by several different methods. In the numerical section part, we apply four different
methods and compare their efficiencies.

Step 3.2 If the two electrons are the same, reject the collision. Otherwise, choose the
post-collisional level l with rate

gl
pE2`Blq2ř
l

gl
pE2`Blq2 .

Step 3.3 Perform the recombination,
pE1, E2q Ñ pl, E0 “ E1 ` E2 `Blq.

6 Computational Results
This section presents computational results from the simulation method described above. 5 atomic
levels are included, unless specified. All the results except Section 6.4 are obtained using the binary
search method in recombination. However all the other methods described in Section 5.2 give the
same results.
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6.1 Equilibrium initial data

The first results are for a distribution of electrons, neutral atoms and ions that are in the equilibrium
distribution given by (6), (9a) and (9b), with initial temperature of Te “ 4.31 eV and number
density ntot “ 1028m´3 for all (free and bound) electrons. 100, 000 computational particles are used
to represent the electron distribution function. The model for the neutral atoms consists of five
levels.

The left of Figure 1 shows the time evolution of the atom density nk, for different level k; the
right shows the electron energy distribution function fpEq at various times. The plot on the top
is for a simulation that includes excitation/deexcitation alone with no ionization/recombination;
while that on the bottom is for ionization/recombination with no excitation/deexcitation. In this
simulation the time step is ∆t “ 6.5´11 ps for the excitation/deexcitation, and ∆t “ 4.5´10 ps
for the ionization/recombination. The simulation is performed for about 108 time steps. These
results show that the simulation method does preserve the equilibrium distribution as required.
The fluctuations in the results are due to the statistical error from a finite number of computational
particles.
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Figure 1: Atomic (left) and electron (right) density function at various times starting from equilib-
rium, with excitation/deexcitation only (top), and ionization/recombination only (bottom) 100000
samples for free electrons.

6.2 Non-equilibrium initial data

The second simulation results, shown in Figure 2 - 7, are for initial data for which all of the neutral
atoms are distributed at the ground level, with total number density na “ 5ˆ1027m´3. The electrons
and ions are initially in an equilibrium distribution given by (6) and (9b), with initial temperature of
Te “ 50000K “ 4.31 eV and number density ne “ 5ˆ 1027m´3. 1, 000, 000 computational particles
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are used to represent the electron distribution function. The model for the neutral atoms consists
of five levels.

In Figures 2, 3, 4, only excitation/deexcitation processes are included. The plots in the left column
of Figure 2 show the density of the five different atomic levels (blue bars) at various times, demon-
strating convergence to equilibrium (white bars) given by (9a). The plots in the right column show
the density distribution of free electrons (blue lines) at various times, demonstrating convergence
to equilibrium (red dotted lines) given by (6). Note that the atomic level population inversion is
expected, because the level degeneracy grows faster than the exponential drop off due to ∆E (except
for between level 1 & 2) since the higher levels are close together.

Figure 3 shows the time evolution of the electron temperature (top)

Te “ εe
p3{2qne “

2

3

ş8
0 EfpEq dEş8
0 fpEq dE

and the normalized relative entropy (bottom)

H “ H

ntot

where H is defined by (44), with the equilibrium temperature T eqe “ 27959K determined from the
density and energy conservation. The electron temperature Te decays to T eqe as time evolves, due
to the fact that the excitations from ground level to excited levels dominate in the evolution. The
normalized relative entropy function (negative entropy) is monotonically decreasing to 0, except for
fluctuations due to the finite number of sampled particles which scales like 1{?N .

Figure 4 shows the time evolution of various ratios. In the top we show r̃j

R̃
, the fraction of each

type of virtual collision; in the middle rj

R̃
, the ratio of each type of accepted collision over all virtual

collisions; in the bottom rj

r̃j
, the acceptance rate of each type. Here j P texc, dexu. In the middle

figure, the two ratios become equal as time evolves, meaning that the two processes get balanced.
In the bottom figure, the acceptance rates of each virtual collision are above 50%, showing the high
efficiency of our method. Each point in these figures is computed by taking average over 50000
consecutive collisions. Note that compared to the entropy decay in Figure 3, these ratios reach
steady states in a much shorter time. This is because the collisions involving high levels (in this
example, level 4 and 5) have much larger rates, and hence dominate in computing these ratios. The
contribution from the low levels is very small. As the high levels can reach “equilibrium” in a very
short time, these ratios reach steady states very fast. On the other hand, the contribution from the
low levels in computing the entropy is not negligible, leading to the slow decay of the entropy in
Figure 3.

Note that with only excitation/deexcitation, the stationary state of the electron distribution differs
from the equilibrium by a periodic function η, according to (D.2). However with 5 excitation levels
the period of η is

∆E “ 1

324252
IH “ IH

3600
,

which is too small to be observed in this experiment. The relaxation towards this stationary state
does not preclude the generation of physical entropy, as shown by Figure 3, since according to the
discussion of Section 3.2, the evolution of the system can be described by either form of entropy,
but it does imply that by allowing only transitions with finite energy gaps, the final value of H
does not correspond to the absolute minimum (maximum of physical entropy). This effect was
also observed in a non-stochastic solver [12], and is not an artifact of our numerical approach, but
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rather a physical feature of the system, indicating breakdown of ergodicity for system with only
excitation/deexcitation.

In Figure 5, 6, 7, similarly results are obtained with only ionization and recombination. In contrast
to the previous case of excitation/deexcitation, there is a continuum of energy that can be exchanged
with the free electrons. Therefore in this case the stationary state of the electron distribution is
exactly the equilibrium state.

Figure 6 shows the time evolution of the degree of ionization (top), the electron temperature (mid-
dle) and the normalized relative entropy (bottom), with H defined by (44). More recombination
collisions happen than the ionization, leading to the decay of the degree of ionization. In the early
time, the electron temperature increases due to the fact that electron with lower energy is easied
combined with an ion. This can also be observed in the second snapshot of EEDF in Figure 5. As
the number of low energy electrons decreases, the high energy electrons start to dominate. More
high energy electrons are combined with ions, leading to the decrease of the electron temperature.
The relative entropy is monotonically decreasing to 0, except for the statistical fluctuations. Note
that compared to the excitation/deexcitation collisions (see Figure 3), the ionization/recombination
collisions take longer time to reach equilibrium. This is due to the fact that the collision rates for
excitation/deexcitation are larger than those of ionization/recombination (see Figure 14 for an ex-
ample).

Again Figure 7 shows the acceptance rate of each virtual ionization collision is above 50%. The
acceptance rate of each virtual recombination collision is almost 100%, since in our algorithm (Step
3.2) the only rejected collisions are those with two identical incident electrons.

6.3 The stationary states without ionization/recombination

In this section we compute the stationary states with only excitation/deexcitation processes. The
model includes only two atomic levels. The period of the stationary function ηpEq in (D.2) is

∆E “ ∆E12 “ L2 ´ L1 “ 3

4
IH .

Initially the free electrons are placed near E “ ∆E with distribution

fpE, 0q “ ne?
2πT0

e
´ pE´∆Eq2

2σ2
0 , (83)

with σ0 “ IH
10 and ne “ 0.9ntot, where the total density distribution is ntot “ 1028m´3.

The time evolution is shown in Figure 8. The stationary electron distribution clearly shows the
period of 3

4IH . Figure 9 shows the time evolution of the normalized entropy H “ H
ntot

, where H
is the entropy defined by (51)(52) with the stationary solutions given by (48). This verifies the
convergence to the theoretical result.

Furthermore, one can see from Figure 9 that the relaxation is much slower than the one in Figure
3. This is due to the fact that the collision between the electron and the higher atomic level has
a larger rate. In Figure 3, five atomic levels are included; while in Figure 9 only two atomic levels
included.

In the next we start with the same initial data, but with all the processes (excitation/deexcitation
and ionization/recombination) included. The time evolutions of the atomic distribution, with only
two levels, and the electron distribution are shown in Figure 10. With the ionization/recombination
processes included, the EEDF f decays to the Maxwell-Boltzmann distribution. However the peri-
odicity in electron distribution f can still be observed at the early time of evolution, due to the fact
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Figure 2: Snapshots of time evolution of atom density (left) and electron distribution (right),
compared to the equilibrium (white bars and red dotted lines), starting from all neutral atoms at
the ground level. Only excitation/deexcitation processes are included.
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Figure 3: Time evolution of the electron temperature (top) and the normalized relative entropy
H (bottom), starting from all neutral atoms at the ground level. Only excitation/deexcitation
processes are included.
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all neutral atoms at the ground level. Only excitation/deexcitation processes are included.
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Figure 5: Snapshots of time evolution of atom density (left) and electron distribution (right),
compared to the equilibrium (white bars and red dotted lines), starting from all neutral atoms at
the ground level. Only ionization/recombination processes are included.
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Figure 6: Time evolution of the degree of ionization (top), the electron temperature (middle) and
the normalized relative entropy H (bottom), starting from all neutral atoms at the ground level.
Only ionization/recombination processes are included.
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of accepted collision over all virtual collisions (middle) and acceptance rate (bottom), starting from
all neutral atoms at the ground level. Only ionization/recombination processes are included.
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Figure 8: Snapshots of time evolution of atom density (left) and electron distribution (right),
compared to the equilibrium (white bars and red dashed lines), starting from the initial data (83).
Only excitation/deexcitation processes are included. 200000 samples are used for free electrons.
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Figure 9: Time evolution of the normalized relative entropy H defined by (51)(52), with the initial
data (83). Only excitation/deexcitation processes are included. 200000 samples are used for free
electrons.
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that the collision rates of excitation/deexcitation is higher than those of ionization/recombination
(see Figure 14 for an example).

6.4 Comparison of different methods for sampling electrons in recombination

We apply the four methods described in Section 5.2 to the excitation/ionization problem and make
a comparison.

The first test problem is the simulation of the equilibration process. Initially all atoms are ionized
and free electrons are given by a Maxwellian. We take the total electron density ntot “ 1028m´3 and
the temperature of free electron Te “ 4.31 eV. In this case the degree of ionization at equilibrium
is 38.04%. We simulate the decaying process until t “ 6ˆ 10´2 ps, which requires around 108 time
steps for Ne “ 100000. At the end time, the degree of ionization is around 39.7%, indicating that
the system is close to the equilibrium.

We solve this problem with numbers of simulation particles for electrons to be
Ne “ 12500, 25000, 50000, 100000, 200000, 400000, 800000

respectively for the initial free electrons. We track the time spent on the processes related to the
sampling of electrons for recombination collisions. For reduced rejection method this includes the
rebuilding of the Marsaglia tables and the sampling process. For the binary search method, this
includes the updating of the summation tables and the sampling process. For direct search method,
only the sampling process are timed.

The results are shown in Figure 11. As expected the direct search method needs OpN2
e q computa-

tions. It is getting extremely slow when more than 106 samples are used. The acceptance/rejection
method needs OpN1.87

e q computation, which is worse than expected. The cost of reduced rejection
method is OpN1.1

e q , which is slightly better than the theoretical result. The cost for binary search
method is OpN1.1

e q, which is close to the theoretical result OpNe logNeq. Note that the binary
method is about 10 times faster than the reduced rejection method, although these two methods
have almost the same convergence order.

A similar test is applied on the simulation of a system in equilibrium. Again we take the total
electron density ntot “ 1028m´3 and the temperature of free electron Te “ 4.31 eV. The degree of
ionization stays around 38.04%. The simulation is performed until time t “ 10´3 ps, which requires
around 107 time steps for Ne “ 100000. The results are shown in Figure 12. We observe similar
efficiencies as in the non-equilibrium test.

6.5 The large scale variation

This section numerically checks the large scale variation in the rates illustrated in Section 5.3.

Figure 13 shows the rates for excitation and deexcitation at equilibrium. Here 10 atomic levels are
included. ratepk Ñ lq gives the rate of excitation or deexcitation (for k ă l or k ą l respectively)
from level k to level l. The rates with k “ l are not defined and left blank in the figure. For each
level, the entries closest to the diagonal have the largest rates. These rates vary over a range of 106

for different levels. These rates are obtained by computing each terms in rexc and rdex in (82).

Figure 14 shows the total rates from/to each level. The blue circle shows the total rate of excita-
tion/deexcitation from a given level. The red cross shows the total rate of excitation/deexcitation
to a given level. The black square shows the total rate of ionization from a given level. The magenta
plus shows the total rate of recombination to a given level. As predicted in Section 5.3, the rates
of excitation/deexcitation vary over 106 while those of ionization/recombination vary over 104 for
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Figure 10: Snapshots of time evolution of atom density (left) and electron distribution (right),
compared to the equilibrium (white bars and red dashed lines), starting from the initial data (83).
All processes are included. 1000000 samples are used for free electrons.
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Figure 13: The total rates for excitation/deexcitation at equilibrium. The rates with k “ l are not
defined and left blank in the figure.

different levels. For high levels like k “ 9, 10, the rates of excitation/deexcitation are 100 times
larger than those of ionization/recombination.

7 Conclusions and Future Work
This paper presents an idealized model for excitation/deexcitation and ionization/recombination
by electron impact in plasma. The energetic cross sections for the model are all given by analytic
formulas and they are consistent with detailed balance. A Boltzmann type equation for the energy
distribution function is then formulated and an H-theorem is derived.

A conservative and equilibrium-preserving Direct Simulation Monte Carlo method is also developed
for this system. The rates of recombination has a singularity as the energy of electron goes to 0.
To overcome this difficulty, four different methods are proposed and compared, among which the
binary search method and the reduced rejection method give the highest efficiency.

A simulation method suffers from two difficulties: First, there are a large number of kinetic processes
(i.e., excitation and deexcitation between any two atomic levels) with widely varying rates. Fair
representation of all of these processes can require very small time steps. Second, random fluctua-
tions can exhaust the finite number of simulation particles in some state. In subsequent work, we
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plan to develop coarse-graining and a multi-scale simulation strategy to reduce the effect of these
two computational bottlenecks.

The model and method here has been developed under a number of simplifying assumptions: The
energy levels come from the Bohr model of hydrogen; only Hydrogen atoms and ions are included;
Coulomb collisions have been neglected. Generalization to more realistic models can be easily
performed.
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Appendix A Proof of Lemma 2.1
The proof of Lemma 2.1 is given in this appendix.

For ease of notation, the suffix eq is ignored, with the understanding that all quantities computed
here are at thermodynamic equilibrium. For a given ntot, the total energy at equilibrium with
temperature Te is

εpTeq “ 3

2
neTe `

ÿ

k

nkLk ` niLi,

with nk and ni given by (9a)(9b). We only need to show ε is monotonic in Te.

Charge neutrality gives
ntot ´ na “ ne “ ni “ n1{2

a γpTeq,
with

γpTeq “ CT 3{4
e Z´1{2

a e´Li{p2Teq,

where C “
´

2gi
`

2πme
h2

˘3{2¯1{2
is a constant. The function γ can be shown to be monotonic in Te:

dγ

dTe
“ 3

4

γ

Te
` Li
Te

γ

2Te
´ γ

2T 2
e

ř
k gkLke

´Lk{Te
ř
k gke

´Lk{Te . (A.1)

We define by x¨y the averaging over the atomic partition function Za, i.e. for φ “ pφ1, . . . , φkmaxq,
define

xφy “
ř
k φkgke

´Lk{Te
ř
k gke

´Lk{Te “
ÿ

k

nk
na
φk. (A.2)

The last term in (A.1) can be recognized as xLy. Since Li ą Lk,@k and γ ě 0, we can find a
majorant for this expression

dγ

dTe
“ γ

2Te

„
3

2
` Li
Te
´ xLy

Te


ě 3γ

4Te
ą 0.

The solution for the neutral atom density is then

n1{2
a “ ´γ

2
` 1

2

a
γ2`4ntot,

na “ 4n2
tot´a

γ2`4ntot ` γ
¯2 ,

with the following variation

dna
dγ

“ ´2naa
γ2 ` 4ntot ` γ

˜
1` γa

γ2 ` 4ntot

¸
ă 0.

Therefore, na monotonically decreases as Te increases, and since ne “ ntot ´ na, this implies that
ne monotonically increases with Te, i.e. dne

dTe
ě 0.

The variation of the energy can be computed as follows
dε

dTe
“ 3

2
ne `

ˆ
3

2
Te ` Li

˙
dne
dTe

`
ÿ

k

Lk
dnk
dTe

. (A.3)

The last term is not a-priori trivial; we expect the population of excited states to increase with Te
(note that the ground state, being depleted, does not contribute to the sum since L1 ” 0), but it is
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entirely possible that the rate of changes of some levels increase while others decrease, especially as
ionization proceeds preferentially from the upper states. Let us consider this variation,

dnk
dTe

“ dna
dTe

Z´1
a gke

´Lk{Te ´ nk
T 2
e

Z´1
a

ÿ

k

gkLke
´Lk{Te ` nkLk

T 2
e

.

Identifying again the averaging over the atomic partition function Za, we obtain
dnk
dTe

“ nk
na

dna
dTe

` nk
T 2
e

pLk ´ xLyq .

Inserting into (A.3),

dε

dTe
“ 3

2
ne `

˜
3

2
Te ` Li ´

ÿ

k

nkLk
na

¸
dne
dTe

`
ÿ

k

nk
T 2
e

`
L2
k ´ LkxLy

˘

“ 3

2
ne `

ˆ
3

2
Te ` Li ´ xLy

˙
dne
dTe

` na
T 2
e

`xL2y ´ xLy2˘ .

The second term is nonnegative since Li ą Lk for any k and dne
dTe

ě 0. The third term is nonnegative
due to Cauchy-Schwarz inequality. Therefore at equilibrium, the total energy is also monotonically
increasing as a function of Te.

This completes the proof of Lemma 2.1.

Appendix B Proof of Lemma 3.5
This appendix gives the proof of Lemma 3.5. Denote

Ck “ nk
neqk

, Ci “ ni
neqi

, f̃ “ f

feq
. (B.1)

Then
Ckf̃pE0q “ Cif̃pE0 ´ Etqf̃pEt ´Bkq,

for any k, E0 Et satisfying Bk ď Et ď E0.

Take the derivative with respect to Et on both sides to obtain
´f̃ 1pE0 ´ Etqf̃pEt ´Bkq ` f̃pE0 ´ Etqf̃ 1pEt ´Bkq “ 0,

f̃ 1pE0 ´ Etq
f̃pE0 ´ Etq

“ f̃ 1pEt ´Bkq
f̃pEt ´Bkq

.

Denote φ “ log f̃ , then
φ1pE0 ´ Etq “ φ1pEt ´Bkq.

This formula is valid for any E0, therefore φ1 is a constant, so that f̃ has the form
f̃ “ eαE`β,

where both α and β are constants. Then
Ck “ Cie

´αBk`β “ Cie
´αLi`βeαLk .

Denote c0 “ Cie
´αLi`β , then

Ck “ c0e
αLk , Ci “ c0e

αLi´β.

This means that f , nk and ni in (B.1) are at equilibrium with temperature
ˆ

1

Te
´ α

˙´1

,
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where Te is the temperature of feq. From Lemma 2.1, the equilibrium temperature is unique, hence
α “ 0.

Then the conservation of number density gives β “ 0 and c0 “ 1, so that
f̃ ” 1, Ck “ 1, Ci “ 1,

which finishes the proof.

Appendix C Proof of Proposition 3.1
For case (a), where only the ionization/recombinaiton processes are included, take φ “ 1 in (54) to
obtain

Btne “
ÿ

k

ĳ ˆ
nk
neqk

f0

feq0

´ ni
neqi

f1

feq1

f2

feq2

˙
neqk f

eq
0 v0σ

ion dE0 dEt.

Combining this with (55) leads to the conservation of total density of electrons
d

dt
ntot “ d

dt
ne `

ÿ d

dt
nk “ 0.

Now take φ “ E in (54) to obtain

Bt
ż
EfpEq dE “

ÿ

k

ĳ
pE1 ` E2 ´ E0q

ˆ
nk
neqk

f0

feq0

´ ni
neqi

f1

feq1

f2

feq2

˙
neqk f

eq
0 v0σ

ion dE0 dEt.

Combining this with (55) and (56) leads to
d

dt
εtot “ d

dt

ż
EfpEqdE `

ÿ

k

Lk
d

dt
nk ` Lion d

dt
ni

“
ÿ

k

ĳ
pE1`E2´E0´Lk`Lionq

ˆ
nk
neqk

f0

feq0

´ ni
neqi

f1

feq1

f2

feq2

˙
neqk f

eq
0 v0σ

ion dE0 dEt.

Noting that E1`E2` Bk “ E0 from energy conservation at the microscopic level, which yields
d
dtεtot “ 0.

For case (b), where only the excitation/deexcitataiton processes are included, take φ “ 1 in (58)
and (60) to obtain

d

dt

ż
fpEq dE “ d

dt

ÿ

k

nk “ 0.

Now take φ “ E in (58) to obtain

Bt
ż
EfpEq dE “

ÿ

lău

ż
pE1 ´ E0q

ˆ
nl
neql

f0

feq0

´ nu
nequ

f1

feq1

˙
neql f

eq
0 v0σ

exc dE0.

As for the energy of atoms, taking φk “ Lk in (60) gives
d

dt

ÿ

k

nkLk “
ÿ

lău

ż ˆ
nl
neql

f0

feq0

´ nu
nequ

f1

feq1

˙
pLu ´ Llqneql feq0 v0σ

exc dE0.

Therefore,
d

dt
εtot “ d

dt

ż
EfpEqdE `

ÿ

k

Lk
d

dt
nk ` Lion d

dt
ni

“
ÿ

lău

ż
pE1 ´ E0 ` Lu ´ Llq

ˆ
nl
neql

f0

feq0

´ nu
nequ

f1

feq1

˙
neql f

eq
0 v0σ

exc dE0

“ 0.
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The last equal sign comes from microscopic energy conservation, E1“E0´∆Elu.

For case (c), where all processes are included, the conservations of moments come from the fact that
the “IR” operators and the “ED” operators conserve the moments separately.

Appendix D Proof of Lemma 3.7 and Theorem 3.8
This appendix provides the proof of Lemma 3.7 and Theorem 3.8.

Proof of Lemma 3.7. (i). For any Ẽ ą 0, take

φpEq “
8ÿ

j“0

δpE ´ Ẽ ´ j∆Eq (D.1)

in (58) to obtain (61), using the fact that
φpE1q “ φpE0 ´∆Eluq “ φpE0q,

since φ is a periodic function with period ∆E and ∆Elu is an integer multiplication of ∆E.

(ii). If f is in the form of (63), multiply both sides of (63) by (D.1) and integrate over tE ą 0u to
obtain ż ÿ

j

δpE ´ Ẽ ´ j∆EqfpEq dE “
ż ÿ

j

δpE ´ Ẽ ´ j∆EqfeqpEqηpEqdE,

ÿ

j

fpẼ ` j∆Eq “
ÿ

j

feqpẼ ` j∆EqηpẼq.

Therefore,

ηpẼq “
ř
j fpẼ ` j∆Eqř
j f

eqpẼ ` j∆Eq “
ř
j fpẼ ` j∆E, t “ 0q
ř
j f

eqpẼ ` j∆Eq . (D.2)

The last equality comes from (61).

(iii). With only excitation/deexcitation included, na and ne are constant in time. The total energy
for f “ feqpE;TeqηpE;Teq and

 
neqk pTeq

(
at temperature Te is

εpTeq “
ż
EfeqpE;TeqηpE;TeqdE `

ÿ

k

neqk pTeqLk ` niLi.

For a given total energy εtot, to prove εpTeq “ εtot has a unique solution Te, we only need to show
ε is monotonic in Te.

First notice that d
dTe
pniLiq “ 0 and from the proof of Lemma 2.1,

d

dTe

ÿ

k

neqk Lk “
ÿ

k

Lk
d

dTe
neqk “

na
T 2
e

`xL2y ´ xLy2˘ ě 0,

where x¨y is defined in (A.2).

Next one can check
d

dTe
feq “ feq

1

Te

ˆ
E

T
´ 3

2

˙
,
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and
d

dTe
η “ ´ηř

j f
eqpE ` j∆Eq

ÿ

j

d

dTe
feqpE ` j∆Eq

“ ´η{Teř
j f

eqpE ` j∆Eq
ÿ

j

feqpE ` j∆Eq
ˆ
E ` j∆E

Te
´ 3

2

˙
.

Hence, for f “ feqpE;TeqηpE;Teq, after simplification,
d

dTe
f “ η

d

dTe
feq ` feq d

dTe
η

“ ´f
eqη∆E

T 2
e

¨
ř
j jf

eqpE ` j∆Eqř
j f

eqpE ` j∆Eq ,

where the summation is over all integers j “ jpEq such that E ` j∆E ě 0, i.e. j ě ´ “
E

∆E

‰
, with

r¨s representing the integer part.

Then for the electron energy

εepTeq “
ż
EfeqpE;TeqηpE;Teq dE,

one has
d

dTe
εe “ ´∆E

T 2
e

ż
EfeqpEqηpEq

ř
j jf

eqpE ` j∆Eqř
j f

eqpE ` j∆Eq dE

“ ´∆E

T 2
e

ÿ

j0

ż pj0`1q∆E

j0∆E
EfeqpEqηpEq

ř
j jf

eqpE ` j∆Eqř
j f

eqpE ` j∆Eq dE

“ ´∆E

T 2
e

ż ∆E

0

ÿ

j0

pE ` j0∆EqfeqpE ` j0∆EqηpEq
ř
j jf

eqpE ` j0∆E ` j∆Eqř
j f

eqpE ` j∆Eq dE.

Here the summation in the numerator is over all integers j ě ´
”
E`j0∆E

∆E

ı
“ ´j0 ´

“
E

∆E

‰
.

For any E P r0,∆Eq, denote
Aj0pEq “

ÿ

jě´j0´rE{∆Es
jfeqpE ` j0∆E ` j∆Eq

“
ÿ

j1ě´rE{∆Es
pj1 ´ j0qfeqpE ` j1∆Eq

“
ÿ

j1ě´rE{∆Es
j1feqpE ` j1∆Eq ´ j0

ÿ

j1ě´rE{∆Es
feqpE ` j1∆Eq.

Let

j0̊ “ j0̊ pEq “
«ř

j1ě´rE{∆Es j1feqpE ` j1∆Eqř
j1ě´rE{∆Es feqpE ` j1∆Eq

ff
,

then Aj0pEq ď 0, for j0 ď j0̊ , and Aj0pEq ą 0, for j0 ą j0̊ .
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Therefore
d

dTe
εe ě ´∆E

T 2
e

ż ∆E

0

ÿ

j0

pE ` j0̊ ∆EqfeqpE ` j0∆EqηpEq
ř
j jf

eqpE ` j0∆E ` j∆Eqř
j f

eqpE ` j∆Eq dE

“
ż ∆E

0
pE ` j0̊ ∆Eq

ÿ

j0

d

dTe
fpE ` j0∆Eq dE

“
ż ∆E

0
pE ` j0̊ ∆Eq d

dTe

ÿ

j0

fpE ` j0∆Eq dE

“
ż ∆E

0
pE ` j0̊ ∆Eq d

dTe

ÿ

j0

fpE ` j0∆E, t “ 0qdE.

We have used (61) in the last step. Note that d
dTe

ř
j0
fpE ` j0∆E, t “ 0q “ 0, one has d

dTe
εe “ 0.

Therefore
d

dTe
ε “ d

dTe
εe ` d

dTe

ÿ

k

neqk Lk `
d

dTe
pniLiq ě 0.

This ends the proof.

Proof of Theorem 3.8. Denote

Ck “ nk
neqk

, f̃ “ f

feq
.

Then
Clf̃pE0q “ Cuf̃pE0 ´∆Eluq,

for any l, u and E0. Take the derivative with respect to E0 on both sides to obtain
Clf̃

1pE0q “ Cuf̃
1pE0 ´∆Eluq,

f̃ 1pE0q
f̃pE0q

“ f̃ 1pE0 ´∆Eluq
f̃pE0 ´∆Eluq

.

Denote ψ “ log f̃ , then
ψ1pE0q “ ψ1pE0 ´∆Eluq.

This formula is valid for any l, u and E0. Therefore ψ1 is a periodic function with period ∆E which
is an integer multiplication of ∆Elu.

Then ψpE0q “ ψpE0 ´∆Eluq ` C, for some constant C. Let α “ C{∆Elu, one has
ψpE0q ´ αE0 “ ψpE0 ´∆Eluq ´ αpE0 ´∆Eluq.

Denote
ηpEq “ exppψpEq ´ αEq,

then η is a periodic function with period ∆E and fpEq is given by
fpEq “ feqpE;Teqf̃pEq “ feqpE;Teq exppψpEqq “ eαEfeqpE;TeqηpEq. (D.3)

Moreover, from
Clf̃pE0q “ Cuf̃pE0 ´∆Eluq

one has
Cl
Cu

“ f̃pE0 ´∆Eluq
f̃pE0q

“ 1

eα∆Elu
“ eαLl

eαLu
.
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Choose a constant c0 such that C1 “ c0e
αL1 , then Cu “ c0e

αLu for any level u. Hence
nk “ Ckn

eq
k pTeq “ c0e

αLkneqk pTeq.
Combined with (D.3), fpEq and nk are in the form of (63) with temperature p1{Te ´ αq´1. From
Lemma 3.7 (iii), the temperature is uniquely determined from the energy conservation, hence α “ 0.
This completes the proof.

Appendix E Algorithm for binary search method
This appendix provides the detailed algorithm for the application of binary search method in the
recombination problem.

E.1 Padding by zeros

For a given set tvk, k “ 1, . . . , Nu, first enlarge its size to N1 by padding zeros. Here N1 is the
minimum power of 2 satisfying N1 ě N . The method is easier to formulate for N1, a power of two,
and padding by zeros also reserves some slots for possible new electrons generated in the ionization
collisions. In the following we assume N is a power of 2 and N1 “ N , without loss of generality.

E.2 Building a table

Let L “ log2N . Build a table to store the pre-computed summations,

sl,j “
j2L´lÿ

k“pj´1q2L´l`1

vk, with 0 ď l ď L, 1 ď j ď 2l.

Note that sL,j “ vj , there is no need to store sL,j . The total memory used for storing this table is
1` 2` ¨ ¨ ¨ ` 2L´1 “ 2L ´ 1 “ N ´ 1.

Moreover, the table tsl,ju can be computed backwardly
sl,j “ sl`1,2j´1 ` sl`1,2j .

Hence we only need to carry out N summations.

E.3 Sampling a particle

Here we describe the algorithm for sampling.
Sample r uniformly from p0, 1q
Let k “ 1, q “ s0,1 “ ř

j vj
for l “ 1, . . . , L do

q1 Ð sl,2k´1

pÐ q1
q

if r ď p then
k Ð 2k ´ 1
q Ð q1

r Ð r
p

else
k Ð 2k
q Ð q ´ q1

r Ð r´p
1´p
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end if
end for

The variable k gives the solution for (78). The computational cost is
OpLq “ Oplog2Nq.

E.4 Update the table when some vk changes

If vk changes, there is exactly one entry in tsl,ju to be updated, for each l. Hence we need to update
a total number of L entries in the table. More precisely, if we write the binary expansion of k,

k “
Lÿ

l“0

βl2
l,

one only needs to update
sl,αl :“ sl,αl ` vnewk ´ voldk , l “ 0, . . . , L,

where α0 “ 1 and
αl “ 2αl´1 ` βL`1´l ´ 1.

This cost is also Oplog2Nq.

Appendix F Non-Equilibrium Stationary States
Consider a single pl, uq transition, with no other collision processes, and let us use the simplifying
notation:

En “ n∆Elu (F.1a)
En̆ “ En ˘ ε εÑ 0 (F.1b)
fń “ fpEń q (F.1c)
fǹ “ fpEǹ q (F.1d)

Thus, E˘1 is the particle energy just above (+) or below (-) the excitation threshold, and E0 ” 0.
We will allow for the possibility of a discontinuity in the distribution function f at multiple values
of the threshold. Let us use another simplifying notation for the microscopic rates, k ÒpEq “
σexcpE;E´∆EluqvpEq and k ÓpEq “ σdexpE;E`∆EluqvpEq, and consider now the evolution of
the distribution function just below the first threshold:

df´1
dt

“` k ÒpE´2 qnlf´2 `�������
k ÓpE´0 qnuf´0

´�������
k ÒpE´1 qnlf´1 ´ k ÓpE´1 qnuf´1

(F.2)

As shown, two terms are identically zero, because fpEq ” 0 for any E ď 0 (thus, fpE´0 ” 0), and
k ÒpEq ” 0 for any Eă∆Elu (thus, k ÒpE´1 q ” 0). For the steady-state, equation (F.2) leads to:

k Ò pE´2 qnlf´2 “ k ÓpE´1 qnuf´1 (F.3)

Similarly, we can now consider the evolution of the distribution function near the next threshold:
df´2
dt

“` k ÒpE´3 qnlf´3 ` k ÓpE´1 qnuf´1
´ k ÒpE´2 qnlf´2 ´ k ÓpE´2 qnuf´2

(F.4)

This time, all terms remain, since all variables are evaluated above their respective thresholds.
Seeking the stationary solution, we have:

k Ò pE´3 qnlf´3 “ “
k ÒpE´2 qnl ` k ÓpE´2 qnu

‰
f´2 ´ k ÓpE´1 qnuf´1 (F.5)
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Using (F.3) to replace the last term on the right, we brain the following simplification:
k Ò pE´3 qnlf´3 “ “

k ÒpE´2 qnl ` k ÓpE´2 qnu
‰
f´2 ´ k ÒpE´2 qnlf´2 “ k ÓpE´2 qnuf´2 (F.6)

It is trivial to verify that the same procedure can be repeated for the next threshold, leading to the
following sequence of stationary states:

k ÒpEń qnlfń “ k ÓpE´ń 1qnuf´ń 1 n ě 2 (F.7)

Consider now the evolution of f just above the threshold. The equivalent of (F.2), i.e. the first
threshold, is found at E`0 :

df`0
dt

“ `k ÒpE`1 qnlf`1 ´ k ÓpE`0 qnuf`0 (F.8)

with a stationary solution such that:
k ÒpE`1 qnlf`1 “ k ÓpE`0 qnuf`0 (F.9)

For the next step, we have:
df`1
dt

“` k ÒpE`2 qnlf´3 ` k ÓpE`0 qnuf`0
´ k ÒpE`1 qnlf`1 ´ k ÓpE`1 qnuf`1

(F.10)

Looking for the stationary solution,
k ÒpE`2 qnlf`2 “ “

k ÒpE`1 qnl ` k ÓpE`1 qnu
‰
f`1 ´ k ÓpE`0 qnuf`0 (F.11)

Again, we can use the steady-state solution at the previous threshold (F.9) to simply this expression,
and obtain:

k ÒpE`2 qnlf`2 “ k ÓpE`1 qnuf`1 (F.12)

Therefore, we obtain a similar sequence of states, i.e.:

k ÒpEǹ qnlfǹ “ k ÓpE`ń 1qnuf`ń 1 n ě 1 (F.13)

At this point it is worth making a couple of important remarks:

• The sequences of states (F.7,F.13) are independently obtained, and nothing forces us to have
a continuous solution across the thresholds, i.e. fń ‰fǹ (ně 1).
• The stationary states are obtained independently of the evolution of the atomic states, i.e.

the relations (F.7,F.13) are valid irrespective of whether the densities nl, nu are in Boltzmann
equilibrium or not.

It is easy to see that the dynamics of eq. (F.8) remain the same for any value of energy EďE´1 .
Therefore, a generalization of (F.9) would be:

k ÒpE`∆EluqnlfpE`∆Eluq “ k ÓpEqnufpEq 0 ď E ď E´1 (F.14)

Examining the dynamics in the next energy segment, E`1 ďE ď E´2 , the generalization of (F.11)
can again be simplified using (F.14), and we are led to the following relation:

k ÒpE`∆EluqnlfpE`∆Eluq “ k ÓpEqnufpEq for E`ń 1 ď E ď Eń , n ě 1 (F.15)

Therefore, at steady state, the shape of the distribution function within each energy segment“
E`ń 1, Eń

‰
is duplicated onto the next segment according to (F.15), with possible discontinuous

solutions across the boundaries of the energy segments.

Knowing that discontinuous stationary solutions are possible, it is worth examining how these can
be generated. We consider now a case with initial conditions given by a hot, equilibrium electron
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distribution and a cold atomic state distribution, i.e. the dynamics of the system are strongly biased
towards excitation only. Since we consider only a single energy gap, we have nu ! nequ pTeq ! nl,
and we can make the approximation nu » 0 (alternatively, we can simply choose nu “ 0 as the
initial condition). This simplifies the initial dynamics, since near t “ 0, we have:

df´1
dt

» k ÒpE´2 qnlf´2 (F.16a)

df`1
dt

» k ÒpE`2 qnlf`2 ´ k ÒpE`1 qnlf`1 (F.16b)

The behavior of the cross-sections away from any physical threshold is smooth, and we can therefore
use:

k ÒpEǹ q » k ÒpEń q ” k ÒpEnq for n ě 2

k ÓpEǹ q » k ÓpEń q ” k ÓpEnq for n ě 1

If we also assume that the initial distribution function is smooth, we have f`2 » f´2 . Therefore from
(F.16), the dynamics for f on either side of the first energy threshold are the same, except for the
second term on the right-hand-side of (F.16b), which corresponds to the excitation process at the
physical threshold. If we denote the jump by rf s1 “ f´1 ´ f`1 , we have at t » 0

d

dt
rf s1 » `k ÒpE`1 qnlf`1 (F.17)

and the value of the jump is increasing. To find out how much, we need to look at the strength of
this rate. The behavior of the excitation cross-section near threshold is usually expressed by the
first term of a Taylor series, i.e.:

σÒlup∆Elu`εq » C ε with C “ dσÒ

dE

ˇ̌
ˇ̌
E“∆E

Therefore, k ÒpE`1 q « Cv1 ε. Assuming the cross-section increases approximately linearly until a
maximum value σÒmax, the discontinuity at E “ E1 is therefore contained within a boundary layer
of approximate width δE ď σÒmax{C. If the average distance in energy of sampled particles, or
the spacing of an energy grid is large enough, this layer will be under-resolved and an apparent
discontinuity will appear in the solution and can remain, since stationary solutions with periodic
discontinuities are allowed, according to the analysis above.
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A model for ionization and recombination collisions in a multifluid plasma is formulated using the

framework introduced in previous work [H. P. Le and J.-L. Cambier, Phys. Plasmas 22, 093512

(2015)]. The exchange source terms for density, momentum, and energy are detailed for the case of

electron induced ionization and three body recombination collisions with isotropic scattering. The

principle of detailed balance is enforced at the microscopic level. We describe how to incorporate

the standard collisional-radiative model into the multifluid equations using the current formulation.

Numerical solutions of the collisional-radiative rate equations for atomic hydrogen are presented to

highlight the impact of the multifluid effect on the kinetics. Published by AIP Publishing.
[http://dx.doi.org/10.1063/1.4953050]

I. INTRODUCTION

The ability to accurately model plasmas in non-local

thermodynamic equilibrium (non-LTE) is essential in under-

standing complex phenomena associated with atomic

population kinetics, thermal equilibration, and radiation

transport.1 Collisional-radiative (CR) models are the most

common numerical tool used in simulating non-LTE plas-

mas; these models are adapted to a wide range of applica-

tions ranging from low temperature plasmas to high energy

density physics. There have been continuous improvements

from theoretical calculations of atomic data and cross

sections,2–6 to computational models of time-accurate colli-

sional-radiative kinetics for different plasma regimes.7–10

Detailed CR models, however, are very computationally

intensive due to the enormous amount of atomic data and

elementary cross sections involved in the simulation.

Therefore, these models are traditionally applicable to prob-

lems with low dimensionality or used as a post-processing

tool for diagnostics. Recently, multi-dimensional hydrody-

namic calculations with CR kinetics have become feasible

for moderate size kinetic systems, thanks to the recent

advances in high performance computing.11,12 In addition,

many coarse-graining techniques have been developed to

further reduce the computational cost associated with model-

ing the CR kinetics.13–15

An important issue that must be addressed carefully in

the CR modeling process is the treatment of non-thermal

populations, e.g., hot electrons from laser produced plasmas

or electrons emitted from cathode in a discharge system. A

proper treatment of these systems requires solving the kinetic

equation for the translational degree of freedom of the par-

ticles. The two most common approaches for these types of

problem are the “two-term” approximation16 and Monte

Carlo collision method.17 These methods however are quite

expensive for detailed CR modeling with many atomic

states. In previous work,18 we propose an alternative

approach, which is to use the classical multifluid approxima-

tion,19,20 in which non-thermal populations can be treated as

separated fluids with their mean velocities and temperatures.

The focus of this work is to extend the applicability of the

CR models to the multifluid regime. Due to the assumption

of individual Maxwellian velocity distribution functions

(VDF), the relative drift velocity between two different flu-

ids, if significant, can impact the kinetics of the collisions.

Our previous work focuses on the modeling of excitation/

deexcitation collisions using the multifluid description.18

The significance of the relative drift velocity on the kinetics,

hereby referred to as the multifluid effect, is characterized by

a nondimensional parameter k, which is defined as the ratio

of the kinetic versus thermal energies computed using the

reduced mass and relative (hydrodynamic) velocities of the

two colliding particles. We note that this effect had also been

examined by different authors.18,20–25 In 1969, Burgers pre-

sented a framework for deriving exchange source terms for a

system of moment equations.20 Although most of his results

are for a five-moment system, the framework is rather

generic and can be readily applied to other moment systems.

Horwitz and Banks derived the momentum and energy

exchange rates for charge exchange collisions including the

multifluid effect.21 In their model, deviation from single-

fluid results is characterized by a parameter d, which is

essentially the square root of the parameter k defined in our

work. Conde et al. studied the friction forces due to

Coulomb collision for drifting ions in a partially ionized

plasma.25 Barakat and Schunk22 derived momentum and

energy exchange rates for elastic collisions using various

forms of elastic cross sections, e.g., inverse-power interac-

tion, hard sphere, and Maxwell molecules. Anisotropic

effects are also considered in their work. We remark that all

the work described above do not include inelastic and/or re-

active collisions. These collisions are briefly considered in
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b)Present address: Air Force Office of Scientific Research, Arlington,

Virginia 22203, USA. Electronic mail: jean_luc.cambier@us.af.mil.
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Burgers using a simple Bhatnagar-Gross-Krook (BGK) oper-

ator.20 A more general model for a reactive collision can be

found from the work of Benilov,23,24 where the derivation is

based on consideration of a general two-body collision of the

form aþ b() cþ d. Due to the general description of the

collision, the exchange source terms are quite complicated

making numerical implementation very challenging.

This paper presents a continuation of our previous

work18 to the case of ionization and three-body recombina-

tion collisions. The modeling of these collisions is more

complicated than excitation/deexcitation collisions because

they involve more than two particles. Using the multifluid

approximation, each participating particle (electron, neutral,

and ion) can be characterized as a fluid with its own set of

conservation laws. In the most general case, one can have

four different fluids associated with the scattered particle s,

the target particle t, its ionized state i, and the free electron

e. Fortunately, as will be shown, simplifications can be

made for the special case of electron induced ionization and

recombination, which is of particular interest for most

applications. The derivation presented in this work follows

naturally from our previous work. Some slight modifica-

tions are introduced to avoid complication in mathematical

notations.

The rest of the paper is organized as follows. Sec. II

describes the kinematics of the collision. The exchange rates

for ionization and recombination collisions are considered in

Secs. III and IV, respectively. For ionization collisions, we

first formulate the exchange terms for the general case and

then perform a systematic reduction to obtain a set of rate

equations applicable for the case of electron induced colli-

sions. For recombination collisions, we consider only the

case of electron induced recombination using the same reduc-

tion technique. Utilizing these rates, we describe in Sec. V

how to construct a CR model within the multifluid equations.

In Sec. VI, we show the numerical evaluation of the rates and

present zero dimensional calculations to demonstrate the

impact of the multifluid effect. Finally, a summary is given in

Sec. VII. Several appendixes are also provided to elaborate

on the derivation of the exchange rates.

II. KINEMATICS

Let us consider an inelastic collision between two par-

ticles s (scattered) and t (target), the result of which leads to

an ionization of t into its ionized stage i and creation of a

new electron e. The reverse process is a three body recombi-

nation collision which involves three particles s, i, and e.

Both of these processes can be represented by the following

reaction:

sðvs0
Þ þ tðvt0Þ () sðvs1

Þ þ eðve2
Þ þ iðvi2Þ: (1)

In the case of an ionization collision, the subscript 0 denotes

pre-collision variables and both subscripts 1 and 2 denote

post-collision variables. For recombination, we have the

reverse order where the subscripts 1 and 2 denote pre-

collision and 0 denotes post-collision. These notations are

slightly different than the one used in excitation/deexcita-

tion,18 but they will prove convenient later in defining the

rate coefficients. The species names s; t; i; e also indicate the

fluid to which the particles belong; hence in the general case,

we have four different fluids. For s � e, we have an electron

induced ionization/recombination. Conservations of mass,

momentum, and energy are expressed as

mt ¼ mi þ me; (2a)

msvs0
þ mtvt0 ¼ msvs1

þ meve2
þ mivi2 ; (2b)

1

2
msv

2
s0
þ 1

2
mtv

2
t0
¼ 1

2
msv

2
s1
þ 1

2
mev2

e2
þ 1

2
miv

2
i2
þ e�; (2c)

where e� is the ionization energy of the target particle. Let us

define the following center-of-mass (COM) and relative

velocities for the particles both in the left and right hand side

of (1)

V0

g0

" #
¼

ms

M

mt

M
1 �1

2
4

3
5 � vs0

vt0

" #
;

V1

g1

g2

2
64

3
75 ¼

ms

M

me

M

mi

M

1 �me

mt
�mi

mt

0 1 �1

2
66664

3
77775 �

vs1

ve2

vi2

2
64

3
75; (3)

where M ¼ msþmt ¼ msþmeþmi. One can easily verify that

both the transformations are unitary, i.e., dV0dg0 � dvs0
dvt0

and dV1dg1dg2 � dvs1
dve2

dvi2 . The inverse transformation can

be easily found from (3), leading to

vs0

vt0

" #
¼

1
mt

M

1 �ms

M

2
64

3
75 � V0

g0

" #
;

vs1

ve2

vi2

2
64

3
75 ¼

1
mt

M
0

1 �ms

M

mi

mt

1 �ms

M
�me

mt

2
6666664

3
7777775 �

V1

g1

g2

2
64

3
75: (4)

We can apply the same transformation to the bulk hydrody-

namic velocities

U0

w0

" #
¼

ms

M

mt

M
1 �1

2
4

3
5 � us

ut

" #
;

U1

w1

w2

2
64

3
75 ¼

ms

M

me

M

mi

M

1 �me

mt
�mi

mt

0 1 �1

2
66664

3
77775 �

us

ue

ui

2
64

3
75: (5)

Using the COM and relative velocity variables defined in

Eq. (3), conservations of momentum and energy can be

expressed as
MV0 ¼ MV1; (6a)

1

2
lg2

0 ¼
1

2
lg2

1 þ
1

2
ltg

2
2 þ e�; (6b)

063505-2 H. P. Le and J.-L. Cambier Phys. Plasmas 23, 063505 (2016)

 Reuse of AIP Publishing content is subject to the terms at: https://publishing.aip.org/authors/rights-and-permissions. Downloaded to  IP:  132.3.61.80 On: Tue, 07 Jun 2016

16:50:49

C-64



where l ¼ msmt

msþmt
and lt ¼ memi

meþmi
. Note that conservation of

momentum implies that the COM velocity is essentially

unchanged after the collision; so for simplicity, we can take

V � V0 ¼ V1. Furthermore, let us define ! to be the energy

transferred during the collision

! ¼ 1

2
lg2

0 �
1

2
lg2

1 ¼
1

2
ltg

2
2 þ e�: (7)

The last expression is obtained from energy conservation.

For the case of ionization/recombination, ! 2 ½e�; e�, where

e ¼ 1
2
lg2

0 is the available kinetic energy in the COM refer-

ence frame.

III. IONIZATION

A. Transfer integral

Let us now look at an ionization collision which can be

decomposed into a two-step process

sðvs0
Þ þ tðvt0Þ ) sðvs1

Þ þ t�ðvt1Þ; (8a)

t�ðvt1Þ ) eðve2
Þ þ iðvi2Þ; (8b)

where the first step is the formation of a virtual excited state

t� via scattering and the second step is a spontaneous ioniza-

tion of t�. The decomposition of (8) is used only for the con-

venience in expressing the exchange variables. We can write

a transfer integral expressing the rate of change of any

moment variable w as follows:

Wion
st ¼ nsnt

ð
d3vs0

d3vt0 fs ft g0

ð
w

� xion
st ðvs0

; vt0 ; vs1
; ve2

; vi2Þ d3vs1
d3ve2

d3vi2 ; (9)

where g0 ¼ jg0j and xion
st ðvs0

; vt0 ; vs1
; ve2

; vi2Þ is the ioniza-

tion differential cross section (DCS). Note that Wion
st includes

a product of two Maxwellian VDF’s fs and ft. Utilizing the

same procedure described in Appendix B of Le and

Cambier18 for excitation/deexcitation, Wion
st can be written in

the following form:

Wion
st ¼ nsnt

1

p
3
2a3

ð
d3V�e�V�2=a2

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}Ð
d3V�fV�

� 1

p
3
2a3

ð
d3g0 e�~g2

0=a
2

g0

�
ð

wxion
st g0; g1; g2ð Þ d3g1 d3g2; (10)

where xion
st ðg0; g1; g2Þ is the DCS expressed in terms of rela-

tive velocities. The average quantities used in the transfor-

mation are summarized in Table I. Note that these variables

are defined only for ionization. For recombination, we have

a different set of average variables. Table I also shows the

approximation of these average variables for the case of an

electron induced ionization by making use of the small mass

ratio me=M � 1, and further assuming that me

M �
Te

Tt
. The lat-

ter assumption is almost always true for most of the practical

cases, especially for electron induced collisions with heavy

atoms. For brevity, the Boltzmann constant is omitted

throughout the text.

The DCS can be written as a triply differential cross sec-

tion (TDCS)

xion
st g0; g1; g2ð Þ d3g1 d3g2

¼ d3rion
st

d!dX1dX2

g0;!;X1;X2ð Þ d! dX1 dX2; (11)

where X1 and X2 are the solid angles of g1 and g2. Also, we

can define a singly differential cross section (SDCS) as

drion
st

d!
g0;!ð Þ ¼

ð
d3rion

st

d!dX1dX2

dX1 dX2: (12)

This can be used as a normalization factor to extract

the strictly angular-dependent part of the TDCS, from Gion

¼ d3rion
st

d!dX1dX2
=

drion
st

d! with the normalization
Ð
GiondX1dX2 ¼ 1.

The total ionization cross section can be easily obtained

from �rion
st ¼

Ð drion
st

d! ðg0;!Þd!. It must be noted that all the

cross sections have a threshold being the ionization energy

of particle t.
Since we are concerned here with the exchanges of den-

sity, momentum, and energy, the moment variable w (scalar

or vector) can always be expanded in terms of powers of V�

w ¼ aþ bV� þ cV�2 þ � � � (13)

and the expansion is at most quadratic in V� since we are

only considering the exchanges of mass, momentum, and

energy. Using the fact that fV� is a Maxwellian, the integra-

tion over V� can be easily performedð
d3V�fV� ¼ 1;

ð
d3V� V� fV� ¼ 0;ð

d3V� V�2 fV� ¼
3

M
T�: (14)

Therefore, all the terms involving V� can be easily evaluated

(or eliminated), leaving us with the terms independent of V�.
To evaluate those terms, we consider the following form of

the transfer integral:

TABLE I. Summary of variables used for ionization. The second column

lists the general definition, and the third one is applicable for an electron

induced ionization.

Variable Definition e-induced coll. (s � e)

T� MTsTt

msTt þ mtTs

Tt

~T msTt þ mtTs

M

Te

a
ffiffiffiffiffiffiffiffi
2T�

M

r ffiffiffiffiffiffiffi
2Tt

mt

r
a

ffiffiffiffiffiffi
2 ~T

l

s ffiffiffiffiffiffiffi
2Te

me

r
c l

M

Tt � Ts

~T

me

M

Tt � Te

Te

~g0 g0 � w0

V� V� U0 þ c~g0
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Wion
st ¼ nsnt

1

p
3
2a3

e�w2
0
=a2

ð
d3g0 e�g2

0
=a2

e2g0�w0=a2

g0

�
ð

w
d3rion

st

d!dX1dX2

d! dX1 dX2: (15)

Without loss of generality, let us choose a coordinated sys-

tem (x, y, z) such that w0 is aligned with the ẑ axis. The rela-

tive velocities g0; g1, and g2 can be obtained by the

following rotations:

ĝ0 ¼ Rðu; hÞ � ŵ0; ĝ1 ¼ Rð/1; v1Þ � ĝ0;

ĝ2 ¼ Rð/2; v2Þ � ĝ0; (16)

where the rotation matrix is defined as follows:

Rðu; hÞ ¼
cuch �su cush

such cu sush

�sh 0 ch

0
B@

1
CA: (17)

Using d3g0 ¼ g2
0dg0dudch, where ch � cos h, the transfer in-

tegral now becomes

Wion
st ¼ nsnt

1

p
3
2a3

e�w2
0
=a2

ð
dg0 e�g2

0
=a2

g3
0 �
ð

dudche2g0w0ch=a2

�
ð

w
d3rion

st

d!dX1dX2

d! dX1 dX2; ð18Þ

where dX1 ¼ d/1dcv1
and dX2 ¼ d/2dcv2

. Let us define an

averaging operator as follows:

hwiX1;X2
¼
ð

wGion dX1 dX2: (19)

Integration over u yields

Wion
st ¼ nsnt

4p

p
3
2a3

e�w2
0
=a2

ð
dg0 e�g2

0
=a2

g3
0 �

1

2

ð1

�1

dch e2g0w0ch

�
ð
hwiX1;X2

drion
st

d!
g0;!ð Þd!: ð20Þ

We can now define the following normalized energy

variables:

x0 ¼
e0

~T
¼

1

2
lg2

0

~T
x1 ¼

e1

~T
¼

1

2
lg2

1

~T
x2 ¼

e2

~T
¼

1

2
ltg

2
2

~T
;

x� ¼ e�

~T
t ¼ !

~T
k ¼

1

2
lw2

0

~T
: (21)

Using the variables above, we obtain

Wion
st ¼ nsnt �g ~T e�k

ð1
x�

dx0 e�x0 x0 �
1

2

ð1

�1

dch e2
ffiffiffiffiffi
kx0

p
ch

�
ðx0

x�
hwiX1;X2

drion
st

dt
x0; tð Þdt; (22)

where �g ~T ¼
ffiffiffiffi
8 ~T
pl

q
. The exchange rates for moment variables

can now be constructed starting from (20) or (22).

B. Zeroth-order moment: Number density

The rate of change of number density due to an ioniza-

tion collision can be computed by substituting w¼ 1 in (22).

We arrive at the following:

Cion ¼ nsnt �g ~T e�k
ð1

x�
dx0 x0 e�x0 fð0Þð

ffiffiffiffiffiffiffi
kx0

p
Þ�rion

st ; (23)

where fð0ÞðnÞ ¼ sinhð2nÞ
2n as defined for the case of excitation/

deexcitation.18 Note that Cion has a very similar form to the

case of excitation/deexcitation. In the limit k! 0, using

limn!0f
ð0ÞðnÞ ¼ 1, we recover the well-known expression

for single-fluid kinetics

Cion ¼ nsnt �g ~T

ð1
x�

dx0 x0 e�x0 �rion
st : (24)

The rate equations for the number densities can be con-

structed as follows:

dns

dt
¼ 0;

dnt

dt
¼ �Cion;

dne

dt
¼ þCion;

dni

dt
¼ þCion:

(25)

C. First-order moment: Momentum density

We first note that for first-order moments, w can be rep-

resented by a linear combination of V�; gp (p¼ 0, 1, 2) and

other constant vectors. Since Wion
st jw¼V� ¼ 0 as mentioned

before, we can neglect all the terms involving V�; the

remaining terms can be determined straight forward from the

integration. For w ¼ gp, the integration results in a vector

parallel to the relative drift velocity w0. This is expected

from the symmetry of the problem and can also be shown

directly from the transfer integral. For convenience, let us

define the following friction rate coefficients Rion as follows:

Wion
st jw¼lgp

¼ lRion
p w0; p ¼ 0; 1; 2: (26)

The expressions for these friction coefficients are given in

Appendix B. We now consider the rate of change of momen-

tum for each particle.

1. Scattered particle s

The net rate of momentum exchange of the scattered

particle s due to an ionization collision can be determined by

substituting w ¼ �msðvs0
� vs1

Þ into Eq. (20), which leads

to

Rion
s ¼ �

4nsnt

p
1
2a3
�
ð

d3V�fV� �
ð

dg0 g3
0 e�g2

0
=a2

� 1

2

ð1

�1

dch e2g0w0ch=a2

ðx0

x�
dt

drion
st

dt
hms vs0

� vs1ð ÞiX1;X2
:

(27)

Using msðvs0
� vs1

Þ ¼ lðg0 � g1Þ and the definitions of the

friction coefficients, we can easily express the rate of change

of the momentum of fluid s as follows:
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Rion
s ¼ �lðRion

0 � Rion
1 Þw0: (28)

The full expression can be obtained from the definitions of

the coefficients in (B1)

Rion
s ¼ �

2

3
lw0nsnt �g ~T e�k

ð1
x�

dx0 x
3
2

0 e�x0 f 1ð Þ ffiffiffiffiffiffiffi
kx0

p� �
�
ðx0

x�
dt

drion
st

dt
ffiffiffiffiffi
x0

p � ffiffiffiffiffi
x1

p hcv1
iX1;X2

� �
; (29)

where fð1ÞðnÞ ¼ 3
4n2 coshð2nÞ � sinhð2nÞ

2n

h i
and limn!0f

ð1ÞðnÞ
¼ 1. Note that the above expression is very similar to the

ones for excitation/deexcitation collisions (Eq. (38) of Le

and Cambier18).

2. Target particles t and t�

Let us now look at the rates of momentum loss and gain

by t and t�, respectively, in reaction (8a). Using (4), the pre-

collision velocity and momentum of particle t can be

expressed as

mtvt0 ¼ mtV
� þ mtU0 �

mtc
l

l g0 � w0ð Þ � lg0: (30)

Similarly, the post-collision momentum of t� is

mtvt1 ¼ mtV
� þ mtU0 �

mtc
l

l g0 � w0ð Þ � lg1: (31)

Using the coefficients defined in (B1) and the identity

c ¼ l
M

Tt�Ts
~T

, we arrive at the following results:

Rion
t ¼ �mtC

ionU0 �
mt

M

Tt � Ts

~T
l Cion � Rion

0

� 	
w0 þ lRion

0 w0;

(32a)

Rion
t� ¼ þmtC

ionU0 þ
mt

M

Tt � Ts

~T
l Cion � Rion

0

� 	
w0 � lRion

1 w0:

(32b)

Similar to the previous case, the full expressions can be

obtained using the definitions of Cion and Rion
p . The first term

on the right hand side of (32a) or (32b) represents the friction

due to generation/removal of new particle from the ioniza-

tion process. These terms also appear in the rate of change of

momentum for s as 6msC
ionU0, but the net effect is zero

since we assume that particles s before and after the collision

belong to the same fluid. The second term describes a ther-

mal friction force since it is proportional to the temperature

difference of the reactants. The last term represents the

standard friction due to the relative drift of the two fluids s
and t. One can easily check that

Rion
t þ Rion

t� þ Rion
s ¼ 0; (33)

which is a statement of momentum conservation.

3. Electron and ion

From reaction (8b), the momentum gain of particle t� is

distributed to the ion and ejected electron. Using the follow-

ing relations:

meve2
¼ mevt1 þ ltg2; (34a)

mivi2 ¼ mivt1 � ltg2; (34b)

the rates of momentum exchange for the ion and ejected

electron can be expressed as

Rion
e ¼ meC

ionU0 þ
me

M

Tt � Ts

~T
l Cion � Rion

0

� 	
w0

� me

mt
lRion

1 w0 þ ltR
ion
2 w0; (35a)

Rion
i ¼ miC

ionU0 þ
mi

M

Tt � Ts

~T
l Cion � Rion

0

� 	
w0

� mi

mt
lRion

1 w0 � ltR
ion
2 w0: (35b)

The above equations have the same structure as Eq. (32) but

with an additional term reflecting the three-body nature of

the ionization/recombination processes. Again, one can eas-

ily check that momentum conservation is satisfied

Rion
s þ Rion

t þ Rion
e þ Rion

i ¼ 0: (36)

D. Second-order moment: Total energy density

For the second-order moment (here we only consider

scalar quantities), the exchange variables w can be

expressed as scalar products of V�; gp and other constant

velocities. We note that since
Ð

d3V� V� fV� ¼ 0, all the dot

products linear in V� vanish after the integration. For con-

venience, let us now define a set of energy transfer coeffi-

cients as follows:

Wion
st jw¼gp�gq

¼ Jion
pq a2; p; q ¼ 0; 1; 2: (37)

The explicit expressions for these coefficients are given in

Appendix B. Note that we also have

Wion
st jw¼gp�U0

¼ Rion
p w0 � U0; (38a)

Wion
st jw¼gp�w0

¼ Rion
p w2

0 ¼ kRion
p a2; (38b)

Wion
st jw¼w0�U0

¼ Cionw0 � U0: (38c)

1. Scattered particle s

The rate of change of energy of particle s can be deter-

mined from the transfer integral (20) by substituting

w ¼ 1
2

msðv2
s0
� v2

s1
Þ

Qion
s ¼�

4nsnt

p
1
2a3
�
ð

d3V�fV� �
ð

dg0 g3
0 e�g2

0
=a2

� 1

2

ð1

�1

dch e2g0w0ch=a2

ð
dt

drion
st

dt
1

2
ms v2

s0
� v2

s1

� �
 �
X1;X2

:

(39)

The change in the kinetic energy of s can be re-expressed as

follows:
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1

2
ms v2

s1
� v2

s0

� �
¼ l g1 � g0ð Þ � Vþ

mt

M

l
2

g2
1 � g2

0

� 	
;

¼ l g1 � g0ð Þ � V� þ l g1 � g0ð Þ � U0

þ cl g0 � g1ð Þ � ~g0 �
mt

M
!: (40)

The integration of the first term is zero since it is linear in

V�. The integration of the second term simply yields

Rion
s � U0. The product in third term can be easily expanded,

and the energy transfer rates defined in Appendix B can be

readily used. For the last term, the integration can be carried

out using the relation ! ¼ 1
2
lg2

0 � 1
2
lg2

1. The total rate of

change becomes

Qion
s ¼ Rion

s � U0 þ
2l
M

Tt � Tsð Þ Jion
00 � Jion

01

� 	�
� k Rion

0 � Rion
1

� 	
� � mt

M
~T Jion

00 � Jion
11

� 	
: (41)

This expression is also similar to the one derived for the case

of excitation/deexcitation albeit a less compact form (Eq.

(55) of Le and Cambier18).

2. Target particles t and t�

The rate of change of the total energies of t and t� can

be determined in a similar fashion. Using (4), the kinetic

energy of t can be written as

1

2
mtv

2
t0
¼ mt

M

1

2
MV�2 þ 1

2
MU2

0

� 
þ mtc2

l
1

2
l~g2

0 þ
ms

M

1

2
lg2

0

�mt

l
cl~g0 � U0 � lg0 � U0 þ cl~g0 � g0 þ V� � …½ �;

(42)

where we did not explicitly write the terms linear in V�.
Substituting the above expression into the transfer integral,

we arrive at the following:

Qion
t ¼ �

mt

M
CionE� � mtl

M2

Tt � Tsð Þ2
~T

Jion
00 � 2kRion

0 þ kCion
� 	

� ms

M
~TJion

00 þ
mt

M

Tt � Tsð Þ
~T

l Rion
0 � Cion

� 	
w0 � U0

þ lRion
0 w0 � U0 �

2l
M

Tt � Tsð Þ Jion
00 � kRion

0

� 	
; (43)

where E� ¼ 1
2

MU2
0 þ 3

2
T� is the total (kineticþ thermal)

energies of the COM frame. Note that there are some terms

proportional to ðTt � TsÞ2; these terms also appear in a gen-

eral two-body reaction when considering reactants and prod-

ucts as separate fluids (see, for example, Benilov23).

Similarly, for t�, using

1

2
mtv

2
t1
¼ mt

M

1

2
MV�2 þ 1

2
MU2

0

� 
þ mtc2

l
1

2
l~g2

0 þ
ms

M

1

2
lg2

1

�mt

l
cl~g0 � U0 � lg1 � U0 þ cl~g0 � g1 þ V� � …½ �

(44)

we arrive at an equivalent expression for the rate of change

of total energy of t�

Qion
t� ¼

mt

M
CionE� þ mtl

M2

Tt � Tsð Þ2
~T

Jion
00 � 2kRion

0 þ kCion
� 	

þ ms

M
~TJion

11 �
mt

M

Tt � Tsð Þ
~T

l Rion
0 � Cion

� 	
w0 � U0

� lRion
1 w0 � U0 þ

2l
M

Tt � Tsð Þ Jion
01 � kRion

1

� 	
: (45)

In the second reaction, this energy is distributed between the

ion and the ejected electron.

3. Electron and ion

Using the transformation in Appendix A, the kinetic

energies of the ion and electron can be expressed as

v2
e2
¼ v2

t1
þ 2

mi

mt
vt1 � g2 þ

m2
i

m2
t

g2
2;

v2
i2
¼ v2

t1
� 2

me

mt
vt1 � g2 þ

m2
e

m2
t

g2
2:

Hence, the kinetic energies are

1

2
mev2

e2
¼ me

mt

1

2
mtv

2
t1
þ ltvt1 � g2 þ

mi

mt

1

2
ltg

2
2; (46a)

1

2
miv

2
i2
¼ mi

mt

1

2
mtv

2
t1
� ltvt1 � g2 þ

me

mt

1

2
ltg

2
2: (46b)

Using the rate coefficient defined in (37) and (38), we obtain

Qion
e ¼

me

M
CionE� þ mel

M2

Tt � Tsð Þ2
~T

Jion
00 � 2kRion

0 þ kCion
� 	

� me

M

Tt � Tsð Þ
~T

l Rion
0 � Cion

� 	
w0 � U0 þ

msme

Mmt

~TJion
11

� me

mt
lRion

1 w0 � U0 þ
2lme

Mmt
Tt � Tsð Þ Jion

01 � kRion
1

� 	
þ ltR

ion
2 w0 � U0 �

2lt

M
Tt � Tsð Þ Jion

02 � kRion
2

� 	
� 2mslt

Ml
~TJion

12 þ
mi

mt

~TJion
22 ; (47a)

Qion
i ¼

mi

M
CionE� þ mil

M2

Tt � Tsð Þ2
~T

Jion
00 � 2kRion

0 þ kCion
� 	

� mi

M

Tt � Tsð Þ
~T

l Rion
0 � Cion

� 	
w0 � U0 þ

msmi

Mmt

~TJion
11

� mi

mt
lRion

1 w0 � U0 þ
2l
M

mi

mt
Tt � Tsð Þ Jion

01 � kRion
1

� 	
� ltR

ion
2 w0 � U0 þ

2lt

M
Tt � Tsð Þ Jion

02 � kRion
2

� 	
þ 2mslt

Ml
~TJion

12 þ
me

mt

~TJion
22 : (47b)

It is straight forward to verify that energy conservation is

satisfied

Qion
s þ Qion

t þ Qion
e þ Qion

i ¼ Cione�: (48)
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E. Electron induced ionization
tðvt0
Þ1eðve0

Þ ) eðve1
Þ1eðve2

Þ1iðvi2Þ

In Sections III B–III D, we derive the exchange terms

for a general ionization collision. The resultant equations are

rather complicated for practical use. In this section, we per-

form a systematic reduction of the general system to obtain a

set of equations for the special case of an electron induced

ionization (s � e); this type of collision is relevant for most

applications of interest. Taking advantage of the small mass

ratio me=M � 1, the following approximations can be used:

l ’ lt ’ me; M ’ mt ’ mi, and g ~T ’ �ve ¼
ffiffiffiffiffiffi
8Te

pme

q
. All the

average variables are summarized in Table I (third column).

To further simplify the problem, we also assume that the

scattering is isotropic, i.e., Gion ¼ 1=16p2; hence, we have

Rion
p ¼ 0 for p> 0 and Jion

pq ¼ 0 for p 6¼ q.

The reduction proceeds using the following general pro-

cedure. We first note that the rates of change of all the

moment variables can always be expressed in terms of quan-

tities in the COM frame. These quantities are then distributed

to the particles according to some defined mass ratio.

Therefore, we can reduce the system by taking the limit as

me=M ! 0 and mt=M ! 1 for each of the contributed term,

that is, each particle (electron or heavy particle) will receive

full contribution from terms proportional to mt=M and none

from terms proportional to me=M. For example, during an

ionization collision, the momentum gain/lost from the COM

momentum, i.e., MV is only distributed among the target

(loss term) and the ion (gain term).

The rate of change of number densities can be expressed

without any simplification

dne

dt
¼ Cion ¼ � dnt

dt
¼ dni

dt
: (49)

For the rate of change of momentum densities, we can per-

form the reduction and arrive at the following:

d qtutð Þ
dt

¼ �MCionU0 �
Tt � Te

Te
lKionw0 þ lRionw0; (50a)

d qiuið Þ
dt

¼ þMCionU0 þ
Tt � Te

Te
lKionw0; (50b)

d qeueð Þ
dt

¼ �lRionw0; (50c)

where

Rion ¼ Rion
0 ; Kion ¼ Cion � Rion

0 : (51)

The system of equations above is formally equivalent to the

following approximation at the particle level:

mtvt0 ’ MV� lg0; (52a)

mivi2 ’ MV� lðg1 þ g2Þ; (52b)

meðve0
� ve1

� ve2
Þ ’ lðg0 � g1 � g2Þ: (52c)

It must be noted that all the error terms in (52) are

Oðme=MÞ. For the rate of change of the total energies, we

have

dEt

dt
¼ �CionE� � l

M

Tt � Teð Þ2

Te
Wion þ Tt � Te

Te
lKionw0 � U0

þlRionw0 � U0 �
2l
M

Tt � Teð ÞJ ion; (53a)

dEi

dt
¼ þCionE� þ l

M

Tt � Teð Þ2

Te
Wion � Tt � Te

Te
lKionw0 � U0;

(53b)

dEe

dt
¼ �Cione� � lRionw0 � U0 þ

2l
M

Tt � Teð ÞJ ion; (53c)

where

W ion ¼ Jion
00 � 2kRion

0 þ kCion; (54a)

J ion ¼ Jion
00 � kRion

0 : (54b)

The system above is equivalent to following approximation

at the particle level:

1

2
mtv

2
t0
’ 1

2
MV2 � lV � g0; (55a)

1

2
miv

2
i2
’ 1

2
MV2 � lV � g1 þ g2ð Þ; (55b)

1

2
meðv2

e0
�v2

e1
�v2

e2
Þ’ 1

2
l g2

0�g2
1�g2

2

� 	
þlV � g0�g1�g2ð Þ

¼ e� þlV � g0�g1�g2ð Þ: (55c)

The system of equations consisting of (49), (50), and

(53) describes the rates of change of number density, mo-

mentum, and energy for an electron induced ionization colli-

sion with isotropic scattering. For numerical calculation, one

needs to pre-compute and store three basic rate coefficients

Cion; Rion
0 , and Jion

00 as functions of Te and k. All the other

coefficients Kion; Rion; J ion, and W ion can be constructed

from these basic coefficients. Although not necessary, the

isotropic scattering approximation has allowed us to greatly

reduce the number of rate coefficients that need to be

calculated.

IV. RECOMBINATION

A. Transfer integral

For recombination, we consider the reverse process of

(8), which involves the following two-step process:

eðve2
Þ þ iðvi2Þ ) t�ðvt1Þ; (56a)

sðvs1
Þ þ t�ðvt1Þ ) sðvs0

Þ þ tðvt0Þ: (56b)

Similar to the case of an ionization collision, we can write a

transfer integral as follows:

Wrec
sei ¼ nsneni

ð
d3vs1

d3ve2
d3vi2 fs fe fi g1 g2w

� xrec
sei ðvs1

; ve2
; vi2 ; vs0

; vt0Þ d3vs0
d3vt0 ; (57)

where Wrec
sei now contains a product of three Maxwellian dis-

tribution functions. In the general case, the three reactants

belong to three different fluids. Using the procedure
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described in Appendix A, the transfer integral can be

expressed as

Wrec
sei ¼ nsneni

1

p
3
2a3

ð
d3V��e�V��2=a2

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}Ð
d3V��fV��

� 1

p
3
2a3

t

1

p
3
2a3

ð
e�~g2

2=a
2
t

� e� ~g1�ct~g2ð Þ2=a2 � g1g2 wxrec
sei g1;g2;g0ð Þd3g0d3g1d3g2;

(58)

where all the average quantities are listed in Table II. Similar

to the case of an ionization collision, the integration over

V�� can be easily eliminated since fV�� is a Maxwellian.

Therefore, we need to consider only the case where w is

independent of V��. The transfer integral can be arranged

into

Wrec
sei ¼

nsneni

p3a3
t a

3
K
ð

F1 F2 �g1g2 wxrec
sei g1;g2;g0ð Þd3g0d3g1d3g2;

(59)

where the product of all the exponential terms is separated

into three parts

K ¼ e�w2
2
=a2

t e�m2=a2

; (60a)

F1 ¼ e�g2
2
=a2

t � e�g2
1
=a2 � e�c2

t g2
2
=a2

; (60b)

F2 ¼ e2g2�w2=a2
t � e2ctg1�g2=a

2 � e2g1�m=a2 � e�2ctg2�m=a2

: (60c)

For given values of mean velocities and temperatures, K is

fixed, F1 is angular-independent, and F2 is angular-dependent.

It is more convenient to introduce the detailed balance (DB)

relation aka Fowler relation1 at this point

g1g2 xrec
sei g1; g2; g0ð Þ ¼

g t

2g i

h3

l3
t

g0 xion
st g0; g1; g2ð Þ; (61)

where g is the degeneracy weight of the atomic state and h is

the Planck constant. Substituting the DB relation back to the

transfer integral, we obtain

Wrec
sie ¼

g t

2g iZt

nsnine

p3=2a3
K
ð

F1 � F2

� g0 w xion
st g0; g1; g2ð Þd3g0d3g1d3g2; (62)

where Zt � ð2plt
~T tÞ3=2

h3 is the translational partition function

defined using the reduced mass and temperature of particle t.
We can see that the integrand of Wrec

sie is very similar to the

one in (18) for ionization but with different exponential

weighting functions. Note that F1 and F2 contain terms

which are dependent on g1 and g2, so they must be integrated

together with the differential cross section.

To proceed, let us define a reference frame (x, y, z) such

that m is aligned with the ẑ axis. The remaining velocity

vectors ŵ2; ĝ0; ĝ1, and ĝ2 can be defined according to the

following rotation operations:

ŵ2 ¼ Rðuw; hwÞ � m̂; ĝ0 ¼ Rðu; hÞ � m̂;

ĝ1 ¼ Rð/1; v1Þ � ĝ0; ĝ2 ¼ Rð/2; v2Þ � ĝ0; (63)

where uw and hw are fixed. Note that this choice of the coor-

dinate system is not unique. In the rotated frame ðn; g; 1Þ
where ĝ0 is aligned with 1̂, the dot products in F2 can be

expanded as

ĝ1 � m̂ ¼ chcv1
� shsv1

c/1
; (64a)

ĝ2 � m̂ ¼ chcv2
� shsv2

c/2
; (64b)

ĝ1 � ĝ2 ¼ cv1
cv2
þ sv1

sv2
c/1�/2

; (64c)

ĝ2 � ŵ2 ¼ f ðuw; hw;u; h;/2; v2Þ: (64d)

For reason of brevity, we did not write the explicit expres-

sion for f. Using the same averaging operator defined in (19),

the transfer integral can be rewritten as

Wrec
sie ¼

gt

2g iZt

nsnine

p3=2a3
K
ð

dg0 g3
0

ð
dudch

�
ð

F1 hF2 wiX1;X2

drion
st

d!
d!: (65)

From conservation of energy, F1 can be rewritten as

F1 ¼ e�g2
2
=a2

t � e�g2
1
=a2 � e�c2

t g2
2
=a2

;

¼ ene�= ~T e�e0= ~T eð1�nÞ!= ~T ; (66)

where n ¼ ~T
~T t
þ c2

t
l
lt

. Using nondimensional energy variables,

the transfer integral becomes

TABLE II. Summary of variables used for recombination. The second col-

umn lists the general definition, and the third one is applicable for an

electron-impact three-body recombination.

Variable Definition e-induced coll. (s � e)

T� MTsTeTi

msTeTi þ meTsTi þ miTsTe

Ti

~T t meTi þ miTe

me þ mi

Te

~T msTeTi þ meTsTi þ miTsTe

M ~T t

Te

ct lðTi � TeÞ
meTi þ miTe

l
M

Ti � Te

Te

~d msTeTi

msTeTi þ meTsTi þ miTsTe

l
M

Ti

Te

~c ltTsðTi � TeÞ
msTeTi þ meTsTi þ miTsTe

l
M

Ti � Te

Te

a
ffiffiffiffiffiffiffiffi
2T�

M

r ffiffiffiffiffiffiffi
2Ti

mi

r
at

ffiffiffiffiffiffiffi
2 ~T t

lt

s ffiffiffiffiffiffiffi
2Te

me

r
a

ffiffiffiffiffiffi
2 ~T

l

s ffiffiffiffiffiffiffi
2Te

me

r
~gp gp �wp, p¼ 0, 1, 2

V�� V� U1 �
ms

M
~g1 þ ~c~g2 þ ~d~g1

j ~g1 � ct~g2

m w1 � ctw2
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Wrec
sie ¼

g t

2g iZt
nsnine

�g ~T

4p
Kenx�

ð1
x�

dx0 e�x0 � x0

�
ð

dudch

ðx0

x�
e 1�nð ÞthF2 wiX1;X2

drion
st

dt
dt: (67)

Note that the above expression is the most general form of

the transfer integral for a recombination collision, and vari-

ous exchange source terms can be constructed in a similar

manner. However, one can see that the rates need to be para-

metrized in terms of ~T ; ~Tt; ct; k1; k2;uw; hw, where k1 ¼ w2
1

a2

and k2 ¼ w2
2

a2
t
. This is clearly not realistic for any numerical

calculation due to excessive storage requirement. Therefore,

in this work, we will consider only the special case of an

electron induced recombination, which allows us to make

further assumptions to simplify the description of the

exchange coefficients.

B. Electron induced recombination
eðve1

Þ1eðve2
Þ1iðvi2Þ ) tðvt0

Þ1eðve0
Þ

Let us now examine the case of an electron induced

recombination with isotropic scattering, i.e., G ¼ 1=16p2.

Due to the small mass ratio me=M� 1, the average quanti-

ties can be approximated as listed in Table II (third column).

In addition, we also have: l ’ lt ’ me; M ’ mt ’ mi;
Zt ’ Ze; k ¼ k1 ’ k2; uw ’ hw ’ 0, and n ’ 1þ c2

t . Here,

we also assume that me

mi
� Te

Ti
such that ct � 1. As mentioned

before, this assumption holds for a wide range of physical

domains of interest. Hereafter, the subscripts in the differen-

tial cross sections denoting colliding partners are omitted for

brevity. The transfer integral (65) becomes

Wrec
eie ¼

g t

2g iZe

nenine

p3=2a3
K
ð

dg0 g3
0

ð
dudch

�
ð

F1 hF2wiX1;X2

drion

d!
d!: (68)

Using the definitions of ~d and ~c in (B12), we also have

~d ’ l
M

Ti

Te
; ~c ’ ct ’

l
M

Ti � Te

Te
’ ~d � l

M
: (69)

The product of the exponential terms can be approximated as

K ’ e�2w2
1
=a2

; (70a)

F1 ’ ee�= ~T e�e0= ~T ; (70b)

F2 ’ e2g1�w1=a2

e2g2�w1=a2

: (70c)

Note that we have neglected terms of OðctÞ and higher in

(70); these terms correspond to thermal nonequilibrium

effect between the ion and electrons. However, this effect is

weaker than the multifluid effect (note the multiplication of

the mass ratio of me=mi in the definition of ct and ~d). Hence,

the assumptions in (70) are reasonable for a wide range of

conditions. These approximations are equivalent to neglect-

ing terms of OðctÞ directly from Eq. (58), i.e., j ’ ~g1 and

m ’ w1. We have also performed the integration of the full

transfer integral (68), and the results indicate that the rates

are very weakly dependent on ct. The errors due to the

approximations in (70) are negligible, with some discrepan-

cies observed only for the case of w ¼ g1 � g2. However, the

errors are not very significant and only limited to the region

of large ct (Ti 	 Te), which again falls outside of our physi-

cal domain of interest. Nevertheless, these approximations

allow us to reduce the parameter space to characterize the

exchange rates and obtain a more compact form of the trans-

fer integral.

For the case of isotropic scattering, it is more

convenient to define a reference frame such that w1 is

aligned with the ẑ axis and rotated frames such that ĝ0 ¼
Rðu; hÞ � ŵ1; ĝ1 ¼ Rð/1; v1Þ � ŵ1 and ĝ2 ¼ Rð/2; v2Þ � ŵ1.

F2 then becomes

F2 ¼ e2g1w1cv1
=a2

e2g2w1cv2
=a2 ¼ e2

ffiffiffiffiffi
kx1

p
cv1 e2

ffiffiffiffiffi
kx2

p
cv2 : (71)

Using non-dimensional energy variables and after a trivial

integration over u and ch, the transfer integral is

Wrec
eie ¼

gt

2giZe
nenine �g ~T e�2kex�

ð1
x�

dx0 e�x0 � x0

�
ðx0

x�
hF2wiX1;X2

drion

dt
dt: (72)

C. Zeroth-order moment: Number density

For zeroth order exchange rate, substituting w¼ 1 into

(72) leads to

Crec ¼ gt

2giZe
nin

2
e �g ~T e�2kex�

ð1
x�

dx0 e�x0

� x0

ðx0

x�
f 0ð Þ ffiffiffiffiffiffiffi

kx1

p� �
f 0ð Þ ffiffiffiffiffiffiffi

kx2

p� �
drion

dt
dt; (73)

where fð0ÞðnÞ is defined the same as before. One can easily

check that in the limit of k! 0, we recover the Saha

equation

lim
k!0

-rec

-ion
¼ gt

2giZe
ex� ; (74)

where -ion � Cion=ntne and -rec � Crec=nin
2
e are the ioniza-

tion and recombination rates. Note that the parameter k is

defined differently for ionization and recombination.

The rate equations for the number densities due to

recombination can be constructed as follows:

dnt

dt
¼ þCrec;

dne

dt
¼ �Crec;

dni

dt
¼ �Crec: (75)

D. First-order moment: Momentum density

Similar to the case of ionization, the integral with

w ¼ gp results in a vector proportional to the relative drift

velocity w1. Let us define the following friction coefficients

for recombination

Wrec
eie jw¼lgp

¼ lRrec
p w1; p ¼ 0; 1; 2: (76)
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The explicit forms of these coefficients are given in (C1). In

order to compute the exchange rates for momentum den-

sities, we can start from the approximation in (52) and arrive

at

mtvt0 ’ MV�� þMU1 � ~cMð~g1 þ ~g2Þ � lg0; (77a)

mivi2 ’ MV�� þMU1 � ~cMð~g1 þ ~g2Þ � lðg1 þ g2Þ; (77b)

meðve0
� ve1

� ve2
Þ ’ lðg0 � g1 � g2Þ: (77c)

Substituting these expressions for the exchange variables, we

obtain

Rrec
t ¼þMCrecU1þ

Ti�Te

Te
l 2Crec�Rrec

1 �Rrec
2

� 	
w1

�lRrec
0 w1; (78a)

Rrec
i ¼�MCrecU1�

Ti�Te

Te
l 2Crec�Rrec

1 �Rrec
2

� 	
w1

þl Rrec
1 þRrec

2

� 	
w1; (78b)

Rrec
e ¼ lðRrec

0 � Rrec
1 � Rrec

2 Þw1: (78c)

For isotropic scattering, it is easy to see that Rrec
0 ¼ 0 so we

can re-write the above equations into the same form as (50)

Rrec
t ¼ þMCrecU1 þ

Ti � Te

Te
lKrecw1; (79a)

Rrec
i ¼ �MCrecU1 �

Ti � Te

Te
lKrecw1 þ lRrecw1; (79b)

Rrec
e ¼ �lRrecw1; (79c)

where

Rrec ¼ Rrec
1 þ Rrec

2 ; (80a)

Krec ¼ 2Crec � Rrec
1 � Rrec

2 : (80b)

E. Second-order moment: Energy density

For second order moment, we can define a set of energy

exchange coefficients for recombination

Wrec
eie jw¼gp�gq

¼ Jrec
pq a2; p; q ¼ 0; 1; 2: (81)

The explicit forms of these coefficients are given in (C2).

We can use the same approximation in (55) to express the ki-

netic energy of each particle in terms of variables in the

COM frame. The total kinetic energy of the COM motion
1
2

MV2 can be expressed as

1

2
MV2 ¼ 1

2
MV��2 þ 1

2
MU2

1 þ ~c2 1

2
M ~g1 þ ~g2ð Þ2

� ~cMU1 � ~g1 þ ~g2ð Þ þ V�� � …½ �: (82)

Therefore, the rate equations for energy densities can be

written as

Qt ¼ þCrecE� þ l
M

Ti � Teð Þ2

Te
Wrec þ Ti � Te

Te
lKrecw1 � U1;

(83a)

Qi ¼ �CrecE� � l
M

Ti � Teð Þ2

Te
Wrec � Ti � Te

Te
lKrecw1 � U1

þlRrecw1 � U1 �
2l
M

Ti � Teð ÞJ rec; (83b)

Qe ¼ Crece� � lRrecw1 � U1 þ
2l
M

Ti � Teð ÞJ rec; (83c)

where E� ¼ 3
2

T� þ 1
2

MU2
1 and

Wrec ¼ Jrec
11 þ Jrec

22 þ 2Jrec
12 þ 4kCrec � 4kRrec

1 � 4kRrec
2 ;

(84a)

J rec ¼ Jrec
11 þ Jrec

22 þ 2Jrec
12 � 2kRrec

1 � 2kRrec
2 : (84b)

Note that the system of Equations (83) has a similar form to

(53).

V. COLLISIONAL-RADIATIVE MODELING
USING THE MULTIFLUID EQUATIONS

Before presenting the numerical results, we briefly

describe how to apply the previous formulation of the rates

to construct CR models in the context of the multifluid equa-

tions. We first note that the same set of atomic data and cross

sections is required as in standard CR model. The only

difference is that the rates now include corrections due to the

multifluid effect. Hence for a given set of data, the results

obtained using the multifluid model will approach the stand-

ard (single-fluid) results in the limit of k! 0. This can be

seen easily from the fact that all the expressions of the multi-

fluid rates converge to single-fluid results in same limit. We

will also demonstrate this convergence in Sec. VI by numeri-

cal calculations.

Let us now consider an example of an atomic hydrogen

plasma, which consists of H, Hþ, and the free electron e. The

neutral atom H can have many bound states, the interactions

between which can occur via a number of processes. In addi-

tion, ionization can proceed from those atomic levels by col-

lisions with the free electrons. Consider now a three-fluid

model (neutral-ion-electron) where the all atomic states of H

belong to the same fluid (neutral). We also assume that the

VDF of each fluid is a perfect Maxwellian so transport fluxes

can be omitted. In this case, we end up with three sets of

fluid equations (Euler), one for each fluid.20 For neutral H,

the fluid equations must be extended to the multi-species

Euler equations to accommodate the different atomic states

of H. The excitation/deexcitation rates between these atomic

states can be constructed following our previous work.18 The

ionization/recombination rate for each atomic level can be

computed using the formulas in Sections III and IV. For

example, with 10 atomic levels, one would need to compute

the rates for 90 excitation/deexcitation transitions and

20 ionization/recombination transitions. All these rates are

tabulated as functions of k and Te. During the calculation,

the rates for a specific condition can be obtained by interpo-

lation. In addition, one can also compute momentum and

063505-10 H. P. Le and J.-L. Cambier Phys. Plasmas 23, 063505 (2016)

 Reuse of AIP Publishing content is subject to the terms at: https://publishing.aip.org/authors/rights-and-permissions. Downloaded to  IP:  132.3.61.80 On: Tue, 07 Jun 2016

16:50:49

C-72



energy exchange rate coefficients in a similar fashion.

Although we have only discussed electron induced excitation

and ionization processes, other processes can also be incor-

porated in a consistent manner.

Generalization to multiply charged ions is also straight-

forward. Let us consider an example of helium where the

plasma contains He, Heþ, Heþþ, and e. In the simplest three-

fluid formulation, we can treat He as a neutral fluid, Heþ and

Heþþ together as an ion fluid, and the free electrons as an

electron fluid. Since He and Heþ also include multiple

excited states, the neutral and the ion fluid equations are

extended to multi-species Euler equations. The exchange

rates (number densities, momentum, and energy) for excita-

tion and ionization (and their reverses) can be constructed

similarly. In all cases, we also need to consider elastic colli-

sions between different fluids: electron-ion, electron-neutral,

and ion-neutral. These will appear through the momentum

and energy equations of all the fluids. Note that here the

collision between Heþ and Heþþ are omitted because they

belong to the same fluid. In the case where each charge state

is considered as an individual fluid, we end up with a four-

fluid model, and Heþ-Heþþ collision now must be taken into

account. In the presence of hot electrons, we can treat the

bulk and the hot electrons as two separate fluids in a straight-

forward manner.

VI. NUMERICAL RESULTS

A. Exchange rates

In this section, the numerical results of the reaction rates

are presented. We consider a partially ionized hydrogen

plasma with neutrals, ions, and free electrons. The neutral

atomic states are defined according to the principle quantum

number n and the energy levels are given from the Bohr

model, e.g., En ¼ IHð1� 1=n2Þ, where IH ¼ 13:6 eV is

the ionization energy of the ground state. The differential

ionization cross section of state n is defined according to the

semi-classical model26

drion
n

d!
¼ 4pa2

0I2
H

!2

1

e
s:t: �rion

n ¼ 4pa2
0

� 	 I2
H e� Inð Þ

Ine2
; (85)

where In ¼ IH � En and a0 ¼ 0:529 Å is the Bohr radius.

The numerical integrations of all the exchange rate coef-

ficients are carried out using the adaptive algorithm from the

cubature package.27 These results are also compared with the

Monte Carlo integrations of the full transfer integral with

excellent agreement. For brevity, we only show the results

for zeroth-order reaction rates. Figures 1 and 2 show the ion-

ization and recombination rates of ground state hydrogen for

an electron induced collision with different values of k. It

must be noted that k refers to the relative drift between H

and e for ionization, and Hþ and e for recombination. For

simplicity, H and Hþ are treated as the same fluid in our next

calculations, so k is the same for both processes. The results

from Figures 1 and 2 confirm that both thermal (single-fluid)

and beam asymptotic limits of the rates are recovered from

the derived expressions. Figure 1 also indicates that the rela-

tive drift between two fluids (measured by k) can increase

the ionization rates at low temperature; this observation

is similar to the case of excitation/deexcitation. On the

contrary, Figure 2 suggests that the recombination rates get

weaker as k increases. It must be noted that the standard

Saha relation (macroscopic) is only satisfied in the thermal

limit. For k 6¼ 0, detailed balance is enforced through the

Fowler relation (microscopic).

B. Collisional-radiative rate equations

The multifluid reaction rates from Sections III and IV

are used to solve the collisional-radiative (CR) rate equa-

tions. In the first test, we consider an isothermal system of

atomic hydrogen plasma with constant electron number den-

sity. A total number of 10 atomic states of H is used in the

calculation in addition to Hþ. The parameter k is introduced

as a constant to examine the multifluid effect. This relative

drift can be realized in a system where there is a steady state

current. For example, in the magnetohydrodynamic (MHD)

limit,28 the plasma current J can be approximated by

J ’ 1
g Eþ u� Bð Þ, where g is the plasma resistivity. To

make the problem more realistic, we also include line radia-

tion between bound states and further assume that the plasma

is optically thin.

The resultant system of rate equations can be put into

the following form:

FIG. 1. Multifluid reaction rates for

electron induced ionization collision.

The solid lines correspond to the two

asymptotic limits: thermal ðk! 0Þ
and beam (Te ! 0).
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d~n

dt
¼ �R � ~n; (86)

where ~n is the state population vector and �R is the rate

matrix. For constant ne, Te, and k, �R is also constant.

The steady-state solutions of (86) can be obtained by setting
d~n
dt ¼ 0 and solving �R � ~n ¼ 0. In order to avoid the trivial

solution of ~n ¼ 0, charge neutrality is used as a constraint.

Equation (86) is solved for a range of ðne; Te; kÞ. Figure 3

shows the resultant ion fraction for the case of ne ¼ 1020 m�3.

It can be seen that the ion fraction deviates from the single-fluid

result when k 6¼ 0. We note that the solutions plotted in Figure

3 are different from the LTE solutions since line radiation is

included in the system. Furthermore, when k 6¼ 0, the ratio of

the forward and the backward rates of the inelastic processes

also deviate from the standard Boltzmann/Saha relation.

In the next test, we consider an isochoric system of a

two-fluid hydrogen plasma (electrons and heavy particles).

Since the system is closed, the momentum densities and tem-

peratures of the two fluids are coupled to the rate equations

for number densities and evolved self-consistently. We

assume that the all the heavy particles (neutrals and ions)

belong to the same fluid, so that the momentum and energy

exchange processes between these particles are infinitely

fast. The governing equations for this system are the same as

the ones described in our previous paper18 (see Appendix D)

but with additional terms due to ionization/recombination.

The initial conditions of these simulations are listed in Table

III. Initially, all the atoms are at rest, and the atomic states

are in Boltzmann equilibrium at 0.3 eV. A fraction of hot

electrons at Te¼ 3 eV is added, and their mean velocities are

varied to demonstrate the multifluid effect. The ion density

follows from charge neutrality.

Figure 4 shows the time evolution of the atomic state

density (top) and the temperatures (bottom) of two different

cases. Case I, shown in solid lines, corresponds to an initial

zero relative drift velocity (k¼ 0) and case II, shown in

dashed lines, to a large initial relative drift velocity

(k ¼ 3:3). Similar to the observation made when considering

excitation/deexcitation only, the kinetics of inelastic colli-

sions is enhanced when the relative drift between the two

fluids is significant. This is indicated by an early increase in

the population of the excitation states from Figure 4.

Moreover, the temperature relaxation between two cases is

also different as can be seen from the bottom plot of Figure

4. We remark that in this test case, the enhancement to the

kinetics due to the relative drift only persists on the momen-

tum relaxation time scale.

To further examine the relaxation process in the pres-

ence of the multifluid effect, Figure 5 shows the time evolu-

tion of the Boltzmann temperatures of the excited states and

the energy exchange rates due to different types of collision

for case II. The Boltzmann temperatures, defined between

two adjacent states ‘ and u (‘ < u), are as follows:

T‘u ¼
Eu � E‘

ln
n‘=g‘
nu=gu

 ! ; (87)

FIG. 2. Multifluid reaction rates for

electron induced recombination colli-

sion. The solid lines correspond to the

two asymptotic limits: thermal ðk! 0Þ
and beam (Te ! 0). The beam limit is

computed for e1 ¼ e2, i.e., the scattered

and ejected electrons share equal

amount of energy.

FIG. 3. Ion fraction vs Te for the case of atomic hydrogen plasma with ne

¼ 1020 m�3 and different values of the multifluid k parameters. The solu-

tions are obtained by solving the steady-state rate equations for fixed val-

ues of ne, Te, and k. Line radiation is included, and the plasma is assumed

to be optically thin.

TABLE III. Initial conditions of 0D test cases. The total atomic density nt is

1020 m�3. The atomic states are initialized according to a Boltzmann distri-

bution at Th, i.e., Bk ¼ gke�Ek=Th

Zn
, where Zn is the electronic partition function.

Number density Temperature

Atomic states nk ¼ 0:9Bknt for k ¼ 1� 10 0.3 eV

Ion ni ¼ 0:1nt 0.3 eV

Electron ne ¼ 0:1nt 3 eV
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where n‘, nu are the number densities of levels ‘, u. These

temperatures are used to measure deviation from the

Boltzmann equilibrium of the atomic states. It can be seen

from the top of Figure 5 that at approximately 4� 10�6 s, all

the higher states (n> 3) have reached equilibrium with the

free electrons. Due to the large energy gaps between the first

3 atomic states, these states take a longer time to equilibrate,

e.g., T23 ’ Te at approximately 2� 10�5 s. This condition is

known as partial local thermodynamic equilibrium.29

Although not shown in here, the system eventually achieves

complete thermodynamic equilibrium at a much later time.

The energy exchange rates of the electrons are shown in

the bottom plot of Figure 5. The solid lines denote thermal

relaxation (terms proportional to J ), the dashed lines denote

frictional work (terms proportional to R), and the dotted

lines denote heat of formation due to inelastic collisions

(terms proportional to C). In general, these terms can have

different signs where positive and negative mean heating and

cooling, respectively. For this particular case, the electrons

are losing energy due excitation/ionization and thermal

relaxation with the heavy particles; therefore, the solid and

the dotted lines indicate cooling rates. On the other hand, the

friction between the electrons and heavy particles can do

work to heat the electrons, so the dashed lines here refer to

heating rates. One can see from the bottom plot of Figure 5

that up to 10�7 s, frictional heating and heat of formation are

the two main energy transfer mechanisms. This also corre-

sponds to the momentum relaxation time scale, after which

the momentum of the electrons has been completely

absorbed by the heavy particles, signalling a change to

single-fluid kinetics. One can also note that during

10�8 < t < 10�7, there are competing effects between all the

processes, and inelastic collisions in general can also contrib-

ute to the total energy exchange and should not be neglected.

Although this test case suggests that the multifluid effect

only persists on the momentum relaxation time scale, we

expect that this effect becomes more significant for system

where there exists a steady state current (since the drift is

always maintained due to the current). This will be examined

in a future publication where spatial inhomogeneity will also

be included.

VII. CONCLUSION

We have presented a model for ionization and recombi-

nation collisions in a multifluid plasma. The model is rigor-

ously derived from kinetic theory and follows directly from

our previous work on the modeling of excitation and deexci-

tation collisions.18 The derived exchange coefficients are

shown to have proper asymptotic limits and satisfy the princi-

ple of detailed balance. Using the new set of rate coefficients,

we have developed and tested a new multifluid collisional-

radiative model for atomic hydrogen with semi-classical

cross sections for all the elementary processes. This model

has two important features: (a) multifluid effect is captured in

the definitions of the rate, and (b) the momentum and energy

exchanges due to inelastic collisions are included.

Numerical calculations of the exchange rates are carried

out, and the accuracy is confirmed with direct Monte Carlo

integration. The results indicate that in the presence of a rela-

tive drift between two reactant fluids, the rates can be signifi-

cantly different than the single-fluid limit. Two numerical

tests are conducted to demonstrate the capability of the new

model. In the first test, we compare the steady-state solutions

of the collisional-radiative rate equations with constant ne,

Te, and k. The results converge to the single-fluid solution as

FIG. 4. Time evolution of number densities of the atomic states (2� 10)

and temperatures for the two test cases with initial conditions from Table

III. Solid lines denote case I with k ¼ 0:01 initially, and dashed lines denote

case II with k ¼ 3:3 initially. The evolution of the equivalent drift tempera-

ture kTe (red) is shown for case II. For case I, kTe ’ 0, which corresponds to

a single-fluid calculation.

FIG. 5. Boltzmann temperatures of the excited states and energy exchange

rates of the electrons. The Boltzmann temperatures are defined according to

Eq. (87). In the bottom plot, different colors indicate different processes:

(en) refers to electron-neutral, (ie) to Coulomb, (xd) to excitation/deexcita-

tion, and (ir) to ionization/recombination collisions. The line types (solid,

dashed, and dotted) are used to distinguish between different terms in the

energy exchange.
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k! 0 and can deviate from that when k 6¼ 0. In the second

test, an isochoric heating of a partially ionized hydrogen

plasma is performed in a virtual test cell to demonstrate the

coupling between various collision processes. We observe

that in general inelastic collisions can participate in the over-

all energy exchange process and should be included in the

model. The present work can be extended to other types of

collision, e.g., charge exchange and molecular collisions,

with slight modifications. Future work focuses on examining

the nonlinear coupling of transport with collisional-radiative

kinetics by means of the multifluid transport equations.19
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APPENDIX A: SEPARATION OF VARIABLES

Similarly to excitation, the ionization process has two

particles in the initial i state, but the final state includes a

third particle, since an electron extracted from the target to

yield an ion state (t! iþ e). The process is therefore

sðvs0
Þ þ tðvt0Þ () sðvs1

Þ þ iðvi2Þ þ eðve2
Þ: (A1)

In the case of ionization, one must integrate over the distri-

bution functions of the initial variables, which remain s, t,
and the procedure used in an excitation collision remains

valid. However, for recombination, we have a triple product

of VDFs

fs vs1ð Þ fi vi2ð Þ fe ve2ð Þ ¼
ms

2pTs

� 3
2 mi

2pTi

� 3
2 me

2pTe

� 3
2

exp A½ �:

(A2)

The argument of the exponential function is

A ¼ bsðvs1
� usÞ2 þ beðve2

� ueÞ2 þ biðvi2 � uiÞ2|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
Aei

; (A3)

where bs ¼ ms

2Ts
. In order to perform the separation of varia-

bles, it is necessary to proceed in two steps. Thus, we can

consider the ionization process as follows:

(a) the formation of an excited state t� via scattering:

sðvs0
Þ þ tðvt0Þ ) sðvs1

Þ þ t�ðvt1Þ
(b) the spontaneous ionization of the t� state into ion and

electron: t�ðvt1Þ ) eðve2
Þ þ iðvi2Þ

The reverse process, recombination, would similarly follow

two steps:

(a) the formation of an excited state t� via recombination:

eðve2
Þ þ iðvi2Þ ) t�ðvt1Þ

(b) the spontaneous deexcitation of the t� state via scatter-

ing: sðvs1
Þ þ t�ðvt1Þ ) sðvsÞ þ tðvtÞ

Consider now the first part of this two-step recombina-

tion process, which involves the product of the two VDFs for

electron and ion: feðve2
Þ � fiðvi2Þ. The argument of the

exponential function resulting from this product is Aei as

defined in (A3). Let us first perform the separation of varia-

bles for the product fe � fi (see Appendix B of Le and

Cambier18), such that the argument becomes

Aei ¼ be þ bið ÞCt
2 þ bebi

be þ bi

~g2
2; (A4)

where

Ct ¼ vt1 � ut1 þ ct~g2; (A5a)

~g2 ¼ g2 � w2; (A5b)

vt1 ¼
meve2

þ mivi2

mt
; (A5c)

ut1 ¼
meue þ miui

mt
; (A5d)

ct ¼
1

be þ bi

be

mi

mt
� bi

me

mt

� 
; (A5e)

and the relative velocity g2 is defined according to (3).

We can now multiply by the VDF for the scattering par-

ticle for the second step of the recombination process. This

leads to the total argument

A ¼ be þ bið ÞC2
t þ

bebi

be þ bi

~g2
2 þ bs vs1

� usð Þ2: (A6)

Let us also define

V� ¼ vt1 � ut1 ¼ V� U1 �
ms

M
~g1; (A7)

with ~g1 ¼ g1 � w1. This yields

vs1
� us ¼ V� U1 þ

mt

M
~g1 ¼ V� þ ~g1 (A8)

and from (A5a),

Ct ¼ V� þ ct ~g2: (A9)

Inserting into (A6)

A ¼ bs þ be þ bið ÞV�2 þ bs~g
2
1 þ be þ bið Þc2

t þ
bebi

be þ bi

� �
~g2

2

þ 2ct be þ bið ÞV� � ~g2 þ 2bsV
� � ~g1: (A10)

Let us now try the following variable substitution:

V�� ¼ V� þ ~c~g2 þ ~d~g1: (A11)

Thus,

V��2¼V�2þ~c2~g2
2þ~d

2
~g2

1þ2~cV� �~g2þ2~dV� �~g1þ2~c~d~g1 �~g2:

Defining Rb ¼ bs þ bs þ bi and choosing

~d ¼ bs

Rb
; ~c ¼ be þ bi

Rb
ct; (A12)

we obtain
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RbV��2 ¼ RbV�2 þ b2
s

Rb
~g2

1 þ
be þ bið Þ2

Rb
c2

t ~g2
2

þ2ct be þ bið ÞV� � ~g2 þ 2bsV
� � ~g1

þ 2ct

bs be þ bið Þ
Rb

~g1 � ~g2:

Comparing with (A10), we can simplify the argument as

A ¼ RbV��2 þ bs be þ bið Þ
Rb

c2
t þ

bebi

be þ bi

" #
~g2

2

þ
"

bs be þ bið Þ
Rb

#
~g2

1 � 2ct~g1 � ~g2

h i
: (A13)

Define now

j ¼ ~g1 � ct~g2: (A14)

We can now eliminate the last dot product, since ~g2
1 �2ct~g1

� ~g2 ¼ j2 � c2
t ~g2

2. Inserting into (A13), we finally obtain

A¼ bsþbeþbið ÞV��2þ bebi

beþbi

~g2
2þ

bs beþbið Þ
bsþbeþbi

j2: (A15)

Here, all dot products have been removed with the proper

change of variables. One can also show that

bs þ be þ bi ¼
M

2

msTeTi þmeTsTi þmiTsTe

MTsTeTi
� M

2T�
; (A16)

bebi

be þ bi

¼ memi

2 me þ mið Þ
me þ mi

meTi þ miTe
� lt

2 ~Tt

; (A17)

bs beþbið Þ
bsþbeþbi

¼ms meþmið Þ
2M

M ~Tt

msTeTiþmeTsTiþmiTsTe
� l

2 ~T
;

(A18)

where

T� ¼ MTsTeTi

msTeTi þ meTsTi þ miTsTe
; (A19)

~Tt ¼
meTi þ miTe

me þ mi
; (A20)

~T ¼ msTeTi þ meTsTi þ miTsTe

M ~Tt

; (A21)

lt ¼
memi

me þ mi
; (A22)

l ¼ ms me þ mið Þ
M

: (A23)

The product of the three Maxwellian VDF becomes

fs vs1ð Þ � fe ve2ð Þ � fi vi2ð Þ

¼ M

2pT�

� 3
2

exp �MV��2

2T�

� �
� lt

2p ~Tt

� 3
2

exp � lt~g
2
2

2 ~Tt

" #

� l

2p ~T

� 3
2

exp �lj2

2 ~T

� �
� f �� V��ð Þ � ~f t ~g2ð Þ � ~f jð Þ:

(A24)

All subsequent expressions can now be simplified with this

separation of variables. For example, any operator O that

depends only on variables expressed using the relative veloc-

ities (g0; g1; g2), we haveð
d3vs1

d3ve2
d3vi2 fsfefiOðg0; g1; g2Þ

¼
ð

d3V��f ��ðV��Þ|fflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflffl}
�1

�
ð

d3~g1d3~g2
~f tð~g2Þ~f ðjÞOðg0; g1; g2Þ:

(A25)

APPENDIX B: EXCHANGE COEFFICIENTS FOR
IONIZATION

We describe in this Appendix various exchange terms

computed from the transfer integral for an ionization collision,

starting from the transfer integral given in Eq. (10). The

exchange variables during the collision can be expressed in

terms of V�; g0; g1, and g2. Since fV� represents a Maxwellian

VDF centered at zero, we have
Ð

d3V�fV� ¼ 1;Ð
d3V� V� fV� ¼ 0 and

Ð
d3V� 1

2
MV�2 fV� ¼ 3

2
T�. Thus, if w is

independent of V�, we can eliminate the integral over V�. For

the case where w is linear in V�, the transfer integral goes to

zero. Here, the subscripts st in the differential cross sections

are omitted for brevity.

Let us now consider the case where w ¼ gp (p ¼ 0; 1; 2Þ.
As shown in Le and Cambier,18 the only non-zero velocity

component survived after the integration is the one parallel to

the relative drift velocity w0. Using the definition from (26),

the friction coefficients can be written as follows:

Rion
0 ¼

2

3
nsnt �g ~T e�k

ð1
x�

dx0 x2
0 e�x0 f 1ð Þ ffiffiffiffiffiffiffi

kx0

p� �
�rion; (B1a)

Rion
1 ¼

2

3
nsnt �g ~T e�k

ð1
x�

dx0 x
3
2

0 e�x0 f 1ð Þ ffiffiffiffiffiffiffi
kx0

p� �
�
ðx0

x�

ffiffiffiffiffi
x1

p hcv1
iX1;X2

drion

dt
dt; (B1b)

Rion
2 ¼

2

3
nsnt �g ~T e�k

ð1
x�

dx0 x
3
2

0 e�x0

� f 1ð Þ ffiffiffiffiffiffiffi
kx0

p� � ðx0

x�

ffiffiffiffiffi
x2

p hcv2
iX1;X2

drion

dt
dt; (B1c)

where fð1ÞðnÞ ¼ 3
4n2 coshð2nÞ � sinhð2nÞ

2n

h i
and limn!0f

ð1ÞðnÞ
¼ 1. For isotropic scattering, i.e., Gion ¼ constant, Rion

1

¼ Rion
2 ¼ 0.

For the case of w ¼ gp � gq (p; q ¼ 0; 1; 2Þ, we arrive at

the following thermal relaxation coefficients using the defini-

tions in (37):

Jion
00 ¼ nsnt �g ~T e�k

ð1
x�

dx0 x2
0 e�x0 fð0Þð

ffiffiffiffiffiffiffi
kx0

p
Þ �rion; (B2a)

Jion
11 ¼ nsnt �g ~T e�k

ð1
x�

dx0 x0 e�x0 f 0ð Þ ffiffiffiffiffiffiffi
kx0

p� �ðx0

x�
x1

drion

dt
dt;

(B2b)
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Jion
22 ¼ nsnt �g ~T e�k

ð1
x�

dx0 x0 e�x0 f 0ð Þ ffiffiffiffiffiffiffi
kx0

p� �ðx0

x�
x2

drion

dt
dt;

(B2c)

Jion
01 ¼ nsnt �g ~T e�k

ð1
x�

dx0 x0 e�x0 f 0ð Þ ffiffiffiffiffiffiffi
kx0

p� �
�
ðx0

x�

ffiffiffiffiffiffiffiffiffi
x0x1

p hcv1
iX1;X2

drion

dt
dt; (B2d)

Jion
02 ¼ nsnt �g ~T e�k

ð1
x�

dx0 x0 e�x0 f 0ð Þ ffiffiffiffiffiffiffi
kx0

p� �
�
ðx0

x�

ffiffiffiffiffiffiffiffiffi
x0x2

p hcv2
iX1;X2

drion

dt
dt; (B2e)

Jion
12 ¼ nsnt �g ~T e�k

ð1
x�

dx0 x0 e�x0 f 0ð Þ ffiffiffiffiffiffiffi
kx0

p� �
�
ðx0

x�

ffiffiffiffiffiffiffiffiffi
x1x2

p hcv1
cv2
iX1;X2

drion

dt
dt; (B2f)

where we have used the result hsv1
sv2

c/1�/2
iX1;X2

¼ 0, since

the scattering is isotropic in /1 and /2. Note that energy con-

servation implies that x1 ¼ x0 � t and x2 ¼ t� x�.

APPENDIX C: EXCHANGE COEFFICIENTS
FOR RECOMBINATION

We describe in this Appendix various exchange terms

computed from the transfer integral for recombination proc-

esses. Here, we only consider electron induced recombina-

tion with isotropic scattering. For the case of zeroth order

moment (w¼ 1), we arrive at Eq. (73).

Let us now consider the case where w ¼ gp (p¼ 0, 1, 2).

It can be shown that the only non-zero velocity component

survived after the integration is the one parallel to the rela-

tive drift velocity w1. This is due to the fact that hF2c/1
iX1;X2

¼ hF2c/2
iX1;X2

¼ 0. Using the definition from (76), the fric-

tion coefficients can be written as follows:

Rrec
0 ¼ 0; (C1a)

Rrec
1 ¼

2

3

g t

2g iZe
nin

2
e �g ~T e�2kex�

ð1
x�

dx0 e�x0

� x0

ðx0

x�
x1 f 1ð Þ ffiffiffiffiffiffiffi

kx1

p� �
f 0ð Þ ffiffiffiffiffiffiffi

kx2

p� �
drion

dt
dt; (C1b)

Rrec
2 ¼

2

3

gt

2giZe
nin

2
e �g ~T e�2kex�

ð1
x�

dx0 e�x0

� x0

ðx0

x�
x2 f 0ð Þ ffiffiffiffiffiffiffi

kx1

p� �
f 1ð Þ ffiffiffiffiffiffiffi

kx2

p� �
drion

dt
dt: (C1c)

For the case of w ¼ gp � gq (p; q ¼ 0; 1; 2Þ, we arrive at the

following thermal relaxation coefficients using the definition

in (81):

Jrec
00 ¼

g t

2g iZe
nin

2
e �g ~T e�2kex�

ð1
x�

dx0 e�x0

� x2
0

ðx0

x�
f 0ð Þ ffiffiffiffiffiffiffi

kx1

p� �
f 0ð Þ ffiffiffiffiffiffiffi

kx2

p� �
drion

dt
dt; (C2a)

Jrec
11 ¼

g t

2giZe
nin

2
e �g ~T e�2kex�

ð1
x�

dx0 e�x0

� x0

ðx0

x�
x1f

0ð Þ ffiffiffiffiffiffiffi
kx1

p� �
f 0ð Þ ffiffiffiffiffiffiffi

kx2

p� �
drion

dt
dt; (C2b)

Jrec
22 ¼

g t

2g iZe
nin

2
e �g ~T e�2kex�

ð1
x�

dx0 e�x0

� x0

ðx0

x�
x2f

0ð Þ ffiffiffiffiffiffiffi
kx1

p� �
f 0ð Þ ffiffiffiffiffiffiffi

kx2

p� �
drion

dt
dt; (C2c)

Jrec
01 ¼ 0; (C2d)

Jrec
02 ¼ 0; (C2e)

Jrec
12 ¼

4

9

g t

2giZe
nin

2
e �g ~T e�2kex�

ð1
x�

dx0 e�x0

�x0

ðx0

x�
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Resource Summary

FY14 FY15 FY16
Funding Expended ($K)

Non-Military Govt. Personnel Costs 0* 0* 0*
In-House Contractor Costs 345 373 360
External Contractor Costs 27 0 12

Travel (AFOSR) 0 0 3
Supplies, Computers 3 2 0

Total Resource Requirements 375 375 375

Table 1: Funding Table. *Cost of non-military government personnel is offset by
leveraged 6.2 funding contributed by AFRL/RQR and is not included; per guidance
of AFRL/FM Comptroller (10 Nov 2010), AFRL civilian pay cannot be-reimbursed
from other AF organizations; furthermore, listing of actual salary cost of various
government employees would violate privacy act unless proposal was prepared by
an official supervisor.
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